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A. Dedicated Policy and Work-Conserving Flexible Priority Policy

Here, we provide the analysis for the dedicated and the work-conserving flexible priority policies for the
2-server-2-customer-class system, as mentioned in the introduction section.

Dedicated Policy: Under the dedicated policy, normal and VIP customers form separate queues and are
served by dedicated servers. In other words, the system consists of two independent M/M/1 queues with
arrival and service rates A\, p; (for normal customers) and Ag, o (for VIP customers), respectively (the case
where server 1 is assigned to VIP customers and server 2 is assigned to normal customers can be analyzed
in a similar fashion). Define p; = % for i = 1,2. To avoid trivial cases, we further assume that p; < 1
for ¢ = 1,2, since otherwise the system is not stable and would incur an infinite long-run average cost. Let
CP and CP denote the long-run average waiting costs of normal and VIP customers, respectively, under the

dedicated policy. From classic results on M/M/1 queue,
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Work-Conserving Flexible Priority Policy: The derivation of the expected waiting time for normal and
VIP customers, under the work-conserving flexible priority policy, makes use of a probabilistic equivalence
result to the waiting time of an arbitrary customer under an M/G/1 system with multiple server’s vacations.
Let WF and W denote the long-run average waiting time for normal and VIP customers, respectively,
under the work-conserving flexible priority policy. It can be shown that the conditional expectations of W{
and W', given that both servers are busy, are equal to

E (W7} |both servers are busy) = 1 o (OS-Al)
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respectively. The details of these results can be found in Kleinrock (1975) and Kella and Yechiali (1985).

E (WQF [both servers are buSy) =

Next, we derive the probability that both servers are busy (i.e., the busy probability). To do this, we
construct a heterogeneous-M/M/2 system with arrival rate A; + Ao and service rates u; and pe. In such a
system, if a customer finds an empty system with both servers available upon arrival, he/she will always enter
service with the faster server. Without loss of generality, we assume p; > po. Then, it is important to notice
that the only difference between this heterogeneous-M/M /2 system and the work-conserving-flexible-priority
system is on the sequence of customers to be served. The M/M/2 system follows the first-come-first-served

service discipline, while the priority system prioritizes VIP customers. If we ignore customer identities



(normal or VIP), then the two systems are exactly the same in system statistics (e.g., queue length and
service completion). By definition, a busy period starts from the time point when a customer arrives and
finds exactly one other customer in system (under service), and ends after the time point when a customer
departs and leaves exactly one other customer in system (under service). The two systems share the same

busy probability, and we have the following result.
Lemma OS-A1l. Under the work-conserving flexible priority policy, the probability that both servers are

busy is given by

o (14 p2 — A1 — A2) (A1 + A2)2p1 + [(Ar + A2)2 + 3(A1 + A2)pa + pflpe + (A1 + A2 + p1)p?) (08-A2)
(A1 4 22)263 + [2(A1 + A2) + pa]ppe + (A1 4+ A2 + 1) (M + A2+ 2p1)p2 + (A1 + X2+ pa)pd

Let CT and CY denote the long-run average waiting costs of normal and VIP customers, respectively,
under the work-conserving flexible priority policy. Since queue only exists while both servers are busy, as a

result of Lemma OS-Al; Equations (OS-A1); as well as the Little’s Law, we have

Fo_ 1AL (p1 + pi2) )
D (e = A) (2 — A — A2)’
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2 w1+ pe — Ao’

where 7 is given by Equation (OS-A2).

B. Multimodularity
Here, we provide the definition and several important properties of multimodular functions.
Define d; = €;_; — e; for i =2, ...,m such that —e; + Y ~,d; + €, = 0. Let F = {—ey,da,...,ds, €}

and F = {+ey, ..., fe,,, £dy, ..., =d,, }.
Definition OS-B1. A real-valued function f : Z™ — R is multimodular with respect to F, if for allx € Z™;

a,b € F with a # b, the following property holds:
f(x+a)+ f(x+b) > f(x)+ f(x+a+Db).

For any function g defined on Z™, let Ag,g(x) = g(x + €;) — g(X), A_e,9(x) = g(x — €;) — g(x), and
Ag,9(x) = A_e,9(x) — A_e, ,9(x) = g(x —e€;—1 +d;) — g(x — e;—1). With these definitions, we can show

that multimodularity can be characterized by the second order differences.
Lemma OS-B1. A function f is multimodular if and only if

AaAbf <0

for all a,b € F with a # b.
Lemma OS-B2. A function f is multimodular with respect to F if and only if

fx4+ar+...+a)+ f(x+a1+...+ag) > f(x)+ f(x+a; +... +ag)

for any {as,...,a;,...,ar} € F,0< I <k, and a; # a; fori#j.
Essentially, compared with Lemma OS-B1, Lemma OS-B2 provides a more general characterization of

multimodularity. Next, we provide some important properties of multimodular functions.
Lemma OS-B3. For any a,b € F and p,q € R, the following properties hold:

(a) Aa(pf + q9) = pAaf + qAag;



(b) DaApf = ApAaf.
Lemma OS-B4. If f is multimodular with respect to F, then the following properties hold:

(a) DAe;Ae; f >0,Yi,j;

(b) Ae;Ae, f > Ae;Ae, f, Vi, j;
(¢) Ae;Aq,f <0,Vi#1;

(d) Ag,Aq,f>0,Vi#1;

(e) Ae;Aa;f>0ifi<j,j#1;and AeAq,f <0ifi>j,j#1.
For the sake of brevity, we omit the proofs of the above four lemmas, and refer interested readers to

Altman et al. (2000).

C. Additional Numerical Study

Here, we conduct numerical studies to provide further insights from our study.

Impact of Server Configuration: Our analysis has been focusing on the problem of, given the availability
of multiple servers with identical or distinct service speeds, how to dynamically assign them to serve different
customers. While the solution of this online optimization problem determines the performance of the system,
another decision that can largely influence system performance is the configuration of servers. For example,
how many servers to have? Is it better to have fewer faster servers or more slower servers (i.e., assuming fixed
total service capacity and additive service rate for server collaboration, should we consider server pooling)?

Figure OS-C1 plots how things change as the system evolves from one fast server to ten slow servers. As
the number of servers increases, from Figure OS-Clb, the threshold K_; (admitting a normal customer
when there is one server available) increases, which means service capacity is more reserved for VIP customers.
The intuition is that, as the number of servers increases, the service rate of each server decreases. Then, it
takes longer for a server to complete a under-service customer and become available. In this case, if we assign
a server to serve a normal customer and then a VIP customer arrives, this VIP customer will wait longer to
enter service. Thus, with lower service rate, it is more important to reserve servers for future VIP arrivals.
This effect, together with the fact that the system contains more servers, leads to a decreased waiting cost
of VIP customers, as confirmed by Figure OS-Cla. While the change in normal customers’ waiting cost is
not monotone, we observe from Figure OS-Cla that the system total waiting cost decreases as the number
of servers increases.

Our next numerical experiment examines the effect of server heterogeneity on customers’ waiting cost.
Consider a setting with two customer classes and two servers. As previous, the waiting-cost rates of normal
and VIP customers are set as E—f = 10. The service rates of the two servers are set as y; = 1+ J and
w2 =1 — 6, respectively, where the parameter ¢ € {0,0.1,...,0.9} captures the degree of server heterogeneity

(while keeping the system total service rate p; + po constant). Regarding the customer arrival rates, we
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Figure OS-C1: Number of Servers

consider two cases. In the first case, \; = Ay (i.e., the arrival rate of VIP customers equals that of normal
customers); and in the second case, i—; = 10. For both cases, we fix the system utilization p = % = 0.4.

Figure OS-C2 plots how waiting costs change as ¢ increases (i.e., the two servers become more hetero-
geneous in speed). As we can see, under both cases, the system total waiting cost first decreases and then
increases, indicating a better performance under a moderate level of server heterogeneity. The same pattern

also holds for the waiting cost of VIP customers. However, the change in normal customers’ waiting cost is

again not monotone.
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Figure OS-C2: Server Heterogeneity

Impact of Customer Segmentation: After analyzing the server-configuration effects, we next examine
the impact of customer segmentation on system performance. Customer segmentation has been a popular
revenue management strategy in practice and plays an important role in improving firms’ bottom line (see

the discussion in Talluri and van Ryzin 2004, Gallego and Topaloglu 2019 and the references therein). Here,



we study how segmenting customers into multiple classes with different service-priority levels influences the
system waiting cost.

In particular, we consider a system consisting of two homogeneous servers with service rates p; = pa = 5.
There exist five groups of customers with identical arrival rates A = 0.8 but different waiting-cost rates
c = [1,5,10,15,20]. Under the initial setting, the five groups of customers will not be differentiated. They
are considered as a single class and served based on a first-come-first-served policy. In this case, the expected
waiting-cost rate of an arbitrary arrival equals % = 10.2. Now, to segment the customers, we
consider two approaches. The first one is called the top-down approach, where in each step, the customer
group with the highest waiting-cost rate is split from the joint pool. Under this approach, we first segment
a single class into two. Since Group-5 customers are associated with the highest waiting-cost rate (c; = 20),
they will be split from the joint pool and become class-2 customers. The remaining four groups of customers
(Groups 1-4) in the joint pool become class-1 customers. Class-2 customers (with waiting-cost rate 20)
have non-preemptive priority over class-1 customers (with waiting-cost rate W = 7.75). To further
segment the customers into three classes, Group-4 customers (who are associated with the highest waiting-
cost rate in the current joint pool) will be split from the joint pool, and so on and so forth. The second
segmentation approach is called the bottom-up approach, where in each step, in contrast to the top-down
approach, the customer group with the lowest waiting-cost rate is split from the joint pool. Under this
approach, Group-1 customers are the first to be split from the joint pool.

As shown in Figure OS-C3, under both segmentation approaches, the system total waiting cost decreases
as the number of customer classes increases. Thus, it is beneficial to segment customers based on their waiting
costs. However, both curves exhibit a convex-decreasing pattern implying that the marginal improvement
obtained from further segmentation is diminishing. Finally, we see that the bottom-up approach outperforms
the top-down approach. Intuitively, compared with the latter one, the bottom-up approach grants a larger

portion of high-waiting-cost customers a higher priority and thus reduces the system waiting cost.
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Figure OS-C3: Customer Segmentation



To gain further insights on the effect of customer segmentation, we compare the system total waiting
cost under all possible segmentations with two; three; and four customer classes, and show the results in
Table OS-C1. To read the table, the brackets represent how the five groups of customers are segmented. For
example, (1, 4) is the case where Class 1 consists of Group-1 customers and Class 2 consists of the remaining
four groups of customers (Groups 2-5). Similarly, (2, 1, 1, 1) is the case where Class 1 consists of Group-1
and Group-2 customers, Class 2 consists of Group-3 customers, Class 3 consists of Group-4 customers, and
Class 4 consists of Group-5 customers. From the results, we see that (2, 3) outperforms (4, 1). Under
segmentation (2, 3), the arrival rates of Class-1 and Class-2 customers equal 2\ and 3\, respectively; while
under segmentation (4, 1), the arrival rates of Class-1 and Class-2 customers equal 4\ and )\, respectively.
Similarly, segmentation (1, 2, 2) outperforms segmentation (1, 1, 3). In general, we find that the system

total waiting cost decreases as the customer segmentation becomes more balanced in terms of arrival rates.

Segmentation | Total Cost
(1,1, 3) 1.2775
Segmentation | Total Cost (1,3,1) 1.2906 Segmentation | Total Cost
1, 4 1.3528 (3,1, 1) 1.3328 (1, 1,1, 2) 1.2470
(4,1) 1.4243 (1,2, 2) 1.2620 (1,1,2,1) 1.2497
(2, 3) 1.3232 (2,1,2) 1.2888 (1,2,1,1) 1.2536
(3, 2) 1.3423 (2,2, 1) 1.2018 (2,1,1,1) 1.2794
(a) Two Classes (b) Three Classes (c) Four Classes

Table OS-C1: Comparison among Different Segmentation Approaches

Impact of System Utilization: As we discussed in the introduction section, a key result in the rich
literature that studies parallel-server system using heavy-traffic analysis and Brownian approximations is
that, the asymptotically optimal control is of a threshold-type under the so-called complete-resource-pooling
condition. Intuitively speaking, the complete-resource-pooling condition requires the servers to be cross-
trained so that the efforts of individual servers can be effectively combined to act as a single pool of resource.
The model we consider in this paper can be represented as a complete graph, which clearly satisfies the
complete-resource-pooling condition, when considered in the heavy-traffic limiting regime. Here, we investi-
gate the pre-limit systems and examine how the system utilization influences the optimal server assignment
thresholds.

In particular, we consider a system consisting of three homogeneous servers and two customer classes. For
such a system, the threshold-type heuristic policy is optimal, and the optimal server assignment thresholds
(K§, K5, K3) can be obtained using the approach developed in Section 5. Now, in our numerical experiments,
we fix 1 = po = u3 = 1 and let A\; = X\y. The system utilization p = % is set as {0.8,0.9,0.95,0.99}.

Table OS-C2 summarizes how the optimal server assignment thresholds change with respect to p, under

different values of the waiting-cost ratio <. We observe that for any fixed waiting-cost ratio, the optimal

2,
thresholds decrease as p increases, which suggests that the work-conserving flexible priority policy is asymp-

totically optimal in the heavy-traffic limiting regime. In addition, we find that as long as the waiting-cost



ratio is large enough, the optimal threshold K (i.e., the threshold for serving a normal customer when there

is only one idle server) will take a positive value (i.e., not being zero), regardless of how large p is.

I %

P
0.8
ca _ 0.9
o 10 0.95
0.99
0.8
e _ 0.9
e =50 0.95
0.99
0.8
g _ 0.9
2 =100 0.95
0.99
0.8
0.9

£2 1
c1 000 0.95
0.99

OOOOOOOOOOOOOOOOC?JZ
OOOODOOOOCJDOODODk<1
_ =W

ow,_\@\looocnooowwcnooo»—lwx*

Table OS-C2: System Utilization

D. Proof

Proof of Lemma 1: Let v§(l1,12,n) = 2 (1 + Iz +n). We define w; and v; inductively as follows,

wf(ll, lo, n) =cily + colo + /\111:(11 + 1, lg,n) + /\211:(11,12 + 1, n)

+ npvy (1, la,n — 1) + (N — n)uvy (11,12, n),

and

min

ES
v ll l2 n)=
t+1( 502y ) 1 1 i €N

s.t.

w:( /17l/2an/) (OS_DI)
I +1U+n =10 +1s+n,
I3 <ly,

l/2 S l27

n<n' <N.

