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Appendix A: Additional Analysis on General Position Gap

In this section, we provide some additional analysis to complement the discussion of GPG in Section 3.1. The
first lemma shows that whenever (7) has a unique optimal solution, then A must have a positive GPG.
Lemma 9. Suppose that Assumptions 1 and 2 hold and (7) has a unique optimal solution U*. Then there exists
some € >0 such that A has a GPG of e.

Proof. By Lemma 1, if the dual problem (7) has a unique optimal solution U*, then so does (8). Recall that

(8) is formulated as

. T
.t. ;>
UHan"U A, s.t Z U; > 7m, YmeEM, (8)
1EN(m)
and is the dual of
max 'z, s.t. Z Tm=M\,ViEN, € Réo (37)
* m:eN(m)

By applying strict complementary slackness and the uniqueness of U, see e.g., Exercise 4.20 of Bertsimas and
Tsitsiklis (1997), there exists a solution z* of (37) such that z;, > 0 for all m € M where ZiGN(m) U} =rm. This
implies that the strictly positive indices of z* contain at least one basis. Note that while z* is not necessarily a
basic optimal solution, there exists a finite number of basic optimal solutions z!,22,...z" of (37), with k> 1,
such that

z* :alxl —l—...—l—akxk,

with a1,...a; being strictly positive and sum to one. Also, because Assumptions 1 and 2 do not allow an
optimal solution to consist entirely of self-matches, we have that > a7, <1.
Let B(1),B(2),...,B(k) be the corresponding basis of z',22,...,2*. Thus, we have 2/ = Mg(lj))\ forj=1,...k.
Define
=Myl A+ ... +apMp X

By definition, T =z* when X = \. Because Y @m <1, there exists some e >0 such that for any e Be(N), we
have Y, Zm <1, and
Zm >0 if and only if Z Ul =rm.
1EN(m)
As a result, when ) is replaced by A € Be(A\), we have  and U* forms an optimal primal and dual pair for (7).
This completes the proof.
Q.E.D.

In Kerimov et al. (2024), the authors defined another notion of general position gap (referred to as K-GPG
hereafter) using the optimal solution z* of (3), under the assumption that the optimal solution is unique and
non-degenerate.* More specifically, assuming z* has basis B, then K-GPG is defined as min,,c g «};,. The next
lemma shows that the GPG in this paper has a simple characterization when z* is unique and non-degenerate
under suitable conditions. A consequence of the lemma is that our GPG is within a factor of K-GPG.
Lemma 10. When the optimal solution z* of (3) is unique and non-degenerate, define the optimal basis B as
B={m|zy, >0}. Let Mp and z be the submatriz of M and x correspond to B, such that Mpxzp = \. For each
m € B, let v;,rl be the row vector in Mgl such that v;lq;)\ =z, then the GPG is equal to

*
¢ = min —,
méeB |[um||

assuming that 1 =% a5, > ||ZmEB Um H ¢

4The formulation of Kerimov et al. (2024) is slightly different with constraint set Mz < . This is equivalent to
formulation (3) with the appropriate self-matches having zero rewards.
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Proof. By definition of B and the fact that z* is nondegenerate, MglA >0, i.e., x;, >0 for all m € B. Also, note
that when z* is unique and nondegenerate, we also have that the optimal solution for the dual, U*, is unique
and nondegenerate.

Let the GPG equal to e. We first show that e > €. Observe that for any A € R™ with ||A||, <€, we have

vm A+ A) > v (A€ ||Zm\|)
m

* . m
=Tm — ||V min —
m H mHmEB vaH

>0.

Moreover, from our assumption that 1 -5 7, > HZmEB UmH €', we have

S omA+A) <> v, <A+6’.ZmeB”m>
HZmGBUmH

meB meB
:E xfn—i—e' E Um
meB meB
<1.

Define 7 € RY, where Zp, = v, (A+ A) for m € B, and &, =0 for m € [d] \ B. From the analysis above, when X

is changed to A+ A, we have that 7 is feasible. Furthermore, because ¥ and U* satisfies the complementary

slackness, it implies that U* remains an optimal dual solution for any A such that ||A||, < ¢€'. Therefore, € > €.
x

Next, we show ¢ < 7oy for each m € B. Suppose that ¢> Hz—:“ As z, = v, A we have

v
v ()\ m ):a:fn—e||vm||<0,

e Ym
[[om]]

which implies that the primal basis would change. Because the dual solution U* is non-degenerate, this implies

that the optimal dual solution will change when the optimal primal basis change, which contradicts to the

T
definition of the GPG. Therefore, we have € < Un for each m € B, implying

[vm]]

-
e < min UmA =¢
meB [[vm ||

Therefore, we have that e=¢'. Q.E.D.

We remark that the assumption 1 -3 5 x5, > ||ZmEB Um H ¢’ in Lemma 10 is mild. In most of the non-trivial
systems, > pa), is typically much smaller than 1, while ¢ is often significantly smaller than 1 -3 - pz7,.
Indeed, this condition is satisfied by all three numerical settings we examined in Section 5. Moreover, when the
assumption 1 -3 x5, > ||Zm€B UmH ¢’ does not hold, there is a straightforward way to modify Algorithm 1
to relax this condition. Specifically, we can allow the primal-dual algorithm to schedule up to two matches
per time period instead of just one, i.e., set z(¢) to two times the m*-th standard basis vector. Under this
modification, Lemma 10 would hold with the adjusted assumption 2—3"  xm > HZmeB Um” €.

In addition, when z* is nondegenerate (but not unique), our proof shows that ¢ > ¢ but not necessarily
e < ¢, as U* may stay optimal even when € > ‘rg‘ﬁ for some m € B. Thus, without the uniqueness of the primal
optimal solution, the computational procedure only yields a lower bound of e.

With Lemma 10, we can directly compare GPG and K-GPG. Specifically, we have

*
min [[om| "' - ( min 2f, | <e= min " < max ||| - ( min 2%, | .
meB meB meB ||vm|| ~ meB meB

Appendix B: Additional Proofs

Here, we provide the proofs for some of our technical results which are fairly standard given the literature.
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B.1. Proof for the Properties of the Dual Solution

Here, we provide the proof of Lemma 1 by showing that any optimal solution for the dual problem without the
constraint Zme M Tm <1 1is also an optimal solution for the dual problem with it.
Lemma 11 (Restatement of Lemma 1). Let X be any non-negative vector in which Y ;- A; < 1. If U is an optimal

solution of (8), it is also an optimal solution of

min L,(U)= min max (rTfUTM)aH-UT/\,
UeRrn UER™ z€X

where we recall that X ={z |z € R‘éo, Y mem Tm < 1}, Furthermore, we have
HﬁH < Tmax and HﬁH S\/ﬁ"'max-
00 2
Proof. First, we show that U is an optimal solution of mingegn Ly (U). It suffices to show that

min Ly(U) = min U\,
UcRn UeRn:r— MTU<0

For any U € R™ such that max, (r— M ' U)y, >0, define U, = U; 4o for all i € [n], where v = maxm (r — M " U)m,.
Then r — M "U’ <0 and hence Ly(U’) = U Also, note that Ly(U)=v+ U " \. Therefore,

Ly(U) = Ly(U)= U -U)" U—UZA —v<0.

Hence,

min Ly(U) = min Ly(U) = min U
UeRm UeR™:r—MTU<0 UeR™:r—MTU<0

It remains to prove that HUH < rmax and HUH < /Nrmax. By Assumptlon 2 and feasibility of UZ, we have

~

U; > r; > 0. Also, by optimality of U, we have that for all i € [n], U; < rmax as otherwise, we can decrease U;

and still obtain a feasible solution. Therefore, we have

] <o
o0

~ 12 2
For , we have that HUH gnHUH <nrZ... Q.E.D.
2 2 00

B.2. Proof of Proposition 1
Proof. By the definition given in (6),
L5 (U) = max <7’— MTU,JZ> n <U,X> —L,(U)+ <U,X—A>.
zeX
Therefore,

L5 (U) - Ly(U*) = L,\(U)—L,\(U*)+<U—U*,X—/\>. (38)

Cond.1 = Cond.2: By the duality between ||| and |-||,, we can choose X such that HX—)\H =€ and
<U— U* X — )\> =—¢|U~U"|,. Thus, in view of L5(U) > L5(U™), we deduce from (38) that

L(U) = Ly(U") > e|lU-U",.
Cond.2 = Cond.1: Combining (38) with Cond.2 yields that for all HX— )\H <e,
Ly(U) = Ly (U) 2 e|[U = U"[|+ (U= U™, 3= x) 20,

where the last inequality holds by the duality between ||-|| and |-||,. Therefore, U* is an optimal solution to
L5 (U) for all HX—AH <e. QED.
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B.3. Proof of Corollary 2

In this subsection, we provide the proof for Corollary 2. Throughout the subsection, we will analyze the primal-
dual policy considered in Corollary 2, which sets V; = v/t and U (t) =0 for all ¢, and provide that it achieves
O(VT) regret. First, we introduce the following lemma.

Lemma 12. For any t €N, entries of U(t) cannot be all strictly negative.

Proof. For any t € N, we have U(t) = M

negative for any t € N, given V; > 0. Next, we claim that Zie[n] §;(t) > —1 for all t € N. Note that this claim,

Then, it suffices to show that all entries of 6(¢) cannot be all strictly

combined with the facts that §(¢) always has integer entries and any non-trivial system satisfying Assumption 2
has at least two types of agents, immediately implies that all entries of §(¢) cannot be all strictly negative.
Lastly, we are left to prove our claim. By definition, >, di (t) € Z. Note that 2iem) 3;(0) =0. By induction,
it suffices to show that for any ¢t € N, if >7,. (1 0i(t) = =1, then }7, 1 d;(t + 1) > —1. Fix some ¢t € N. By
Algorithm 1,
d(t+1)= 6(t)+ Mz(t)— A(t+1),

then we have

> sit+1) =" 6 +Z (Mx(t);— Y Ai(t+1)

i€[n] i€[n) [n] i€[n]
:ZitJFZ (Mz(t), -1, (39)
i€[n] i€[n]

where the second equality holds because only one agent arrives at each time slot, i.e., Zie[n] Ait+1)=1.

Then, we consider the following two cases.
e Suppose };c(, 9i(t) > 0. By (39),

Dosit+1) =50+ Y (Ma(t), — 1

i€[n] i€[n] i€[n]
> ) -1>-1,
i€[n]

where the first inequality holds because EzG[n] (M=(t)), >0, and the second inequality holds by our

assumption that > 6Z(t) > 0. Hence, it follows that Zie[n] §i(t+1)>—1.

i€[n]
e Suppose that Zie[n] §;(t) = —1. Since Zie[n] d;(t) = —1, there must exist an agent j € [n] with §;(¢) < —1.
Then, let m’ € [d] denote the self-match of agent j. Then,
35 (t)
Vi

’r‘ml—Uj(t)ZTml— >0,

given that r,, > 0. Recall that

z(t) € argmax (rT - U(t)TM) x
TEX

then z(¢) must be a vector with one entry equals to 1 and all other entries equal to 0, i.e., the scheduled

match must be non-empty. By (39),

dosit+1) =5t + Y (Ma(t); — 1

i€[n] i€[n] i€[n)
> e =-1,
i€[n]

where the inequality holds because x(t) is a vector with one entry equals to 1 and all other entries equal

to 0. Hence, it follows that 3, di(t+1) > —1.
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Q.E.D.

