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The E-companion is organized as follows. Sections EC.1 to EC.3 present the proofs of the results,
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mentioned in the paper. Section EC.5 provides an algorithm to evaluate the limit of MDM in (16).
Section EC.6 details the implementation of the experiments. Section EC.7 presents the details for
the synthetic data generations for experiments in Section 6.2 and Section 6.4. Section EC.8 provides
synthetic data experiments that validate the robustness of the numerical findings across diverse
assortment structures. Sections EC.9 and EC.10 present additional numerical results with synthetic

and real data respectively.
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EC.1. Proofs of the Results in Section 3
EC.1.1. Proof of Theorem 1

Proof. Necessity of (5): Suppose pg is MDM-representable. Then there exist marginal distributions
{F;:1e€ N} and deterministic utilities {r; : 4 € N'} such that for any assortment S € S, the given
choice probability vector (p; s:7 € S) and the respective Lagrange multipliers g, {\; s :i € S} are
obtainable by solving the optimality conditions (4). That is, there exist {\g,\; 5:1€ 5,5 € S} for
some fixed choice of {F;:i e N} and {v; :i € N'} such that

Vi+ﬂil<1—pi,s)—/\5+/\i7s =0 V(i,S)Ezs, (ECl)
Ai,Spi,S =0 V(Z,S)GIS (EC2)

For each product i € A and any two assortments S,7 € S containing 7 as a common product,
AS—Vi:)\i)S-i-Ffl(].—piﬁ) and AT—Vi:)\i)T“rF;l(].—pLT).

If p; s <pir, then \; s >0 and A, r =0 because of the complementary slackness condition (EC.2).
Since F, '(1—p) is a strictly decreasing function over p € [0,1], by (EC.1), we obtain:

As—v; > F'1—pis) > F'(1—pir) = M\ — v,

Adding v; on both sides, we obtain that the Lagrange multipliers should satisfy Ag > Ar. If on the
other hand p; s = p;r # 0, we have \; s = A\; 7 =0 from the optimality conditions. Then \g —v; =
F'(1—=pis)=F'(1—p;r) = Ar — v;. Again, adding v; on both sides, we obtain that the Lagrange
multipliers should satisfy Ag = Ar. Thus, setting A(S) = Ag for all S € S, we see that there exists a
function A : S — R satisfying (5).

Sufficiency of (5): Given pg and A :S — R such that (5) holds for all (i,5),(¢,7") € Zs, we next
exhibit a construction of marginal distributions (F;:i € N') and utilities (v; : ¢ € N') for MDM. This
construction will be such that it yields the given (p; s :7 € S) as the corresponding choice probabilities
from the optimality conditions in (4), for any assortment S € S.

For any product i € N, let S; ={S € S:i € S} denote the subcollection of assortments S € S which
contain the product ¢ and let m; = |S;|. Let [; denote the number of assortments containing product 4
for which p; s > 0. Here I; = m; when the choice probabilities {p; s : S € S;} are all non-zero. Equipped
with this notation, we construct the marginal distribution Fj(-) for any product i € N as follows:

(a) Consider any ordering (51, Ss, ..., S, 5,41, - -, Sm,) over the assortments in S; for which A(S;) <

A(S2) < ..o < A(SL) < A(Si41) S A(Si42) < ..o < A(Sp,). With [; defined as the number of
assortments in S; for which p; s > 0, note that it is necessary to have A(.S;,) < A(S,+1) whenever
l; < m;. This follows from the observations that A\(-) satisfies (5) and Pis,, > 0= PiSy, - Further,
due to the conditions in (5), the choice probabilities (p; s: S € S;) must necessarily satisfy the

ordering p; s, > pis, = ... > Disy, > 0 and PiSy, 01 = PiSy 10 = s DisSm;, = 0.
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(b)

Construct the cumulative distribution function Fj(-) by first setting F;(A(Sy)) =1 — p; s, for
k=1,---,l;. With this assignment, we complete the construction of the distribution F; in
between these points by connecting them with line segments as follows: For any two consecutive
assortments Sy and Sy, in the ordering satisfying A\(Sx) < A(Sk+1), connect the respective points
(A(Sk); 1 = pis,) and (A(Sks1),1 = pis,,,) With a line segment (see Figure EC.1). For k <1,
note that if the consecutive assortments Sy and Sy, are such that A(Sy) = A(Sky1), then the
corresponding points (A(Sk), 1 —pss,) and (A(Sk11),1—pss,,,) coincide and there is no need to

connect them. Further note that p; s, > p;, when A(Sk) < A(Sk11), because of (5), and hence

Sk+1
the cumulative distribution function F; is strictly increasing in the interval [A(S7), A(Sy,)].

Lastly we construct the tails of the distribution F; as follows: For the right tail, connect the points
(A(S1,), 1 =pis,,) and (A(Sy41), 1) with a line segment if ; < m;. We then have F;(x) =1 for every
x > A(Sy,+1) and therefore F'(1) = A(Sy,41)- If I; =m;, connect the points (A(S),), 1 —pl-ysli)
and (A(S;;) + 6, 1) by choosing any arbitrary 6 > 0 (see Figure EC.1). In this case, we will
have Fj(x) =1 for every x > A(S;,) + 0. For the left tail, if p; s, =1, then we have F;(z) =0 for
every x < A\(S7). Both the cumulative distribution functions drawn in Figure EC.1 illustrate

this case. On the other hand, if p; 5, <1, we use a line segment to connect (A(S1),1 —p; s, ) and

(A(S1) — 0, 0) by choosing an arbitrary ¢ > 0. In this case, F;(z) =0 for every z < A\(S;) — 0.

1Fp---- - ‘ 1F--- - :

]- - pi,sl **************** ‘ : ]- - pi,Sl **************** ‘ :
L=pispyq p--------= ‘ i | 1 —piseq f--------= ‘ i !
1—pis, F---= | 1 | 1—pis, F---= | 1 |
1—pis, =0 ‘ ‘ ; ‘ 1—pis =0 ‘ : ; .

(a)

Figure EC.1

(b)

An illustration of the construction of the marginal distribution F; when: (a) there is an assortment

S for which p; s =0 (the case where I; <m;) and (b) p; s > 0 for all assortments with product i (the case where

The above construction gives marginal distribution functions (F; :i € N) which are absolutely

continuous and strictly increasing within its support. We next show that the constructed marginal

distributions yield the given choice probabilities (p; s :7 € .S), for any assortment S € S, when they

are used in the optimality conditions (4) together with the assignment v; =0, for ¢ € N'. In other

words, given pg, we next verify that

F (1 —pis) = A(S)+Ais =0,

>\i,s Dis = 0,

and A\, s>0, V(i,9)€Ls.
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For any (i,5) € Zs with p; s > 0, we have from the construction of F; that F;(A(S)) =1—p; s. Then
for such p; 5, we see that the optimality condition F; ' (1 —p; s) — A(S) + \i.s = 0 readily holds since
the optimality conditions also stipulate that \; s =0 when p; ¢ > 0.
For any (i,5) € Zs such that p; s =0, we have from Steps (a) and (c) of the above construction that
A(S) > A(Sy,11) = F, ' (1) = F, ' (1 — pi.s). Then if we take \; 5 = A\(S) — A(S;,41), we again readily
have F, ' (1 — p;.s) — A(S) + Ais = 0. This completes the verification that for any choice data pg
satisfying (5), there exists marginal distributions {F; :i € N'} and deterministic utilities {v; :i € N'}
which yield pg as the MDM choice probabilities.

Lastly, checking whether the conditions in (5) are satisfied for given choice data pg is equivalent to

testing if there exists an assignment for variables (Ag:S € S) and € > 0 such that,

As > Ar+e if ps<pir,

As=Ar if Di,s = Di,T 7"é 0,

for all (¢,.5), (i,T) € Zs. This is possible in polynomial time by solving a linear program where the
above conditions are formulated as constraints and maximizing € and then checking if the optimal
value is strictly positive. This linear program involves |S| variables for (As:S € §) and one variable

for €, and at most n|S| constraints. |

EC.1.2. Proof of Theorem 2
To prove MDM possesses positive measure in Theorem 2, we first present Lemma EC.1 below that

deals with choice probabilities of the form obtained by the MNL model.

LEMMA EC.1. For any fized n, let S, T CN with |S|,|T|>2. Let i € SNT. Then there exists a

set of positive integers xy,...,x, such that

Z; X

dokesTh ' Dger .

(EC.3)

as long as S #T.

Proof. We prove Lemma EC.1 holds for a set of positive integers such that z; = 2% when k > 1.

When S #T, to show Z:isgﬂk #* Z;"T o it’s equivalent to show >, ¢ @k # > pcr Tk It’s obvious
€ S

that > co@k # D per@e Wwhen S CT or T'C S for the selected x;, values. Next, we prove that

dkes Tk # Dger Tk When ST or T'¢ S. Let ky = argmax,cq\p 25 and ky = argmax, o\ g T

Without loss of generality, let k; > ko. Then, we have k; — ky > 1. We have

k
> T > 2 — Sy NR gk 26(122%) i
Ty Zl‘k—xkl sz_mkl Z%—Q =2 2 +2>0.
i=1

kes keT kET\S 1-2
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The first inequality is due to k; € S\ 7, and the second inequality is due to T\ S C {1,---ky}. The
first equality is due to the formula of the sum of geometric series. This completes the proof. |

Recall that the probability of choosing product 7 in assortment S under an MNL model is p; s =
ﬁ Then, there exists v; = Inz; for all i € N/, such that the instance in Lemma EC.1 is an MNL
instance.

Proof. Equipped with Lemma EC.1, we prove that MDM possesses positive measure as follows:
Let pg be an instance generated as in Lemma EC.1. Then, such pg is an MNL instance and satisfies
pis >0,V(i,5) € Zs and p; s # pir, ¥(1,S),(1,T) € Zs. Since MNL is a special case of MDM (Mishra
et. al. (2014)), pg is MDM-representable.

We next show that any instance pls that lies in the ball centered at pg with a specified radius € > 0

is an MDM instance. Let 0 < € < min,s),k,1ezs [Pr,s — Prr|. We perturb pg to be p’s as follows:
Arbitrarily choosing (,.5), (j,5) € Zs, let

Pis=Pis+e and pi g =p;s—¢,
and keep other entries of ps the same as pg by setting
Prr =Prrs V(k,T) € Ls, with (k,T) # (i,5) and (k,T) # (5, 5).

Then, pj lies in the ball centered at pgs with the radius € > 0 and we have ) ;. 4p; ¢ =1, for all
S € S. Next, we show p’s is MDM-representable by showing that p’s satisfies the MDM-representable
conditions (5) in Theorem 1.

Since pg is MDM-representable, we have
As > A if pis <pirV(i,5),(1,T) € Is, and A\r > Ag if p;r <p;s¥(4,95),(J,T) € Ls.
Since € <miny, s,k 1yezs [Pr,s — Pr7|, We have
As > Ar if pis+e<pirV(i,S),(i,T) € Is, and Ar > \s if pjr <pjs —€VY(45,9),(4,T) € Is.
By the construction of pl, equivalently, we have
As > A if pf ¢ <P, o V(3,5),(i,T) € Ls, and Ap > g if p; 1+ <p) s V(5,5), (4§, T) € Ls.

Thus, p’s is MDM-representable.
We next prove the choice probabilities represented by the MNL model and nested logit model

possess zero Lebesgue measure one by one as follows.
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1. Measure zero of MNL. To show the choice probabilities represented by MNL possess zero Lebesgue
measure, it suffices to show that, for any n > 3, there exists an assortment collection S such
that p(Pyx.(S)) = 0. Consider the nested assortment collection, & ={S5;,9,,---,S5,} with S; =
{1,2,--- i}, Vi <n. We have

Pusi(S) ={(2i5:1€5,5€8)|r;s>0,Vie S,VS€S, Y z,5=1,V5€S,
€S

Tis _ U vy e SNTVS, T € SY.

Ljs LT

We define the following set B by reducing the constraints in Pyy.(S):

Pu(S) CB:={(z;5:1€5,5€8)|r;5s>0,Vie S,VS €S, in,s =1,VSeS,
€S
xl,sn,1 — 'ILS”VL

X258, 1 T2, 5,
Consider [Jgcs As where § ={S51,5;,---,S,} with S; ={1,2,--- i}, Vi <n, as a linear system

with % nonnegative variables and n constraints where the constraints defined by the probability

simplexes. We can see that the constraints are linearly independent because of the nested structure
of the collection. It follows that dim([JgesAs) = 2% —n = ”QT_" dim(B) = "=t — p =
»Sn—1 T1,Sn

mon 2 since —n=L = "L g 5 gurface in 2-dimensional space. Since dim(Py,(S)) < dim(B) <
121 n—1 'LQ,Sn

dim([Tges As), #(Punc(S)) =0 on [Tges As.

2. Measure zero of nested logit. Consider the same nested assortment collection as above with n > 3.

The assumption on the nested logit model is that n alternatives are partitioned into nests. Within
a nest, the ITA property holds.

(a) When the nests are singletons or when all products are in the same nest, the nested logit
model reduces to MNL. Py, (S) = Pyxi.(S). Thus, u(Px.(S)) = u(Pune(S)) = 0.

(b) When the number of nests is greater than 2 and less than n, there are at least 2 products in
the same nest. This implies that there exists 4, j € A/, such that 4, j are in the same nest. We
have i, j € S; N S; because of the nested collection structure. We define the following set C by
reducing the constraints in Py, (S):

Pu(S) CC:={(2;5:1€5,5€8)|r;s>0,Vic S,VS€S, > x,5=1VS €S,

=
Tis;  Li,S;

L3j,8; L5,8;
We see that dim(C') = dim(B). In this case, u(Py.(S)) =0 on [[ges As.
To sum up, for all possible nests, 11(Py.(S)) =0. There are at most 2™ nests. The countable union

of zero measure sets has measure zero. Thus, p(Py.(S)) =0 on [Jges As.
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EC.1.3. Proof of Lemma 2

Proof. We first prove a) in Lemma 2 by contradiction. From Theorem 1, if there exists some
alternative ¢ such that p; s > p; snr, then we have A\g < Agnr, which is equivalent to A\g < Agnr for
all j € SNT. This implies A\g < Agnr which gives p; s > p; snr for all (3,5),(j,SNT) € Is. Since
Yjesbis =1, we get 3 icsnr pj.snr < 1 contradicting the condition 3. g7 pj.snr = 1. For b), from

Theorem 1, if 7,5 € SNT, we have p; s <pjr=As > Ar = As > Ar = p; s <pir. [

EC.1.4. Proof of Theorem 3
Proof. We prove a) of Theorem 3 first. We use the following notations for the rank list model since

any RUM can be described by a rank list model (see, e.g., Block and Marschak 1960). Let ¥,, denote

the set of all permutations of n alternatives. Each element o € ¥, denotes a ranking of n alternatives.