Whenever the context is clear, we shall refer the above optimization problem as problem v/, (l1,l2,n).

Before we delve into the details, we first provide a high-level idea of the proof. We show that if w; satisfies

properties (P1)-(P8), then vy, and wy,; also satisfy properties (P1)-(P8). It then immediately implies that

v* = limy 00 v) and w* = limy_, o w; satisfy properties (P1)-(P8), which will complete the proof.

To facilitate the proof, we will first introduce three additional properties (P9), (P10), and (P11), which

are related to the “time” dimension and will be useful for our induction analysis from time ¢ to time ¢ + 1.

Properties (P1)-(P8) are also provided below for easy reference.

(P1) 0 < Apv(ly,la,n) < 2,0 < Apv*(ly,la,n) < 22, and 0 < Apv*(ly,l2,n) < 2.

(P2) Alzv*(ll, lg, n) - All’l}*(ll, l2, ’I’L) Z 0.
(P3) AlQ’U*(ll, 12, n) — An’l)*(lh lg, n) Z 0.

[e3%



(P4) Convexity:
o (P4.1) Ay v*(ly,la,n) > 05 le, v*(I1 + 2,l3,n) — 20*(l; + 1,12, n) + v*(I1,l2,n) > 0.
o (P4.2) Appv*(li,la,n) > 05 ie, v*(ly,lo,n+2) — 20 (ly, I, n+ 1) + v*(l1,l2,n) > 0.
o (P4.3) A,v*(l1,l2,n) > 0; ie., v*(l1,lo +2,n) — 20*(l1,la + 1,n) + v*(l1,13,n) > 0.

(P5) Supermodularity in (I1,n), (I2,n) and (11, 12):
o (P5.1) Ay ,v*(l1,la,n) > 0;ie, v*(I1 + 1,10, n+1)—v*(I1,lo,n+ 1) —v*(I1 + 1, 1o, n) + v* (11, l2,n) > 0
o (P5.2) Ap,,v*(l1,l2,n) > 0;ie, v*(l1,la+1,n+1)—v*(l1,lo,n+1) —v*(l1,la+ 1,n) +v*(l1,l2,n) > 0.
o (P5.3) Ay ,v*(l1,1l2,n) > 0; le, v*(li+1,la+1,n)—v*(l1,la+1,n) —v*(ly + 1,13, n) +v*(I1,l2,n) >0

(P6)
o (P6.1) Ay, v*(l1,l2,n) — Ay pv*(l1,l2,n) > 0.
L] (P6.2) Allllv*(ll,lg,n) - Alllzv*(ll,lg,n) Z 0.

(P7)
o (P7.1) v*(lh +2,l3,n) —2v*(lh + 1,12, n + 1) + v*(l1,l2,n +2) > 0.
o (P7.2) v*(l1 +2,l3,n) —20*(l1 + L,lo,n+ 1) +v*(l1, I+ 1,n+1) > 0.
o (P7.3) v*(li +2,l2,n) — 20" (I1 + 1,1 + 1,n) + v*(I1,l2 + 2,n) > 0.

(P8) (A, — Ap)v*(ly,l2,n) is single-crossing in (—n). That is, if v*(I; +1,0,n + 1) > v*(l1,0,n + 2), then
we must have v*(I; +1,0,n) > v*(l1,0,n + 1).
(P9) Submodularity in (11, ), (I2,1), (n,t):

o (P9.1) Ay svf(l1,1l2,n) <0.

e (P9.2) A,vr(ly,la,n) <0.

e (P9.3) A0 (l1,l2,n) <0.

(P10) (At — App)vi(l1,l2,n) <0 and (A — Ape)vy(ly,l2,n) < 0. That is,
] (PlO.l) U:_H(ll + 1,l2,’I’L) — vt*+1(ll,l2,n + 1) - U;‘(ll + 1,[2,’/7,) + U;‘(ll,lg,n + 1) <0.
° (P10.2) v;‘+1(11+1,12,n)—vf+1(117l2+1,n)—vf(ll+1,lg7n)+v;‘(ll7l2+17n) 0.

(P11) (A, — Ay)vi(l1,0,n) is single-crossing in (—n,t). That is, if v} (l; + 1,0,n+ 1) > v (l1,0,n + 2),
then vy (i +1,0,n) > vy (l1,0,n + 1).

Our proof proceeds in the following steps. First, we show two auxiliary results (Lemmas OS-D1 and OS-
D2), which provide some structural characterizations of the optimal solutions to the problem v}, ;, when w}
satisfies properties (P1)-(P11). Second, we show that the terminal value function vg (1,12, n) = 2 (l1 +12+n)
satisfies properties (P1)-(P11). Finally, we show the induction step. More specifically, we show that (i) if v}
satisfies properties (P1)-(P11), then w; also satisfies properties (P1)-(P11); (ii) since w; satisfies properties
(P1)-(P11), Lemmas OS-D1 and OS-D2 hold at time ¢; (iii) the properties of w; together with Lemmas OS-

D1 and OS-D2 imply that v}, satisfies properties (P1)-(P11), which then implies that wy, also satisfies



properties (P1)-(P11) (according to (i)) and hence completes the induction step. Here we remark that, for

property (P11), the induction from time ¢ to time ¢ + 1 is direct and does not need to go through v}, ;.
Lemma OS-D1. Let (I ,(I1,12,1),15 ;(l1,12,n),nf(l1,12,n)) be the optimal solution to problem v; (l1,l2,n)

for any given t and (l1,l2,n). If wi and wi_; satisfy property (P1)-(P11), then we have
(a) 15 411 (lsl2,m) <15 (I + 1 lo,m) <U5 g (lyl2,m) + 15

(b) ll t+1(117127 ) < l* (lhl?ﬂn + ) < IT t+1(l17l27n> + 1L
Lemma OS-D2. Let (lT(Zl,lg, n),15(1y, l2,n),n*(l1,12,n)) be the optimal solution to problem vi g (l1,l2,n)

for any given (l1,l2,n). If wf satisfies property (P1)-(P11), then we have
(a) lT(l17l27n) S lf(ll + 13l27n) S lT(l17l27n) + 17’

(b) li‘(l17127n) < li(llvl%n—i_ 1) < li‘(l17127n) +1.

Next, we show that the terminal value function v{(l1,l2,n) = <2(l; + 2 + n) satisfies properties (P1)-

C2
(P11). It is straightforward to see that v (11, l2,n) satisfies properties (P1)-(P8). Then by induction, w{ and
v} satisty (P1)-(P8). We next show properties (P9)-(P11).

(P9)

C
Alltvg(115127n) = AllvT(ll712;n) - Al1vg(ll7l2)n) = AIIUT(Z1,127'I’L) - 52 S Oa
Anevg(l1,l2,n) = Apvi(ly,l2,n) — Apvg(ln, la,n) = Aoyl l2,n) — %2 < 0;

C
Alztva(llal27n) = Alzvi(lllean) - Alzvs(ll7l2?n) = Alzvi(llal27n) - 52 S 07

where the inequalities are due to (P1) for v7.
(P10)

(Ape — Ap)vg(ly,la,n) = (A, — Ap)vy (I, la,n) — (A, — Ap)vi(ly,la,n)

= (A, = Ap)vi(l,l2,n) = vi(lh + 1,12,n) —vi(l1,l2,n + 1) < 0;

(A — Ap)vd(la,la,n) = (A — Ap)vi(ln,la,n) — (A — Ap)vi(l, 12, n)
= (A, — Ap)vi(lh,12,n) <0,
where (A, — Ay,)vi(ly,l2,n) <0 is due to (P2) for v, and vi(ly + 1,12,n) < v7(l1,l3,n 4+ 1) holds because
any feasible solution to vi(ly,l3,n + 1) is also feasible to vy (l1 + 1,12, n).
(P11) It’s straightforward to see that it is optimal to assign as many customers as possible for problem
vi(l1,0,n). Therefore, we always have v} (l; +1,0,n) > v{(l1,0,n + 1). Hence, the single-crossing property
in (P11) holds. The terminal value function, thus, satisfies all the properties.

Finally, we show the induction step from time ¢ to ¢t + 1 for all properties (P1)-(P11).

(P1)
(P1.1) 0 < Ay vpyq(l1,l2,n) < 2.
wi = vfq: We first show Ay vy (1, l2,n) > 0. Let (I7(I1 + 1,12,n),5(11 + 1,12,n),n* (1 + 1,12,n)) be the
optimal solution to problem v}, ; (I1+1,l2,n) (c.f., optimization problem (OS-D1)). For notational simplicity,

denote (51’[27ﬁ) =5+ 1,1le,n),55(l1 + 1,1o,n),n*(l1 + 1,12, n)).



Case (1). If [; > 1, then it is clear that (I, — 1,15, 7) is a feasible solution to problem vi 1 (l1,l2,n). It then
follows that

Apviy (I, la,n) = vip (I + 1, 0,n) —vfy (I, 12, n)

> wi(ly, o, n) —wi(ly — 1,1p,7) = Ay wi(ly —1,15,7) >0,

where the first inequality holds by the definition of ([1, I, 7) and the feasibility of (Zl — 1,1, 71) to problem
v{,1(l1,l2,n), and the last inequality follows from the assumption that w; satisfies property (P1).
Case (2). If [1 = 0, then it is clear that (0, ls, n—1) is a feasible solution to problem v{, | (l1,l2,n). Therefore,
we have Ay vf(l1,l2,n) > Anwi(0,ly, 7 —1) > 0.

Next, we show Ay v (l1,l2,n) < 2. Let (I1,l5,7) be the optimal solution to problem vi (1,12, ).
Then, we have A vf (I, lo,n) = vf (I + Llayn) — vy (l,leen) < wi(ly + 1,0s,7) — wi(ly,l2,0) =
Allwf(il,fg,ﬁ) < 2, where the first inequality follows from the definition of (Zl,[27ﬁ) and the fact that
(il +1, 1o, n) is a feasible solution to problem vy, (l1 + 1,12, n).

vi = wiy,: By definition, Ajwi(l1,l2,n) = c1 + MAyvi (L + 1,12,n) + XAy vf (Ll + 1,n) +
nply vy (hyle,n — 1) + (N = n)pd v (L, l2,n) > 0. Similarly, Ay wyy (1, l2,n) = c1 + MA,vf (L +
Lo, n)+Xa Ay, o7y (I, Lo +1,n) +nplg, vfy o (I lo, n—1)+ (N —n)udg, vf (I 12,n) < ea+ (A +Ao+Np) 2

o+ (1—a)2 =2,
(P1.2) 0 < Apvpyy(l1,l2,n) < 2.

wi = vj,p: We first show Ayvf (1, 12,n) > 0. Let (Iy,lo, ) := (15 (I, lo + 1,n), 1511, o + 1,n),n* (11, lo +
1,n)) be the optimal solution to problem v}, (l1,l2 + 1,n).

Case (1). If I > 1, then (l},l} —1,n) is a feasible solution to problem v}, (l1,l2,n), which implies that
Apviq (L, lo,n) > Aywy(ly,la — 1,72) > 0.

Case (2). If [y = 0, then (I1,0,7 — 1) is a feasible solution to problem vf1(l1,l2,n). Therefore, we have
Apvi (1o, n) > Apwi(ly, Iy, 7 — 1) > 0.

The proof of Ay, vf,(l1,l2,n) < ¢ is similar to (P1.1), and is omitted for brevity.

vf 1 = wi,,: The proof is similar to (P1.1), and is omitted for brevity.

(P1.3) 0 < Apvfyy(lh,la,n) < 2.

wi = i, We first show A,vy (I, 12,n) > 0. Let (11,12, 1) := (1 (1, l2,n+1), 13 (11, lo,n+ 1), 0 (1, o, n +
1)) be the optimal solution to problem v}, (l1,l2,n 4 1). Notice that by definition, we have h >l >
lo,n+1<n < N, which implies n <7 — 1 < N. Therefore, (il, Zg, 7v — 1) is a feasible solution to problem
vi 1 (l1,12,n). Tt then follows that A,v (I, 12,n) > Aywi(ly,la, 7 — 1) > 0.

We next show Apvf,(l1,l2,n) < 2. Let (Zl, Zg,ﬁ) be the optimal solution to problem v}, (l1,l2,n).
Case (1). When 71 < N, (I1,la,7 4 1) is a feasible solution to problem vf1(l1,l2,n+1). Therefore, we have
Apvy (I, lo,n) < wi(ly,lay i+ 1) — wi(ly, o, 1) = Agw; Iy, l2, ) < 2.

Case (2). When = N, since n < N, we must have either Iy <1y or ly < Io. Therefore, either

(Ii +1,12,7) or (I1,1> +1,7) is feasible to problem v (I1,l2,n + 1). It then follows that A, v}, (l1,l2,n) <
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wi(ly 4 1,10, 1) —wi(ly,l2, 1) = Ay wi(l,12,7) < 2, or Agviy (h, 12,n) < wi(ly,ls +1,7) — wi(l, o, 7) =
Ay (ly,lo,7) < 2.

vf 1 = wiy,: By definition, we have Ajwf,(l1,l2,n) = MAzvf (I + 1,12,n) + Ao Apvf (I, 12 + 1,n) +
npApvi g (I, l2,n—1) + (N —n— 1) pApv; (I, l2,n) > 0. Similarly, we have Apwy, (I, 1l2,n) < (A4 A2+
(N=1p)= < 2,
(P2)

wi = vfq: Note that Ay, vy, (I, 1l2,n) — Ay vfy (I, l2,n) > 0 is equivalent to vy, (1,12 +1,n) — vy (I1 +
1,03,n) > 0. Let (Iy,lz,7) := (I3(l1,lo + 1,n),55(l1, 12 + 1,n),n%(l1, 12 + 1,n)) be the optimal solution to
problem vy, (1,12 + 1,n). Notice that by the feasibility constraint, we have Iy <ly+1.

Case (1). If Iy < Iy, then (lAl7 I, n) is a feasible solution to problem v}, (l; + 1,l2,n), which implies that
vip1(l, o+ 1) — vy (b + Loy n) > wi(ly, lo,n) — wi(ly, Iz, 1) = 0.

