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EC.1. Omitted proofs
EC.1.1. Proof of Theorem 1 (NP-Hardness when K =2)

To show this result, we will show that the partition problem, a well-known NP-complete problem
(Garey and Johnson 1979), can be reduced to the decision form of the logit-based SOCPD problem.

The partition problem can be stated as follows:

Partition:
Inputs:
o Integer n;
e integers cy,...,Cp.
Question: Does there exist a set S C [n] such that },coc; =357

The decision form of the logit-based SOCPD problem can be stated as follows:

Logit-based SOCPD problem with K =2 (decision form):
Inputs:
o Integer n;
e utility parameters 51,..., 811,820, -, B2.n;
e customer type probabilities A\;, Ay > 0 such that A + Xy =1;
e target share-of-choice value 6.
Question: Does there exist an a € A= {0,1}" such that

Ao (ug(a)) + Ago(ug(a)) >0

is satisfied?

Given an instance of the partition problem, we construct an instance of the decision form of the
logit-based SOCPD problem such that the answer to the partition problem is yes if and only if the
answer to the decision form of the logit-based SOCPD problem is yes.

Let ¢q,...,c, be the sizes of the n items in the partition problem. Let T'= 2?21 ¢; be the total
of all of the sizes. Note that the equality >, qc; =), ¢; implies

Yo=Y

i€S i¢s
:>Zci+Zci :Zci—i-zci
i€S i€S i€S i¢s
=2 =T
€S
= ch- =T/2
€S

Thus, a set S answers the partition problem in the affirmative if and only if ), ¢ c; =T/2 if and
only if >, ,gc; =T/2.
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Consider an instance of the decision form of the logit-based SOCPD problem defined as follows.
Let A\; = Ay = 0.5. Let the number of attributes be the same as the number of items n, and let

A=1{0,1}". Let py =0.9 and p;, = 0.1, and define ¢y = log

PL
1-pp,

corresponding to py and py respectively. Define the utility parameters as follows:

pZU and g = log

- as the logits

Bro=aqr+1-T/2)-(qu —qr),
Bii=(qu —qr) ¢, Yi€][n],

Boo=qr+ (T/2+1)-(qu —qr),

Bai=—(qu—qr) ¢, Yi€][n].

The utility functions u;,us : A — R are then

u(a)=PFro+ Z B1,:a;
i=1

ZQL+(1_T/2)'(QU_QL)+Z(QU_QL)‘Ci'ai

=qr+(q —qr)- [ZCiGi—T/Q‘i-l

i=1

)

us(a) = P+ Z Ba,ia;

i=1
n

T2+ (w—a) + >~ — 1) i

i=1

=qr+(qu—qr)- [Z_Ciai+T/2+1

i=1

Finally, let 8 = py =0.9.

We now show that the answer to the partition problem is yes if and only if the answer to the

logit-based SOCPD problem with K =2 is yes.

Partition is yes = Logit-based SOCPD is yes. To prove this direction of the equivalence, let S
be the set for which } ,_gc;=3_,.5c;. As discussed earlier, this implies that s c; =T/2 and

>_igs € =T/2. Let the product vector a=(a,...,a,) be defined as

i€S

a;=1{i € S}.

Observe now that:

ul(a) =dqL + (QU _QL) : [Zciai —T/2—|— 1
=1
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Y a-T/2+1
=qr+(qw—qv)-[T/2-T/2+1]

=qr+(qu—qr)-

=qr+ (qv—qr)-1

=dqu,

us(a) =g+ (qv —qr) - [Z —cia;i+T/2+1
i=1

=qr+(qu—qr)- [Z—Ci+T/2+1
i€s

=qr+(qu—qv) [-T/2+T/2+1]

=qr+(qu —qr)

= QU-
This implies that the objective value of a is

Ao (ur(a)) + Ao (uz(a))
=0.5-0(qu)+0.5-0(qv)
= (0.5)(0.9) + (0.5)(0.9)
=0.9,

which implies that the answer to the decision form of the logit-based SOCPD problem is yes, as

required.

Partition is no = Logit-based SOCPD 1is no. To prove the other direction of the equivalence, let a
be any product attribute vector. We need to show that the objective value of a in the logit-based
SOCPD problem is strictly less than 0.9. To see this, observe that if we define S = {i € [n]| a; =1},
we obtain a subset of [n]. Since the answer to the partition problem is no, we know that ), . ¢; #
> _igs Ci- This is equivalent to 3, o ¢; #T1/2.

There are now two possible cases to consider for where ). _g ¢; is in relation to 7'/2. If 3. o ¢; >
T/2, then because the ¢;’s are integers, this means that ) . _,¢; >T/24-1/2. This implies that the
utility of segment 2 for product vector a can be upper bounded as follows:

n

us(a) =qr +(qu —qr) - [Z —cia;+T/2+1

i=1

i€S

=qr+ (v —qr)- [Z—Ci+T/2+1
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<qr+(qu—qu) [-T/2-1/24+T/2+1]
=qr+(qu —qr) - (1/2)
=(qr+qu)/2
=0
which implies that the objective value of a is bounded from above as

Ao (u(@)) + Ao (uy(a))
<0.5-140.5-0(0)

= 0.54 (0.5)(0.5)
=0.75

<0.9.

Alternatively, if »._o¢; <T/2, then we know that » .o ¢; <T/2—1/2. This implies that the

i€s
utility of segment 1 for a can be upper bounded as follows:

ui(a) =qr + (qu —qr) [an T/2+1

=qr+(qw—q) | Y ci—T/2+1
€S

<qr+(q—qc) [T/2-1/2-T/2+1]

=(qr+qu)/2

—0,

which again implies that the objective value of a is bounded from above as

Ao (ui(a)) + Ao (uz(a))
<Ao(0)+Ag-1
=(0.5)(0.5) + (0.5)(1)
=0.75

<0.9.

This shows that if the answer to the partition problem is no, then the answer to our instance of

the decision form of the logit-based SOCPD problem is also no.

Since our instance of the logit-based SOCPD problem can be constructed in polynomial time
from the instance of the partition problem, it follows that the logit-based SOCPD problem is

NP-Hard even when the number of segments K is equal to 2. O
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EC.1.2. Proof of Theorem 2
To prove this result, we will leverage a known inapproximability result for the maximum indepen-
dent set (MAX-IS) problem. In the MAX-IS problem, we are given an undirected graph G = (V, E),
where V' is the set of vertices and FE is the set of edges. An independent set U C V is a set of
vertices such that for any pair of vertices v,v' € U, v # v’ there does not exist an edge between
them, that is, (v,v") ¢ E. The goal in the MAX-IS problem is to find an independent set whose
size is maximal. The MAX-IS problem is known to be NP-Hard to approximate to within a factor
O(n'~¢) for any € >0 (Hastad 1996).

In what follows we will construct an approximation-preserving reduction that maps an instance
of the MAX-IS problem to an instance of the unconstrained logit-based SOCPD problem. Given
a graph G = (V| E), let the number of attributes n = |V, the number of segments K = n, and let

V ={vy,...,v,} be an enumeration of the vertices in V. Define the parameters p; and py as
1
PL= 1000
1
=1-—.
bu 100

Observe that both p;, and py can be regarded as probabilities. Using pr,, py, define the parameters

qr, and gy as the logits corresponding to these probabilities:

pL
qr = 10g 5
1—pL
Pu
qu = log .
1—pu

Let the utility parameters 3, ; for i € [n], j € {0} U [n] be defined as follows:

qr if j=0,
5__: qU_QLlf]:’Lv
*d qr —qu if j <i and (v;,v;) € E,
0 otherwise,
Note that by construction, the highest possible value that o(u;(a)) can attain is py, which occurs if
ay =0 for ¢/ <i with (vy,v;) € E, and a; = 1. Otherwise, for any other a, u;(a) satisfies u;(a) <q¢r,
and so o(u;(a)) <pr=1/(100n).
Let the weight A, of each segment k be set to 1/n. Finally, let F': A — [0,1] be defined as the

share of choice objective function:

To establish the result we need to verify two claims.

1. Claim 1. For any independent set U C V/, there exists a product a such that F(a) > 152-|U]|.



ech e-companion to Akchen and Misié: Ezact Logit-Based Product Design

2. Claim 2. For any product a with share-of-choice given by F'(a), there exists an independent
set U CV such that |U| > 13 F(a)].
Proof of Claim 1. Let U CV be an independent set. Consider the product vector a = (ay,...,a,)
where a; =I{v; € U}. For each i such that v; € U, we have:

ui(a)=Bio+ Z Bija;
j=1
i—1
=qr+ Z (qr —qu)a; + (qu — qr)a;
(UZ{ZI)EE
=qr+0+(qw—qr)-1

=dqu

where the second equality follows by how the attribute utilities /3; ; are defined; the third equality
follows because U is an independent set, so a; = 0 for all attributes j such that there exists an edge
between v; and v;; the fourth follows by algebra. Thus, we have:
1<~ exp(u;(a))
F(a)=— —_—
(a)=2 Z_; 1+ exp(ui(a))
> 1 Z exp(u;i(a))

“nl 1+ exp(u;(a))

) Z exp(qu)

v, €U 1 +eXp(qU)
Ul pu

99
= 100n 1V

Sl 3

Proof of Claim 2. Let a be an attribute vector. Let us define the set U as follows:
U=A{vieV]o(u(a))=pu}.

In other words, we retrieve those vertices for which the corresponding segment’s purchase proba-
bility is at least py.

We argue that this set U is an independent set. To see this, let us suppose for the sake of a
contradiction that it is not. Then there exist two distinct vertices v;, vy € U such that (v;,vy) € E.

Without loss of generality, let us assume that i < ¢’. Observe that if we calculate the logit of segment

7', we have

up(a) = Byo+ Z Bi ja;
j=1
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il —1
=qrL+ Z (a2 — qu)a; + (qu — qr)aw
(U] vl/)eE
<qr+(qr —qu)a; + (qu — qr)ay
=q+ (e —qu)- 14+ (qu—qr)-1

=dqrL,

where the inequality follows because q;, — ¢y < 0. This implies that

exp(uy (a))
W <pL<pu.

This, however, leads to a contradiction, because vy was assumed to be in U, which would imply
that the corresponding purchase probability of segment i’ was higher than py. Therefore, it must
be the case that U is an independent set.

Now, we derive the desired bound on |U|. We have:

100n 100n 1
F = i
ERCIRE 3 ol <a>>J
100 100
= |99 Z U(Uz’(a)ﬂ'w' Z o(ui(a))
L v, €U ;U
100 99 100 1
< | == .Ul Z + 2 (= U)——
=199 00 " o9 " |)100nJ
100 1
< o
< |V 5 n 100nJ
A
01+ g5 |
=|U|

where the first step follows by definition of F'; the second step follows by algebra; the third step
follows because the floor function is monotonic, and because by definition of the utility parameters
{Bi;}, o(u;(a)) < py =99/100 for all i, while for ¢ such that v; ¢ U, it is the case that o(u;(a)) <
pr = 1/(100n); the fourth step again follows by monotonicity of the floor function and the fact that
(n—|UJ) <n; the fifth step follows by algebra; and the last step follows by the fact that |U] is an
integer while 1/99 is strictly less than 1.

We now show how Claims 1 and 2 imply the required result. Suppose that we have access to a

~-approximation algorithm for the logit-based SOCPD problem.
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Consider any instance of the MAX-IS problem corresponding to a graph (V, E). Consider the
logit-based SOCPD instance that corresponds to this instance of MAX-IS, according to the reduc-
tion above. Let a* be the optimal attribute vector. We run the vy-approximation algorithm on this

logit-based SOCPD instance, and obtain an attribute vector a that satisfies

~F(a*) < F(a). (EC.1)

Let U* be any optimal independent set for MAX-IS. By Claim 1, there exists an attribute vector
a that satisfies

P(a) > ——|U"|. (BC.2)

- 100n
If we combine (EC.2) and (EC.1), we get

001U S 7P @ <P (@) < Fla) (BC.3)

where the second inequality follows because a is a feasible solution of the logit-based SOCPD

problem. This inequality simplifies to

—|U* EC.4
V00U < Fia) (EC.4)
or equivalently
100
|U*|<9—9nF( a). (EC.5)

We now use Claim 2 to assert that for a, there exists an independent set U such that
~ 100
0] > {ggnF(a)J . (EC.6)

Taking floors of the left and right hand side of (EC.5), and combining it with (EC.6), we get

l0°l) < | TgeFa)| <101 (BO.7)

or simply [+|U”[] <|U].
Therefore, if there exists a polynomial-time algorithm that approximates the SOCPD problem
with approximation ratio C'/n'~¢ for all instances, where C is a constant, then there exists a

polynomial-time algorithm P that find an independent set U with cardinality

U] > {C"U ’J.
nl—s

Now, consider another polynomial-time algorithm P’ for the maximum independent set problem

as follows. The algorithm P’ first runs P to obtain an independent set U. If |U| >0, P’ returns
U. Otherwise, if |ﬁ | =0, then P’ discards this U, picks an arbitrary item ¢ from the vertex set,
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and returns U = {i}, which is also an independent set and is of cardinality 1. (Note that this case
can occur if the solution a returned for the SOCPD problem is a zero vector 0.) Consequently, the

solution U returned by P’ is guaranteed to have size
~ C-|\U*
|U| Zmax{{ 1’ ‘J,l},
n —€

Next, we show that U approximates the maximum independent set U* with a factor of O(1/n'~°)

for all instances.

for all problem instances. For problem instances where C|U*| > n'~¢, or equivalently C|U*|/n'~¢ >

UZmaX{{C'JU ‘J,l}z {C'JU ’J > (0/23'|U |a
n-—¢ n-—e¢ n-—¢

where the third inequality follows by the fact that || > /2 whenever x > 1. This implies that P’

1, we have

can approximate U* with a factor of (C/2)/n'~¢. For problem instances where C|U*| <n'~¢, or

equivalently C|U*|/n'~¢ < 1, we have

Uzmaxﬂc-rf ‘J,l}:bc’ff 5 (2|
n—E

nl—e nl—e

also implying that P’ approximates U* within a factor of (C'/2)/n'~¢. Therefore, for all instances,
P’ is a polynomial-time O(1/n'~¢)-approximation algorithm to the maximum independent set
problem; thus, by the result of Hastad (1996), it follows that the logit-based SOCPD problem is
also NP-Hard to approximate to a factor better than O(1/n'~¢) for any € > 0. O

EC.1.3. Proof of Theorem 3
To prove this result, we will develop an approximation preserving reduction between the MAX-
3SAT problem and the logit-based SOCPD problem. The MAX-3SAT problem is the problem
of setting a collection of binary variables so as to maximize the number of clauses, which are
disjunctions of up to three literals, that are satisfied. More precisely, we have n binary variables,
Ti,...,T,, and a Boolean formula c¢; Acy A-- - Acg, where the symbol A denotes the “and” operator.
Fach ¢ is a disjunction involving three literals where a literal is one of the binary variables or
the negation of one of the binary variables. For example, a clause could be z; V x4 V —z9 where
V denotes the “or” operator and — denotes negation; in this example, the clause evaluates to 1 if
1 =1, or z, =1, or g =0, and evaluates to zero if x; =0, x4, =0 and x9 = 1. The MAX-3SAT
problem is to determine how xy,...,x, should be set so that the number of the clauses cy,...,cx
that are true is maximized.

Given an instance of the MAX-3SAT problem, we show how the instance can be transformed

into an instance of the logit-based SOCPD problem.
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In the instance of the logit-based SOCPD problem that we will construct, we let the number of
attributes n be equal to the number of binary variables in the MAX-3SAT instance, and we let
the set of permissible attribute vectors A simply be equal to {0,1}". Each attribute of our product
will correspond to one of the binary variables. We let each customer type k correspond to one of
the K clauses, and we set A\, =1/K. To aid in defining the partworths of each customer type, we

will define the parameters p; and py as

L
MK’
L
MK’

PL = (EC.8)

pv=1— (EC.9)

and we define the utilities @, Qy as the inverse of the logistic response function of each of these:

B 1/(MK)
Q1 =log [11/(‘]\4[{)} ; (EC.10)

where M > 3 is an arbitrary integer.
Now, for each customer type k, let J, € {0,1,2,3} denote the number of negative literals in the
corresponding clause k of the MAX-3SAT instance (i.e., how many literals of the form —z; appear

in ¢;). We define the partworths Sy 1,. .., Bk, of customer type k as follows:

0 if variable z; does not appear in any literal of clause k,
Bri= 4 Qu —Qr if the literal z; appears in clause k, (EC.12)
Q1 — Qu if the literal —z; appears in clause k,

for each i € {1,...,n}, and we define the constant part of the utility 5y o as

Bro=Qr+Ji- (Qu — Q). (EC.13)

The rationale for this choice is that the utility of an attribute vector a will be equal to @y if the
attributes are set in a way such that none of the literals of clause k are satisfied, and will be equal
to Qu or higher if the attributes are set so that the clause is satisfied (i.e., at least one literal
is true). For example, if clause k is ¢, = x1 V x4 V —zg, then the corresponding utility function of

customer type k has the form:

up(a) =Qr+1-(Qu — QL)+ (Qu —Qr)ar + (Qu — Qr)as + (Qr — Qu)ag
=Qu+(Qu—Qr)ar + (Qu —Qr)as + (Qr — Qu)ay.

