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Appendix A: Design FPTAS for the Joint Assortment Planning Problem (12)

In this section, we design an FPTAS based on dynamic programming. The main idea is to find a set of
assortments {S1,520,5,1} that approximate the optimal ones {S},S55,,55,} in terms of V(S) and W (S).

Specifically, given positive constant € € (0,1), we aim at
V(S")SV(S) <A+ V(S5), W(S) = (1—e)W(57), (A1)

for the three assortments. To achieve the objective, for each period j € {1,2}, let 7} .. = max;cy, 7:v;,
”yiﬂn = milep; 7V, ad . = max;c ~; Vi, and aﬁnin = min,en; v;- As a result, we can express the extreme val-
ues of the assortments: for example, V(S1) € [ak,, N1 |ak ). We then discretize the intervals geometrically
with the grid AS = {72, - (14+¢€),1=0,..., L7} and T = {o ;. - (1 +¢)',1=0,...,G™**}, where LM =
[10g(IN; [V / Vinin) / 10g (1 + €) ] and G = [log(|N; |02, . /hin) /10g(1 4 €)] for j € {1,2}. The construction
of the grid achieves two goals simultaneously. First, for the optimal assortment {S}, 55 ,, S5 ; }, the nearby grid
satisfies (A.1) because of the controlled step size. We will elaborate on how to find assortments whose V(+)
and W (-) correspond to that grid point shortly. Second, searching the grid is relatively cheap, because of the

geometric step size.

For a point on the grid (g;,h;) € I'§ x A, the goal is to find an assortment S solving the following problem:

max V(S) s.t. V(5) <g;,W(S) > h;. (A.2)

SCA;
To understand why such an optimization leads us to a solution to (A.1), observe that for the grid point (g*, h*)
satisfying g* <V (S*) < (1+e€)g* and (1+¢€)"'h* <W(S*) < h*, the optimal assortment in (A.1) S* must be
a feasible solution to (A.2) for the grid point ((1+¢€)g*, (1+¢)~*h*). Thus, the optimal solution S to Problem
(A.2) satisfies W(S) > (14¢€)"'h* > (1—e)h* > (1 —e)W(S*) and V(S*) <V(S) < (1 +¢€)V(S*), where in the
last inequality we have used the optimality of S in (A.2) as V(S*) < V(S). This guarantees that the optimal
solution S to (A.2) for the grid point (g*,h*) satisfies (A.1).



ec2 e-companion to Author: Repeated Customer Interactions in MNL choice model

We develop dynamic programming to solve (A.2) approximately. More precisely, let

S T SO
it E'hj iVi|y Vg € g; i -

Given I{ = [|N;|/e] —|N;| and I3 = [|N;|/€] + |N;|, we consider the optimization problem (A.3).
Srflga/z/(j V(S;) s.t. ; v <13, ZEZS vi > 14 (A.3)
i i

The connection between (A.3) and (A.2) can be established: for any feasible solution S; of Problem (A.3), we
have V(S;) < (1+42¢)g; and W(S;) > (1 — 2¢)h;; Moreover, any feasible solution to (A.2) is feasible for (A.3).
Therefore, solving (A.3) provides an approximately optimal solution to (A.2).

Problem (A.3) turns out to be more accessible to analysis, as a dynamic program can be developed: let
Fi(i},i%,k) be the optimal value of the following optimization problem:

, > <
s, Jnax Z v, s.t. Z Vi =11, and Z v, < iy,

,,,,,

i€s; i€S; i€S;
where (i],i%, k) € [I]] x [I3] x [|N;|]. By definition, the optimal solution to the state (I{,13,|N;|) in dynamic
programming is the optimal solution to (A.3). The Bellman equation for the value function £ (4,43, k) is given

by

F](Zjlvzéak) :max{vk +Fj(iji 77]',%% 7Uj,k7k7 1)3Fj(i{aiéak7 1)} (A4)
For k=1, we have
V1 if0§i]1§’yj71,ij221)j,1,
F(if,i5,1) =< 0 if if <0,i}, >0,

—oo  otherwise.

After solving the dynamic program, we collect the optimal solution to the state (I{,I3,|A;|) for each pair of
(g5, h;) and denote the collection by S7. We calculate the expected revenue for (S7,S55,1,52,0) € St x 82 x 82
and return the combination with the highest revenue. The details are described in Algorithm 1. Formalizing
the intuition provided above, we derive a performance guarantee for its expected revenue and running time in

Proposition 2.
Appendix B: Numerical Performance of the Fixed Policy

In this section, we test the performance of the fixed policy in the disjoint product setting. When there are m
periods and n products in each period, the computational complexity of finding the optimal adaptive policy by
enumeration is O(2"2™). For tractability, we consider a special setting. In the first m — 1 stages, the seller only
has one unique product with zero revenue. Then based on the interactions in the first m — 1 stage, the seller
offers a personalized assortment. In this case, only 2™~ ! assortments need to be determined in the optimal
adaptive policy, and the computational complexity reduces to O(2"T™). In this setting, the seller learns the
preference of customer through the repeated interactions in the first m — 1 periods.

We use the following experimental setup: the preference weights of all products are sampled uniformly from
the range [0,5] and the revenue of products in period m is sampled uniformly from the range [0,10]. We

consider n € {2,5,7,9,11,13} and m € {2,3,4,5,6}. We calculate the adaptive ratio, which is the ratio of the
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Algorithm 1 Approximation Algorithm for Problem (12).
Input: r;,v; for i € N UN,, €

Output: 5{755,075'{,1

1. for j€{1,2} do

2. for (g;,h;) €5 x A5 do
3: Calculate F(#),i},k) for 4] < I7,4), < I}, k < |N;| based on (A.4)
4: Add the optimal solution S; to the state (I7,13,|N;|) to S

5. end for
6: end for

T (5{> S’io, 55,1) = argImax s, s, .53 1)€S xS2x 52 %A(Sla 52,0, 52,1)

expected revenue of the optimal adaptive policy over the optimal fixed policy. For each setting, we repeat 1000

trials and report the average and maximum adaptive ratio.

m=2 m=3 m=4 m=25 m==06
mean max mean max Imean ~max mean ~max mean —max

1.0048 1.0950 1.0077 1.1256 1.0100 1.1274 1.0115 1.1353 1.0125 1.1421
1.0117 1.1211 1.0181 1.1440 1.0224 1.1572 1.0255 1.1670 1.0278 1.1782
1.0131 1.1129 1.0203 1.1503 1.0251 1.1526 1.0285 1.1596 1.0310 1.1703
1.0131 1.0641 1.0211 1.1009 1.0262 1.1196 1.0299 1.1281 1.0326 1.1384
1.0133 1.0722 1.0215 1.0937 1.0268 1.0961 1.0307 1.1145 1.0335 1.1266
1.0135 1.0766 1.0216 1.1023 1.0269 1.1154 1.0308 1.1227 1.0339 1.1290

—_ =
e arN=REN 1 U i =

Table EC.1 The adaptive ratio for the experiment in Appendix B

In Table EC.1, we summarize the performance of the fixed policy in different settings. The result shows that
the adaptive ratio increases as the total number of stages m increases, in which the seller has more interactions
with the customer. The results highlight the value of adaptive policy, the maximum revenue improvement
could be 9.5% with two products and one past interaction. The average adaptive ratio also increases as more
products are available. The maximal average adaptive ratio is around 1.034, which is achieved when m =6

and n=13.
Appendix C: Multiple Purchases

In this section, we extend our model to a scenario where a customer may purchase multiple products in
a single period. We adopt the (single-period) multi-purchase choice model from Bai et al. (2024). In this
framework, a customer will purchase at most M products, where M can potentially be a random variable.
In our analysis, we assume M is deterministic and known for a customer for tractability. Because M is
an unobserved latent variable, a random M can cause identifiability issues for estimation. Therefore, this

simplifying assumption is also imposed in the numerical studies in Bai et al. (2024).
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If the customer decides to purchase m products, they choose the m products with the highest utilities,
provided they exceed the no-purchase option (Up). The unconditional probability of selecting product i € Sy
in the first period is thus:

P,.(i,51) = Pr({rank(i,S1) <m} nN{U; > Uy}),

where rank(i,S;) is the ranking of product ’s utility in the assortment S;. Given the customer’s purchase
decision A C S; with |A] <m, we define U , = min;c, U; and U p = max,c5 U; for B= 9, \ A. Clearly, we have
U, >max(Uy,Ug).

To optimize the assortment S in the second period, we must characterize the conditional choice probability
given the purchase history in the first period. We derive a recursive formulation for the joint probability of

this event

P,.(i, S, A, B) = Pr ({rank(i, S) <m} N{U; > Up} N {U 4 > max(Uy,Ug)}) . (C.1)

That is, the customer purchases a subset A of products in period one and moves on to purchase product i (in

addition to other products) in the offered assortment S of period two.

PROPOSITION C.1. Let T =SUS;U{0}. The joint choice probability P,, (i, S, A, B) is given by the recursive

formulation:
P,.(i, 5, A, B) = Vq(’;) - Q(A\ {i},B)
FOY LS\ AL
JE(S\B)\{i}
JEA\S

Where Q(A’, B) represents the probability that all items in A’ are preferred to the items in B plus the outside
option. This quantity can be calculated recursively as:
Uy, , .
O, B) = ;/m'Q(A \{k}.B), if A#0,
1 if A'=0.

The recursive formulation in Proposition C.1 decomposes the joint event into a linear combination of simpler
sub-events. Similar to the unconditional choice probability analyzed in Bai et al. (2024), the computational
complexity of the joint probability depends on |S| exponentially. In the special case where m = 1, it is straight-
forward to verify that the corresponding conditional choice probability reduces to the formulation established
in Theorem 1.

While Proposition C.1 provides the theoretical foundation for calculating conditional probabilities, their
complexity motivates a numerical study to extract practical insights. To this end, we design an experiment
to quantify the value of conditioning on a customer’s multi-purchase history when optimizing the conditional

assortment.
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C.1. Numerical Experiments

We conduct a numerical experiment to quantify the value of conditioning on the historical purchase in the
multi-purchase setting. For the experiment, we assume (a) a customer would purchase at most m = 2 items in
a period; (2) a set A of |A] =2 products are purchased in period one, and (3) the available products of the two
periods are disjoint (A3 NNz =0). In addition, we assume the purchased products in A have the same preference
weights (i.e., v; = V(A)/|A| for i € A). Under this assumption, the pair (V(A),V(B)) serves as a sufficient
statistic to record the historical event U, > max{Uy,Uz} and thus assess the probability Py(i,5, A, B). To
evaluate the impact of the first-period outcome, we generate 400 scenarios of (V(A),V(B)) by sampling 20
values each for V(A) and V(B) from a uniform grid on [1073,2]. For each of these 400 scenarios, we run
1000 replications. In each replication, we generate revenues r and weights v for the 10 available products in
the second period (i.e., |N2| = 10). The revenues r are sampled uniformly from [0,10] and the weights v are
sampled uniformly from [0,2]. We then compare two strategies: (1) the benchmark Unconditional Optimal

Policy (S:

uncond

), which ignores the history, and (2) our proposed Conditional Optimal Policy (S, ,), which
maximizes the conditional expected revenue given (A, B). Our metric is the percentage revenue improvement
of the conditional policy over the unconditional benchmark, averaged across the 1000 replications for each
scenario.

Our numerical results reveal a complex interaction effect between the purchased set value (V(A)) and the
non-purchased set value (V(B)). As visualized in Figures EC.1 to EC.3, the value of the optimal conditional
policy is driven not by any single factor, but by what has been inferred from the customer’s first-period choice.

First, from Panel (a) of Figure EC.1, we observe that the optimal assortment size generally increases with
the preference weights of the purchased set (V(A)) and the non-purchased set (V(B)). When V(A) is small,
we can infer that the utility of the no-purchase option Uy is likely low, implying a high purchase probability in
the second period. In this scenario (an “eager” buyer), the seller should limit the assortment size to mitigate
the cannibalization effect, which is more prevalent in larger assortments. Conversely, a larger V' (B) implies a
stronger competitive threshold U 5. Conditional on the event U , > max{Uy, U}, a high V(B) necessitates a
higher realization of U ,. This effectively lifts the upper bound for Uy, stochastically increasing its conditional
distribution (i.e., making higher realizations of Uy more probable). Consequently, the seller must offer a larger
assortment to absorb this potential no-purchase demand in the second period.