For instance, o = {1 = 2 > 3} means alternative 1 is more preferred than alternative 2 which is more

preferred than alternative 3. The probability of each ranking is P(c) and Y,y P(0)=1. We prove

the result case by case.

1. n=2: Here Pypyu(S) = Prom(S). This is straightforward since all probabilities that satisfy 0 <
P12y <Py =1, and 0 < py 112y < pogoy =1 where py 12y + p2q1,2y = 1, are representable by
both models.

2. n=3: Lemma 2 implies that Pypy(S) C Prec(S). When n =3, all the possible assortments include
{1,2},{1,3},{2,3},{1,2,3}. The regular model imposes the following regularity constraints:

P141,2} 2]91,{1,2,3}; P2{1,2} sz,{l,z,?,},
P141,3} 2p1,{1,2,3}; P3,{1,3} ZPS,{LZ,S},
D2,{2,3} = P2,{1,2,3}, DP3,{2,3} = P3,{1,2,3}

Proni(S) = Prec(S) for any given S since

P({l -2 3}) :pg’{g"g} —pgﬁ{l’gﬁgg} Z 0 and P({l e 2}) :p3’{2’3} —p3’{1’2’3} Z O,
P({2 =1 3}) :pl,{l,B} *p1’{1’2’3} Z 0 and P({2 e 1}) :pg’{l’g,} *])3’{1’2’3} Z O,
P({3 1 2}) :pl,{l,Z} —p11{1’2’3} Z 0 and P({3 -2 1}) :p2’{1,2} _p2,{1,2,3} Z O)

where 3 o5 P(o)=3-2=1.

We next show that Pypy(S) C Prou(S) for n =3 by giving an example of choice probabilities
with § ={{1,2,3},{1,2},{1,3},{2,3}} in Table EC.1 that can be represented by RUM but not
by MDM.

Table EC.1 Choice probabilities that cannot be represented by MDM for n = 3.
Alternative | A={1,2,3} | B={1,2} | C={1,3} | D={2,3}
1 1/3 5/9 4/9 -

2 1/3 4/9 - 5/9
3 1/3 - 5/9 4/9
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This collection of choice probabilities pg cannot be represented by MDM because py 5 > p1.c,
D2.p > D2.B, P3,c > P3,p implies Ap < Ao, Ap < Ap and A¢c < Ap. This gives A\p < Ap <A < Ap
which is inconsistent. So, pg in Table EC.1 cannot be represented by MDM. On the other
hand, it is straightforward to check that by setting the ranking probabilities for RUM as follows:
P{1>=2>3})=2/9, P{1>=3>2})=1/9, P{2>~1>3})=1/9, P({2>3>1})=2/9, P({3>
1>2})=2/9, P({3>2>1})=1/9, we obtain the choice probabilities in Table EC.1. This implies
pg in table EC.1 can be represented by RUM but not MDM.

3. n>4: We show Pypu(S) € Pron(S) and Pryw(S) € Puou(S) by providing two examples: (1) pg
can be represented by RUM but not MDM and (2) pg can be represented by MDM but not RUM
when & ={{1,2,3,4},{1,2,3},{1,2,4},{1,2}}. The examples are provided for n = 4. For larger n,
we can add the alternatives in the assortments and set the choice probabilities for these added
alternatives to be zero.

To $how Prpy(S) N Prun(S) # 0: Firstly, we observe that the multinomial logit choice probabilities
can be obtained from both RUM and MDM. This follows from using independent and identically
distributed Gumbel distributions for the joint distribution of the random parts of utilities for RUM
(see, e.g., Ben-Akiva and Lerman 1985) and identical exponential distributions for the marginals
of the random parts of utilities for MDM (see, e.g., Mishra et. al. 2014). Hence, the intersection
between the two sets is nonempty for any n.

To show Prun(S) & Pupu(S): Consider the choice probabilities in Table EC.2.

Table EC.2 Choice probabilities can be represented by RUM but not by MDM for n =4.

Alternative | A={1,2,34} | B={1,2,3} | C={1,2,4} | D={1,2}
1 3/20 7/20 1/4 1/2
2 3/20 1/4 7/20 1/2
3 7/20 2/5 -
4 7/20 - 2/5

This can be recreated by RUM using the distribution over the ranking as follows:

P{1>2>3>4})=1/40 P({1>2>4>3})=1/40 P({1>3>2>4})=1/40
P{1>3>=4>2})=1/40 P({1>4>2>3})=1/40 P({1>4>3>2})=1/40
P({2>-1>3>4})=1/40 P({2>=1>4>3})=1/40 P({2>-3>1>4})=1/40
P({2>3>4>1})=1/40 P({2>4>1>3})=1/40 P({2>4>3>1})=1/40
P{3>1>2>4})=1/20 P({3>1>4>2})=1/20 P({3>2>1>4})=1/10
P({3>2>-4>1})=1/10 P({3>=4>1>=2})=1/40 P({3>4>2>1})=1/40
P({4>~1>3>2})=1/10 P({4>=1>3>2})=1/10 P({4>2>1>3})=1/20
P({4>2>-3>1})=1/20 P({4>3>1>2})=1/40 P({4>3>2>1})=1/40
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Now py g > p1¢ implies A\g < A¢ and p g > ps o implies Ag > A¢. Hence pg in Table EC.2 is
not representable by MDM.
To show Ppu(S) & Prun(S): Next consider the choice probabilities in Table EC.3.

Table EC.3 Choice probabilities can be represented by MDM but not by RUM for n =4.

Alternative | A={1,2,3.4} | B={1,2,3} | C={1,2,4} | D={1,2}
1 0.1 0.2 0.2 0.25
2 0.2 0.25 0.25 0.75
3 0.2 0.55 -
4 0.5 - 0.55

Here p1 4 <p1,B=p1,c <p1,p implies Aqy > Ap = Ac > Ap, and py 4 < P2 g = p2,c < p2,p implies
Aa > Ap=Ac > Ap, and ps 4 < ps p implies Ay > Ap, and py 4 < psc implies Ay > Ac. So we
have Ay > Ap = A\¢ > Ap which is easy to enforce and so pg can be represented by MDM. A
necessary condition for pg to be representable by RUM are the Block-Marshak conditions provided
in Block and Marschak (1960) (also see Theorem 1 in Fiorini 2004). If the choice probabilities
are representable by RUM, one of these conditions is given by py 4 + p1.p > p1,5 + p1,c. Here
P1,A+p1p=014+025=0.35<04=0.24+0.2=p; p+p1c. So, pg is not representable by RUM.
We prove b) of Theorem 3 as follows. We know that Pypy(S) = Pryu(S) = Papce(S) when n =2
and Pron(S) C Prua(S) and closure(Pypy(S)) € Prpe(S) for any S. To show b), we just need to
show Prpa(S) C Pron(S) and Prpe(S) C closure(Pypy(S)) when S is nested or laminar. It suffices
to Show Prpa(S)’ C Prou(S) and Prue(S)’ C closure(Pypy(S)) when S is nested or laminar, since
Pruc(S) € Pasc(S)'
Prec(S) C closure(Pypu(S)) with nested or laminar S: Under a nested collection S =
{S1,S2,...,S,} with S; C Sy C...CS,,, we have

Prsc(S) = {;c cRZs - z;5>0,V(i,5) €ZLs, wa =LVSES, 5, <wis,; Vi k€ [ml,j <k,ie Si},
€S

where [m] denotes {1,2,...,m}. Under a laminar collection, we have
PREG(S)/ = {ZD € RIS . xi,g Z O,\V/(Z,S) GIS, Zl’i,s = 1,\V/S S S, mi,S S xi,T VT C S, (Z,S), (Z,T) Ezs}.

Pria(S)" C closure(Pypu(S)) with a nested or laminar S: We show that for any pg € Prua(S)’, we

can construct As such that (pg, As) € ITs, where

H:S = {(:L',)\) ERTS xR 12,6 >0,V(i,9) € Ts, in’s =1,vVSes,

€S

)\S Z )\T lf fL‘i,S S xi,T7v(i7S)7 (ZaT) EIS}'
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Suppose that S = {51,5s,---,5,} is a nested collection with S; C S, C ... C S,,. Then we take
any As satisfying Ag, < Ag, <--- < Ag,,. Since p; 5, > pi s, for any j <k (due to pg € Prpc(S)’), the
resulting (pg, As) € H:g. As a result, pg € closure(Pypu(S)).

If S is laminar, we take any Ags such that \¢ < Ay if S, T°€ S with S C T. Since p; s > pir
due to the regularity pg € Prpc(S)’, the resulting (pg, As) € H:s- Hence pg € closure(Pypy(S)) and
Pria(S) C Prua(S)’ C closure(Pypw(S)) with a nested or laminar S.

Prec(S) C Pron(S) with a nested or laminar S: We next show that, for any pg € Prp(S)’, there
exists a probability distribution (P(c):0 € ¥,,) such that pg € Pron(S).

(1) For a nested collection S, we prove Pppc(S) C Pron(S). Without loss of generality, let S =
{S1,89,...,Sm} be S, ={1,...,k} for k=1,--- m. Next, for any pg € Pru(S)’, we prove the
existence of a probability distribution (P(c): o € ¥,,) such that pg € Pryw(S) from the point of
view of polyhedral combinations. To show the existence of a probability distribution (P(c): 0 € 3,,)

for pg € Pruu(S) is equivalent to showing pg lies in the multiple choice polytope characterized as,
convex hull of {(I[o,7,5]::€ 5,5 €8) €0, 1}2568 5o en,},

where I[o,4, 5] =1 if and only if i = argmin,;c 5 o(j) (see Section 3 in Fiorini 2004 and Lemma 2.5
of Jagabathula and Rusmevichientong 2019).

Now, we show that pg lies in the multiple choice polytope via a graph representation of the
multiple choice polytope following the steps in Section 3 in Fiorini (2004). Let D = (N, A) be
a simple, acyclic directed graph, and let m + 1 be the source node and 0 be the sink node of
D, where Ny ={1,--- ,m} U{m+1,0}. We encode each m + 1 — 0 directed path II of its arc
set A in D by means of the indicator characteristic vector in the set {(I[o,7,5]:i€ 5,S€S) €
{0, 1}2563\3\ co0€X,,} € RA | which we denote r™. The convex hull of the vectors r!, for a
m+ 1 — 0 directed path II in D, is referred to as the m 4+ 1 — 0 directed path polytope of D. For
anode v of D, let 6~ (v) = {(w,v) : w € Ny, (w,v) € A} represent the nodes incoming to node v
and 6 (v) ={(v,w) : w e Ny, (v,w) € A} represent the nodes outgoing from node v. For B C A,
let 7(B) =Y {r(v,w) : (w,v) € B}. Let M be the matrix whose rows are indexed by modes of
D such that the entry corresponding to node v and arc a equals to 1 if a enters v, and —1 if a
leaves 0, and 0 else. It’s well known that M is totally unimodular (Schrijver 1998). This implies
that the polyhedron {r € R4 : Mr =d,r >0} has all its vertices integer for every integral vector
d € R, Assume that §(m+1)~ =46(0)* =0.

LEMMA EC.2 (Theorem 2 in Fiorini 2004). A point r € R* belongs to the m +1—0
directed path polytope D if and only if

r(0~(v)) =10t (v)=0, YveN;\{m+1,0}, (EC.4)



e-companion to Author: A Nonparametric Approach with Marginals for Choice ecl3

() =1, (EC5)
r(v,w) >0, V(w,v)e€A. (EC.6)

In network flows, (EC.4)-(EC.6) define a flow of value 1 in the network D = (N, A), with source

node m+1 and sink node 0.

By Lemma EC.2, to show pg lies in the multiple choice polytope, we need to show (r(w,v) : (w,v) €
A) based on pg satisfying (EC.4) — (EC.6) in Lemma EC.2. We demonstrate (r(w,v) : (w,v) € A)
under pg as follows:

r(m+1,j) = Z P(o)=pjs,, Yj=1,--,m,

o€Xmargmin;eg, o(i)=j

r(i,j) = > P(o) - > P(o)

oEXmiargminges, o(k)=j 0EXm argmingeg, o(k)=j

=DPj,s;_1 — Dj,8;» Vi:27"'7m71§jgi_17

r(1,0) =1.

We provide Figure EC.2 to illustrate (r(w,v): (w,v) € A) in the graph D.

Pis

'm

n—1 _plﬁsm

pivsm—l —pivSm

Figure EC.2  An illustration of D given pg € Preg(S)” with a nested collection S

Next, we verify such (r(w,v) : (w,v) € A) satisfies (EC.4)-(EC.6). For (EC.4), define p; s
for all j. For a node j €{2,---,m},

=0

m+1

m—+1

r(6 ()= Y r(k.j)

k=j+1
m

= E :pj,sk —Dj,Skp1 = Pi,8; T PjSj4q +pj,5j+1 —DPj,S40 + DSy, —Pj, St
k=j

=Pj,8; — Pj,Smy1 = P55+

j—1
7"(5+(j)) = Zpk,sj—l — Dk,s;
k=1
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=DP1s;_, —Pis; T P25, —P2,5; t+Dj-1,8,  —Pj-1,5,
j—1 j—1 j—1

= E Pr,s;_1 — E Pr,s; =1- E Pr,s; = Pj,s8;-
k=1 k=1 k=1

For the node 1,

m—+1

r(67(1)) = Z r(k,1)

k=2
=P1,5y —DP1,8, T P1,8, —P1,85 T T P18 — P1,Sm4n

=P1s, —PLs, . =1—0=1=r(6%(1)).

Therefore, (6~ (j)) =r(d7(j)) for j € {1,2,--- ,m}. (EC.4) is satisfied by (r(w,v): (w,v) € A).
For (EC.5), r(6=(0)) =7(1,0) =1. For (EC.6), r(m+1,j)=pjs,, >0,Vj=1,---,m because of
the nonnegativity of choice probabilities. We have r(i,j) =p;s,_, —pjs, >0, Vi=2,--- ,m, 1<
J <i—1 since pg satisfies regularity,then, pg € Pppe(S)’. Further r(1,0) =1 > 0.

The assignment (r(w,v) : (w,v) € A) satisfies (EC.4)-(EC.6) in Lemma EC.2. Therefore, for
any pg € Prec(S)’, there exists a probability distribution (P (o) : o € ¥,,) such that pg € Prou(S).
This implies Prpc(S) € Prpa(S) € Prou(S) under the nested collection S.

