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Appendix A: Technical Lemmas

This section presents several technical lemmas that are essential for certifying that events & (B), &£;1(dg,01)
and & (R) defined in (12)—(14) hold with high probability for properly chosen (B, dy,01, R). For 3 € R?, after
a change of variable § = 3 — 3* we define

Ro(8)=Qx(B) — Qu(8") — (VQ(B8).8 - 87), (1)
B.(8) =Q.(8") — Q=(8) — (VQ(B),8" — B), (2)

and their population counterparts R, () = E{ﬁw(é)} and B, (6) = E{B.(8)}.

Lemma 1 provides lower bounds for the first-order Taylor series remainder of the population (smoothed)
loss in a neighborhood of 3*, that is, R, () and B,(). Lemma 2 provides upper bounds (in high probability)
for the fluctuation of the empirical loss |ﬁw (0) — D (6)| uniformly over § in a compact set excluding a local
neighborhood of the origin. Lemma 3 establishes uniform convergence of the gradient and Hessian of the
smoothed quantile loss to their population counterparts, as long as the sample size scales linearly in the
number of features.

Note that under Condition 2, m, =sup,g,—1 E[(w,u)|? (¢ =3,4) are bounded and only depend on v;.

LEMMA 1. Conditions 1-3 ensure that
min { R (8), B5(8)} > 0.5(f, — lor1@) ||6]|3  for all 6 € Ox(1).

LEMMA 2. Let r>§ > 0. For any u >0, the following bounds hold:
(i) With probability at least 1 —e™*,

D..(6) — D..(8) < Covury/ f# for all & € O5(r); 3)

(ii) With probability at least 1 —e™",

p+10g2§:/5) T, 16]ls  for all § € Ox(r) \ Ox(9), (4)

D-(8) - D-(6) < Croy

where Cy,Cy >0 are absolute constants. The same upper bounds in (3) and (4) also apply to D, (8) — D, (8).



LEMMA 3. Assume Conditions 1-3 hold and let R >0 be a fixed constant. For any u > 0, the following
bounds hold with probability at least 1 —3e™" as long as n > vi(p+u): max <<, [|S7V2x,2 < 1+v1y/p— 1+
v1y/2(u+logn),

~ log(n/w)+u R
sup  |[VQo(B) —VQ(B)|s-1 < Couy plog(n/=) +u + (fum +2K,)— (5)
BeOL(R) n n
and
sup [|V2Q=(8) — V2Qu(8) ]|
BEOL(R)
I I
Svf{ plog(n/w) +u AP Og(n/w)+u}+{Ul(p+logn+u)1/2+lom3w2}RQ. (6)
nw nw n

Moreover, |[VQ=(8")|lz-1 <0.5lokew? and supgeg, [|VQ=(8)||s-1+ <7 =max(7,1—7).

The following lemma provides upper bounds for the i.i.d. standard normal random vectors {g,}/-, in the
noisy gradient descent algorithm. In particular, inequality (8) slightly improves the tail bound in Lemma 11

of Cai et al. (2021).

LEMMA 4. Let go,81,...,8r_1 (T >1) be independent random vectors from N'(0,1,). Then, for any z > 0,

P{ e = V5 VoRT 2] | <o )

Moreover, for any p € (0,1), we have with probability at least 1 —e™* that

T—1
2p 1
¢ 2o P +2 4+22< = 4 +2])z. 8
S Alsls < T 2 T 2 (15 ®)

LEMMA 5. Let z>0. In addition to (18), assume

n> Bro/A, (9)

where By := \/p+/2(logT + z) and A = ¢, — o —b* € (0, f,/2). Then, conditioning on Ey(B) N E1(dg,d1) N
52(2), the noisy gradient descent iterates satisfy B € ©%(1) for all t =1,...,T with probability (over
{g:}/=o) at least 1 —e™=.

LEMMA 6. Let Ry = |8 — B, ||y, and assume ||Bo — B*||s <ro and 1o € (0,1/(2f,)]. For any Ty > 2

and z >0, assume the sample size satisfies
-1
n> Z—(Q%B + 1)max{1,79/Ro}*ToBx,0,
—e
where Br, == \/p++/2(log Ty + z). Then, conditioned on the event E(B)NE(R) with R > 2Ry + 1o, we have

2 ToB
18 = Ba I3 < (L+1/To) By +{(1+ 1/Ty)' = }2FB+ i =%, 1<¢< Ty

}TO 1

with probability (over i.i.d. normal vectors {g; at least 1 —e~*. In particular, max;<,<r, ||B® ~B. IIs <

2R,.



Appendix B: Proof of Theorems
B.1. Proof of Theorems 2 and 3

The high probability bound in Theorem 2 is a direct consequence of Theorem 4 and Proposition 4 by taking

z=2logn therein. To obtain the second bound under expectation, note that

181 — 8Os < Mo Z{K (xTB0) — 1w, +Lg0

_ N0
<71oB + ~—|1go |2,
) n

where we have used the property that max;<;<, ||[W;||2 < B. Similarly, it can be shown that for each ¢ > 1,

18 — BV s < TnoB+ 22 ||g,||2. With o =27BT"/? /1, applying the triangle inequality repeatedly yields

T T-1
1
18 =B < Y718 B¢ s < Fao BT+ 27w BT S o
t=0

t=1
Initialized at any B9 satisfying ||3(°) — B8*||s <1, it holds almost surely that

T—
1
1B — B*|lx <14 7noBT + Q?UOBT”QM Zj g l2- (10)

From the first high probability bound, we see that there exists an event £ such that P(£) >1—Cin~2 and

on £ it holds
+logn logn
16T = Bl < vy = T2 OB 2 [P
pn fi

By combining the above two bounds, with one being almost surely true and the other holding with high

probability, we further derive that
E[|B") = B7||s = E{||B") = B[ 1(E)} + E{IB™ - B7[|Is 1(£°)}

1 T
<rn+ 1+ 7o BT)P(E) + 2?7703T1/2?n g E{llg/21(£)}

) 1 T—1 .
2 BT S (Ellg3) 2 P(E)

t=0

1+ 7TnoBT
<r 40 ETET

1+7nyBT BT3/?
Srn—i-C'l%—FZ ’l’}()\/Olp 0 .

n2
Taking B < +/p+logn and T < logn, the second and third terms on the right-hand side are dominated by
r, in order. This proves the claimed upper bound under expectation.

To prove the regret bound in Theorem 3, recall that the optimal coefficient 3* in the linear demand
model satisfies the first-order condition VQ(3*) = 0. Under Condition 3, the Hessian matrix V2Q(3) =
E{f.x(x"(B — B87))xx"} satisfies |[S~2V2Q(B)E72||> < f.[|[E(wwT)|2 = f, for all B8 € RP. Therefore,
applying the mean value theorem yields Q(8) —Q(8") = Q(8) - Q(B") — (VQ(B"), 8- B°) < 0.5£. |8 B°|12
for any B € R, This, joint with the property that |3 — 8*||s < f,'1/(plogn)/n++/Tognno (p+logn)/(un)
holds with high probability, proves the claimed regret bound.