Second, the mean revenue improvement exhibits distinct behavior, which are particularly evident in the right
panel of Figure EC.3. When V(B) is relatively high (approximately > 0.4), the mean revenue improvement
increases as both V(A) and V(B) increase. This combination (high V(A) and high V(B)) signals a “picky”
customer, i.e., one with a high no-purchase utility (Up). The unconditional policy, blind to this information,
typically offers a standard assortment and suffers from a high rate of no-purchase outcomes. In contrast, when
V(B) is low, revenue improvement is negatively correlated with V(A) and V(B). A combination of low V(A)
and low V(B) provides a clear, alternative signal: the customer purchased from a low-value set, identifying

them as an “eager” buyer with a low Uy. Our analysis of the optimal assortment cardinality confirms that

*
cond

for this segment, the conditional policy prescribes a smaller assortment. Thus, S creates value by pruning
low-revenue items, mitigating the substitution effect and maximizing the probability that the eager customer

selects a high-margin product.
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Finally, the heatmap in Figure EC.2, which plots the mazimum observed revenue improvement for each
(V(A), V(B)) scenario, underscores the value of personalization. The maximum improvement can reach as
high as 29%, which occurs when the customer is identified as picky. Furthermore, even when identifying the
eager buyer (low V(A) and low V(B)), the maximum improvement in specific instances remains significant,
reaching as high as 15%.

In summary, our numerical experiments distinguish between two primary customer types determined jointly
by the values of V(A4) and V(B). We provide actionable insights for managers regarding when to expand or
shrink the assortment size based on historical purchase behavior. These results confirm the substantial value
of repeated interactions in the multi-purchase setting, demonstrating that the revenue gains from history-

dependent optimization can be significant.
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Figure EC.1 Heatmaps illustrating the conditional policy’s (a) average assortment size and (b) revenue

improvement (%) as a function of the first-period purchased set value V' (A4) and non-purchased set value V(B).

Appendix D: Estimation Procedure for Section 7

In this section, we explain how to estimate the parameters of MNL and RCI-MNL models for the numerical
experiments in Section 7. To simplify the notation, we consider customers having at most two interactions with
the seller in the training data. The estimation procedure is similar when the customers have more interactions.
We split the training data T = T; U T3, where Ty = {(S, ;) 'El‘ and T = {(S},i},52,i3) 1,2 ‘TQI . Specifically, T;
contains the data from the customers who have a single interaction with the seller and 75 contains the data
from the customers who have two interactions with the seller. Under the MNL model, the likelihood of the
events (S;,4,) and (S},i},52,i?) can be represented as follows:

Uy,

1+ ZIESt rUZ
U; p ’Ui?

1+ Zzesl v 1+ Zz‘esg vi’

PMNL<St, ’Lt)

]PMNL(Stl, i’SZ 2)
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Figure EC.2  The maximum revenue improvement of the conditional policy (S7,,;) as a function of the

first-period purchased set value V(A) and non-purchased set value V (B).

For the same events, the probability expressions under the RCI-MNL model are

]PRCI-MNL(St it) _ Vi,
' 1+ ZiESt Ui ’
V;1
]P)RCI MNL(Stl, t17 SQ ) —_ vy . IP)RCI-MNL(iﬂig’Stl’ StQ)’

1+ Ziesg Vi

where PREF-MNL (32131 .61 62) is the conditional probability of purchasing product i? in the assortment S2,
which can be calculated based on Theorem 1. Note that we can convert v; to e*. We then estimate the

parameters in both models by maximizing the log-likelihood. That is, we solve the following optimization

problems:
|71 | 72|
maleog]P’MN (Sevie) + ) log PMNL(S) it S7,i7),
t=1
|7'1| |T2|
maleog]PRCI MNL (S, 4, +ZlogIF’RCI MNL (gl 41 S2 i2).

t=1

We solve both problems by the nonlinear solver fmincon in the MATLAB Optimization Toolbox.
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Figure EC.3  Mean revenue improvement (%) sliced by V(A) (left) and V(B) (right).

Appendix E: Hypothesis Testing for MNL and RCI-MNL Models

In this section, we provide a statistical framework to compare our proposed model with the MNL model.
We formulate a hypothesis test to determine which model better explains the observed data, which consists of
T customers, each observed over two choice periods. The two competing hypotheses are:

Hy: the customer behavior follows the MNL model, where the utilities are resampled.

H;: the customer behavior follows the RCI-MNL model, where the utilities are not resampled.
As H, (independent utilities) and H; (invariant utilities) represent fundamentally different, non-nested data-
generating processes, a standard likelihood-ratio test is not applicable. We therefore employ Vuong’s Test
Vuong (1989), which is specifically designed for comparing non-nested hypotheses.

First, we define the log-likelihood functions for both models. Let the observed data for customer i be
(Si1,ci1) and (S;2,¢;2), representing the assortments and choices in periods ¢ =1,2. Let p be the vector of

mean utility parameters (the logarithm of the preference weights). Under Hy, the log-likelihood ¢ is the sum

of all individual choice events:
T
lo(p) = [logP(c;1|Siv; ) +log P(c; 2|S: 23 )]
=1

where the probability for any single choice is given by the standard MNL formula P(c|S; ) = HZL(Z;LM'
jes j

Under H;, the choice in the second period is conditional on the outcome of the first. The log-likelihood ¢; is
based on the law of conditional probability:

T

b(p) = Z [logP(ci,1]Si1; 1) +1ogP(ci 2| Si2, ¢i1, Sins )] -

i=1
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The conditional probability P(c;2|-) depends on the history (c; 1,S;1). Its form is derived in the main body
and varies based on whether a purchase has been made in the first period.
To compare the models, we use the Maximum Likelihood Estimation (MLE) to obtain the maximal per-

customer log-likelihood values, fo,i and fll We then compute the log-likelihood ratio for each customer i:
VT

Sm

m; = lﬁu — tfoyi. The Vuong statistic V' is constructed as the t-statistic for the mean of m;, V = , where

m= %Z?zl m; is the sample mean of the ratios, and s, = ﬁziil(mi —m)? is the sample standard
deviation. Under the null hypothesis that the two models are indistinguishable, V' asymptotically follows a
standard normal distribution, A'(0,1). Using a significance level of p = 0.05:
o If V > 1.96, we reject the null hypothesis. The test favors the H; (RCI-MNL) model as providing a
significantly better fit;

o If V< —1.96, we reject the null hypothesis. The test favors the Hy (standard MNL) model as providing
a significantly better fit;

o If |V] <1.96, the test is inconclusive, and we cannot statistically distinguish between the two models’ fit

to the data.

E.1. Numerical Experiment

We conduct a simulation study to validate the statistical power of the Vuong test in distinguishing between
Hy (the standard MNL) and H; (RCI-MNL). The goal is to confirm that the test can reliably identify the
correct data-generating process (DGP) as the sample size increases.

We consider 10 products and the preference weights are uniformly sampled from [0, 5]. For each customer i, we
generate two distinct assortments S; ; and S; ». We test a range of sample sizes T € {100, 250, 500, 1000, 2000} .
For each sample size T, we run R = 1000 independent simulation replications. We generate data under two
ground-truth scenarios:

e Hy (MNL): For each customer ¢, we generate two independent choices, following the MNL model;

e H; (RCI-MNL): For each customer i, we generate two dependent choices, following RCI-MNL choice
model.
In each simulation, we fit both the Hy and H; models to the generated dataset (regardless of the ground truth)
and calculate the Vuong statistic V.

Figure EC.4 confirms the efficacy of the Vuong test in discriminating between the two models. The results
demonstrate that the test reliably identifies the true data-generating process, with statistical power converging
rapidly; notably, power exceeds 95% for both scenarios at a sample size of only T = 500. This validation
establishes that the standard MNL and the proposed RCI-MNL are statistically distinguishable even with

moderate data.
Appendix F: Proofs
We first show several technical lemmas that are useful in proving the main theorems.

LEmMA F.1. For a Gumbel random variable U ~ Gumbel(p,1), the probability density function of U is
fu(uw)=exp (= (u—p+e ")) and the cumulative distribution function F,(u)=exp (—e~(“=#)),
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Statistical Power vs Sample Size

104

0.9 1
0.8
0.7

0.6 -

0.5 -

Probability (Statistical Power)

0.4 4
—8— P(V < -1.96) when Hg is true (MNL)
P(V > 1.96) when H; is true (RCI-MNL)

0.3

250 500 750 1000 1250 1500 1750 2000
Sample Size (T)

Figure EC.4 Statistical power of the Vuong test as a function of sample size (7).

LEmMA F.2. Let U; ~ Gumbel(u;,1),i=1,...,k, X ~ Gumbel(u,,1) and assume they are all independent.
We have:
e,e—(b—um)(zle etiTHa £1) e,e—(a—uz)(zfrzl etiTHa 41)

Zle eri—he 4 1

b
IP’(Ung,...,ngX,angb):/ P(U, < X,.... U < X|X =2)f,, (x)dx

[[BW. < 2)f,. (2)dz

a
b k
@ =1

k

b
:/ He_ef(r“i) ce (@) gmem ) gy
a

i=1
Let t = e~ (@=#2) then dt = —e~*~#=)dz. Denote a, = e*(“*“w), b, =e~#a) and v, = i — gy t=1,...,k We
rewrite the probability as:

e~ ba(TF i e¥i4l) _ p—aa(Xf e¥i+1)

by
/ (S i) gy — i
ag Do evi+1

After replacing the value of {v;}*_, and {a.,b,}, we obtain the final result. O

Based on Lemma F.2, we show Lemma F.3 as follows:

LEMMA F.3. Let X andY be independent random variables, the probability distributions are Gumbel(p,,1),

Gumbel(j,,1), and d is a given constant, then we have :

H —(c—px —(c— py
IP’(XZmaX{Y,c}):ei.(l_e—e< ) e >)

eHaz + ety
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Proof:
POX 2 max(Y,e}) = [ P(X 2 max{y.c}|Y =), (0)dy
= [ POy =y, Wyt [ BOCY =) f, )y
— [ POXCzag, Gy [P0, W)y
_ (1 - 6*5_(6_“””)) T T APV >0 —P(X <Y,Y >¢)
a —(c—pg —(c—p —(c— iy, 1— 76_(C_P‘y).(1+e“m—#y)
(:)<1_€,E< u)).e,e( y)+1_€,e< ny) e
]_ +e#z*#y
—dee—(c—ny)
—(c—pa —(c— 1
_—e( )_e_e< uy)_"_%_’_l_a (Wheredzl—l—e“w_“y)
1 — e
:(1_g).(1_e_e( )~€_E( My))
et ( e (emnz) _,;(cfuy))
=—(1-e¢ e )
etz 4 ety
where (a) follows from Lemma F.2. O

LEMMA F.4. Let U; ~ Gumbel(p;, 1), i=1,...,5 and they are all independent. We have

P(U; > max{Us,,Us3}, Uy > max{Us,Us}) =
V1V47V3 |: 1 1 1 1

— = — + (F.1)
(v +v2)(va+vs) (v3 vi+va+vs vitvUs+U3 VLU U3+ UL+ Us

Proof:
P(U; > max{U,,Us}, Uy > max{Us,Us}) = / P(U; > max{Us,Us}, Uy > max{Us,Us }|Us = ¢) f,, (c)dc

= /_oo P(U; > max{Us,c}) - P(Us > max{c,Us}) f,., (c)dc (F.2)

Notice that from Lemma F.3, we have :

ert _e—(e=p1)  _o—(c—u2)
]P)(Ul ZmaX{Ug,c})=m~(l—e e )

P(Uy > max{Us,c}) = e . (1 _emeT T ~eiei(cw5)>
4= 5 et + ets ’
Then (F.2) equals

e#l 6#4

o0
(1 _ e_e*(v*ul) ] e_e*(cﬂq)) ) (1 _ e_e*(U*HAL) ] e_e*(c*us)) e_E*(C*ug) ) e_(c_w))dc
(e#l + 6”2)(6”4 + 6”‘5) oo

) oo oo 3 oo 5
1V4 / 676_(6_“3) ) 67(67”3)(10 . / H e,e—(c—ui) . 67(67”3)dc o / H 675_(C—ui) . e’(°7“3)dc
—oo %0 =1 %0 =3

(v1 4+ v2)(vy +vs)

o B
+/ He’e_(c_we’(c’”)dc
o0 =1

B V14 { U3 U3 U3 }
(v1 +v2)(vg + v5)

1-— +
V1 +Vo+v3  vsHv5+v3 v Uy F+ Vg4 U5+ U3
V10403

1 1 1 1
= o - + .
(v1 4+ v2) (v +vs) ng V1 + Vs V3 vat+vs+Us vp +v2+v4+v5—|—vJ
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LeMMA F.5. Let U; ~ Gumbel(p;, 1), i=1,...,4 and they are all independent. We have

U3 U3

P(U, > Us —d,Us > Uy, Us > Uy Uy > Us) = - :
G2 22 UnUs 2 Uilth 2 U2) vitvetustos ed(vr o) +us+ vy