(2) We prove Prpe(S) C Prom(S) under the laminar collection. By the definition of the laminar
collection, we know that for S,T € S, either SCT, or T C S, or SNT = (. Then, it suffices to
construct a distribution P(-) for S € S such that S is a nested collection. Following the proof in
(1), we have Pree(S) € Prec(S)" € Prou(S) under a laminar collection.

|

EC.1.5. Proof of Proposition 1
Proof. To show the "if" direction: Since pg is represented by MDM and p; s > 0 for all (¢, 5) € Zs,
for each pair of assortment S,7" € § and alternatives ¢ € SNT, there exists marginals F;, F;, Lagrange

multipliers Ag and Az, A; s and A; r and the followings are satisfied:

Vi+Fi71(1_pi,S>_)\SJF)\i,S:Oa )\i,S pi,S:O, and )\i,SZO, Vi€ S, and

vi+ F7 (L=pir) = As+Nir =0, Xir pir =0, and N7 >0, VieT.
Since p; s >0 and p; 7 > 0, we have \; s = \; » =0. We then have

pi75 =1- F’L()\S — Vi) and pj,S =1- Fj()\S — Vj), and,

pi,T =1- E()\T — Vi) and pj,T =1- -F}()\T — Vj).
This leads to the following:

vi—vi=F (1=pis) = F7 (1 =pjs) = F (1 =pir) = F; ' (1= pjr).
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Then,

exp(Fi ' (1=pis))  exp(Fi ' (1—pir))
exp(F; '(1-pjs))  exp(F; '(1-p;r))

Setting the strictly decreasing functions f;:[0,1) — R, by fi(0) =occ and f;(p) = exp[F; (1 — p)], for

exp(v; —v;) =

all p>0,Vi € N, we obtain:

fi(pi,s) _ fi(pi,T>
fi(pis)  fi(pir)

To show the "only if" direction:. Given pg and {f; :1 € N'} satisfies Generalized Ordinal I1TA, we

exp(v; —v;) =

construct the deterministic utilities v = {v; : i € N'} and the marginal distributions {F}:i € N} for
MDM such that this construction yields the given (p; 5 :i € S) as the corresponding choice probabilities
from the KKT optimality conditions in (4), for any assortment S € S.

Let Fi(z) =1log ' (f;(1 — z)), equivalently F; *(1 — ) = log(f;(x)). For any fixed product i, set
v; :=0. For any other products such that j # i, set v;:= F; (1 —p; i.jy) — F]71(1 — Djij})-

Take arbitrary assortment S € S, and pick any two distinct products j,k € S. There are two
exclusive cases.

Case 1:1i € {j,k}. Without loss of generality, set j =14. Then,

v —vi =F ' (L=piisy) — F (L= Drgiry)
[i(pigiky)
S (P (i ky)
filpis) ) (Generalized Ordinal ITA)
fk(]?k,s)
(1—pis) — F, (1= pr.s).

=log(-——+——=

=log(
= F.71

We next verify
vi+ F7H(1 —Pis) —As+Xis=0, N\ispis=0, and \;5>0, VieS.

Since p; s > 0 for all i € S, we have )\; s =0 in the KKT conditions. Then, there exists Ag
such that v, + F, ' (1 — prs) — As =0 and v; + F; ' (1 — p;.s) — Ag = 0 since we have proved that
e+ F (1 —Drs)=Vi+ F'(1 —Dis)-

Case 2:i ¢ {j,k}. Then,

vk = v =F (U =piqiny) = F (U= pigiy) + F (L =pjpy) = F (1= pigigy)
-1 fz(pz{zk}) f]<pj {ZJ})
o
fe(Pr.giny) fi(pigigy)
fz(p Aiod, k}) fJ(pJ {4, k})
Fi(Pr,gigy) Fi(pigiga)

= log( (Generalized Ordinal ITA)
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f1< {ljk}>)
Ji(Pr,gi.g0y)

=log( 224 fipis) ) (Generalized Ordinal IIA)
fi(Pr,s)

:Fj_l(l —pjs) — F (1= prs)-

= log(

We next verify
V; + .F;l(l _pi,S) — /\S + )\i,S = 0, )\i,Spi,S = 0, and )\i75 2 0, VZ S S

Since p; s > 0 for all 7 € S, we have \; s =0 in the KKT conditions. Then, there exists Ag
such that vy, + F, ' (1 — prs) — As =0 and v; + Fj_l(l —p;.s) — As = 0 since we have proved that
v+ 7N (1= prs)=v; —I—Fj_l(l —Dj.s)-

Therefore, the equalities in the above two cases imply the KKT optimality conditions at .S are
satisfied. Since this holds for any assortment S € S, this proves that pg is represented by MDM.

|

EC.2. Proofs of the Results in Section 4
EC.2.1. Proof of Proposition 2

Proof. Due to Theorem 1, we have Pypy(S’) = Proj,,(Ils/), where the lifted set 115 equals
{(m,)\) cRZs x RS 25 >0, me =1,vSed,
>\S > )\T if Z;s < TiT, AS = )\T if Zi s =TT 7é O, V(Z, S), (Z,T) S Z-S/}7

following the definition in (7). Since Uy :={x4 : (5,24, A) € lls/, s = pg}, the non-numbered
constraints in the formulation in Proposition 2 are obtained by replacing s = pg in the above
description of the lifted set IIs/. For deducing the remaining constraints (10a) - (10b), we proceed
as follows: Consider any (i,S) € Zs. From the description of Ils/, observe that an assignment for
Tia,Aa, Ag in any (x, ) € I satisfying xs = ps necessarily satisfies one of the following four cases:

In Case 1, we have Ay > Ag and x; 4 < p; st If Aa,Ag is such that Ay > Ag, this informs the
restriction {x; 4 :x; 4 < pi;s} on the values z; 4 can take. The closure of this restricted collection
{Zia:2;a<pis}equals {z; a:2; 4 <pis}

In Case 2, we have Ay < Ag and x; 4 > p; st If As, Ag is such that A4 < Ag, the closure of the
corresponding restriction {x; 4 x; 4 > pi s} equals {x; 4,4 >pis}

In Case 3, we have Ay = Ag and z; 4 =p; s 7 0: When A4, A\g is such that Ay =g and p; s #0,
the corresponding restriction on the values of x; 4 is given by the closed set {z; 4 : ;4 =p;i s}

Finally, in Case 4, we have A4, A\g unconstrained and z; 4 =p; s = 0: Like in Case 3, the restriction

on the values of z; 4 corresponding to this case equals {z; 4 : x; 4 = 0}. The relationship between
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Ti A, Pis, A4, As in this case is any one of the following sub-cases: Case (4a) Ay > Ag and 0=z, 4 <

pi.s =0, or Case (4b) g <Agand 0=uz; 4 > p; s =0, or Case (4¢c) Ay =Ag and 0=x; 4 =p; s =0.
Combining the observations in the cases (1) & (4a), (2) & (4b), and (3) & (4c), we obtain that the

closure of U, equals the collection of probability vectors 4 = (z; 4 :7 € A) for which there exists a

function )\ : S’ — R such that

Tia < Dis if Aq>MAg, Vi€A, (Z,S) €ls,
Ti A > Di,s if Ag<Ag, Vi€A, (’L,S) €ls, and
TiA = Dis if Aa =g, ViEA, (275) €ls,

in addition to satisfying Ag > Ar if p; s <pir and Asg = Ar if p; s = p; 1+ #0, for all (i,5),(i,T) € Zs.
The constraints in the formulation in Proposition 2 exactly specify these conditions describing the
closure of U4. Observe that the objective in inf{}", ., r;z; a: @4 €U} is continuous as a function of

x 4. Therefore, inf{> ", ., rix; a:xa €U} =min{d> ;. 4 riT; 4 : T4 € closure(Uas)}. [ |

EC.2.2. Proof of Proposition 3

Proof. Recall the notation 8" =S U{A}. Observe that the variables (Ag: S € §’) influence the
value of the formulation in Proposition 2 only via the sign of Ag — A, for any pair of variables Ag, Ar
from the collection (Ag:S € 8’). Therefore the optimal value of this optimization formulation is not

affected by the presence of the following additional constraints: 0 < Ag <1 for all S € §’, and
As—Ar>e i Ag> A, v (1,5),(1,T) € Zsr,

for some suitably small value of € > 0. Indeed, this is because the signs of the differences {Ag — Ar:
S,T € 8’} are not affected by these additional constraints. Taking € to be smaller than 1/(2|S]), for
example, ensures that there is a feasible assignment for (As:S € S’) within the interval [0, 1] even if
all these variables take distinct values.

Let F' denote the feasible values for the variables (Ag: S € 8’), (x; 4 : i € A) satistying the constraints
introduced in the above paragraph besides those in the formulation in Proposition 2. Equipped with
this feasible region I, we have the following deductions from (11a) - (11c) for (As: S € S’), (x4 :i € A)
in F: For every i € A and any S € S containing i,

(i) we have A4 < Ag if and only if §4 ¢ =1 and dg 4 =0, due to the constraints (11a) and (11b); in
this case, we have from (11c) that p; s <x; 4 <1;
(ii) likewise, we have A4 > Ag if and only if §4 ¢ =0 and 05 4 =1, due to the constraints (11a) and

(11b); in this case, we have from (11c) that 0 <x; 4 <p;s.

(iii) finally, Ay = Ag if and only if 4 s =0 and d5 4 = 0; here we have from (11d) that z; 4 = p; s.
Thus the binary variables {04 5,054 : .S € S} suitably model the constraints collection (10a) - (10b)
and provide an equivalent reformulation in terms of the constraints (11a) - (11d). Therefore the

optimal value of the formulations in Propositions 2 and 3 are identical. |
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EC.2.3. Proof of Corollary 1

Proof. When &' is either nested or laminar, from the proof in Theorem 3, we know that Pypy(S’) =
Prrc(S’). So, we can solve the worst-case expected revenue in (9) with the representable conditions of
the regular model which are z; 4 <p; s it SC Aand z; 4 >p; s if ACS forall i € A and (i,5) € Zs.

This is a linear program with O(n) continuous variables and O(n|S|) constraints. [ |

EC.2.4. Proof of Proposition 4
Proof. Suppose that there exists a product ¢* being included in every assortment of the collection
S and we have p;« g, > pix 5, > -+ > Dix 5,,. Recall that closure(Pypy(S)) = Projm(H:S) where H:S is

defined as
I = {(w,)\) ERTS xRS 2,6 > 0,%(,5) €L, Y ;5 =1,YS €S,
¢ (EC.7)
As 2 Ar if wis <@ir, (0, 9), (,T) € Ts ).

Thus, we have Ag, > ---Ag, > Ag,_, > -~ > Ag, for any A such that (x,) € II';. For ease of

notation, let Ag, = —o0 and Ag, ,, =+o00. Then for any given A, the corresponding A4 must satisfy

1
Aspiy = Aa > Ag, for some k€ {0,1,...,m}.

From the viewpoint of Ay > Ag, > ... > Ag,, we deduce the following constraints on x; 4: For any
i € AN Sy, we have the respective MDM feasibility constraints x; 4 <p; s, <... < Dis; for all j <k
such that i € S;. These constraints can be equivalently summarized by x; 4 < p; s, , and this comprises
the first set of constraints for evaluating Ry in (13).

From the viewpoint of Ag,, 11> Ag, a2 Aa, we deduce the following constraints on x; 4 : For

any 1€ A,j>k+1,5;€S,i€5;,NA, we have the respective MDM feasibility constraint z; 4 > p; s,

which comprise the second set of constraints for evaluating Ry, in (13). |

EC.2.5. Proof of Corollary 2
Proof. Suppose S ={S1,S52,...,5,} is nested as in S; C Sy C -+ C S,,,. We have, from the regu-
larity of MDM in Lemma 2, that p; s, > pi s, > -+ i, for all i € Si. Recall that closure(Pypu(S)) =
Proj,, (ITs) where I is defined as
My = {(:c,)\) €R? xRS 11,6 >0,%(,5) €Ts, > w5 =1,VS €S,
€5 (EC.8)
As > Ar if i <wir, (0, 9), (i, T) € Ts }.
Thus, for the given nested S, we have Ag,, > -+ Ag, > Ag, | =+ > Ag, for any A such that (x,A) € II.
For ease of notation, let Ag; = —oo and Ag,,,, = +00. Then for any given A, the corresponding A4
must satisfy Ag, > A4 >Ag, for some k€ {0,1,...,m}.
From the viewpoint of Ay > Ag, > ... > Agy, we deduce the following constraints on x; 4: For any

i € ANSy, we have the respective MDM feasibility constraints x; 4 <p; s, <... < pi,s; for all j <k
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such that i € S;. These constraints can be equivalently summarized by x; 4 < p; s, , and this comprises
the first set of constraints for evaluating Ry, in (14).

From the viewpoint of Ag,, 11> Ag, a2 Aa, we deduce the following constraints on x; 4 : For
any 1 € A, (1,5) € Is, Sk+1 € S, we have the respective MDM feasibility constraint x; 4 > p; s, which
comprise the second set of constraints for evaluating Ry, in (14).

EC.3. Proofs of the Results in Section 5
EC.3.1. Proof of Proposition 5

Proof. Due to Theorem 1, we have Pypy(S) = Proj,(Ils), following the definition in (7). One
can argue the closure of Py (S) by the similar arguments of the proof of Proposition 2. Consider
any (i,S5) € Zs. From the description of IIs, observe that an assignment for z; g, ; 7, As, Az in any
(z, ) € Ils necessarily satisfies one of the following four cases:

In Case 1, we have A\g < Ar and x; s > x; 7 If Ag, Ap is such that g < Ay, the closure of the
corresponding restriction {x; ¢, z; 1 : ;5 > x; 7} equals {x; s, 27 i 5 > Ti7}

In Case 2, we have A\g > Ar and x; s < x; 7 If Ag, Ap is such that Ag > Ay, the closure of the
corresponding restriction {x; g, z; 7 ;s <x;7} equals {x; s, T 7 x5 < xi7}

In Case 3, we have Ag = Ar and z; g = x; v > 0: When Ag, Ay is such that Ag = Ap and z; s =2, 7 >0,
the corresponding restriction on the values of x; s,x; r is given by the closed set {z; s, z; 7 : %5 =
x;r >0}

Finally, in Case 4, we have Ag, Ay unconstrained and z; ¢ = z; 7 = 0: Like in Case 3, the restriction
on the values of z; g, 2; r corresponding to this case equals z; ¢ = z; r = 0. The relationship between
Tis,TiT, \s, Ar in this case is any one of the following sub-cases: Case (4a) Ag > Ar and 0 =1z, g <
x;r =0, or Case (4b) Ag < Ap and 0==x; ¢ > x; 7 =0, or Case (4¢c) As =Ar and 0=x; s =x; 7 =0.

Combining the observations in the cases (1) & (4a), (2) & (4b), and (3) & (4c), we obtain that
the closure of Pypy(S) equals the collection of probability vectors @ for which there exists a function

A:S — R such that

o
IA

rir i As>Ap, V(i,5), (i,T) €Zs,
Tis > xip  if Ag<Ap, V(4,5), (4,T)€Ls,

)

ris = xir i As=Ap, V(,9), (1,T)€Ls.