Case (2). If l} = Iy + 1, then (Zl +1, Zg —1,7n) is a feasible solution to problem v;;(l; + 1,l2,n), which
implies that v}, (1, ls + 1,n) — vy (o + 1,02,n) > wi (I, la, ) — wi(ly + 1,0 — 1,72) > 0, where the last
inequality holds by the assumption that w} satisfies property (P2).

vi = wiy,: By definition, we have Ay wf, (l1,l2,n) — Apwy (i l2,n) = c1 — ca + Mi(Ayvf (L +
Lilo,n) = Apvi o (h+1,12,n)) + Ao (A vip (L lo +1,m) = Apvf (I +1,n)) Fnp(Ay vf (L, 1o, n—1) —
Api (I, la,n — 1)) + (N = n)p(Ayvfy (I Iz, n) — Aoy (I, 12,n)) < 0.

(P3)

wi = vfq: Note that Ay, vf 1 (l1,l2,n)=Ayvf, 1 (I1,12,n) > 0is equivalent to vy, | (I1,la+1,n)—vf  (I1, 2, n+
1) > 0, which implies that it is always optimal to serve a VIP customer if there is an available server. Let
(Iy,la,0) == (I3 (I1,la + 1,n), 15(l1, la + 1,n),n*(I1, Iz 4+ 1,n)) be the optimal solution to problem v (I +
1,n). Notice that by the feasibility constraint, we have Iy <y + 1.

Case (1). If Iy < l5, then we must have n > n + 1, and hence (il,ZQ,fz) is a feasible solution to problem
vi 1 (I, l2,m 4+ 1). Tt then follows that vy (I, 12 + 1,1n) — vy (I, lo,n+ 1) > wi(ly, I, 1) —wi(ly,lz,7) = 0.
Case (2). If [ = I, +1 and 2 < N — 1, then in this case, (I1,ly — 1,72+ 1) is a feasible solution to problem
viyq (I, l2,n+1). Therefore, we have v, (I1,lo+1,n) —vf 1 (I1,l2,n+1) > wi(ly, la, ) —wi (I, la—1,7+1) >
0, where the last inequality holds by the assumption that w; satisfies property (P3).

Case (3). If lo =1p+1and 7 = N, then since n < N, we must have I; <ly — 1. Then (Zl + 1,[2 —1,n)is
a feasible solution to problem v/, (l1,lz,n + 1). Therefore, we have v/, ,(l1,lz +1,n) —vi  (l1,l2,n+1) >
wi(Iy,ly,7) —wi(ly +1,l5 — 1,7) > 0, where the last inequality holds by the assumption that w; satisfies
property (P2).

vf 1 = wiyq: By definition, we have Ay, wf, ((I1,l2,n) = Apwi, i (l1,l2,n) = wi (1, l2+1,n)—wf (1,12, n+
1) =co+ M(Apvi (I +1,0,n) = Apvi (I +1,12,n)) + Ao (Ayvf (L I +1,n) — Apvfy (Ll +1,n)) +
np(Ap iyl lesn — 1) = Apvyy (I, la,n = 1)) + (N = n) (A, vy (I b2, n) — Apviyy (G, 12,n)) +
pARE (1, l2,n) > 0.
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(P4) Convexity:

(P4.1)

w; = v}, Let (I, o, ) == (1§ (I, 1o, n), 15 (11, 12, n),n* (I1, 12, m)) be the optimal solution to problem

vi 1 (l1,l2,n). In addition, let (I3 (ly + 2,12,n),l5(l1 + 2,12,n),n*(l1 4 2,l2,n)) be the optimal solution to
problem v}, (l; +2,l2,n). By Lemma OS-D2, we have I < Bl +2,la,n) < I +2.

Case (1). If I*(ly + 2,l3,n) = I, + 2, then we must have n*(ly + 2,l3,n) = 7. It then follows that
Ay i (I, l2,n) > Allllwf(fl,ig,ﬁ) > 0, where the last inequality follows from the assumption that w;
satisfies property (P4.1).

Case (2). If I¥(ly +2,15,n) = I + 1, then we must have n*(l; + 2,l5,n) = 7 + 1. It then follows that
A vig (I, l2,m) > Allnw;*(il,ig,ﬁ) > 0, where the last inequality follows from the assumption that w}
satisfies property (P5.2).

Case (3). If I¥(ly + 2,l3,n) = I, then we must have n*(l; + 2,l,n) = A + 2. It then follows that
A i (M, l2,m) > Amwz‘(il,fg,fz) > 0, where the last inequality follows from the assumption that w}
satisfies property (P4.3).

vi = wiy,: By definition, we have Ay wi (l1,12,n) = MAyvi (L + 1,0, n) + Xl vi (L 12 +
Ln) +nply g vf (L le,n — 1) + (N —n)pd g, vf (L l2,n) >0

(P4.2)

wy = vy Let (Iy, Iy, 7) := (IF (I, 1z, n), 15(11, l2,n),n*(I1, l2,n)) be the optimal solution to problem

vi 1 (l1,l2,n). In addition, let (I3(l1,l2,n + 2),15(l1,l2,n + 2),n*(l1,l2,n 4 2)) be the optimal solution to
problem v}, (l; +2,l2,n). By Lemma OS-D2, we have L <8l lo,n+2) <l +2.

Case (1). If I; +n > N, then A,pvfy (11, 12,n) = Ap,wi(l1,lo — N +n,N) > 0.

Case (2). If Iy +n = N — 1, then we have A, v (l1,l2,n) > Apwi (11,0, N —1) > 0if I1(I1,l2,n) = Iy,
and A0 (1, n) > Ay wi(li —1,0,N) > 0if 1§ (1, l,n) =11 — 1.

Case (3). If Iy +n < N — 2, then in this case, we must have Iy = 0. We further consider three subcases.
Case (3.1). If I¥(Iy,ly,n + 2) = I, + 2, then we must have n*(Iy,ly,n +2) =1 > n+2 > n+ 1. It then
follows that Ap,vy, (11, l2,n) > A wi(ly,l2,n) > 0.

Case (3.2). If I¥(I1,l3,n 4+ 2) = 1 + 1, then we must have n*(l1,ly,n 4+ 2) = A + 1 > n + 2, which implies
7 > n+ 1. It then follows that Ay,vi,,(I1,12,1n) > Ay pwy(l1,12,n) > 0.

Case (3.3). If I3(l1,lo,n +2) = Iy, then we must have n*(l1,la,n 4+ 2) = @ + 2. It then follows that
Apnvi(l1,l2,n) > Appwy (ly,1l2,n) > 0.

vf 1 = wiy: By definition, we have Ay pwyy (I, l2,n) = M A i (I +1,12,1n) + Ao ldpnvy (I, la+1,n) +
npApnvf g (I l2,n — 1) + (N = n = 2)pApnvfy 1 (I, 12,n) > 0.

(P4.3)

wy = vy Let (Iy,l2,0) == (I¥ (I, la,n), 1511, l2,n), n* (I, l2,n)) be the optimal solution to problem

U:+1(l1, lgﬂ’L).
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Case (1). If I + n > N, then we have Ay, vf(l1,12,n) = Almwz‘(fl, ig,’fl) > 0.

Case (2). If Iy +n = N — 1, then we have Ay, v/, 1 (l1,12,n) > A pwi (11,0, N — 1) > 0 when I, =1y, and
Ap iy (I 1o, n) > Ay wi(ls — 1,0, N) > 0 when [y = 1, — 1.

Case (3). If Iy +n < N — 2, then we have Ay, v, (l1,l2,n) = Appvfy1(11,0,l2 +n) > 0, where the last
inequality holds because v}, ; has been shown to satisfy property (P4.2).

viy, = wi,: The proof is similar to (P4.1) and omitted for brevity.

(P5) Supermodularity:

(P5.1)

wi = vy

Case (1). If I + n > N, then we have Ay v/, ((l1,l2,n) = Ay wf(l1,l2 — N +n,N) > 0.

Case (2). If ly+n < N, let (Iy,ly,7) := (IX(l1,12,n),15(11,12,n), n*(I1, I3, n)) be the optimal solution to
problem vy, (l1,l2,n). Notice that in this case, I» = 0. We further consider the following three subcases.
Case (2.1). If I*(ly 4+ 1,l3,n + 1) = I + 2, then we have n*(l; + 1,l3,n 4+ 1) = 2 > n + 1. Therefore,
(il + 1,Z2,ﬁ) is a feasible solution to problem wv;, ,(l1,l2,m + 1) and problem v;,(l; + 1,l3,n). Hence,
Apnvi (L, Lo, ) > Ay wi(ly, Do, 7) > 0.

Case (2.2). If I3(ly + 1,lo,n + 1) = 1 + 1, then we have n*(ly + 1,l3,n + 1) = A + 1. Therefore,
(I, 4+ 1,13, 7) is a feasible solution to problem vi (I + 1,12,n), and (I1,l3,7 + 1) is a feasible solution
to problem v}, (l1,l2,n + 1). Hence, Ay v, (l1,12,n) > Apnw; (I, Iy, 7) > 0.

Case (2.3). I li(lh +1,lo,n+1) = [1, then we have n*(ly +1,l2,n+ 1) = A+ 2. Therefore, (Zl, Iy, 7+ 1) is
a feasible solution to problem v}, ;(l1 + 1,l2,n) and problem v}, (l1,l2,n + 1). Hence, Ay pv; 1 (l1,1l2,n) >
Apnw; (I, 12, 7) > 0.

vf 1 = wiy ¢ By definition, we have Ay pwf, 1 (l1,l2,n) = M A nvf (41,12, n) + XAy nvfy 1 (11, I +1,n) +
A v (I, 12, n — 1) + (N — n)pdy vf 1 (L lo,n) + pApvfy (1,1, n) > 0.

(P5.2)

wi = v,

Case (1). If I + n > N, then we have Ay, v/, (l1,l2,n) = A, wi(l1,lo — N +n,N) > 0.

Case (2). If ;+n = N —1, then we have Ay, v, 1 (l1,l2,n) = vi 1 (I1,1, N)=vi 1 (11,0, N) —vf, (11,0, N) +
vf 1 (11,0, N = 1). When [5(l1,0, N — 1) = I1, we have Ay, vy, (l1,12,n) > Apw; (11,0, N —1) > 0. When
I3(l1,0,N = 1) =11 — 1, we have Ay, vf 4 (I1,12,n) > Ag,wi(ly —1,0,N) > 0.

Case (3). If Iy +n < N — 2, then we have I5(l1,la +1,n 4 1) = 0. It then follows that Ay, ,v; i (l1,l2,n) =
Apnvii (11,012 +n) > 0.

vfy 1 = wyy,: By definition, we have Ay, w1 (1,12, 1n) = M Apavf (L+1, 12, n) XA nvf (I, o +1,n) +
AL vi (I, l2,m — 1) + (N = n) vy (I 12, n) + pAgvf (I, 12,n) > 0.

(P5.3)

* *
wi = v
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Case (1). If I + n > N, then we have Ay ,v7 1 (l1,12,n) = A,wi(li,l = N +n,N) > 0.

Case (2). If I; +n < N — 1, then we have Ay vy, (l1,l2,1n) = Ay iy (1,0,n +12) > 0.

vfy1 = wiyq: By definition, we have Ay, wf, (l1,12,n) = MAy 05 (I + 1,12,n) + XA ,v5 (L, 12 +
Ln)+nply,vf o (lle,n — 1) + (N = n)pdg 1,054 (L, 12,m) > 0.

(P6)

(P6.1)

wy = vyt Note that Ay, vi (1,12, n) — Ay pvf (I1,12,n) > 0is equivalent to vfy (11 +2,l2,n) —vf (1 +
Lilg,n+1)—vf (b +1,03,n) +vf (I1,le,n+1) > 0.

Case (1). If i +n > N, then we have A, vf, 1 (l1,l2,n) — Ay vy (I, 12,n) = wi(lh + 2,1 — N +n,N) —
wili+ 1L, b= N+n+1,N)—wi(l1+1,la—N+n,N)+w;(li,la—N+n+1,N) = (A1, — Ap)wr(ly, 1o —
N +n,N) > 0.

Case (2). If il +n < N, we further consider the following two subcases.

Case (2.1). If I5(l1 +2,12,n) < [1 + 1, then we have v (1 +2,l2,n) = vi(l1 + 1,l2,n + 1). Therefore,
A vig (s, l2,m) — Ay vy (lle,n) > of (0 + 1o, 4+ 1) —vf (I + 1 la,n 4+ 1) —of (L le,n + 1) +
Vi (i, le,m+1) = 0.

Case (2.2). If I5(l1 + 2,12,n) = I3 + 2, we further consider the two possible scenarios under the condition
lo+n < N.

Case (2.2.1). When Iy +n+1 = N, then we have Ay, vi, 1 (I1,12,1n) — Ay vy (I, l2,n) > wi(li +2,0,N —
1) — wi(ly +1,0,N) —wi(ly +1,0,N — 1) + wi (11,0, N) > 0.

Case (2.2.2). When ls +n+ 1 < N, since IT(l; + 2,13,n) = I1 + 2, we have w; (1 +2,0,l2 +n) —w; (I +
1,0,l2+n+1) < 0. By property (P7), we have w; (I1 +1,0,lo+n+1) —w; (I1,0,la+n+2) < wj;(l1+2,0,l3+
n)—w;y(li +1,0,l2 +n+1) < 0. Moreover, by property (P6), w; (I1,0,lo+n+1) —w;(l1 —1,0,la +n+2) <
wi(ly+1,0,la4+n+1)—w;i(l1,0,l2+n+2) < 0. Therefore, we have I (l1,lo,n+1) =15(11,0,la+n+1) =1;.
It then follows that Ay, v (1, l2,n) — Ay pviyg (I, 12,n) > wi(lh +2,0,0 +n) —wi(l1 +1,0,lp +n+1) —
wy(li +1,0,la + n) + wy(l1,0,lo +n+ 1) > 0.

viy = wiy ¢ By definition, Ay, wy (1, lo,n) = Ay nwiy g (12, n) = A (A, vi (L o, n) = Ay n vl (4
L, n)) 4+ Xo(Ay,vfp 1 (Il +1,m) = Ay vy g (I +1,n)) (A, vp (I b, n = 1) = Ay vpy (L, 12, m—
D) + (N = n)p(A 1, v5q (12, n) — Apnviy (I, l2,n)) + pA i (L l2,n) > 0.

(P6.2)

wy = vyt Note that Ay, viy (I, 12, n) = Ay ,vf 1 (1, 12,n) > 0 s equivalent to vy (11 +2,12,n) — v (I +
Lily+1,n) —vi (b +1,12,n) +vf (1,12 +1,n) > 0.

Case (1). If Iy +n > N, then we have Ay, v; (I, l2,n) — A ,v5 1 (I, l2,n) = (A, — Ag)wy (I, 12 —
N+n,N)>0.