Proof: The probability has the following equivalent expression

P(Us > Uy, Us > Us|Uy > Us) — P(Us > Uy +d, Uy > Us|U, > Us)
=P(Us > max{Uy,Us},Us > U|U; > Us) — P(Us > max{Uy,Us} +d, Us > Us|U; > Us)
=P(Uz > Uy|Us > max{U;,Us},U; > Us)P(Us > max{U;,Us}|U; > U,)
—P(Us > Uy|Us > max{U;,Us } + d, Uy > Up)P(Us > max{U;,Us } + d|U; > Us)
Op(U, > Uy |Us > max{Uy, Us })P(Us > max{Uy, Us}) — P(Us > Us|Us > max{Uy, Uz} + d)B(Us > max{Uy, Us} + d)
=P(Uz > max{U,,U,U,}) — P(Us > max{U; + d,Us + d,U,})

el"S el"B
T et feh2 feha feis  enatd | enatd | s | ems
U3 U3
- - )
v +ve+vstug  ed(vy +va)+ vzt vy

where (a) is from the property of the Gumbel random variable that the distribution of max{U;,U,} is inde-

pendent of the event U; > Us, the proof can be found in Appendix A in Gao et al. (2021). O

LEMMA F.6. Let U; ~ Gumbel(p;,1), i=1,...,5 and they are all independent. We have

P(U4 Z maX{Ul,Ug,Ug, — d},U5 Z maX{Ul, Ug}) =
Us V4 U1 V4 U5
v3t+vs v F+vetvgte N vst+us) (v 4vs+vs)(vz+vs) v+ Vs +vs+vgFUs

Proof:

]P)(U4 Z maX{Ul, UQ, U5 — d}, U5 Z maX{Ul,Ug})

- //“”(‘”’” > U, 2 Upx 2y —dy 2 Usy 2 Us) fo, (2) fus (4) dyde
z+d

- / [ P(min{z,y} > U1)P(z > U)P(y > Us) fo, () fus (y)dyda

— //f P(y > Uy)P(x > Us)P(y > Us) fou, (%) fous (y)dydx

z+d
+ / / Pz > U)P( > Ua)B(y > Us) fon (@) fun (4)dyda

(2 ems . e_ef(w7u5)(1+eu1*u5+eu3*u5)P<x > U )f (Z‘)d.’lﬁ
ems + er1 + em3 = Y2) pa
eks —e—(@Hd—p5) (14 en3—H5) —e—(@=15) (14-eH3—H5)
P(z > Uy)P(x>U,) (e —e Jua(x)d

eHs 4 eHs

6#5 eﬂ4 6#5 6“4 6“4
ers —|— em1 + emrs em2 + ems —|- eM1 —|- em3 + era ems + ems em2 + 6N5—d + et —|- eH3_d + era em2 + ems + et —|- em3 + era
Us Vg U1 V4Vs

T v +us ' vy 4 vg +v4 + e 4(v3 + vs) B (v1 4+ v3 +v5)(v3 + v5) . V1 + Uy + 3+ vy + U5’

where (a) is based on the results in Lemma F.2. O
Proof of Theorem 1. We first introduce the following notation.

o U° =maX;ecs;nS, Uj
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t__
Ul = MaX;es1\S; Uj

Ui =maxjes,\s, U;
(4)
(4)

)

5(1) = max;es,\ (5,00 Uj

MaX;e (s,n8:)\{i} Uj

U<(i) =
o Ui(i) =maxjes,\(s,uiip) Uj
o Ul
Case 1: i =0 In this case, the customer doesn’t purchase anything in the first period, thus he wouldn’t

consider 7 € S; NS, in the second period again, the probability that he would purchase product j € Sy \ Sy is
P(U; 2 max{U;(j),U*, Uo }|Uo = max{Uj,U*}) = P(U; = max{U,(j), Uo }|Uo = max{Uy,U})
The probability can be calculated from Theorem 2.1 in Gao et al. (2021).

LeEMMA F.7 (Adapted from Theorem 2.1 Gao et al. (2021)). Let U, ~ Gumbel(p;,1), i = 1,....,4,
and they are all independent, then we have :

et vy

D€t B D Vi

P(Ul > maX{Ug,U3}|U3 > U4) :P(U1 > maX{Ug,U37U4}) =

Based on Lemma F.7, we conclude that

i 0 i €S,N 85,
P (jli, S1, S2) ={ j’esz \511.

14+V(S1)+V(S2\51)

And the conditional probability that the customer doesn’t purchase anything is :
(Up > UL, Uy > max{Ut,U°})

P(Uy > max{U;,Uc})
_ P(Uy > max{U3,U{,U°})
~ P(Up > max{U{,Uc})
B 14+V(Sh)
14 V(S) V(S \S)

P
P(Us > U3|Up > max{U},U°}) =

Case 2:€5,NS,
Case 2.1 j € S1NS, In this case, if the customer still selects a product j € S; NS, in the second period,
based on the utility maximization principle, we conclude that 5 =+4. Then the conditional choice probability is

) P(U; > UL, U; > max{U{, Uy, U*(i
PIUL 2 U 2 max{U}, U U(0)) = 2 S
T = 1 9

B v; 1+V(Sy)
T1HV(S)+V(S:\5)

B 1+V(S))

TLHV(S) V(S \ )

Case 2.2 j € S5\ S; The conditional choice probability in this case is
P(U; > max{Us(j), Uo, U* (), U }|U; > max{U7,Up, U*(4)}) = P(U; > max{U,(j), U; }|U; > max{Uy, Uy, U"(4)}).

By Lemma F.7, this probability equals to

Uj

P(UJ ZmaX{Ué(j)vUzaU:f?UOva(l)}) = 1+V(Sl)+V(SQ\Sl)

Case 3i€ 5\ 5,
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Case 3.1 j € S5\ S1 In this case, the conditional choice probability is
P(U; > max{U5(j), U, Uo }U; > max{U¢, Uy, Us (i) }).
Since this conditional probability is hard to solve directly, we consider the joint probability:
P(U; > max{U3(j),U¢,Up }, U; > max{U*, Uy, U (i)}).
Denote U§ = max{Uy,U°}, then we have
P(U; > max{US(j), U, Uo}, Uy > max{U*, Up, U} (i)}) = B(U, > max{U4(), Ug}, U, > max{Ug, UL()}).

Then based on Lemma F.4, we could write the joint probability as:
V(S1\S2)-V(S2\S1) |[1+V(S1NSe) 1+V(S1) 1+V(Sy) 1+V(S1)+V(S2\S51)

and the conditional probability is :
1 1 1 1 }

v;-(1+V(S1))-(1+V(S1NS,)) [ _ - +
V(51\5,) V(55 \ 51) LHV(SINS,)  THV(S) 1+V(S2) T T+V(S) + V(S \8)

which can be simplified as

”'L+an+vwﬂsn+u+vwwyu+vwn+vwﬂsm]'

Case 3.2 : j € S5N Sy In this case, the joint probability can be written as :
P(U; > max{Us, U"(j),Uo}, Ui > max{U; (i), U;}) = P(Ui > max{Uj (i), U; }|U; > max{Us,U(j), Uo}) - P(U; > max{Us,U(5), Uo})
=P(U; 2 max{U1 (i), U;, Uz, U*(§), Uo}) - P(U; 2> max{U3,U* (), Uo})

(o vy

TI+V(S)+V(S2\S1) 1+ V(S2)

Then the conditional probability is
1 + V(Sl) . 'U]'
14+V(S1)+V(S2\S1) 1+V(S2).

Case 3.3 : j =0 In this case, the joint probability can be written as :

P(Uy > max{U%, U}, U; > max{U*, Uy, UL (i)}) = P(Uy > max{U%, U}, U, > max{U*, Uy, UL (i) }|Uy > U)P(Uy > U°)+

P(Uy > max{U;,U°},U; > max{U®, Uy, U} (i) }| Uy < U)P(U, <U°)
=P(Uo > max{Us;,U°},U; > max{U*, Uy, U; (i) }|Uo > U*)P(Uy > U*)
=P(Uy > max{U;,U°},U; > max{U°, Uy, U; (i)}, Uy > U°)

=P(Uy > max{U;,U°},U, > max{Uy, Ui (i)})

=P(U; > max{Uy, U; (i) }|Up > max{Us,U°}) - P(Uy > max{U;,U°})
W p(U, > max{Uy, UL(3), UL, U}) - P(Uy > max{UL, U}
V; 1
C1HV(S)+ V(S \S1) 1+V(S,)
Where (a) is from Lemma F.7. Then the conditional probability is
1+V(S) _ 1
1+ V(S1) + V(SQ \ S1) 1+ V(SQ) '
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Proof of Lemma 1.
For a given assortment Sy \ {¢} CAN>\ S7 and j € N3\ {S1 US>}, we have:
W(Sa\ S1)+rv;+r(1+V(S1)) W(S2\S1)+r:(1+V(S1))

BAS UATHG S1) = BASa0 S0 = = e s S e, 1+ V(S V(82 \ S)
_ v, ~<r~— W(Ss\ S1) )
L+ V(S1)+V(S2\S1)4+v;, 7 1+V(S)+V(S2\S)
1 1
—ri(1+V(S)- (1+V(51)+V(52\51) a 1+V(Sl)+V(Sg\Sl)+vj>
_ Y; .(r._ W(S2\51)+7”¢(1+V(51))>
- 1+V(S1)+V(SQ\S1)+UJ- J 1+V(Sl)+V(SQ\Sl)
= 1+V(51)+‘/J(52\Sl)+1}] '(TjiRQ(SﬂZ‘aSl))'

Thus, adding a product would increase the expected revenue as long as its revenue is larger than a threshold.

g
Proof of Lemma 2. We first simplify the expression of R3(S,|i,S;) as follows.

14+V(S1) . W(S1NS2)
1+V(52) 1+V(Sl)+V(SQ\Sl)
1 14+V(S)
WS\ S1)- (1+V(S1) +V(S2\5) * (1+V(S,))- (1+V(Sl)+V(SQ\Sl)))
14+ V(Sy) ' W(Ss) W (S2\ S1)
o 1+V(52) 1+V(S1)+V(52\51> 1+V(Sl)+v<52\51).

Then given an assortment S, and k € S; N As, k # i, the difference in the expected revenue is R3(Sy U
{k}|i, S1) — R3(Sa]i, S1)

R3*(S,)i,8:) =

O I4V(S)  W(S)Fmon 14 V(S) W (S5)
1 V(Sy) v 1HV(S)+V(S2\S) 1+V(Sy) 1+V(S))+V(S2\S1)
14 V(S) TR (1 V(S) - W(Sy) "
T+ V(S) v 1+V(S)+V(S2\S) 1+V(S)+V(S2\S1) (1+V(Sy)- (1+V(S2)+vx)
14 V(S) m _(T _ W(S,) )
1+ V(Sy) +ve 1+V(S1)+V(S2\S1) " 1+V(Sy)
L+ V(%) s (re— R(S:)).

T1HV(Sy) +ue 1+V(S)+V(S2\Sh)
It shows that the revenue would increase if and only if 7, > R(S53). Assume the optimal conditional assortment
in this case is S3, then k ¢ S is equivalent to R3(S3 U {k}|i,S1) < R3(S5]i,S1), which is equivalent to r;, <
R(S3). Thus the intersection with the assortment in the first period S; contains all products in S; N A, with

revenue larger than R(S3). O

Proof of Lemma 3. Let L =V(S5;). For any S C N, the objective of Problem (9) can be written as

1 1
1(5) =W(S) (1+V(S) - (1+L)(1+L+V(S))) = R(S) = H.(9),

where R(S) =W (S)/(14V(S)) is the standard MNL revenue and H(S) =W (S)/[(1+L)(1+ L+ V(95))].
Let R be the family of revenue-ordered assortments. By the standard revenue-ordering property of the MNL

assortment problem, no S ¢ R can maximize R(S). Indeed, if i ¢ S, j € S, and r; > r;, then either adding i or

deleting j strictly improves R(S), according as r; > R(S) or r; < R(S).
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Since there are finitely many assortments, the optimality gap
A:=R"— max R(S)
SCNa, SR
is strictly positive, where R* = maxgcy, R(S). Let SM € argmaxsca, R(S). Then S¥ € R. Moreover, for every

SQNQ,

W,
<H <& max +— AN
0< L(S)*(I—FL)?’ W, g\;rv
i€EN

Now take any S ¢ R. Since R(S™) — R(S) > A and H.(S) >0,
Wmax
O, (SM) =D, (S)=R(SM)—R(S)— H,(SM)+ H.(S) > A — m
Choose

2W,
C = 0 A _ 1.
max{ , A }
Then, whenever L=V (S;) > C,

O (SM) - DL (S) > % >0

for every S ¢ R. Therefore no non-revenue-ordered assortment can be optimal for Problem (9). Hence every
optimal solution is revenue-ordered when V(S;) > C. O

Proof of the Proposition 1. We use a reduction to a well-known NP-complete problem, the partition
problem. An instance of the partition problem can be defined as follows: given n products indexed by [n] =

{1,...,n}. The weight of product ¢ is ¢; € N, , and we have ) ¢; = 2T. The aim of partition problem is

i€[n]

to find a subset S C [n], such that >, gci =32, (,\s¢ =T. Now we construct an instance of (9) from an

instance of the partition problem as follows.