The constraints in the formulation in Proposition 5 exactly specify these conditions describing the clo-
sure of Pypy(S). Observe that the objective in inf{loss(pgs, €s) : Ts € Pypu(S)} is continuous as a func-
tion of x. Therefore, inf{loss(pg, xs) : s € Pyupu(S)} = min{loss(pg, s) : s € closure(Pypu(S))}-
|
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EC.3.2. Proof of Theorem 4
Before we formally prove Theorem 4, we first show the following preparatory material. Problem (16)

can be solved by the following optimization problem:

ir/{f loss(z5(A), ps) (EC.9)

st. x5(A) €arginf,  \).wsoynens  1053(Ts(A), ps|A), (EC.10)

where xs(A) can be interpreted as a collection of MDM-representable choice probabilities given S
and A. Next, we focus on the sub-problem (EC.10). Let [m]={1,2,--- ,m} and [k] ={1,2,--- ,k} for

some positive integer m and k.

AssumpTION EC.1. Consider S ={S1,Ss, -+ ,Sn} and ps as a n X m matriz with n rows and
m columns, satisfying the following properties:

e n="Fk+m with k as a positive integer;

e For each | € [k], there are exactly two elements in row | of ps and k= |pi.s, — pr.s;| < = is a

positive constant fori,j € [m] with € S;N.S;;
e For each i € [m], there is exactly one element pyy; s, in row k+1i and pry; s, =1— 25:1173‘,51- and

kmk

Pk+i,s; > —5 -

LEmMA EC.3. Given pg that satisfies Assumption EC.1, the sub-problem (EC.10) with 1-

norm objective function has a closed-form optimal objective value Zf:l > 2lprs, —

i,je[m],ASigASj:leSmSj
pus; [ (prs; — prs; ) (As; — As;) > 0}

Intuitively, ps has exactly one product-assortment pair for product [ with [ € [k] and exactly one
element for product k + ¢ with ¢ € [m]| which corresponds to the ith assortment in the collection. For
product [ with [ € [k] the indicator takes the value 1 if and only if the choice probabilities of the
product-assortment pair violate the MDM-representable conditions, the minimum loss to make this
pair to be MDM-representable under 1-norm loss is |p; s, — pz,sj\7 which causes the violation of the
normalization constraint of the assortments S; and S;. To satisfy the normalization conditions of
assortment S; and .S;, the least loss is also [p; s, — p1,s;|- Next, we formally prove Lemma EC.3 with
three steps: (1) reformulate the sub-problem (EC.10) to a linear program; (2) construct a primal
feasible solution @ () such that the desired optimal objective value is achieved, which can be served
as an upper bound to (EC.10); (3) derive the dual for the problem and construct a dual feasible

solution such that the desired optimal objective value is achieved.
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Proof. Step (1): Formulate the sub-problem (EC.10) as a linear program with pg satisfying

Assumption EC.1.
Let f, denote the optimal value of (EC.10). Given pg that satisfies Assumption EC.1 ;| we reformulate

sub

the sub-problem (EC.10) as the following problem:

k m
frp(A) =min - > > (lzes, = pus;| + 12es; = Pus, )+ D |Tksis, — Diviss,|

Ts =1 i,je[m],)\sig)\sj:lesiﬂs‘j i=1
s.t. Xys; — xl}gj > 0 if )\Si < )\Sj vl e [k],i,j, € [m], le Sz N Sj,
in“s:l, VS eSs,
i€s
xi,SEO, V(Z,S) EZS.
(EC.11)
We reformulate Problem (EC.11) as the following linear program (EC.12) by introducing a new

variable zg.

k

min Z Z (218, +218;) + Z Zk+4,8;

rSES 4 i.j€lml s, <As; HESINS; i=1
st s, — TS, = —Pus;s  ALs; — Tus; = —Dis;,  VIE [k],4,7 € [m], As; < As; 1€ 8N,
21, T Tus; 2 Pus; Aus; TEus; > Dus;,  VIEK] 1,7 € Im], As, < g 1 1€ SiNS;,
D15, —ans, > 0if As, <Xs, VIE[K],i,je[ml,l€SNS;, (EC.12)
Zhti,S; — Thti,S; = —Dktis;, Vi€ [m],
Zoti,S; T Thti,s; = Dhtins;, Vi€ [m),

Z(L’l,sizl, VZE[m],

les;

Tig, zis >0, V(,5)€Ls.

Step (2): Construct a primal feasible solution to achieve fZ, (X).
Given any A, construct a solution (xs,zs) as follows.
o For I € [k],i,j € [m] with Ag; < g, such that [ € S;N.S;:
I {(prs, — prs;)(As, = As;) =0} =0, let

Ti,8;, = P1,8;» Ti,8; = P18 #1,8; = 21,8, = 0;

If {(prs, — prs;)(As, — As;) >0} =1, let

Pus; T Dus; Ip1s; —pz,sj\
i 72 y RLS; —RLS; — T o5 -

xys; =T858 A 9
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« For i€ [m], let

sgn(pu,s; — Dus; )prs, — Dus; |

k
Thti,s; = Pk+i,s; + Z Z {(prs; — p1.s; ) (As; — As;) > 0} 5

I=11i,j€[m]:leS;NS;
k

prs; — Dus, |
Rk4i,8; = Z H{(pz,si —pl,sj)()\si - )\Sj) > O}fj7
I=1,i.5,€[m] 1€5;NS;
1 if >0
h = ’
where sgn(z) 1 i s<0.

We verify the feasibility of the constructed primal solution for (EC.12) as follows: Firstly, we have
all the nonnegative constraints for (z; g, 2; 5 : V(i,5) € Zs) are satisfied. For [ € [k],i,j € [m] with
As; < )\gj such that [ € S;NS;:

If I{(p1.s; = Prs;)(As; — As;) = 0} =0, we have :

21,8, — X8, = 0 —DPi,s; = —Pus; A1,S; — Xis; = 0 —DPi,s; = —PL,s;5
21,8, T 15, =0+ prs, = Dus; 21,8, T 11,5, = 0 +DPis; =DPus;

T8, — Ts; =DPus;, —Pus; 2 01 Ag, < Ag).

J

If I{(p1.s; = Prs;)(As; — As;) >0} =1, we have :

B Ip1.s; —pz,sj\ _ Pbus; + s, S Pus; —Pus;  DPus; +Dus;

2ls — XS =—ps,
1,5; 1,8; B 9 =z 9 9 YUNH
e e 15, — pus; | _ busi s S Pusi —Pus;  Pus; ths;
1,S; 1,S; = 9 9 = 9 9 = —PLs;>
|Pz,s,- —Pl,s-| Dis;, TDus; Pus; —Pis;  Dus; +Dus;
21,8, T X5, = =+ s> -+ S =S,
2 2 2 2
B ID1,s; —pz,sj| Pus; T Pus; S Pis; —Pus; | Pus; T Dus;
2,8, T8, = 5 - 5 2 5 + 5 =Dus;>
Dis; tous.  DPus, +Dus; .
Tys; — T8, = 5 L — 5 = =01if As; < As;.

For all i € [m], we also have

Zk+i,8; — Tk+i,8;
k

— 3 {(pr.s; — prs;)(As; — As;) > 0}

1=1,i,j,€[m],l€S;NS;

k sgn(pr,s, — pu.s; )|Pis, — pus, |
— (Prti,s; + Z Z {(ps;, — pis;)(As;, — As;) > 0} — 2] — —)
=1 i,je[m],ASigASj:leSimSj

15, —Pz,sj\
2

2> —Dk+i,5;

Zk+i,8; T Thetd,s;
k
= > {(prs, —prs;)(As, — As;) > 0}

1=1,i,j,€[m],l€S;NS;

|pl,Si *pz,sj|
2
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sgn(pr,s, — Pl,sj)|pz,si —DPL,s; |
2

k
+ Pitis; + Z Z H{(pl,si _pl,Sj)(ASi - >\Sj) > O}

=1 i,je[m],)\sig)\sj :lESiﬁSj

> Pk+i,8;-

Both inequalities hold due to

pLs; —Pz,sj’ > sgn(p,s; —Pz,sj)|]?l,si —Pz7sj|
2 - 2 '
For the normalization constraints, for all i € [m], we have:

k

E T8, = E Ty,s; + Thi,s,
l€S; =1
Du,s; tPus;

k k
:ZH{(pl,Si —pis;)(As; — As;) <O0}prs, + ZH{(pz,Si —pis;)(As; — As;) > 0} 5
=1

=1
sgn(pu,s; — Dus; )prs, — Dus; \

k
+ Phti,s; T Z Z H{(pl,si _pl,sj)()\si - )\Sj) >0} 9

I=11i,j€[m]:l€S;NS;

= sz,si =1.

les;

Then, the objective value of Problem (EC.12) under the constructed solution (s, zs) is

Z Z 2|prs; — pus; [ (prs, — prs;)(As, — As;) > 0}

=1 i,jG[m],)\SiSASj :ZGSiﬂSj

This implies that

k

frnN) <> > 2lpis; — pus; [ (Prs; —pus; ) (As; — As;) > 0}

=1 i,je[m],)\sigAsj:leSmSj
Step (3): Construct a dual feasible solution to achieve fZ, ().
We derive the dual of (EC.12) as follows. For [ € [k],i,j € [m] with As, < As, such that [ € S;N S;, we
introduce the following variables: oy ;, 5, j, 51, w.i,; = 0. For i € [m], we introduce the following

variables: a5, Brtii => 0, and 7;. The dual problem of (EC.12) is given as:

k

m m
r%ax Z [pl,si (/5371‘ - al,i) +Pl,j(ﬂl,j - al,j)] + Zpk+i7si (5k+i,i - O‘kﬂli) B Z i
o,p,u,m =1 i,je[m],)\siﬁ)\sj ,lESiﬁSj i=1 =1

st o+ B8 <1, a+6,; <1, Vie[k]i,je[m],\s, < As;, L€SiNS;,
—oyi+ Bt 0 <0, —ap;+ B —w,+n; <0, Ve [k],i,j €[m], s, < As;, L€ SN S,
Qprii+ Pryii <1, Vie[m],
— Qpisi + Bryii + i <0, Vi€ [m], (EC.13)
i, Brioug, By, wi; >0, Viek]i,jem] g, < As;, L€ SN Sy,

Qtiis Brogii = 0, Vi€ [m].
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Construct a dual solution for (EC.13) as follows:
For I € [k],i,j € [m], with \; < \; and [ € S; NS},
o HI{(p1s;, —prs;)(As; —As;) 20} =0, let ;= Bi =0 ;=B ; =u;=0.
o HI{(ps;, —prs;)(As; —As;) 20} =1 let y; =1, B, =0, =0, Br; =1, u;;=1.

1,5, —p1,s,; 11 (P15, —P1,5,)(As; —As,) >0}
5 .

For i € [m], let oypysi = Brgii =3 and n; = — S
JE€[m]:leS;NS;
Next, we verify the feasibility of the constructed dual solution for (EC.13). Firstly, we have all
the nonnegative constraints for o, B, u are satisfied. For [ € [k],i, j € [m] with Ag, < g, such that
{ € Si N Sjl

If H{(plﬁi —phsj)()\si — )\Sj) Z O} = 0, we have .

ai+ B, =0+0<1, a;+5,;=0+0<1,

P15, — pus, [{(Prs; — prs;)(As; — As;) > 0} B

k
_al,i+6l,i+ul,i,j+77i:_0+0+0_z Z 5

=1 je[m]:leS;NS;

0,

Ip1.s; — pus; I{(Pr.s; — Pr.s;)(As; — As;) > 0} <0

k
—a17j+ﬁl,j—ul,i7j+77j:—0+0—0—z Z 5

1=1 je[m]:leS;nS;

If I{(pr.s; = Prs;)(As; — As;) = 0} =1, we have :

anitpi=1+0=1, a;+p6,;=0+1=1,

b — s I = s )(As, — As.) >0
—ui+ Bt tni=—1+0+1~ Z Z Prs; = prsy I (s = prsy ) (s = bs;) 2 0F <

0,
=1 je[m]:IGSiﬁSj 2
k
pis; — Pus; [ (pes; —pus; ) (As;, — As; ) =0
_al,j'i‘ﬁl,j_Ul,i,j+nj:_0+1_1_z Z |l 1 J|{(l 21 ])( ]) }<0.
=1 je[m]:ZGSiﬂSj
For all i € [m], we have
+ —1+1—1
ak+z,z k+i,0 — 9 9 — 5
11 g IDis; — s [ (pr,s, —pus; ) (As, — As.) > 0}
—Oék+i,i+5k+i,¢+77i:—§+§—z ! 5 z ! <0.
I=1 je[m]:leS;NS;
Then, the objective value of Problem (EC.13) under the constructed solution (e, 8,u,n) is
k m m
Z Z (1,5, (Bri — i) +pu(Bry —aug)] + Zpk—i-i,si (Bryivi — Qi) — Zm
1=1 i, j€[m] N <A, LESNS; i=1 i=1
k m
- Z Z ]I{(pl,si _pl,5j><)‘5i - ASj) > O}(pl,j _pl,5'¢> - Z ni (EC14a)
I=1i,j€[ml,\s; <Ag, IESiNS; i=1
k m
=> > H{(prs, = prs,)(Xs, = As;) = 0}pri — prs, | — > mi (EC.14b)

l

1 i,je[m],/\si S)\Sj,lesiﬂsj' i=1
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k
=Y > {(prs; —pr.s; ) (As; — As;) > 0% |pri — pus, |

I=1i,j€[m] g, <As; 1€SNS;

i i Z P15, — purs; [ (prs; — s, ) (As, — As;) > 0}

+ (EC.14c¢)
i=1 1=1 je[m]:leS;NS; 2
k
:Z Z {(prs; — pr.s; ) (As; — As;) > 0} |prj — pus,|
=1 i,je[m],ASiS)\Sj ,Les;NS;
k
+> > {(prs; —pus;)(As; = As;) > 0} |pri — pus; | (EC.14d)

1 i,je[m],)\si S)\Sj JESZ'I'TSJ'

k
:Z Z 2lps, — pus; |\ (Prs; — prs;)(As; — As;) > 0}

=1 i,je[m],ASigASj:leSimSj
Plugging in the value of a;; = f1; = o ; = 3, ;, for I € [k],i,j € [m] with Ag, < As; and [ € 5;NS;, we
have (EC.14a) . (EC.14b) is equivalent to (EC.14a) because when I{(pi.s, — p1.s,)(As; — As;) > 0} =1
and \; < \;, we have [p;; —pl75].| =p; — s, > 0. Plugging in the value of n; for all i € [m] to (EC.14b),
we have (EC.14c). (EC.14d) is equivalent to (EC.14c) because

i Xk: 3 s, — pus, [{(Prs, — prs;)(As, — As;) > 0}
5 2

= > {(prs; — pr,s; ) (As; — As;) > 0} |pri — pus, |-

I=1i,j€[m]Ag; SAs; 1ESNS;

By weak duality, we have fZ,(A) > >, > 2lprs; — sy I (prs, — pus; ) (As; —
i,je[m],ASigAsj:leSimSj

As,) > 0}.