Case (2). If I +n < N, then we have Ay, v/ (11,12, n) — A, 081 (L, l2,n) = (A, — App)wi (11,0,1 +

n) > 0.
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Vi = wiy,: By definition, Ay wi (l1,l2,n) — A pwiy (L le,n) = M (A vf (L +1,12,n) —

Ay pvi (I 4+ 10a,n)) + A (A vi (nle + 1,n) — Agpvfy (e + 1,n)) + np(Agvf, (L le,n — 1) —
Anp vl le,n = 1)) + (N = n) (A, 0340 (I 12, n) = Ay, vigy (I 12,n)) 2 0.

(P7)

(P7.1)

wi = vy 1: Denote LHS := v, (I1 +2,l2,n) — 20/, 1 (I1 + 1,13, n + 1) + vf 1 (l1,l2,n + 2).

Case (1). If i + n > N, then we have LHS = wj(l; +2,lo — N +n,N) —2wf(ly + 1,lo —N+n+1,N) +
wi(ly,la—N+4+n+2,N) > 0, where the last inequality follows from the assumption that w; satisfies property
(P7.3).

Case (2). If iy +n = N — 1, then we have LHS = v} (I1 +2,0, N — 1) — 2wy (l; +1,0,N) + w;(l;,1,N). If
Vi (lh +2,0,N = 1) = w;(ly +2,0,N — 1), then we have LHS = w; (l; + 2,0, N — 1) — 2w;(l; + 1,0, N) +
w;(l1,1,N) > 0, by the assumption that w; satisfies property (P7.2). On the other hand, if vy, (l1 +
2,0,N —1) = wi(ly + 1,0, N), then we have LHS = wj(l; + 1,0, N) — 2w;(l; + 1,0, N) + w;(l1,1,N) =
wi(ly, 1, N) —wf(ly +1,0,N) = (A, — Ay,)wi (11,0, N) > 0.

Case (3). If il + n < N — 2, we further consider the following two subcases.

Case (3.1). If IT(l1 +2,l2,n) <I; + 1, then we have LHS > v} (l; + 1,lo,n+1) —vj (b +1,12,n+1) —
v (2, n +2) +vpy (I, 1, n 4+ 2) = 0.

Case (3.2). If I5(l1 +2,12,n) = I; +2, then we have wy (1 +2,0,l2+n) —w;(l1 +1,0,la+n+1) < 0. By the
assumption that w} satisfies property (P7.2), it follows that w; (I +1,0,la+n+1) —w;(l1,0,lo + n+2) <
wy(li+2,0,la4+n) —w;(l1+1,0,l+n+1) <0. When Iz +n+2 < N, the above inequality further implies
that wy(l1,0,la+n+2)—w;(l1 —1,0,lo+n+3) < 0, and hence I5(11,0,lo4+n+2) =1;. When la+n+2= N,
it is clear that I7(11,0,l3 +n +2) = I;. As a result, we have LHS > w; (I +2,0,lo + n) — 2wy (l; + 1,0,12 +
n+1) +wi(l,0,lo +n+2) >0.

vi ;= wiy s By definition, we have wy (i + 2,l2,n) — 2wy (b + 1,l2,n 4+ 1) + wy (h,le,n +2) =
Mvi (b +3,02,m) — 207 (h + 3, 0o, n + 1) + 07y (I + 1o, n 4+ 2)] + Aa[viy (b + 2,10 + 1,m) — 207, (L +
Lic+1,n+1)+vi (e +1L,n+2)] +npfvf (I +2,0,n—1) = 20f (L + 1, 12,n) +vf (I, 12, n 4+ 1)] +
(N —=n—=2)npufvy (i +2,12,n) =205 (L + 1,12, n+ 1) +of (I, lo,n +2)] +2ufvf, (I +2,12,n) —vi (I +
Lilg,n+1) —vf(li + 1,12,n) + vf 1 (l,l2,n + 1)] > 0, where we notice that the terms in the last bracket
is equal to Ay, vfy(l1,12,1) — A pviyq (I, 12,m) > 0.

(P7.2)

wi = vfyq: Let LHS := vy (1 +2,12,n) — 207 (b + 1,12, n + 1) +vf (I, I + 1,n 4 1).

Case (1). If i + n > N, then we have LHS = w;(l; +2,la — N +n,N) — 2w (l1 + 1,lo = N+n+1,N) +
wi(ly,la = N +n+2,N) > 0, where the last inequality holds by the assumption that w; satisfies property
(P7.3).

Case (2). If I +n = N — 1, then we have LHS = v}, (1 +2,0, N — 1) — 2w/ (l; + 1,0, N) +wj (I;,1,N). If
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v (i +2,0,N —1) = w;(l1 +2,0,N — 1), then we have LHS = w{(l; +2,0,N — 1) — 2w;(l; + 1,0,N) +
wy(l1,1,N) > 0. On the other hand, if vy ,(l; +2,0,N — 1) = w;(l; + 1,0, N), then we have LHS =
wi(l+1,0, N)—2wi (L, +1,0, N)+wi (I, 1, N) = wi (i, 1, N)—w; (L +1,0, N) = (A, — Ay, Jwi (11,0, N) > 0.
Case (3). If Iy +n < N — 2, then we have LHS = vy, (I1 +2,0,l2 +n) — 2v;, (1 + 1,0,lo +n + 1) +
vi 1 (11,0,l +n+2) > 0.
viy, = wi,: By definition, we have w;,(l1 +2,l2,n) — 2w}, (I + 1,lo,n + 1) + wi (I1,lo +1,n +1) =
Mvi o (i+3,12,m) =207 (L +2,l2,n4+1) +of (1 L+ 1, n+ 1)+ A fvf (L +2, 1 +1,n) — 207 (I +
Liz+1,n+1)+vf (I, o +2,n+ )] +npfvf (0 +2,02,n — 1) =20/ (b + 1,12,n) +vf (I, I +1,n)] +
(N=n—=1)p[vy (1 +2,12,n) = 2vf (1 +1, o, n+ 1) +of (I, o+ 1L, n+ 1)+ plofy (I +2,12,n) =207 (I +
L,l2,n) +vf 1 (I1,12 + 1,n)] > 0, since the terms in the last bracket v/, (1 +2,l2,n) — 20/ (lh + 1,l3,n) +
il +1,n) = Ay vf (L le,n) + (Apvf (L l2,n) — Ay vfy (L, 12,n)) > 0.
(P7.3)
wi = vf gt Let LHS := vy (1 +2,12,n) — 205 (b + 1,12 + 1,n) +vf (1, 12 4+ 2,n).
Case (1). If iy +n > N, then we have LHS = w;(l;y + 2,0, N) — 2w} (l; + 1,1, N) + w; (11,2, N) > 0.
Case (2). If iy +n = N — 1, then we have LHS = v} (I1 +2,0, N — 1) — 2w; (l; +1,0,N) + w;(l;,1,N). If
v (lh +2,0,N — 1) = w;(ly +2,0,N — 1), then we have LHS = wj (l; + 2,0, N — 1) — 2w;(l; + 1,0, N) +
w;(l1,1,N) > 0 by property (P7.2). On the other hand, if vf ,(ly +2,0,N — 1) = wy(l1 + 1,0,N),
then we have LHS = wi(l; + 1,0, N) — 2w; (i +1,0,N) + wi (11,1, N) = wi(l,1, N) — wi(ly + 1,0,N) =
(A, — Ay )wi(ly,0,N) > 0.
Case (3). If l + n < N — 2, then we have LHS = v} (I +2,0,l2 +n) — 2v;,(lh + 1,0,lo +n + 1) +
07 (0,0,l +n 4+ 2) > 0.
vf = wiy,: By definition, we have wy (i + 2,l2,n) — 2wy (lh + 1,12 + 1,n) + w; (li,l2 + 2,n) =
Mi (i +3,02,n) = 20f (L + 2,1 +1,n) + o7 (b + 11 +2,n)] + Xofvyy (I + 2,124+ 1,m) — 208, (I +
Lily+2,n) +vi (I, 02+ 3,n)] +npvf (I +2,00,n — 1) = 20f (L + 1o+ 1,n— 1) +v5 (I, 1o + 2,0 —
D]+ (N —n)plvf (I +2,12,n) — 20 (0 + 1,1 + 1,n) +vf (L, I +2,n)] > 0.
(P8) (A, — Ap)v*(l1,l2,n) is single-crossing in (—n).
First we prove the single-crossing property for (A;, —Ay)wy(l1,l2,n). Iffwy(li +1,0,n+1) > w;(l1,0,n+
2), then by property (P10.1), we have w; ;(ly + 1,0,n + 1) > w} ;(l1,0,n + 2), which in turn implies
wi_1(l1 +1,0,n) > wf_1(l1,0,n + 1) and wy (3 +1,0,n — 1) > w;_;(l1,0,n) by applying property (P8)
in time period ¢t — 1. Moreover, the assumption w;(ly + 1,0,n + 1) > w;(l1,0,n + 2) further leads to
wi_1(l1 +2,0,n) > wf_;(l1 +1,0,n+ 1) by property (P7.1). Similar to the analysis in the proof of property
(P11), the above four inequalities involving wy ; respectively imply v;(ly + 1,0,n + 1) = vf(l1,0,n + 2),
vi(lh +1,0,n) =vf(1,0,n+ 1), vi(l; +1,0,n — 1) = v} (l1,0,n), and v} (l1 +2,0,n) = v; (1 + 1,0,n + 1).
It then follows that w} (I1+1,0,n)—w; (I1,0,n+1) = c;+ A\ [vy (11 +2,0,n)—vf (I14+1,0, n+1)]+ Ao [vf (1 +
1,0,n+1)—vf(l1,0,n+2)] + npfv; (11 +1,0,n — 1) — v (I1,0,n)] + (N —n— Dpfv; (I +1,0,n) — vy (11,0, n+
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D]+ pAyvf(l,0,n) = 1 + Ay vf(l1,0,n) > 0. Hence (A, — Ay)wj(l1,l2,n) is strictly single-crossing in
(—n).

Then, we prove the single-crossing property for v, ;. If vy, (l1 +1,0,n+ 1) > v, (11,0,n + 2), then we
must have wy(l; +1,0,n + 1) > w;(l1,0,n + 2), and therefore by (P8) for w;, we have w;(l; +1,0,n) >
w; (11,0,n + 1), which leads to vi,(l1 +1,0,n) > vi(l1,0,n + 1).

(P9) Submodularity in (11, ), (I2,1), (n,t).

wi = v,

(P9.1)

Case (1). If I + n > N, then we have Ay v, (l1,l2,n) = Ay wi(l1,lo —n+ N,N) <O0.

Case (2). If lo +n < N, let (I1,la,7) = (If 4411, 12,n),13 1 (11,12, n), nf 1 (I1,12,n)) be the optimal
solution to problem v/, (l1,l2,n). By Lemma OS-D1, I7 ,(I; +1,l2,n) can be either Iy or Iy + 1.

Case (2.1). When 5 ,(I1 + 1,15,n) = 1, we have Ay, 07, (1, l2,n) < Apw;(l1,0,7) < 0.

Case (2.2). When [5 ,(I1 +1,l2,n) = Iy + 1, we have Ap i (LI, n) < Agwi(l,0,7) <O0.

(P9.2)

Case (1). If I + n > N, then we have Ayv7, (I, 1l2,n) = Aypwi (li,lo = N +n,N) <O0.

Case (2). If Iy +n < N, then let (1,12, ) := (If 441 (l1, 12, n), 15 1 (11, 12, ), 1 (11, l2,n)) be the optimal
solution to problem v}, (l1,l2,n). By Lemma OS-D1, I7 ;(Il1,l2,n + 1) can be either Iy or Iy +1.

Case (2.1). When 5 ,(I1,12,n + 1) = I, we have Ayyvf 1 (I1, l2,n) = Apwi(l1,0,7) < 0.

Case (2.2). When I5 ,(I1,l2,n+1) = I1 + 1, we have Apvf (e, n) = Alltwt*(fl,O,ﬁ) <0.

(P9.3)

Case (1). If [; +n > N, then we have Ayv;(l1,l2,n) = Apywf(li,lo = N +n,N) <0.

Case (2). If I + n < N, then we have Ay, (l1,l2,n) = Apvfy 1 (11,0,n + 1) <O0.

Vip1 = Wiy

(P9.1) By definition, we have Ay wfy (l1,l2,n) = MAL i (0 + 1l2,n) + Al vf (L le + 1,n) +
npAy v (lyle,n — 1) + (N — n)pdg iy (L Iz, n) < 0.

(P9.2) By definition, we have A, wf,(l1,l2,n) = MApwi (1 + 1,12,n) + XoApviy (Il + 1,n) +
npApvfy (I, lo,n — 1) + (N —n — D)pApwiy (11, 12,n) <O0.

(P9.3) By definition, we have Aywf,((l1,l2,n) = MApwi (0 + 1,12,n) + AelAy0f (Ll + 1,n) +
npAvy g (lle,n — 1) + (N = n)pdg,vfy (L l2,n) < 0.

(P10) (At — Ape)vi(l1,l2,n) <0 and (A — Ap)vf(ly,l2,n) <O0.

wi = v, q:

(P10.1)

Case (1). If I ;(I1 + 1,12,n) <1 + 1, then we have v (ly +1,12,n) = v (l1,12,n+1). Since we always have
v (i +1,02,m) — v (I, l2,n 4+ 1) <0, hence (A ¢ — Ape)v; (l1,l2,n) < 0.
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Case (2). If If (1 + 1,l2,n) = Iy + 1, then by the assumption that w; satisfies properties (P10.1) and
(P7.1), we must have I7 ;1 (l1,lo,n + 1) = 1;.

Case (2.1). If l; +n < N, then (A — Apt)vf (l1,l2,n) < (A — Ape)wi_1(11,0,n 4+ 12) < 0.

Case (2.2). If iy +n > N, then (A r — Apt)vs (I, l2,n) = (A — Ap)wi_1(lh,la —n+ N,N) <0.
(P10.2)

Case (1). If Il + n > N, then we have (A;,+ — Ape)vi(ly,la,n) = (A — Ape)wf_1(l1,lo — N +n,N) <0.
Case (2). If il +n < N, then (A — Ape)vi(l1,l2,m) = (A — Ap)vf (11,0,12 +n) < 0.