To bound the expected regret, by (10) and the assumption 79 < 1/ max{2f.,, f + 7} we have

* ) ) ] T-1 2
||,3(T) — B3 <2(1+7nyBT)? +8T2W(Q)BQTW(Z ||gt|2)

2T-1
2(1+0.5ffulBT)2+2%2< )Zlgtllg



This, together with the inequality Ellg, |5 <p>_"_, g}, = 3p?, implies

2 BT \?
E||ﬁ(T)fﬁ*”%Sri+(1+0.57‘f;1BT)2&+27"2 30,2 .
n? n\ fupn

Once again, the leading term on the right-hand side is r2 (in order). This proves the claimed expected regret
bound. O

B.2. Proof of Theorem 4

For simplicity, we write & = Ey(B), & = E1(dp, 1) and E; = E2(2) for the events defined in (12)—(14), where
do,01 > 0 satisfy the constraints in (18).

To control the random perturbations in noisy gradient descent, for any z > 0 we define

6—6()={ ,max e SBT}Q{TZ_l(l ~ ) -l < 20/t 32} (1)

0<t<T—1
t=0

where By := /p+ /2(logT + 2) and €:=no¢:. It thus follows from Lemma 4 that P{G(z)} >1—2¢~*. In
the following, we prove (20) by conditioning on these events.

Lemma 5 shows that starting at an initial estimate 3(®) € ©%(1) and conditioning on & NE NE NG, all
the successive iterates will stay in ©%(1). Next, we establish a contraction property for the noisy gradient
descent iterates. Define

o

BUtD =W _ps-1vQ_(BY) and h,=-—g, t=0,1,...,T—1,
n

and note that B(+1 = B+ 4 ¥.-1/2h, Note that (9) is guaranteed by (19). Lemma 5 ensures that 3®) €
O%(1) for all t=0,1,...,7. Similarly, it can be shown that the non-private gradient descent iterates B(t)
also stay in the ball ©%(1) for t =1,...,T. For simplicity, set

5O =0 g, §V=30_p for t=0,1,...,T.

To upper bound ||§¢+1) |5 at each iteration, we split the analysis into two cases.

Case 1: Suppose the non-private gradient descent iterate ,g(“‘l) is in Ox(rg). Then
16D |5 <o+ [l (12)
Case 2: Assume otherwise B(+1) ¢ Oy (r). For the previously defined € = no¢; € (0,1/2],
862 = 5D + a3 + 2022500, )
(L4634 (1 +1/€)||h 3
=(1+)[0WJ% + (1 +1/€)|hl3 (13)

+am(1+9{ BIVQ(BO)IE - - (69 - 5,906 .

I

To bound II, we use the local strong convexity and smoothness properties of @w() as in (16) and (17). The

latter implies

Qu(BY) = Q(8Y) < (VQ(BW), B4 — W) 4 £,[|B4+D — gW||2.



For the former, we assume without loss generality that r3 = (dg + d1)/¢1 > 1/n. Otherwise if r; < 1/n, (16)
implies Q. (8") = Q=(8) ~ (VQ=(8). 8" = B) 2 ¢ (18— B°[I3 — n (1B~ 8" |=) for all B € O%(1)\ O%(1/n).
Then we obtain (20) with r; replaced by 1/n.

Since 7, > 1/n, it holds for every B € ©%(1/n) that

Q=(B) — Qu(BY) = (VQL(BY), 8" = BD) 20> 1|8 — B2 — (60 + 1) B — B x-
Otherwise if B € ©%(1)\ ©%(1/n),
Q=(8") = Q=(BY) = (VQ(B"),8" = BY) > 6:(18“ — B3 — (0 + 1|8 = B s-

Together, the above upper and lower bounds imply

Q=(B"") - Q(8")

<(VQ=(BY), BT =B + £,]BUHD = BOI% — 6118 — BI|3 + (J0 +61)|BY — B

= (VQ=(BY), BV = B) + LIV Qe (B) 31 — 61l|BY = B7II3% + (5 + 1) 1B — 8|5

= (VQ=(8"),8Y =B = no(1 = £un0) [VQ=(B)IZ-+ — 61[18“ = 8% + (J0 +61)|BY = B

<(VQa(BY), 80 = B") = DIVQ(B) -1 = 611183 + (60 +61)]16® |5,

where the last inequality holds when 7o < 1/(2f,). Since B+ € ©%(1)\ ©% (o), the restricted lower bound
(15) yields

Q=(BY™) = Q=(8") = $:[IB“ T = B[l - (1B = B[l — 7o) > 0.

We hence conclude that IT < —¢; [|6®|% + (0o + 1) (|6 ||5. Substituting this into (13) implies

162115

< {14 = 2m06a (1 IS+ (1 +1/6) 3+ 2001+ )30+ 61) 67

<{l+e—2n01 (L) 0D [3 + (1+1/e) b3

+ (L4 e)(m0d1)* 8D 5 + (1 +€) (6 +61)° /]

= (1+)(1=m001)?[0“]% + (1 +1/e) [ b3 + (1 +€)r. (14)

On the other hand, observe that
(ro + |[h]|2)* =75 + [ ][5 + 2r0[|be |2 < (1+1/€) [ B[ + (1 + €)r5.
Recall that € =mn9¢; € (0,1/2]. It then follows from (12) and (14) that
18+ V5 < (1=l 6 5 + (1 +1/€) ]l + (1 +€)(ro Vr1)?,

for t=0,1,...,T — 1. This recursive bound further implies
T-1

BT - g1z < (-7 + (1 +1/0{ () (- -l + o vr)? (15)

t=0

<2p/e+3z on G



Let T'=T, + T with T} > 2log(n)/log((1—€)~'), and 7* be as in (20). Then, conditioned on E,NE NENG,
we obtain ||3®") — B*|lx <r* for all T} <t < T, as desired. In other words, * given in (20) characterizes the
convergence rate of the noisy gradient descent iterators B to the true parameter 3*.