Consider n + 1 products indexed by 1,...,n,n+ 1, the revenue and preference weights are as follows:
i 89 ifi=1,...,n - 4o ifi=1,...,n
‘ 3 ifi=n+1, 7 7 1 ifi=n+1,
Let V(S1) =1. Then the objective function (9) becomes 13/‘&21) — 2(2‘/1&?()5))' We first show the optimal assort-

ment must contain the last product. For any assortment S C [n], the objective value (9) for the assortment

Su{n+1}is

1 1
W(SU{n+1})- LJFV(SU{T,H}) B 2(2+V(Su{n+1}))]

:<V(S)'gg+3) ' [1+V(15)+1 _2(2+V1(S)+1)}

69 1 1
237 (V) +1): [HV(S)H - 2(2+V(S)+1)}

69 1 -
>3- V() [1+V(S) B 2(2+V(5))] .

The last inequality is due to the monotone-increasingness of function z - (

1 1 1 1
Ttz 2(2+a:)) =327 o)t for

x > 0. This implies that including product n + 1 strictly improves the objective value. Then we have:
W (S) w(s) W(S)+rmpivngyr W(S)+7rn1vng

sClot) 1+V(S) 202+V(9)) ~ 5chn 1+ V() 4+ v 22+ V(S)+vn41)
1 1 69

~ S [2 TV(S) 23+V(9)) (V(S)

. 3).
37+>
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Define F(z) = [2_%33 - m] (82 -2+ 3), then the derivative of F is m%, which is strictly positive

over the interval [0, 1] and strictly negative over the interval (1,00). Therefore, F' achieves the maximum at 1,

and F(x) < F(1). This implies that

W(S) W) 1
ENTEVE) 2G+vE) s p) S FO);

An assortment achieves the expected revenue F'(1) if and only if the equality above holds. In this case, we have
> ies € =T for some assortment S C [n]. This implies that one can solve the partition problem. Therefore, an
instance of the partition problem can be translated to (9) and thus the latter is also NP-hard. ]

Proof of Lemma 4. Denote the optimal conditional assortment in two cases are S5, ; and S; 3 ;. Then

the conditional expected revenue is as follows:

. W (S35, \51) (1+V(S)))

2 * _ 2,24 o

B2t ) = e 1 V(S35 V80 T T3 V(S0 4V (832,080

RS(S* |’L S ): W(SS,S,i\Sl) 1+V(Sl) . W(S;,B»,i)
23T T 4 V(S) + V(S35 \81) | L+ V(S1)+V(S55,\51) 1+V(S55,)

When r; > %2233)), then we have:
‘ W(S55:\51) (1+V(S1))
RB S* ) ,S < 2,3,1 7
(5aalt ) S TS+ VS50, 0 80 T TH V(S + V(S50 50 |
W(S55.\ ) Vs

<
T LEV(S) +V(S52,\51) 1 V(S1) + V(852 \51)
= R?(S5.2,i:51)-

O

Proof of Theorem 2. Denote the optimal conditional assortment as Sj, = S* U .S;, where S* C N\

{i} NNz is a revenue-ordered assortment and S5 C N3\ S;. Given «a € (0,1), we consider the following two
cases.

Case 1: 1+V1('gf)(f‘1/)(35) : 1+V(Vgl(f+\)/(s;) > aR(S5,|i,51). In this case, if we only offer the assortment S*, the

expected revenue can be lower bounded as follows,

L+V(S) WS 14V(S) W (S")
14+V(S*) 1+V(S1) = 1+V(S)+V(S;) 1+V(S1)+V(S;)

> O‘R(S;,zhvsl)

Case 2: 1+v1(§:/)(f%/)(s;) . 1+V(Vé/1(f;\)/(s;) < aR(S;,]i,S1). Notice the expression for the conditional assortment

R(S5 ,]i,51) is as follows:

1+V(S) W (S*) 24 V(S1) +V(S) +V(S;)
L+ V(S)+V(S3) 1+V(S)+V(S3) = (1+V(51)+V(S3))(1+V(5)+V(S3))

W(S3).

Based on our condition, we have

LEVS) W) e 2RVISORVISIAVIS) e o
1+V(S*)+V(S;) 1+V(S1)+V(S;) " 1—a (14+V(S1)+V(S3)(1+V(S*)+V(S;)) 2 '
Then an upper bound for the optimal expected revenue is - - a +V(25T):(5t)52‘_)‘;§lsi)v+(g(fi)‘/( ) W (S3).



ecl8 e-companion to Author: Repeated Customer Interactions in MNL choice model

Moreover, we can upper bound the right part in (F.3) by the following analysis:

24+V(S1)+V(S*)+V(S3) . o W(S3) 1+V(S%) _ W(S3)
(1+V(S1)+V(S3)1+V(S*)+V(S3)) (2)_1+V(S*)+ (S3)  1+V(S)+V(S;) 1+V(S))+V(S)
o WS W)
T1HV(S)+V(S;)  1+V(S1)+V(S3)
W(S5)
=14V (S)
W (Ss)

<2 _—
=5 ns 1+ V(Sy)

Denote S;° = argmaxg, cp;\ s, %, which is a revenue-ordered assortment. Then consider the policy that

only provides S3°, the expected revenue is

W (S3°) L W) WIS 1 24 VISORVIS) V)
14V(S5e)  14V(S5°) 14V(S1)+V(S5°) —14+V(S5°) =2 (14+V(S1)+V(S3)(1+V(S*)+V(S3)) 2

Then the ratio of the expected revenue can be obtained as follows:

wW(s3°) + 1 ) W (55°) 1 24V (81)4+V(S*)+V(S5) W(S3)
1+Vv(s5°) ' 1+V(S3°) 14V (S1)+V(S5°) 2 AV BTV AV (S )+V(S3)) 2
R(S5 ;1,5 -1 24+V(81)+V(5%)+V(S3) ] .
(53412 51) I-a (1+V(31)+V(S;))(1+V(S*)iv(s;)) W(S3)
1-a
2
Finally, let o= 1’7"‘, we have o = % In summary, the assortments S* and S3° in two cases separately could

guarantee an approximation ratio % Notice that S* and S5° are the feasible revenue-ordered assortments, then

the optimal union of two revenue-ordered assortments under our policy provides at least the approximation

ratio .
Then we consider the special case that S; N A5 = 0. The conditional assortment optimization problem is as

follows:

1 1
max W (52) <1+V(52) T V(S))- A+ V(Sy) +V(52))) ‘
Let =1+ V(S), we denote the objective function as R(S,«) and simplify it as follows:
1 B 1 ' _a(a+V(S9)-(A+V(S))
<1+V(S) a(a+V(S))) w(s) a(l+V(S))(a+V(9)) w(s)

_ a1+ (a-1V(S)
a(14+V(9)(a+V(9)) w(s)
_a—1 1+a+V(S)

a  (1+V(S)(a+V(9)) W)

_a-1 1 . _W(S)
= (“a+v<s>) T+ V(S)

Let S3° = argmaxgc, % and S* be the optimal conditional assortment, then we have
a—1 1 W (S*)
R(S",a) = (1 .
(8%0)==3 ( +o¢—|—V(S*)> 1+ V(%)

<t () s

a—1 1\ W(5%°)
<272 (142 P2 )
( *a) T+ V(S3)

_o?—1 W(S5°)
a2 14+V(S5)
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Where the first inequality is due to the fact that V(S*) > 0 and the second inequality uses the definition of
S5°. Finally, we have

o a—1 1 W (S5°)
RS a)=——" (H a+V(s;o)> 14 V(S50)
a—1 W(S5)
o  1+V(Sy)
a—1 a?

—_— R(S™, «
a a?—1 ( )
— - R(S7,
1 + o (5%,a).
The result shows providing the revenue-ordered assortment S;° guarantees an approximation ratio 5, which
. 14V(Sy)
Is 5047 Si)'

O
Proof of Proposition 2.

For any (g, h;), the dynamic programming (A.4) returns an assortment S; satisfies:

S = T | v = sl -

iES iES

N;
S 0= ZP Ny JsﬂA@VdﬂNjL
ZES 165

We have the following inequalities:

P f' > LINlJe] — WG,

i€S;

> Wil W' < TW 1/l + A

i€S;

Which means
S > ( |j|\//\/|/d ) ceh; > (1—26)h,, (F.4)

€S,

Z v; < < |J|\'£[|/|d +1) eg; < (1+2€)g; < (1+¢€)%g;. (F.5)

€S,

The second inequality in (F.4) and (F.5) holds since % >1—1and % <I4l

Moreover, for a given assortment S, assume that ), crv; > h;, Y. cv; < g;, we have

;) G| Nl
Z[hJ EZ(hl) 151> [IAG1/e] — NG .

i€S J !
ZW‘.JSZ(M +1> W'+|S|<HNI/61+W\
ics e.gj €S € J

Assume the optimal solution satisfies that:

(1407 <> wi<gn by (L4077 < Y <A,

i€ST 1€ST
g5 - (1+e) 't < sz<92,h* (1+e) ' < Zn%<h2,
16520 1652‘0

g5 (1+e)7 < ZU<93ah*'(1+6)_1§ Zrivighg'

i€, €55,
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Then we can find a set of assortment (S1,S520,S521) from the dynamic program in the guesses {(g;,h; (1 +

€)1 }2_,, such that:

V(S;)<V(S)) = Zv <g;-(1+¢? (Sl):ZTiUiZ(172E)hI(1+E)717

1€S1 €Sy
V(S50) <V(S20)= Y vi<gs- (146> W(Sao)= > mv;i>(1—2e)h3(1+€)7",
i€S2 0 €S20
V(S5)SV(San)= Y v <gs- (1426, W(S2)= Y rv; > (1—20)h3(1+¢) "
i1€Sa,1 1€52,1

We bound the expected revenue generated by Si,.53,0,52,1, respectively. For the expected revenue in the

first period, we have

Wi(s)  (1=20hi(l+7  A=20W(SH)U+)7"  1-2  WI(SH) o 60 peso).

1+V(SH) = 1+gi-(1+e2 = 1+V(S) (1+e? = (1+et 1+V(S])
Then we consider the expected revenue when the customer makes no purchase in the first period.
1 W (Sa.0) - 1 _ (1—2e)h5(14€)*
L+ V(S1) 1+V(S1)+V(S20) ~ 1+gi-(1+€)? 14+gi-(1+€)?+g5-(1+¢)?
1—2e¢ 1 W (Ss.0)
“(1+e)7 1+V(S]) 1+V(S))+V(Sso)
> (1-9¢).- 1 . W(53,0) .
1+V(S}) 1+V(ST)+V(S;5,)
For the last part W (Ss,;) <1+V(152,1) — (1+V(Sl))'(1+%/(Sl)+v(52,1))), the lower bound is as follows:
(1—2e)h3(1+¢e)t (1—2€e)h3(1+¢)~?
T+g5-(1+20)  (1+V(8)))-(1+V(S1)+V(S21))
(1-2)W(S5,)(1+¢)" (1—2e)W(53,)
TI+H(1+eV(S5,)-(1+2¢) (1+V(S) - (1+V(S)+V(S5,))
(1—2e)W(53,) (I-2e)W(53,)

1
T O14V(S5,) (L V(SD) - (L+V(SD)+V(S5y))
<(1—26)W(55,1> (=29 W (S5 )1+t >
1+ V(S5,) T+ (L +e)V(Ss,)-(1+2¢)

_(A=29W(S5,) (1-2e)W(S5 ;) B

1+ V(S5,) (L+V(S)-(L+V(S})+V(S51))

W (S5,) (1—2€)(2€°V(S3) +5eV(S5,1) +4V(S5,)+1)
1+V(S;5,) A+ 1+ 1 +e)(1+20)V(Ss,)

Since we have
(1—2€)(2e*V(S5,) +5€eV (S5 1) +4V(S5,) +1) - (2€>V(S31) +5€V(S5,) +4V(S5,)+1)
1+e)(1+(1+e)(1+26)V(S5,)) = I+ (1+e)(1+26)V(Ss,)

14+ (1 +e)(1+26)V (S5 1) + (3+26)V (S5 )
1+ (1+e)(1+20)V(S3,)
(3+26)V(S5.)

S o0 20v(Ssy)

<4.