Summing up, we have

frnN)=>" > 2prs; — pus; [ (prs; — pus;)(As; — As;) =2 0}

=1 iJE[m])\siS/\Sj?lESﬂSj

[

Before we show the hardness of Problem (16), we provide the following three definitions (see Dwork
et. al. (2001)) to describe the Kemeny optimal aggregation problem.

DEFINITION EC.1 (FULL LISTS AND PARTIAL LISTS). Let M ={1,...,m} be a finite set of alter-
natives, called universe. A ranking over M is an ordered list. If the ranking 7 contains all the elements
in M, then it is called a full list (ranking). If the ranking 7 contains a subset of elements from the
universe M, then it is called a partial list (ranking).

DEFINITION EC.2 (KENDALL-TAU DISTANCE (K-DISTANCE)). The K-distance, denoted as

K(o,7), is the number of pairs ¢, j € M such that (i) <o (j) but 7(i) > 7(j) where o(¢) stands for
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the position of ¢ in ¢ and similar explanations are applied for o(j),7(i) and 7(j). Note that the pair
(4,7) has contribution to the K-distance only if both 4, j appear in both lists o, 7.
DEerINITION EC.3 (SK, KEMENY OPTIMAL). For a collection of partial lists 7y,...,7 and a full

list 7, we denote

k
SK(W,Tl,...,Tk):ZK(F,Ti)~
i=1

We say a permutation o is a Kemeny optimal aggregation of 7, ..., 7 if it minimizes SK (7, 71,...,7%)

over all permutations 7.

LEMmA EC.4 (see Dwork et. al. (2001)). Finding the Kemeny optimal solution for partial

lists of length 2 is exactly the same problem as finding a minimum feedback arc set, and hence is

NP-hard.

Now, we are ready to prove the hardness of Problem (16).

Proof. To show Problem (16) is NP-hard, it suffices to show some instances of this problem is
NP-hard. We show that Kemeny optimal aggregation of length 2 can be reduced to Problem (16).

The decision version of Kemeny optimal aggregation with a collection of partial lists of all length 2
is stated as follows:

INSTANCE: A finite set M with |[M| =m, a collection of partial lists 7,...,7, with |r;| =2 for
i=1,...,k, an upper bound on the loss L.

QUESTION: Is there a full list 7, such that > | K(r,7;) < L?

The decision version of the limit problem of MDM in Problem (16) is stated as follows:
INSTANCE: A finite set N with |N| =n, a collection of assortments S with |S|=m and S CN for
all S €S, the observed choice probabilities pg = (p; s:1€ 5,5 € S) with >, ¢p;s=1forall SeS,
an upper bound on the loss L.

QUESTION: Is there a solution (zs,A) to Problem (16) such that loss(zs, pg) < L'?

We then will reduce the Kemeny optimal aggregation problem to Problem (16). Given any instance
of Kemeny optimal aggregation problem with partial lists all of length 2, we can construct an instance
of Problem (16) as follows.

(a) Let the collection of assortments S = {Sy, S, ..., S} with |S| =m and the set of alternatives
(products), N'={1,....k,k+1,....,k+m} with [N| =n =k +m. Given the observed choice
data pg, consider pg as a n X m matrix with n rows and m columns.

(b) The values of the entries in pg are set in the following manner. For each [ € {1, ..., k}, suppose

2

7, ={4,7} with (i) <7,(j), then we set p; s, = ﬁ and py s; = 573+ [t’s easy to see that for each

S; with 1<i<m, 0< Y} pjs, < 1.

(c) For each S; with 1 <i<m, let pyy; 5, =1— Z?Zl D, -
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(d) Set other entries of pg as zero.
(e) Set the loss function in Problem (16) to be 1-norm loss.
We give Example EC.1 and Example EC.2 to illustrate the above instance construction.
ExamMpPLE EC.1. Given an instance of Kemeny optimal aggregation with M ={1,2,3} and 7, =
(1>=2),m=(1>3),13=
EC 4.

(2 > 3), we construct an instance for Problem (16) with ps as shown in Table

Table EC.4 An example of a representable instance construction

alternative

S1=1{1,2,4}

SQ = {1731 5}

SS = {27 37 6}

1

1/9

2/9

1/9

2/9

1/9

2/9

=W N

7/9

6/9

| Ut

ExaMpLE EC.2. Given an instance of Kemeny optimal aggregation with M ={1,2,3} and 7, =
(1>=2),72=(3>1),73=(2> 3), we construct an instance for Problem (16) with pg as shown in Table
EC.5.

Table EC.5 An example of an infeasible instance construction
alternative | S; ={1,2,4} | So ={1,3,5} | S3 ={2,3,6}
1 1/9 2/9 -
2 2/9 - 1/9
3 - 1/9 2/9
4 6/9 - -
5 - 6/9 -
6 - - 6/9

In Example EC.1, both the Kemeny optimal aggregation and the limit of MDM instances are
feasible to their problems respectively. The optimal solution to the Kemeny optimal aggregation is
m= (1> 2> 3) and one of the optimal solutions to the limit of MDM is s =pg and Ag, =3, Ag, =2
and Ag, = 1. Both instances obtain 0 loss.

In Example EC.2, both the Kemeny optimal aggregation and the limit of MDM instance are infeasible
to their problems respectively. It’s trivial to see that the optimal solution to the Kemeny optimal
aggregation is one of {(1>2>3),(2>3>1),(3> 1> 2)}. Each of such solutions obtains SK = 1.
Given Lemma EC.3, one may make a guess for one of the optimal solutions to the limit of MDM in
Example EC.2 to be x5 g = é, Ty g, = %, Tyg = %, TG 5, = % and the optimal loss to be %. We will

show that this guess is true.
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Recall that Problem (16) is equivalent to Problem (EC.9). We next show that for any fixed A in
Problem (EC.9), then the sub-problem (EC.10) with optimal &%(\) and f%, (A) under A, there exists
7 such that A% ~1(1) >..->X; | for the Kemeny optimal aggregation and SK (w) = 25£ f= (X).

- - ~1(m) 2

By Lemma EC.3, we have

Jan(A) = loss(xs(A), ps)

k

> > (la7 s, = pus;| + 1ol s, = Prs; )+ D ks, = Proisi] (EC.15a)
i=1

=1 i,jE["z],)\Si S)‘Sj :lESiﬂS]'

k
Z Z 2|prs; — pus; |\ (Prs; — prs;)(As, — As;) > 0} (EC.15b)

I=14,j€[m],Ag, SAsj 1es;Ns;

k

EEL lz—;ijé[m] As_gs.:zesmsj L{(w (i) = m (1) (n(i) —7(j)) <O} (EC.15¢)
Sk ZK T, T)

2
3><k:

[\

SK(m).

Equation (EC.15a) is due to the construction of pg. Equation (EC.15b) holds because of |p; s, —pi.s;| =

3xk and the closed form objective value in Lemma EC.3. The argument for Equation (EC.15¢) is as

follows: For [ € [k], i,5 € [m]:1 € .S;NS;, by instance construction, we have
ps; <pus; it (i) <7 (y)-
From the relation between 7 and A, we have A —1(1) > ... > A -1(,,). Then, we have
m(i) <7(j) if As, > As;.
The above two inequities imply that

HAs; = As)) (s, —pus;) > 03 =I{(7 (i) — 7(5)) (n(2) = m(5)) <0},

Setting L = %L/. The decision problem of the limit of MDM asks is there (s, A) such that
Finie < L' is equivalent to the decision problem of Kemeny optimal aggregation is there a full ranking

7 such that fi .., < L. |

EC.3.3. Proof of Proposition 6

Proof. Observe that the variables (Ag: S € S) influence the value of the formulation in Proposition
6 only via the sign of Ag — Az, for any pair of variables Ag, Az from the collection (Ag:S € S).
Therefore the optimal value of this optimization formulation is not affected by the presence of the

following additional constraints: 0 < Ag <1 for all S € S. Indeed, this is because the signs of the
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differences {As — A7 : S, T € S} are not affected by these additional constraints. Taking € to be smaller
than 1/(2|S]), for example, ensures that there is a feasible assignment for (Ag: S € S) within the
interval [0,1] even if all these variables take distinct values.

Let F' denote the feasible values for the variables (A\s: S € S), (z;5:(:,5) € Is) satisfying the
constraints introduced in the above paragraph besides those in the formulation in Proposition 5.
Equipped with this feasible region F', we have the following deductions for (A\s: S € S), (x5 :(i,S5) €
Zs) in F: For any S,T € S containing 1,

(i) we have A\g < Ar if and only if 05+ =1 and dr g =0, due to the first set of constraints of (17); in
this case, we have from the second and fourth set of constraints of (17) that 0 <z, r <z; g <1;

(ii) likewise, we have Ag > Ar if and only if 05+ =0 and 07 s =1, due to the first set of constraints; in
this case, we have from the second and fourth set of constraints of (17) that 0 <x; ¢ <z; 7 <1.

(iii) finally, Ag = Ar if and only if dg7 =0 and dr g = 0; here we have from the third set of constriants

of (17) that z; s = x; 7.

Thus the binary variables {0gsr :S,7T € S} suitably model the first set of constraints of (16) and
provide an equivalent reformulation in terms of the constraints. Therefore the optimal value of the

formulations in Propositions 5 and 6 are identical. |

EC.4.
EC.4.1.

ExaMPLE EC.3. Note that pg can be represented by APU if and only if there exists A € RISl

Illustrative Examples in the Paper
An example to illustrate the representation power of MDM, APU, and MNL

and v € R” such that A\g +v; > Ar +v; if and only if p; ¢ > p; 7, for all (4,5), (j,T) € Zs (Fudenberg
et. al. 2015). The pg in Table EC.6 can be represented by MDM by simply setting A4 = 10 and
Ap = 5. However, it cannot be represented by the APU model because p; 4 < p2 4 implies 11 < vy,
while p; p > p p implies vy > 15, which leads to a contradiction. The pg in Table EC.7 can be
represented by APU, since we can set Ay =8, A =10, v; =1, v, =2, vr3 =5, and v, =0 such that

P3,4 > P2.B > P1,B > P2,4A =P4a,B > P1,A and Ag +vs > Ag+va>Ag+v1 > Aa+ v =Ag+vy > Aa+ 1.

m¢m

Both instances cannot be represented by MNL since IIA property is violated, i.e., voa 7 pon

Table EC.6

ps can be represented by
MDM but not APU and MNL

Table EC.7

ps can be represented by
MDM and APU but not MNL

Alternative | A = {1,2,3} | B= {1,2,4} Alternative | A = {1,2,3} | B= {1,2,4}
1 0.20 0.45 1 0.20 0.30
2 0.25 0.30 2 0.25 0.45
3 0.55 - 3 0.55 -
4 - 0.25 4 - 0.25
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EC.4.2. An example to show the non-convexity of MDM feasible region

ExAMPLE EC.4. zs is MDM-representable because x; 4 < 1 5,724 < T2, and x5 g < T3 ¢ implies
Aa > Ag, Aa > A¢ and Ap > A¢. The values Ay = 12, A\ = 10, \¢ = 8 satify this. yg is MDM-
representable because y1.4 > Y1 .5, Y2.4 > Y2,c and ys p > y3 ¢ implies Ay < Ap, Aa <A¢ and Ap < Ac.
The values Ay =8, \p = 10, \¢ = 12 satify this. w = 0.4xs + 0.6y is a convex combination of xg
and yg but it can not be represented by MDM because w; 4 > wy 5, w1 4 < Wy ¢ and ws g > ws ¢
which implies Ay < A, Ax > A¢ and Ag < A¢, i.e., Ap < Ac < Aa < Ap. This means w can not be
represented by MDM.

Ts Ys w=04xs+0.6yg
Alternative | A={1,2} | B={1,3} | C={2,3} Alternative | A={1,2} | B={1,3} | C={2,3} Alternative | A={1,2} | B={1,3} | C={2,3}
1 0.3 0.9 1 0.75 0.1 1 0.57 0.42
2 0.7 0.8 2 0.25 0.2 2 0.43 0.44
3 0.1 0.2 3 0.9 0.8 3 0.58 0.56

EC.4.3. An example to show using (18) to get MDM-representable probabilities

ExaMpPLE EC.5. Consider the observed choice probabilities pg is given in Table (a) below with
n=3and S={A={1,2},B={1,3},C={2,3}}. ps is not representable by MDM since p; 4 > p1.5
implies Ay < Ap, p2a < p2,c implies Ay > A¢, and ps g > p3 ¢ implies A < A¢, that is Ay < Ap <
Ao < Aa.

Suppose the assortments A, B,C are shown once in the historical data. We choose the limit loss
function to be I-norm 3> ¢z, [is — pi,s|, and set € =0.001 in (17). We then obtain MDM limit
probabilities % in Table (b) below and Ay =0, Ap =0.001, and Ag = 0.002, that is Aa < Ag < Ac.
x% satisfies all the constraints in (16), meaning that x% € closure(Pypu(S)). However, &% & Pypy(S)
since 3 4 =23 o when Ay < Ac.

To obtain feasible MDM probabilities, we apply (18) by setting § = 107°. We then obtain MDM

representable choice probabilities in Table (c) below.

(a) ps that is not representable by MDM (b) x obtained by (17) (c) feasible MDM probabilities obtained by (18)
Alternative | A={1,2} | B={1,3} | C={2,3} Alternative | A={1,2} | B={1,3} | C={2,3} Alternative | A={1,2} | B={1,3} | C={2,3}

1 0.57 0.42 - 1 0.56 0.42 - 1 0.564823 0.42 -

2 0.43 - 0.44 2 0.44 - 0.44 2 0.435177 - 0.435176

3 - 0.58 0.56 3 - 0.58 0.56 3 - 0.58 0.564824

EC.5. An Algorithm for Evaluating the Limit of MDM when |S| is Small
In Algorithm 1, for a fixed A, we just need to solve a convex optimization problem with O(n|S|)
continuous variables and O(n|S|?) linear constraints to compute the limit loss. There are m! possible

A. Thus, Algorithm 1 is polynomial in the alternative size n.
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Algorithm 1: An algorithm solves the limit of MDM polynomial in n
Input: Observed choice probabilities pg, collection S, product universe N.

Output: MDM choice probabilities ¥, optimal loss f*, optimal ranking of assortments 7*.

T «+{all rankings of (S:S€S)};

[uny

N

f* 400 keeps tracking of the optimal value of Problem (16);

w

x5 < 0 keeps tracking of the optimal solution;

for €T do

5 Solve min loss(xs,pg)
s

s.t. xi,S_xi,TZO; if T(T) <T(S> V(Z,S),(Z,T> GZS,
Zﬂji’s’:l, \V/SGS,

i€S

'

f « the output optimal objective value of (Limit-LP);
6 & s < the output optimal solution of (Limit-LP);
7 if f< f* then

8 TS Ts;
9 I I
10 T 4 T;
11 end
12 end

EC.6. Additional Useful Details on the Experiments in the Paper
In this section, we give details on the implementation of the experiments. We used a MacBook Pro

Laptop with a 2 GHz 4 core Intel Core i5 processor for all experiments.