Turning to the non-private empirical risk minimizer 3., € arg ming g, Q. (B), we claim that ||,§w -8 <

ro = (0p + b*)/é1 conditioning on &;. To see this, note that for any § € Ox(1),

Dw(8) = R=(8) + (VQ<(B"),8) +{Dx(8) — D (8)} 2 41|8]|% — (30 +b*) 8] -

~

By (18), Do(8) > ¢1 — dp — b* > 0 for all § € 9Ox(1)-the boundary of Ox(1). On the other hand, note
that & = B\w — 3* satisfies D., (gw) < 0. By the convexity of @w(~)7 we must have ,@w € ©%(1). Otherwise if
H,éw — B3|z > 1, there exists some « € (0,1) such that 8= af. + (1 — @)B* lies on the boundary of ©%(1),
that is, H,gf B*||s =1. Then 6 := 3 — 3" satisfies D_, (S) > 0. However, by the convexity of D,

D_(8)=D_(ad., + (1 —a)0)<aD_(8)+ (1 —a)D_(0)<0.
This leads to a contradiction. As a result, from (15) it can be deduced that

0> D (8)>¢:1]0]12 — (80 +b")]|8]]s:,

thereby verifying the claim.

Finally, we prove the convergence of 3®*) towards the non-private estimator Bw, for which it has been
shown that |8, — B*||s < ro conditioned on & . By the triangle inequality, |8 — B.|s < |B® — B*||s +
HBW —B*|ls <7* 41 for all T} <t <T conditioned on £ NE NENG. To improve this “crude” bound, the
key element is the refined restricted strong convexity property, guaranteed by the event 3 = E3(r, ¢2) with
r=r"4rp.

Thus far we have shown that {8®},—o1. 7 CO%(1) and {81 },—r, . 7 C O%(r*). Moreover, note that
inequality (13) remains valid if 8* is replaced by éw, that is,

1B = B3 < (1+0)IBY = B |3 + (1+1/€) e 13
‘T] -~ -~ -~
+2m(1+ ) RITQ (B ~ (89 - B VA5 |.
Conditioned on &E3(r, ¢o) with r =7r* +rq > 2rg, we have, for t =T, Ty +1,..., T —1,
Q=(B") =Qu(BY < (VQ(BY),BT) — BW) + £, B+ — BY|}
and Qw(B=) — Q= (8") 2 (VQ=(B"), Bz — B) + 628" — Ba 3

Following a similar argument, and recall that ,@w minimizes @w(~), we obtain
0<Qu(B" — Q(B-)
<(VQ=(8"). 8¢ — Bo) — PIVQ=(BY 31 — 62l|8") — Bal2.
Putting together the pieces yields the recursive bound

184 = B3 < (1= €)|1BY = B3 + (1 + 1/}, t=T0,T1+1,...,T.



Provided T, >log(n)/log((1 —¢€)~!), conditioning on & NE NENE3NG it follows that

2Ty—1

187 Ball < (1= ™18~ Bel+ (14170 (22 ) Y (1) ool

t=0
r2 noo \
<—+1+1/e)(2p/e+32) — | ,
n n
as claimed. This completes the proof of the theorem. O

B.3. Proof of Theorem 5

To begin with, recall from the proof of Theorem 4 that conditioning on &y(B) N &1 (do,d1) NE2(2), the non-
private empirical risk minimizer ,/B\w satisfies ||,/@\w —B*ls <ro=(dp+b*)/d1 < 1. For any Tp > 2 and z > 0,
set

Go(2) = { , s gl < Br, = v+ V/EoR Ty 2,
so that P{Go(2)} > 1 — e *. From Lemma 6 we see that conditioned on & (B) N & (R) N Go(z) with R =
2R, + 1o, the iterates {3}, 1, satisfy

,,,,,

T, B

189 —Ballf < B2+ (e~ 1)(27B+1/2) 2%k < 4R (16)

as long as n > <= (27 B + 1/2)Ty By, 0. Consequently, [|3®) — 8% < [|8®) — B.lls + 18- — Bl < R, and
hence B € O%(R) for all t=0,1,...,Tp.

Keep the notation from the proof of Theorem 4, and note that B¢+1 = B —pN-1v(Q_ (BW) —x-1/2h,,
where h, = 2% g, and 19 <1/(2f.). Conditioned on Gy(2),

NoBr,o _ no
1Y < P = — —_
Jmax [z < ey o= 20T < X (17)

By (17) and the convexity of Q. (-), for each t=0,1,...,Ty — 1 we have
Q=(BY) < Qu(BY) + (VQ(BY), 841 — BW) 4 £,[|B“ 1) — BV},
=Q=(8") = (VQ=(B),nx ' VQ(8") +~/*h,)
+ fullne X' VQ (BY) + £71/?hy I3
<Q=(BY) = mo(1— fu10)|[VQ= (B2

+ (14 2Lum0) e 2| V@ (B [[5-1 + fullbe 3

<Qu(BY) = DUVQ= (B[ + (27B+ fuprn)eprs (1)
< Qu(Ba) +(VQ=(BY), B = Ba) = B NVQ(BY) 3o +(27B + Fupris)epuin-

=:1I;
Moreover,
1 N N ~
M= 5 —{200(VQ=(8), 8 — Ba) — 2|V Q= (8 I3 }
Mo
1

= 5,189 = Bo 2~ 189 —m2 7V (8) ~ B |



1 2 _ ~
= 270{%@ = B=[% — 1B + 571/, _5w||22}
1 3 3 ~
= 27%{“,8(’5) —/Bw”% - ||,8(t+1) _ﬁw”% _ ||htH§ o 2<ht; El/Q(IB(t+1) _ ﬁw»}

1 ~ ~ 1 ~
< {189 = Balz — 18D — Bal2 } + — IBull2 |8+ - Balls.
o "o

Summing over t =0,1,...,7Ty — 1 gives
To—1

> {QL(B") - Qu(B2)}

1 ~ ~
<5 {189 = Bo|i — 118" - B2}
o
| Dol
+— Z ||ﬁ(t+1) - ﬂw”E : Hht||2 +TO(27TB +fuepriv)epriva

t=0

On the other hand, applying (18) repeatedly yields
Th(To—-1),,_
TOQ (TO) < Z Q (t) f(QTB + fuepriv)epriv~

Combining the last two bounds with (16) and (17) gives that
To
N PN 1 N
(To)y _ — (t)
Q=(B"") = Qu(Bx) < T E {Q=(8") — Q= (B=)}

~ 2Rp€pri
) _ 2 0Cpriv

Rg 9RyBro
B+1/4)(Ty+1
2T0770+ " +(TB+1/4)(To + 1)no

Under condition (22) on (Tp,n), it follows that

ep1r1v)€p1r1v

+ (TO + 1)(77—B + fuepriv/2)epriv
BTOU
n

Q= (B) < Qu(Bo) + A< Qu(B") +A.