Vi1 = Wiy

(P10.1) By definition, we have (A;; — Ap)wy (i, l2,n) = A (A — Ape)vf (I 4+ 1,12,n) + Ao (Agye —
Ap)vip (Il +1,n) +np(Ae — Apg)vf (L le,n = 1) + (N —n = (A — D) i (L 12, n) +

A vy (l,l2,m) <0.

(P10.2) Similarly, (Ag ¢ — A )wyiyq (I, 12,m) = A (A —Ape)vfy (L +1, 12, n) + Mo (A e — Agye) vy (I, o+
Ln) +np(Ane — Ap)vyi (I le,n — 1) + (N = n) (A — Apye)vfy (1, l2,n) < 0.

(P11) If vy (I + 1,0,n 4+ 1) > v (11,0,n + 2), then v} (I1 +1,0,n) > vy, (l1,0,n + 1).

First we prove the property for wy. Suppose w;(l1 + 1,0,n 4+ 1) > w;(l1,0,n + 2). Then, we have
wi (h+1,0,n) —wi (11,0, +1) = cr + Mfvj (0 +2,0,n) —vf  (L+1,0,n+ 1)) + A fvfy (I +1,0,n +
1) —vf 1 (11,0, n+2)]+nufvf (1 +1,0,n—1) —vf, 1 (11,0,n)] + (N =n—1D)pfvf (11 +1,0,n) —vf,  (11,0,n+
D]+ pAq, vt 1 (11,0,n). It is worth noticing that, the assumption wy (I1 +1,0,n41) > w{(l1,0,n+2) implies
v (i +1,0,n 4+ 1) = vy (11,0, + 2). To see this, it is clear that v;,,(I1 +1,0,n+ 1) < v (11,0,n +2),
because any feasible solution to problem v} ;(l1,0,n + 2) is also feasible to problem v}, (1 +1,0,n + 1).
Moreover, w; (I1+1,0,n+1) > wjf (I1,0,n+2) implies that the optimal solution to problem vy, (l;+1,0,n+1)
is in the feasible set of problem vy, (I1,0,n+2). Therefore, we must have v}, (l1 +1,0,n+1) —v; (11,0, n+
2) = 0.

Following the similar argument, we have v/, (l; +2,0,n) —vi (1 +1,0,n4+1) =0, v{, (I +1,0,n —
1) =i (l,0,n) =0, vi (It +1,0,n) — vf 1 (11,0,n + 1) = 0, since wy (I +1,0,n + 1) > w;(l1,0,n + 2)
implies wj (l; +2,0,n) > w;(ly +1,0,n + 1) (by property (P7.1)), w;(ly +1,0,n — 1) > w;(l1,0,n) (by
property (P8)), and w;(ly +1,0,n) > w;(l1,0,n + 1) (by property (P8)). It then follows that wy, ,(ly +
L,0,n) —wiy(I1,0,n 4+ 1) = ¢1 + pAyviy,(11,0,n) > 0. Therefore, we must have (A;, — Ap)w;(l1,0,n) is
strictly single-crossing in (—n,t).

Next, we prove the property for v/, ;. Suppose vi, (1 +1,0,n 4+ 1) > v/, 1(l1,0,n + 2), then we have
wi(ly +1,0,n 4+ 1) > wf(l1,0,n +2). By (P11) for wy, we have w;, (1 +1,0,n) > w{,;(l1,0,n + 1), which
results in v (1 +1,0,n) > vf 5 (11,0,n + 1). O
Proof of Theorem 1: We first show that Ko < K; < K9 < --- < Kn_1. Note that

K; =min{K e N: w*(K +1,0,i) —w*(K,0,i+ 1) > 0}.
Thus, w*(K; +1,0,4) —w*(K;,0,i+ 1) > 0. Since w* satisfies property (P8), we have w*(K; +1,0,i —1) —
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w*(K;,0,7) > 0. Again, by the definition of K;_;, we have K; 1 < K.
In the following, we show that the policy described in Theorem 1 is an optimal server assignment policy.
Note that the optimal assignment policy at state (l1,l2,m) is given by the solution to the following

optimization problem:

v*(l1,la,n) = p lI’niI/leN w* (14, 1,n) (0S-D2)
15257

st. L +l+n' =0 +1+n,
I <,
Iy <la,
n<n' <N.
To prove Theorem 1, we need to show that at each decision epoch with state ({1,2,n), the post-action state
following the policy described in Theorem 1 is the optimal solution to the above optimization problem. We
consider two cases: (1) la+n > N and (2) I +n < N.

For the first case, following the policy described in Theorem 1, the post-action state is (11,1l +n— N, N).
Next, we show that (I1,l2 +n — N, N) is one optimal solution to (OS-D2).

Suppose this is not true and the optimal solution is (Zl, I, 7) # (l1,lo + n — N, N). Then, we have

w*(Iy,lz,7) < w*(ly,ly +n— N,N). (0S-D3)
First, note that i; < 3 and 2 < N. Let 8; = l; — [; and d3 = N — 7. Then, Iy — (la+n—N) =0 + 0.
Thus,

w*(ly,la, 1) = w*(ly — 61, la, N — 82)
> w*(ly — 81, 1o — 62, N)
> w*(ly,lp — 6y — 62, N)

=w*(l1,lo +n— N,N),

where the first inequality holds because w* satisfies property (P3), and the second inequality holds because
w* satisfies property (P2). This contradicts with (OS-D3).

For the second case, following the policy described in Theorem 1, it is optimal to use idle servers to serve
all VIP customers. After the assignment, the state becomes (I1,0, N — n — l3). Then we decide whether to
assign the rest of the idle servers to serve normal customers one by one. Suppose the post-action state is
(5,0,n*). We have I +n* =11 + N —n—la, I < Kp«, and IT +1 > K,»_1. Next, we show that (IT,0,n*)
is one optimal solution to (0S-D2).

Suppose this is not true and the optimal solution is (Zl, ls, n) # (I5,0,n*). Then, we have

w*(I1,12,7) < w*(I,0,n%). (0S-D4)
If l~1 =[7, then l~2 >0 and n* = l~2 + n. Thus,
w*(l],l},fz) = w*(l}‘,l},ﬁ) > w*( T,O,l} +n)=w"(],0,n"),

where the inequality is because w* satisfies property (P3). This contradicts with (OS-D4).
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If I} > I}, then n* > Iy + 7. Thus, by property (P3), we have w*(ly,ly,7) > w*(I1,0,lz + 7). Note that

I > T+1>Ku1 > Kj By the definition of Kzz we have

lo+n" +n?
w*(I1,0,lo +7) > w*(l; —1,0,l + 7+ 1).

Ifl; —1>105, thenn* >l +#i+1land iy —1>1{+1> Kp_1 > K; ... By the definition of Kj ..,

we have

w*(l, —1,0,lp + 24 1) > w*(l; — 2,0,15 + 7 + 2).
Repeating the above process, eventually, we have
w*(Iy,la, ) > w*(I1, 0,15 + )
> w*([l — 1,0,[2 +n+ 1)

> w*(l; —2,0,ly + 1 +2)

Y

> w*(17,0,n).
This contradicts with (OS-D4).
If l~1 < I}, then l~2 + 7 >n*. Let n = min{N, l~2 +n} and I = [1 —|—l~2 + n — n. Then, we have n > n* and
I <.
(a) If n = n* and I; = [}, then
w* (I, Iy, 7)) > w* (I, Iy + 7 — 7,7) > w* (I, +lo + 71— 7,0,7) = w*(I,0,7) = w(I¥,0,n*),
where the first inequality holds because w* satisfies property (P3), and the second inequality holds because
w* satisfies property (P2). This contradicts with (OS-D4).
(b) If & > n* and I; < I%, then similar to (a), we have w* (1, Iz, 72) > w*(I1,0,7). Note that I; +1 < I} <
K+ < Kz_1. By the definition of Kz_1, we have
w*(11,0,7) > w*(l; + 1,0, — 1).
Ifli+1< I7,then n —1 > n* and i+2< I} < Ky < Kj_so. By the definition of K;_2, we have
w*(ly +1,0,7 — 1) > w*(l; +2,0,7 — 2).
Repeating the above process, eventually, we have
w*(il,[g,ﬁ) > w*(l1,0,7)
>w*(l; +1,0,n— 1)

2 w*([l +2a07ﬁ_ 2)

v

> w*(17,0,n%).
This contradicts with (OS-D4). O
Proof of Proposition 1: Consider a decision epoch ¢t > 0. The state at this time point must be transited

from a previous post-action state. Suppose the post-action state is (I1,la,n). We consider two cases: (1)
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n=N and (2) n < N.

For the first case, at this decision epoch ¢, the number of busy servers is either n — 1 or n. Clearly, it is
optimal to assign at most one idle server.

For the second case, we have I = 0 and I; < K,,. Since the state at time ¢ is transited from (ly, 12, n),
there are three possibilities for the current state: (a) (i1 +1,0,n), (b) (I1,1,n), or (¢) (I1,0,n —1). For case
(a),if iy +1> K, (ie., l; = K,,), it is optimal to assign one idle server to a normal customer and the state
becomes (I1,0,n + 1) after the assignment. Since {y < K,, < K,,41, it is optimal to keep all other available
servers idle. If Iy + 1 < K, it is optimal to keep all available servers idle. Therefore, for case (a), it is
optimal to assign at most one idle server.

For case (b) with state (I1,1,n), it is optimal to assign one idle server to the VIP customer. The state
becomes (I1,0,n + 1) after the assignment. Since [y < K,, < K,,41, it is optimal to keep all other available
servers idle. In this case, it is optimal to assign at most one idle server.

For case (c), if Iy > K,_1, it is optimal to assign one idle server to a normal customer and the state
becomes (I —1,0,n) after the assignment. Since I; —1 < K, it is optimal to keep all other available servers
idle. If I; < K,,_1, it is optimal to keep all available servers idle. Therefore, for case (c), it is optimal to
assign at most one idle server.

To summarize, at any decision epoch ¢ > 0, it is optimal to assign at most one idle server. O
Proof of Lemma 2: Let vi(l,n1,n2) = <& (Iy + 12+ +1p +n1 +ng2). It is straightforward to see that vg

satisfies the multimodularity property. We define w; and v} inductively as follows,

L L
wi (g, ng) = Zcili + Z Aivy (14 €4, n1,n2) + pav; (1,0, ng) + povf (1,11, 0),
i=1 i=1
and
vi 1 (Lny,ng) = min wy (I, nf,nj) (0S-D5)

I’eNL nf ,n,ef{0,1}
L L
/ !/ /!
s.t. E li+n1+n2:§ li + 11 + na,
i=1 i=1

I <1,

ny > nq,

ny > na.
Whenever the context is clear, we shall refer the above optimization problem as problem vf,(1,n1,nz).

Similar to the proof of Lemma 1, we prove Lemma 2 by showing that if w} satisfies properties (P1)-(P5),

then v, ; and wy, also satisfy properties (P1)-(P5). It then immediately implies that v* = lim;_,o v; and
w* = limy_, o0 wi satisty properties (P1)-(P5), which will complete the proof. The proofs of properties (P1)-
(P4) are similar to the proofs of (P1)-(P4) in Lemma 1, which are omitted for the sake of brevity. We next
show that if w} (I, n1,n2) is multimodular in (1,7;) and (1,ny), then so are vy, | (1,71, n2) and w; (1,11, n2).

To prove the multimodularity property, we first show the following two auxiliary lemmas.
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Lemma OS-D3. v}, (1,n1,n2) is the optimal value of the following optimization problem:

min wi (U, nf,nb) (0S-D6)

I'eNL nf ,nte{0,1}

L L
s.t. Zngrn/lJrn’Q:ZliJrnlJrng,
i=1 =1
m m
DU L, Vi<m<L
i=1 i=1

L L
i=1 i=1
Lemma OS-D4. We have vy, ;(1,n1,0) = min{w;(1,n1,0), @ (1, n1,1)}, where

A, : * 1/ I
wy(l,ny,0) =~ min wy (',ny,0)
Iezi nye€{0,1}

L L
s.t. Zl;—kn’l :Zli—l—nl
i=1 i=1

ilggili, Vi<m<L
i=1 =1

and

~ . * 1/ I
w(L,ng, 1) = ,min wy (l',ny, 1)
ezl ,n}€{0,1}

L L
s.t. Zlg—l—n’l +1= Zli +nq
i=1 i=1

ilggili, Vi<m<L
Moreover, if w;(1,n1,n2) is multimodular in (1,n1), Z/lzeln v;_llfll, ny, 1), wi(l,n1,0), and W (L, ny,1) are all
multimodular in (L,ny).

We are now ready to prove property (P5). We start with the multimodularity of v}, (1,71,n2) in (1,n,)
(i.e., the direction of w; = v}, ;). Notice that in Lemma OS-D4, we have shown that if wj(1,n,,n2) is
multimodular in (1,7;) and (1,nz), then v} ;(1,71,1) is multimodular in (1,n;). Therefore, it remains to
show that if w} (L, n1,n2) is multimodular in (I,71) and (1,n2), then v}, (1,n1,0) is multimodular in (1,7,).