EC.6.1. Representation test experiment implementation details
EC.6.1.1. Checking the representability of MIDM For a collection of observed choice prob-

abilities pg, by Theorem 1, we check the representability of MDM with the following linear program:

max €
st As—Ap—e>0, if pos <pir Y(i,8),(0,T) € Ts, (EC.16)
)\S — A= O, if Di,s = DiT > 0 V(Z, S), (Z,T) € IS-

If the optimal value of (EC.16) is strictly positive, then pg can be represented by MDM. Otherwise,

ps cannot be represented by MDM.
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EC.6.1.2. Checking the representability of RUM For a collection of observed choice prob-
abilities pg, we check the representability of RUM with the following linear program:

In)‘ELX 0

t. Ao S]—pis=0, V(i,S)€Ls,

> G;ﬂ llo2, 5] = pis (5,9) € Is (EC.17)
Y Ao)=1, Ao)=0, VoeX,.
A=

If (EC.17) is feasible, pg can be represented by RUM. Otherwise, pg cannot be represented by RUM.

EC.6.1.3. Checking the representability of MIINL For a collection of observed choice prob-
abilities pg, we check the representability of MNL with the following linear program:

max g v;

iEN
st pis Y vj—vi=0, V(i,5)€Ls, (EC.18)
JjEv;

If the optimal value of (EC.18) is strictly positive, ps can be represented by MNL. Otherwise, pg
cannot be represented by MNL.

EC.6.2. Limit experiment implementation details

EC.6.2.1. Limit of MDM Given an instance pg with collection &, we solve the limit of
MDM with (17). When the loss function is chosen to be the average absolute deviation loss, we set
Yses10s8(Pg, Ts) = Dges s Dies Pis|Tis = Pisl/ Lsesns in (17).

When the loss function is chosen to be the average KL loss function, the limit of MDM can not
be easily solved by existing solvers including Gurobi, Mosek, and CVXPY. We take the following
2-stage approach to solve the limit of MDM with the average KL loss function: (1) We first solve (17)
with the average absolute deviation loss and get A*. (2) We then solve (17) with the average KL loss

function and \* as follows:

mmin — Z ng Zpi,SIOg(xi,S/pLS)/ Z ns

Ses €S Ses

st xis > @i if NG < AT, v(3,5),(i,T) € Is,
d wis=1,¥S€S, z5>0, V(i,5) €Ls.
€S

EC.6.2.2. Limit of RUM Given an instance pg with collection S, we solve the limit of RUM

with the following convex program:
min Z loss(pg, Ts)
ses

st zis— Y Ao)lo,i,8]=0, V(i,5)€TLs, (EC.19)

ogEY,

Y Ao)=1, Ao)=0, VoeX,.

oEXy
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We set the loss function of (EC.19) based on the chosen loss function. In our experiments, the
limit of RUM is computed when the loss function is chosen as the average absolute deviation loss
Y sesloss(Dg, Ts) =D ges s Poies Pis|Tis — Dios|/ D ses s, which can be reformulated as a linear
program, and we can solve it in the Gurobi solver. The limit losses of RUM of all instances reported

in the paper are solved to optimality.

EC.6.2.3. Limit of MINL For the parametric model MNL, given an instance pg with collection
S, we first estimate the parameters of MNL by solving the maximum loglikelihood with the given data
and then compute the best-fitting choice probabilities of MNL to pg with the estimated parameters.

The parameters of MNL are estimated as follows:

) exp v;
v* =argmax, ll(v|pg) = Z ng Zpi,S log(&———
it i@ 2Ljes XPU) (EC.20)
= Z nS(Zpi,S Uy — logZexpfuj).
Ses €S jes

When the limit loss function is chosen to be the average absolute deviation loss, we compute the loss
between the choice probability collection and the probability collection with the estimated MLE of

*
expv;

MNL as Y ges s 2 ies Pis|Pis — 5 |/ > sesns. When the limit loss function is chosen to be
VIS

*
g eXpP U}

the average KL loss, we first solve (EC.20) and record the optimal values as [[*, and then compute

the average KL loss of MNL as (=" + 3 gcsns D ;e Di,s108Dis)/ Yo ges Ns-

EC.6.2.4. Limit of MCCM By the definition of MCCM, the choice probabilities satisfy the
constraints in (EC.21) below, so the limit of MCCM can be solved by the following continuous

optimization problem:

min  loss(pg,xs)
AP, TS, YS
s.t. xi,S:)\i'i_ Z Y;.5Pj,is VZESU{O},SES7
JENO\S
Yis = Ai + Z Yjspii, VieN\S,SeS,
JENO\S
r;5=0, VieN\S SeS, (EC.21)

yis=0 Vie SU{0},S¢€S,

d =1 A>0, VieN,,

i=0
Zpij:l’ ViENo, pOi:O7pii:07 VZENa pijz()) VZ,]E/\/’O,
7=0
Y as=1,5€8, w,5>0, Vie SU{0},S€S,
1€ SU{0}

yi,5207 VZEN\S,SGS,
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where 0 denotes for the outside option and Ny =N U {0}. We solve (EC.21) with ‘ipopt’ in the
continuous optimization solver pyomo. We set the loss function of (EC.21) based on the chosen loss
function.

When the outside option is not included in the assortments, the limit of MCCM is computed as

follows:
min  loss(pg, xs)
ApTS,Ys

s.t. xi,S:)\i_‘_ Z Yi,5P;5,i5 VZ€S7S€S7

JEN\S
S:)\z—i_ Z Y5.5P5,i) WGN\S,SGS,
JEN\S
z;5=0, VieN\S,S€eS, (EC.22)

vis=0 VieS Ses,
dN=1, \=0,VieN,

iEN

Y opii=1 pi=0,VieN, p;>0,VijeN,
JEN

Y wis=1, SES, 2,5>0, VieS,S€S,
€S

vis >0, VieN\S SeS.

EC.6.2.5. Limit of LC-MNL The limit computation of the limit of LC-MNL is similar to the
limit of MNL. Given an instance pg with collection S, we first estimate the parameters of LC-MNL and
then compute the best-fitting choice probabilities of LC-MNL to pg with the estimated parameters.
Lastly, we compute the limit of LC-MNL with the best-fitting choice probabilities and the chosen loss
function. The parameters are estimated by the following loglikelihood of LC-MNL:

exp vy,
w*,v* =argmaxLL(w,v|ps) = E E ngpi,slog E wl
w,v sesies 2jes eXP U

Zwl = 1,
=1

w; > 0, VZG[L],

(EC.23)

where we assume that the population is described by a mixture of MNL models consisting of L
classes, with w; denoting the fraction of customers in class [, and v; = (vjg,v;1, -+ ,v;,) denoting the
parameters of the corresponding MNL model of customers in class [. (EC.23) is non-convex in the
model parameters w and v. We obtain an approximate solution by using the expectation-maximization
(EM) algorithm, see Train (2008) for details. The number of iterations has been set to 50 for the
estimation problem of LC-MNL with 10 classes and 40 times for the estimation problem of LC-MNL
with 2 classes. For some rare randomly generated instances, we allow the iteration up to 100 to ensure

convergence.
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EC.6.3. Prediction experiment implementation details
EC.6.3.1. Revenue prediction with MDM using estimate-then-predict For an unseen
assortment A, we follow the revenue prediction procedure in Figure 1 to obtain the revenue estimate

of the assortment A.

EC.6.3.2. Revenue prediction with MDM under data uncertainty Considering the data

uncertainty, for any given pg, the worst case revenue prediction for assortment A is computed as

follows:
e D D
st. —das < Aa—As < 1—(1+¢€)das, Vie A, (i,5) € Is,
—05.4 < Ag—Aa < 1—(1+€)dga, Vie A, (i,5) €ZLs,
das—1 < mja—wi5 < 1—10g.4, Vie A, (i,5) €Ls,

—(0as+9sa) < xja—xis < das+isa, Vi€A, (i,5)€Ls,

(EC.24)
)\S_)\T > €, V(Z,S),(Z,T) GIS s.t. Di,s <pi7T,
As—Ar = 0, V(Z, S)» (ZaT) €Zs s.t. Pi,s = Pi,T 7& 0,
in,A = 17
i€EA

0§>\A§17 Ti, A 2 O, ViEA, OS)\SSL 614,5,557146{0,1}, VSGS,
pis(l—za5) < 215 < pis(l+zay5), v (i,5) €Ls,

where o; g :ﬂ with n; ¢ =ng * p; ¢ representing the number of customers chose product ¢« when
assortment S is offered. Here, p; sa; ¢ is the standard error, and z is a constant multiplier that
determines the width of the confidence interval. By replacing the "min" operator with the "max"

operator, we obtain the best-case revenue estimate for assortment A.

EC.6.3.3. Revenue prediction with RUM Given the training data pg, for an unseen assort-
ment A, we estimate the revenue of A under the RUM by following the robust prediction method in
(Farias et. al. 2013). To obtain the revenue estimate of A by solving the following linear optimization

problem:

min rTax,

:cA,ws,A
st. > Ao)lo,i, 8] — 2,5 =0, V(i,5)€Ls,
oEY,
pis(l—z€.5)<z;s <pis(l+zes), V(i,95)€TLs,
> Ao)[o,i, 8] —x;4=0, Vi€A, (EC.25)
oEX,

Y Ao)=1, Ao)>0, VoeX,,

oEX
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1—p; . . .
;’S with n; g =ng * p; s representing the number of customers chose product ¢

where €, g = o
when assortment S ié offered and z is a constant multiplier that determines the width of the confidence
interval. For our real data experiments, we have set z to be 2.5758, which corresponded to the
smallest value of z of which (EC.25) was feasible over all tested instances; incidentally, this value of z
corresponds to approximately 99% confidence interval for z; 5. For the synthetic data experiment, we

have set z to be 2.807, which corresponds to approximately 99.5% confidence interval for z; s, which

corresponds z to be 2.807. We report the infeasible proportion of (EC.25) in the tested instances.

EC.6.3.4. Revenue prediction with MNL, LC-MNL For parametric models MNL and LC-
MNL, we first estimate the parameters of the models with maximum likelihood estimation. With the
estimators of the model parameters, we then compute the choice probabilities of the products in the

given unseen assortment A and evaluate the revenue of assortment A.

EC.6.3.5. Revenue prediction with MCCM For MCCM, we first estimate the parameters
of MCCM, the arrival rates A and transition matrix p with maximum likelihood estimation. We
then obtain the estimated revenue for an assortment A by solving the following linear optimization

problem (Feldman and Topaloglu 2017):

max E rix;

.,y .
ZGNU
s.t. x;= )\i + Z YiPji» Vi e A, (ECQG)
JENO\A
yi=Ai+ Z Yipji, ViEN\ A,
JENp\A

LUZ':O, ViENo\A,

yi:(), VieA,
in = 17
i€A

z;,y; >0, Yie Nj.

EC.6.3.6. Average Ranking of Models Based on Prediction Performance For the pre-
diction experiments, we evaluate and rank five different models, including MDM, RUM, MNL, MCCM,
and LC-MNL, based on their prediction performance across 50 testing instances. Specifically, we
assess each model using a designated performance metric (Kendall Tau distance or relative revenue
regret of the top-ranked assortment) and rank them from 1 to 5 for each testing instance. Rank 1
indicates the best performance, while rank 5 indicates the worst. For each of the 50 testing instances,
the models are ranked individually. In cases where two or more models achieve identical performance

scores within a testing instance, they are considered tied. Tied models are assigned an average rank
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that reflects their shared position. For example, if two models are tied for the second-best performance,
they both receive a rank of 2.5 (the average of ranks 2 and 3). The remaining models are ranked
accordingly, with subsequent positions adjusted to account for any ties. After ranking the models
across all 50 testing instances, we calculate the average ranking for each model. This average rank
provides an overall performance summary, indicating which models consistently perform better or

worse across the multiple testing instances.

EC.7. Details on Synthetic Data Generation
EC.7.1. A general procedure of generating instances for synthetic data experiments
in Section 6.2

Generate 50 instances with underlying models, either HEV or Probit with negative correlations in
utilities. For each instance pg, we generate with the following Step 1 - 3.
Step 1: Generate true underlying choice probabilities of the chosen model (details to be provided in
the next two subsections).
Step 2: Generate multinomial samples for purchased records based on step 1.
Input: The collection of choice probabilities from Step 1, the historical assortments, and their
offer times.
Procedure: For each instance: generate multinomial samples based on the choice probabilities,
the assortments, and the offer times.
Output: A collection of multinomial samples representing product choices within each assort-
ment.
Step 3: Obtain choice probabilities pg by computing average purchase frequencies.
Input: The multinomial samples from Step 2, the collection of historical assortments.
Procedure: For each instance, compute the average purchase frequency of each product in each
assortment based on the samples generated in Step 2. These frequencies form the observed
choice data pg for the experiments.

Output: A collection of average purchase frequencies for each product across the assortments.

EC.7.1.1. HEYV instance in Section 6.2 Recall that the HEV model is a parametric subclass of
the random utility model and assumes independent extreme value error distributions with nonidentical
scales. There is no closed-form expression for computing choice probabilities. For each underlying
HEV instance, we generate with following procedure:

Step 1: Generate deterministic utilities {v; :i € N’U{0}} and scales parameters {3;:i € N U{0}}
Input: A collection of products and the corresponding price of each product {r;:i e N}.
Procedure for generating deterministic utilities {v;:i € N U{0}}

« Compute the mean of prices ¥ =3, \ 7.
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Compute the standard deviation of {r;:i € N} and denote it as 4.
Let z; = (r; —7)/9, for all i € V.
Generate v; = pz; ++/1 — p2w;, for all i € N/, where p=—0.5 and w; is a random variable

that follows the standard normal distribution, that is w; ~ N(0,1).

Let the deterministic utility of the outside option be greater than the deterministic utility of
each product by setting vy = max;cn v; + 1.

Procedure for generating scales parameters {f;:: € N U{0}}: Let 8, =10, and 5; be
generated from a uniform distribution with range [0.04, 1], for all i € N'. This indicates that
the utility of the outside option has the largest variance.

Output: Deterministic utilities (v;: ¢ € N'U{0}) and scales parameters (53;: ¢ € N'U{0}).

Step 2: Generate 10000 utility samples.

Input: 10000 repetitions of Step 1 to generate deterministic utilities (v :i € N U{0}) and
scales parameters (8 :i € N'U{0}), for k=1,...,10000.

Procedure: Generate 10000 utility samples. For each utility sample {UF:i € N'U{0}}, it is
draw from a Gumbel distribution with mean {vF:i € N U{0}} and scales {8F:i € NU{0}}.

Output: Utility samples {UF:1 € N U{0}} for k=1,...,10000.