Finally, define A = infggez (1) @w(,@) - @w(,@*)7 so that any 3 such that @w(,@) < @w(ﬁ*) + A, must
satisfy [|8 — B*||s < 1. Recall that 8, = arg ming gy Q.(B) € ©%(ro) C O%(1). By the convexity of Q(-),
the infimum over R?\ ©%(1) must be achieved on the boundary 00%(1). On the other hand, Proposition (3)
ensures that conditioned on & (dy,01), @w(ﬁ) - @w(ﬁ*) > A =¢;—p—b* for any B € 00%(1), thus implying

31 2 A > @w(la(TO)) - @w(ﬂ*)

Therefore, we must have ||3(70) — 3*||s < 1, as claimed. [0

Appendix C: Proof of Propositions
C.1. Proof of Proposition 3
PROOF OF (15). For 3 € RP, write § = 3 — 3%, and note that D, (-) given in (11) satisfies

D (8) = (VQ=(B8"),8) + R (8) — { D= (8) — D (8)}
> Ro(8) = [IVQ=(B") |51 - 18]l — { D (8) — Do (8)}

=R (8) — 0"[|8||s — {D(8) — D (8)}. (19)



~

By Lemma 1, R (8) > ¢:1]|6]|% for all § € ©x(1); and conditioned on &;, D (8) — D (8) < &||d||s for all
0 €0x(1)\ Ox(1/n). Substituting these two bounds into (19) proves the first part of (15).

To prove the second part of (15), consider the decomposition
Q= (B) = Q=(8) = Ru(8) + (VQ(8"),8-B"),
where R, (8) = D_(8) — (VQ.(B"),8). By the mean value theorem,
Ro(8) = / (V3.8 +16) - VA (B),5)at
By Lemma 8 in Loh and Wainwright (2015) and the convexity of Q(-), we have
(VO3 +18) ~ V@ (B7),18) 2+ (VQ(B" +1-56) ~ VQ(5"),t - 55)

for any s € (0,1], hence implying R, (6) > s~ R, (s6). Consequently, for any 8 € 0% (1), we set s =1/||d||x €
(0,1), 8; =9/|8]|x € 90x(1), and obtain that

Qw(B) = Qu(B8) 2 |85 - B (81) + |85 - (VQ(87),81)
= [18lls - {Q= (8" +61) ~ Q= (8"}

Combining this with the earlier lower bound when 8 € ©%(1) proves the second part of (15).
PROOF OF (16). The goal is to bound B, (8) defined in (2) from below uniformly over & in a compact set.
Note that
B(8) = ~D=(8) + (VQ=(8).6) + (VQ=(8) ~ VQ=(8). )

= —D=(8) +(VQ=(8),6) ~{D=(8) = D= (8)} + (VQ=(8) ~ VQ=(B), 6)

=B (5)

> Bo.(8) — {D=(8) — D=(8)} ~ [IVQ=(8) — VQ=(B) |51 - 6] -
Again, from Lemma 1 we see that B (8) > ¢1]|d]|% for all § € Ox(1). Conditioned on & = &;(do,d1), the

following bounds

De(8) = D (8) <608l and  [VQ=(8) ~ VQ=(B) s <&
hold uniformly over § € (1) \ Ox(1/n) and B € O%(1), respectively. Putting together the pieces yields (16).

PROOF OF (17). For B1, 32 € ©%(2), applying a second-order Taylor series expansion yields
. . . 1 .
Q=(B2) — Q= (B1) — (VQ=(B1), B2 — B1) = 5(52 = B1)"V2Qx (181 + (1 —1)B2) (B2 — B1)
for some t € [0,1]. Since tB; + (1 —t)B2 € ©%(2), the right-hand side is further bounded by
1 ~ 1 ~
SIB2 = Bull% - sup [STEVEQL(B)S T2 =SBz — Bulls - sup [VEQw(B)z-1-
2 peOL(2) 2 BEOL(2)
By the triangle inequality,
wp [V Qe(B)ls < sup IV2Q=(8) =V Q= (Bl + sup [[VQw(B) 5.

BeOL( BEOL(2 €O%(

< fu conditioned on £3(2)
For the population Hessian, note that ©-1/2V2Q_(8)X71/? = E{K (¢ —x"8)ww" }, where § =3 — 3" and
E{K(e—x"8)|x} = [7 K(v)f.x(x"0+hv)dv. Hence, it follows from Condition 3 that ||V2Qx(8)||s-1 < f.
for all 8 € R?. Combining this with the above two bounds proves (17). O



C.2. Proof of Proposition 4

The claimed bounds follow immediately from Lemmas 2 and 3. [

C.3. Proof of Proposition 5

For each pair (31, 3,) of parameters, it follows from a second-order Taylor series expansion that

Q= (B1) = Qu(B2) — (VQu(B2), 1 — B2)

n

lrod 1
- §5TVQW((1 _t)ﬁl +tl62>6 - n ;Kw (Ei B <X’i’ (1 _t)ﬁl +18 _16*>)<Xi75>2
- % ZKW (67; - t<x276> - <Xi7ﬁl - /6*>)<X“(s>2

for some t € [0, 1], where §d =32 — 3;. For each 4, define the event
Fi={lel <w/4} n{l(x:, 81 = B) < w/4} N {[(x:,0)| < [|d]|5 - ww/(20) },

on which [t(x;,8) 4+ (x;,81 — 8*)| < w/2+w/4=3w/4 for all 35 € B + Ox(r). Consequently.

n

o (i 8)*L(F),

i=

@w(ﬁl) - @w(ﬁﬂ - <V@w(ﬁz)751 —B2) >

where k; = min, <1 K (u). For R > 0, define functions ¢x(u) = v?1(Ju| < R/2) + {usign(u) — R}*1(R/2 <
lu| < R) and ¥r(u) = 1(|u| < R/2)+ {2 — (2/R)sign(u)}1(R/2 < |u| < R), which are smoothed versions of
ur u?l(Ju| < R) and u 1(|u| < R). Moreover, note that ¢.g(cu) = c*pr(u) for any ¢ >0 and @o(u) = 0.
The right-hand side of the above inequality can be further bounded from below by

n

QZ; Z L(les| < @/4) - psiis w20 (X60)) - Yo ja((xi, 81 = B7))
= r[|0]]%; - % % Z L(les| € @/4) - 0eos2) (%0, 8/[1812)) - oo ja (1, 81 = B7)) - (20)

=:Vp(B1,82)
In the following, we bound EV,,(31,82) and V,,(B1, 82) —EV,.(B1, B2), respectively. Write v = 312§ /|8||s €

SP~!, we have
E{ 0w/ (Wi, V) - Yu/a((x:, 81 — 87)) - 1(|e;| <w/4) }
= %fz’w-E{<wi»v>21(l<wi7v>| < @/(4r)) - Yeya((xi, 81 — B7)}

%

flo. {1 CE(w, )21 (Wi v)] > @/ (47)) — Edws, )21 (|(xi, 81 — 87| > w/S)}

Y
N = DN =

flw {1 —m}2P(|(wi,v)| > w/(4r)* —mi2P(|(x;, B1 - B7)] > w/8)”2}'