Then the lower bound is
(1—20W(S;,) (1—20W(S;,) 4W(S5,)
1+V(S51) (1+V(S1) - L+ V(SP)+V(S51)) 14+V(S5,)
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Combining the analysis in the three parts, we conclude that

1 W (53,0)
HA(S1,52,0,5 1—6¢€)R(ST 1—9¢)- . : +
( 1,92,0 21) ( E) ( 1)+( 6) 1+V(Sik) 1+V<SI)+V(SS,O)
(1—20W(S3,) (1—20W(S5,) 4w (S,)
1+V(55,) (L+V(S7)- L+ V(S7)+V(551))) 1+V(S5,)
4eW (S5 )
> _ * * * _ 5
> (1 96)%,4(51,52,0752,1) 1+ V(S5,)
> (1—136)Z4(57,55,0,551)-
In the last inequality, we use the fact that
W(S31)
HA(S7,85 0,55 1)>Ra(0,55,,0) = ———"—.
(57,55,0:55,1) 4(0,55,,0) 1+ V(S5,)
For the running time, notice that |AS] = O(0g(IN; [V ax/Vimin)/€)): TS| = O(log(IN; |0 ay /i) /€), and

for a given (h;,g;) € A5 x TS, the total states in the dynamic programming F7 is O(|N;|?/€?). Thus the
time complexity for calculating the candidates in &7 is O(log(|N; [V e /7iin)/€ X log(IN;|ad, .. /a? ) /€ x
IN;3/€2) = O(log(|N;|Ymax/Ymin) X 10g(JN;|0max/min) X |N;|3/€*). Finally, we need to enumerate all
assortments in S! x S? x 82, the time complexity is O(|S}| x [S?|?). Since [S/| = |A§| x |I'§| =
O(log (N | Ymasx/Ymin)/€) X 10g(|N;|®max/min)/€), the time complexity in the enumeration procedure is

O(H?:l(IOg'j(‘Nj\’Ymax/’Ymin)10gj(|-’\/j|amax/amin))>' Let N Nl U NQ, v = max,;e A T Vi Lo = max;e A Vi

~ Tnin, )
€6 minjenrrjv; 0 min e s v

log (JV; | Ymax/Ymin) ) 10g(|N;|Qmax/@min) 18 upper bounded by log (|N|y)log (JV]a), then the total time com-
plexity is O(max{log(|N|’y) log (|\|or) WL log® (NI log® <W‘a>}), which is O(log3(|/\/|7) log® (|V]ar) 242 )

€6

we have

([l
Proof of Theorem 3. To bound the second term in the expression of Z, in (11), notice that %},‘2) >
—43 for any a,b> 0, and thus we have
1 B 1 ]W(S)— W (S) {1_ 1 a+V(S) ]
ala+V(S)) (a+b)(a+b+V(S)) S a+V(S) la a+b a+b+V(S)
W (S) 1 1 a
N : F.6
“a+V(S) {a a+b a+b] (F-6)
Using this result, we can upper bound %, in (11) as follows:
ro 1 W (S3,0) W(S3,1) ( L+ V(55,) )
Za < R(S51°)+ . d : 1= ,
S TS TRV VS5 T T v(ss) T V) (VST +VSE,))
T0 1 W(S; 0) ( 1 ) TO
. . 1———— | R(S: F.7
RS sy Tivis + vissy T\ arvesnye ) B2 (F.7)
1 1
< T0 1 _ T0
SHED ( + v~ mevEr) B
<R(S1°)+ R(SSO) (F.8)

< %r(S1°,95°).

%\U‘

In the first inequality, we use the fact that S7° maximizes R(S) for S C V). Inequality (F.7) utilizes (F.6),
where a =1 and b= V(S}), as well as the fact that R(S5 ) < R(S5°). In the third inequality, we again use the
fact that R(S5 0) < R(S5°) and 14V (S7)+V (S5 4) > 14+ V(S5 ). Inequality (F.8) is due to that the maximum
of g(x) =1+ 113 ﬁ is achieved at # =1 when z > 0. Hence, we conclude that 25 (57°,55°) > +%4. O




ec22 e-companion to Author: Repeated Customer Interactions in MNL choice model

Proof of Proposition 3: The difficulty of finding the optimal adaptive policy is to identify the optimal
conditional assortment in the second stage. When the consumer purchases a product i from the set S,
Corollary 1 implies that the case is straightforward if i € S™. On the other hand, if i € S; \ S™, then we
need to decide whether to provide product i in period two again, which requires us to find the maximum of
R?(85,.,li,51) and R?(S3 5 ;]¢, 1), the latter of which has been shown to be NP-hard. To avoid this comparison,
we construct a unified upper bound of the conditional expected revenue for product ¢ € Sy \ S™. Then the

total expected revenue could be upper bounded by the value of the following function J(S1,{S2,;}ies,u03)-

W(Sl) U; 2 . U; 1 W(Sgo\sl)
— 7 ————— R*(S5,|1,51)+ —— o~ UP(5,;]51)+ : J
1+V(S)) ies;sml—s—V(Sl) (S2.18, 51) ie;\smuwsl) (S2:151) 1+ V(S1) 14V (S1)+ V(S20\51)
(F.9)
where UP(S,|S;) £ HV(V;()Sj},S(g)Z\SI) + 1+V(;BYF(\§(I;2\31)R* and R* £ maxgcy R(S) = R(S7). Here S™

denotes the revenue-ordered assortment that maximizes the standard MNL revenue for the product set A.
Essentially we replace the hard-to-analyze term in (2), max{R*(S;,i,S7), R*(S5 i, S7)}, with UP(S;,]S7).
The following lemma shows (F.9) can serve as an upper bound for the original problem (2). We defer the

proofs of auxiliary lemmas to the end of the proof of Proposition 3.

LEMMA F.8. The optimal value of the following problem

max J(Sl7{S2,i}i651U{0})a (F.10)

S1:{S2,ities; u{o}

is an upper bound for the joint assortment optimization problem (2).

Denote the optimal solution for the Problem (F.10) as {S7,{S5,}icsrugoy}, it turns out that analyzing the
optimal solution of the function J(S1,{S2,}ics,u{0y) is easier. We first characterize the optimal solution to

the sub-problem that maximizing U P(S2]S1) in the following auxiliary lemma.

LEMMA F.9. Let S5 =argmaxg, g, UP(S2|51), then S; is a revenue-ordered assortment. Moreover, S; =

0 when S™ C S;.
Based on the above lemma, we could further reveal the structural property of S7.
LEMMA F.10. The optimal solution for the upper bound S C S™ and it is revenue-ordered.

Combining the auxiliary lemmas, we then give a formal proof of Proposition 3 as follows. Denote the optimal
solution for the Problem (2) and (F.10) as {S},{S5 ;}icsrugor} and {53, {S4:}ieszuro1}- In Lemma F.8, we
conclude that

J(S3,{S%: }ieszuroy) = Za(S7,{55 ; }iesruioy)- (F.11)

Then in Lemma F.10, we show S3 is revenue-ordered and it is a subset of S™. In this case, we have S} , = {i}
for i € S5, according to Corollary 1. Then

R _2W(S5) 1 W(S50\53) B . o
J(S3,{S4yi}ieSfu{0})— T+ V(S3) + 15V (5 T4V(S5)+ V(Sio\55) —%A(Sga{s47i}iesgu{0})~ (F.12)

Combined with (F.11) and (F.12), we conclude that {S3,{S};}ics:u(0y} is the optimal solution to problem
(2). O
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Next we provide proofs for Lemmas F.8 to F.10.
Proof of Lemma F.8: Denote the optimal solution to the problem (2) as {S},{S5,}icssu(0y }- Then the
difference between Z(S7,{S5, }ies:uroy) and J(S7,{55 ;}ics,ut0y) can be represented as follows:
> max{RY(S5,[i, S7), B (S5,1i, S1)} = UP(S5,15).
ies\sre
Then we show for 7 € 57\ S™, the conditional expected revenue is upper bounded by UP(S; ;|S7) through the

following analysis:

BTV L4 V(SH) + V(S5 \S) 1+ V(S +V(95,\S5) 1+ V(S5,)
W(S;5,\S5) 14+ V(S7)
< : R*=UP(S;,1S}),
S TTV(s) + V(55,080 T T3 V(ST + V{85, 51) (52.4151)
and
PTG V(S + V(S5 \S) 1+ V(S +V(95,\S)
W(S;5,\S5) (1+V(S7))

< + “R*=UP(S;.|S7),
T1HV(SH)+V(S5,\S7)  14+V(ST)+V(S5,\57) (53,:157)

w(S3,)
11V (s;,)
that 7, < R* for i ¢ S" according to Lemma 5. Then the analysis shows that %Za(S7,{S5,}icsrug0y) <

J(81,{S5, }Yies,ugoy)- Since {S7,{95 ;}icsru(oy} is a feasible solution for Problem (F.10), the optimal value of
the Problem (F.10) is at least %Z4(S7,{95;}icsru(0y) and we conclude the proof. O

In the first inequality, we use the result that < R* and the second inequality is due to the fact

Next, we give a proof for Lemma F.9.

Proof of Lemma F.9: The first part of the proof is similar to the result in Lemma 1. For a given

assortment Sy C A\ Sy and j € M\ (S1US3), we have:
. WS\ S1) +rjv; +(1+V(S1)R W(S2\S1)+(1+V(S)) R
UP(S: UGS = UPEelS) = =gy s, S 10, 14 V(S + V(55 \ 5

_ v; W(S2\ S1)
- 1+V(S1) +V(SQ\S1) +v; . (Tj - 1+V(S1) +V(Sg \Sl))

—R(1+V(S1))- <1+V(Sl)+V(52\51) B 1+V(51)+V(52\51)+Uj)

_ Y; ) (7,__ W(52\51)+R*(1+V(51)))
S TIVEI VG Sty T UREaIS):

Thus, adding a product would increase the expected revenue as long as its revenue is larger than a threshold.

For the second part, notice that UP(S5]S1) can be rewritten as follows

V(S2\S1) W(S2\ S1) 14+V(Sy)
UP(S;|51) = . + -R*,
(52151) L+V(S)+V(S2\S1) V(S2\S1)  1+V(S)+V(S2\S))
which is a convex combination of % and R*. Then S; should only contain product with revenue larger

than R*. When S™ C S, we have r; < R* for i € A"\ S;. Thus, the maximum is achieved by setting S; = ()
and UP(S3]S,) = R*. O
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Finally, we give a proof for Lemma F.10.

Proof of Lemma F.10: We introduce {7, };cauoy for better illustration, where ~; =r; for i € S U {0}
and v; = R* for i e N'\ S™. And we assume 71 > 1y > ... > 15 > ro = 0. We consider two cases in the following
analysis, that is S™°NS; =57 and S™ NS} #S™.

Case 1: SN .S; = S7. According to Corollary 1, we have R*(Sj,[i,S7) =r; for i € SN S}. Based on
Lemma F.9, we have UP(S; ;|S7) = R* for i € S;\ S"°. Then the expected revenue can be expressed as follows:
« ro «\ gro W(S* \ S*
TS5 hesivw) = 1?1(%);) * Xif(s;) * ‘g(—fl‘/\(:z{))R* VD 1+V(S;‘() iov\(slgl VS

In this case, we can show the objective value will increase by replacing the assortment ST with 5™ and S5 ,

with S5 o\ ST, while maintaining the other assortments. The difference between J(S™,{S3}icsre, S50\ S7)
and J(S7,{S5, }iesruqoy) is as follows.

J(57, {85 hiesrouqoy, 3,0 \ ST) — J (57, {55 ; }iesruioy)
o W(sT) V(ST\S™)
11V(SH)  1+V(S)
| WS\S) 1 W(S50\ 85)

T+ V(S™) T+ V(57) + V(S30\51) 1+ V(S1) 1+ V(S])+V(S30\57)
o W(sT) V(ST\S™)
11V(SH)  1+V(S)
V(Sy\S™)W(S57) V(Sy\S™)

— R — R(S _ R

S+ T vEna s vE )~ 11V e

o VSIS Wie
=R —R(S7) + 1+ V(S]) (1+V(S"°)R>

*

—2R" — R(S)

+

*

>2R" — R(S7)

In the first inequality, we use the fact that S™ is a subset of S5, which implies V' (57°) < V(S¥). Thus in this
case, we conclude that if 57 C S}, then ST = 57°, which is a revenue-ordered assortment.