Next, we introduce the following lemma that provides an upper bound on (U, Mz(t) — \) for any U € R"™ with
at least one non-negative entry.

Lemma 13. For any U € R™ whose entries are not all strictly negative, and x* such that

z* € arg max <r—MTU,:1c>,

zeX
we have
)\min
(U,Mz* = X) < rmax — n U1l -
Proof. First, we prove that
max <r—MTU,m>+<)\,U> > Amin U]l - (40)
zeX

To prove (40), let i* € argmax |U;|. We then consider the following three cases.
o If U;» =0, (40) trivially holds.

o If U;» > 0. Let = denote one of the feasible solutions of Mz = X, where XZ = \; for i £i* and Xﬂ =0. Then,
it follows that z € X, where X = {z|z € RgO’ZmeM zm < 1}. Then, we have

ma <r— MTU,:U> + <X,U> > <r— MTU75> + <X, U> = (r,) + <X— Mz, U> >0. (41)

Hence, we get

max <r - MTU,:r> +(\,U) = max <r - MTU,z> + <X, U> i </\ —X,U>
reX reX

> </\ Y U>
= )\i* U’L*

Z Amin ||UHoo P

where the first inequality holds by (41), and the second equality holds because Xz = \; for i #4" and
A= =0.

e suppose U;= < 0. Since entries of U are not all strictly negative, there must exist some i’ such that U;; >0,
and we have that

max<r—MTU,x>+()\,U> > 7 —Up- + (N, U)
reX

> 1 — U + Z AU;
il

> 1 — U + Z AU
il

> =Xy U=

> Amin HUHOC s

where the first inequality because the indicator vector at self match i* is a feasible solution in X; the
second inequality holds because U;; > 0; the third inequality holds because U; > U;« for any 4 € [n]; and
the fourth inequality holds because r;« > 0.
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Next, applying (40), we get

— (U, Ma* = \) = <r7 MTU,x*> + (A U) = (r,3*)
> maX<T—MTU7:c> + (AN U) — rmax
zeX
> )\min ”U”oo — 'max

)\ .
> % ||U||2 — 'max -

where the first inequality holds by the definition of z* and (r, x*) < 7Tmax for any x € X; the second inequality
holds by our claim; and the last inequality holds because ||U]||,, > f ||U]|5- Hence, our desired result follows.
Q.E.D.

With Lemma 12 and Lemma 13, we are now ready to complete the proof of Corollary 2.

Proof of Corollary 2. By (20), when U(t) =0
E[I8(¢+1)I13 1 72 <1813 + B +2Vi (U (1) — 0, Ma(t) - A) . (42)

Applying (42) together with Lemma 12 and Lemma 13, for any ¢t € N, we get

>\m1n
E 130+ D3 1 73] < 15013 + B+ 2Virmax — 2252 [0 (1)
2 )\mln
<1603 + B +2Virmax — 2% 16l ,
where the second inequality holds by U(t) = 5. Then, for any ¢t € N, if
B4 2Virmax
16(2) ], > BE 2irmax
Vn

we obtain

E[ls(t+ D131 7] < (||6<t)||2 - gjﬁ)z :

By Jensen’s inequality, we get

BII6G-+ Dl | 70 < B 166+ DIE 1 7] < 1601, - 3.

By choosing V; = v/¢, and invoking Lemma 6, we get that for any ¢t <T,

n Amin
2 N

<0 (L (B 4 ruwnT) )

)\min

B_/\min
B 2me
E[[|6(2)],] < B+ 2 tIma +B< ﬁ)

\/ﬁ

It then follows from Proposition 2 that
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B.4. Proof of Lemma 6

Proof. Following Gupta (2024), let I'(¢) denote a reflected random walk with step size K, reflected boundary
Thin = (1 + [%W ) K, initial condition I'(0) = I'yin, and

I'(t+1)= max{I'(¢t) +£(t)K,I'min} for ¢>0,

where £(t) are 4.i.d. random variables taking the value +1 with probability % — 55, and —1 with probability
1+7%-

By (Gupta, 2024, Lemma 3), ¥(t) <jcx I'(¢) for all ¢t > 0, where for any X,Y € R", X <icx Y means that X is
dominated by Y in the increasing convex order, that is, E[f(X)] <E[f(Y)] for any increasing convex function

f:R™ - R with valid expectation. It follows that that for any ¢ >0,

Ew@)]< E[()] - (43)

Define p £ ;’_i = Ifg—lz By (Cox and Miller, 2017, Section 2.2, Equation (52)), {I'(¢)} has a unique steady

state distribution under which

K —
E[Foo] = Fmin‘f‘Kﬁ = T'nn+K (Tn) . (44)

Next, we construct I (t) such that I"(0) < T's follows a steady state distribution, and for any ¢t >0, IV (t+1) =
max{I"(t) +&(t) K, Tmin }. By induction, we have I'(t) <T'(¢) for all t > 0. Therefore,

EL®)]<E[I'(t)] =E[l] , (45)

where the last inequality holds because TV (t) 1T by construction. Combining (43), (44) and (45) yields the
desired result (31). Q.E.D.

B.5. Proof of Lemma 7
Proof. By Definition 1,

P{ﬁ(t);ﬁU*}gP{HX(t)—AH2>e}. (46)

It remains to establish the concentration inequality for X(t) — )\H . First,
2

| =

n t 2 n
B|[fw -] -5 |2 (12&(@&) ~ Iy na-a
1 s=1 =1

i=

e[} == o -af]) < /3

Note that the function f: (A(1),...,A(t)) — HX—)\‘
2/t, that is, for any s € [t] and any A(1),..., A(t), A’(s),

Thus, by Jensen’s inequality,

satisfies the bounded difference property with parameter
2

|F(A1),..., A(s—1),A

—~

s), A(s+1),...,A(t)) — f (AQ1),...,A(s — 1), A"(s), A(s +1),..., A(t))|
< 4@ - A6, <

| N

Thus, by McDiarmid’s inequality, for any A > 0,

{0, 25 [0 + VBT <o (- 2815) -
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Combining the last two displayed equations gives that

P{HX(t) - )\H2 > \/;r \/é} < exp(—A/2).

If A>1, then this further implies that

P{Hi(t) - /\H2 > 2\/§} < 2exp(-A/2);

If A <1, then the above is true trivially, as 2exp(—A/2) > 2exp(—1/2) > 1. Therefore, by letting e = 2/A/%,

we deduce that

]P’{HX(t)f)\H 26} < 2exp(—te2/8). (48)
2
Finally, plugging the last displayed equation into (46) and summing over all ¢ > 1, we get that
o [ S 2 16
* | < 2]y 2 2
;Zl:IP’{U(t) £U }7 ;:1:2€Xp( /8 < a1 S @ (49)

where the last equality holds because exp(z) >1+4+z. Q.E.D.

Appendix C: Extensions

C.1. System without Self-Matches

In this section, we discuss the primal-dual policy for a system with Assumption 1 but not Assumption 2, that
is, self-matches are not necessarily allowed for all agent types. Recall that the fluid relaxation can be formulated
as:

max; 1z
st. Mz<X|. (50)
x€ R‘éo
Without Assumption 2, (50) can no longer be reformulated with constraints Mz = \. Instead, we consider the

following reformulation, which adds slack variables z:

maxg,, rlz
st. Mz+z=X|, (51)
(z,2)eX

where X ={(z,2)|(z,2) € R%T)nvaeM Tm + D a7 < 1}, Similar to Section 3, we add the redundant con-
straint Zme M Tm T+ Zie A 2i <1 to ensure the optimal solution of the Lagrangian relaxed problem is bounded.
We next formally introduce the Lagrangian relaxation and our primal-dual policy in a similar fashion as
Section 3, except that all of the definitions are basic on the fluid formulation (51) instead of (3). Specifically,
we define the Lagrangian relaxation of (51) as
Ly(U)= max {rTm—UT (Mx+z—,\)} — max (ﬂ - UTM) e—UTz+UT .
(z,z)eX (z,2)€EX
Also, we say that A has a GPG of (at least) e > 0, if there exists U* that is the unique optimal solution of
in Ly(U 52
Juin Ly (U) (52)

and U* is optimal for

L}ré%l” L5 (U), for any XeB(N).

The primal-dual policy built based on the fluid formulation (51) (hence without Assumption 2) is presented
as Algorithm 2. The intuition behind Algorithm 2 is mostly the same as the intuition behind Algorithm 1. The
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Algorithm 2 Primal-Dual Policy for System without Assumption 2.
1: Input: {V;}°,, set 6(0) and z(0) to the zero vectors.

2: for each t=1,2,---T do

3: Observe arrival A(t)

4: THE SCHEDULING PROCESS:

5: Update 6(t) = 6(t— 1)+ Mx(t—1)+ z(t — 1) — A(t)

6: Let A(t) = S, A(s)/t, and find U(t), an optimal solution of

5%%711 UTA(t), s.t. Z Ui >7m, Ym, and U € RY,
i€N(m)
where X(t) denotes the empirical arrival rate based on the arrivals from periods 1 to t.
. — 77 o)
7 Update U(t) =U(t) + 5~
8: Let (x(t),z(t)) to be the standard basis vector such that it is also the solution of

max (r' —U(t)'M)z—-U(t) =.

(z,z)eX

9: THE REALIZATION PROCESS:

10: Initialize y(t) = O pq)4 0

11: Set W, (t) =30, (2 (8) — ym(s)), for each m € M

12: Set W;(t) =", (2:(s) —i(s)), for each i € N

13: for each m e MUN with W,,,(t) >0 do

o Let L(t) = minem X'y (Ai(s) — May(s))

15: Update yn(t) = ynm(t) + min{W,,(¢),L.(t)}. (Note that if m € M, then
min{W,,(t), L.(t)} type m matches are realized; and if m ¢ M, then m must correspond to a
self-match for some agent of type 4, implying that min{W,,(t), L,.(t)} of type i agents are set
aside, never to be used in the future)

16: end for

17: end for

main difference is that in addition to vector z(¢) which schedules the match types in M, there is also z(t) which
can be interpreted as scheduling the virtual self-matches in N'. After the matches are scheduled, vector y(t) is
determined, which indicates which match types to realize. Whenever a virtual self-match is selected by y(¢),
instead of realizing it, the policy will set the agent(s) of the corresponding type aside, and never use them in
any future matches.