Under Condition 2 with v; > 1, it can be shown that for any v € SP~! and 3, € ©%(r/2),

P(|{w;,v)|>w@/(4r)) SQ@XP{; B ;(4;3)2} and

P81 =8> w/8) <20 {5 - 5z |



Let w/r > 16(my V 3)1/4v;. It then follows from a numerical calculation that

i{l —m}y?P(|(wi,v)| > w/(4r) " —my* P(|(x,, B, — B7)] > w/s)“} > ¢~ 0.248

holds uniformly over v € S~ and 3; € 8* + Ox(r). Putting together the pieces yields

1

inf ~-EV, >cof]. 21
B1EB*+Ox(r/2),B26B1+Ox(r) 2 (B1,B2) 2 o, 1)
Next we upper bound the supremum

Q(T) = sup {_Vn(/@hBZ)—’_EVn(ﬁlvﬁQ)}
B1EL*+Ox(r/2),B26PB1+Ox ()

Waite V. (81,2) = (1/m) Xy v(Br.Ba). where vi(B1,8) = @ L(j=il < /1) - posan((wiv) -
Vea((Xi, 81 — B7)) satisfies

w

(4r)?

fum4

2 <
and Ev;(84,8:2) < oy

0<v;(B1,B2) <

Applying Theorem 7.3 in Bousquet (2003), a refined version of Talagrand’s inequality, we obtain that for
any t >0,

Q(T)SEQ(T)+{EQ(T)}1/221T\/?_f_(fumnuz\/g_’_(41:)231; )

holds with probability at least 1 —e~*. To bound the expectation EQ(r), using Rademacher symmetrization
and Lemma 4.5 in Ledoux and Talagrand (1991), we obtain

EQ(r)<2- \/ZE( sup GBl,ﬁz)? (23)
B1,82

where the supremum is taken over (81, 32) € ©%(r/2) x {81 + Ox(r) }—including (8*, 8*),
Gg, .8, = i igi X 'Sﬁw/(Zr)(<Wi v))- ¢w/4(<xi B1—pB")) with x; = ]1(|5z‘| < w/4)
1,P2 noo — ) K -_— b

and ¢1,...,9, are independent standard normal variables. Conditional on {(y;, %)}, Gg, s, is a centered
Gaussian process and Gg- g- = 0. For any two admissible pairs (31, 32) and (8}, 85), write v=X12(8; —
B1)/11B2 = Billz, v =X12(B5 — B1)/1185 — Bil=, and note that

Ggy.8. — Gpypy = Gpy .8, — Gpy 46 + Gap a5 — Gay

= % Zgz *Xi Saw/(2r)(<wi7V>){d)w/4(<xia/61 - /6*>) 7ww/4(<xia/6/1 - /6*>)}

+ % Zgi X Ywya((%i, B = BN { @) 20) (Wi, V) — 02y (Wi, V1)) }
i=1

Recall that ¢ and 5 are, respectively, R- and (2/R)-Lipschitz continuous, and ¢g(u) < (R/2)?. It follows
that

E*(Gg, s, — Gﬁg,ﬁHs)Q

1 8\ 2 4 . >
S (nw)2 (ZU) (Z,) ZXZ(X“IBl76;>2:W2Xi<xi,ﬁlfﬁi>2
i=1

i=1




and
E* (Gg’ B +s —Ggar ﬁé)Z

N 2 1 i ,
( ( ) ZXZ w27V Wivv>) :W;Xi<wi,v—v>2.

Together, the last two displays imply

<

* 2 1 ¢ e 1L
B (Gpy o~ Gppy) < 55 D XX, B =B+ 555 > xilwi, v — V)2,
2rin® — 2r2n® —
Define another (conditional) Gaussian process {Zg, s,} as

1 n 1 = (x:,B82 — B1)
Loy ps = 5 D IX:Xi B = B) + s D gl
B1,B2 21/27"277/ ;gzx <X /61 6 >+ 21/27,.71 Zz:;gz X ||/32 _ﬁl”E

where {g/} and {g/'} are two dependent copies of {g;}. The above calculations show that

* 2 * 2
E*(Gp, .0, — Gayppy)” <E*(Zp, . — Zpy ) -
Using Sudakov-Fernique’s Gaussian comparison inequality (see, e.g. Theorem 7.2.11 in Vershynin (2018))
gives

E*< sup Gﬁ1732> < E*( sup Zﬁl,ﬁz) (24)
B1,82 B1,82

The same bound also applies to unconditional expectations of the two suprema. For the random process

{Zg, s, }, using the bound P(|e;| <w/4|x;) < f,w/2 (a.s.) we derive that

E( sup Zﬂlﬂ2>
81,82

1 *
= o1/2p2  SUP 181 —B"ls - H ZngZ

B1€OY (r/2)

21/2T H Zgl XiW

<1 /2 wp 1 /2 wp 1 /2
15 1 S
This, joint with (22), (23) and (24), implies that, with probability at least 1 —e™*,

Q(r) < ZEQ(T) + (fum4)1/2\/% +(4+ 1/3)&

1 |op
< (fuma)2y = 4 15 /2) 21102 TP (a3 (25)

Finally, combining (20), (21) and (25), we conclude that for all 8; € ©%(r/2) and 3, € B; + Ox(r) with
r=w/(16 max{my,3}/*v,),

Qn(B1) — Qu(B2) — (VQi(B2), Br — Ba)
/fl||ﬁ1 —52”22

- t p t
> coff —(fum4)1/2\/>—01fj/2mi/4v1 —— — Cymy*v} —
2 nw nwo now

holds with probability at least 1 — e™*, where Cy,Cy > 0 are absolute constants. Let nw be sufficiently

large—nw = mi/ 2v%(p-i— t)—so that the right-hand side is bounded from below by ¢ f//2. This completes
the proof. 0O



Appendix D: Proofs of Technical Lemmas
D.1. Proof of Lemma 1

For simplicity, define the re-scaled kernel W(u) = K (u) = K(u/w)/w, which is also symmetric and non-
negative. Note that p,(u) = |ul/2+ (7 —1/2)u and (p, * W)(u) = (1/2) [7_|v|W (v —v)dv + (7 — 1/2)u. It
thus suffices to prove that for any u € R,

lul < / [o|W (u —v)dv < |u| + k1.
The upper bound follows from the triangle inequality and a change of variable that

/:: | W (1 — v)dv < /:m o — oW (0 — v)du+/: W (1t — v}l

1 o0 _ oo
:|u‘+7/ |uv|K(u v)dv|u+w/ |s| K (s)ds = |u| + k1.
W J_ w .