We now prove the multimodularity of v, ; (1, n1,0) in (I, n1). By the definition of multimodular functions,
we need to show that for any a,b € F := {—ey,ds,...,dr,dr11,er 41} and a # b, we have

vi1((Lng,0) +a) +vf 1 ((Ing,0) +b) > v/ 1((1,n1,0) +a+b) +v;,,(1,n1,0), (0OS-D7)
where d; = e;_1 — e; for each i = 2,...,m + 1. Denote the LHS and RHS as the left-hand-side and right-
hand-side of inequality (OS-D7), respectively. To show (OS-D7), we consider the following cases.
Case (1). a= —e; and b € {d3,...,d}. In this case, consider b = d; for some 2 < i < L. Then, we have
LHS — RHS = v/, (1 —ey,n1,0) +vf  (1+e€_1 —e;,n1,0) —v/ (1 —e; +e_1 —e;,n1,0) — v/ (1,n1,0)
Let (1,71,75), (I, 71, 73), and (I*,n3,n3) denote the optimal solution to vig (1—e,ni,0), vy (1+e_1 —

e;,n1,0), and v;,(1,n1,0), respectively.
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Case (1.1). If g = nix = 1, then we have
LHS — RHS > w¢(l — e1,n1,1) + (1 + ;-1 —e;,n1,1) — (1 —e1 + ;1 —e;,n1,1) —wy(l,ng, 1) >0,
where the last inequality follows from the multimodularity of w;(1,n1,1) in (1, n1).
Case (1.2). If g = o = 0, then we have
LHS — RHS > (1 —e1,n1,0) + w:(1+ €;-1 — €;,n1,0) — ¢ (l —e; +e;,-1 — e;,n1,0) — (1, nq1,0) >0,
where the last inequality follows from the multimodularity of (1, n1,0) in (1, ny).
Case (1.3). If o = 1 and i = 0, then in this case, we have 71; = 1. Note that Zle Ir < ZZL:ll_i <
Zle IF+1, and nf +n35—1 <y +n2 < nj+ni. In other words, the optimal number of customers assigned
to empty servers in state (1 + e;_1 — e;,n1,0) is less than that in state (1,n1,0), and the difference is less
than 1. Similarly, we have S5 1 —1 <S5 I, < S 17, and n} + nj — 1 < iy 4 7 < n} +nj. That is,
the optimal number of customers assigned to empty servers in state (1 — e1,n1,0) is less than that in state
(1,n1,0), and the difference is less than 1. Therefore, |7i; + g — (721 + fiz)] < 1. Since 711 = fip = 1 and
ng = 0, we have ny = 1. In this case, let k be the index of the highest customer priority class that has a
positive queue length, i.e., k = max;<;<r{l; > 0}. Then, we have
LHS — RHS
>wi(l—e; —ep, 1, 1) +wi(l+e_1—e;,1,0) —w;(1—e1 + €1 —¢€;,1,0) —w; (1 —e,1,1)
= Aw;(1—eg,1,1) — Aqw;(1+ b, 1,0)
> Awi(l—ep+b,1,1) — Ayw;(1+ b, 1,0)
>0

- 3

where the second inequality follows from Azpwy(l — ek, 1,1) < 0, and the last inequality holds because
Aa(eria—en)Wi(1—ep +b,1,0) >0, since wy (1,n1,n2) is multimodular in (1,72).
Case (1.4). If iz = 0 and N2 = 1, then similar to Case (1.3), we have 7; = 1 and 73 = 1. It then follows
that
LHS — RHS
>wi(l—eq,1,0)+w;(l14+e-1—e —ep1,1)—wi(l—e +e,_1—€;,1,0) —w;(l—eg1,1)
= Apw;(l—e,1,1) — Apw; (1 —e1,1,0)

Z Abw;f(l —€e] — e, 1, 1) — Abw;‘(l — ey, 1,0)

Vv

0,

where the second inequality follows from Azpw;(l — e, 1,1) < 0, and the last inequality holds because
Ap,(eps—en)Wi(1—e1,1,0) > 0.

Case (2). a= —e; and b=dr ;. In this case, we have n; = 1 and

LHS —RHS = v; (1 -e,1,0) +v{ (1 +e€.,0,0) —v;, ;(1—e; +er,0,0) — v/ (L, 1,0)

=v; 1 (1-e,1,0) + 07 (L, 1,0) —vf (1 —e1,1,0) — v, (1,1,0) = 0,
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where the second equality holds because v/, (1+er,0,n2) = vy (1, 1,n2) for all 1 and ny, since it is optimal
to assign a highest class customer to the empty fast server.
Case (3). a= —e; and b = e ;. In this case, we have ny = 0 and
LHS — RHS = v;,;(1-€1,0,0) + v{,1(1,1,0) —vf, 1 (1 —e1,1,0) — v ,(1,0,0).
Let (1,71, 72), (1, 2y,72), and (1*, n%,n%) denote the optimal solution to v (1 —e1,0,0), vf1(1,1,0), and
v{,1(1,0,0), respectively.
Case (3.1). If o = 1, then 727 = 1. In other words, it is optimal to assign a customer to server 2 in state
(1—e; —eg,1,0). Thus, it is optimal to do so in state (1,1,0), which implies that fia = 1. The rest of the
proof is similar to Case (1.1) and hence omitted for brevity.
Case (3.2). If g = 0 and 7y = 0, then the proof is similar to Case (1.2) and hence omitted for brevity.
Case (3.3). If g =0, i = 1, and A3 = 1, then we have
LHS — RHS > w;(1—e; —ex,1,0) + wi (1 — e, 1,1) —w; (1 —e; —eg,1,1) —w; (1 —ex, 1,0)
= Acjep Wi (1—e1 —e;,1,0) >0,
where the last inequality follows from the multimodularity of w; (1, n1,n2) in (1, n9).
Case (3.4). If np =0, g = 1, and 77 = 0, then we have
LHS — RHS > w; (1 —e1,0,0) + w; (1 — ex,1,1) —w;(l —e; — e, 1,1) — w;(1,0,0)

=A_e,w;(1,0,0) — A_e,wi (1 —eg,1,1)

> A_owi(L,0,1) — A_o,wy(1—eg,1,1)

>0,
where the second inequality holds because A_g, _e, ., w;(1,0,1) > 0, and the last inequality holds because
A_e, (ep—ep Wi (l—ex,1,1) > 0.
Case (4). a=dry; and b € {dg,...,dr}. The proof of Case (4) is similar to that of Case (2), and hence
is omitted for the sake of brevity.

It is worth noticing that the case of a = dp11 and b = er 11 does not exist since (1,n1,0) + dr41 and
(1,n1,0) + er. 1 cannot be in Z* x {0,1} x {0,1} at the same time.

Case (5). b=-ep;; and a € {da,...,dr}. In this case, we have ny = 0. The proof is similar to that of Case
(3) and hence omitted for brevity.

Case (6). a,b € {da,...,d.}. In this case, the proof is similar to that of Case (1) and hence omitted for
brevity.

Combining all the above six cases, together with Lemma OS-D4, we conclude that vy, ,(l,n1,n2) is
multimodular in (1,7, ) for all no. The multimodularity of vy, ;(1,n1,72) in (1,n2) for all n; can be proved in
a similar token, and we omit the details for the sake of brevity. This completes the proof of the wf = v{,
direction of property (P5), i.e., if wf(1,n1,n2) is multimodular in (1,7;) and (1,nz), then so is vy, (1, n1,n2).

Finally, we show if v, (1, n1,n2) multimodular in (1,n;) and (1,n2), then so is w;, (1, n1,n2), i.e., the
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vi, = wf, direction of property (P5). In what follows, we show that w;, (l,n1,n2) is multimodular in
(I, ny). The proof of multimodularity of w;,(1,n1,7n2) in (I, ny) is similar and hence omitted for brevity.

By definition, we need to show that for any (L+2)x1 dimension vectors a,b € F := {—e;,ds,...,dr,d 41,
er+1} and a # b, we have

wity (L, n2) +a) + wiyy (Lna,n2) +b) > wiyy ((Ina, n2) +a+b) +wiy (1, n1,m2), (OS-D8)

where d; = e;_1 —e; foreach i = 2,...,m+1. Let LHS and RHS denote the left-hand-side and right-hand-side
of inequality (OS-D8), respectively. We consider the following cases.
Case (1). a,b € {—e;,da,...,d;}. Notice that in this case, the L'" and (L + 1)* dimension of vector a, b
are equal to zero. Let aj.;, denote the first L components of vector a. That is, aj.;, = (a1,...,ar); and by.p
is defined similarly. Then, we have

LHS — RHS

=w; (1+ayip,n,ne) +wip,(14+brp,ni,n2) —wi 1+ aip +brp,ni,ng) —wpy (1,n1,n2)

L
= Z Ai [vi A+ ar + e, ni,ng) +vpy (14 br +e5,n1,m2)
1

.
Il

—vi (I4+aip +bip +ej,n,n2) — v (1+ ei,nl,nz)]
+ 1 [vt*ﬂ(l +ai.,0,n2) + vy (1+b1.r,0,n2) — v/ (14 a.; + bz, 0,n2) — UZ‘H(I,O,ng)]
+ p2 [vi I+ ar.p,n1,0) + vy (14 brp,n1,0) — vy (14 ar.p + br.p,n1,0) — vy (1,11, 0)]
> 0.
Case (2). a=dp4; and b € {—e;,ds,...,d}. In this case, note that (1, ny,ns)+a € Zi x {0,1} x {0, 1},
therefore we must have n; = 1. It then follows that
LHS — RHS
=wi (1+er,0,n2) +wi (1 +brr,1,n3) —wiy(14+ep +bi.p,0,n2) —w;(1,1,n2)
L
= Z)\i [v;‘H(l +er +e€;,0,n2) + v/ (14+bi.p +e;1,ny)
i=1
—vj 1 (I+er + b +e;,0,n2) — v (1+e;,1,n0)]
+ p1 [vfﬂ(l +er,0,n2) + v/ (1+b1.p,0,n2) —vf 1+ e +b.r,0,n2) — vf+1(l,0,ng)]
+ p2 o311+ €£,0,0) +v7y 1+ b1.p,1,0) — vy (14 ep + b1.2,0,0) — vy, (1,1,0)]
L
=— Z)\iAabU;‘H(l +e;,1,n2) — 1le, b1 (1,0,n2) — p2lapv 1 (1,1,0)
i=1
>0,
where the last inequality holds because Aapvy, (14 €;,1,n2) < 0 and Azpvy,;(1,1,0) < 0 (by the multi-

modularity of v}, ; in (I,n1)), as well as A¢, b0, 1(1,0,n2) < 0 (by Lemma OS-B4).
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Case (3). a=-er; and b € {—e;,da,...,dr}. In this case, we have ny = 0. Then,
LHS — RHS

(1 1 TLQ) +wt+1< +b1;L,O7n2) —wz+1(l+b1;L,1,n2> —U)Lrl(l,o,’ng)

wiy
L
Z Ut+1 +ei717n2) +Uz<+1(1+b1:L+eiaO7n2)

71}2“"1(1 + bl:L tey, 17 nQ) - 'U?-s-l(l, 07 Tlg):l
+ 1 [0741(1,0,n2) + 7 1+ b1:p, 0,n2) — v (1+ brr, 0,n2) — vy (1,0,n2)]

+ p2 011, 1,0) + vy (14 b1.p,0,0) — v (14 byp, 1,0) — 074 (1,0,0)]
L
- - Z AiAeL+1bU:+l(l +e;,0, n2) - ,L"QAeL+1bv;£k+1(la 0, 0)

i=1
> 0.

Finally, note that the case a =dy4+1 and b = er 11 does not exist, since (1,n1,0) +dr+; and (1,n1,0) +
er41 cannot be in Z% x {0,1} x {0,1} at the same time. This completes the proof of the v;,; = wj
direction of property (P5). O
Proof of Theorem 2: The proof is similar to the proof of Theorem 1 and is therefore omitted for the sake
of brevity. O
Proof of Proposition 2: (a) Note that K, )+ (l1, ..., li=—1) = Kém n2), ol b 1) + Zl 4 - Thus,
it is equivalent to show that K, - )it .(l1, ..., l;+—1) is decreasing in I; with a decreasing rate bounded by 1
for j =1,. — 1, and the larger j is, the higher sensitivity is. We now prove this statement for the case
with n; = 0, ng € {0,1}. The proof of the case with n; = 1, ny = 0 is similar.

For simplicity, let 15 = (I1,...,;+—1, K, 0, ...,0). Then, when n; =0 and ns € {0, 1},

Kl myyuie (1o lin—1) = min{ K € Nz w* (I, oy lie—1, K +1,0,...,0,n1,m2) — w* (I, .., li= 1, K,0,...,0,n1 + 1,n2) > 0}

=min{K € N: Ay, w*(lfﬁ,nl,ng) — Anlw*(lfg,nl,ng) > 0}.

We first show that Kém 1) (1, li+—1) is decreasing in [; with a decreasing rate bounded by 1. Let
K' = Kénl,n2)7i*(ll,...,lj, o lie_1) and K/ = K{m na), syl 4+ 1,000 = —1). We need to show that
K -1<K <K'

By the definition of K(n1 n2), (o li=—1), we have Almw*(lffl, ny,Ma) — Anlw*(liff,nl’ ns) > 0. Since

w*

is multimodular in (1,7n4), then

Al,*w*(lf? +ej,n1,n2) — Amw*(lfg' +ej,n1,n2) > Al.*w*(l{f,,nl,ng) — Anlw*(lgl,nl,ng) > 0.
Again, by the definition of K(n )i Sy 41,00 le21), we have K{n )i e i+ 1, ) < K
ie, K" < K.
By the definition of K(n na), (o G +1, 1= 1), we also have Ali*w*(lfi/ +ej,n1,n9) —Anlw*(lfg/ +

e;,n1,n2) > 0. Since w* is multimodular in (1,n;), then

Ali*w*(lff, +ep,n1,n9) —Anlw*(lff/ +ep,ny,ng) > Ali*w*(lff/ +ej;,n1,n2) —Anlw*(lff/ +e;,n1,n2) > 0.
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Note that lff/ + e = lff/‘H By the definition of K(n1 n2),i* (I1, ...y li=—1), the above inequality implies that
KEn17n2)’i*(l1, v livog) < K +1,ie, K —1< K"

Next, we show that the larger j is, the higher sensitivity is. Suppose 1 < j; < jo < ¥ — 1. Let
K KEnl n2), Z*(lla---;ljl+1a---alj27---7li*—1) and K/ KEnl na), z*(ll,...,ljl,...,lj2+17...7l2'*_1). We need
to show that K/ — K’ < K’ — K', i.e., K' > K'.

By the definition of K/ T A T

* (1K’ * (1K’
(n1,m2),i* oo li=—1), we have Ay w* (1 +ej,,n1,no)—Ap, w* (152 +

ej,,n1,n2) > 0. Since w* is multimodular in (1,7;), then
Ay w* (15 +ej2,nl,ng)—Anlw*(l{§/+ej27n17n2) > Al.*w*(lff/+ej1,n1,n2)—Amw*(1{f +ej,,n1,n2) > 0.
By the definition ofK(n )it Sy, e Ly +1, o Lie 1), we have K(n1 na), sl by Ly 1, e 1) <

K’ ie, K' > K.

(b) Tt is equivalent to show that K(’O 0, a1y liey) S KL 0, 1)(l1, e lin_g) < K(1 0), (s li=—1). Let
K| = KZO,O),i*(ll""’li**1)7 Kj = K. 0, 1)(117...,li*,1), and K} = K(lyo)’i*(lh...,li*,l). We need to show
that K < K}, < K},

By the definition of K(1 0.+ L1,y lin—1), we have w*(lfié +ep,1,0)— (1 *3, 1,1) > 0. Since w* satisfies
property (P3), then

« K K K
w*(1;.? +e;+,0,1) —w*(1:%,1,1) > w (ll*3 +e;+,1,0) —w*(1;.%,1,1) > 0.
By the definition of Kéo,l),i* (l1,..,lix—1), the above inequality implies that K(O,l),i*(ll7 v liio1) < K& e,
K} < Kj.