If a; =1, ay =0 and ag = 1, the clause evaluates to 1 (=1V 0V —1); the utility is

up(a)=Qu+ (Qu—Qr) 1+ (Qu—Q1) -0+ (Qr —Qu) -1
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=Qu.

If a; =0, ay =0, ag = 1, the clause evaluates to 0 (=0V 0V —1), and the utility is

up(a) = Qu+ (Qu —QL) -0+ (Qu —QL) -0+ (QL —Qu)-1
=Qy,

as expected.

Lastly, before we verify that this reduction is valid, it is helpful to introduce some additional
notation to model the MAX-3SAT. Given a binary vector x € {0,1}", we let g,(x) =1 if clause k
is satisfied and 0 if clause k is not satisfied. The MAX-3SAT problem can then be written simply

as
K

Jnax 2 g (x).

Let G* denote the optimal objective value of the MAX-3SAT problem, and let x* denote an
optimal solution of this problem. Similarly, let F'(a) denote the share-of-choice of a product vector
a€{0,1}", and let F* denote the optimal objective value of the logit-based SOCPD problem.

We now establish two claims.

1. Claim 1. For any MAX-3SAT solution x, the SOCPD solution a =x is such that F(a) <
%G(X) +Pr.

2. Claim 2. For any product a, the MAX-3SAT solution x = a is such that G(x) <

< K [(a).
pu
We first verify Claim 1. First, observe that

where the inequality follows because for each k, o(ui(a)) = pr if gr(x) =0, and otherwise, if
gx(x) =1, then we simply use the fact that o(ui(a)) < 1. rearranging this inequality gives
1
F(a) < 2G(x) +pr, (EC.14)

and we thus establish Claim 1.

We now verify Claim 2. Observe that

puG(x) = Zpng(X)
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where the inequality follows because when gy (x) = 1, o(ux(a)) > pr, and otherwise, when g, (x) =0,
we can use the fact that o(ug(a)) > 0.

With these two properties in hand, let us now proceed as follows. Suppose that we obtain a ~
approximation of the logit-based SOCPD problem, which means that we identify an a € {0,1}"
such that

F(a)>~F". (EC.15)

Let x =a be a candidate solution of MAX-3SAT. We will show now that x satisfies the approxi-

mation guarantee

1
G(x) > <’y - W) G, (EC.16)
M
With regard to F*, let a’ be any arbitrary vector in {0,1}", and let x’ = a’. Then by Claim 2 we
have
F*>F(a) (EC.17)
> (pu/K)G(X'), (EC.18)

which implies that for all x’ € {0,1}", KF*/py is an upper bound on G(x’); hence, we have
KF*/py > G*, or equivalently,
Pu
F*>—=G". EC.19
= (EC.19)

Combining (EC.19) with Claim 1, we get

1

—G(x)+ps Z’y~%}G*. (EC.20)
Multiplying left and right by K and re-arranging terms, we get

To simplify the right hand side, we use the definitions of py and pr to get

G(x) >~ pvG"— Kpy (EC.22)
1 " 1
=y-(1— MK)G ~K. %% (EC.23)
1 . 1

1 1
> . o * T vk .
>y (1= )G~ =G (EC.25)
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- (7 - ”52”) G, (EC.26)

where in the inequality we use the fact that K > 1 and that G* > 1 (it is always possible to satisfy
at least one clause).

Since our SOCPD instance is constructed in polynomial time from the MAX-3SAT instance,
since the candidate solution x for MAX-3SAT is obtained trivially from the approximate solution
a (and therefore in polynomial time), and since MAX-3SAT is APX-complete (Papadimitriou and
Yannakakis 1991), it follows that the logit-based SOCPD problem is APX-Hard.

For the last part of the theorem, observe that by Hastad (2001), the MAX-E3SAT problem is
NP-hard to approximate to a factor of 7/8 4+ € for any positive e. (Recall that the MAX-E3SAT
problem is a specific case of the MAX-3SAT problem where each clause consists of exactly three
literals; in contrast to MAX-E3SAT, a MAX-3SAT instance could have some clauses consisting of
fewer than three literals.) In the case of MAX-E3SAT, the exact same reduction described above
goes through. For the logit-based SOCPD problem, any v > 7/8 and M sufficiently large would
imply an approximation algorithm with factor greater than 7/8 for MAX-E3SAT. Hence, when each
customer type has exactly three non-zero partworths, it also follows that the logit-based SOCPD
problem is NP-hard to approximate to a factor greater than 7/8 4 ¢ for any € > 0. O

EC.1.4. Proof of Proposition 2
Let (a,w,%,y) be an optimal solution of the continuous relaxation of formulation P, and let u € R¥
be the vector of utilities corresponding to a. To establish the proposition, we will first prove that

1

1

i‘ < o —
e
for each k € [K]. To see why this is the case, consider the following optimization problem, which
involves finding the maximum value of x; ; given the fixed value of a, subject to the constraints of

P, and with the additional restriction that ¥, ; is exactly equal to the product of a; and zj ;:

maximize . (EC.27a)
WXk Yk
subject to  yr;=a; xk1, Vi€]n], (EC.27b)
Wi, = BroTrk1 + Z Bre,iYk.i» (EC.27¢)
i—1
T+ Tro =1, (EC.27d)
=y
Ty + Tppe ™t <1, (EC.27e)

Yri < @i, Vi€[n], (EC.27f)
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Yri <Tp1, VYVi€][n],

Yki > 0; — L+ a1, Vie([n],

Yi,i > 0.

Observe that the optimal solution of this problem is

_ 1
Cldew’
. 1
Tro= 1+ e’

N _
Yk = Qi T,1,

*

Ly

Vi€ |n],

* _
Wy = Tg,1 * Ug-

(EC.27g)
(EC.27h)
(EC.271)

(EC.28)

(EC.29)
(EC.30)
(EC.31)

To see this, observe that the above solution is feasible for the problem (EC.27). In addition, observe

that constraints (EC.27b) and (EC.27c¢) imply that w;, must be equal to uj - zx;. As a result,

(EC.27e) implies that x ;, which is the objective, is upper bounded in the following way:

—wy

T +ap et <1
—Tk,1 %

S (lte ) <1

= a1 (l+e ™) <1
1

>0 < —
kol = 1+e %

Since the proposed solution in (EC.28) - (EC.31) attains this upper bound, it must also be optimal.

Next, consider what happens if we relax the constraint (EC.27b). In doing so we obtain the

following program:

maximize .
Wk Xk Yk
n
subject to  wy = B0Tk,1 + g Bie,iYie,is

i=1
T+ Tro =1,

—wy,

Ty +xp e <1,

yk,,igaw VZE[”]?

Yki < Ty, Vi€ [n]
Yri >0 — 1+ a1, YVien],

Yr,i = 0.

(EC.36a)

(EC.36b)

(EC.36¢)
(EC.36d)
(EC.36¢)
(EC.36f)
EC.36g)
)

(
(EC.36h

Since this problem is a relaxation, the optimal solution (wj},x},y}) must do at least as well as

(wy, x5, y%). This means that xj ; >z, =1/(1+e "), and similarly that zj , <1/(1+e").
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Coming back to the solution (a,w,X,y) of the relaxation of formulation P, observe that utilizing
the argument above and the fact that the objective is a nonnegative weighted combination of the
xy 1 variables, we will have that ;> 1/(1+e~") and that Z; o < 1/(1+ e“) for each k for which
A > 0. Without loss of generality, we can also assume that these inequalities hold for all k € [K],
since there is no contribution to the objective function of formulation P from the term Ayzx;, for

any k with A\, =0.

satisfies the representative agent constraint
Wi — T log Ty 1 — xp o logxyo > log(1 + ") (EC.37)

for every k, since the other constraints in RA are already present in P. To see why this constraint

s+ Fpae i <1 (EC.38)

S et <Fp (EC.39)

= logZy1+ ;fk <logZy (EC.40)

= Tp1logZp, — 71)11@ < (1 —Zgo)log Ty (EC.41)

= W — TpologTyo— Ti1logTy 1 > —log Tk (EC.42)

Now, recall that T, <1/(1+e"F), or equivalently (after taking logs and multiplying by -1):
—log Ty o > log(1 4 e"). (EC.43)
Inequality (EC.42) and (EC.43) together imply that
Wy, — Tp1 108 Ty — Ty 0log Ty o > log (1 + k), (EC.44)

which is exactly the representative agent constraint of formulation RA. As a result, we have estab-

formulations share the same objective functions, it thus follows that Z3 < ZZ,, as required. [
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EC.2. Extra modeling details

In this section, we provide some additional discussion of the modeling capability of our mixed-
integer convex programming models discussed in Section 4. Section EC.2.1 provides some examples
of what can be modeled using the linear constraint Ca < d that defines A, while Section EC.2.2
discusses how the three formulations (RA, P and P-RPT) can be modified for the purpose of

expected profit maximization.

EC.2.1. Set of feasible product designs

The constraint Ca < d which defines the set A can be used to encode a variety of requirements
on the attribute vectors a as linear constraints. For example, if the product has two attributes,
where the first attribute has three levels and the second attribute has four levels, then one can
model the product through the vector a = (ay, aq,as, a4, as), where a; and a, are dummy variables
to represent two out of the three levels of the first attribute and as, a4, a5 are dummy variables to
represent three out of the four levels of the second attribute. One would then need to enforce the

constraints

ai + Qo S 17 (EC45)

az+as+as <1 (EC.46)

to ensure that at most one out of the variables a;,a, is set to 1 and at most one variable out of
asz, 04,05 is set to 1. This can be achieved by specifying C and d as

11000 1
02[00111}’d:[J

Beside the ability to represent multi-level attributes, one can use the constraint Ca <d to
represent design requirements such as weight and cost; for example, one may be interested in

imposing the constraint

b0+§:biai <B,

=1
where b is the base weight of the product, b; is the incremental weight added to the product from
attribute ¢+ and B is a limit on the overall weight of the product. This constraint can be modeled

by specifying C and d as

C:[bl b2 bn], d:[B—bo]



e-companion to Akchen and Misié: Exact Logit-Based Product Design ecl?7

EC.2.2. Extension to expected profit maximization
While all three of our formulations RA, P and P-RPT corresponds to the share-of-choice objective,
it turns out that it is straightforward to generalize these models so as to optimize a profit-based
objective. In particular, suppose that the marginal profit of a design a is given by a function R(a)
defined as .
R(a)=r¢+ Z Tia;. (EC.47)
i=1

In other words, the profit R(a) is a linear function of the binary attributes. One can model various
types of profit structures with this assumption. For example, if all of the attributes correspond to
non-price features that affect the cost of the product, then one can set ry to be the price of the
product (a positive quantity), and each r; to be the marginal incremental cost of attribute i (a
negative quantity).

With this assumption, the logit-based expected profit product design problem can be written as

K

Dpu»] (BC.45)

maximize R(a)-
@) 2 T exp(una)

acA

In terms of the z; ; decision variables that appear in formulations RA, P and P-RPT, the objective

function can be re-written as

R(a)-

K n K
Z)\k‘wm] = (TO—FZH(M) . [Z)\k'$k,1]
k=1 i=1 k=1

Notice that this last expression includes terms of the form a;zj ;, which we can already represent
through the variables y;; that appear in all three formulations. We can therefore re-write the

objective function of problem (EC.48) as

K n
Z = [Tomm + Zﬂ: yk1]
k=1 i=1

Thus, the expected profit product design problem can be handled by modifying the objective
function of formulation RA/ P/ P-RPT.

EC.2.3. Extension to product line design
In this section, we discuss how two of our formulations can be adapted for the setting where the
firm must design more than one product, i.e., a product line.

In this setting, we let J denote the number of products to be designed (the width of the product
line), and let j denote the index of a product in the product line, which ranges from 1 to J.

We use the binary decision variable a;; to denote whether product j in the product line has
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attribute ¢ or not. We let a; denote the vector of attributes for the jth product. As in the single
product design case, we assume A is the set of feasible attribute vectors, and we again assume that
A={ac{0,1}"| Ca<d}, for some choice of a matrix C and vector d.

We assume that each customer chooses between one of the J products and the no-purchase

option. For each customer type k, we assume that the utility of the jth product is
ug(a) = Bro + Z Brij,i- (EC.49)
i=1

The choice probability of the jth product for customer type k is then given by

. explur(a;)) (EC.50)
2= exp(ux(ay)) +1
where we assume without loss of generality that the no-purchase option utility is normalized to
zero. As before, we assume that A, is the probability of a customer belonging to type k.
As in Section EC.2.2, we assume that the marginal profit of a product is a linear function of
its attributes, given by equation (EC.47). The product line design problem can then be written

abstractly as follow:
K J _
. R a: euk(aj)
max Z)‘k : ZJ# a,) . (EC.51)
S e 11

(ar,.ay)eAl =

We will now show how one can formulate this problem using both the representative agent
approach, leading to a model akin to formulation RA, and using the perspectification approach,
leading to a model analogous to formulation P.

Let us define the decision variable zy, ; for j =1,...,J, which is the choice probability of product
j for customer type k; additionally, let xj, be the choice probability of the no-purchase option.
Let the decision variable yy, ;; represent the linearization of xy ; - a;;, and let wy ; represent the

linearization of xy ; - uy ;. Then the formulation can be written as follows.

K J n
maximize Z Ak Z (romk)j + Z riyk’j,i> (EC.52a)
a,u,w,x,y
k=1

j=1 i=1
J
subject to > x,; =1, Vke[K], (EC.52b)
=0
J J J
Z Wy — Z xy, jlogxy ; >log(1+ Z e'ri), Vke[K], (EC.52c)
Jj=1 Jj=0 j=1
U =Bro+ Y Britji  VkeE[K],j€[J], (EC.52d)
i=1
Wy, ; = BroTk,; + Zﬁk,iyk,j,h Vk e [K],jelJ], (EC.52€)

i=1
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Yegi <tig, Vke[K]je[J)i€n], (EC.52f)
Yrji < aj;,, Vkel[K],jel[J],i€[n], (EC.52g)
Yrji > i — L+ xp 4, VkE[K], je[J]i€[n] (EC.52h)
Yrji >0, Vke[K],jelJ],i€[n], (EC.52i)
Ca; <d, VjelJ], (EC.52))
a;i €{0,1}, VjelJ|ie[n], (EC.52K)
x>0, VkelK],jelJ]. (EC.521)

This formulation behaves similarly to formulation RA, and is the generalization of that formula-
tion to the product line setting. In particular, when ay,...,a; are binary, constraints (EC.52f) -
(EC.52i) ensure that yy ;; = @y ; - a;,;, and (EC.52e) ensures that wy ; = u ; - 5 ;. Consequently,
constraint (EC.52c) ensures that the objective value of the representative agent problem with J+1
alternatives, with utilities wuy1,...,ux s,0, is at least as high as the optimal objective value, which
is log(1 + Ejzl e"ki). This can only occur if each z ; = e“’w/(Z]{:l e"kJ' 4+ 1), which are exactly
the choice probabilities from the multinomial logit choice model.

Now, let us see how to generalize formulation P to the product line setting. We retain the same
definitions of the x;; and a;,; decision variables from the previous formulation. We now define
Uy ;5 as the linearization of zj juy 7, for each j € {0,...,J}, j' € [J] and each k € [K]. We also
define zy ; j; as the linearization of zy,; - a; ;, for each k € [K], j €{0,...,J}, j/€[J] and i € [n].

To see how perspectification applies in the product line setting, let us start from the ideal

constraint we would want to impose, which is the following non-convex inequality:

< (EC.53)
S e B v— .
e
By dividing the numerator and the denominator on the right by e“*J, we get
< L (EC.54)
kg = Zj,=1 euk,j/_ukyj +€7uk’j
We now re-arrange the constraint to get
ka] TR 4y, sem MRd <1 (EC.55)

i'=1
This constraint is non-convex, but by applying perspectification and using the definition of the

variables vy ; s, we obtain

Yk,j,3" " Vk.5,5

Zxkj TR mg e Rl <, (EC.56)
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which is convex.

Using this, together with appropriate constraints for linearization, we arrive

formulation, which generalizes P to the product line setting.

maximize

a,v,x,z

subject to

a

t the following

K J n
PRI (Toxk,j + T'izk,j,j,z) (EC.57a)
k=1 j=1 i=1

J Uk g "k,
wae i g e kai/"a <1, Yk € [K],je[J], (EC.57b)
i'=1

J Yk,0,5”
D mpee 0 tap0< 1, VheE[K], (EC.57c)
=1

J
> zji=aya, ke [K]j €[J)i€n], (EC.57d)
=0
Zk,jngigxk,j, Vk e [K],jG{O,...,J},j’G [J],’LE [TL] (EC57e)
Zk},j,j/,iz()? VkE[K],]E{O,,J},j/E[J],’LE[n] (EC57f)
Vg = Br,oTh,j + Zﬁk,izk,j,j’,i, Vke[K],je€{0,...,J}, 5 €[J], (EC.57¢g)

i=1

J
 my=1, Vke[K], (EC.57h)
§=0
Ca; <d, Vjel[J], (BC.57i)
a;; €4{0,1}, Vje[Jli€n], (EC.57])
x; >0, Vke[K],je{0,...,J}. (EC.57k)

In the above formulation, constraint (EC.57b) is exactly the perspectified constraint derived above,

which constraints z;, ; for each j € [J]; constraint (EC.57b) is the same constraint but for the no-

purchase probability xy . Constraints (EC.57d) - (EC.57f) ensure that when the a;; variables are

binary, that 2y ; ;7 ; is indeed forced to be equal to zy, ;- a;;, while constraint (EC.57g) subsequently

ensures that vy, is equal to xy; - uy . Note that unlike problem (EC.52), and similarly to

formulation P, it is not necessary to include uy; ; as an explicit decision variable.