To prove the lower bound, we first assume w > 0. Utilizing the change of variable and the properties

JW(u)du=1 and [uW (u)du=0, we derive that

/j: |U|W(u—v)dv:/7C><> |u 4+ w|W (w)dw

oo

- [ wrow e [ oW

oo

:/:j(u+w)W(w)dw+/:o(—u+w)W(w)dw
:u[ W(w)dw+/:j wW(w)der/uoowW(w)dw

=u— /:O uW (w)dw — /:u uW (w)dw + /:j wW (w)dw —|—/uoo wW (w)dw

e}

=— [T wW(w)dw by symmetry

:u+/:O(wfu)W(w)dwf/:u(w+u)W(w)dwzu.

)

>0 <0

This proves the lower bound when u > 0. The case where u < 0 can be proven using a similar argument, and

therefore we omit the details for brevity. [

D.2. Proof of Lemma 1

Starting with R (d), using a second-order Taylor series expansion yields
1
R, (8)= §E{Kw(g —t(w,v))(w,v)?} for some ¢ € [0,1],

where w = ¥ ~1/2x and v = X1/26 = ©¥/2(8 — B*). By a change of variable and the Lipschitz continuity of

fex(+), we have

E{K.(e—t{w,v))|x} = /_00 K () fox(t(w,v) +wv)dv > fox(t(w,V)) — lo(x) k1.



It follows that for any § € R? satisfying ||d||s <1 (so that v € B?(1)),
2R (6) > E{ fox(t(w,v))(w,v)?} —lgr1 - E(w, v)?

=E{fox(tvll2{w.v/[[VIl2)){(w,v/[[VI2)*} - [[V]3 = lokrzo - [[v]]3
——
€[0,1]
> (fi = loraw)|[v][3,
where the second inequality follows from Condition 3. The same argument also applies to B (8). We thus
omit the details. [
D.3. Proof of Lemma 2
We only need to derive an upper bound for D (8) — D_ (&) uniformly over § € R” in a compact subset.
The same argument applies to Do, (8) — Dy, (8). For each sample z; = (w;,&;) with w, = $~1/2
doy(viz;) = bo (e, — (W, v)) — Lo (g;), so that D (8) = (1/n) S de(viz;) for v =324, Note that £, (-)

is continuously differentiable with |¢/ (u)| <7 = max(7,1 —7) for all u. Hence, for any z; and v,v’ € R?,

X;, define

|dw(viz:) —do (V' 2:)| < T{Ws, v) — (w;, v')|. In other words, d (v;z;) is 7-Lipschitz continuous in (w;, V).

For any fixed r > 0 and some € € (0,1) to be determined, define the random variable

Ae(r)—g 12 sup {Du(v) }_ {75/22(1_E)dw(v;zi)},

27r veEBP (1) 2TT ve]BP( ) P

By Chernoft’s inequality, for any z > 0,
P{A.(r) >z} <exp { sup { Az — log Ee**<(™) }] . (26)
A>0
To control the moment generating function Ee*®<(")| by Rademacher symmetrization we have

2\
AAc(r) —
Ee SEexp{(l €)— oy VG]BP(r) n1/2 E €idy(V;z; }

where e1,...,e, are independent Rademacher random variables. Recall that d,(v;z;) is 7-Lipschitz continu-

ous in (w;,v), and d(v;z,;) =0 if (w,;,v) =0. Then, applying the Ledoux-Talagrand contraction inequality
(see Theorem 4.12 and inequality (4.20) in Ledoux and Talagrand (1991)) yields

Eexp{(l—e)/\ sup /2Z€d VZ}

TT veBr(r) nt

n

A 1
<Eexp{(1—e) sup /QZei<Wi,v)}<Eexp{ 1—¢) ‘

T veBr(r) nt i=1 }
For this € € (0,1), there exists an enet {u;,...,uy, } of SP~! with cardinality N6 < (14 2/€)? such that

1/2

[0 ewilla < (1—€) ' maxi <<y, > iy €;u] w;. Therefore,

N, n

= A
Eexp{l—e H 1/25 e;w; }gg Eexp(WE eiufwl).

j=1 i=1

Write S; =n~'/2%"  e;ulw,;, which is a sum of zero-mean random variables. Note that e; € {—1,1} is

symmetric, and Condition 2 ensures that log Eexp(ce;ujw;) < c?v?/2 for all ¢ € R. Consequently,
Eexp(AS)) HEexp (An~2eulw,) < Hex%f/(zn) =Ni2)

i=1 i=1



from which it follows that
1
logEe*2<(") <log N, + 51}%)\2.
For any u > 0, note that

sup { Az —logEe**<(} > —log N, +sup ()\z - 2111/\2) =—log N, +2%/(2v7).

A>0
Substituting this into (26) and taking v = 22/(2v%), we obtain that with probability at least 1 —exp{plog(1+
2/€) — v},
~ 27U 2v
r

su D_(v)—Do(v)} <
VGBPIz’I‘){ ( ) ( )} 1—e¢ n

(27)

This proves (3) by setting e =2/(e* — 1) and v =4p +u.

Via a peeling/slicing argument, next, we prove a uniform version of (27), which holds for all v €
B?(r,r,) ={veRP:r, <|v]2<r,}. For some v >1 to be determined, and positive integers k=1,...,N :=
[log(*)/log(7)], define the sets ©, = {v € R": v <|lvll2 £ ~Fri}, so that BP(ry,7,) CUN_,O,. Then,

P{EIVEIEBp(ﬁ,ru) s.t. ﬁw(v) — D (v)> 1 T’U1||V2\/?}
—€ n

M=

< P{Eve@k s.t. Doy (V) — Dy (v) > :

k=1

~ 242
P{ sup Dg(v)—Dg(v)> fﬂ)fy’“rl\/?}
1 veBP (vkry) 1—e¢ n

exp {plog(1+2/€) —v} < [log(:+)/log(7)] exp {plog(1 +2/e) — v},

M=

k

i

<

~
=

hE

£
Il

1
where inequality (i) follows from (27) with r =~*r, for k=1,...,N. Taking ¢ =2/(e* — 1), v =¢€'/¢ and
v=4p+log{elog(7*)} + u yields that with probability at least 1 —e™",

~ 4p +1 1

Do(v) = Do (v) < 4.2570, - ||v||2\/ p +log{clog(ru/r)} +u
n

This proves (4) by taking (ry,r,) = (d,r). O

D.4. Proof of Lemma 3

PROOF OF (5). By a change of variable v =X1/2(3 — 3*), define the centered gradient process

n

Go(v)= 2—1/2{@w(ﬂ) - Q.(B)} = %Z(l —E){K,(W/v—¢,)—T}w,.