Step 3: Compute the number of times each alternative in each assortment is purchased.

Input: Utility samples {UF :i € NU{0}} for k=1,...,10000, and the collection of historical
assortments.

Procedure:

« For each utility sample {U* :i € N'U{0}}, determine the product purchased by the customer
based on the utility maximization principle. For every assortment S in the collection, the
product ¢ € S is purchased if ¢ = argmax;c g0} f]f.

¢ Obtain the number of purchasing times of each product in each assortment based on the
10000 utility samples.

Output: The number of purchasing times of each product in each assortment given 10000
purchasing records.

Step 3: Obtain choice probabilities pg by dividing the number of purchasing times of each product
in each assortment by 10000.

EC.7.1.2. Probit instance with negative correlations in utilities in Section 6.2 Recall
that the Probit model is a parametric subclass of the random utility model and assumes that the
stochastic components of utilities follow a Gaussian distribution. There is no closed-form expression
for computing choice probabilities. For each underlying Probit instance with negative correlations in

utilities, the instance generation procedure is similar to the above for the HEV instances. The key
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difference lies in Step 1 to generate model-dependent parameters and a slight difference in Step 2 to
generate utility samples while Steps 3 and 4 are the same. Hence, we only give details for Steps 1 and
2 in the following.

Step 1: Generate deterministic utilities {v; : i € N U{0}} and covariance matrix {¥;; : i, 7 € N U{0}}.

Input: A collection of products.

Procedure for generating deterministic utilities {v;:i € N U{0}}

o Generate v; for all i € N/, such that v; is a random draw from the uniform distribution with
range [—2,2].
o Let the deterministic utility of the outside option be greater than the deterministic utility of
each product, where vy is a random draw from the uniform distribution with range [6, 10].
Procedure for generating the covariance matrix {3;; :i,j € N U{0}}
 Generate {X;;:4,7 € NU{0}} as a positive semidefinite matrix with negative correlation.
o For the diagonal entries which represent variances of the utilities of products, let ¥y be a
random draw from the uniform distribution with range [30,40], and for each i € N/, let ¥,
be a random draw from the uniform distribution with range [0.5, 2].
Output: The deterministic utilities {v; : i € /U {0}} and the covariance matrix {3;; : 4,5 €
NU{0}}.
Step 2: Generate 10000 utility samples.

Input: 10000 repetitions of Step 1 to generate deterministic utilities (vF:7€ N U{0}) and the
covariance matrix {X; :4,j € NU{0}}, for k=1,...,10000.

Procedure: Generate 10000 utility samples. For each utility sample {UF :i € N'U{0}}, it is
draw from a multivariate Gaussian distribution with mean {v*:i € N'U{0}} and covariance
matrix {3} :4,j e NU{0}} .

Output: Utility samples {UF:4 € N U{0}} for k=1,...,10000.

EC.7.2. Data Generation for experiments in Section 6.3
HEV instances We generate HEV instances where the deterministic utilities of products are
randomly drawn from a uniform distribution on the interval [—2,2]. The scale parameters of the

Gumbel distributions are randomly drawn from a uniform distribution on the interval [0.04,2].

Probit instances We generate Probit instances where the deterministic utilities of products are
randomly drawn from a uniform distribution on the interval [—2,2]. The off diagonals of the covariance
matrix, which capture the correlation of utilities, are randomly drawn from a uniform distribution
on the interval [—0.9, —0.1]. The diagonals of the covariance matrix, which capture the variances of

utilities, are randomly drawn from a uniform distribution on the interval [0.5,2].
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EC.7.3. Data generation for experiments in Section 6.4

We generate parametric RUM instances where the deterministic utilities of products are randomly
drawn from a uniform distribution on the interval [—2,2] and the scale parameters of the Gumbel
distributions are randomly drawn from a uniform distribution on the interval [0.04,2].

Instances with Independent Copula: 50 instances are generated using independent copulas,
following the procedure outlined in Section EC.7.1.1. The deterministic utilities and scale parameters
are set according to the aforementioned uniform distributions.

Instances with Comonotonic Copula: 50 instances are generated with Comonotonic copulas,
following a modified version of the procedure in SectionEC.7.1.1. The key difference lies in Step 2:
instead of generating utility samples independently, a single uniform random variable U € (0,1) is
drawn for each utility sample. The utilities for all products are then generated by applying the inverse

transform of the marginals for each product.

EC.8. Robustness of numerical results in Section 6.2

In Section 6.2, we use the product-assortment structure from the JD.com dataset to generate random
instances for our experiments. A natural question is whether the performance of the compared
models remains robust under different assortment structures. To investigate this, we generate random
HEV-based instances with varied assortment structures and evaluate the models’ estimation and
prediction performance. The results reported under this randomly generated assortment setting are

consistent with the findings in Section 6.2.

Data generation. Similar to the JD.com dataset, we consider n =8 products, with the outside
option always included in each assortment. The price of each product is set to the same as in the
JD.com dataset. We construct eight distinct test scenarios that primarily differ in the assortment
structures of the collection S, specifically in how likely assortments of different sizes are to be included
in §. We consider two generation strategies for the assortment structures of the collections: one that
favors the inclusion of smaller sized assortments and another that favors larger sized assortments. Let
ke {1,2,3,4} denote the number of products in an assortment. We define a probability distribution
mass function p(k) parameterized by a € {0.6,0.7,0.8,0.9}. Under the strategy favoring the inclusion
of assortments with fewer products in S, we set p(k) =a*/ Z;’le a’. Under the strategy favoring the
inclusion of assortments with more products in S, we set p(k) =a®~ %/ Z?Zl ad. Specifically, given p(k)
for k € {1,2,3,4}, for each a € {0.6,0.7,0.8,0.9} and each fixed collection size |S| € {30, 25,20, 15,10},
we generate a random assortment collection S as follows. For i =1,...,|S|,

o generate an independent sample X; with probability mass function P(X; = k) = p(k), for

k=1,23,4.
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» given X; generated as above, take assortment S; to be the subset selected uniformly at random
from all subsets of {1,2,...,8} whose size is X;.

» add the outside option to S; and include the resulting .S; in the collection S.
For every collection S generated above, we generate 20 random HEV-based instances under S.
Every such instance pg is generated by following the procedure described in Section EC.7.1 with
1o = max;en i + 10 to specify the deterministic part of the utility of the outside option. The number
of offer times ng of each assortment S € S is sampled based on its size |S| as follows: if |S| =2, then
ns ~ Uniform(20,2000); if |S| =3, then ng ~ Uniform(20,250); if |S| =4, then ng ~ Uniform(20, 60);
if |S| =5, then ng ~ Uniform(20, 30). Overall, we evaluate the performance of models with a total of
800 HEV-based instances, consisting of 20 random instances for each combination of collection size in

{30,25,20,15,10} and each of the 8 test scenarios with different assortment structures of collections.

Comparison of explanatory, predictive, and prescriptive abilities. The performance of the
compared models in estimation and prediction is almost consistent across different test scenarios, so
we present results from a representative scenario. Specifically, we select the case with a = 0.8 and
p(k) = o/“/Z?:l ol for k€ {1,2,3,4}, where assortments with smaller sizes are more likely to be
included in the assortment collection.

We report the average absolute deviation loss and standard error over the 20 randomly generated
HEV-based instances under each considered collection size for the MDM, RUM, MNL, MCCM, and
LC-MNL in Table EC.8. The results show that the models perform similarly to their performance
on the JD.com dataset. Notably, the nonparametric MDM and RUM models achieve significantly
lower average absolute deviation loss when approximating HEV-based instances, indicating superior
explanatory power compared to the parametric models. Specifically, MDM exhibits a loss reduction of
approximately 85% compared to the best-fitting MNL, 47% compared to MCCM, and 37% compared
to LC-MNL for the largest collection size considered. Additionally, similar to experiments in Section 6.3,
due to the nonconvex feasible region of the limit of MCCM, some rare randomly generated instances
encounter convergence issues when solved using a continuous solver (IPOPT). The absolute deviation
loss that we report for MCCM in Table EC.8 is only for the instances that successfully converged to
an acceptable level. To further validate MDM’s estimation performance, we also compare the average
KL loss across MDM, MNL, and LC-MNL. Although we report sub-optimal KL losses for MDM due
to computational challenges, the results in Table EC.9 demonstrate that both MDM and LC-MNL
significantly outperform MNL across all tested scenarios, further highlighting MDM’s robustness in
accurately estimating choice probabilities. We do not report the computational time of the models, as
the estimations were performed on different machines, making direct comparisons unreliable. However,

we note that solving the limit of MDM can be computationally intensive, particularly when |S| = 30
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or when collections are with larger size. We leave it to future research to explore more efficient
formulations and algorithms that can improve the scalability of solving the limit of MDM.

Next, we report the quality of predicted rankings of the tested collection of assortments captured by
Kendall Tau distances in Table EC.10 and the average relative error in the revenue of the top-ranked
assortment in Table EC.11. For executing the robust approach to RUM developed in Farias et. al.

(2013) in these tables, we have taken the instances to be lying in the RUM representable region
with 99.99% confidence. Robust revenue prediction using RUM has not always been feasible with
this choice despite 99.99% being a very high confidence level to use: we find 20% of instances in the
dataset obtained by restricting to |S| =30 turn out to be infeasible under RUM; 10% of instances are
not feasible when |S| = 20; and 5% instances are infeasible for |S| =15 and |S| = 10. Additionally,
similar to experiments in Section 6.3, due to the nonconvex feasible region of the MLE formulation of
MCCM, some rare randomly generated instances encounter convergence issues when solved using a
continuous solver (IPOPT). Therefore, in Tables EC.10 - EC.11, the numbers reported for RUM are
obtained by restricting only to feasible instances, and the numbers reported for MCCM are obtained
by restricting only to instances that successfully converged to an acceptable level. Overall, from Tables
EC.10 and EC.11, we infer that MCCM and LC-MNL perform comparably well, followed by MDM,
then MNL, with RUM ranking near the last among the models considered.

Table EC.8  Average absolute deviation loss (10™2) comparison with HEV-based instances when a = 0.8
|S| MDM RUM MNL MCCM LC-MNL
30 | 4.90 (0.44) [ 4.76 (0.39) | 33.61 (1.52) | 9.20 (3.52) | 7.77 (0.71)
25 14.97 (0.45) | 4.59 (0.43) | 32.61 (1.76) | 10.59 (3.74) | 7.39 (0.58)
20 | 4.74 (0.73) [ 4.19 (0.71) | 28.33 (1.39) | 5.73 (1.05) | 7.12 (0.85)
15 15.09 (0.77) | 4.17 (0.64) | 26.31 (2.34) | 4.78 (0.78) | 7.81 (1.04)
10 | 3.42 (0.55) | 2.60 (0.48) | 18.43 (1.80) | 3.45 (0.68) | 5.93 (1.05)

Notes. Standard errors are reported in parentheses.

Table EC.9  Comparison on average KL loss (10™*) among MDM, MNL, and LC-MNL with HEV-based
instances when a=0.8
|S| MDM MNL LC-MNL
30 | 4.39 (0.43) | 513.30 (4.12) | 2.54 (0.33)
25 | 7.52 (1.19) | 514.76 (5.08) | 2.59 (0.35)
20 | 9.59 (4.82) | 515.60 (6.30) | 2.22 (0.31)
15 | 6.44 (1.07) | 511.15 (8.17) | 2.44 (0.48)
10 | 4.48 (1.19) | 520.00 (8.53) | 1.34 (0.25)

Notes. Standard errors are reported in parentheses.
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Table EC.10 Kendall Tau distance comparison with HEV-based instances when o =0.8
|S| |Al MDM RUM MNL MCCM LC-MNL
24 6 | 4.85 (0.49) | 6.06 (0.68) [ 5.70 (0.49) | 4.06 (0.41) | 4.05 (0.41)
20 5 | 4.05 (0.46) | 5.30 (0.49) | 4.60 (0.45) | 3.21 (0.44) | 3.40 (0.29)
16 4 |1.65(0.30) | 2.33 (0.36) | 1.65 (0.27) | 1.41 (0.35) | 1.05 (0.22)
123 | 1.50 (0.18) | 1.63 (0.20) | 1.50 (0.21) | 1.05 (0.17) | 1.05 (0.15)
8 2 |0.15 (0.08) | 0.42 (0.11) | 0.30 (0.10) | 0.29 (0.11) | 0.30 (0.10)

Notes. Standard errors are reported in parentheses. Bold values indicate the best-performing model in each row.

Table EC.11  Comparison of relative error (%) in revenue of the top-ranked assortment with HEV-based
instances when o =0.8

|S| |A] MDM RUM MNL MCCM LC-MNL

24 6 |25.59 (6.40) | 30.64 (5.84) | 28.47 (4.99) | 12.89 (3.86) | 10.17 (3.41)
20 5 |23.79 (5.04) | 30.90 (6.32) | 22.30 (5.11) | 16.76 (4.93) | 23.53 (5.17)
16 4 |14.56 (4.84) | 27.89 (6.46) | 21.04 (5.21) | 14.48 (5.40) | 6.06 (2.81)
12 3 [25.99 (5.61) | 26.43 (4.97) | 26.91 (5.88) | 13.37 (4.83) | 17.01 (5.67)
8 2 ]2.52(1.61) [14.78 (5.11) | 6.57 (2.92) | 8.84 (4.15) | 5.18 (2.67)

Notes. Standard errors are reported in parentheses. Bold values indicate the best-performing model in each row.

Comparison of overall predictive and prescriptive abilities. To assess the overall predictive
and prescriptive performance of the models across all instances of all testing scenarios, we summarize
the distributions of their rankings based on the average Kendall Tau distance of testing assortments
and the average relative error in revenue of the top-ranked assortment in Tables EC.12 and EC.13,
respectively. In total, 800 instances were tested. After excluding instances where nonparametric
RUM prediction was not feasible or where the MLE estimation of MCCM failed to converge, 634
instances remained for comparison. When ties occur in model rankings, we assign the same rank to
the tied models. Based on the results, all models demonstrate a reasonable ability to predict both
the Kendall Tau distances of testing assortments and the best assortments in the test sets, meaning
that the models are often tied at the Rank 1 position. However, their effectiveness varies in terms of
how frequently they achieve top rankings, with some models consistently outperforming others in
securing the first rank. Overall, both tables indicate that MCCM and LC-MNL perform comparably
well, followed by MDM, while RUM and MNL exhibit the weakest performance among the models

considered.

EC.9.
In Experiments 1 - 2 below, we compare the representational ability of MDM with RUM and MNL

Additional numerical results with synthetic data

model. Experiment 3 compares the prediction performance offered by the nonparametric approach
proposed in this paper with that offered by models involving parametric assumptions. Experiment
4 compares the limit of approximating choice probabilities with MDM, RUM, and MNL models.