Next, we show that a policy described in Algorithm 2 achieves bounded regret under suitable choice of
{Vi}_,. The proof of the result is via constructing a virtual system with M’ = M UN/, which adds all self-

matches with zero rewards. Then, we claim that Algorithm 2 in the real system is effectively the same as
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Algorithm 1 for the virtual system. Thus, the regret bound from Theorem 1 for Algorithm 1 would also apply
to Algorithm 2.
Corollary 3. Consider the primal-dual policy © described in Algorithm 2, with monotonically increasing {‘/t}z;l,
and th=1 1/Vi < co. Suppose that A has a GPG of €, then we have
sup E [Rh’t - R”} <0 (B + %) : (53)
o<t<T €

where we recall that B =maxX,,epm |A(m)|+ 1, and rmax = maX,,ec pf r'm.-

Proof. Consider a virtual system with M’, where M’ includes M and all self-matches not already in M.
Additionally, let r},, = rp, for each m € M, and r} =0 for each agent type i € M’\ M. Clearly, the virtual system
satisfies Assumption 2. In addition, observe that the fluid formulation for the virtual system is equivalent to
the fluid formulation of the real system. Thus, both fluid formulations have the same optimal Lagrangian dual
solution and the same GPG.

Now, assuming that the real and virtual systems are observing the exact same sequence of arrivals. We can
observe that at period ¢, if Algorithm 2 chooses (z(t),z(t)) such that x,(t) =1 for some m € M, then a match
of type m is scheduled by Algorithm 1 in the virtual system; and if Algorithm 2 chooses (z(t), 2(t)) such that
z;(t) =1 for some i € M, then a zero reward self-match of agent type i is scheduled by Algorithm 1 in the
virtual system. As a result, both Algorithm 2 and Algorithm 1 schedule the same set of matches.

Similarly, we can see that Algorithm 2 also coincides with Algorithm 1 during the realization process. Specif-
ically, when Algorithm 1 realizes a match of type m € M, so does Algorithm 2; and when Algorithm 1 realizes
a zero rewards self-match that is not in M, Algorithm 2 would set an agent of the same type aside, never
using the agent to realize any matches in the future. Therefore, the only difference in realized matches between
Algorithm 2 and Algorithm 1 is the number of self-matches with zero rewards. Because both the real and
virtual systems face the same arrival process, we can couple the arrival sequences for both systems and apply
Theorem 1, and thus obtain (53). Q.E.D.

We also note that under Algorithm 2, the expected number of agents waiting in the real system may not
be finite, as it is entirely possible that O(T) number of agents are set aside over T periods. Interestingly, we
next illustrate that the expected queue length of the critical agent types, those types where the optimal dual
solution has a positive value, is finite.

Proposition 5. Let g;(t) represent the queue length vector for agent type i under Algorithm 2, including both agents
waiting to be matched and agents set aside. Let U be the optimal solution of the Lagrangian dual in (52), then for

B \/nBrmax
()] <0 = Y= max )
E [(h (t)] — O (Uz* + UZ-*GQ )

any t© with U] >0, we have

Proof. Let y(t) be the first d entries of y(¢) from Algorithm 2. Observe that for any positive integer s > 0,

<U*,My(8) - )‘> > <T7y(8)> - <U*7 A> = (r,y(s)) - <r,x*>,

where the inequality follows from the fact that M TU* >r (Lemma 1), and the equality follows from strong

duality. Summing the inequalities for s =1,...,¢, and taking expectations on both sides, we obtain
t t
<U*,E ZMy(s)} —t)\> > Z]E[(r,y(s))] —t{r,z").
s=1 s=1

Combining the above equation with Corollary 3 yields

<U*7”E [ZMy(s) > <t(ra®) =) E[ruy(s)] <O (3+%) .

€
s=1

s=1
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For each agent type i, note that U/ > 0 (this is because MTU* > r so that U >r; >0) and t\; —
E [22:1 Myi(s)} > 0. Therefore, for each i where U;" > 0, we must have
vnB ““‘”‘) . (54)

t
;Myi(s) SO(U*+ Ure2

Recall that ¢;(t) denotes the queue length vector for the real system for agent type i. Note that

thi —E

t

Z (Ai(s) — Myl(s)):| =t — ZE [My;(s)].

s=1

Elgi(t)] =E

Therefore, for any ¢ where U;" > 0, we have
fBr x
E[q’b( )]<O<Ui* U* r2na :
Q.E.D.

Proposition 5 implies that for any ¢ with U; > 0, the queue length of agents of type ¢ remains stable. We
note that the proof for Proposition 5 can be extended to any policy where an admissible matching achieves
a bounded regret in the virtual system. Consequently, the stability of agent types with positive values in the

optimal dual solution is a necessary condition for achieving bounded regret.
C.2. Multi-Stage Learning

In Algorithm 1, the empirical dual fluid formulation is solved during every discrete period. In this section, we
consider an alternative class of policies that instead of solving the fluid formulation every period, divide the
entire time horizon 7 into multiple time intervals {[Tg,Tg+1)}§;g7 where 1 =Ty <T1 <---<Tp=T+1, and
update U (t), the empirical shadow price, only at the beginning of each time interval. Specifically, we consider
the policy that follows Algorithm 1, except that U(t) is solved from (10) only in periods Ty, ...Tj_1, and for
any t € [Ty, Tpy 1), the empirical shadow price, U (t), is set to the plug-in estimator of the optimal dual variable
at time T,. We call this class of policies multi-stage learning primal-dual policies as the horizon is divided into
k stages, and in each stage, the empirical shadow price is computed using the empirical arrival rates from the
previous stages.

By Propositions 2 and 3, for any ¢t € [Ty, Tp11),

t(r,a*) - ZE (r,y(s))] <ZL“+rmaxB+(ﬁ+1)rmaxE[ua(t>u2}+2rmaxBZP{ﬁ(s)¢U*}

s=1
> ?"'TmaxB'f' (\/’E"_ 1) TmaxE[Hd(t)HQ}
s=1
{—1 R N
+ 2rmax B (Z (Ter _Té’fl)P{U(TE’fl) # U*} +(t=Tp1+ 1)P{U(Tz71) #* U*}> .
=1

By Proposition 4, for any 1 <t <T, we have

£—1
E[|5(t)|2]§2\/§<Z(TglTg/_l)P{ﬁ(Te/_l);éU*} (t—Ty_ 1+1)P{ (Ty_1) £U* }) 1QB+6\F

=1
Then, by combining the above two displayed inequalities, we get

E[I6(2)],) < Z BEL ) ((wm )2 +1) B46(vat1) \/E)

£—1

2 ((ﬁ+ DVB+B) rmax Y (To ~To_ 1) E{0(Tw1) £U"}

=1

2((Vi+1) VB+ B) rmax(t = Tes + DP{O(T,_1) £ U" },
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Hence, we have

1<t<T

t T
max (t<r,z*> —ZE[(T,y(s))]) < Z BQ_‘Zl + max (((\/ﬁ—l— 1) % —l-l) B+6(vn+1) \/E)

+2 ((\/ﬁ+ 1) \/§+B) rmaxi(n —Tg_l)]P’{ﬁ(Tg_l) ” U*}
=1

<§T:B+1 + Tmax (((\/ﬁ+1)9+1)3+6(\/ﬁ+1)\/§)
_5:1 2VS €

k
+4 ((\/ﬁ +1)VB+ B) rmax Y (Ty = Ty—1) exp(—Ty_1€”/8)

=1

gg%zl + Pmax (((\/ﬁﬂ) %+1)B+6(\/ﬁ+1) \/§>

+4((VA+1) VB+B) rmax F({T1o) (55)

where the second inequality holds because for any 1 </¢ <k, by (48),

P{O(T) #U" } <P{|[NT0) - |, 2 ¢} <2exp(-Tee/8),

and the last inequality holds by defining

k
FUTHEZ0) 257 (T = Tyy) exp(~Ty_1/8). (56)
(=1

There is an inherent tradeoff between computational efficiency and regret in this multi-stage learning algorithm.
The computational cost is mainly due to resolving the linear program in (10) with the current empirical arrival
rates. As we reduce the number of times the empirical shadow price are updated (i.e., decrease k), we perform
fewer LP resolving steps, which improves computational efficiency. However, this comes at the cost of increased
regret because the algorithm is using less frequently updated information about the arrival rates. To illustrate
this trade-off, let us consider the following two extreme cases.

When k£ =2, the algorithm reduces to a two-stage learning method, requiring only one LP resolving step,
and dividing the time horizon into two stages. The first stage [1, 71 — 1] collects information about arrival rates,
and the second stage [T1,T] optimizes the algorithm based on the empirical arrival rates from the first stage.
If T4 = O(1), then f({T;}7_,) =O(T), and the regret at any time is upper bounded by O(T) according to (55).
Note that any such two-stage learning algorithm with 73 = O(1) has regret at least Q(T), because if 71 = O(1),
the probability of failing to learn the optimal basis is ©(1), leading to regret of Q(7T'). If we know a prior the
time horizon T and the GPG €, we can minimize the regret bound (56) for the two-stage learning method with

an optimal choice of Ty = © M), resulting in regret of O log(fﬂ .

In the other extreme case, where we update the arrival rates at every time step, i.e., Ty =Ty_1 + 1, we
have k=T, recovering our previous result. This yields the lowest value for the regret bound (56) but requires
resolving the LP at each time step, incurring the highest computational cost.

Another approach that lies between the two extreme cases is to apply a variant of the doubling trick. Based
on (56), our main idea is to set Ty = exp(Tg_152/16) so that T, grows rapidly while keeping each summand
in (56) small. A minor complication arises because exp(xe?/16) >z only holds when z > ‘:’—3 log(f—f). Therefore,
we initially increase T, linearly until it exceeds the threshold g‘%log(i’—f). Specifically, the sequence for Ty is
constructed as follows. Without loss of generality, by Definition 1 we assume that 0 <e<1. Let £ = ﬂog ‘;’—ﬂ .

Define Ty = ?é AT for 1 <£< ¥, and Ty = exp (Tg_162/16) AT for any ¢ > £. Let k denote the smallest integer
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with Ty, =T + 1. Then, we have k= O (log), T) + O (log%), where log] (-) is the iterative logarithm with base
a2 exp (52 / 16). Moreover, {Tg}lgzl is a monotone increasing sequence, which follows from the fact that = <a”

for any x > 32 log 32 In this case, we have
€ €

£ ({Tetheo) = S (0T e (~7e1€/8)

{=1

7
SQZexp(—él(ﬁ—l))—l- 3 exp (—Tz,le“’/m)

=1 0>0+1

Then, by (55), the regret is O (B + %) . This method provides a balance between computational efficiency
and regret, with the number of LP resolving steps being O (log) T') + O (log 1) . Note that this doubling trick
requires the knowledge of the magnitude of e.

In summary, the tradeoff between computational efficiency and regret in this multi-stage learning algorithm
is primarily driven by the number of times the LP is resolved with updated arrival rate estimates. Increasing
the frequency of updates reduces regret but increases computational cost, while decreasing the frequency of

updates has the opposite effect.