Case 2: S™N S} # S7. Assume S} is not revenue-ordered. Then we can always represent S; = S*~1 U {k +
l,....}, where ¥~ ={1,...,k =1} C Sf and k€ S™. For i € SN S™ and j € S7 \ 5™, we know Sj,\ S}
and S3 ;\ S} is a revenue-ordered assortment in A"\ S} based on Lemma 1 and Lemma F.9 separately. Since
Ty = MaX;ens: T, we have k€ S, for i€ S;\ S*~'U{0}. And we know S5, = {i} for i € S*~! based on the
results in Corollary 1. Then a new policy {S7 U {k}, {55 }icsr, {95, \ {k}}icsr\sr-10(0y} is suboptimal, the
objective value of this new policy is

W (S5) + ryvs i Z v, ( W(Ss,i\sf)—rkvk (1+V(S7)+ve) . >
y

1+ V(ST)+ v s T 00) L+V(S7) +ue \1+V(S7)+V(S5,\57)  1+V(S;)+V(S5,\S;

W (S*)

, F.13
IV o (F.13)
then the difference between J (S}, {55 ;}icsru(oy) and (F.13) is

Uk A vi(r + WS35, \S7)/(L+V(57)))
L Y A A ’ >0,
el EC Tl e o R VS +V(S5,\5) |~

i€Ssr\sk—1u{0}
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which indicates that

Zzes*\sk 1u{0} Vi . W(S*-1) v;W(S5,\S7)/(1+V(S7))
G1+vw>+vwa\5>> SRS TTED L 2 VD VS

(F.14)

ieSF\Ssk—1u{0}

Denote the right hand in (F.14) as B and 2 — ZZES* SK-10{0} TFV (5T )_H,(S* ~5T)

conclude that 1 € S7, otherwise, we have S*~! = () and

. V; Tlv(SS,i \ SI)
BLR(S)+ Y, 1 FV(ST) (1+V(S))+V(S5,\57))

as A. From (F.14), we also

ieST\Sk—1u{0}

o rv; L+ V(5]
=R(S)+ ) m/(s;)(l‘(1+V(S;>+V(S§,i\81>>>

i€Sy\Ssk—1u{0}

v

=R(S))+r— ) (L+V(S7)+V(S5.\57))

i€S\Sk—1u{0}
<[9o_ Z'LGS*\S"’ 1u{0}
- 1+V(S)+V(S2l\5)

W(Sz i\ST)
V(S3.,\57)

Since B < Ary, we know the difference between J(S7,{S5,}ics:ugoy) and (F.13) is non-positive, thus adding

In the first inequality, we use the fact that r; > and R(S7) < R* <r; is used in the last inequality.

the product 1 into S} is always profitable, we conclude S*~1 is not empty.
Let p=k+1, D=14V(S}), and T; = S5 ;\ S; for i € S7U{0}. Define I = (ST\S* 1 u{0} and I~ =T\ {p}.
Recall from (F.14) that Ar, < B, where

v; . Sk 1

Now consider the policy obtained by removing product p =k + [ from the ﬁrst—perlod assortment and adding

it to the second-period assortments corresponding to all i € I~. Denote the objective value of this new policy

by jp. A direct calculation gives

B— A’r‘ _ W(Tp) — TPV(TP) + (D — ’Up)(’Yp — Tp)

—J(Sl,{SQJ‘}iESIU{O}) = D—Up D+V(Tp)

Thus it suffices to show that

W(Tp) — TPV(TIJ) + (D — vp)(’YP — Tp)
D+ V(T,)

Since T, C N\ S} and r, = max;eca\s; T, we have W(T,) < r.,V(T,). Moreover, ~, <ry: if p € ™, then

<B—Ar,.

Yo =Tp <Ty; if p¢ ST, then vy, = R* <), because k € S™. Therefore,
WA(T,) —rp V(1) + (D —vp) (9 — 7p) < (ri =) V(L) + (D —vp)(rs, — 1)

< —7r,.
D+V(T,) - D+V(T,) S
On the other hand, since Ar, < B, we have B — Ar, > A(r, —r,). Furthermore,
> Ui 1+V(Sy\ Sk 1) V(Sk1)
A=2— > =il —9 1 =1 1
; D+V(T;) — D D tTp o oh

where the last inequality follows from S*~! # () and v; > 0. Because r;, > r,,, we obtain B — Ar, > A(r, —r,) >
ry — . Combining the two inequalities yields

W(Tp) _ TPV(TP) + (D _ vp)('Yp —-r

»)
B— Ar,.
D+V(T) < ">
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Hence J, > J(S}, {55 :}iesrugoy)- Therefore, removing product p =k +1 from the first-period assortment and
adding it to the relevant second-period assortments strictly improves the objective value, contradicting the
optimality of S7. Hence no such non-revenue-ordered S} can be optimal.
Through the analysis in two cases, we conclude that S7 C S™ and ST is also a revenue-ordered assortment.
0
Proof of Theorem 4: From the expression of %, in (13), we can see that the optimal revenue from the
adaptive policy is upper bounded by 3R(S™):

2W(S7) 1 W(S5,) W(S5,)
. : <92R(S"™ :
T+ V(S T1TV(S) THV(S) +V(Sso) = (57) +

———=— <3R(57).
14+V(S5,) — (57)

On the other hand, the expected revenue from the optimal fixed policy is 2R(S™°). We conclude the ratio is
at least 2. O

Proof of Proposition 4. We introduce some notations for better illustrations. For simplicity, we index
the periods of product purchases A,, = {i € [m]|c; #0} as {p1,...,p.}. For¢; #0, let U_., = max;es,\{c;3 U; and
e, =108(3 con ey €7) =10g(V(Si\ ¢;)). Based on the property of Gumbel random variable, we know U_,, ~

Gumbel(pi_,,1). Similarly, let UP™ = max;ey, ., 5,{U;} and pPm = 0g(Xicu, ey s, €") =108(2 e, V(S))),
we have U™ ~ Gumbel (=, 1).
We first develop the following auxiliary lemmas.
LEMMA F.11. For the joint event (A,,,Cpn, B, Sim]), we have
UCPQ
(Ao Cos B S) =5 (PO 92:Co\ ) B S 5, (F.15
Pa

- P(Am \ {pa}vcm \ {Cpa }7 B, U {pa}a S[m])) .
Proof of Lemma F.11:

P(Ap,Cons By Sim)) = P(U.,,, > max{U_, ,Us},..., U, >max{U_., ,Up},Uy>U"")

Cpq )

:/ PU.,, >max{U_., ,c},...,U, Zmax{U_Cm,c},czUBm|U0:c)fm(c)dc

/ H]P’ U.,, >max{U_., ,c}) - P(UP" <c)f,,(c)de (F.16)
From Lemma F.3, the term P(U,, >max{U_., ,c}) can be simplified as follows:

Hepa —(c—pey ) —(e—p_ o )
]P)(Ucpa zmax{Uﬂpa,c}): er°p . [1—676 c—pep, P Becpa :|

etera 4 eH—cpa

Vepy [ —em(omepy)  _om(emtimep,)
= ng) |:1 e e :| . (F17)
Thus we have:
Ve oo a—1 —(e— ) —(c—p )
(F.16) = X § / HIP’U >max{U_,, ,c}) P(U" <c)f,(c) [1—56 foral gme e }dc
Pa
S . By, Simy \ S, ) —
V(spa) [P(ANApa}, P\ {cpa ) 1\ Spa)
oo [a—-1 —(c—pe —(c—p_g
/‘[ Pw%zmw@uwdwmw%swke( ol “H@@w] (F.18)
—o [i=1
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o~ (e=hepy) e_e*(C*ufcpa) __e—(e—In(etePa gt Cpay)

Since e~ , we can explain this term as P(v., <c) based on
Lemma F.1, where v,, ~ Gumbel(log(V'(S,,)),1). Then the integration in (F.18) is equivalent to

a—1

/_oo [H P(U., >max{U_., ,c})-P(U"" <c)

i=1
Since max{U®",v,, } ~ Gumbel(log (ZjEBm V(S;)+ V(Spa)) 1), we have P(max{U"",v, } < ¢) =
P(UBm {rat < ¢), thus we have

B(v,, <0)fu(c)de

a—1

H IP’(UCM > max{U,cpi ,c})

=1

P(max{U"",v., } <c)fu,(c)de (F.19)

0o [a—1
(F.19) = / [H P(U.,, > max{U_., ,c}) P(UBmPHral <) f, (c)de (F.20)

—%° Li=1
:]P)(Am\{pa}vcm\{Cpa}’BmU{pa}aS[m])’ (F21)
Combined with (F.21) and (F.18), we finish the proof. O

Now we show the proof of Proposition 4.

Proof of Proposition 4: We prove (4) by induction on the number of purchased periods a = |A4,,|.
Recall that for any set of periods B, we use the notation V/(B) =3 5V (9,).
When a =1, write A,, = {p;}. By Theorem 2.1 in Gao et al. (2021), we have

v
°py

(1+V(B,)+V(S,))(1+V(B,))
Ve, 1 1
V(S 1+ V(Bn) 14V(B.)+V(S,) ] (F.22)

IP(Awwcma Bma S[m]) -

This is exactly (4), since the only subsets of A,, = {p1} are § and {p,}.
Now suppose (4) holds for all histories with a — 1 purchased periods. Consider a history with a purchased

periods. Fix one purchased period p, € A,,, and define
A=A \{p.},  C={c:pe A}

Let S’ denote the assortment history obtained from Sj,,; by removing period p,. By Lemma F.11,

P(A..,Cr, By, Siinp) = Vz‘;’“ ) {P(.A/,C’,Bm,S’) —P(A,C'", B, U{pa},Sim)) | - (F.23)
Pa

By the induction hypothesis,

[Leca v 1
P(A/7C,7Bm58/) = =P P (71)|T| 5 (F24)
HpG.A’ V(SP) ng 1+ V(Bm) + quT V(Sq)
and
' Ve 1
P(A,C B U {pa} o) = adeec Ve (F.25)

HpeA’ V(Sp) T%:A/(_l)lﬂ 1+ V(Bm U {pa}) + quT V(Sq) .
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Since V(B,, U{p.}) =V (B,,) +V(S,,), substituting (F.24) and (F.25) into (F.23) gives

HpeAm Ve |:
T4, V(Sh)

T 1
2 Y BTy L VE)

TCA

P(Am7cmu B’rru S[m]) =

- 1
- Z (_l)l | 1+V(B,)+ V(Spa) + ZqGT V(Sq)}

TCA/
HPGAm Ucp T 1
0 2O e v
T|+1 1
+T§/(—l)l I+ 1+V(Bm)+V(Spa)+zqgv(5q)]- (F.26)

The first sum in (F.26) collects all subsets of A,, that do not contain p,. The second sum collects all subsets

of A,, that contain p,: for each T'C A’, define U =T U {p,}. Then

UI=ITI+1, Y V(S)=V(S,,)+ ) V(S,).

qeU qeT

Therefore,
1 1
(—1)!7! + (=171
T;/ L+ V(Bp) + > er VI(S,) ngv L+ V(By) +V(Sp,) + 2 ,er V(Sq)
is exactly
> (v ; .
vex L+ V(By) 4+ er VI(S,)

Thus, 0

Ve 1

P( A, Cooy B Spnp) = =222 N~ (=) :
" e, V(S,) zjm L+ V(Bp) + 3,0 V(S,)

This proves (4). The induction is complete. O

Proof of Theorem 5. Notice that given the historical event in the first m periods, the seller obtains
partial information about the random variable Uy and makes recommendation decision. However, if the seller
knows the realization of Uy, the optimal assortment under such information will lead to higher expected
revenue. Formally, finding the optimal assortment given Uy = uq in period m requires solving the following

problem according to Wang (2022):

s W(S) vV (s)
s DISiwo) & gue gy (17 7Y). (ra)

We hope to use R(S7°) to bound maxgcy,, D(S,up) and thus the optimal adaptive policy. We take the
expectation over Uy and obtain an upper bound for the expected revenue of the adaptive policy in period m:

E[maxgcnr,, D(S,Up)]. To find an upper bound, we aim to find a(ug) satisfying the following inequality:

V‘Z((g)) (1 — e_e*'ro(S)> < 13/‘% ~a(ug) < R(S°) - a(ug). (F.28)

If (F.28) holds, we have E[D(S,Up)] < E[a(Uy)] - R(S:?) for all S.
To guarantee (F.28) to hold for any V(S), we calculate a(ug) using the following optimization problem:

1+z

glzauacf(x,u) = (1—e™™), (F.29)
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22+ zu—ue® +u)e ?
where u =e~"0. Let z = ux, we transform f(z,u) to f(z,u)=(14+%)-(1—e %) and %L = %

Let f,,(-) be the probability measure of Uy. We consider two cases.

Case 1: u > 2. In this case, we have % <0 for z>0. Thus max,>o f(z,u) =lim, o f(z,u) = u. Then we

have
—log2

log 2 N oo
Ela(ug)l(e " > 2)] :/ Juo (o) e 0 dug :/ e ¢ e 0 duyy, :/ te'dt =3e7?,
oo _ 2

[eS)

where 1(-) is the indicator function.

Case 2: u < 2. In this case, the optimal solution satisfies 2L = 0. we have 22 =u - (¢* — z — 1), that is

u=—=—_ Denote this function as h(z). Since h(z) is a monotonically decreasing function and the range is

e?—z—1"

[0,2], we know the inverse function is well-defined. Let z(u) satisfy u = h(z(u)), then

z(u e*W (1 —e=*)
e £ o) = S0, W(a(0)) = (14 g2 ) (=) = T 2 K,

2>0 e*(w) — z(u) — () — z(u) — 1
And we have
22 (1—e?) 2z

W(z)= +
(2) (—z+e—1)> —z+e -1

Bla(uo) (e <2 = [ fuu(uo)K (le™))dug
- /_ T e e K (e 0 ) ) dug (Let 1= ev)
- /O K (o)) du
-/ e K (=) dh(x(u)

/Ooe ez(u) z(u) 1 (14_&[) '(1_672(7”)'
( 2(u)?- (1—e*™) N 2z(u) )dz(u)
(

—Z(’LL) 4+ ez(u) — ]_)2 —Z(U) + ex(w) —1
~ 1.05421.