By the definition of K(o 1),i* (1, ey lix—1), we have w*(lfié +e+,0,1) — w*(lffz, 1,1) > 0. Note that w*
satisfies property (P4), i.e., if w*(1+ ex,0,1) —w*(1,1,1) > 0, then w*(1+ e, 0,0) — w*(1,1,0) > 0. This
property and the above inequality together implies that

w* (152 + e, 0,0) — w*(1X2,1,0) > 0.
By the definition of KéO,O),i*(ll’ ey Lix—1), we have K(o 0, gl 1) < Ky, Ky < K.

(c) Tt is equivalent to show that KEM n2) i1 (s s lin_2) > K(n1 )it L(l1, ., lix—2,0). We prove this for
the case with ny = 0, ny € {0,1}. The proof for the case with n; = 1, ng = 0 is similar.

Let Ky = K{(,,, ,)—1(l, - lin2) and K5 = K, ) .. (l1, ..., li»—2,0). We need to show that K} > K.
When ny =0, ng € {0,1}, by the definition of Kénhm),i*_l(

w*(ll, ceey li*_g, Ké/l + 1707 ceey O,’/Ll,’/lg) - w*(ll, ceey li*_g,Ki, O, ceey 0, ny + 1,712) Z 0. (OS—Dg)

ll, ceey li*,g), we have

Since w* is multimoudular in (1,77), then
w*(ll, ...,li*,g, 07 Kﬁll + 1, ceny 0, ni, 712) - ’LU*<117 ceey li*,g,o, Ké/l’ ceey O,’Ill + 1,7’1,2)
w*(ll, vyl _o, l,Ki, ...,O,nl,ng) — w*(ll, Y PP 1,K4 L,0,n +1 ng)

w*(ll, ...,li*,Q, 2, Kﬁ/l - ]., ceey 0, ni, TLQ) - U)*(ll, ceey li*,27 2, Ké/l - 27 ...,0,’]11 + ].,TLQ)

’Uj*(ll,... Z'L* 2,K4, g eee O 71177’2,2) —w (l17...7li*_2,K:1,O7...,0,7’11 —|—1,TL2)
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Zw*(lh "'7li*—2a Ké/l + 170a EE) Oa ny, n?) - w*(lla EE) li*—27Ké/1a 07 ) 07”1 + 1,7’L2)
>0

)

where the last inequality follows from (OS-D9). Then, by the definition of K7 (l1, ..y lix—2,0), we have

(n1,m2),i*
KEnl,nz),i* (I1y .oy lix—2,0) < K}, e, K} > KL. O
Proof of Proposition 3: The proof is similar to the proof of Proposition 1 and is therefore omitted for the
sake of brevity. O
Proof of Theorem 3: We prove this result for the case with N homogeneous servers and 2 customer classes.
The proof for the case with L customer classes and 2 heterogeneous servers is similar.

The existence of optimal policy under the long-run average cost criterion can be proven via an argument
involving taking the limit of o — 0 under the discounted total cost criterion. However, in order to apply
this argument, we must show that the following two conditions hold (see Weber and Stidham 1987 and
Cavazos-Cadena 1992), (1) there exists a stationary policy 7 that induces an irreducible positive recurrent
Markov chain with finite long-run average cost C™; (2) the number of states for which the one-stage cost
g(l1,12) = c1lh + eals < C™ is finite.

In order to prove condition (1), we can choose a feasible stationary policy with parameters Ky = K; =
-+« = Kpy_1 =0 (i-e., the non-idling policy). It can be shown that, this stationary policy yields an irreducible
positive recurrent Markov chain with a finite average cost. Condition (2) can also be easily verified, since
g(l1,12) = c1l1 + ¢ols s linear in (11, 15) and goes to infinity when I; or Iy — oo. Hence, for any positive value
7, the number of states for which g(l1,l2) <« is always finite. Under these conditions, Weber and Stidham
(1987) show that, there exists a constant J* and a function f(l1,l2,n), such that

fly,layn) +J° > g(li,le) + MTf(L+ 1,la,n) + AT f(li,la+ 1,n)

+ n/’LTf(lla l2? (n - 1>+) + (N - n)qu(lla l2a n)a
where

Tf(llaZQan) = v lr’niLr’lEN f(lllaléan/)
176257

st. B+l +n"=04+1+n,

I <y,

Iy <ls,

n<n' <N.
Furthermore, the stationary policy that minimizes the right hand side of the above equation, for each state
(l1,12,n), is an optimal policy for the long-run average cost criterion, and yields a constant average cost
J*. Hence, the properties of the optimal policy under the long-run average cost criterion, determined by
the function f(ly,l3,n), are the same as those under the discounted total cost criterion, determined by the
function w*(ly, 2, n). O

Proof of Proposition 4: To show that the optimal policy holds the three properties, we need to show
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that the optimal value functions w*(1,n) in Equation (1) satisfies (a) Ajw*(1,n) > Aj;w*(1,n) for i > j;

(b) Ap,wr(l,

is similar to the proof of (P1)-(P3) in Lemma 1, and we omit it for the sake of brevity.

n) > A, w*(l,n) for i > j; and (c) A, w*(I,n) > Ay, w*(l,n) for all . The rest of the proof

O

Proof of Proposition 5: The proofs of (1) and (3) are straightforward. The proof of (2) is similar to that

of Proposition 1, and is therefore omitted for the sake of brevity.

Proof of Lemma 3: Summing over the balance equations of 75, we have

>

ne{0,1}V

Z‘n‘ = E E Fll,nzll+‘n‘

ne{0,1}V ly=min /{K_/}

Kn
= Z Z Zﬁs1psl,(l1,n)zll+|nl

ne{0,1}V ly=min {K,/} s1

Kn—1 )
= Z Z 12 0, Lzt
nA (L1, 1) li=ming, { K} ALt A tnep
ot Aoz
2 litn|
> > 72l
n#(1,1,+ 1) ly=min, { K/} At Atn-p
()\1 +>\2)Z K +‘ ‘
+ Z TZ nrn ﬂ—Knvnl{KnSK(n)Jrl}
(LT A+ A +n-p
M+A)2 ki
+ Z A+ A+n- MTZ | ‘WK“’HI{K">K<n)+1}

n#(1,1,--,1)
Kny—i

i / n
+5 Y 3 )\1+T;;uj_fl.“Tzll+| Er-

4 l’l;é(l,l,'--,l) l1:minn/{Kn/}
In|>0

Kn

sYOY Y i,

i n#(L1, 1) h=Kny—;+1

In|>0
Ky 1,
Y1y i)
1+m>Kaq,.. 1 _7;+1}/sz 14N
+ E E = ) A2t Ty 1,
li=min,{K,,} m=0 Zi:l Hi
Kia,...1 Z 1
z : 2 : {hi4m<Kqa,.. 1y—i i _
+ ( )—i amzl1+m 1+N7Tl171 1
l1=miny, {K,,} m=0 Zz 1 Mi
Kn
_ ()\1 + AZ)Z . le_,’_ln‘
Z Z M+ XA+n-pl 0"
n#(1,1, 1) i=ming {K} + tAxtn-p

Kn

E E E : ni,ui/z li+|n|
' TZ ! Tlin
i n#(L,1,,1) li=ming {K,/} AltA+n-p

In|>0

Kija,. 1
+ Y M)/ (V)
li=min,{K,/}

A A
P v NCEL
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+ Y nopl/z AL (2) 4+ G (N = Mi2)/z - (VT ()
A+ A+ n- ;LT B

n#(1,1,--,1)
[n|>0
A+ X)z+n-puT/z In|
=l () + D 2P (2)
gy 1 TAetn w
In|>0

+ G*(Al - )\12’)/2’ . (ZNHL... 71(2:)),
which implies
G*(Al — /\12’) —zZ
1—-=2

N1 ()\1 + /\2) —n-pn /Z |n|
NI (2) = g o)(2) + I,
@) =T+ 3 B ®)

|In|>0
Notice that N
lim G*()\l — )\12’) —Z _ Zi 1 Mi — /\1 )\2
z—1 1—=z2 ZZ LM — A2

Therefore, Equation OS-D1 becomes the following equation as z approaches to 1,

N
=1l — A — A A+ Ao) —
Diz1 M 1 2 'H1,...,1(1)=H(0~~ o)(1)+ Z (M1 9) —n-pul I (1).

Zil i — A? o n#(1,1,---,1) )\1 + >\2 tn- H’
In|>0
With the normalization condition ) II,(1) = 1, the results follow immediately. O
Proof of Theorem 4: The results are obtained directly from the analysis in Section 5.1.1. O

Proof of Proposition 6: Note that the balance equations of the CTMC for the general N-server-L-
customer-class system (without queue capacity) are given by:

A+wmn= > MTeemt D Hi(Tinte, +Tin)
ke{k|lx>0} j€{jln;=0}

+ Z Z )\kTern_ejl{ll‘SKlm—l,i}

ke{k>i|Kn—1,x<[1|} j<i(n)

+ > > MMetepne

(k,p)€{k<i<p,K|n|-1,p,=1],lx>0 or p=k} j<i(n)

+ Z Z Z /4Lj7rl+ek,nfep+ej ) v(la n) € Soov
ke{k>i|Kn| -1,k <N<K|n| k} p<i(n) j€{p}U{i>p|n;=0}
and the balance equations of the CTMC for the system with capacity M are given by

(>\ + :u)ﬂ-{,n = Z )‘kﬂ-{—ek,n + Z M (Tr{,n-&-ej + 7-‘-i,n) + /\ﬂ-{,nl{m:M}
ke{k|l,>0} Jj€{jln;=0}

+ Z Z Akﬂ,{:rlfej1{‘1|§K\n\71.i}

ke{k>i|Kn -1, <[} j<i(n)

/
+ E E : )‘kﬂl—Ek-i-ep,n—ej

(k,p)€{k<i<p,K|n|-1,,=[1|,lx >0 or p=Fk} j<i(n)

. )3 D T R e
ke{k>i|Knj—1,x <[U|<min{Kq| x,M}} p<i(n) j€{p}U{i>pln; =0}
To facilitate the analysis, we define the following generation function:

=3 mnel

1eS
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By summing over the balance equations, we have

L
(A+p) Z M, (2)2m = Z ZAiZHne{O,l}N(Z)Z‘nl

ne{0,1}V nc{0,1}V i=1

+ Z Z i (2)27 4 Z Z %Hn(z)zln‘.

nef{0,1}V je{j|n;=0} ne{0,1}V j€{j|n; >0}
Therefore,

L
oM+ DT w(1-1/2) | Ta(z)s =0,
ne{0,1}V [i=1 j€{jln; >0}
By canceling out 1 — z, we obtain

Z Z)‘i - Z i)z | Mn(2)z = 0.

ne{0,1}N | i=1 j€{iln; >0}
Then by letting z = 1, and together with " II,(1) = 1, we have

o> wla(l)=p—A
[n|<N je{jln;=0}
—o} Mj < u, we have

1-p< Y Ma(1) =1-T0(1),

In|<N

Given that > ¢\,

where p := % represents the system-wide utilization. Let 7, := Z|l|:m m,1 be the probability that all servers

are busy and there are in total m customers in queue in the steady state. Note that the above inequality

implies T4 (1) < p. Next, we show that T ixy , = P FTxy_, < P71 — p) for any integer m > Ky_1.

For m > Kx_1, the balance equations lead to (A + p)7 = AMm—1 + fffm41. Summing up equations for

m,m+1,---, we have 7, = p7y,—1 holds for m > Ky_1. Hence, we have T+ xy_, = pP"TKky_,- Then

by ZmZKN—l TmtKn_1 = Trn_1/(1—p) < II1(1) < p we have Tx,_, < p(1 —p). Hence, Tmiry_, =

PRy, < P = p).

Using this bound for the steady state probabilities of states with a large queue length, we can derive the

upper bound on the cost difference.

Let ATy p = i — w{’n. It is straightforward that Am , > 0 for |1| > M. Notice that m , and w{’n follow

identical balance equations if |I| < M. By the induction on the balance equations from [l = M to |1] = 0,

we can show that Am, < 0 for [1] < M. Then for [1] > M, we have m , =0, and thus

1
_ ~ M—Kn_142
0 37 Amalll = 3 dwk < pM VA4 1),
[1|>M k>M
For [I| < M, we have EmgM >onAmn = EmgM YnTn — 1 = *Z\1|>M >onMn =

—pM—ENn-1%2 Hence, —pM—En-1+2)\[ < EII\SM > n ATl < 0. Therefore, we have

L L
ICK) —C'(K) =13 cilimn — > > cilim] ]

In i=1 In i=1

L L
= | Z ZZCiliAWl,n+ Z chiliAﬂ'l,n|

<M n i=1 M>M n i=1

L L
<max{| Y I > cilidmal, | D YN cilidmal}

<M n i=1 1>M n =1
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<max{] Y Y crlllAmal| Y Y cnll|Amal}

<M n >M n
< ep max{p! IR, R0 )
= cppM TN (M + flp),
where the first inequality holds because the first term is negative and the second term is positive. O
Proof of Proposition 7: We first scale A and p such that A + 4 = 1, and consider the following recursive
equations:

wi(1,n,K), if [n| = N, or i*(1) < L and [1] < K1) jnJ,
Ut+1(l7 n, K) =

Vip1(l — €= 1), n 4 €j+(n), K), otherwise,

L N
wt(la n, K) =c 1+ Z)\zvt(l + €i7n7K) + Z:ujvt(lv (Il - ej)JraK)a

i=1 j=1
where i*(1) and j*(n) are the highest-priority class with a positive queue length, and the fastest idle server

(if any), respectively. Define i*(0) = 1 and Av(1,n,K) = v41(1,n, K) — v,(1,n,K). By Theorem 8.5.6 of
Puterman (2014), lim;_,oc Ayv¢(l,n, K) = C(K) for all 1, n.

Next, we use induction to show that, for all ¢
(a) Apwe(l1+e1,n, K+ 1) = Ape(,n, K) + ¢4,
(b) A (1D, 0 K +e;, 5,) + Ay (12, 0P K + ¢, 5,) — A0 (1), nG) K) — Ao, 1D, 0™ K +¢;, 5, +
€ir o) 2 0, for e, 5 # iy g, 1] < Ko 1) oo +1, and [ (1) |4 n®) ) = (1) |+ n¢D )| < Ky v+ N +1
with k, &' = 1,2,3,4 and k # &',
Then, by letting ¢t — oo, we have C(K + 1) = C(K) + ¢1, and C(K) is submodular.