Appendix D: Tighter regret bounds for bipartite matching with multiple agent
types

In this section, we derive a more refined regret bound for our policy with unknown arrival rates for a class of

dynamic bipartite matching systems. Throughout, we focus on a symmetric bipartite matching model with 2n

distinct agent types, partitioned into a set of “demand” agents indexed by i € [n] and a set of “supply” agents

indexed by j € [2n] \ [n]. We represent the bilateral matches between the demand and supply agents using a

bipartite graph G = (n,n, E), where the edge set F represents the feasible match types.

1—€
2n

for 7 € [2n]\[n], for some small € € (0,1). In vector notation,

We assume the arrival probability for each demand agents of type ¢ satisfy \; = for i € [n], and for

each supply agents of type j satisfy A; = 1;;

1—¢ .
2n

all allowable matches, denoted by M, consists of the edge set E alongside a self-match for every agent type.

this is expressed as A\ = ( 1n, % -1p), where 1, denotes the n-dimensional vector of all ones. The set of

Consequently, | M| = |E|+ 2n. The reward vector is defined as
rij=1 V{ijleE,  r=01 Vie[2n]. (57)

We note that our analysis extends to more general symmetric bipartite systems allowing for unequal partition
sizes, provided that the agent types within each partition share identical arrival rates and self-match rewards,
and that all bilateral matches yield the same reward. However, to simplify the exposition, we restrict our
attention to the setting with 2n agent types and this specific choice of r.

Throughout the section, for any S C [2n], we let V(S) ={i € [2n]:j € 5,{i,j} € E} denote its set of neighbors
under graph G. We assume G satisfies the following connectivity condition.
Assumption 3. Consider a bipartite matching system with 2n agent types, where the bipartite graph G = ([n],[2n] \

[n], E) represents the set of feasible bilateral matches. For any proper subset of demand agent types S C [n], we have
V(S)| > IS]. (58)
Similarly, for any proper subset of supply agent types T C [2n]\[n], we have

V(T)| > |T|. (59)



Primal-Dual Policy for Dynamic Matching 14

Assumption 3 is satisfied by a wide class of graphs G, including complete bipartite graphs and those containing
a Hamiltonian cycle of length 2n. Intuitively, Assumption 3 ensures that the global demand-supply constraint

is significantly tighter than the local structural constraints. This property is formally quantified in the following

remark.
Remark 1. When Assumption 3 holds, we have 3y, gy Aj =2 ;eg i = 5 for any S C [n], and ZjE[Qn]\[n] Aj—
Zie[n] A = €.

We note that conditions similar to Assumption 3 are common in the classical literature on complete resource
pooling and flexible servers (see, e.g., Harrison, 1998; Gurvich and Whitt, 2009; Shi et al., 2019). In essence,
when e is small, the assumption allows us to approximate the stochastic arrivals, originally a multi-dimensional
vector, as a two-dimensional vector recording the aggregate arrivals on either partition, thereby facilitating our
analysis.

We now proceed to formulate the fluid relaxation of the stochastic system. Recall that for a general matching
system, the fluid relaxation is given by the linear program max;>o.prz= A{r "z}, where M denotes the matching
matrix and r the reward vector. In the context of our bipartite system, we define the variables as follows: for
each i € [2n], let z; denote the fluid rate of self-matches for agents of type 4. Similarly, for each edge {i,j} € E
with ¢ < j, let z;; denote the fluid rate of bilateral matches of type {i,7} € E between type i € [n] and type

j €[2n]\ [n]. The fluid relaxation can then be expressed as:

max Z x5 +0.1- Z T;

{i,j}€E i€[2n]
s.t. Z Tij+x; = A, Vi € [n],
JeEV(i)
Z Tij +$j = )\j,Vj c [217,] \ [n],
1eV(j)
x> 0.

We say the bipartite matching system with graph G and arrival rate vector A" as oversupplied if ZjEV(S) )\; —
> ies A > 0 for any subset S C [n]. Conversely, the system is undersupplied if 3 ;cy)py Xj = ;e Ai = 0 for any
non-empty subset T C [2n] \ [n]. We define the system as balanced if it is both oversupplied and undersupplied.

By Remark 1, our bipartite matching system with arrival rates A is oversupplied. Note that while the system
with a general arrival rate vector \' might be neither oversupplied nor undersupplied, the classification is
straightforward when rates are symmetric within each partition. Specifically, if X = (a- 15,3 - 1y) for positive
scalars o and 3, then G is oversupplied if a < 3, and undersupplied if o > .

Applying duality theory, we can explicitly derive the optimal solution for the fluid relaxation when the system
is in either of these regimes. Specifically, given that the current system is oversupplied, the optimal dual solution
is U* =(0.9-15,0.1-1,). If the system were undersupplied with some arrival rate X', the optimal dual solution
would be U = (0.1-1,,0.9-1,,). We assume that the decision maker does not know the exact arrival rates, but
possesses the prior knowledge that the arrival rates are symmetric within each partition.

At period t, let A(t) denote the cumulative arrival vector and U(t) denote the empirical estimate of the optimal
dual solution. Given that the decision maker knows the arrival rates are symmetric within each partition, it
estimates the optimal dual by identifying which side appears to be the bottleneck (the side with fewer arrivals).
Specifically, it sets U (t) to assign the higher shadow price to the partition with the lower cumulative arrivals
as follows.

U=(0.11,,09-1,)  if 37, A1) >zl i Ai(t)
Ut)=8U* =(0.9-1,,0.1-1,) if 37, A;(t) < zz e Ai(t) - (60)
ﬁ(t_l) if E’L 1A(t)_2i n-|-1Z )
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Next, we define the aggregate imbalance process R(t) as

n 2n
R()=) A(t)— Y A
=1 i=n—+1
Note that R(t) is a biased random walk, where R(t) increases by 1 with probability 156 and decreases by 1 with

probability 14€. We say that the process R(t) undergoes a positive complete cycle during the interval [ts,tc] if it

performs a simple positive excursion starting at ¢s and concluding at te. Formally, this requires R(ts — 1) =0,
R(ts) =1, R(te) =0, and R(¢) > 0 for all intermediate steps ¢ € {¢s,...,te — 1}. Analogously, we define a negative
complete cycle over [ts,te] if the process —R(t) undergoes a positive cycle; that is, R(ts — 1) =0, R(ts) = —1,
R(te) =0, and R(t) <0 for all ts <t < t.. By definition of U(t), it is equal to U during each positive cycle,
and U* during each negative cycle. Thus, whenever .7 | 4;(t) = 32" 41 Ai(t) (which implies R(t) =0), a new
cycle will start in period ¢+ 1, while U(t) is the same as U(t —1). Finally, we say that a cycle is incomplete if it
starts at time ¢t =t and satisfies R(t) # 0 for all ¢ > ts. Note that, since R(¢) is a biased random walk, classical
results from the theory of gambler’s ruin (see e.g. (Hajek, 2015)) imply that, with probability one, exactly one
negative incomplete cycle occurs as we run t from one to infinity.

Building on this structure, we formally present Algorithm 3, a primal-dual policy designed for the symmetric
bipartite matching system with unknown arrival rates. This algorithm follows the general framework of Algo-
rithm 1 established in Section 3, with one specific structural modification to aid our analysis. In Algorithm 3,
we enforce a system regeneration whenever the aggregate imbalance vanishes (i.e., whenever Y " | A;(t) =
Z?Zn 41 Ai(t)). At such time steps, rather than carrying the state vectors forward, the algorithm resets &(t)
(and other vectors for checking the states) to the zero vector at the end of period t, effectively ignoring all of
the agents and unrealized scheduled matches in the system going forward. This effectively resets the system
state, ensuring that the process in period ¢+ 1 begins effectively from time 0. While this forced renewal does
not improve the regret numerically, it is analytically useful. It decouples the dynamics, allowing us to analyze
the regret incurred within each cycle independently and therefore deriving a sharper regret bound than the
O(1/€?) bound presented in Section 3.

Throughout our analysis, we assume that the tuning parameters {Vi}¢—, . 7 satisfies V; > 2T. This restricts
the set of permissible self-matches based on the current cycle type, as formally stated in the following claim.
Claim 1. If V; > 2T, Algorithm 3 will never schedule a self-match for agent types i € [n] during a negative
cycle, nor for agent types j € [2n]\ [n] during a positive cycle.

Proof. Consider a negative cycle. In this regime, the dual estimate is given by U(t) = U* = (0.9 1,,0.1- 1,).

For any agent i € [n], the reduced cost of a self-match is

N —r (7 i)\ _ di(t) _ di(t)
ri—Ui(t)=mr; <Uz(t) + V)= 0.1-0.9 V= 0.8 v
Since the shortage, §(t), are bounded by the time horizon (i.e., —4;(¢) <T) and we assume V; > 2T, the term

—&iT(f) is strictly less than 0.5. Consequently, the reduced cost is strictly negative
r; —U;(t) < —0.84+0.5=-0.3<0.

Since Algorithm 3 only schedules matches with non-negative adjusted rewards, it will never schedule a self-
match for i € [n].

By symmetric arguments, during a positive cycle (where U (t)="U), it will never schedule a self-match for
agent i € 2n]\ [n]. Q.E.D.
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Algorithm 3 Primal-Dual Matching Policy for the Symmetric Bipartite System.
1: Input: {V;}2,, set A(0),5(0),q(0) € R®, x(0), W(0) € RMI to the zero vectors.
2: for each t=1,2,---T do
3: Observe arrival vector A(t), set A(t) = A(t — 1)+ A(t).

4: THE SCHEDULING PROCESS:

5: Set ﬁ(t) following (60).

6: Set 0(t) =(6(t—1)+Mz(t—1))-I(R(t—1)#0)— A(t)

T Set U(t)=U(t)+ L.

8: Set 19 = 0 and M,o =0 for all i € [2n]. Select m* € argmax,,e mufoy{rm — M U (t)}, breaking
ties in favor of self-matches over zero, and zero over two-way matches.

9: Set x(t) to the m*-th standard basis vector in RM! if m* >0, and to 0, otherwise.

10: THE REALIZATION PROCESS:

11: Set q(t) =q(t —1DI(R(t—1)#0)+ A(t), W(t)=W(t —1)I(R(t — 1) #0) + x(¢).

12: Initialize y(t) = 04

13: for each m € M with W,,(t) >0 do

14: Let 1,,(t) = min;epn(m) ¢:(t)-
15: Compute y,,(t) = Yo (t) + min{W,,,(¢), L,,(t)}.
16: Update q(t) = q(t) — My(t), and W(t) =W (t) — y(t).

17: end for

18: end for

In the rest of the section, we will analyze Algorithm 3 with V; > 2T and refer to it as m. We present our
main result for the aforementioned bipartite matching system under policy 7, which states that the regret of
our policy 7 is O(log(1/e)/e).