=1

::gi,v
For any € € (0, R), there exists an e-net {vy,...,vy. } of B?(R) with N, < (1+2R/e)?. For any v € B*(R),
there exists some 1 < j < N_ such that ||v —v,||2 <e. Then, by the triangle inequality,

[G=()ll2 <G (V) = G (V)2 + |G (v5) 2

We first control the approximation error |G (v) — G (v;)||2. Using integration by parts and a change of

variable, we have E(; o|x;) = [ F.,x,(Wiv — hu)du. Condition 3 ensures that

IE(& vwi) — E( i, Wi )2 < sup E{fu [{(w;,u) - (wi,v—vj>|} < fu€.

uesSp—1



Turning to &; ,w; and &; ,, w;, since K(-) is bounded by &, we have

Zfb vW; — Zgz v;Wil| =
2

Note that w; = (1,w]_)", where w; _ € R”~!' are zero-mean sub-Gaussian random vectors. By a standard
covering argument, paired with Bernstein’s inequality, it can be shown that (see, e.g. Theorem 4.6.1 in

Vershynin (2018)) with probability at least 1 — (1/2)e ™,

max( ZWW )gl—l—wa( /pzu_’_p—i—nu),

where C; > 0 is an absolute constant. Provided n > v{(p + u), it follows that with probability at least

1—(1/2)e,

[Go(v) = G (v))ll2 < fue +2hue/m (28)

holds uniformly over all the pairs (v,v;) satisfying ||v — v,z <e.

It remains to deal with |G (v;)||2 for each j=1,..., N.. For simplicity, we write {;; =¢&; v, = Ko (W] Vv, —

;) — 7, and define

1 « 1<
Sj = E Z(&Z - Efz) and Sj = E Z{é‘”W%, - E( ijwiy,)} S Rpil.
i=1

i=1
Then, ||G(v;)||3 =57 + |IS;]|3. For S;, note that &; € [-7,1 — 7]. As a direct application of Hoeffding’s

inequality, we have that for any v > 0,

log4+wv 1
>/ = ) < -e".
P(&I_ \V "2, >_ 5€ (29)

Next we use a covering argument to bound ||.S,||2. For any 6 € (0,1), there exists an d-net M;s of SP=2 (unit
sphere in RP~!) with cardinality M; < (1+2/6)?~! such that

Z(ua Eiywi - —E(&;wi ),
1

ax
nt/2 ueM; 27V nt/2
i

127Uy 1

18]l < (1=8)7"

=:Ay

where 7 =max(1 — 7, 7). For any z > 0, applying Chernoff’s inequality gives

P(As > z) <exp { —sup ()\z - logEeAAé) }
A>0
By Rademacher symmetrization and independence,

A
A
Ee < Eexp <£§3§ Tl - E e;&;u’” wl_> < E | IEeXp(TU 1/zegwu W2_>

ueEM;s i=1



where e;’s are independent Rademacher random variables. Fix u € M, and set w; =u"w; _/v;. We further

have

A =1/ 2\ =1 A\
_ = 2¢
k=0 =1

=0 if k is odd
Recall from Condition 2 that E(ei) < ef*/2 for all t € R, and E(w?) < 1. For £ > 2,

oo

E(w?) = 25/ w? T P(|w;| > u)du < 45/ u? e 2 du =20,
0 0
Substituting this into the previous exponential moment bound yields

A A2 4/3( > ( 2 2)
Eex e;&w; <1—|———|— — ] <ex A%,
p( nl/2 i&is > P yil n p \/gn

which in turn implies

2 3
log Ee** <log M; + —=A> and sup{Az —logEe**} > —log M; + %zQ
A>0

V3

Combining this with Chernoff’s bound and a change of variable, we obtain that with probability at least

1—(1/2)e,

18,12 < 327202 (p—1)log(1+2/9) +log2+v.
31/2(1-9) n

Together, (29) and (30) with a properly chosen 6, say, 6 =2/(e? —1), imply that |G (v;)|l2 < Covi/(p+v)/n

holds with probability at least 1 —e~", where C5 > 0 is an absolute constant. Taking the union bound over

j=1,...,N,, we have that with probability at least 1 —exp{plog(1+2R/¢) — v},

p+v
(max |G (vy)ll2 < Covryf —— (31)

Taking € = Rw/n and v =1log(2) + plog(l +2n/w) + u in (28) and (31), we obtain that with probability

(30)

at least 1 —e ™,

log2+plog(e+2en/w) +u
n

o Gow)le < (o + 26 E 4 Counyf

vEBP(R)
as long as n 2 vi(p+u). This proves (5).
For the population gradient, noting that |K_(y; — x'8) — 7| < 7 for any B € R?, we have
supgerr |VQ=(B)||s-1 < Tsup,egr1 E[(w,u)| < 7. At 8%, the bound [[VQ(8")|z-1 < 0.5lpkow? follows
from (C.2) in He et al. (2023).

PROOF OF (6). For B € R?, define after a change of variable v = ¥¥/2(8 — 3*) that
H,(v)=X"12V?Q(B)x /2 = ZK —(w,v))w,w! and H,(v)=E{H,(v)}.

To upper bound sup, cgp (g, HHW(V) —H_(v)]|2, we use a similar discretization argument as in the proof of

(5) and obtain

sup [[Hy(v) = Ho (V)]

veBP(R)
l 1<

< L; max ||w;lf2 - ’ZWiWiT
w*< 1<i<n n Pt 9

+ max [Hx(v;) - Ho (v;)ll2+ max [[H(v;) —Hx (v5)ll2,

1<j<N¢

sampling error approximation error



where [ is the Lipschitz constant of the kernel K(-), {v1,...,vy,} is an e-net of B?(R) and N, < (14+2R/e)*.
For the last term on the right-hand side, the Lipschitz continuity of f.|«(-) ensures that

12}%’& |Hs(v;) —Hg(v))]l2 < lomse,

where m3 = sup,cgr—1 E[(w,u)|?.
We have already shown that Apax(n™' Y ", w;w}) <2 with probability at least 1 — (1/2)e™* as long as
n 2 vi(p+u). Moreover, applying Theorem 2.1 in Hsu et al. (2012) to each w, _ yields that with probability

at least 1 —e™?,

2
lwi I3 Svf{p—1+2\/(p—1)z+2z} SU%(\/p—l—i-\/%) .

Taking the union bound over i =1,...,n and setting z =logn + u, we obtain that with probability 1 —e™*,

max ||S72x,|, = max [[willz <1 +U1{\/p— 1+ \/210gn+2u} < Cuvi(p+logn+u)'/?.

1<i<n

ﬁw(vj) —~H_ (v;)|l2, it has been shown in the proof of Proposition 3.2 in He et al.