Thus we have
E[a(uo)] = E[a(ug)L(e™™ > 2)] + E[a(ug) L (e < 2)] ~ 3e™? + 1.05421 ~ 1.4603.

We conclude that the expected revenue in each period m is upper bounded by 1.4603 - R(S”?).

Next we construct an example such that the ratio Zf—? >1+ % We assume the seller only has one product
in the first M — 1 periods, and the preference weight for these products is 1 and the revenue is 0. Since the
value of Uy has been realized before the selling horizon and is unchanged, then in each period i < M — 1, the
customer will make purchase with probability P(U; > ug). Assume the customer makes purchase in M; (M)

periods among the first M — 1 periods, then we have
My(M
lim 1(M)

M — o0 M—

By inverting the CDF of the Gumbel distribution, the seller will eventually know the value of uy. In the last

period, suppose there are two products. Their utilities and revenues are v; =€, r| = %, Vg = %, ro =1—¢€. For

the optimal fixed policy, only product 1 will be provided and the expected revenue is r1v1 /(1 +v1) = %ﬁ We

consider the following adaptive policy:
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e If uy <0, we provide S; = {1} and the conditional expected revenue is £(1—e=° "¢).

o If wy > 0, we provide S = {1,2} and the conditional expected revenue is D(S2,ug) =

e U0 5+l
1+€ (17 ( 6))

When € goes to zero, we have

hmD(Sl,uO)—e vo lir%D(S2,u0):1.

e—0
In this case, the expected revenue obtained from such an adaptive policy is

0 oo 0
—u 1 1
/ fuo(uo)e™ "0 dug +/ Juo (u0)dug = / e ?"0e ™ dug+1— o= 1+ =
oo 0 —oo0
Since the expected revenue from the fixed policy is 1, this completes the proof. O
Proof of Proposition 5. We first analyze the conditional expected revenue in period m + 1. Assume under
k-th trajectory, the purchase behavior in the first m periods is denoted by (A% ,C*  BB* ). Then the conditional

m~m?

probability of purchasing product J€SK(m+1)is P(j, Se(m+1)| Ak, ,CE  BE,, Sy

Under the assumption v; > ——, we show the conditional choice probability is less than s- m The
difference between P(j, Sk(er 1)|Afn,CT’;,B’“ Spmy) and m are as follows:
P(AE, U{m+1},CF U{j}, BE, Sy U{SK(m+1)}) B 50,
P(Ak,CE Bt Spnp) 14+ V(S,(m+1))
v; P(AL,, Chs By, Simp) = P(AL Cr, By, U{m + 11 S U{Si(m +1)}) 5V;
(Sk(m+1 P(A%,,Ck  BE  S)) 1+ V(Se(m+1))
| B(ALCh B Um 11,8, U{Sm+ DY) sV(Su(m+ 1)

V(Sk( m+1 P(Ak,CEF Bt Spnp) 14+ V(Sk(m+1))
B 1—(s=1DV(Se(m+1)) P(AL,,CE BE U{m+1},S,, U{Sk(m+1)})
—VI(Sk( m+1 14+V(Sp(m+1)) P(AE,,CE , BE,Sn))
<0,

where the first equality is due to Lemma F.11 and the last inequality is from our assumption. We conclude

that P(j,Sk(m + 1)[ AL, CE BE  Spy) < m Then the conditional expected revenue is bounded as
follows:
k - . k ok pak ST;U; ro
RE . (Sk(m+1)) = | > PG, Su(mA+1)| AL, CL B, Slny) < | > VeI D)~ SR(S,(m—+1)) <sR(Sr?,,).
JESE(m+1) FESE (m+1)

And we establish that
M
Ra=R(S;(1)+ > > PhR:(Si(m))

M
<R(S?)+ Y " pr k SR(S7°)
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Proof of Theorem 6. For simplicity, we assume the products in period m are {1,2,...,n,,} and the
revenue is non-increasing, that is r; > 79 >--- >, . Notice that the customer purchases at most one product,
if the seller knows the utility of all products, then the optimal assortment will only contain one product, that is
the product with the largest revenue from the product set {i € N,,|U; > Uy }. Moreover, the expected revenue

will be maximized. For such a clairvoyant seller, the expected revenue can be expressed as follows:

r - P(Uy > Up) +Z7“i -P(U; > UOJIjlgl_XUj <U)
i=2 :
U1 - 7i0;
= + — 5 . (F.30)
1+v ;(lJij:llvj)(lJij:lvj)

The equation can be derived from Lemma F.7. Let S° = {1,2,...,i} and V(S°) =0, we now give an upper
bound for (F.30).

(F.30) = 1Y(Sl) +i( W(S) —W(S")

VS T 0+ VSOV ()
RACO I - W(s") Re O
= 1+V(51) +Z A+ VS +V(S) ; AT VS +V(S)
o (s S ws
1+v 51 +Z CTVE)ATVE) 2 TFVE)(iTVE)

=1

W(sY) < 1 ) £ wﬂ.< 1 >+ (™)
1+V(Sl) 1+V(S2?) 14 V(S) \1+V(S—1)  14+V(SH) ) (1+V(Smm1))(1+V(S™m))
w(s®
e

" 1 1 W (Smm)
ZJ (1 TV 1t V(Si“)) T AT VS ) T4 V(s

W(S) = 1 1
< — 7 . _
= $em 11 V(S) (1 *; 1+V(S—1) 1 +V(Si)>

70 1 1
=R(S™)- (1+ 1+ V(S 1+V(S"m))
<2R(S;7)

We conclude that the expected revenue obtained from any adaptive policy is upper bounded 2R(S7°). Then

we establish that
M

Ra<R(S7°)+ Y 2R(S) < 2%

m=2

O
Proof of Lemma 6. We use the same notations as in proving Theorem 1 and denote U<(i,j) =
mMaXee(s;ns,)\{i,;} Ue- The conditional probability are calculated in four cases separately.

Case 1: j =i. In this case, the conditional probability can be rewritten as follows.
P(U; > max{U{,Uy+d,Uc(i) + d,U} + d})
P(U; = max{U{, Uo, U*(i)})

P(U; — d > max{U}, Uo, U()Y|U; > max{U*, Uy, U°()}) =

T VS 0 VS S) o
14+V(S1)

et(1+V(S2\{i})) +v; +V(S1\ S2)
B eid(1+V(Sl))
T V(S \{i}) Fe (v, + V(S \ Sa))
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Case 2: j €55\ S;. In this case, the conditional probability can be rewritten as follows.

P(U; > max{U5(j), Uo, U(2), U; — d}|U; > max{U;, Uy, U(i)})
~ P(U; > max{U;(j),Uo,U(i),U; — d},U; > max{U}, Uy, U°() })
N P(U; > max{Ui,Uy,Uc(i)})
According to Lemma F.6, the joint probability P(U; > max{U}(j),Uo, U(3),U; — d},U; > max{U{,Uy,U(i)})

has the following expression.
v; v; 14+V(S1NSy)—v; VY
0+ V(Si\S2) T+ V(S \{i}) +ed(V(Si\S2) +v:) (1+V(S))(v+V(Si\S2) 1+V(So)+V(Si\Ss)
Then the conditional probability can be expressed as follows:
v, 14+V(S1) 1+V(S1NSs) —w;

vi+V(S1\Sa) (1 +V (S \{i}) +e 2 (V(S1\ S)+v:)  1+V(S)+V(S) \52)>

_ vj (i V(S1\82))  [L+V(S2) + V(81 \S2) + (1 —e ) (1 +V(S1NSs) —vi)]

S vt V(Si\Sy) [+ V(S \{i}) +e-4(V(S1\ S2) +0i)] - [1+V(S2) + V(51 \ S2)]

_ (L—e (A +V(S1N8) —v:) + 14+ V(S2) + V(51 \ S2) _

. v;.
[+ V(S2\{i}) + e~ (V(S1\ S2) +vi)] - [1+V(S2) + V(S1\ S2)]
Case 3: j € 51N Y,, j#1i. In this case, the conditional probability can be rewritten as follows.

P(U; > max{Us, Uy, U(i,),U; — d}|U; > max{U;, Uy, U(3,5),U,})
P(U; > max{U3, Uy, U*(3,5),U; —d},U, > max{U{, Uy, U(4,5),U,})
N P(U, > max{U{,Us,U<(i,5),U,})
According to Lemma F.5, the joint probability P(U, > max{U: Uy, U(3,5),U; — d}, U, >

max{U},Uy,U(i,7),U,}) has the following expression.
or v, Uy
1+ V(Sy) —v; L+V(52) FV(Si\S2)  ed(1+V(Ss) —v;) + v+ V(S: \52)] '
Then the conditional probability can be expressed as follows:
v;(14+V(S1)) 1 1
1+ V(S \ {i}) [1 FV(S) +V(S1\S2)  ed(1+V(Sy\{i})) + v +V(Sy\ SQ)}
(1—e")(1+V(S51))

= *Uj.

1+ V(S2\{i}) +e 4(v; +V(S1\S2))] - [L+V(S2) + V(51 \ S2)]

Case 4: j =0. In this case, the conditional probability can be rewritten as follows.

P(Up > max{Us, U*(i,7), Ui = d}|U; = max{Uy,Uo,U*(i, 5)})
_ P((Uo = max{U3,U°(i, ), Ui — d}, Us > max{Uy, Up, U (4, 4) })
B P(Uz ZmaX{ULUO)UC(iaj)}) .
According to Lemma F.5, the joint probability P((Uy > max{Us,U°(4,7),U; — d},U; > max{U},Uy,U°(i,5)})

has the following expression.
1 V; U;

14V (S2) —v; . {1 +V(S2)+V(S1\S2) B el (1+V(S2) —v;) +v; + V(S \Sg)] '

Then the conditional probability can be expressed as follows:
(1+V(S1) [ 1 B 1 }
L+ V(S \{i}) [1+V(S2) +V(Si\S2) e(1+V(S2\{i}))+vi+V(S:\S)
(1—e )1 +V(5))
1+ V(S2\ {i}) +e (v, + V(S1\ S2))] - [L+ V(S2) + V(51 \ S2)]
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Proof of Theorem 7. Denote the optimal conditional assortment in the second period as S; and the
corresponding expected revenue as R(S;|i,S1). We first reveal a structural property for S;, that is the subset
of S; N S; is a revenue-ordered assortment. Consider adding a new product k € S; \ Sz into S, and denote the
new assortment as S%, we then analyze the revenue difference between S, and S5.

For ease of exposition, we introduce the following notations
o D(S3)=1+V(S2\{i})+e (v;+V(S1\S2))
o Z(S2)=14+V(S2)+V(S1\Sa2)
e N(j|S2) =P5(jli, S1,52) - D(S2)
Then we have
D(S85) =1+ V(S5 \{i}) + e “(v; + V(S1\53))
=1+ V((S2\ {i}) U{k}) +e " (vi + V((S1\ S2) \ {k}))
=14 (V(S2\{i}) +ve) +e *(v; + V(51 \ S2) —vy)
=[1+V(S\{i}) +e (v, + V(S1\ S2))] + v —e vy
=D(Sy) +vp(1 —e%).
The term N (j|S;) for the choice probabilities change as follows:
e For j=i: N(i|S%) = N(i|S,)
o For j €55\ Si: N(j|S5) = N(j|S2) + 240,
e For j e (S1NS2)\{i}: N(j|S5) = N(j|S2)

e For the new product k: N(k|S;) =0, while N(k|S%) = —em DALV (S))ui

Z(S2)
Let N (S2) =3 s, 75N (j]S2), then the revenue difference can be expressed as

AR == R(S§|l, Sl) - R(52|Z7 Sl)
_ N(S3) _ N(S2)

~ D(S5)  D(S,)
_ D(S2)AN — ADN(S5)
D(S,)D(S})
1

_ BE (AN — AD - R(S5]i,51)).

Notice that AN is

AN = Z N(jISE) = N(j152)

=m(N(k|S§)—0)+ > r(N(ISE) = N(j]S2))
JES2\S1
(1—e (1 +V(S1))v vp(l —e )
Z(55) t T

=Tk - ’Uj

JES2\S1

Cup(l—e)
- W (T’k(1+V(S1)) + Z rjv]-)

JES2\S1

Cu(l—e ) (1+V(S1)) W (S2\ S1)
e e )
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Then we can further simplify the expression of AR as follows:

’Uk(].*efd) . 1+V(Sl) ) ( +W(SQ\51) _ Z(SQ) )
D(S§) Z(S,) FUIHV(S) 1+V(Sy)
Thus as long as the revenue of product k is larger than 15‘(/3(25)1) - R(S2]i,51) — %(\;1)), adding product k

increases the expected revenue. We conclude that S5 NS, is a revenue-ordered assortment.