Theorem 2. Consider a bipartite maltching system satisfying Assumption 3, with arrival probabilities A =

(1_6 ‘1p, LE€. ln) and reward vector r defined in (57). Let w denote the policy specified in Algorithm 3. Then, for

2n 2n
me (E[R] B[R]} =0 1106 ).
0<t<T € €

The log(1/€) /e upper bound in Theorem 2 is tight for primal-dual policies. Next, we show that for a bipartite

any T €N,

dynamic matching system with n =2, the regret of primal-dual policies, both with resetting (Algorithm 3) and
without resetting (Algorithm 1), is at least Q(log(1/¢)/e) whenever T > 1/€%.
Theorem 3. Consider a bipartite matching system with n =2, and let © denote the policy defined in Algorithm 3.

Then, for oll T >0,
OgltaéXT (IE [Rh’t} -E [R’T’t]) = Q(min{%, \/T} log %) .

As we will see, the intuition underlying both our upper and lower bounds is as follows. The biased random

walk R(t) undergoes ©(1/¢) positive and negative cycles before diverging to —oo. During each cycle, the expected
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maximum imbalance is ©(log(1/¢)), and in each such cycle we schedule at least ©(log(1/¢)) self-matches.
Consequently, the total number of self-matches is ©(log(1/€)/e), which leads to the stated regret bounds.

For regret upper bounds in the multi-type bipartite system with n > 1, additional complications arise because
the imbalance of the arrivals no longer coincides, in general, with the shortage vector §(¢). In particular, the
shortage vector 6(¢) has two components: § (t)H, which captures the demand-supply imbalance of shortage, and
5(t)1, the orthogonal component (For n =1, the orthogonal component is always zero). As a result, we must
refine the regret characterization to depend jointly on the supply—demand arrival imbalance and on §(¢), . We
then show, via a novel drift argument, that [|§(¢) | ||2 = O(log(1/¢)) uniformly over time.

Next, we focus on the proving Theorem 2, and then provide the proof for Theorem 3 in Section D.2.

D.1. Proof of Theorem 2
In this section, we provide the proof of Theorem 2. To highlight the high-level ideas, the proofs of several

technical intermediate results, namely, Proposition 6, Lemma 14, and Proposition 7, are deferred to later
subsections.

Suppose the imbalance process R(t) has K complete cycles in total, with the k-th cycle spanning time
[tgk),tgk)]. By definition, R(t) does not return to zero after time 9 We decompose the total regret according
to cycles. For any 1 <t; < to, let R™[f1:*2] denote the cumulative reward collected by the hindsight optimal
policy during the time interval [t1,t2] and define R™[f1:%2] accordingly. Let K(t) denote the total number of
complete cycles up to time ¢, that is, K(t) = max{k: tgk) <t}. Then we have

K(1)
Rh,[l,t] _ Rrr,[l,t] _ Z (Rh,[tg’“),t(e’“)] _ Rﬂ,[tgk)7t(€k)]) + Rh,[th(t))+1,t] _ Rw,[t(ex(t))+1,t]_ (61)

k=1
It suffices to bound the regret over each cycle. To facilitate the analysis, we define the post-decision state of

shortage
5T (0)=6(0) + Mz(¢), (62)

where M is the matching matrix and z(£) represents the matching decision at time ¢. Intuitively, 6T (£) represents
the state of the system immediately after the scheduling decision but prior to the arrival at ¢+ 1.

Define the unit direction vector d = (1n,—15)/v2n. For any vector v € R?", we define its projection onto
the subspace spanned by d as v = (v,d) -d, and the orthogonal residual as v; =v — v|. Next, we present the
following proposition, which provides an upper bound for the regret on each cycle with respect to the maximum
imbalance, the norm of the shortage, ||6(¢)||,, and its orthogonal residual H6+ (E)lHQ.

Proposition 6. For every cycle 1 <k < K,

max (Rh’[t-gk) A _ R’T’[t-(*k)’zl) <2 max |R(()|+8n max ||6F(0), |,+2B=Gy. (63)
¢ <e<e(®) ¢ <e<e(® t§) <e<e(™
Moreover, for any t > téK),
Rh,[téK)J,-l,t] _ Rﬂ',[th).i,_l,t] < 2H5(t)“2 +92B. (64)

Combining (61) and Proposition 6, we deduce that

K
R —R™ <N G+ 2[8(0)], 1t > ) + 2B,
k=1
Taking expectation over both sides yields

E[RM R <E +2E [1(t > t§0) 51, ] +2B

K
S
k=1

—E[K]-E[G1] +2E [I(t > &) 13(1) 1, + 2B, (65)
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where the equality holds by Wald’s equation, because each completed cycle constitutes an i.i.d. renewal process,
so that G1,Ga,... are i.i.d. and independent from K, the number of completed cycles.

The following lemma bounds the expected number of completed (positive or negative) cycles and the maxi-
mum imbalance over a completed cycle, and shows that R(t) diverges to —oo after the last completed cycle.

Lemma 14. We have E[K]=0(1/¢) and
=0 (log 1) .
€

Moreover, with probability one, R(t) diverges to —oo before returning to zero after téK).

E

RO R(tSV) = 1] =E [ max |R(0)|

() <<t

a
) <e<tlt

In addition to (65) and Lemma 14, our proof relies on a key bound on ”5+ (g)ng during a cycle, which we

<0 <log%> .

Proof of Theorem 2. Combining Lemma 14 and Proposition 7, we get that

state next.

Proposition 7. It holds that

E max ||5+(€)L||2

£ <e<tlt

Now, we are ready to finish the proof of Theorem 2.

E[G1] <O <log%> .
Apply the inequality above to (65) with the fact that E[K]=0 (%) from Lemma 14, we have
E [Rh’t - R“’t} <0 (% log %) +2E [||6(t)||2 I(t > téK))] . (66)

It remains to bound E [H(S(t) lo I(t > téK))] . Note that conditional on ¢ > £\, R(t) no longer has iid increments.
To deal with this technical issue, we couple 6(t) with an auxiliary inventory process ¢'(t). In particular, let & (t)
be the shortage in Algorithm 3 where U (t) is always fixed to be U* for all t. Note that §(¢) and ¢’ (¢) are driven
by the same arrival process. Since we reset the inventory to be 0 when R(t) =0, we have §(t) = ¢'(t) =0 for
t= th). Moreover, by Lemma 14, R(t) diverges to —oo before returning to zero for téK). Therefore ﬁ(t) =U"
for all t > th). It follows that with probability one, 5(¢) =¢'(¢) for all ¢ > th) and hence

E[I(t) 1,1t > )] =B [||6' ()], 1t > e8] <E o' 1)) (67)

Finally, we can bound E [Hé/(t) H 2} via the drift analysis exactly as Proposition 4, except for minor differences

due to resetting. Specifically, fix any constants n and D satisfying
0<n<e, D>n+1, and B—2(e—n)D <n°.
For any ¢> 1, whenever [|§(£)||, > D and U(£) = U*, we claim that
E[[l6"C+ D], 1 7] < [|8"@], = -

If R(£) =0, we have 6§'(¢ 4 1) = —A(¢+ 1) by Algorithm 3 implying that ||6'(¢+1)[|, <1 < ||§'(0)||, —n, as
Hé'(E)HQ >D >n+1; and if R(¢) #0, it follows from Lemma 5. Then, analagous to Proposition 4, we have
E [Hé'(t)”Q] =0 (%). Combining it with (66) and (67) completes the proof.

Q.E.D.

The proof of Proposition 6 is presented in Section D.1.1, while the proof of Lemma 14 appears in Section D.1.2.
Finally, the proof of Proposition 7—arguably the most technical, as it relies on a delicate drift analysis—is

provided in Section D.1.3.
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D.1.1. Proof of Proposition 6: Analysis of cycle regret Without loss of generality, we focus on k= 1.
For ease of notation, we write to as t.". Let s (£), Tp(£) denote the cumulative number of self-matches and
bilateral matches scheduled up to period ¢, respectively. The following lemma connects the accumulation of
self-matches Z;(f) to the inventory ||§* ()|, and the imbalance |R(f)|, assuming that [1,£] is contained within
the first complete or incomplete cycle. Throughout the section, we again adopt the convention that the first
cycle spans the interval [1,t.], where t. < co denotes a complete cycle and t. = co denotes an incomplete one.

Lemma 15. During the first cycle from time periods 1 through te, recall that Ts(£) denotes the number of self-matches

scheduled up to period £. For any 1 </ <te,
z5(0) =07 (O], +IRO)],

The next lemma establishes an upper bound on Zs(t') in terms of maximum imbalance R(¢) and ||5+ (0L H2
over time 1 <¢<¢.

Lemma 16. For any t' € {1,2,...,tc}, the cumulative number of self-matches at t' satisfies
o +
xs(t)glrgneaé/{—]%(é)—l-éln- 1670 L]],} (68)

Now, we are ready to finish the proof of Proposition 6.

Proof of Proposition 6. Since there are in total (£ 4 R(¢))/2 agents of types in [n] and (¢ — R(£))/2 agents of
types in [2n]\ [n] arriving up to time ¢, and the cumulative reward collected by the hindsight optimal policy is

maximized by using bilateral matches, it follows that
R < %R(Z)' +0.1|R(¢)| = g —0.4|R(0)|. (69)
On the other hand, by Proposition 3 from Section 4, we have

4 14
ROT =3 "rTy(r) 2 Y rTa(e) = 50, — B = 0.124(£) +Z5(6) — |I5(0) ]|, — B-

k=1 k=1
Plugging in the identity Zs(€) + 27 (€) =3, (o Ai(0) + 2iclen] st =t+ > ic2n] 67 (¢), the RHS of the last

display can be rewritten as

C=Ts(0) + X ieqon) 5 (t)

R™MA = 0.17,(0) + ~ 5ol - B

2
_! - 1 +
=304z +5 > 5O 16@)l, - 5. (70)
1€[2n]
Combining (69) and (70) yields that
R _ RmIL < 0,474 (0) — 0.4| R(0)| — % > sH W +150l, + B (71)

i€[2n]
It follows that
RMI R < 0.47,(0) — 04| R(0)| + 15|57 (0)]|, +2B
<1.9z:(¢)+2B
< - st
*212?%(6{ R(k) +4n ||6 (K/)J_”Q} +2B
<Gy,

where the first inequality holds due to [|§(¢)]|; < H6+ (6)”1 + B; the second inequality holds due to Lemma 15;

and the third inequality follows from Lemma 16.
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To prove (63), we assume k=1 without loss of generality. Taking the maximum over 1 < ¢ < tél) completes

the proof of (63) for k=1.
Next, we prove (64). Again, without loss of generality, let us shift the time index so that th) =0 (i.e., K=0).
Combining (71) with the identity Ts(¢) = H(5+ (E)H1 +|R(¢)| from Lemma 15, we get

- 1
Rin[LE _ gr[1.4] 50.4(||5+(€)H1+|R(£)|)—0.4|R(£)|—§ > s+, +B
i€[2n]
<2|l5(e)ll; +2B,

where the last inequality holds due to [|6F(¢)||, <||6(0)l, + B
Q.E.D.

It remains to prove Lemma 15 and Lemma 16. We focus on the negative cycle, as the proof for the positive
cycle is completely analogous.