Lastly, we note that it is possible to apply RPT to formulation (EC.57) to obtain a stronger

formulation, similarly to how P-RPT improves on P in the single product case. However, the

resulting formulation becomes quite cumbersome to write due to the extremely large number

of additional decision variables and constraints; we consequently do not pursue this formulation

further.
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EC.3. Mixed-integer second order cone formulation

In this section, we describe an alternate mixed-integer conic formulation of the logit-based SOCPD
problem. This formulation is distinct from formulations RA, P and P-RPT in that it does not involve
the exponential cone; in fact, this formulation is built entirely using the second-order cone. We
consequently denote this formulation by SOC. Before continuing, we note that the structure of this
formulation is numerically challenging for second-order cone solvers such as Gurobi and Mosek, for
reasons that we will describe below. Nevertheless, this formulation is theoretically interesting and
serves to illustrate the richness of the logit-based SOCPD problem. Section EC.3.1 presents this
formulation, while Section EC.3.2 presents the results of a small set of numerical experiments to

compare SOC against our exponential cone-based models (RA, P and P-RPT).

EC.3.1. Formulation SOC
To motivate this formulation, let us start with the observation that one could model the logit-based
SOCPD problem using the x, x5, and wu variables exactly, if one could enforce the following

two constraints, where we use 7, to denote an additional hypograph variable:

r,<e“, VkelK]. (EC.59)

Together, the two constraints enforce the constraint x> 1/(1 + €“*); since x; =1 — xy o, this
ensures that zj; is exactly the choice probability of customer type k. The constraint (EC.58) is
a convex constraint (as we shall discuss in some more detail below). However, constraint (EC.59)
is not, because e is convex in uy. Surprisingly, it turns out that it is possible to model it with a
finite number of convex inequality constraints. To illustrate the idea of how this constraint can be

modeled, suppose that n =25, in which case the constraint can be equivalently written as
e < eﬂk,o+z;5:1 Br,iai (EC.60)

Observe that this constraint is equivalent to

5

ry, < ePro .Heﬂk,iai. (EC.61)

i=1

Next, observe that each term e+i% can be rewritten as
kit = ePrig; +1- (1 —ay). (EC.62)

This equivalence holds because the a; variables are binary, and the two expressions on either side
of the above equality are equal whenever a; is exactly 0 or 1. Thus, constraint (EC.61) is equivalent

to
5

ry, < ePko H [eﬂ’“viai +1-(1- ai)] . (EC.63)

i=1
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It now turns out that this constraint can be equivalently re-written using second-order cones.
Specifically, recall that the constraint xy > 22, for z, > 0, can be represented using second-order
cones (this constraint is known as a rotated second-order cone constraint); this constraint is equiv-
alent to x'/2y/2 > |z|. Let us now introduce the auxiliary variables 7 1,...,79, and consider the

following constraints:

~1/2
A/

k7" 7111,/82 2 7:7%47
7:;1/327:;1/42 > Tha,
7:11/927:11/22 > 7:1971,
rp=eM0 iy,

( )
( )
( )
( )
( )
P2 e > T, (EC.69)
( )
( )
( )
( )
( )

xk:,O : (1 +’rk) Z 17

We draw the reader’s attention to two important observations. First, all of the constraints in this
set of constraints are either equality constraints, or rotated second order cone constraints; this
includes the last constraint (EC.74), which enforces a lower bound on zj . Second, observe that
if one combines constraints (EC.64) - (EC.73) and sequentially substitutes in/projects out the 7
variables, one exactly obtains the constraint (EC.63). To see this, observe that after performing

such substitutions, one obtains that

Fron < (P12 ay 4 (1= ap))V2 - (P22 ay + (1 — ap))V? - (%92 a5 + (1 — a5)) />’

. (eﬂk,4'23a4 + (1 _ a4))1/23 . (eﬁk,5'21a5 + (1 — a5))1/21 (EC.75)

and here, we again observe that each term of the form (eﬁk’ﬂdai +(1—a)¥ 2" is exactly equal
to efri2"1/2%ai = ePriai whenever a; is exactly 0 or 1. This last expression also explains why the

2% and 2' factors in constraints (EC.64) - (EC.68) are needed: in each constraint of the form

FL/251/2

ki Thy = T jv, the variables on the left hand side are raised to the power of 1/2, which can be

viewed as shrinking the fj s coefficients that enter either 7, ; or 74 by a factor of 1/2. Thus,
to counteract this reduction, the f ;’s that appear in (EC.64) - (EC.68) have to be scaled up by
either 2° (for i =1,...,4) or 2! (for i =5).



e-companion to Akchen and Misié: Exact Logit-Based Product Design ec23

k,4

k5‘ ‘ kS

Figure EC.1  Visualization of rotated second order cone constraint for n =5 example in constraints (EC.64) -

(EC.74).

Figure EC.1 visualizes the above constraint set as a binary tree, where each node corresponds
to one of the constraints, and the root node corresponds to 74 ;. Each leaf node corresponds to
one of the equality constraints (EC.64) - (EC.68), while each internal node corresponds to one of
the rotated second order cone constraints. This visualization also makes clear where the exponent
in the 2¢ expressions in constraints (EC.64) - (EC.68) come from: the d in 2¢ corresponds to the
depth of each of the leaf nodes, i.e., the length of the path from the root node to the leaf node.

With this insight in mind, we now define our general formulation. For each k € [K], let T} denote
a binary tree with exactly n leaves. Let £; denote the set of leaves of 7, and S denote the set of
internal (non-leaf) nodes of 7. Each internal node j € S has exactly two child nodes, where left(j)
denotes the left child node, and right(j) denotes the right child node. Let d(j) denote the depth
of each leaf j € £, and let p(j) denote the attribute assigned to leaf j. With these definitions, our

formulation SOC can be written as follows:

K
SOC: maximize Z ATk 1 (EC.76a)
subject to 7y = P02V a4+ (1—ay), Vi€ Ly, ke K], (EC.76b
P i) Thent(y = This ¥ 3 €Sk, ke [K], (EC.76¢
T = 6'8}“’0 . fk.,la V ke [K], (EC76d

zro(l4+m)>1, Vke[K],
Trotaxp1=1, VkelK],
Ca<d, (

a; €{0,1}, Vie|n]. (EC.76h
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We make several important remarks about formulation SOC. First, as noted above, formulation SOC
is special because it is a mixed-integer second order cone program; by using rotated second order
cones and properties of binary variables, one can represent e’t0t2i=1ki_ Stated differently, this
formulation illustrates that one can model the logit-based SOCPD problem exactly without the
use of exponential cones.

Second, note that the tree 7, will generally contain n leaf nodes and n — 1 internal nodes. In
addition, one can always construct the tree 7T such that the maximum depth of any leaf node
is at most [log,n|. (Simply construct a complete tree of depth [log,n], and prune it until one
obtains exactly n leaves.) Thus, the factor of 240) that appears in constraint (EC.76b) is at most
2Mes2nl < 2,

Third, as we alluded to earlier, while this formulation is theoretically interesting, it does come
with a major limitation. The limitation here comes from the magnitude of the coefficients. As
noted in our second remark above, we expect the coefficient e” ke 2" will be generally equal to
ePkr() 2" In the case when n is large and Br.p;) is positive, this coefficient will be very large, and
when n is large and Sy ,,(;) is negative, this coefficient will be very small. This leads to numeric issues
for mixed-integer second order cone solvers such as Gurobi and Mosek. With Gurobi in particular,
large magnitudes of the f;;’s and even moderate values of n cause numerical issues (for example,
when solving the continuous relaxation, Gurobi erroneously reports the problem to be infeasible or
unbounded). Thus, while this formulation is of theoretical interest, we expect that it will in general
not be possible to solve. In Section EC.3.2 of the ecompanion, we present numerical results for a
small set of instances with small partworth magnitudes, for which we solve the relaxation of SOC
and compare it to RA, P and P-RPT. Interestingly, SOC does not lead to a tighter bound than
P-RPT, but it sometimes leads to a tighter bound than P.

As an aside to the above two remarks, having a tree 7T, with 2n — 1 nodes is necessary only when
customer type k has exactly n non-zero partworths jj ;. This is typically the case for choice models
obtained from conjoint datasets, where the estimation methods of choice (latent-class MNL and
hierarchical Bayesian mixture MNL models) generally do not enforce any kind of sparsity. However,
in cases where the partworth matrix [y ;] is sparse, then one can modify formulation SOC so that
each customer type is represented with a different tree 7, and each such tree has n; leaves and
n;, — 1 internal nodes, where n; <n is the number of attributes with non-zero partworths for that
customer type. In this case, each constraint tree 7, can be constructed so that the depth of each
leaf is at most [log, n}], and thus the factor of 2%9) will be at most 2n}. In the case of sparsity, this
modification can potentially allow for the aforementioned numerical issue to be partially mitigated.

Lastly, we note that one can re-write the family of constraints (EC.76¢) using a single power

cone constraint. The m + 1 dimensional power cone is the set

{(x1,..., 2, y) eER™T |y <at--- - O Ty Ty, > 0} (EC.77)

m )
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where o, ..., ap, >0 and 3770 a; =1 (Mosek ApS 2021a). Thus, one could write
Foa < [ [€%ma; + (1 —a,)] v (EC.78)
i=1

which is power cone-representable. Mosek provides support for conic programs involving power
cone constraints and integer variables. However, we encountered errors when attempting to employ

Mosek in this manner, and subsequently did not pursue this alternate formulation approach further.

EC.3.2. Numerical experiments with formulation SOC

In this section, we present two small numerical experiments to compare formulation SOC with
RA, P and P-RPT. Recall that SOC differs from RA, P and P-RPT in that it models the logit
probabilities of each customer type entirely using second-order cone constraints, whereas RA, P
and P-RPT are based on exponential cone constraints.

In our first experiment, we compare the relaxation bounds of the four formulations. We consider
the same overall set of problem instances as in Section 5.1, but with the following restrictions. We
restrict to n =30 and vary K € {10,20,30}. For the scale parameter ¢, we vary c € {0.1,0.2,0.4}.
The reason for restricting to n = 30 and smaller values of ¢ is due to the numerical issue we described
in Section EC.3.1; in particular, with ¢ > 0.5, the relaxation of SOC begins to pose numerical
problems for Mosek.

Additionally, we vary the intercept term [ in the utility function of each customer type. In
particular, we let ;0= B, where we vary (3 € {—4,-3,-2,—1,0}. Recall that in our experiments
in Section 5.1, By is always fixed to -3 across all customer types, and as noted there, one can
interpret this choice of constant term as assigning a choice probability of roughly 5% (= o(—3))
to a product with no attributes (a = 0). By now varying 3, we effectively make this no-attribute
product more attractive, and the overall market share that one can garner from an optimal product
becomes higher.

By varying the tuple of parameters (K, ¢, 3) in the manner described above, we obtain 3 x 3 x 5 =
45 sets of 20 instances, for a total of 900 instances. For each instance, we solve the continuous
relaxations of RA, P, P-RPT and SOC. We solve all four formulations using Mosek.

For SOC, an important aspect of the model is the choice of tree T;, for each customer type k. Here,
to ensure numerical stability, we proceed as follows. We construct a complete tree of depth [log,n].
We prune this tree back to a tree with exactly n leaves. We sort the partworths in decreasing
order of magnitude, i.e., we obtain indices i1,. .., 4, such that |Byi, | > |Bk.i,| > -+ > |Bk.i, |- We then
iterate from ¢ =1,...,n and set p(j) =t, where j is the leaf with the smallest depth (i.e., closest
to the the root) for which p(j) has not yet been set, with ties broken arbitrarily. By setting up

the tree in this way, no leaf is at a depth greater than [log,n|, which means that the scale factor
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240) that appears in formulation SOC is never more than 2n; additionally, larger attributes are
assigned to shallower leaves, which prevents e” kp(i) 27 from being too large or too small. We note
that this is only one way of setting the trees Ti,..., 7Tk, and other ways are possible; our goal in
setting the tree in this way is to avoid numerical issues. In our preliminary experimentation with
SOC, we have found that the choice of trees T,...,Tx can affect the tightness of the relaxation,
but the effect appears to be minor. Understanding how the choice of trees 7Ty, ..., Tx can affect the
formulation is an interesting question for future research.

For each instance, we compute the metric

T Zmr:r—Zes rlx
I, =100% x Zmrte  Zvestriv (EC.79)

best,rlx

where Z,, 1, is the relaxation bound from model m, and Zycst 1 = min,, Z,, . is the lowest (i.e.,
tightest) relaxation bound. In words, this metric measures the gap of the relaxation bound of a
given formulation relative to the lowest (i.e., tightest) relaxation bound obtained for each instance.

Table EC.1 shows the average value of I,, for all four formulations, and across all values of
(K,c,3). We were able to solve the relaxation of SOC to optimality in all 900 instances. Note that
in this table, the average values of fm are generally large because the tightest bound Zycs i, is
usually very small, leading to large gaps.

From this table, what we find is that SOC often has a lower average gap than P when c¢ is small
and [ is small. As either ¢ increases or 3 increases, the average gap of P improves and in a small
number of parameter settings P has a lower average gap (for example, K =10, ¢ = 0.4, 3 =0).
With regard to RA, we find that in all but two instances out of the 900, SOC is tighter than RA.
With regard to P-RPT, we find that P-RPT gives the best relaxation bound in all 900 instances,
and is always tighter than SOC. This experiment thus further underscores the value of P-RPT in
producing effective bounds for the logit-based SOCPD problem.

In our second experiment, we compare the optimality gap of solving model SOC as a mixed-
integer conic program, and compare its optimality gap with that of models RA, P and P-RPT. We
restrict our attention to n =30 and 3= —3, and vary K € {10,20,30} and c € {0.1,0.2,0.4}. We
solve both SOC and P using Mosek, with a time limit of one hour. For each instance, we calculate
the optimality gap O,, of formulation m in the same way as in Section 5.1, and additionally record
the computation time 7,.

Table EC.2 below displays the average optimality gap as a percentage for both SOC and P and
the average computation time for each formulation, as K and ¢ vary. From this table, we can see
that in general, SOC is able to attain a lower optimality gap than P and RA within a one hour

time limit, and for the cases where it is possible to solve the problem to full optimality, the time
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Table EC.1

K ¢ B Ira Iy Isoc Iprer
10 0.1 -4 256.1 57.8 9.1 0.0
10 0.1 -3 2384 555 9.6 0.0
10 0.1 -2 199.3 49.8 10.3 0.0
10 0.1 -1 101.8 379 9.6 0.0
10 0.1 0 45.1 13.0 6.5 0.0
10 0.2 -4 359.4 87.7 17.9 0.0
10 0.2 -3 312.3 85.0 21.9 0.0
10 0.2 -2 176.9 77.0 27.5 0.0
10 0.2 -1 92.7 43.7 29.2 0.0
10 0.2 0 43.5 15.3 19.6 0.0
10 0.4 -4 244.7 979 334 0.0
10 0.4 -3 147.6 82.2 49.9 0.0
10 04 -2 98.3 54.0 60.3 0.0
10 0.4 -1 62.2 29.5 50.0 0.0
10 0.4 0 32.8 12.7 29.2 0.0
20 0.1 -4 259.2 61.0 84 0.0
20 0.1 -3 2429 58.9 9.2 0.0
20 0.1 -2 205.6 53.7 10.6 0.0
20 0.1 -1 106.5 42.1 11.2 0.0
20 0.1 0 47.7 154 8.3 0.0
20 0.2 -4 359.3 89.1 15.7 0.0
20 0.2 -3 310.6 86.9 20.3 0.0
20 0.2 -2 179.5 79.5 27.3 0.0
20 0.2 -1 96.4 48.2 31.9 0.0
20 0.2 0 477 18.7 23.8 0.0
20 0.4 -4 243.5 96.7 324 0.0
20 0.4 -3 147.9 83.9 49.6 0.0
20 0.4 -2 100.2 58.0 63.3 0.0
20 04 -1 66.5 33.8 56.4 0.0
20 0.4 0 38.1 16.3 36.0 0.0
30 0.1 -4 258.1 61.6 7.8 0.0
30 0.1 -3 243.2 59.7 8.8 0.0
30 0.1 -2 208.5 54.8 10.5 0.0
30 0.1 -1 108.5 43.8 11.7 0.0
30 0.1 0 49.1 16.7 9.2 0.0
30 0.2 -4 359.1 89.3 14.3 0.0
30 0.2 -3 314.5 87.3 19.1 0.0
30 0.2 -2 181.7 80.8 26.8 0.0
30 0.2 -1 98.0 50.0 32.6 0.0
30 0.2 0 49.8 20.3 25.7 0.0
30 0.4 -4 245.7 97.3 29.9 0.0
30 0.4 -3 148.6 84.7 48.2 0.0
30 0.4 -2 101.3 59.6 64.2 0.0
30 0.4 -1 68.6 35.7 59.3 0.0
30 0.4 0 40.6 18.0 39.2 0.0

Comparison of relaxation bounds, measured as gaps relative to best relaxation bound for each

instance, for RA, P, P-RPT and SOC.
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K c Ora Op Oprer  Osoc Tra Tp  Thret Tsoc
10 0.10 48.21 3.46 0.00 0.00 3617.73 2897.79 70.50 52.17
10 0.20 56.77 6.99 0.00 0.00 3622.70 2902.37 350.10 543.53
10 0.40 56.85 0.50 0.00 0.00 3625.64 1844.50 T718.98 1178.93

20 0.10 53.47 13.12 0.00 0.00 3615.60 3615.05 470.06 812.32
20 0.20 63.11 2295 4.19 3.29 3616.22 3614.74 3225.59 2932.75
20 0.40 64.92 27.21 22.95 23.12 3619.70 3614.63 3601.47 3601.11

30 0.10 56.03 17.27 0.00 1.61 3614.84 3615.24 1572.22 2953.90
30 0.20 67.80 31.04 15.81 14.75 3614.80 3615.55 3601.66 3601.38
30 040 71.53 38.62 33.13 34.97 3615.95 3616.01 3601.64 3600.95

Table EC.2 Comparison of optimality gaps and computation times for integer versions of RA, P, P-RPT and
SOC.

required for SOC is lower than for P and RA. With regard to P-RPT, when the instances can be
solved within the one hour time limit, it appears that P-RPT is faster (e.g., K =10, ¢=0.4), while
for larger instances, the two formulations seem to exhibit similar performance.