With a proper-chosen end value, we can have vy satisfying (a) and (b). Now, suppose v; satisfies (a) and
(b). We would like to show that v;y; also satisfies (a) and (b).

For (a), we first show v; = wy.
L

Atwt(l + elvan + 1) - Atwt(la n, K) :Z)\Z[vt(l +e+ eianaK + 1) - vt(l + ei’n7K)]

i=1
N
+ i+ e, (n—e) T K+1) —v,(1, (n —¢;) ", K)]
j=1
=AM+ F AL F o Hpn)er = e
Next, we show w; = v441. We consider two cases:
Case (1). If i, + |n| > N, then
A1+ e, n, K+1) — Ao (L,n, K) =
Ajwi(l+e3 — (N —|n|)er, 1L, K+ 1) — Ajw(1 = (N — n|)er, 1, K) = ¢3.
Case (2). If L +|n| < N, clearly i*(1) = i*(14+e1). Thus, [1] > K;«qy,|n| is equivalent to [14-e1| = 1| +1 >
K+ (14e,),|n| + 1. If system v;11 (1, n, K) assigns a class i*(1) customer, then system v;41(1+e1,n, K+1) must

also assign a class i*(1 + e;) customer, and vice versa. The assignment in v;o is identical to that in period
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t+1. Therefore, if we have 1, fi such that ver1(Ln, K) = wy (17 n, K), then we must have vy 1 (14+e1,n, K+1) =
wy(1+ ey, 0, K + 1). Therefore,
A (+e,n,K+1) — Aw (Ln, K) = Ayw,(1+ ey, 0, K+ 1) — Ay (1,8, K) = ;.

For (b), we first show v; = w;. Since Aywi(1,n,K) = 25:1 i1+ e;,n, K) + Zévzl i (1, (n —
e;)*,K), we need to show the following:

(b.1) Avg (0D 4,0 K+ e, 5,) + Ay (1) 4,0 K+ ey, 5,) — Ay (13) 46, ) K) — Ao, (109 +
ei, N K+ e, iy +€iyjy) >0

(b.2) Aoy (1D (0D — )t K4, 5,) + A0 (12, (0@ —e)) T K +ei,5,) — A (18, (n®) — )T K) —
Ay (10 (n® — )T K +e;, 4, + iy jn) > 0.

For (b.1), notice that |(J1 + ¢;| + n®|) — (1*) 4 ¢;| + [n*)|)| < Ky y_1 + N+ 1. If 1) + ¢

IN

K10 ey jnw) + 1 for all k = 1,2,3,4, clearly (b.1) holds. Otherwise, we must have \l(k) + e =
K- 4e,),n0| + 2 for some k € {1,2,3,4}. In this case, by the definition of v;, we have Atvt(l(k) +
ei,n(k), ) = Atvt(l(k) +e; — ei*(1<k)+ei), l’l(k) =+ €j>«(n), ) Note that ’Ut(l(k) +e; — ei*(l(k)+ei), n(k) + 6j*(n)a )

satisfies the condition [1*) + ¢; — € (10 te)| < Kk ey — in|+1 + 1. Therefore, (b.1) holds.

€ (1(F) 4ep))

For (b.2), first, similar to (b.1), we can show that the condiiti(;rn \)l(k)| < K;-q6y,jn| + 1 holds. Next, we
prove the condition |([1®)] + [n®)]) — (1*)| + n*)))| < Ky y_1 + N + 1 also holds. If not, then we must
have (n®) —¢;)* = n®) (n®*) —¢))* =n*) —¢; and 1®)| + |n®)| > 19| + |n*)|. Notice that in this
case ng.k) =0, and thus 1] < K. g0y e + 1 < K1 y—1+ 1. Then, 17+ n®*) —¢;] < 10| + [n®)] <
Kin_1+N+1and [(I®] + n®|) — (1*)| + n*) —¢;])| < K1 x_1 + N + 1. Therefore, (b.2) also holds
and w; satisfies (b).

Finally, we show w; = wv;y1. By the definition of v;yq, it is easy to verify that Ajviy1(Ln, K) =
Ay (1,0, K), for some (1, 1) satisfying [1| < [1], i*(1) < i*(1), and [1] + |n| = |I| + |[A|. Therefore, we have
(O] < 1O < Kpe oy puo] + 1 € Ko oy e + 1 and (1] + [2®]) = (1] + [aE]] = (1)) +
In®]) — (1*)| + n*)))| < K1 x_1 + N + 1. By the inductive assumption, Agw, (1M, a0 K + ¢, ;) +
A (12,72 K + €inja) — Ay (13), 23 K) — Ayw, (19,2 K + €iy j1 T €isjp) = 0, which implies that
vi41 satisfies (b). O
Proof of Lemma OS-A1l: The corresponding heterogeneous M/M /2 system can be represented by the
transition diagram in Figure OS-D1. States i, for i = 0,2,3, ..., represent the system states under which
there are i customers in system, respectively. States 1A and 1B represent the system states under which
Server 1 is busy whereas Server 2 is idle; and Server 1 is idle whereas Server 2 is busy, respectively.

Let m; denote the limiting probability of state i. The set of detailed balance equations of this one-
dimensional CTMC is given as follows,

(M + A2)mo = pamia + pamiB; (0S-D10)
(A1 + Ao+ p1)ma = (A1 + Ao)mo + poms; (0S-D11)

(A1 4+ Ao+ po)mip = pim;
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Figure OS-D1: Transition Diagram for the Heterogeneous M/M/2 System

(A + Ao+ g + p2)me = (A + A2)mia + (A + Ao)mip + (1 + p2)ms; (0S-D12)
(A1 + A2+ p1 + p2)mi = (A1 + Xa)mimq + (1 + po)migr, Vi = 3,4, ... (OS-D13)

where .
Mo+ ma+mp+ Y m=1 (0S-D14)

i=2
Summing up Equation (OS-D13), for ¢ = 3,4, ..., gives 7; = ziizi mi_1, Vi = 3,4, .... Summing up Equations
(0S-D12)-(0S-D13), for i = 3,4, ..., gives my = ﬁ(ﬂm + mp). Thus, we have m; = (ﬁ)kl (m1a +

mB), Vi = 2,3,.... Plug m; back into Equations (OS-D11) and (OS-D14). Then, together with Equation

(OS-D10), we obtain a system of linear equations with three variables my; m.4; and 7 g, as follows,

(A1 + Ao)mo = 1714+ p2m™iB
M+ A+ p)ma = (A + A2)mo + peo 21122 (14 + m1B)
TiA + T1B = (I—-m)(1— ‘21122 ).

Solving the above system of equations results in

(p1 4 p2 — A1 — A2) (A1 + X2)2p1 + [(Ar + A2)2 + 3(A1 + A2)pa + p#3]ue + (A1 + A2 + p1)p?)
(A1 4+ A2)20F + [2(A1 + X2) + pa]ppe + (A1 4+ A2 + 1) (M + A2 4 2p1)pd + (A + X2 + pa)pd

o+ mTA+T1B =

The probability that both servers are busy is equal to 1 — (mg + m14 + m15). O
Proof of Lemma OS-D1: (a) Let (Iy,ly,7) := (3 i1 (nyloym), 15 4 (L, 1oy ),y (L, 12, m)). We first show
3.1+ 1,02,n) > I;. Suppose to the contrary, .+ 1,02,n) = I, — 1. Then by the definition, w} (I, —
1,0y, +2) <w;_,(I1,l2,2+ 1) (and in this case, we have Iy = 0). By property (P11), wi_(I1,ls, 72 + 1) >
wi_y (I —1,lp,2+2) implies that w; (1,2, 7) > w;(I; — 1,12, 2+1). This contradicts with 1§, (I1,l2,n) = I1,
and hence we must have lf,t(ll +1,l3,n) > l.

We next show 7 ,(I1 + 1,l2,n) < Iy + 1. Suppose I3, +1,02,n) = l; + 2. Then, we have n}(l; +
1,l3,n) = 7 — 1 > n. By the definition, w} (I} 4+ 2,lo,7 — 1) < w ,(I; + 1,l3,7) (and in this case,
I = 0). By property (P10.1), this implies wy ([1 + 2,05, 7 — 1)< w;“([l +1, fg,ﬁ). Then by property (P6.1),
we have wf(il + 1,[2,7% -1 < wf(l},l},ﬁ). This means that (fl + l,Zg,ﬁ — 1) is a better solution than
(fl,ZQ,ﬁ) for problem v/, (l1,l2,n). This contradicts with I3, ,(l1,l2,n) = l1, and hence we must have

fo( 1 len) <+ 1
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(b) The proof of part (b) is similar to that of part (a) and is therefore omitted for brevity. O
Proof of Lemma OS-D2: (a) Let (I1,1s,7) := (I5(I1,la, n), 15(I1, o, n), n* (1, 1z, n)). We first show I3 (I; +
1,l5,n) > [,. Suppose to the contrary, Gl +1,le,n) = [ — 1. Then by the definition, w?(il — 1,y A+ 2) <
wi(l1,la,n + 1) (and in this case, we have Iy = 0). By property (P8), wi(ly,lo, i+ 1) > wi(ly — 1,15, 7 + 2)
implies that wi (I, ly, 7) > wi(ly — 1,13, 7 4 1). This contradicts with % (I1,l2,n) = 1, and hence we must
have I3(Iy +1,12,n) > I;.

We next show I5(l1 +1,12,n) < Ii +1. Suppose I (l1 +1,13,n) = I +2. Then, we have n*(l1 + 1,l9,n) =
f — 1> n. By the definition, w} (I + 2,l2,72 — 1) < w}(ly + 1,1,7) (and in this case, Iy = 0). By property
(P6.1), we have wi(l; + 1,15, 7 — 1) < wi(l,l5,7). This means that (I; + 1,l5,7 — 1) is a better solution
than (I1,l5,7) for problem vf1(l1,l2,n). This contradicts with I5(l1,l2,n) = I1, and hence we must have
Il 4 1,09,n) <l +1.

(b) The proof of part (b) is similar to that of part (a) and is therefore omitted for brevity. O
Proof of Lemma OS-D3: By the definition of vy, ;(1,n1,n2), it suffices to show that problems (OS-D6)
and (OS-D5) are equivalent. To this end, we first show that problem (OS-D5) is equivalent to the following
optimization problem:
wi (U, n,nb) (0S-D15)

min
I’eNL nf,n,e{0,1}

L L
s.t. Zl;—kn'l +nb :Zli+n1 + na,
i=1 i=1

ilggili, Vi<m<L
1=1 =1

ny >ny,
ny > na.

Clearly, the optimal solution to problem (OS-D5) is a feasible solution to problem (OS-D15). Therefore,
it remains to show that the optimal solution to problem (OS-D15) is also feasible to problem (OS-D5). We
prove by contradiction. Let (I*,n},n%) be the optimal solution to problem (OS-D15). Suppose (1*,n],n})
is not feasible to problem (0S-D5). Then, we have {i : [* > I;} # 0, and for any (1, n},n3) with I; < I; for
each ¢ and Zle l; = Z{;l l;, we have

wi(1,nk,nb) > w(1*,nk,nk). (0S-D16)

Let i := min{s : I > [;}. Since 22:1 Ir < Z:Zl l;, we can reduce l;‘ to [Z by lg — [; and increase [; to I; for

each i = 1,....i — 1 such that [; < [; for each i = 1,...,7 and 22:1 i = 23:1 l;. Since Ajw;(l,n1,n2) >
Ay wi(1,n1,n2) for j < i, we have
Wi (I, s B3y 1, o U1, o) < wi(IE, o 1, )

We can repeat the above process and finally get a vector (l_l, ...,Z_L) with I; < I; for each i = 1,...,L, and
ZiL:1 l_1 = ZiLzl l;, such that

wi (Lng,ng) < wi (", nj, n3),
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which contradicts with (OS-D16). Therefore, the optimal solution to problem (OS-D15) must be a feasible
solution to problem (OS-D5), and problem (OS-D5) is equivalent to problem (OS-D15).

In what follows, we show the equivalence between problems (OS-D15) and (OS-D6), which will then
complete the proof. It is clear that the optimal solution to problem (OS-D15) is feasible to problem (OS-DG6).
Therefore, it remains to show that the optimal solution to problem (OS-D6) is also feasible to (OS-D15).
Again, we prove by contradiction. Let (Lﬁl,ﬁg) be the optimal solution to problem (OS-D6). Suppose
(i,hhhg) is not feasible to problem (OS-D15). Then we must have 7; < n, i.e., 77 = 0 and n; = 1. Note
that Zle I, = Zle l; and Zle l; +7q + e = ZiLzl l; +n1 + ns. Therefore, we have fis > no, ie., g = 1
and ne = 0. However, since it is always optimal to use the faster server first, we have

wi(1,1,0) < w(l,i1,72) = w;(1,0,1),
which implies that (I1,...,{z,1,0) is optimal for problem (OS-D6). Since it is also feasible to problem
(OS-D15), this leads to a contradiction with the above assumption that the optimal solution to problem
(OS-D6) is not feasible to (OS-D15). O
Proof of Lemma OS-D4: Note that w;(1,n1,1) is the optimal cost if we assign one customer to server
2, and w¢(1,n1,0) is the optimal cost if we do not assign any customer to server 2. Clearly, we have
vi (L1, 0) = min{w (1, n1,0), @, (1,n1,1)}.
Now suppose w; (1, n1, ng) is multimodular in (1,77). By Lemma OS-D3, we have

U:—l—l(lanlal) = mi w:(y:n/hl)

n
I’'eNE nfe{0,1}

L L
s.t. Zl; +n}= Zli +ni,
i=1 =1

ilggili, Vi<m<1L
i=1 i=1

. *
= min wy (—y,—z,1
y€NL ze{0,~1} (=Y, =2 1)

L L
st > L+ yitztn =0,
i=1 =1

ili+iy¢20, Vi<m<L
Since wy (1, n1,ng) is multimodular in (1,7n4), by Lemlrzla 2 prlggerty (ii) in Li and Yu (2014), wi(-y,—z,1)
is multimodular in (y, z) and thus multimodular in (nq,lz,...,l1,y1,...yL, 2). Moreover, the constraint is a
multimodular polyhedron defined in Li and Yu (2014). By Theorem 1 in Li and Yu (2014), v; ,(1,n1,1)
is multimodular in (1, n1). The multimodularity of w;(l,n1,0) and @w;(l,n1,1) can be proven by a similar

token, and we omit the details for the sake of brevity. O
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