Properties of a negative cycle. We begin by deriving several basic properties of = during either a complete
or incomplete negative cycle starting from ¢ = 1. Throughout the section, we again adopt the convention that
the cycle spans the interval [1,te], where te < oo denotes a complete cycle and te = co denotes an incomplete
one.

Recall that for any £ € [1,t], we have U(£) = U* = (0.9 - 1,,0.1 - 1,,). The following claim characterizes the
scheduling decisions made by 7 upon the arrival of an agent in period ¢ during a negative cycle.

Claim 2. Counsider a negative cycle spanning [1,¢c], where t. may be infinite. For each £€ {1,...,t.}, the policy
7 schedules matches as follows:
o If agent j € [2n]\ [n] arrives:
—1If §;(¢) <0 and 6;(¢) > 0 for all neighbors i € V(j), 7 schedules a self-match for j.
—1If §;(¢) <0 and it has a neighbor with §;(¢) <0, 7 schedules a bilateral match {¢,;} with the neighbor
i € argming ¢y ;) 0y (£)-
—1If §;(¢) > 0 and there exists a neighbor i such that §;(¢) +6;(¢) <0, m schedules a bilateral match
{4,5} with i € argming ¢y dir (€)-
—1If §;(¢) >0 and 6;(¢) +6;(¢) > 0 for all neighbors i € V(j), 7 schedules no match.
e If agent i € [n] arrives:
—If there exists a neighbor j such that §;(¢) 4+ 6;(¢) <0, 7 schedules a bilateral match {45} with the
neighbor j € argmin; ¢y ;) 95 (£).

— Otherwise, 7 schedules no match.
Proof of Claim 2. Immediate from the description of Algorithm 3 and Claim 1. Q.E.D.

The following lemma establishes key properties for §(¢) (pre-decision) and 67 (¢) (post-decision) during a
negative cycle.

Lemma 17. During a negative cycle spanning 1 to te, the following properties hold for all 1 < £ <te.

5i(0)+68;(0) > —1,{i,j} e E 72
§;(6) > —1,vj € [2n] \ [n]

8;(0) <0,¥i € [n],

73
74
and 57 (0) 407 (£) >0,9{i,j} € E 75
76

7

(
(
(
(
57 (€) > 0,v5 € [2n] \ [n] (
(

)
)
)
)
)
)

5 (0)<0,vie[n].
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Proof of Lemma 17. We prove by induction. For the base case £ =1, (72)-(74) hold directly given §(¢) = —A(¥¢).
Moreover (75)-(77) hold because if agent of type i € [n] arrives, then we schedule a match {i,j} for some j € V(i),
implying d;7 (¢) =0 and 6;7 (¢) >0 for any 4’ € [n], 5' € [2n]\ [n]; if agent of type j € [2n] \ [n] arrives, then we
schedule a self-match for j, implying &, (¢) =0 and 5;, () =0 for any i’ € [n], 7' € [2n]\ [n].

For the inductive step, assume that conditions (75)-(77) hold for time t. Because 67 (¢) satisfies (75)—(77),
and §(£+1) =67 (£) — A(£+ 1), where A(£+ 1) is a standard basis vector, the bounds (72)—(74) for §(¢+ 1)
follow immediately. We now focus on verifying (75)—(77) for 67 (¢+1).

Case 1: an agent of type j € [2n]\ [n] arrives at time £+ 1, i.e., A({+ 1) =e;. By Claim 2, and the fact
ST(+1)=8(+1)+ Mz(£+1), the following holds.

o If we schedule a self-match, it must be of agent type j. This implies 6+ (¢) =6+ (¢4 1) and (75)-(77) holds

for £+41.

e If we schedule match {i,j}, then we must have i € argming ¢y ;) (¢ + 1) and ¢;(£ + 1) < 0. Because
6T (t+1)=06"(¢) +e;, where e; is the i-th standard basis vector. By induction hypothesis, adding the
non-negative vector e; preserves conditions (75) and (76). For condition (77), since 6;(¢ + 1) must be
strictly negative, we have &; (¢ +1)=5;(¢+1)+1<0.

e If we schedule no match, then we must have 6;(¢+1) >0 and §;(¢+ 1) +6;(¢+ 1) > 0 for any i € V(j).
Because 5 (¢+1) =467 (¢) = A(¢+1), (77) holds. Also, 6 (£+1)=06;(¢+1)>0 and &}, (¢+1) =3, (£) >0
for all j' € [2n]\[n], 7’ # j, so (76) holds. Moreover, since no match is scheduled, and we must have
8;(L+1)+3;(¢+1) >0 for any i € V(j), we have 5 (¢ + 1) + 5}"((—!— 1)=06;(¢+1)+6;(¢+1)>0 for all
i € V(j). Finally, for any j' € [2n]\[n] and j" # j, and i’ € V(j'), 65 (£+1) + 65 (£+1) =67 (£) +6,(£) > 0 by
induction hypothesis, verifying (75).

Case 2: Suppose that agent of type i € [n] arrives at time £+ 1. By Claim 2, the following holds.

o If we schedule match {i,;}, then we must have &;(¢+ 1) +3;(¢+ 1) <0 with j € argminscy ;) 6;: (£ +1).
Similar to Case 1, adding Mz (¢+ 1) — A(¢+ 1) = e; preserves lower bounds (75) and (76). For (77), we
note 577 (¢+1) =6 (¢) <0, for all 7' € [n].

o If we schedule no match, then we must have 6;(¢+ 1) +J;(¢+1) >0 for all j € V(). Because there is no
match at £+ 1, 57 (¢+1) =4} (¢) for all ' #i € [n] and 6;' (t+1)= 5; (¢) for all j € [2n]\ [n]. Thus, we only
need to check condition (75) and (77) associated with agent type i. Because d*(£+41) =§(¢£+ 1), condition
(75) holds with agent type i. Finally, Condition (77) holds as ;" (¢) <0 and &; (¢+1) =4;7 (¢) — 1.

This completes the induction. Q.E.D.

With Lemma 17, we next prove Lemma 15 and Lemma 16 when the first cycle is negative; we skip the proof

for the positive cycle as it is completely analogous.
Proof of Lemma 15. By definition,
14
50 = Ma(k) —A0).
k=1

For negative cycles, we have
L
—[167 ()11 = (57(€), (1n, ~1n)) = <Z Ma(x), (1n, —1n)> = (A(0), (1n, =1n)) = ~7s(0) = R(0),

where the first equality holds because 6;f () >0 for j € [2n]\ [n] and §;7 (¢) <0 for i € [n] in view of (76) and (77)
in Lemma 17; the last equality holds by the fact that all matches are either bilateral matches or self-matches
j € [2n]\[n] due to Claim 2, and by the definition of R(¢).

Q.E.D.
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Proof of Lemma 16. For each j € [2n]\ [n], define auxilary vector £/ as: £/ = —v/2n-d —2n-e;. We first establish
that for any ¢’ € {1,2,...,te},

Z5(t') < max {—R(e)+ max <fﬂ',5+(z)>} (78)

1<e<t/ n+1<5<2n

We now establish (78) by induction. The base case for ¢’ =1 is straightforward. For the inductive step, assume
(78) holds for ¢’ < te, (78) holds. Consider the following cases for ¢’ + 1.

Case 1: T5(t' + 1) =%5(t'), since RHS(t') is non-decreasing in ¢/, (78) holds for ¢’ + 1.

Case 2: T5(t' +1) =7s(t') + 1, and RHS(t') > Zs(t'). Since the RHS of (78) is always an integer, (78) holds
for ¢/ + 1.

Case 3: Ts(t' +1) =7Ts(t') + 1, and RHS(t') =Zs(t'). Then, let j' € [2n]\ [n] be the agent type that arrived
at t+ 1 and was self-matched. By Claim 2 and Lemma 17, we must have 6j+, (t') =0, implying <fj/,5+(t')> =
—v2n(d,s"(t')). Thus, we have

“R() + <fj',5+(t’)> — —R(') —V2n(d,5*(¢))

R -3 S S
=1 Jj=n-+1
:fs(t/%

where the last equality follows from Lemma 15. Because j’ € [2n]\ [n] be the agent type that arrived at ¢’ +1

and was self-matched, we also have

Tt +1)=—R({ +1)+ <ff’,5+(t’ + 1)> < max {73(4) +  max <fj,§+(£)>} .
1<e<t’+1 n+1<5j<2n
By induction, we have (78) for any ¢’ € {1,2,...,te}.
To prove (68), observe that f/ is orthogonal to the drift vector d. Specifically, for any j € [2n] \ [n],
(#7,d) = —v2n(d,d) — 2n(e;,d) = —V2n(1) — 2n (%) =—V2n+V2n=0.
n

Since £/ 1 d, we have (f/,67(¢)) = (f/,67(¢) | ). Applying the Cauchy-Schwarz inequality:
(£9,6(0) <[IE7[|2116™ (€) L|l2-

Given ||f7 ||z = v4n2 — 2n < 4n, the result follows. Q.E.D.

D.1.2. Proof of Lemma 14

Proof of Lemma 14. The proof follows from the standard analysis of a biased random walk. Recall that R(t) =

S At — Z?gnﬂ A;(t) is a biased random walk, where R(t) increases by 1 with probability 15¢ and

decreases by 1 with probability 1'2"6. Let p= %i‘i and m > 1 be an integer. Recall the classical Gambler’s ruin

formula (see, e.g. (Hajek, 2015, page 114)): letting a,b> 0 be two integers,

P{R(t) starts at 0 and reaches a before reaching —b} = p‘/")j“j—ll’ (79)
Therefore,
P{R(t) starts at 1 and reaches m before reaching 0} = p[:"_—ll (80)
Analogously, .
p =1

P{R(t) starts at —1 and reaches —m before reaching 0} =

_m_l'
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Hence, by taking m — co, we deduce that R(t) starts at 1 and diverges to +oo before returning to 0 with zero
1 2¢ &/

probability, while R(t) starts at —1 and diverges to —oo before returning to 0 with probability 1—p™" = 1 . =e.

As a consequence, if R(t) starts from 0, it will generate a positive cycle (resp. negative cycle) with probability

155 (resp. 1 ><), and will diverge with probability € x '2" =e. Thus, the total number of cycles K follows a
= 6(2)-

geometric distribution K ~ Geo(e). Consequently, the expected number of complete cycles is E [K] =
Next, we bound the maximum imbalance over a complete cycle. By symmetry, R(t) over a positive complete

cycle has the same distribution as —R(t) over a negative complete cycle. Therefore, it follows from (80) that

]P’{ max )|R(z)|>myR(tg1>)_—1}_P{ max )R(e)|>myR(tg1>)_1}_ p=1 (81)

£V <p<tl? Ryl o1

Therefore,

E

max
£ <e<tlt

= ZP{ max )R(€)|Zm}: Z pﬁ;_ll' (82)
m=1

(1) (1
i <e<e! m=1

By letting M = [1/(p—1)],

4 p—1 — p-1

E max RU)|| = - 4 _
[t&l)ﬁéét§1)| Y mz::lﬂm—l m:zM:Hp’"—l
- 1 o Mp-1)
<§ - E L U
7m:1 m +m:M+1 (pM _ l)pm

<14 M+ =0(log(1/e),
pM =1

m

where the first inequality uses p" —1 > m(p—1) (Bernoulli’s inequality) for the first term, and p"* —1 > % p
for the second term given m > M.