As noted before, we expect P to be more useful than SOC in most cases. However, in certain
cases where the partworths are sufficiently small or are sparse, SOC could potentially be useful.
Whether or not mixed-integer second order cone program solvers can be designed to robustly solve
SOC, and whether formulation SOC can be further modified to sidestep the numerical magnitude

issue, are both interesting questions for future study.
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EC.4. Additional details for numerical experiments in Section 5
EC.4.1. Computation times and optimality gaps for RA and P-RPT on synthetic
instances

In this section, we provide additional results for the optimality gap and computation time of
formulations P-RPT and RA when they are used to solve the integer versions of the synthetic
instances used in Section 5.1.

Table EC.3 shows the optimality gap and computation time for formulation RA. While formula-
tion RA is generally able to achieve a low average gap across all the instance sets and in many cases
is able to solve instances to full optimality within a two hour time limit, it generally has larger
computation times and gaps than P. Additionally, in some instances Mosek encountered fatal errors
(MOSEK fatal error stoptask and MOSEK fatal error stopenv in src/prslv/prlog.c). This
is likely due to the ill-posedness issue highlighted in Section 4.2 (namely that the principal con-
straint in RA must hold at equality for integer solutions). The (¢,n, K) combinations for which
this occurred are indicated in the table by asterisks. In total, there were 6 instances out of the
900 total instances where this occurred: 1 instance with (¢,n, K) = (20,50,30); 1 instance with
(¢,n, K') =(20,40,30); 1 instance with (¢,n, K) = (20, 40,20); 1 instance with (¢,n, K) = (10,40, 30);
and 2 instances with (¢,n, K) = (10,30, 30).

Table EC.4 shows the optimality gap and computation time for formulation P-RPT. Overall,
although formulation P-RPT provides a stronger relaxation bound compared to P, it is generally
more difficult to solve it as an integer program than P. In particular, the average optimality
gap and computation time for P-RPT are generally larger than for P across all of the (¢,n, K)
combinations. Of the three formulations - RA, P and P-RPT- it appears that P-RPT is generally the
slowest. Furthermore, in some instances, Mosek encountered a fatal error (code 5010) when solving
the integer version of P-RPT; the (¢,n,K) combinations for which this occurred are indicated in
Table EC.4 by asterisks. In total, there were 21 instances out of the 900 total instances where
this occurred: 1 instance with (¢, n, K) = (5,50, 30); 8 instances with (¢,n, K) = (10,50,30); and 12
instances with (¢, n, K') = (20,50, 30).

EC.4.2. Comparison of computation times for heuristic approaches and formulation
P on synthetic instances

Table EC.5 below compares the average computation time (in seconds), where the average is taken

over the 20 instances for each (¢,n, K) triple, for each of the heuristics (Greedy, LS, KKDP, GM)

and formulation P.

EC.4.3. Additional details on real data sets in Section 5.2
In this section, we provide some additional details on the four data sets used in Section 5.2. As
noted in Section 5.2, these four data sets are conjoint analysis data sets, and specifically choice-

based conjoint data sets. In choice-based conjoint analysis, a respondent is shown two or more
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cn K OR/_\ TR/_\ C n K ORA TRA C n K ORA TRA
5 30 10 0.00 147.87 10 30 10 0.00 37.87 20 30 10 0.00 16.81
5 30 20 0.28 2633.99 10 30 20 0.00 489.93 20 30 20 0.00 385.26
5 30 30 9.82 6685.95 10 30 30 4.45* 6058.49* 20 30 30 1.75 4610.50
5 40 10 0.01 2660.31 10 40 10 0.00 71.34 20 40 10 0.00 28.27
5 40 20 4.83 7068.59 10 40 20 0.47 3475.42 20 40 20 0.29* 2193.60*
5 40 30 13.91 7213.60 10 40 30 6.30* 7106.71* 20 40 30 4.35* 6468.67*
5 50 10 0.04 1853.00 10 50 10 0.00 22.96 20 50 10 0.00 28.29
5 50 20 5.01 7211.76 10 50 20 1.55 5016.24 20 50 20 0.53 1747.12
5 50 30 19.48 7212.95 10 50 30 11.77 721294 20 50 30 8.47* 6663.90*
5 60 10 0.03 749.20 10 60 10 0.00 38.98 20 60 10 0.00 33.18
5 60 20 2.57 5877.82 10 60 20 0.27 2346.55 20 60 20 0.00 835.86
5 60 30 16.19 7214.92 10 60 30 6.80 7211.44 20 60 30 3.85 6679.17
5 70 10 0.01 372.67 10 70 10 0.00 26.36 20 70 10 0.00 38.67
5 70 20 0.92 6132.60 10 70 20 0.02 1733.51 20 70 20 0.00 812.00
5 70 30 8.82 7212.24 10 70 30 2.50 5268.35 20 70 30 1.01 5212.16
Table EC.3 Optimality gap and computation time of formulation RA as ¢, n and K vary. Asterisks denote
(¢,n, K) combinations for which Mosek encountered errors (see text for details).
c n K Opgpr Trrpr ¢c n K Opgpr Tp.rer ¢c n K Opgpr Tp-rer
5 30 10 0.00 125.44 10 30 10 0.00 122.70 20 30 10 0.00 165.68
5 30 20 0.51 3773.07 10 30 20 0.17 2713.76 20 30 20 0.68 3147.87
5 30 30 7.10 6816.63 10 30 30 9.81 T7088.07 20 30 30 13.52 7042.75
5 40 10 0.00 641.40 10 40 10 0.00  500.30 20 40 10 0.00 454.27
5 40 20 5.47 6452.49 10 40 20 6.95 6438.01 20 40 20 8.34 6712.30
5 40 30 19.15 7213.38 10 40 30 17.41 7065.37 20 40 30 18.46 7216.36
5 50 10 0.00 366.49 10 50 10 0.00 687.43 20 50 10 0.00 879.30
5 50 20 3.80 6605.27 10 50 20 5.60 6654.84 20 50 20  9.37 6994.03
5 50 30 20.54* 7214.95* 10 50 30 19.82* 7215.15* 20 50 30 19.72* 7218.72*
5 60 10 0.00 649.10 10 60 10 0.00 1195.47 20 60 10 0.03 1745.49
5 60 20 5.80 6578.93 10 60 20 8.92 7092.99 20 60 20 14.76 7179.80
5 60 30 34.89 7217.10 10 60 30 59.05 7218.98 20 60 30 &83.74 7223.19
5 70 10 0.00 978.12 10 70 10 0.00 1787.23 20 70 10 1.61 3232.79
5 70 20 3.21 5706.16 10 70 20 7.38 6174.05 20 70 20 10.20 6869.17
5 70 30 24.20 7202.02 10 70 30 &81.86 7222.57 20 70 30 81.09 7116.10
Table EC.4 Optimality gap and computation time of formulation P-RPT as ¢, n and K vary. Asterisks denote

(¢,n, K) combinations for which Mosek encountered errors (see text for details).

hypothetical products formulated in terms of the attributes that are being studied, and is asked to

choose between them. The choice between these hypothetical products (also known as profiles) is

called a task. Based on the responses given by each customer to each of their tasks, one can estimate

a discrete choice model, such as a latent-class logit model, that predicts how the customer will

choose and provides a measure of the utility for each attribute. As an alternative to choice-based

conjoint analysis, there also exists what is called ratings-based or metric conjoint analysis, where
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Table EC.5

c n K TGreedy Tis Tkkop Tem Tp
5 30 10 0.00 0.00 0.00 0.07 15.54
5 30 20 0.00 0.00 0.00 0.11 202.62
5 30 30 0.00 0.00 0.00 0.19 2333.12
5 40 10 0.00 0.01 0.00 0.10 44.99
5 40 20 0.00 0.01 0.00 18.56 2393.76
5 40 30 0.00 0.00 0.00 0.30 7026.27
5 50 10 0.00 0.01 0.00 0.23 21.62
5 50 20 0.00 0.01 0.00 0.43 2809.89
5 50 30 0.00 0.01 0.00 0.82 7213.79
5 60 10 0.00 0.02 0.00 0.42 47.54
5 60 20 0.00 0.02 0.00 3.25 2317.13
5 60 30 0.00 0.02 0.00 2.88 7213.76
5 70 10 0.00 0.03 0.00 0.67 18.33
5 70 20 0.00 0.03 0.00 3.70 1267.83
5 70 30 0.00 0.03 0.00 7.60 6410.63
10 30 10 0.00 0.00 0.00 0.20 14.96
10 30 20 0.00 0.00 0.00 0.21 80.05
10 30 30 0.00 0.00 0.00 0.27 1107.93
10 40 10 0.00 0.00 0.00 0.32 17.78
10 40 20 0.00 0.00 0.00 0.76  399.22
10 40 30 0.00 0.00 0.00 0.63 5316.60
10 50 10 0.00 0.01 0.00 0.38 17.92
10 50 20 0.00 0.01 0.00 2.56 1351.77
10 50 30 0.00 0.01 0.00 4.41 7161.57
10 60 10 0.00 0.02 0.00 1.25 22.60
10 60 20 0.00 0.02 0.00 15.24 709.22
10 60 30 0.00 0.01 0.00 21.05 6692.13
10 70 10 0.00 0.02 0.00 2.84 16.69
10 70 20 0.00 0.02 0.00 14.89 87.16
10 70 30 0.00 0.01 0.00 143.68 3310.76
20 30 10 0.00 0.00 0.00 1.57 12.23
20 30 20 0.00 0.00 0.00 0.28 66.61
20 30 30 0.00 0.00 0.00 0.28 614.31
20 40 10 0.00 0.00 0.00 0.36 18.42
20 40 20 0.00 0.00 0.00 26.03 496.22
20 40 30 0.00 0.00 0.00 1.39 4346.31
20 50 10 0.00 0.01 0.00 0.51 24.78
20 50 20 0.00 0.01 0.00 4.84 817.61
20 50 30 0.00 0.02 0.00 23.71 5550.03
20 60 10 0.00 0.01 0.00 1.22 38.61
20 60 20 0.00 0.01 0.00 6.87 114.48
20 60 30 0.00 0.01 0.00 82.74 5115.71
20 70 10 0.00 0.01 0.00 0.93 21.44
20 70 20 0.00 0.02 0.00 12.15 202.43
20 70 30 0.00 0.01 0.00 113.62 2610.99

Comparison of computation times for heuristic approaches and formulation P on synthetic

instances.
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a customer is shown a single profile and asked to provide a numeric rating. Based on the responses
to such rating tasks, one can use ordinary least squares to determine the utility of each attribute.

In all four data sets (bank, candidate, immigrant and timbuk2), each task consists of choosing
between two profiles, which is also known as a paired comparison task in the conjoint analysis
literature. The number of paired comparison tasks varies for each data set. For bank, each respon-
dent performed between 14 and 17 paired comparison tasks; for candidate, between 3 and 6 tasks;
for immigrant, exactly 5 tasks; and for timbuk2, exactly 16 tasks. (We note that for timbuk2,
the paired comparison also included a metric/rating component, where respondents were asked to
specify the degree to which one profile was preferred to the other. In this experiment, respondents
were allowed to specify being indifferent between the two profiles; this happened in 297 out of 5280
total responses. Since the estimation of latent-class and mixture MNL models requires a choice
and since this indifference happened in a relatively small number of responses, we removed these
responses from the timbuk2 data set when conducting our estimation procedures.)

While conjoint studies sometimes involve tasks where respondents can select a no-purchase option
(for example, a respondent is shown two or more profiles and a “none of the above” option), none
of the four data sets we used include explicit information on the no-purchase option, and none of
them included any task where the respondent was asked to choose between a product profile and
the no-purchase option. Thus, we instead assume the existence of several competitive products,
and assume that the customer is allowed to choose the product we have designed or one of the
competitive products. The utility of each of the competitive offerings is calculated using the same
partworths that are used to calculate the utility of the product we are designing. To provide an
example, suppose that a’, a”, a” are the attribute vectors of three competitive products. If a is
the attribute vector of our product, then the no-purchase probability of customer type k would be

given by
eXi=1 Brii 4 oXim1 Briti | o3im1 Br,iai’

. EC.80
e2i=1 Bk, + ei=1 B, + ei=1 B, ial + ei=1 Br,iay’ ( )

Recall that the no-purchase probability under the model described in Section 3.1 can be expressed
as

1
1 4+ ePr.ot2ig Br i

e—ﬂk,o

T e R0 1 e Pridi” (EC.81)

Thus, to calibrate i so that (EC.80) and (EC.81) are equal, we simply set (i o as

Bro=—log (62?:1 Br,ia; + eXi=1 Br,iai + eliz1 ﬁk,ia;’/) . (EC.82)

EC.4.4. Attributes for real data instances in Section 5.2
Tables EC.6, EC.7, EC.8 and EC.9 display the attributes and attribute levels for the bank,

candidate, immigrant and timbuk2 datasets, respectively.
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Attribute Levels

Interest Rate High Fixed Rate, Medium Fixed Rate,
Low Fixed Rate, Medium Variable Rate

Rewards 1,2, 3,4

Annual Fee  High, Medium, Low

Bank Bank A, Bank B, Out of State Bank
Rebate Low, Medium, High

Credit Line  Low, High
Grace Period Short, Long

Table EC.6 Attributes for bank dataset.

Attribute Levels

Age 36, 45, 52, 60, 68, 75

Military Service Did Not serve, Served

Religion None, Jewish, Catholic, Mainline Protestant,
Evangelical Protestant, Mormon

College No BA, Baptist College, Community College,

State University, Small College,

Ivy League University
Income 32K, 54K, 65K, 92K, 210K, 5.1M
Profession Business Owner, Lawyer, Doctor,

High School Teacher, Farmer, Car Dealer
Race/Ethnicity White, Native American, Black,

Hispanic, Caucasian, Asian American
Gender Male, Female

Table EC.7 Attributes for candidate dataset.

Attribute Levels

Education No Formal, 4th Grade, 8th Grade, High School,
Two-Year College, College Degree, Graduate Degree

Gender Female, Male

Origin Germany, France, Mexico, Philippines, Poland,

India, China, Sudan, Somalia, Iraq
Application Reason Reunite With Family, Seek Better Job, Escape Persecution
Profession Janitor, Waiter, Child Care Provider, Gardener, Financial Analyst,
Construction Worker, Teacher, Computer Programmer,
Nurse, Research Scientist, Doctor
Job Experience None, 1-2 Years, 3-5 Years, 5+ Years
Job Plans Contract With Employer, Interviews With Employer,
Will Look For Work, No Plans To Look For Work
Prior Trips to US  Never, Once As Tourist, Many Times As Tourist,
Six Months With Family, Once Without Authorization
Language Fluent English, Broken English,
Tried English But Unable, Used Interpreter

Table EC.8  Attributes for immigrant dataset.
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Attribute Levels

Price $70, $75, $80, $85, $90, $95, $100
Size Normal, Large

Color Black, Red

Logo No, Yes

Handle No, Yes

PDA Holder No, Yes

Cellphone Holder No, Yes

Velcro Flap No, Yes

Protective Boot No, Yes
Table EC.9 Attributes for timbuk2 dataset.
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EC.4.5. Hierarchical Bayesian model specification
For our hierarchical Bayesian model, we assume that each respondent’s partworth vector 3 =
(B1y-..,0B,) is drawn as

B~N(B,Vp), (EC.83)

where N(u,¥) denotes a multivariate normal distribution with mean p and covariance matrix 3.

The distributions of the mean 3 and covariance matrix V4 are then specified as

B~ N(0,aVp), (EC.84)
Vﬁ NIW(V¢V)7 (ECS5>

where IW (v, W) denotes an inverse Wishart distribution with degrees of freedom v and scale
matrix W. This model specification is implemented in bayesm, using the rhierBinLogit function.

We use bayesm’s defaults for v, V and a.