Additional useful details on the precise setup of all the experiments are furnished in EC.6.
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Table EC.13  Distributions (%) of Models’ Ranking
Table EC.12  Distributions (%) of Models’ Ranking based on Relative Error in Revenue of the Top-ranked

based on Kendall Tau Distance Assortment
Rank 1 2 3 4 5 Rank 1 2 3 4 5
MDM | 45.74|18.45|17.67 |11.99| 6.15 MDM | 52.84| 8.68 | 9.15 [19.24 | 10.09
RUM | 38.33|10.57 | 12.30 | 14.35 | 24.45 RUM | 46.37| 5.36 | 8.83 |18.30|21.14
MNL [39.27]13.72| 15.14 | 20.98 | 10.88 MNL [50.79]10.88 | 12.46 | 11.67 | 14.20
MCCM |58.04 | 18.77|10.88 | 9.15 | 3.15 MCCM |65.30 | 11.99 | 11.04 | 7.57 | 4.10
LC-MNL | 57.89 | 22.87 | 10.41 | 6.62 | 2.21 LC-MNL | 66.72 | 12.62 | 11.36 | 7.10 | 2.21
Notes. Each row represents the distribution of rankings Notes. Each row represents the distribution of rankings
of each model. The sum of values along each column of each model. The sum of values along each column
does not equal 100% due to ties between models. These does not equal 100% due to ties between models. These
ties occur most frequently at the top rank. ties occur most frequently at the top rank.

EC.9.1. The representation power and tractability of MDM compared to RUM and
MNL.

In Experiment 1, we investigate the representational power of MDM for a large number of alternatives
(n=1000) by randomly perturbing choice probabilities obtained from an underlying MNL model. We
test for the fraction of instances that can be represented by MDM where the parameter o controls the
fraction of choice probabilities that are perturbed from the MNL model (a larger value indicates more
entries are modified from the underlying MNL model). While checking the representability of these
models can be done by solving linear programs, RUM quickly becomes intractable as n increases. In
Figure EC.3, we see that even with small perturbations to the choice probabilities of the underlying
MNL model, none of the MNL models can represent the perturbed choice data. However, MDM which
subsumes the MNL model can capture many of these instances. This shows that MDM is a much
more robust model than MNL model. The runtimes for these large instances were less than 1 second.
The computational requirements for RUM make it impossible to run at this scale.

In Experiment 2, we compare the representational power and computational time for MDM and
RUM for a small number of alternatives. We find that both MDM and RUM show good representational
power: In particular, with the collection size |S| = 20, round 80 percent of the instances can still be
represented by MDM when 25 percent of the choice probability entries are perturbed; this drops to
60 percent when 100 percent of entries are perturbed, RUM has better representation power in these
examples (see Figure EC.4). However, this comes at a significant run time cost even at this scale as

seen in Figure EC.4 as compared to MDM.

EC.9.2. Revenue and choice probability prediction with nonparametric MDM.
In Experiment 3, we generate 20 random instances with a product size of 7 and a collection size |S|

ranging among {20, 40, 80}, using nonidentical exponential distributions for the marginal distributions
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Figure EC.3 The representational power of MDM

Representation Power Run Time
S % rum ) e rum
5 9 . o— a=0.25
a a=0.25 Y 3]
o a=0.5 ’mdm )
o a=0.75
o a=1 g
Q
© C
% 2 6] 598 25
20.2 &
g o
2 0 mnl -81 N/‘—//k_‘/4
- 335 10 15 20 23 5 10 15 20
collection size collection size

Figure EC.4 Comparison of the performance of MDM and RUM

to generate the underlying choice probabilities. In Figure EC.5, we compare the predictions offered
by the following two methods: (1) computing the nonparametric MDM lower and upper bounds
of revenue and choice probabilities for each instance by solving r(A) and 7(A); and (2) restricting
the marginal distributions for MDM to be identical exponential distributions (which leads to the
underlying choice model being MNL), and estimating the preference parameters using maximum
likelihood estimation (MLE); we then using the estimated MNL model to predict revenue for unseen
assortments in each instance. While Figure EC.5 reveals the proposed nonparametric approach to be
correctly predicting the true revenue or choice probabilities, the MLE of the parametric approach
with mis-specified marginals is often found to lead to inaccurate predictions which are far from the
truth and also far out of the nonparametric MDM prediction intervals. When more assortments are
offered, the prediction under nonparametric MDM becomes more accurate while the prediction results
made under the incorrect parametric model become worse. Thus, besides revealing the benefits of the
proposed nonparametric data-driven approach for prediction based on MDM, Experiment 3 brings

out the risks in stipulating apriori distributional assumptions on the model.
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Figure EC.5 Comparison of prediction accuracy between MDM and MNL with randomly generated instances

EC.9.3. Estimation performance of MDM compared to RUM and MNL.

In Experiment 4, we compare the explanatory ability of MDM, RUM and MNL models by examining
the cumulative absolute deviation loss suffered in fitting them to uniformly generated choice data
instances. Figure EC.6 reveals that nonparametric MDM and RUM models are competitive and have
much higher explanatory ability than MNL with increasing collection sizes. In particular, MDM incurs

about 44% lesser loss, on average, than the best-fitting MNL model for the largest collection size

considered.
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Figure EC.6 The limit loss comparison among MDM, RUM, and MNL

EC.9.4. Impact on explanatory abilities of models with common alternatives in the
assortments.

We examine the explanatory power of the compared models by excluding the outside option in the

assortments. We utilize the assortment data from the JD.com dataset, excluding both the outside
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option and any assortments containing only one product. The performance of models is evaluated
by focusing on assortments offered at least ns times, with ns = 15 resulting in |S| =30 and ns =20
resulting in |S| = 21. For each scenario, we randomly generate 50 underlying HEV and Probit instances.
Since the exact characterization of MCCM and LC-MNL is not fully explored in the literature, we
compare the representational power of each model by reporting the fraction of instances with an
average KL loss below 107¢. Since the MLE formulation of MCCM has a nonconvex feasible region,
there are convergence issues for some rare randomly generated instances when the formulation is
directly solved with a continuous solver. Thus, we report the average KL loss for all models only for
those instances that converged to an acceptable level.

Table EC.14 and Table EC.15 report the fraction of instances with average KL loss being less
than 107% for each model, approximating the representable proportions of the testing instances for
each model, and the average KL losses. The results show that MDM maintains good representability
and results in a low average KL loss across both HEV and Probit, while LC-MNL with 10 classes
achieves slightly better representability and a lower average KL loss in the HEV setting and MCCM
performs better in the Probit setting. In contrast, MNL and LC-MNL with 2 classes exhibit much
higher average KL losses than the other models.

Table EC.14 Representation and average KL loss comparison with |S| =30
Model HEV Probit
fraction of instances fraction of instances
with average KL average KL loss with average KL average KL loss
loss < 1076 loss < 1076
MDM 0.66 1.05 x 107 (3.3 x 1079) 0.71 1.47 x 107% (3.6 x 1077)
MNL 0 1.07 x 102 (1.0 x 10~3) 0 6.84 x 104 (5.8 x 107?)
MCCM 0.14 3.60 x 1071 (1.62 x 107) 0.90 3.65 x 1077 (2.36 x 1077)
LC-MNL
0 2.16 x 1073 (2.6 x 107) 0 2.82 x 107 (2.0 x 107?)
(2 classes)
LC-MNL
0.86 2.64 x 1075 (1.92 x 107°) 0.73 1.05x 107* (2.9 x 1079)
(10 classes)

Notes. Standard errors are reported in parentheses.

EC.10. Additional Experiment Results with Real-World Data

In Experiments 5-7 below, we provide additional experiment results by using the dataset from JD.com
(introduced in Shen et. al. 2020) to evaluate the feasibility of representing it with an MDM, the
efficacy of predictions obtained by the proposed nonparametric approach, and the explanatory ability
captured by the limit formulations. In Experiments 5-7, we ignore the constraints of the models on

the outside option.
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Table EC.15  Representation and average KL loss comparison with |S| =21
Model HEV Probit
fraction of instances fraction of instances
with average KL average KL loss with average KL average KL loss
loss < 107¢ loss < 107°
MDM 0.98 1.62x 1077 (1.61 x 1077) 0.98 2.88x 1077 (2.82x1077)
MNL 0 7.18 x 1073 (8.3 x 107%) 0 5.03 x 1075 (2.24 x 107°)
MCCM 0.56 1.05x 107* (3.6 x 1079) 0.88 3.24x 1077 (3.20 x 1077)
LC-MNL
0 1.22 x 1073 (1.9 x 107%) 0 1.55 x 107* (1.41 x 107%)
(2 classes)
LC-MNL
0.98 5.01 x 107 (4.95 x 10~°) 0.42 1.08 x 1074 (1.79 x 10~4)
(10 classes)

Notes. Standard errors are reported in parentheses.

Representational power comparison among several models. Experiment 5 compares the
representation power of MDM with the MNL model and the class of regular choice models. The tested
instances feature assortments which are offered at least ng times, with ng values ranging from 60 to
100. If we include data on the outside option, none of the models considered are found to exactly
represent the data even when ng = 100. By focusing on the sales data of the products offered by
the firm, Table EC.16 shows that the nonparametric MDM and regular choice models are able to
represent the choice data obtained from ng =75 and 100, whereas MNL models fail to represent any

of the instances. We could not report the results for RUM here because of its intractability.

Table EC.16  The representability of MNL, MDM, and the class of regular choice models

ns > |S| MNL MDM Regular Model

60 13 O 0 0
712 0 1 1
100 11 0 1 1

Notes. 1 denotes an instance that can be represented by the tested model, while 0 denotes the opposite.

Estimation performance comparison between MDM and MNL. In Experiment 6, we
compare the explanatory ability of the MDM and MNL model by computing the limit loss over choice
data obtained by considering assortments that are offered at least ng times, where ng is set to vary
from 1 to 100. Using 1-norm as the loss function, the results in Table EC.17 show that nonparametric
MDM suffers much lesser cost in approximating the choice data, and hence greater explanatory
ability. We also observe that the run time of solving the limit of MDM grows when the size of the
assortment collection becomes larger. We further assess the accuracy of the nonparametric MDM

and MNL models by comparing the observed (true) and estimated choice probabilities via scatter
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Table EC.17 Comparison of the estimation performance of MDM and MNL model
ng S| MDM MNL
> loss  time (sec) | loss time (sec)
1 134 0.223 3600 0.19  0.839
10 42 | 0.027 3600 0.16 0.253
20 29 | 0.019 13.654 | 0.15 0.193
30 24 | 0.017 6.298 0.15 0.318
40 19 | 0.016 2.379 0.14 0.149
50 15 | 0.012 0.237 0.14 0.146
60 13 | 0.011 0.094 0.13 0.114
75 12 | 0.0097 0.060 0.13 0.120
100 11 |0.0098 0.046 0.13 0.112

plots. Figure EC.7 shows these scatter plots, where each point represents an observed and estimated
choice probability pair. The horizontal axis shows the observed probability and the vertical axis shows
the estimated probability. The closer the points are to the 45-degree line segment (green segment in
Figure EC.7), the better the estimation accuracy. The scatter plots reveal the following findings:
(i) When ng = {50,60,75,100}, MDM is seen to correctly estimate most data points due to its
proximity to the 45° line while most points from MNL estimation are still away from the 45° line.
(i) When ng = {10,20,30,40}, although both MDM and MNL models are limited in their abilities to
exactly represent the choice data, MDM shows much better estimation accuracy than MNL model
with most points by MDM being much closer to the 45° line than the MNL model.
(iii) In the noisy environment where many assortments are just shown once (corresponding to ng = 1),

both MDM and MNL fail understandably with most points falling away from the 45° line.

Prediction performance comparison between MDM and MNL. Experiment 7 evaluates
the predictive-cum-prescriptive abilities of the nonparametric MDM and the MNL model by comparing
their accuracies in identifying (i) a ranking over unseen test assortments based on their expected
revenues, and (ii) the average revenue of the assortment identified to offer the largest revenue in
the test set. Considering assortments that are shown at least ng times (with ng taken to vary from
20 to 50), we report the average out-of-sample performance over instances generated by randomly
picking max{2,|0.2|S|]} fraction of the assortments to be the test set and the remaining to be the
training set. For MNL, we use the Maximum Likelihood Estimator (MLE) obtained from training
data to estimate choice probabilities for the test assortments and use them subsequently to rank
the test assortments in a decreasing order of expected revenues. For MDM, we compute the robust
revenue r(A) and the optimistic revenue 7(A) and record the corresponding choice probabilities for

each tested assortment A in the test set if the training data can be represented by MDM. If we find
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Notes. In each plot, each point corresponds to the coordinate (true choice probability, estimated choice probability) of
each observation of the processed data with ng. The green line is the 45° line. The blue dots represent the estimation
results with the nonparametric MDM and the red squares represent the estimation results with the MNL model.

Figure EC.7 Scatter plots to compare the estimation accuracy of MDM and MNL

the training data to be not exactly representable by MDM, we solve the limit of MDM (Problem
(17)) with the training data and use the choice probabilities yielded by solving (18) to proceed as
before with ranking the assortments in a decreasing order of expected revenues.

For comparing the quality of rankings offered by the MDM and the MNL model, we take the
well-known Kendall Tau distance (see Definition EC.2) as a natural metric for evaluating the closeness
of the predicted ranking with the ground truth hidden from training. For both models, we also
compare the true revenues of the assortments which are predicted to rank at the top. The average of
these out-of-sample performance metrics across randomly generated train-test splits are reported in
Table EC.18. The results in Table EC.18 show that the optimistic prediction results of nonparametric
MDM outperform the MNL model, yielding uniformly lower average Kendall tau distances and
higher average revenues for the predicted best assortments across all scenarios. Similarly, the robust
prediction results of nonparametric MDM outperform the MNL models in most scenarios, except
for instances with ng = 30 in terms of average Kendall tau distances and instances with ng =50 in

terms of average revenue predictions. Figure EC.8 illustrates that the nonparametric MDM approach
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predicts the true revenue more accurately than MNL, as the predicted intervals include the true

revenue or are closer to it.

Table EC.18 The prediction performance of MDM and MNL

Average Revenue of the

Ng #test Average Kendall Tau Distance .
S| Predicted Best Assortments
> assortments
MNL MDM LB MDM UB MNL MDM LB MDM UB

20 23 6 4.9 3.1 3.9 0.385 0.416 0.422
30 20 4 3.0 3.1 2.5 0.389 0.420 0.403
40 15 4 1.8 1.2 1.1 0.225 0.271 0.275
50 12 3 1.2 0.9 0.6 0.257 0.249 0.271

Notes. MDM__LB represents the results by solving r(A) while MDM__UB represents the results by solving 7(A).
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Notes. In each figure, the blue dots represent the true revenues, while the red ranges represent the predicted revenue
intervals with the nonparametric MDM, & the green squares represent the predicted revenues using the MNL model.

Figure EC.8 Revenue predictions vs. true revenue and for the nonparametric MDM and the MNL model
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