Note that for m < M, we have p" —1—em(p—1) <0 for 1 <m < [1/(p—1)] which follows by the convexity
of f(z)=p®—1—ex(p—1) on z, and the fact that f(z) <0 for z=1 and z=[1/(p—1)|. Then, for the lower
bound, we have

M

3 - = 0log(1/9)).

E| max |R(Y)]

e gegté”

Combining the above three displayed inequalities, we conclude that

oo
E max |R({)|| = =0(log(1/e))
t.ﬁl)gZSté” m=1
Moreover, by (81) and (82), we have
E| max [R(O||RE)=1|=E| max |R(0)|
£ <p<p(V ) <e<tlM

Hence, our desired results follow.
Q.E.D.

D.1.3. Proof of Proposition 7 Without loss of generality, we focus on k = 1. For ease of notation, we
write te as tgl). The proof is based on a delicate drift analysis, showing that H6+ (Z)lHQ has a negative drift,
independent of e.

Recall the Lagrangian dual function defined as Ly (U) £ max e x <r - MTU,m> + (U, A\) . The following result
establishes the stability of the optimal dual U*.
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Lemma 18. Under Assumption 3, U* is an optimal solution to ming Ly, (U) for all ' € R®*™ such that H (N — N || <

\/% and H()\I_)\)J_H < m, for anyegﬁ

Proof. By complementary slackness, U* remains an optimal dual solution if there exists ' such that

Z x;j =\, Vi € [n],

JEN (D)
D aij+al=X,vi€ [2n]\ [1],
i€N(J)
2 >0.
The condition above is equivalent the existence of a flow of value Zie[n] \; where each i € [n] act as a source
node with supply A; and each j € [2n]\ [n] act as a sink node with demand of at most ). Thus, by max-flow

min-cut theorem, U* remains an optimal dual solution if and only if
DN =D A>0,vSCn). (83)
FEV(S) i€S

For S C [n], we have

SN N DT Y M-V =, >—7H/\f/\| (84)
JEV(S) i€S  jev(s) ies
as the last inequality holds by Remark 1 and the values of A\. Next, observe that
IV = X, < VR X = A < VR [ = Ny + VR [ =N S e o (85)
given that e < 1. Combining the two inequalities above, we have
1 1
> )\972)\22%767@20, (86)

FEV(S) i€S

where the last inequality holds because ¢ < ﬁ
Finally, when S = [n], we have V(S) = [2n]\ [n] and

2n n 2n
Z)\ - Z A= Z()\ “Ni— Y =N+ D o= D> Ai}gx/ﬁu(/\'—A)”H—egm
i=n-+1 i=n—+1 i=1 1=n-+1

where the second equality holds by assumption > 1 | A; — Z?Zn_H Ai=—¢ and > (N = \); — E?Zn+l()\/ -
A)i=V2n (N =, d) <v2n H()\/ =) H and the last inequality holds by assumption that H()\/ =) H <
QE.D.

_€_
V2n'®

Now, with Lemma 18, we can prove the following locally polyhedral conditions at U* and U.

Lemma 19. For any U € R"™ and any n < \/f, we have

Ly(U) = L(U") (U= +n||U-U")L],

S
@) 1@z @Oy +n|w 00| -2 (v-T.a).

Proof. Fix some U € R™. Choose A" such that ||(\" = X) || = T [V =XN_|=n< ym \/ﬂ and

(U=U"N=2)=(U-U"), (N =) +{U-U")1,(N =N 1) =~ Nl =nll@-0")L].

7 lv-v
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It follows that

LyU)=Lx(U)+(U,x=X)
> Ly (U")+ (U =)\)
=LA(U")+{(U", X =X) +(U,x=X)

=LAUT) + \/Z—nH(U—U*)HH+77|!(U—U*M\-

where the second equality follows from Lemma 18.

Next, define X such that

" e, ntl<i<on’

Since U is an optimal solution of ming LX(U)7 analogous to the above argument, we have

Therefore,

L3(0) = £3(0) 2 —= W = O)y || +u]|@ =)

L,\(U)fL,\(INJ):LX(U)fLX(ﬁ)—i—<Uf[7,)\fx> 2\/627”“(Uﬁ)|H+17H(Uﬁ)LH6\/§<Uﬁ,d>,

where the last equality holds due to A — A = —e\/gd, given that d = (1,,—1,)/v2n. Q.E.D.

Next, leveraging Lemma 19, we establish that H5+ (E)J_” has a negative drift when ”6+ (K)J_H > D for some

suitably chosen large D. Note that

[Ean OO e A G N

o) L] =6t (e—1)1| < 26 (C—1) .|

(87)

The numerator can be rewritten as

I8 @ L[* =I5 e =1L = [ls" @ =I5 e = 1))* = (|5 @yl = o* e= 1y |[F) - (88)

Thus we bound the drift of ||<5+ (¢— 1)“2 and that of H5+ (£—-1) ||2 separately. The following lemma bounds
from above the drift of Hé"’(ﬁ— 1)”2.
Lemma 20. [t holds that for any £>1,

E[[l6* @[ - l6* €= 1)|)* 1 Feor, R~ 1) #0]

<=2 (o oyl +1o(01a1) + 260/ 600, X0 =0) 45

Proof. By (62), 67(¢£) =61 (¢—1)— A(¢) + Mz(¢) for any £>1 where 67 (0) = 0. Then, we get

1570 ]|5 — [|6% (e = D)|[; = M (e) — A3 +2 (5 (£~ 1), Ma(t) - A(£))

< B 205(0) - A0), Ma(e) - A0)

Yonio (5(6), Mx(t) — A(0))

<2B+2(5(0), Ma(£) — X) +2 (5(€), A — A(£))

© 2B+ 2.(5(0), Ma(€)— )+ 2(5(0— 1), A — A(€)) — 2 (A(€) — Ma(t— 1), A — A(8))

D AB+2(5(0), M) — \) +2(5(— 1), A — A(0)) , (89)



Primal-Dual Policy for Dynamic Matching 26

where (a), (b) and (d) holds by B = max,,caq |N(m)|+1, and (c) holds because §(¢) =6(£—1) — A(£) + Mz(£—1),
given R(¢—1)#0. Then, we have

E [Hﬁ(z)”i — ||t (= 1)||5 | Foor, R(E—1) # 0} <4B+2V; <U(£) —U(6), Mx(0) — >\> .
If U(¢) =U*, we get
E[|ls* @)]; - |5 (¢~ D3 | Foor, RE=1) £0] <4B+2Vi (U(€) ~ U, Ma(€) - A)
<4B+2V; (L (U") = La(U(0)))
<2 (S |0 -0y |+ 00 -0 )

— a5 -2 (= [ty +alae))

where the second inequality holds by (29), and the last inequality hold by Lemma 19.

Analogous to (29), we can get
(U() =T, M) = \) < 1A (U") = LA (D),
which follows from the optimality of z(¢) given in (12),
La(U(€) = (r,z(0)) + (U (0), A = Mz(0)) ,

and by the feasibility of x(¢),
LA(0) 2 (0 (0) + (U A = Ma(0))

Then, if U(¢) =U, we get

E[[l6* @)~ [ =13 | Foor, RE=1) # 0] 4B+ 2V (LA(U™) = LA(D))

<4B-2 (j% 6| +nlla(0) Ll —e\/z<6(€>,d>> ,

where the last inequality hold by Lemma 19. Q.E.D.

We then bound from below the drift of [[§7(£), [|*.
Lemma 21. It holds that

E{ll@y])” - [l6* =1y |* 1 7o, REE— 1) £ 0] 26\/%5(@),@ ~1.

Proof. Condition on R(¢—1)# 0. Then, by (62), 67 (¢£) =6 (¢ —1) — A({) + Mxz(£). It follows that

15 1" = [l5* (e =1y |* = (5 (0).@)" = (5F (¢~ 1). )"
= (57 (0=1),d) + (Mz(6) — A(6),d))* — (5T (£~ 1),d)
>2(5"(¢—1),d) (Mz(f) — A(¢),d)

Let E, denote the event that the scheduled match at time £ is not a self-match. Since 61 (0) =0, if a self-match

is used, then 67 (¢) =67 (£ — 1) because self-matches will always match the newly arriving agent. Therefore,

o= @ull” =115 =0y = (18 @ - ll6* =13y *) 1)
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It follows that

E{[l6* @]* 16" €= 11”1 Fer, R~ 1) #0]

=K [(||5+(4)” 1> = [lo* (e=1), HQ) I(E) | Foor, R(—1) #o}
> 2R [(67(¢—1),d) (Mz(f) — A(€),d) [(Ey) | Fo—1, R(¢ — 1) #0]

(i) —2(s%(¢—1),d) (E [A(E)H(Eg) | Fo1, R(£—1) #0],d)

=-2(5" (¢~ 1),d) (E[A(0) | Fe—r, R~ 1) # 0] — E[A(O)I(EF) | Fo—y, R(E 1) #0] . d)
(2)—2<5+(€—1),d>()\,d>:e\/;<6+(€—1),d>
ERNEOR

where (a) holds because on event Ey, only two-way matching is conducted or no match is conducted, and then
(Mz(¢),d) = 0; (b) holds because on event Ef, if in a negative cycle, (A(¢),d) <0, and (67 (¢—1),d) <0 by
Lemma 17, and then by symmetry, if in a positive cycle, (A(¢),d) >0, and <5+ (¢—1), d> > 0; (c) holds because
ST(U—1)=6(t—1)+Mz(t—1)=5(£) + A(£) by (62).

Q.E.D.

Combining the above two lemmas, we derive a desired upper bound to the drift of H6+ On H2
Lemma 22. [t holds that

E{l6 @)L~ [l5" €= )L |* 1 Ferr | < —2n 0T (6= 1) 1| +4B+2,

for any n < In particular, if H6+(Z - 1)J_H > (4B +2)/n, we have

4nf
E[l|s™ @)Ll =167 €= DL]|| Fer] < —n/2.

Proof. Applying Lemma 20 and Lemma 21 to (88), we have

E[[l5* @] = [l6* €~ 01" | Femr, R 1) 0]

€ . -
<=2 (o eyl +1o0a1) + o2 60 0) (BOE- 1) =0)-1) #4541
—2n6(0) L +4B+1
—2n||6*(£-1), || +4B+2,
where the last inequality holds given that 6+ (¢—1) =4(£) + A(£) by (62) and n < Moreover, we have

an \/% = 4
Efls* @]~ [l5" €= 01 |* 1 Feor RE- 1) =0] <1 [l (0= 1) 1| < -20 ]t (¢~ 1)1 | +4B+2,

given n < ™ F < % and B > 1. Then, by combining the above two displayed inequalities, we obtain

E(lls @~ [l5" €= 0|1 Ferr ] < —2n 07 (€= 1)1 || +4B+2.