EC.4.6. Additional constraints for immigrant dataset
As discussed in Section 5.2, we define A with some additional constraints, which we describe here:
e If the immigrant’s profession attribute is set to “doctor”, “research scientist”, “computer
programmer” or “financial analyst”, then the immigrant’s education attribute is set to “college
degree” or “graduate degree”.
e If the immigrant’s profession attribute is set to “teacher” or “nurse”, then the immigrant’s edu-
cation attribute is set to “high school”, “two-year college”, “college degree” or “graduate degree”.
e If the immigrant’s application reason attribute is set to “escape persecution”, then the country
of origin attribute is set to Sudan, Somalia or Iraq.
e FEither the immigrant’s application reason attribute is set to “seek better job” or the immi-

grant’s job plan attribute is set to “no plans to work”, but they cannot both be set in this way.

EC.4.7. Competitive offerings for Section 5.2

Tables EC.10, EC.11, EC.12 and EC.13 display the attributes of the competitive offerings for the
bank, candidate, immigrant and timbuk2 datasets, respectively. We note that for timbuk?2, we
follow the same competitive offerings used in other optimization work that has used this dataset

(Belloni et al. 2008, Bertsimas and Misi¢ 2017, 2019).
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Attribute Outside | Outside | Outside
Option 1 | Option 2 | Option 3

Interest Rate: High fixed rate
Interest Rate: Medium fixed rate
Interest Rate: Low fixed rate
Interest Rate: Medium variable rate
Rewards: 1

Rewards: 2

Rewards: 3

Rewards: 4

Annual Fee: High

Annual Fee: Medium

Annual Fee: Low

Bank: Bank A

Bank: Bank B

Bank: Out of state bank
Rebate: Low

Rebate: Medium

Rebate: High

Credit Line: Low

Credit Line: High

Grace Period: Short

Grace Period: Long

Table EC.10 QOutside options for bank dataset problem instances.
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Attribute

Outside
Option 1

Outside
Option 2

Outside
Option 3

Age: 36

Age: 45

Age: 52

Age: 60

Age: 68

Age: 75

Military

Service: Did not serve

Military

Service: Served

Religion

: None

Religion

: Jewish

Religion

: Catholic

Religion

: Mainline protestant

Religion

: Evangelical protestant

Religion

Mormon

College:

No BA

College:

Baptist college

College:

Community college

College:

State university

College:

Small college

College:

Ivy League university

Income:

32K

Income:

54K

Income:

65K

Income:

92K

Income:

210K

Income 5.1M

Profession: Business owner

Profession: Lawyer

Profession: Doctor

Profession: High school teacher

Profession: Farmer

Profession: Car dealer

Race/Ethnicity: White

Race/Ethnicity:

Native American

Race/Ethnicity: Black

Race/Ethnicity: Hispanic

Race/Ethnicity: Caucasian

Race/Ethnicity: Asian American

Gender:

Male

Gender:

Female

Table EC.11

Outside options for candidate dataset problem instances.
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Attribute Outside | Outside | Outside
Option 1 | Option 2 | Option 3

Education: No formal

Education: 4th grade

Education: 8th grade

Education: High school

Education: Two-year college

Education: College degree

Education: Graduate degree

Gender: Female

Gender: Male

Origin: Germany

Origin: France

Origin: Mexico

Origin: Philippines

Origin: Poland

Origin: India

Origin: China

Origin: Sudan

Origin: Somalia

Origin: Iraq

Application Reason: Reunite with family
Application Reason: Seek better job
Application Reason: Escape persecution
Profession: Janitor

Profession: Waiter

Profession: Child care provider
Profession: Gardener

Profession: Financial analyst
Profession: Construction worker
Profession: Teacher

Profession: Computer programmer
Profession: Nurse

Profession: Research scientist
Profession: Doctor

Job Experience: None

Job Experience: 1-2 years

Job Experience: 3-5 years

Job Experience: 5+ years

Job Plans: Contract with employer

Job Plans: Interviews with employer
Job Plans: Will look for work

Job Plans: No plans to look for work
Prior Trips to U.S.: Never

Prior Trips to U.S.: Once as tourist
Prior Trips to U.S.: Many times as tourist
Prior Trips to U.S.: Six months with family
Prior Trips to U.S.: Once without authorization
Language: Fluent English

Language: Broken English

Language: Tried English but unable
Language: Used interpreter

Table EC.12  Outside options for immigrant dataset problem instances.




e-companion to Akchen and Misié: Exact Logit-Based Product Design ec39

Attribute Outside | Outside | Outside
Option 1 | Option 2 | Option 3

Price: $70

Price: $75

Price: $80

Price: $85

Price: $90

Price: $95

Price: $100

Size: Large

Color: Red

Logo: Yes

Handle: Yes

PDA Holder: Yes
Cellphone Holder: Yes
Mesh Pocket: Yes
Velcro Flap: Yes
Protective Boot: Yes

Table EC.13 Outside options for timbuk2 dataset problem instances. (For ease of comparison, only one level of

each binary attribute is shown.)
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K bank candidate immigrant timbuk2

5 14649.4 20114 7626.0  5748.8
10  14366.0 1992.1 7365.4  5615.2
15  14288.8 2264.7 7383.3  5570.2

20 14260.6 2586.7 7656.4  5545.8
30 14262.6 3222.6 8438.3 5535.0
40  14384.5 3881.1 9228.4  5557.8
50  14529.5 4535.2 10056.0  5608.8
K~ 20 10 10 30

Table EC.14 Results for tuning of K using AIC.

EC.4.8. Tuning of K for LC-MNL models

In this section, we seek to understand what is the best value for the number of customer classes K
in each of our four real data sets (bank, candidate, immigrant and timbuk2) in terms of model
fit. As observed in our experiments using these data sets in Section 5.2, as well as the results of
our experiments using our synthetic problem instances in Section 5.1, a general characteristic of
formulation P is that it requires more time to solve as K increases. In this section, we will see that
in all four data sets, the value of K that fits the data best is generally small.

There are many approaches that one can take to tuning the number of classes K. The approach we
will consider is based on minimizing a model selection measure, specifically the Akaike information
criterion (AIC), the Bayesian information criterion (BIC) and the consistent AIC (CAIC). The use
of these model selection measures for tuning the number of segments K is standard in the marketing
literature (see for example Kamakura and Russell 1989, Bucklin and Gupta 1992, Andrews et al.
2002, Andrews and Currim 2003; see also Section 14.4 of Train 2009).

The AIC, BIC and CAIC are defined as

AIC=-2.LL+2- (K +nk), (EC.86)
BIC=—2-LL +log M - (K +nK), (EC.87)
CAIC=—-2-LL+ (logM +1)- (K +nkK). (EC.88)

In the above equations, LL is the log likelihood of the LC-MNL model on the complete data set.
The term K + nK represents the number of parameters in the LC-MNL model; recall that there
are K values of \q,..., Ak, and there are nK partworth parameters {f;}. Lastly, the term M is
the number of choice tasks in the data set. The AIC, BIC and CAIC metrics can be viewed as
the negative log likelihood penalized by a measure of the size of the model, where higher values
correspond to models with a better size-adjusted fit to the data. Given a set of candidate values

of K, the best value of K is the one that minimizes the chosen metric (either AIC, BIC or CAIC).
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K bank candidate immigrant timbuk2
5 15219.6 2911.9 9064.6 6107.0
10 15506.3 3793.1 10242.8  6331.7
15 15999.4 4966.2 11699.3  6644.9
20  16541.3 6188.7 13411.1  6978.8

30 17683.6 8625.6 17070.3  7684.5
40 18945.9 11085.2 20737.8  8423.9
50  20231.2 13540.3 24442.7 91914

K* ) 5) 5) 5)
Table EC.15 Results for tuning of K using BIC.

K bank candidate immigrant timbuk2
5 15294.6 3076.9 9274.6 6162.0
10 15656.3 4123.1 10662.8  6441.7
15 16224.4 5461.2 12329.3  6809.9
20  16841.3 6848.7 14251.1  7198.8

30 18133.6 9615.6 18330.3  8014.5
40  19545.9 12405.2 22417.8  8863.9
50  20981.2 15190.3 26542.7 97414

K* 9 9 b} )
Table EC.16  Results for tuning of K using CAIC.

We compute the AIC, BIC and CAIC for the LC-MNL models estimated using each data set
in its entirety; Tables EC.14, EC.15 and EC.16 present the results. In each table, the best value
for a given data set is indicated in bold, and the bottom-most row summarizes the best value of
K. For the AIC, we can see that the optimal value for each data set is either K =10, K =20 or
K =30, whereas for the BIC and CAIC, the optimal value is K =5 for each data set. From a data
fitting perspective, these metrics imply that the right number of customer classes should not be
more than 20. Thus, while the runtime of formulation P does increase quickly as K increases, in
practice we expect that one will not have to solve it for extremely large values of K when using
LC-MNL models.

We additionally note that our findings here are consistent with empirical studies of latent class
models in the marketing literature, where typically the number of segments used for latent-class
logit modeling does not exceed K = 20. For example, Kamakura and Russell (1989) use K =5
segments and Russell and Kamakura (1994) use K = 8 segments. Andrews et al. (2002) com-
pared mixture logit models with continuous mixture distributions and latent class logit models
that assume a discrete mixture distribution using a comprehensive simulation study, where pur-
chase data is simulated according to a ground truth model and different mixture logit models are

estimated using this data. They showed that even when the ground truth model is a continuous
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mixture logit model, the latent-class logit model with under ten segments performs better than a
richer continuous mixture model. Lastly, Sawtooth Software, an industry leader in conjoint anal-
ysis software, provides a latent class MNL estimation tool that by default tests between K =1
and K =5 segments, and allows analysts to go up to K = 30 segments but not higher (Sawtooth
Software 2021). From this perspective, we do not expect that formulation P will need to be solved

for LC-MNL models with K > 30.

EC.4.9. Distribution of partworth magnitudes for real data instances

Figure EC.2 plots the distributions (processed via kernel density smoothing) of the j;; values for
the LC-MNL models estimated using the EM algorithm for the data sets in Section 5.2. Figure EC.3
plots analogous distributions of the fj, values for the HB models estimated using MCMC in
Section 5.2. Note that some of the distributions in Figure EC.2 are truncated at -10 and +10; as
we note in Section 5.2, in our implementation of EM we constrained each partworth parameter to

be between -10 and +10 to avoid numerical issues.
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Figure EC.2 Plots of partworth distributions for LC-MNL models estimated from real data sets in Section 5.2.
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EC.5. Heuristic based on geometric mean maximization

In this section, we present a heuristic for approximately solving the logit-based SOCPD problem
that is based on approximating the objective using a weighted geometric mean. Section EC.5.1
presents the details of the method, while Sections EC.5.2 and EC.5.3 provide proofs of two theo-

retical results presented in Section EC.5.1.

EC.5.1. Geometric mean heuristic
To motivate this approach, recall that the logit-based SOCPD problem (1) involves maximizing
the fraction of customers who purchase a product. This objective function is formulated as the
weighted sum of the logit probabilities of each customer purchasing the product. An alternate way
of understanding this objective is that it is the weighted arithmetic mean of the logit probabilities
of the customer types.

Consequently, instead of formulating the objective of our product design problem as an arithmetic
mean, we can instead consider formulating the problem using the geometric mean. This leads to
the following optimization problem:

£ exp(ug(a)) M
maximize 11 [1 T explur (a))] . (EC.89)

In other words, rather than trying to optimize the weighted arithmetic mean of the purchase prob-
abilities, this problem seeks to optimize the weighted geometric mean of the purchase probabilities,
where the weights indicate the relative proportion of each customer type in the population.

This formulation is interesting to consider because it provides a lower bound on the optimal
value of problem (1); the following simple result, which is based on the arithmetic-geometric mean

inequality and is stated without proof, formalizes this.

ProrosiTioN EC.1. Let Z%,, and Z¢,, be the optimal objective values of problems (1) and
(EC.89), respectively. Then Z%,, > Z& -

Thus, by solving problem (EC.89), we obtain a lower bound on problem (1); by evaluating the
objective value of the optimal solution of (EC.89) within problem (1), we obtain an even stronger
lower bound. The solution of the geometric mean problem (EC.89) can be used as an approximate
solution of the arithmetic mean problem (1).

We can further analyze the approximation quality of the solution of problem (EC.89) with regard
to the original problem. Let us use x = (xy,...,2) to denote the vector of purchase probabilities
for the K different customer types, and let us use x(a) to denote the vector of purchase probabilities
for a given product a € A:

_ [ exp(ui(a) exp(ux(a))
x(a) = (1(a),..., 2x(a) = <1+exp<u1<a>>"“’ 1+exp<uK<a>>> '
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Let us also use X be the set of achievable customer choice probabilities, given by

exp(ur(a))

x= e o= 2RO

for some a € .A} . (EC.90)

Given a vector of choice probabilities x, we use the function f: X — R to denote the weighted

arithmetic mean of x, with the weights A= (A1,..., \k):

Fx) =D Ay (EC.91)

Similarly, we use g : X — R to denote the weighted geometric mean of x:

g(x) =" (EC.92)

Thus, in terms of these two functions, the original logit-based SOCPD problem can be written
as maxae 4 f(x(a)), while the geometric mean problem (EC.89) can be written as maxac4 g(x(a)).
We then have the following guarantee on the performance of any solution of the geometric mean

problem (EC.89) with respect to the objective of the original logit-based SOCPD problem (1).

THEOREM EC.1. Let L and U be nonnegative numbers satisfying L < x,(a) < U for all k €
{1,...,K} and ac€ A. Let a* € argmaxac4 f(x(a)) be a solution of the arithmetic mean problem,
and & € argmaxae 4 g(x(a)) be a solution of the geometric mean problem. Then the geometric mean

solution a satisfies
1

=z K
Zk:l Ak (%)

f(x(a)) =, f(x(@").

The proof of Theorem EC.1 (see Section EC.5.2 of the ecompanion) follows by finding constants
a and @ such that af(x) < g(x) <ag(x) for any vector of probabilities x, and then showing that
a solution a that maximizes g(x(-)) must be within a factor a/@ of the optimal objective of the
arithmetic mean problem. Theorem EC.1 is valuable because it provides some intuition for when a
solution a obtained by solving the geometric mean problem (EC.89) will be close in performance
to the optimal solution of the original (arithmetic mean) problem (1). In particular, the factor I

defined as
1

= Y
S e (8) T
is decreasing in the ratio U/L. Recall that U is an upper bound on the highest purchase probability

F'=a/a

that can be achieved for any customer type, while L is similarly a lower bound on the lowest
purchase probability that can be achieved for any customer type. When the ratio U/L is large, it

implies that there is a large range of choice probabilities spanned by the set of product designs A.
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Figure EC.4 Plot of the approximation factor I' as a function of the ratio U/L, for different values of K. Note

that X is assumed to be the uniform distribution, i.e., A= (1/K,...,1/K).

On the other hand, when U/L is small, then the range of choice probabilities is smaller. Thus, the
smaller the range of choice probabilities spanned by the set A is small, the closer we should expect
the geometric mean solution to be in performance to the optimal solution of the arithmetic mean
problem. Figure EC.4 visualizes the dependence of the factor I' on U/L when A is assumed to be
the discrete uniform distribution and K is varied.

In addition to the ratio U/L, the factor I' is also affected by A. It can be verified that the factor I'
is minimized when the customer type distribution is uniform, i.e., A= (1/K,...,1/K). In addition,
it can also be verified that when A is such that A\, =1 for a single customer type (and A\» =0 for
all others), the factor I" becomes 1. Thus, the more “unbalanced” the customer type distribution
A is, the closer the geometric mean solution should be in performance to the optimal solution of
the arithmetic mean problem.

Lastly, with regard to the bounds U and L, we note that these can be found easily. In particular,
for each customer type k, one can compute g max = MaXae 4 Ug(a) and Uy min = Minae 4 ug(a), which
are the highest and lowest utilities that one can attain for customer type k; for many common
choices of A this should be an easy problem. (For example, if A is simply {0,1}", we can find
Uk, max DY setting to 1 those attributes for which 85 ; > 0 and setting to 0 all other attributes; uy, min
can be found in a similar manner). One can then compute L and U as

XD (Ukmax)
k=1,...,K 1+ eXp(uk,max) ’

U=
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eXp(uk,min)

L= min -—————.
k=1,...K 1+ exp(uk,min)

We now turn our attention to how one can solve problem (EC.89). While problem (EC.89) is
still a challenging nonconvex problem, it is possible to transform it into a mixed-integer convex

problem. To do so, we consider taking the logarithm of the objective function of (EC.89):

o [ [ 22T g (20

This transformation is useful because the logarithm function is monotonic, so any solution that
maximizes the logarithm of the objective function maximizes the objective function itself. This

leads to the following mixed-integer convex program:

K
maximize Z Ak - (ug, —log(1 +exp(uy))) (EC.93a)
" k=1
subject to  uk=Bro+ »  Briai, YVhe{l,...,K}, (EC.93b)
i=1
Ca<d, (EC.93c)
a;€{0,1}, Vie{l,...,n}. (EC.93d)

This formulation can be further reformulated as a mixed-integer exponential cone program, and
solved using Mosek. In terms of complexity, we note that problem (EC.89) is still a hard problem,

which is formalized in the proposition below.
THEOREM EC.2. The geometric mean problem (EC.89) is NP-Hard.

We refer readers to Section EC.5.3 for the proof of this result. However, in spite of this result, our
experience is that the conic reformulation of (EC.93) can generally be solved quite quickly, and
much faster than our exact formulations (RA, P and P-RPT); in our experiments in Section 5.1, we
find that synthetic problem instances of up to n =70 attributes and K = 30 customer types can be
solved to full optimality in no more than two minutes on average. Despite this positive empirical
result, we again note that the geometric mean approach only provides a heuristic and not an exact
approach to solving the original problem (1), and indeed, in Section 5.2, we shall see that the GM

heuristic can be quite suboptimal in real data instances.
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EC.5.2. Proof of Theorem EC.1

Let x* =x(a*) and x =x(a). To prove the result we proceed in three steps.