Turning to max;<;<,

(2023) (see, e.g. (C.61)) that with probability at least 1 —e™™,
plog(R/e)+u N plog(R/e€) + u}

nw nw

max ﬁw<vj>—ﬁw<vj>||25v%{

1<j<Ne
Finally, as long as n > v{(p+u), taking € = (w/n)?R yields the bound
sup |[He(v) = He (V)]
veBP(R)

plog(n/w)+u plog(n/w)+u
SU%{ nw * nw

R
} + {Ul(p+logn+u)1/2 +lom3w2}ﬁ.
This proves (6), and thus completes the proof. O
D.5. Proof of Lemma 4

For each t=0,1,...,7 — 1, we apply the concentration inequality for Lipschitz functions of standard normal

random variables and obtain that
P(||gz||2 >\/p+ \/Z) <e™?, wvalid for any z > 0.

Combining this with the union bound (over t=0,1,...,7 — 1) yields (7).

Note that ||g,||3 follows the chi-square distribution x?2, which is a special case of the gamma distribution
T'(p/2,1/2). The centered variable, ||g.||? — p, is known to be sub-gamma with parameters v =2p and ¢ =2
(Boucheron et al. 2013). Let Z = Zf;ol p'(||g:|l3 — p). For each t and 0 < A < 1/c,

2 2t 2 2t

log Eer (lgtl3—p) «
08 He ~2(1—cApt)
By independence,

T-1 T—-1 92¢ /\2

¢ DIy v
log Be* = S o Bt (letl3—p) < ¥ =0 P~ _ .
og Le Z og Le = 2(1—c\) T 1-p22(1—cA)

t=0
In other words, the centered variable Z is sub-gamma with parameters (v/(1 — p?),c) = (2p/(1 — p?),2).
Applying Chernoff’s bound to Z (see, e.g. Section 2.4 of Boucheron et al. (2013)) yields that, for any z > 0,
Dz
1—p?

This, combined with the elementary inequality ZtT;Ol pt<1/(1—p), proves (8). O

P<Z>2 +2z><ez.



D.6. Proof of Lemma 5

To begin with, note that conditioned on event £y(B) NE;(dg,d1) with &g + b* < é1,

sup  [|[VQu(B)|l5-1 <81 +7,
BeO®%(1)

Qw(B) = Qw(B") = ($1 =00 —")||B—=B"||5 for all BeO(1)°
=A
and B+ = 80 — -1V Q_ (BW) — nooL~/2g, /n for t=0,1,...,T — 1.
Now assume that ||3®) — B*||x <1 for some ¢ > 0. Recall that §; < ¢; < 0.5f,. Hence, conditioned further
on G defined in (11), we have

* * A 77 g
18D =B l5 <189 = Blls +m0 [ VQ= (B [5-1 + =~ =]

<1+ (fi+7)n <2,

where we used the assumptions 1o <1/(f;+7) and n > 2Br0/f; in the last inequality. Proceeding via proof

by contradiction, suppose |3+t — 3*|s > 1 so that

A ||/6(t+1) - IB*HX: S Q\w(ﬂ<t+1)) - Q\w(ﬂ*)

For the right-hand side, we have

Qu(BY) = Qu(8) = Qu(BYMY) = Qu(B8Y) + Q= (BY) — @ (87)
2 (VGL(BY), B4 — BO) 4 £, 184D — SO — (V)L (BY), 8" — BY)

1 . [ N
= %w(t) 7ﬁ(t+1)75(t+1) -3 >z + fu||,6(t+1) 7ﬁ(t)||§: + ﬁ@ 1/2gt,ﬁ(t+1) -3 >

—~
=

= 10— B - 5180 1 — 1) - O
FLIBD =B+ (5 2, B - )

< o189 = I = o184 - B + LB - s el

< o8 - g - B — R + LT g — s,

where inequality (i) follows from the restricted smoothness property (17), inequality (ii) holds if ng < 1/(2f.),
and inequality (iii) uses conditioning on G. Provided that Bro/n < A, combining the above lower and upper

bounds on Q. (8+D) — Q. (8*) yields
18U — g7 |1% <118 - 87|15 <1,

which leads to a contradiction. Therefore, starting from an initial value 3(®) € ©*(1), and conditioning on

event & N & NG with properly chosen parameters, we must have |3 — 3*||x <1forallt=1,...,7. O



D.7. Proof of Lemma 6
Recall that conditioning on & N &, B. € O%(r) with ro = (Jp +b*) /¢, B =B — 7702*1V@w (BW) +
nooS2g, /n and |V2Q..(8)||x-1 < 2f, for all ﬁ € ©%(R). The upper bound on the Hessian also implies

(VQ=(B1) — VQu(B2), 81 — B2) > 5 IVQw (B1) — VQu (Ba) |31, Br,B2 € O%(R).

= 2fu
Provided 1o <1/(2f,) and R > Rq + rg, applying this bound with (3,,82) = (ﬁ(o),,@w) we obtain
18D =B 12 =189 — 12 ' VQ.(B) +noo S ?go /n — Bey ||
=189 ~ B, |3 +RIZ 2V Q. (B) — ogo/nl3
- 2770<ﬂ(0) - B\w7 V@w(ﬁ(o)) - 021/2g0/n>
<18 - 4. ||%+n§||V@w(ﬁ(°>)||§;1+( o7 il + 27902 (3 - ol
- FIVQ- (B +227)89 — B ||sgoll

snﬁ@—éw I = IV @ (B + 2R+ 7B 2 o] + (2 ) ol

For any given Ty > 1, write R, = ||B(t) —,Bng fort=1,...,Ty. Provided R > maxg<;<r,—1 R + 7o, it can

similarly shown that for any 0 <t <7y —1,

18 = B3

2
2 Y
<89 =B % - ||VQw(ﬁ(t))llz 1+2<Rt+noTB>||gt2+< e ) lge 13-

Given z > 0, by Lemma 4 we have that with probability at least 1 —e~?,

||gt||2<BTOI VD + v/ 2(log To + 2).

Define epyiy =10 Br,0/n. For some € € (0,1) to be determined, the above recursive bound implies

O<t<T

R} <(1+€)R]+(1+1/e)etiy + Colpriv, t=0,1,....To—1

and hence
-1
R?<(1+e)'RE+{(1+1/e)el, + Coepriv } > _(1+€)F

k=0

1+e)—1
%{(1+1/6)6§riv+006priv}, t= 17...,TO’

<(1+e)'Rj+
where Cy = 2ny7B. Provided Ty > 2 and
n> Z;_i(Q%B +1/2) max{1,n0/Ro}*ToBr,0 > 2(Tp + 1) By, o,
taking e =1/T;, € (0,1) we obtain that
R} <eR}+ (e — 1){(To + Depriv + Co } Toepriv

To Br,

<eR2+(e—1)(27B+1/2)-2"07 12 < ¢R2 4 (4 — ¢)R2 = 4R?

forall t=1,...,Ty, as claimed. O
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