By above inequality and (87), it follows that

4B+ 2

EH|5+(‘€)L||7H6+(‘€71)L|||‘7:/—1] an'i‘m_ 77/2

where the last inequality holds under the assumption that H5+ (t-1), || >(4B+2)/n. Q.E.D.

Based on the negative drift of ||67(¢)

, we can derive a uniform upper bound to E [maxeSL ”5+(€)Lm for

any fixed time L.
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Lemma 23. For any fizxed time L >0, it holds that

E [ max {|5+(4)L||} <VB+

4B+2 2VB
1<¢<L n n

+ =——log(eL).
Proof. Note that
[ e+ |- lloT@o||| <ot e+ =@ || <ot (e+1)-F(0)| <VBEK.

Furthermore, by Lemma 22,

B[54 10|~ |6 @] 1] < w2 when |5 (0).]> D2

Thus, following the proof of Lemma 6, let T'(¢) denote a reflected random walk with step size K = /B, reflected
boundary I'pyin = (1 + (%}) K, initial condition I'(0) = I'yin, and

P(¢+1) =max{T'(¢) + £({)K,Tmin}, for £>0,

where £(¢) are i.i.d. random variables taking the value +1 with probability p = % — & and —1 with probability
q= 3%+ 7% By (Gupta, 2024, Lemma 3), {[|67(¢) .|| }ZE[I,L] <iex {T'(€) }eeo,1]- Since maxy <p<y, z(f) is a convex

function of vector {x(€)}seo,z), it follows that

E 5T ||| <E NG
e 15701 <& | gy )
By (Cox and Miller, 2017, Section 2.2, Equation (52)), {I'(¢)} has a unique steady state distribution:

P{Too > Tinin + k} =", (90)

where p=p/q. Moreover, we can construct I'/(¢) such that I”(0) 4T follows a steady state distribution, and
for any >0, I"(£+ 1) = max{[V(£) + £({) K, Tin }- Given I'(0) = I'yin, by induction, we have I'(¢) <T'(¢) for
all £>0. Thus,

Therefore,

WE

E [ max r(e)} —Tpin =

P{ max ['(¢) szin—Hc}
¢e[1.1)

(€[1,L)

>
Il

1

My

L

k=1 =1
o0
SZmin{l,ka}.
k=1
— | Jog(L)
Choose k* = logg(l/p)J' Then
oo oo E 41
Swminth i<k > s e et
k=1 E>k*+1 P P og p p
Therefore,
log(L) 1
E st ||| <E D(0)| < Dy + —280)_
g 1] <2 gy oo s 58 5

Finally, note that log(1/p) >log(1+n/(2K)) >n/(2K) and 1 —p>7n/(2K) Q.E.D.
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Proof of Proposition 7. Finally, we derive a uniform upper bound to E [maszte ||(5Jr (Z)J_H], where t. denotes
the random duration time of a (either positive or negative) cycle. Let A(¢) denote the cumulative arrivals up
to time step ¢ and R(¢) = v2n (A(¢),d). Then R(¢) is a biased random walk, where R(f) increases by 1 with

probability p = 155 and decreases by 1 with probability ¢ = % Then by the definition of cycles,

te=inf{{>1:Ry=0,Ry =1}

Note that
]P){te =2n+ 2} = Cnpnqn'HS %Qannanrl A an,

2n

) is the Catalan number which counts the number of string of length 2n with an equal

where Cp = 747 (
number of 41 and —1 bits such that no initial segment of the string has more —1 than +1. If so, the following
proof needs minor adjustment.

Then, for any fixed time L, let M (L) = max,<y, H5+(E)J_H, and
E[M(te)] =E[M(te)(te < L)|+E[M(te)I(te > L)] <E[M(L)] + E[tel(te > L)].

where the inequality holds because 61 (¢) can change by 1 at most at each time step so that ||5+ (£) l” <
6T (0)|| <e<Lforall 1<e<L.
By Lemma 23, E[M(L)] <Clog L, where C' is a constant independent of L and e. In addition, we have

oo

Eftl(te>L)]= > (2n+2)an

n=[(L-1)/2]

Finally, .
L—1)/2
Z (2n+2)an <4 Z 4rpngtt §4qL.
1—4pq
n2[(L-1)/2] n2[(L-1)/2]
Note that 4pg=1— ¢2. Thus, we get
Eftel(te > L)] < 2(12+6) exp (fEQ(L - 1)/2) .

€

Finally, we set L =1/¢* and get that
2
E[M ()] SE[M(L)] +E[teI(te > L)] < 4Clog - + 2(1; ) exp (% - %) —4Clog ; +C",

where both C and C’ are constants independent of e.
Q.E.D.
D.2. Proof of Theorem 3

Let 71(¢) denote the cumulative number of self-matches of type 1 up to period ¢ for any £>1. We have
(r, () < (r @) <0.1-71(t) + 1+ (A1 (t) — 71 (t)) + 0.1 (A2(t) — A1 (t) +71(t)) =0.941(t) + 0.1 A2(t) — 0.8 ().

It follows that (r,tz* —E[y(¢)]) > 0.8E [y, (¢)] and hence maxg<;<7 (r,tz* —E[y(¢)]) > 0.8E [z1(T)]. Then, it suf-
fices to show that E[z1(t)] = (Llog(1/e)).
Recall Z5(¢) denotes the cumulative number of self-matches up to period ¢ for any ¢ > 1. During the first

cycle from time periods 1 through tél), by Lemma 15, for any 1 </£< tg”, we get

zs(0) = |57 (O], + [R(O)] > |R(O)].

Since Zs(¢) is non-decreasing in 1 </ < tgl),

7.(tY) > max |R(0)].
1<e<tlt
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Recall that K denotes the total number of complete cycles. Then, by symmetry, for any 1 <k < K,

= ($(K) (k—1)
s(le te l
R - 2w RO

By Claim 1, we know that only self-matches of type 1 can be conducted during the positive cycles. Then, we

obtain
K (%)
n(t) =Y (w8 —z 0 1RED) = 1)
k=1
K()
(k)
>
D ma IR URE) = 1),

where K(t) denotes the total number of complete cycles up to time ¢. Taking the expectation over both hand
sides yields that
K(1)

En @) >E |y max R IRE)=1)
k

7 t <ot

,-\

E[K(1)]-E

|R(0)]-I(R(t) = 1>]

t“)<£<t“)

E[K()] -E [me |R(0)

©q (min {1 , ﬂ} log <1/e>)

where (a) holds by Wald’s equation because each completed cycle constitutes an i.i.d. renewal process that is

independent from K (t); (b) holds by symmetry; (c) holds by Lemma 14 and our claim that

E[K(1)] > Q (min{1 , ﬁ}) .
€
This completes our proof.

It remains to prove our claim. By definition, K (t) = 22:1 I(R(¢) =0). Thus

t/2 t/2

K(t)] = ;IP{R(E) 0} = ZP{R(% =0} = Z(”) ()e(l‘;)lést, (91)

where the second equality holds because ¢ needs to be even so that R(¢) = 0; the third equality holds R(2¢) =0

if and only if there are exactly ¢ arrivals of each type.

As t — 00, St — Seo. Using the identity >, , (Qf)xl =(1—4z)"Y2 — 1, we get a closed form expression for

Soo:
T R

(=1
With a bit of extra effort, we can derive a lower bound to S; for finite ¢. Specifically, using the following lower

bound to the central binomial coefficient

20 1
——4",  forall £>1,
( ) 2V -

and letting to = |min{t,1/¢%}/2]. we get that

S o e/ _9¢2
Stzl:ZIQ\l/z(leQ)ez‘/f(lﬁ)t :@(142) 22@(1,2(1;2)):@(11_;)).

where the last inequality holds because (1 —a)” >1— 2 for 0 < a < 1. Plugging the above lower bound on S;

into (91), our claim follows.
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Appendix E: Table of notation

Notation | Definition

N =[n] | Set of agent types

N(m) Set of agent types participating in the match m

M=1d] | Set of matches

A Arrival rates vector

Ai(t) Number of arrivals of type i at time ¢

M Network matrix, where for any i € [n], let M; denote its ith
row such that for m € [d], M;,, =1(i e N (m))

T Reward for match m

T max Maximum reward across all matches

B max,enm [N (m)|+ 1

x(t) Vector of scheduled matches at time ¢

y(t) Vector of realized matches at time ¢

Yy (w) Vector of realized matches by the hindsight optimal policy
under a random scenario w

d(t) Vector of shortage of agents at period ¢, where —d;(t) repre-
sents the difference between the number of agents of type ¢
that have arrived by time ¢ and the total number of agents
of type i required for all matches scheduled before time t.

X(t) Empirical arrival rates vector at time ¢

U Optimal solution of the Lagrangian dual problem

U (t) Empirical estimator of the optimal dual variable U* at time
t under A(t)

U(t) Dual variable (i.e., Lagrangian multipliers) at ¢

Vi Some policy parameter (possibly time-varying)

Ly(U) Lagrangian relaxation

€ General Position Gap (GPG)

Rt Reward under hindsight optimal policy up to time ¢

R™¢ Reward under policy 7w up to time ¢

Table 1 Table of Notations



Primal-Dual Policy for Dynamic Matching 32

References

Bertsimas, Dimitris, John N Tsitsiklis. 1997. Introduction to linear optimization, vol. 6. Athena
Scientific Belmont, MA.

Cox, David Roxbee, Hilton David Miller. 2017. The theory of stochastic processes. Routledge.

Gupta, Varun. 2024. Greedy algorithm for multiway matching with bounded regret. Operations
Research 72(3) 1139-1155.

Gurvich, Itay, Ward Whitt. 2009. Scheduling flexible servers with convex delay costs in many-server
service systems. Manufacturing & Service Operations Management 11(2) 237-253.

Hajek, Bruce. 2015. Random processes for engineers. Cambridge university press.

Harrison, J Michael. 1998. Heavy traffic analysis of a system with parallel servers: asymptotic
optimality of discrete-review policies. The Annals of Applied Probability 8(3) 822-848.

Kerimov, Siileyman, Itai Ashlagi, Itai Gurvich. 2024. Dynamic matching: Characterizing and
achieving constant regret. Management Science T0(5) 2799-2822.

Shi, Cong, Yehua Wei, Yuan Zhong. 2019. Process flexibility for multiperiod production systems.
Operations Research 67(5) 1300-1320.



	Additional Analysis on General Position Gap
	Additional Proofs
	Proof for the Properties of the Dual Solution
	Proof of Proposition 1
	Proof of Corollary 2
	Proof of Lemma 6
	Proof of Lemma 7

	Extensions
	System without Self-Matches
	Multi-Stage Learning

	Tighter regret bounds for bipartite matching with multiple agent types
	Proof of Theorem 2
	Proof of Proposition 6: Analysis of cycle regret
	Proof of Lemma 14
	Proof of Proposition 7

	Proof of Theorem 3

	Table of notation