Step 1: The first step in our proof is to show that if there exist nonnegative constants @ and o

such that g satisfies
af(x) <g(x) <af(x) (EC.94)

for all x € X, then X satisfies
fx) = (e/a)- f(x7). (EC.95)

To establish this, we will first bound the quantity f(x*)— f(x). We have

) = fx) =[F(x") —g(x)] + [9(x7) = g(X)] + [9(x) = f(%)]

where the first step follows by algebra; the second step follows since g(x*) < g(%x), which is true by
the definition of X as the vector of choice probabilities for an optimal product a for the function
g(x(a)); the third step follows by (EC.94); and the remaining steps by algebra.

Observe that by re-arranging the inequality

f) =) <A -)(f(x") = f(x) + (@-a) f(x") (EC.96)

we obtain that
alf(x’) — f(X)] < (@—a)f(x7). (EC.97)

Since @ is nonnegative, dividing through by @ we obtain
—f(x"), (EC.98)

and re-arranging, we obtain

which is the desired result.
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Step 2: We now establish explicit values for the constants @ and «. Recall that by the arithmetic-
geometric mean inequality, g(x) < f(x) for all x € X. Therefore, a valid choice of @ is 1.

For a, we proceed as follows. Consider the ratio f(x)/g(x). For any x, we have

f(x) _ ZkK:I Ak
9(x) I,z

K
_ 1_>‘k _/\k:/
_§ e - T, .ka,
k=1

K/ #k
K
S S I I
k=1 K/ £k

Ay - UV [ 20

M

b
I
—

)\k . Ulf)\k . L)\kfl

w(3)
1

where the first step follows by the definitions of f and g; the second by algebra; the third by

M)

=
Il
—

o

>
Il

the fact that the function h(x) =2'~** is increasing in z (since 1 — )\, >0), and that the function
h(z) =2~ is decreasing in z (since —\; < 0); the fourth by algebra; the fifth by recognizing that
25:1 A = 1, which implies that A\, —1=— Zk,ik A5 and the last by algebra. This implies that a

valid choice of « is
1

K 1-Xg °
Zk:l Ak (%) ’
Step 3: We conclude the proof by combining Steps 1 and 2. In particular, by using @ =1 and

a= [2211 Ak (U/L)l_’\'“]*l, we obtain that

g:

(EC.99)

1

Fx(8) > —
Zk:l Ak (%)

1—X, f(X(a*))v
as required. [

EC.5.3. Proof of Theorem EC.2
To prove this result, we will show that MAX-3SAT problem can be reduced to the geometric mean
problem (EC.89).

Given an instance of the MAX-3SAT problem, we construct an instance of the geometric mean
problem (EC.89) as follows. Let the number of attributes n be equal to the number of binary
variables in the MAX-3SAT instance, and we define A as {0,1}". Each attribute of our product
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will correspond to one of the binary variables. Let each customer type k correspond to one of the

K clauses, and we set A\, =1/K. We define the parameters p; and py as

1
PL= 100K (EC.100)
1 10éK
pu=pr’t = <1OOK> (EC.101)
and we define the utilities @ and Qy as

Qr =log ( br > ; (EC.102)

1—pr
Qu = log ( Pbu ) . (EC.103)

1 —pu

We define the partworth parameters as how we did in the proof of Theorem EC.1.2. For each
customer type k, let Jy € {0,1,2,3} denote the number of negative literals in the corresponding

clause k of the MAX-3SAT instance (i.e., how many literals of the form —x; appear in ¢;). We

define the partworths By 1,..., Bk, of customer type k as follows:
0 if variable x; does not appear in any literal of clause k,
Bri= 14 Qu —Q if the literal x; appears in clause k, (EC.104)

Qr — Qu if the literal —x; appears in clause k,

for each i € {1,...,n}, and we define the constant part of the utility 8o as

Bro=QL+ Jr- (Qu — Q). (EC.105)

Next, we need to show that, given an optimal solution a to the geometric mean problem, the
solution x, which is obtained by setting z; = a; for each i € {1,...,n}, is an optimal solution of the
MAX-3SAT problem. However, before we establish this, we make the following observation. Since
log(pr) is a constant and Eszl Ar = 1, we can subtract Zszl Arlog(pr) from the objective function
of the geometric mean problem and divide it by — log(p,) > 0 without changing the optimal solution

of the problem. After this transformation, we obtain the following objective function:

B _exp(ug(a))
i \ log(pr) +log (1+exp<'2k<a>>> (EC.106)
k=1 ’ —log(pr) . |

It is straightforward to see that maximizing the geometric mean objective S5 | Ay (ux(a) —log(1 +
e @)) is equivalent to maximizing this modified objective. In the remainder of the proof, we use

this objective function for the geometric mean problem. Let

~log(ps) +log ( 722 )
—log(pr)

h(u) = (EC.107)
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Observe that, if the product attribute a is set such that none of the literals in a clause k is satisfied,
then uy(a) = @ and h(ux(a)) =0. Otherwise, ux(a) > Qu and h(ug(a)) >1—1/(100K). Moreover,
h(u) <1 for all ueR.

Before we proceed with the proof of the theorem, we prove two lemmas. We first define g;.(x) as
in the proof of Theorem EC.1.3. That is, g;(x) =1 if clause k in the MAX-3SAT problem is satisfied
by solution x and g (x) = 0 otherwise. Then we establish the following relations between g (x) and

h(ug(a)) for a MAX-3SAT problem solution x and a geometric logit-based SOCPD solution a.

LEmMA EC.1. Let x and a defined such that x; = a; for all i€ {1,...,n}. Then, we have

gi(x) = === < h(uk(a)) < gr(x). (EC.108)

Proof: To establish the first inequality, notice that, h is an increasing function since the logarithm
and logistic functions are increasing functions and —log(py) is a positive constant. If g,(x) =1,
we have ug(a) > Qu, which implies that h(ug(a)) > h(Qu) =1 — 1/100K = gi(x) — 1/100K. If
grx(x) =0, we have uy(a) = Qr, which implies h(ug(a)) =0> gp(x) — 1/100K. Therefore, for both
cases, h(ug(a)) > gr(x) —1/100K holds.

The second inequality also holds because 1 > h(ux(a)) > 1 — 1/100K if gx(x) = 1, and
h(ur(a)) =0 otherwise. O

Now, we will establish a relation between the objective functions of the geometric mean logit-

based SOCPD and the MAX-3SAT problem.

LEMMA EC.2. Let x and a defined such that x; =a; for alli€{1,...,n}. Then, we have

{Z h(ux, (a))w = Z 9 (x). (EC.109)

k=1

Proof: By Lemma EC.1, we have

K 1 K 1 K K
> (gk(x) - 100K> = g(x) - Too < D h(ur(@) < gi(x). (EC.110)
k=1 k=1 k=1 k=1

Since ) ,_, gx(x) is an integer, this implies that {Zk:l h(uk(a))—‘ => 1 9k(x). O

Finally, we will conclude the proof of the theorem by showing that, given an optimal solution a

to the geometric logit-based SOCPD problem, the solution x, which we obtain by setting x; = a;
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for all i € {1,...,n}, is an optimal solution to the MAX-3SAT problem. To verify this, we use the
notation that we defined in the proof of Theorem EC.1.2 and follow a similar proof technique.
Suppose that, x is not the optimal solution to the MAX-3SAT problem, and there exists a solution
X, which achieves a higher number of satisfied clauses than x. Let a be the solution we obtain by

setting a; = &; for all i € {1,...,n}. Then, we have

{Zh(%(é)ﬂ :ng(i) (EC.111)

> igk(x) (EC.112)

= {Z h(uk(a))w (EC.113)

where the equalities follow from Lemma EC.2 and the inequality follows from the assumption
that Zszl gr(X) > Zszl gr(x). Since Zszlgk(i) and Zszlgk(x) are integers, this implies that
Zszl h(ug(a)) > Zszl h(ux(a)), which contradicts the optimality of a. Therefore, x must be the
optimal solution to the MAX-3SAT problem. [
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EC.6. Robust logit-based share-of-choice product design

A key assumption in the logit-based SOCPD problem is that the underlying parameters that
determine customer choice — the distribution A and the partworth vectors 3,,... 3, — are known
precisely. In practice, these parameters are estimated from data (as in our numerical experiments
with real data in Section 5.2) and there may be errors in these estimated values; thus, these

parameters are subject to uncertainty. This is important because a product that is optimized

based on a single A and a single collection of partworth vectors B,,..., 8 may yield significantly
lower market share if the actual A and 3,,..., 3, values are different from the ones used in the
optimization.

In this section, we consider two different robust optimization approaches to the logit-based
SOCPD problem that address uncertainty in the partworth vectors 3,,...,8x. In particular, let
B=(8,...,8x) € R"*DK denote the concatenation of the partworth vectors of all K customer
types; we refer to 3 as the grand partworth vector. The robust logit-based SOCPD problem can
then be written as the following max-min problem:

K n
maxmin » e+ 0(Bro+ Y Braai), (EC.114)
k=1 =1

ac A Beu

where Y C R™+tDK {5 an uncertainty set of possible partworth vectors. In this problem, we seek to
find the product design vector a that maximizes the worst-case share-of-choice, where the worst-
case is taken over all grand partworth vectors in U.

The rest of this section is organized as follows. Section EC.6.1 presents our first approach, which
assumes that U is structured as a Cartesian product of smaller uncertainty sets corresponding
to each customer type. Section EC.6.2 presents our second approach, which assumes that U is
structured as a budget uncertainty set. Section EC.6.3 presents a small set of computational exper-
iments for the first approach, while Section EC.6.4 presents computational results for the second
approach.

Before we continue, we note that the two approaches developed below only consider uncertainty
in the grand partworth vector 8 and not in the probability distribution A. We focus on this form
of uncertainty as we believe this is the more interesting case to consider. When there is only

uncertainty in A, the robust logit-based SOCPD problem can be written as

acA AeA

K n
maxminZ)\k-a(ﬁk,o +Zﬁk7iai), (EC.115)
k=1 i=1

where A is an uncertainty set of probability mass functions supported on [K]. This problem can
be analyzed in a straightforward fashion as the objective function is linear in A, and therefore the

inner worst-case problem that minimizes over A is a linear program. Depending on the structure
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of A, one can potentially reformulate the inner problem to eliminate the minimization over X\ (for
example, if A is a polyhedron, then one can use LP duality to reformulate the problem with a
finite number of additional variables and constraints) and reformulate each o(-) term using one
of the three formulations presented earlier (RA, P or P-RPT). Alternatively, one can also design
a cutting plane procedure that replaces A with a finite set A, solves the corresponding restricted

master problem, and then identifies a new A to add to A by solving the worst-case problem
minyea Zszl Ak 0(Bro + iy Br,iti)-

EC.6.1. Robust approach 1: product uncertainty set
In the first approach that we consider, we assume that the uncertainty set U of the grand partworth

vector is structured as a Cartesian product of type-specific uncertainty sets, that is,
U=U, xUy X -+ XU, (EC.116)

where U;, C R""! is an uncertainty set governing the partworth vector 3, of customer type k. Under

this uncertainty set, the robust logit-based SOCPD problem can be written as

K n
Igle%glelg{; )\ka(ﬂk’o—i—;ﬁkyiai)} (EC.117)

Due to the product form of the uncertainty set, this problem admits a nice reformulation, which

we now explain. In particular, we can re-write the problem as

K n
max min {;/\m(ﬁk,o + ;Bk,iai)} (EC.118)
K n
U 08 i {Z Moot Zﬂ>} (B9
K n
- )\ i ez 3 ECl20
m{Z i, o 6o + D st >} (EC.120)

where the last step follows because, due to the product form of the uncertainty set, the minimization
over the overall grand partworth vector 8 decomposes into K minimizations over each individual
customer type’s partworth vector (3,.

From here, the problem can be further reformulated by observing that the logistic response

function o(+) is monotonic, and so the minimization over 3, can be pushed inside of o(-):
K n
Ay mi i) ¢ EC.121
max {Z i, 7(Oho+ D e >} (BC.121)

acA k€ -
=1

K n
= max {Z )\ka(gmig {Bro+ > ﬁkﬂ-ai})} . (EC.122)
k=1 k
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Recall now from our formulation P that the decision variable w;, represents the linearization of xy, ; -
uy. To model the inner minimization, we replace the constraint that defines w;, in that formulation,
which is

wy, = ProTr,1 + Z Br,iYk,is (EC.123)

i=1

with the following robust constraint:

Wy < BT+ Zﬂk,iyk,i, vV B € Us. (EC.124)

i=1

Formulation P thus becomes the following formulation, which we denote by P-Robust:

P-Robust : H;a:lxvivrr’l(ige i)\k:ﬂk,l (EC.125a)
subject to ;:1 +ap e TRV EE[K], (EC.125b)

wg < BroTr1 + zn:ﬁwyk,i, V ke [K], B, €Uy, (EC.125¢)

Ypi<a;, Yk éz[ll(], i€ [n], (EC.125d

Yei <1, YV Eke[K], i€ n], (EC.125¢

Ypi > Tp1+a;,—1, YVEke[K], i€n], (EC.125f

yr: >0, Vkel[K], i€n], (
L0y Lh,1 > 0, Vke [K], (ECl25h

)
)
)
EC.125g)
)
Ca<d, (EC.1251)

)

ae{0,1}". (EC.125

The key distinction between P-Robust and P is that constraint (EC.125¢) is quantified over all
partworth vectors 3, € Uy, and thus (EC.125¢) describes a potentially uncountably infinite col-
lection of linear inequalities. As is standard in robust optimization, if each U} admits a tractable

representation, then one can re-write the constraint as

< mi AYp EC.12
wk;_IGI;lelgk{ﬂk,Oxk,l“'Zﬁk,zykﬂ} (EC.126)

i=1
and reformulate the minimization problem on the right hand side of the inequality to obtain an
equivalent but finite representation. For example, if i}, is a polyhedron, the minimization problem
is a linear program, and one can use LP duality theory to reformulate the constraint exactly using a
finite number of constraints and variables. Alternatively, one can consider solving the problem using
constraint generation, where one replaces U, with a finite subset Uy, and solves the minimization

problem on the right-hand side to identify partworth vectors at which the constraint is violated.
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In the experiments that we will present in Section EC.6.3, we will assume that each U, is a

continuous budget uncertainty set (see Bertsimas and Sim 2004, for more details) defined as

Up={B,=B,—B0& | 0<¢, <1, 17§, <T}, (EC.127)

where the vectors 1 and 0 are used to denote (n + 1)-dimensional vectors of all ones and zeros,
respectively, and o denotes the component-wise product of two vectors. In this definition, the
vector 3, € R"*! is the vector of nominal partworths and the vector ,C:}k is the vector of maximum
allowable deviations, where each value B,m' represents the most that the partworth 3, ; may deviate
from its nominal value 3 ;. The value & ; is bounded between 0 and 1 and represents the fraction
of the maximum deviation of BMS the constraint Z?:o &k,i <I' models that we only allow up to I
partworth values to maximally deviate from their nominal values. Note that in our uncertainty set,
we only consider downward deviations, which results in the form 3, — Bk 0&,. Although budget
uncertainty sets (as for example in Bertsimas and Sim 2004) usually allow for both upward and
downward deviations, in our case it is not necessary to consider upward deviations, because such
deviations are never optimal for the inner minimization problem and will in general never be a
part of the worst-case solution.

For this budget uncertainty set, constraint (EC.126) can be reformulated by applying LP duality
to the right-hand side of (EC.126), and introducing a new set of decision variables and constraints.

In particular, it can be shown that constraint (EC.126) is equivalent to

wi, < BroTra + Z Br.iyri — Tar — Z Thi (EC.128)
i=1 i=1

G+ Tho > Broi, (EC.129)

G+ Tri > Brayes, Vieln], (EC.130)

a =0, (EC.131)

Tri >0, Vien], (EC.132)

where ¢, and T4 = (Tk0,...,Tkn) are new decision variables that are added to problem P-Robust.