Now we consider the conditional assortment optimization problem by restricting the common product set
S, SN, N S;\ {i}, then we need to find another unique product set S C N, \ S; by solving the following

problem:

e A+ VS))r | (1 —e )AL+ V(S1)W(S.) +(1*6’c‘)(1JrV(Su\~{i}))+Z+V(S)
sehos: D(S) L V(S) | (D(S.)+V(S)-(Z+V(S)) (D(S.)+V(S)- (Z+V(S))

(F.31)
where D(S,) =1+ V(S,)+e (v, + V(S1\ (S,U{i}))) and Z =1+ V(S;). Denote the optimal assortment
for Problem (F.31) as S* and the optimal expected revenue as R*. Given « € (0,1), we consider the following
two cases.
Case 1: - UtV(S)r: 4 (e HUEVSOIW(Su) > o R* Tp this case, if we choose S as the empty set, the
C TS0V T DE)TVE) (Z+V(5Y) ’ PLy set,
expected revenue can be lower bounded as follows,

e 1+V(S))rs (1—e )14V (S1))W(S.) S e {1+ V(S1))r: (1—e )14+ V(S1))W(S.)

= = = = = = >aR".
D(S.) D(S.) Z = D(S)HV(S) | (DE)+V(S) - (Z+V(s)) "
T e d 1 w *
Case 2: D((Sl's)'_t‘(/s(ls)j + (g(su)+)\gt;*‘;§iz)lvyxiz*g) < aR*. In this case, we have
e~ 14V (S))r (1—e (1 +V(S1))W(S.) o 1—e YA+ V(S \{i})+Z+V(S*) WS
D(S.)+V(S*)  (D(S.)+V(8*)-(Z+V(S)) ~ 1-a (D(S.)+V(5%))-(Z+V(S)) '
We conclude that R* < ﬁ a (e;:s)(l)i‘;g*)\){ (};L+Vigggs*> W (S*). Moreover, we can upper bound the last part

in the expression (F.31) as follows:

(1= e=0)(1+V(Su\ {i})) + Z + V(S <1+ oy LAV, \{@)) W(S*)
(D(S.)+V(S))-(Z1V(S) Z+v(s) ) DS)+V(S)
< <1+ e~ 1+V(§ \ {i })) D(SI:[)/(EV?(S*)
(ramey HEVSAD W)
= 1+V(S) ) DS)+v(S)
d Uy W (S*)
< <” (1=e™)- (1= 1+V(51))>'D<su)+\/(5*)
e V)
SCNQ\SI D(Su) —|—V(S)

Denote S7° = argmaxsca,\s, %, then the revenue guarantee of S7° is lower bounded by

(L—e)A+V(S\{i}) +Z+V(S°)
(D(Su) +V(S72)) - (Z+V(Si)

o WS

~ D(S.) +V(S)

o b (=e )+ V(S N\ i} + 2+ V(S

T2-et (D(SW)+V(S) - (Z+ V()
21—_eciiR*'

W(S.°)

(S

>
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Finally, let o = 57223, we have o = 3——;. Then for the Problem (F.31), providing an empty set and S}? in

3—

two cases separately could guarantee an approximation ratio 371_ 7

Lastly, for the generally conditional assortment optimization problem, it can be rewritten as follows:
e {14+ V(S))ri |, 1—eHA+V(S))W(S)  (1—eHA+V(Su\{i}))+Z+V(S)

SuCN2MSIN G}, Suis ROSCNovS1  D(Su) +V(S) | (D(Su)+ V(S))-(Z+V(8)) (D(Sa) +V(S)-(Z+V(S))

For each inner problem, we can find an assortment with approximation ratio . Since the total possible

_ 1
3—e—d
1

3——a in polynomial

number of assortments S, is [Si|, we can find an assortment with approximation ratio -

time. ([l

Proof of Theorem 8. We first build an upper bound for the expected revenue under the optimal adaptive
policy. Let P4 (i) be the expected number of product ¢ that is purchased under the optimal adaptive policy.
Since each product can be purchased at most once in each period, P4(¢) is maximized when product 7 is

provided solely in each period. We have

v; e %,
P,(i) < — .
ali) < 1+v, 14e 4o,

(F.32)

We denote the right-hand part as p;. Moreover, since at most two products are purchased, the expected total

number of purchased products is upper bounded by 2, that is

D Pa(i)<2. (F.33)
iEN
Then, for any positive value 7, we have
Ry=> Pali)r
iEeN

SIS T
iEN iEN
<27+Z]PA Y —7)t
ieN
< 2T+Zpi(7"i -7)t. (F.34)
iEN
Where (-)T = max{-,0}. The first inequality is from the inequality (F.33) and r; — 7 < (r; — 7)*. The second
inequality is due to the upper bound in (F.32).

Since (F.34) is satisfied for all positive value 7, we have
Xy < ITII>151 2T+ Zpi(ri -7t (F.35)
iEN
Then we further build a lower bound for expected revenue under the restricted fixed policy (S5,S5). Let
P, (i|S) denote the expected number of product i that is purchased under the fixed policy %Zr(S,S). From
(22), we have

(1—e 4, e 1

PellS)= | X GrvE (e o) vE) T I VE -G Tn T T VE)

jeS\{i}

-v; - (F.36)

Moreover, we use P%(S) represent the probability that the customer will purchase at most k products under

the fixed policy (S,S5). The probability PL(S) can be presented as follows:

1—ed
Pl
r(S)= 1+V +Z1+V 14 V(S) = (1—ed),’

SW(S).
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where the first part represents the probability of no purchase, and each term in the second part represents the
probability that the customer purchases product ¢ in the first period and nothing in the second period. Denote
S\ {i} as S_;, we then show Px(i[S) is lower bounded by 725P}(S) in two steps.

Step 1: We first show Pr(i[S) > o 175-PL(S) for any o <min{l +v;,1+e %, + (1 +v;)e”?}. It is equal
to show the following expression is larger than 0.

1 e v;(1—e™9) o 1—e
1+V(S)+1+V(S_i)+e—dvi+§(1+V(S))(1+V(S_j)+e—dvj)_1+vi 1+V +Z1+v 1+V(s_j)+e—dvj]
_ 1 ' v (e (1 +v;) —a)(1+V(S)) A +v; —a)(1—e Y,
o+ vE) [N T TRV +e *; 1+ V(S_,) e o, ]

F(14vs)— &)(1+V(S))
1+V(S_i)+edv;

Since o <1+ v;, a sufficient condition is to show that 1+ v; + (e” is larger than 0.

Lo+ (ed(11++1;)22€_53r(i:xw)) 1y ;(;‘g(i)e—dvi ' :(1 . Ui)(lltvéfsg) retul e (1w~ O‘]
> - H/l(;‘j)(i)e_dvi : :(1 Iy <1 - (11i:)v) Lo (14w a]
=17 Vl(;‘j)(i)edvi Jl4vi—(1—eMvi+e 4 (1+v)—q]

17 Vl(;r‘i/)(i)edvi (e ot e (14 v) —a
>0.

The first inequality is due to the fact that V(S) = Zj csV; > v; and the last inequality is from the definition

of a.
e~ 4y, v, e_d'ui v e @ e_dvi v, e 4
Step 2: Notice that p, = —*— -+ 1+e7—dlv = 1t H:g'; ) , we only need to show =+ Hjﬁﬁjj )

—d —d
1+ —— <min{(1+v,),1 +6’dvi + (14v;)e~%}. Firstly, we have (1+e%;)(1+e~%) > 1, then £ ﬁiﬁt;”e
ez < 1+e %o+ (14v;)e” 4. Moreover, since (1+e~%v;)(1+e*)(1+v;) > 1+e %0 + (1+e*dvi)(1+vi)e*d >
1+e %; + (1+v;)e ¢, we have 1+eidlvjrjgj:i)eid : 1_,_1701 <14 wv;. We conclude that 2 < - 1+v1.

Based on the above two steps, we prove that Pr(i|S) > a - 13 IP)I +(S) > P; (S) Then let S, be the

= 1+ "~
revenue-ordered assortment in which the revenue of each product is higher than 7, and we consider 7 satisfying

the following condition:

2r=Y P (r, )" (F.37)

1+ed
i€S, +

Finally we could lower bound the expected revenue under the fixed policy (S,,S,) as follows:

#(S-,S,) ZIPF ilS,)r

= Z Pr (il S, )7+ Z Pr(ilS,)(r; — T)
= ZPF(Z‘ST)T_FZPF(Z‘ST)(Tz_T)JF (F38)
> (L=PL(S,)2r + Y Pr(ilS;)(r; = )" (F.39)

i€S,
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> (1-PL(S,)) QT+§ e D pL(s,) ()t (F.40)
=27 (F.41)
= 27""2(21—74‘67‘1) (27 +2(1+e %)7)

- rairey @ D)
> rle%g;;, (F.42)

In (F.38), we use the definition of the assortment S, that r; > 7 for i € S,. In (F.39), notice that
> ics, Pr(ilS;) can be represented as P (S,) —P)(S,) +2(1 =Py (S,)), where P3(S,) —P}.(S,) and 1 —PL(S;)
are the probability that the consumer will purchase 1 product and 2 products under the fixed policy (S, S,)
separately, we have ). o Pr(i]S,) > 2(1 — PL(S,)). We use the lower bound for Px(i[S,) in the inequality
(F.40). (F.41) is from the definition of 7 in (F.37). The last inequality (F.42) is from the upper bound we build
n (F.35).

Finally, we give the sufficient conditions that guarantee the approximation ratio for the revenue-ordered
assortment is at least 2. Based on the above analysis, if Pp(i]S;) is lower bounded by p;P%(S,), we could
consider 7 that satisfying 27 = >, - p;(r; — 7)* and show that #Zp(S,,S,) > 12;. After simplifying the
expression of P (i|S,) — p;,PL(S,), it is equivalent to the following condition.

vj(l—e ) (1+V(S))e i(1—e™?) (1+wv;)e
1] (1 1 A1+ —"—12>0
<; 1+V(S_;)+e + 14+ V(S_;) + e, 1) (4w +Z 1—|—V i) te + 1+edy; ) =7

which can be rewritten as follows,

o (14 ;) 1+eV(S) V(S_)(1+e %) +e 241+ v,)? (14v, —vHe ?—v, (1—e 4,
T+edv, 14+V(S_)+ed,  (1+V(5_)+ed)(1+e %) U2 14 edv; ; 1+ V(S ;) +e v,
Since the left-hand part is larger than 0, a sufficient condition for P (i|S,) — p;,PL(S,) >0 is that (1 +v; —
v?)e~® — v, <0. When 1 <wv, < ¥BEL we have (1 +v; —v2)e @ — v, <14v, —v? —v, =1 —0? <0. If v, > YEEL

we have (14 v, —v2)e ™ —v; < —v; <0. And if e~? < min;en 1‘5*1:}7*112’ this condition is also satisfied.
(]

Proof of Proposition C.1. To prove the result, we first introduce the following useful lemma.

LEmMA F.12 (Property 2 in Bai et al. (2024)). Given that j has the highest utility in assortment T,
the ranking of all other alternatives in T\ {j} is independent of this fact and follows the same distribution as

if j had never been in the choice set.

Let T'=SUS;U{0} and define wy = argmax, .. Uy. we can rewrite the joint choice probability P, (¢, 5, A, B)
as follows:
ZPr(j =wr) - Pr ({rank(é, S) <m} N{U; > Up} N{U 4 > max(Uy, U p)}|j = wr)
JET

Z V ({rank(i,S) <m}N{U;, > Uo} N{U 4, > max(Uy,Up)}|j = wr) ,
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By definition, wy; must be in A or in S\ S; to satisfy the chain {U , > max(Uy,Up)}. Now we consider the
following three possible cases.

Case 1: j =i. This case is possible if i € A or if i € S\ S;. Given U, is maximum, the rank condition is
satisfied (rank = 1) and U; > Uy holds. The remaining condition becomes Uiy > max(Uy,Ug). Based on
Lemma F.12, the choice probability in this case becomes

U; .
V(i[) Q(A\ {i}, B).
Case 2: j € (S\ B)\{i}. Given U; is the maximum, the rank condition becomes rank(i, S\ {j}) <m—1 and

the event U , > max(Uy, U ) reduces to Uy > max(Up, U ). Then choice probability in this case becomes

Vs

i Pt S\ (1, A4\ (), B).

Case 3: j€ A\ S. Since j is in A but not .S, the rank condition is unchanged but A is reduced, the choice

probability becomes:

V(JT)IPm(i,S,A\{j},B).

The function Q(A’, B) follows a similar logic. For the event U ,, > max(Uy,U ) to hold, the maximum of
A’UBU{0} must be in A’. We sum over all k € A’ as the potential maximum and recurse until A’ is empty.
When A’ =), the condition is true with probability 1.

O
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