Thus, problem P-Robust becomes

K

P-Robust-Budget : maximize Z)‘kwk,l (EC.133a)
a,q,w,x,y,T k:1

subject to w1 —1—:13,@,16_”’“/”:’“»1 <1, VkelK], (EC.133b)

wy, < BroTra + ZBk,iyk,i —Iq, — ZTk,m V kelK],
=1 =1
(EC.133c)

Gk + Tro = Bk70$k717 V ke [K] (EC.133d)
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G+ Tri > Brives, Y kelK], ieln], (EC.133e)
Yri <a;, YkelK], ieln], (EC.133f)
Yi <xp1, YV Eke[K], i€ln], (EC.133g)
Yri > T +a;—1, VEe[K], i€[n], (EC.133h)
Y >0, Vke[K], ien], (EC.133i)
Tio,Tp1 >0, Vke[K], (EC.133j)
Ca<d, (EC.133k)
ac{0,1}", (EC.133])
a. >0, Vkel[K], (EC.133m)
Ti >0, Vke[K], i€[n], (EC.133n)
EC.6.2. Robust approach 2: joint uncertainty set
In our second approach, let our uncertainty set U of partworth vectors be defined as
K n
U= {B—B—BOE SN qa<r, 2o, 1}<n+1>K} . (EC.134)
k=1 i=0
In the above definition, 8 = (B, ..., 8x) € RX"*1 is the vector of nominal values of the partworths,
where Bk = (Bk,m Bk,l, e ﬂ_;w) is the vector containing the nominal partworths and the nominal
intercept for customer type k. The vector B = (,[:}1, NG k) € REMFD s the vector of maximal
allowed deviations of the partworth parameters, where Bk = (Bk,o, e ﬁkn) represents the vector

of maximal allowed deviations of each parameter (i.e., Bk,i is the most that the partworth fj ;
is allowed to deviate from its nominal value By ;). The vector E is defined as B = (£,,...,&;) €
{0,1}(+DE where each &, = (&, - -+, &m) € {0,1}7F1 is the vector of binary variables indicating
whether partworth S ; is deviating from the nominal value 8y ; (&.; = 1) or not (£ ; = 0). We refer
to &, as the perturbation pattern of customer type k, and E as the grand perturbation pattern.
The uncertainty set U represents the set of all vectors of partworth vectors where at most I"
parameters are equal to ﬁ_;“ — Bk,i and the rest are equal to their nominal value B;H The idea of this
uncertainty set is that while each partworth parameter g ; may deviate from its nominal value,
we expect that in the worst case, there should not be too many such parameters deviating from
their nominal value. Note that unlike the product uncertainty set in the previous section, there is
no limit on how many deviations can occur for each customer type, and so an admissible grand
partworth vector 3 from U may be such that all of the deviations occur for a small subset of the

K customer types, with the partworths for the other customer types unperturbed. Additionally, U
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is a discrete uncertainty set, whereas the uncertainty set of the previous section may be discrete
or continuous. The motivation for this choice is tractability; we shall discuss this in more detail
shortly.

The corresponding robust logit-based SOCPD problem is then

K n
max glelll} {kz; A0 (Bro+ ; ﬁk7iai)} , (EC.135)

where the goal is to find the product design vector a that maximizes the worst-case logit-based
share-of-choice, where the worst-case is taken over all partworth vectors 3 belonging to U. Note
that in this model, we are again assuming that the nominal values of the customer type probabilities
A1, ..., A are not subject to uncertainty.

Note that this problem is rather difficult to solve, because the inner worst-case problem,

K n
Iﬁfﬂelg[l {g )\kO'(,Bk’(] + ;Bkﬂaz)} (ECl36)

is a binary nonlinear optimization problem, similarly to the nominal logit-based SOCPD problem.
Typically in robust optimization, the inner worst-case problem is a tractable optimization problem
that can be reformulated using duality. For example, if the objective is linear in the uncertain
parameter, and the uncertainty set is polyhedral, then the inner worst-case problem is a linear pro-
gram, and one can apply linear programming duality to reformulate the inner worst-case problem
using a finite number of additional variables and constraints. In our setting, such an approach is
not applicable due to the nature of this inner problem.

Instead, what we can hope to do is to solve the overall robust problem (EC.135) using delayed

constraint generation. In this approach, we first reformulate the problem in epigraph form:

maxirenize 0 (EC.137a)
7 K n

subject to 6 < Z A0 (Bro + Z Briai), Y PBeEU, (EC.137b)
k=1 i=1

acA (EC.137¢)

Now, instead of solving problem (EC.137) with all possible 3 enumerated, we start with con-
straint (EC.137b) enforced for only a finite subset & C U. We then solve this restricted master
problem to obtain a solution a. With this solution a in hand, we now solve the following separation

problem:

K n
minimize > Mo (Ui = Brobio — Y Briair.) (EC.138a)
k=1 i=1
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K n

subject to Z Zg’” <T, (EC.138b)
k=1 =0

£€{0,1}, VEe[K], ie{0,1,...,n}, (EC.138c¢)

where %, is defined as 5, = Bk,o + Z?Zl Bk’iai, which is the utility of a using the nominal partworth
values for customer type k.

Although this problem is challenging, we can reformulate it as a mixed-integer convex program
using the same type of technique as we used to obtain formulation P. In particular, as in formu-
lation P, let 7, ; and 7 denote the purchase probability of the product and the no-purchase
probability, respectively, for customer type k; let u;, denote the utility of product k; let h; denote
the linearization of uy - 7y 0; and let zj; denote the linearization of 7y, o - & ;. With these definitions,

this separation problem (EC.138) can be re-written as the following mixed-integer exponential cone

program:
K
minimize ;Akxm (EC.139a)
=1
g
subject to  mpo+mRo-e™R0 <1, V ke [K], (EC.139b)
Tho+me1 =1, Vkel[K], (EC.139c¢)
uk:ﬂk_ZBk,i'ai'§k7iv Vke [K], (EC].39d)
i=0
h, = UpTg,0 — Z Bk,i “Q 2k VEke [K], (EC]_396)
i=0
Zk_’igﬂkvo, VKE[K],’L.G{O,L...,TL}, (EC139f)
zk,igﬁkﬂ-, v ke [K],iE{O,l,...,n}, (ECl39g)
Z}c,izﬂk,o_’_ék,i*ly VkG[K],iE{O,l,...,n}, (EClth)
K n
YN Ga<T, Vielk], (EC.1301)
k=1 i=0
K n
Y si<Tmyo, VEke[K] (EC.139))
k=1 i=0
K n
SN (s —2i) ST omea, ¥ ke [K], (EC.139k)
k=1 i=0
& €{0,1}, Vke[K],ic{0,1,...,n}, (EC.1391)
2, >0, VkelK],ie{0,1,...,n}. (EC.139m)

By solving this problem, we obtain the solution E; to obtain the corresponding 3 vector, we simply
calculate it as B =3 — B o=. We add the corresponding constraint to the master problem (EC.137),

and solve the master problem again.
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We make several important remarks about the restricted master problem. First, note that the
restricted master problem can be formulated as a mixed-integer exponential cone program that is
very similar to the nominal problem. The main difference is that the variables xy o, Tk 1, Uk, Wk, Yk i
are now additionally indexed by &. In particular, xj ¢ and xy ¢ are the choice probabilities for
the no-purchase option and the product for customer type k when its partworth vector deviates
according to the perturbation pattern &. Similarly, u; ¢ is the utility of the product for customer
type k with the perturbation pattern &; wy ¢ is the linearization of uy ¢ - Ty ¢ 15 Yi ¢, is the lineariza-
tion of a; - x4 ¢,1. Each combination of k£ and & requires analogs of the constraints (14b) to (14h) of
P and in particular, requires one exponential cone.

Second, and related to the previous point, is that across different worst-case realizations of the
grand partworth vector 3 that are generated from U, the same deviation pattern & could appear
multiple times for the same customer type. This implies that the same variable z, ¢ ; that represents
the purchase probability for customer type k under perturbation pattern & could appear in multiple
instances of the epigraph constraint (EC.137b). This is important because it allows for efficiency in
terms of how many exponential cones are used to model the xj ¢ ; variables. A naive implementation
of constraint generation would introduce a new exponential cone for each = variable that appears
in constraint (EC.137b), resulting in K - M exponential cones after M worst-case realizations are
generated. By being careful about whether a perturbation pattern has been generated previously,
one can reuse variables that have already been introduced, and reduce how many new exponential
cones get added to the master problem.

Lastly, we alluded earlier that the choice of a discrete budget uncertainty set, as opposed to
a continuous budget uncertainty set is motivated by tractability, and after laying out the overall
constraint generation procedure, it should become clear why a discrete uncertainty set may be
easier to work with. In particular, the worst-case problem (EC.138) can be formulated exactly as the
mixed-integer exponential cone program (EC.139). If one were to consider a continuous uncertainty
set U, then the worst-case problem (EC.136) would be a continuous, non-convex problem, and in
such a situation, it is not clear how one can solve such a problem to global optimality (in order
to implement a constraint generation/cutting plane method), or how one can otherwise tractably

reformulate the overall robust problem.

EC.6.3. Numerical experiments with product uncertainty robust approach

In this section, we present a small set of numerical experiments to demonstrate the value of the
robust approach using the product budget uncertainty set described in Section EC.6.1. We con-
sider the synthetic instances from Section 5.1 with n =30, and K € {10,20}, and the scale factor

parameter c¢ fixed to 5.
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We set up the budget uncertainty set U, of each customer type k as follows. We use the value of
each term fj,; as the nominal value B;m in our uncertainty set. For the intercept, we assume that
there is no uncertainty, and set Blao =0. For each attribute, we assume that B,w = - |B.|, where
¢ €{0.1,0.2} is a parameter that will be tested. We vary the budget I in the set {1,2,3,4,5,6,7}.
Note that in general, there are Kn partworth parameters, not counting the intercept; setting the
budget as m means that at most m out of n parameters deviate from their nominal values, for a
total of K'm out of Kn parameters over all K customer types.

For each (n, K, ¢’) combination, we solve formulation P-Robust-Budget for each of the 20 synthetic
instances, and record the objective value. We solve the formulation using Mosek and impose a time
limit of one hour. In addition, for each n and K, we also compute the worst-case share-of-choice
of the nominal product vector by solving mingey, {Zszl Mo (Bro+ >0, ﬂmai)}.

To compare the robust and nominal approaches, we compute two different metrics:

1. Worst-case loss: The worst-case loss (WCL) is defined as
a".B) — mingey F(a" . 8)

F(a,B)

where a” is the nominal product design (i.e., a¥ € argmax.c4F(a,3)), and F(a,3) =

WCL = il

x 100%, (EC.140)

Zszl Xe0(Bro+ Y, Br.iai) is the share-of-choice of the product vector a under the overall part-
worth vector 3= (3,...,8x). In words, it is the percentage reduction in the share-of-choice of
the nominal solution a®, relative to the nominal share-of-choice, under the worst-case realization
in U. A high value of WCL implies that the worst-case performance of the nominal product design
deteriorates significantly when the realized partworths differ from their nominal values.

2. Relative improvement: The relative improvement (RI) is defined as

_ mingey F(a®, 8) — mingey, F(a, 8)

I
t minﬁell F(an@)

x 100%, (EC.141)

where a’ is the nominal product design and af is the robust product design (i.e., af €
arg maxae 4 Mingey F'(a,B)). In words, it is the improvement in worst-case share-of-choice perfor-
mance of the robust product design a” relative to the nominal product design a”. A high value of
RI implies that the robust design delivers better performance under uncertainty than the nominal
design.

Table EC.17 reports the average WCL and RI for each of the (n, K, ¢’) combinations, as well as the
average computation time of P-Robust-Budget. From this table, we can see that the deterioration
of the nominal solution when exposed to the worst grand partworth vector 3 from U can be large
(as high 33% when K =20, ¢ =0.20 and I' =5), and that the robust solution improves on the

nominal solution significantly in terms of worst-case share-of-choice (as much as 28%). Additionally,
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d n K I' WCL (%) RI (%) Time (s)
0.10 30 10 1 0.96 0.00 20.90
0.10 30 10 2 2.15 0.06 25.89
0.10 30 10 3 3.5 0.38 30.36
0.10 30 10 4 5.14 1.13 31.10
0.10 30 10 5 6.78 2.06 32.16
0.10 30 20 1 1.99 0.15 461.28
0.10 30 20 2 4.35 0.84 616.34
0.10 30 20 3 6.96 1.84  755.08
0.10 30 20 4 9.70 3.42 872.96
0.10 30 20 5 12.50 5.41 956.01
0.20 30 10 1 2.28 0.07 26.43
0.20 30 10 2 6.00 1.59 28.91
0.20 30 10 3 11.17 5.15 36.13
0.20 30 10 4 17.61 11.66 41.62
0.20 30 10 5 2441  20.31 50.46
0.20 30 20 1 4.55 0.91 591.00
0.20 30 20 2 10.87 4.15 780.24
0.20 30 20 3 18.38  10.50  901.27
0.20 30 20 4 26.26  18.59 1158.55

0.20 30 20 5 33.90 2794 1294.17

Table EC.17 Performance of robust solutions using the product uncertainty set approach (Section EC.6.1) on

synthetic data instances.

the computation times of this approach are reasonable; while they are larger than the nominal
formulation (see Table 1 in Section 5.1), they are no more than about 20 minutes in the largest

case.

EC.6.4. Numerical experiments with joint uncertainty robust approach
In this second set of numerical experiments, we aim to understand the value of the robust approach
using the joint budget uncertainty set described in Section EC.6.2. We again consider the synthetic
instances from Section 5.1 with n =30 and K € {10,20}. We set the scale factor parameter ¢ to 5.

To set up the joint budget uncertainty set U/, we proceed as follows. We use the value of each term
B.,i as the nominal value Bk,i in our uncertainty set. For the intercept, we assume that there is no
uncertainty, and set ﬁAk,o = 0. For each attribute, we assume that ﬁk,i =’ |By.i|, where ¢ € {0.1,0.2}
is a parameter that will be tested. Lastly, we vary the budget I in the set {1-K,2-K,...,5- K}.
Note that in general, there are K(n + 1) utility parameters (n partworths plus one intercept, for
each customer type); setting the budget as m - K can be interpreted as anticipating up to m out
of n partworths of each segment (on average) to vary from their nominal values.

For each of the 20 instances corresponding to each combination (n, K, c) € {30} x {10,20} x {5},
we solve the robust formulation (EC.135) for each I" and each ¢. We apply the constraint generation

method described in Section EC.6.2. Due to the significantly greater computational requirement of
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the robust problem described in Section EC.6.2 compared to the nominal problem (formulation P),
we deemed it necessary to impose time limits on several components of the overall method. In
particular, we impose a time limit of one hour on the overall procedure, with a time limit of
600 seconds for each solve of the restricted master problem, and 5 seconds for each solve of the
subproblem. If the subproblem fails to identify a violated constraint within the 5 second time limit,
it is solved again with a longer time limit of 120 seconds. If this second solve results in a violated
constraint, the procedure continues; if it does not produce a violated constraint, the procedure
terminates.

For each of the same 20 instances corresponding to each combination (n, K, c) € {30} x {10,20} x
{5}, for each value of ¢ € {0.1,0.2} and for each value of I', we also compute the worst-case
objective value of the nominal solution. We do this by solving the separation problem (EC.139) at
the nominal product vector a. To make this worst-case objective value consistent with our robust
procedure, we again impose a computation time limit of 120 seconds. We again compute the WCL
and RI as in the experiments of the previous section.

Table EC.18 reports the average of WCL and RI for each combination of (n, K,c), ¢ and I'. In
addition, it also reports the average computation time. From this table, we can see that in general,
the WCL of the nominal solution can be substantial. For example, in the case where ¢’ =0.1 (i.e.,
each partworth deviates from its nominal value by at most 10%), the WCL ranges from 4.31% to
24.22%. When ¢ = 0.2, it can be as high as 53.88%. On the other hand, the robust solution can
significantly outperform the nominal solution in terms of worst-case share-of-choice, as shown in
the high values of RI (for example, with K =10, ¢ =0.2, I' =40, the RI is over 15%).

In these results, we note that in a few cases the average RI is negative. Note that by the definition
of RI in equation (EC.141), this cannot happen if af* exactly solves the robust problem, and all
worst-case share-of-choice objective values are computed exactly. This is entirely an artifact due to
the computation time limits that were applied when solving the robust problem and to evaluate the
worst-case share-of-choice. In particular, due to the overall time limit of one hour, it is possible to
have a suboptimal solution to the robust problem; as a result, even if one could perfectly compute
mingey F(+,8) for such a solution and the nominal solution, it is possible that the nominal solution
outperforms it in terms of worst-case objective value, leading to a negative RI. In addition, it is
also possible that the worst-case objective value of the nominal solution, minge, F(a’¥, 3), is over-
estimated, which can happen if problem (EC.139) is terminated early with a suboptimal solution;
this in turn could result in a negative RI as well.

Lastly, with regard to computation times, we note that the computation times for this approach
are large, and in particular much larger than for the product uncertainty set approach tested in

Section EC.6.3, which involved solving a single finite mixed-integer exponential cone program with
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d n K I' WCL (%) RI (%) Time (s)
0.10 30 10 10 4.31 0.19 777.40
0.10 30 10 20 7.50 0.70 1612.02
0.10 30 10 30 9.87 2.79 2257.32
0.10 30 10 40 11.60 4.39 2333.21
0.10 30 10 50 13.10 5.02  2105.17
0.10 30 20 20 8.80 -0.97 3823.48
0.10 30 20 40 14.58  -0.56 3989.73
0.10 30 20 60 18.79 2.93 4021.12
0.10 30 20 &0 21.90 4.91  3999.85
0.10 30 20 100 24.22 9.41 3999.27
0.20 30 10 10 12.29  -0.16 3368.03
0.20 30 10 20 21.76 3.13  3854.17
0.20 30 10 30 29.75 8.48  3846.31
0.20 30 10 40 36.45 15.88 3682.21
0.20 30 10 50 41.75  33.67 3644.28
0.20 30 20 20 18.00 -1.86 3928.02
0.20 30 20 40 30.58 0.99 3973.20
0.20 30 20 60 40.20 6.63 3911.56
0.20 30 20 &0 48.14  18.73  3938.09
0.20 30 20 100 53.88  27.28 3907.19

Table EC.18 Performance of robust solutions using the joint uncertainty set approach (Section EC.6.2) on

synthetic data instances.

the same number of exponential cones as the nominal problem P. (Note that in some cases, the

computation time is higher than one hour, as the global one hour time limit was reached in the

middle of a solve of either the restricted master problem or the worst-case separation problem.)

From a tractability standpoint, these preliminary results suggest that the product uncertainty set

approach is preferable to the joint uncertainty set approach.
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EC.7. Approximation algorithm for fixed K and fixed partworth
magnitude

In this section, we develop an approximation algorithm for solving the logit-based SOCPD prob-
lem. Section EC.7.1 presents a dynamic programming approach for solving the logit-based SOCPD
problem in the case when all the partworth parameters {3 ;} are integer-valued. Using this dynamic
programming approach, Section EC.7.2 presents an approximation algorithm for solving the logit-
based SOCPD problem in general (where the partworth parameters need not be integer-valued).
Lastly, Section EC.7.3 presents the proof of the approximation guarantee in Section EC.7.2 (The-
orem EC.3).

EC.7.1. Dynamic programming approach when partworths are integer

We describe here a dynamic programming approach for solving the logit-based SOCPD problem
when the partworths Sy, ..., Bk.n take integer values and when the set of product attribute vectors
is unconstrained, i.e., A ={0,1}". When we treat the number of customer types K as a con-

stant, this approach yields a pseudo-polynomial time algorithm for solving the logit-based SOCPD

problem.
Recall that the logit-based SOCPD problem is
K
j e ; Ak - o (ug (),

where for convenience, we use o(+) to denote the logistic response function, i.e., o(u) =e*/(1+e").
Let F'(a) denote the above objective function.
Suppose that all of the utility parameters — By, ..,k — are integer valued. For each k € [K]

and i €{1,...,n+1}, define uy ; max and Uy ; min as

1—1
Uk i, max = Bk,O + Z(th)-ﬂ

j=1
i—1

Uk i,min = Bro + Z(ﬂk,j)—v
j=1

where (-); = max{0,-}, () = min{0,-}, and the sum is defined to be zero when the range of
summation is empty (i.e., when ¢ =1). In words, u ; min is the lowest possible value that u(-) can
take when we are allowed to set aq,...,a;_; arbitrarily, but a;,...,a, are fixed to zero. Similarly,
Uk i max 1S the largest possible value that u.(-) can take when we fix a,...,a, to zero. Let Uya, =
maXge[k] Uk,nt1,max AN Umin = Milge[x] Uk nt1,min D the largest and smallest possible utility values,
respectively, attainable from setting all n attributes over all K customer types. Finally, define B

and b as

B= max (Bri)+ (EC.142)

ke[K],ie{0,1,...,n}
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b= min (Br.i)—, (EC.143)

k€[K],i€{0,1,...,n}

where B and b represent the largest positive and smallest negative partworth parameters, respec-

tively, over all k£ and i. Consequently,

Unax < (n+1)B, (EC.144)

Umin Z (n + 1)b, (ECl45)

and thus Upax — Unin < (n+1)(B —b). In what follows, we will refer to B — b as the partworth range
parameter.

Let V; i be the set of possible integer utilities between wy, ; min and U ; max:

Vi,k = {uk,i,minv Uk i, min + 17 cee 7uk,i,max}- (ECl46)
Consider the following dynamic program, defined using the value functions Ji,...,J,11. For
t=1,...,n+1,let J;:V;1 x--- xV; k = R be a function that satisfies the following recursion:

Ji(vla e ,UK) = maX{JiJrl(Ula s aUK), Ji+1(vl + 51,@ -y Uk + BK,i)}?

K
Vi€ [n], (vy,...,vK) € HVM,
k=1

where we use the notation [N]={1,..., N}, with the terminal conditions

K K
Jn+1(’U1, e ,'UK) = Z)\k . O'(’Uk), V(’Ul, . ,UK) S an+17k
k=1 k=1

Observe that by solving this dynamic program, the value of Ji(B1,...,8K0) yields the exact
optimal value of the logit-based SOCPD problem. The optimal solution can be obtained by taking
the greedy action with respect to the optimal value function.

Note also that the running time of computing all of the values of J using the DP recursion
is T, Vil = O((n 4 1) (tmax — Umin) X)) = O((n + 1)K+1(B — b), and the time to find the
optimal a by identifying the greedy action is O(n). Thus, if K is treated as a constant, then we can
solve the problem in pseudopolynomial time, i.e., in time that is polynomial in the magnitude of
the inputs, as represented by the partworth range parameter B — b, and in the number of attributes
n. We shall leverage this method in the next section to develop an approximation algorithm that
solves the general logit-based SOCPD problem (i.e., where the partworths are no longer integer),

in the regime where the number of customer types K and the partworth range parameter B — b

are both treated as constants.
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EC.7.2. Approximation algorithm for general partworths

Using the dynamic programming method developed in the previous section, we now develop an
approximation algorithm for the general case when the partworths {8 ;} are no longer integer.
The overall strategy that we will take to construct our approximation algorithm is to discretize the
utility parameters [y o, ..., Bk, of each customer type. In particular, suppose that we are given a
number R > 0, which will serve as a discretization parameter. Consider discretizing the partworths

according to R:

B&FVJ’“&;J’J, Vke[K]je{0.L,....n}.

Define also the discretized utility function a,(-) as
ir(a) = Bro+ Z Br.j;-
j=1
Note that by multiplying 4 (a) by R, we approximately obtain u(a); that is, Rug(a) ~ uy(a). Our
goal now is to solve the discretized problem

max F(a)
ac{0,1}"

K

= max Z Moo (R - g (a)),

c{0,1}n
ae{ }k:l

where F': {0,1}™ — R denotes the discretized logit-based share-of-choice objective. We will now
describe a dynamic programming approach for solving this problem, which will turn out to be the
FPTAS that we seek.

As with the DP approach in Section EC.7.1, let us compute bounds @y, ; max and @y ; min as
fLk:ﬂ’,maux — /Bk70 + Z(/Bk7j)+7
j=1

i—1
Uk, i min = Br,0 + Z(’G’”)’

j=1
Let us also define . = MaXye[x] Uk,nt1,maxs Umin = Milge[k] Uk, n+1,min- NOte that in relation to B

and b defined in Section EC.7.1, tiyax and 4, can be bounded as follows:
Umax < (n+1)
<(n+1)-

amin Z (n + ]-)

oo W 2w

2(n+1)<

1)_

==
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Finally, let f)i,,g be defined as
f}i,k = {ﬁk,i,minv ak,i,min + 17 .o 7ﬂk,i,max}- (ECl47)

Note that the discretized problem,

max F (a) max Z)\ka R-u(a))

ac{0,1}" ae{o 1}"

can again be solved by dynamic programming, which we now describe. Define the value functions
Ji,...,Jny1, where for each i =1,...,n+ 1 the function J; : Hk 1 Vir — R satisfies the following

recursion:

Ji(ve,s. . vk) = max{Jipq (v, .. z+1(v1+/81u UK‘*‘BKJ)},

Vk),
K
Vi€ [n], (v,...,v H (EC.148)
with the terminal values defined as

Jnie1(v1, .. 0 Z)\ka R-wvy),
K
Y(vy,...,v H (EC.149)

The value of Ji(-) at (BLO, e, BKO), ie., J1(5~1,o7 e 751(,0)7 is exactly the optimal value of
MaXac(0,1}n F (a). In addition, the number of steps to calculate all of the value functions Ji,. .., J, 41
is bounded by

n+1 K

2 LI

i=1 k=1
n+l K

= Z H(ﬂk,i,max - ﬂk,i,min)

i=1 k=1
n+1

S (amax - fLmim)l(

= (n + 1)(ﬂmax - ﬂmin)K

—(n+1) <(n—|—1) @_1’; 1>)K

K
= (n+ 1)+ (g }b%+1>

which implies that the computation time of the DP is O((n+1)%*+! (£ — 2 4 1) ).
An optimal solution a € argmaxacyo,1}n F(a) can be obtained using Algorithm 1 below, which

requires O(n) steps.
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Algorithm 1 Greedy algorithm for obtaining optimal solution from DP value function J{(-).

Initialize a; >0,...,a, < 0.
Initialize v, < 5170, N BK,O, i< 1.
while i<n do
if J(i+1,v,...,05) <J(E+ 1,0 +Bl,ia~'aUK+BK,l) then
Set a; + 1.
else
Set a; + 0.
end if
for k=1,...,K do
Set vy, + v, + Bk’iai.
end for
end while

return Solution a.

Algorithm 2 Approximation algorithm for logit-based SOCPD problem.
Set R+ ¢/[(n+1)K]

Solve maxae{o,1}n F(a) using the dynamic program (EC.148) - (EC.149).
Using Algorithm 1, obtain & € argmaxacgo,1}» F(a).

return Approximate solution a.

We can now define our approximation algorithm for the logit-based SOCPD, which is presented
below as Algorithm 2.

The following theorem establishes the performance guarantee and runtime of Algorithm 2.

THEOREM EC.3. Foranye € (0,1), Algorithm 2 returns a (1—¢€)-optimal solution the logit-based
SOCPD problem, in running time O ((n+ 1)2KHI KK (%)K (B—b+ 1)K>.

Note that Algorithm 2 is not a fully polynomial time approximation scheme (FPTAS) in general,
because the runtime has an exponential dependence on the number of customer types K, and has
a polynomial dependence on the partworth range parameter B — b, which implies an exponential
dependence on the input size (i.e., the number of bits required to encode the problem). When
K and B — b are treated as constant quantities, i.e., K = O(1) and (B — b) = O(1), then the
runtime is polynomial in n and 1/e, and Algorithm 2 could be be viewed as a fully polynomial
time approximation scheme.

We now discuss the dependence of the runtime on K and B — b in more detail, and how these

dependencies compare to practical settings in which one would need to solve the logit-based
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SOCPD problem:

Dependence on K: With regard to the dependence on K, we note that the assumption of a con-
stant number of customer types is common in the assortment optimization literature that develops
approximation algorithms. For example, the paper of Désir et al. (2022) develops an approximation
algorithm for the mixture MNL assortment problem that has an exponential dependence on K,
but becomes an FPTAS when K = O(1).

In our context, when the customer population is represented using a latent-class MNL model
that is estimated from a conjoint dataset, it is typically not necessary to consider huge values of
K. In Section EC.4.8 of the ecompanion, we provide evidence that the appropriate value of K is
small by considering the Akaike information criterion (AIC), the Bayesian information criterion
(BIC) and the consistent AIC (CAIC), which are commonly used measures in marketing science
to tune K. Note however that for hierarchical Bayesian models, it is more conventional to assume
that customer types correspond to individual respondents, or to multiple draws from the posterior
distribution of each respondent’s partworth vector. In these types of models K could be large
and would scale with the number of respondents in the conjoint dataset (as is the case in our

experiments in Section 5.2).

Dependence on B —b: With regard to the dependence on (B —b), we make the following remarks.
First, when estimating latent-class MNL models, it is sometimes the case that as one considers
larger and larger values of K, the LC-MNL model that is returned is such that there are some
segments with low segment probabilities Ay and partworth vectors 3, containing entries with large
magnitudes (either positive or negative). This would consequently lead to a high overall value of
B — b. This occurs because as one increases K starting with K =1, the EM algorithm initially
identifies segments with large \;’s in the data that greatly contribute to the fit, but beyond a certain
number of segments, the subsequent segments that are identified have small A\;’s and contribute
less and less to the fit. In Section EC.4.9, we illustrate this for our four data sets by plotting
the distributions of the magnitudes of the partworth parameters; in general, as K increases, the
distributions become more diffuse.

In practice, however, such LC-MNL models, where K is large and where some segments have
large partworth magnitudes and small segment probabilities, are unlikely to be justified from a
data fitting perspective. As we noted above, the four data sets we consider in Section 5.2 are all
well explained by values of K between 5 and 30 (see Section EC.4.8). Besides model selection
measures, another important consideration is whether the segments produced make sense; on this

point, Bucklin and Gupta (1992) note (see page 206):
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Though improvement in model fit is a critical first cut at determining the number of segments,

a managerially relevant criterion is interpretability. If additional insight is not provided by

increasing the number of response segments, including additional segments may not be worth-

while even though they improve the model fit.

Second, with regard to partworth magnitudes for mixture MNL models that arise in hierarchical
Bayesian models, we note that it is common to assume that the mean of the second-stage prior
for the mean of the partworth vector mixture distribution is zero (see equation (EC.84) in our
specification of our hierarchical Bayesian model in Section EC.4.5, which is implemented in the
R package bayesm). This naturally has the effect that the mean of the mixture distribution of
the B is shrunk towards zero, and consequently that the mean of the posterior distribution of
each respondent’s partworth vector is also shrunk towards zero. As a result, the posterior mean
estimate of each respondent’s partworth vector should generally not have large magnitudes.
In Section EC.4.9, we confirm that this is indeed the case by plotting the distributions of the

partworths for the four hierarchical Bayesian models we consider in Section 5.2.

We conclude this section by noting that we did investigate whether it is possible to obtain a
stronger approximation algorithm that would match what is known for the mixture MNL assort-
ment problem (i.e., an approximation algorithm that is an FPTAS when K = O(1), and that does
not have an exponential dependence on input size). However, we were not successful in establishing
such an algorithm. The design of such an approximation algorithm for this problem remains an

open research question.

EC.7.3. Proof of Theorem EC.3
To prove Theorem EC.3, we first establish several auxiliary results. The first is Lemma EC.3, which
states that the discretized utility function Rty underapproximates the true utility function u(a),

and that the gap between this discretized utility function and the true utility function is uniformly

bounded by (n+ 1)R.

LEMMA EC.3. For any a € {0,1}", we have that ui(a) > Rux(a) and that ui(a) — Rug(a) <
(n+1)R.

Proof: For the inequality ux(a) > Ruy(a), observe that

Riy(a) = RBk,O + Z RBk,jaj
j=1

B0 . Br.j
] gl
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where the inequality follows because |z | < z. To see the second part of the lemma, observe that

N T B Y

SR—FZn:R-aj
j=1

<(n+1)R,

where the first inequality follows because for any = and any positive R, we have |z/R| >xz/R —1,

which implies that z — R|z/R| <z—R-(z/R—1)=R. O

A straightforward consequence of this lemma is that the discretized share-of-choice function F(a)
always underapproximates the true share-of-choice function F'(a), which is captured in the next

lemma.
LEmMA EC.4. For allae {0,1}", F(a) < F(a).

Proof: We have

where the inequality follows by the first part of Lemma EC.3 and the monotonicity of o(-). O

Armed with Lemma EC.3 and Lemma EC.4, we can prove the following guarantee on the quality

(in terms of relative gap) of the solution of the discretized problem.

LEMmMA EC.5. Let a be an optimal solution of maxaﬁ'(a), and a* be an optimal solution of
max, F'(a). Then

Fa®) - F(a)
W<K (n+1)-R.
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Proof: We have:

- F(a*)
_ Y do(u(@) = 3, o (Riig ("))
Sy Ako(ug(a))
. o(u(a’)) - o(Rix(a))
= A - -
21 S Ako(ug(a®))
o(up(a*)) —o(Rag(a*))
Ao (ug(ar))
o(ur(a*)) — o(Riy(a*))

/ o (ux(a*))

14 e uk(@)
<1 1+ eR@(a*))
e_Rﬁk(a*) — e_uk(a*)

1+ e—Riy(a*)

k

Y

b
Il
_

o

>
Il

o

E
I
—

=

x>
Il
—

1 — Rtk (a")—ug(a®)

eRig(a*) +1

o

>
Il
—

(1 _ 67<uk<a*>fRak<a*>>>

<3 (u(a’) - Rin(a’))
< Kt (n+1)-R

where the first step follows by algebra; the second step follows because F (a*) — 3 (a) <0
(this is true because & is an optimal solution of max, F'(a)) and F(a) — F(a) < 0 (this follows
by Lemma EC.4); the third and fourth step follow by algebra; the fifth step follows because
Zle Ao (ug(a*)) > Apo(up(a*)) for any k'; the sixth, seventh, eighth and ninth steps follow by
algebra; the tenth step follows by the fact that the denominator @) 4 1 is lower bounded by
1; the eleventh step follows because 1 —e™* < x for any real x; and the final step follows by the

second part of Lemma EC.3. [J

With all of these results established, we now finally verify Theorem EC.3. Let a be the solution

produced by Algorithm 2. The solution a produced by Algorithm 2 solves the approximate problem
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MaXae(0,1}n F(a). By Lemma EC.5, this solution is a (1 — K (n + 1)R)-optimal solution; for R =
€/(K(n+1)), we thus have that it is a (1 — €)-optimal solution.

With regard to the running time, the running time of the DP recursion in equations (EC.148)
- (EC.149) is upper bounded by ((n+1)¥ (£ - & 4 1)K). Since R=¢/(K(n+1)), we have the

running time of the DP is upper bounded as follows:
1 1 K
(n+1)%+! (B--K(n+1) —b- -K(n+1)—|—1>
€ €

< (n+ 1)K+ (B-i-K(n+1)—b-1-K(n+1)—|—1-K(n+1)>

K
=(n+1)2KHKE (1) (B—b+1)%,

where the inequality follows from the fact that K >1,n>1 and 0 < e < 1. Additionally, the number
of steps to run Algorithm 1 after computing the value function is O(n). Therefore, the overall

complexity is O ((n—i— 12K+ KK (%)K (B-b+ 1)K>. O
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