e-companion to Chen, Elmachtoub, Lei: Matchmaking Strategies for Maximizing Player Engagement in Video Games ecl

Online Appendix: Matchmaking Strategies for Maximizing
Player Engagement in Video Games

Appendix A: Omitted Discussions in Section

In this appendix, we discuss how we can generalize our baseline model to fit more realistic and generalized

settings, serving as a setup to the case study.

A.1. Player Behavior

We extend the baseline model in three directions: Having 1) multiple skill levels, 2) general winrate between
players, and 3) general churn behaviors.

First, instead of having only two skill levels in the baseline model, here we consider there are K ordered
skill levels, where level 1 is the lowest and level K is the highest.

Second, we extend the outcome of a match as a Bernoulli random variable depending on the skill levels of
the two players. Let py; be the winrate of a level k player versus a level j player, implying that py; =1—pjs.
Players of the same skill level are equally likely to win, i.e., ppr, = 0.5. A player with a higher skill level than
their opponent has a strictly larger than 0.5 probability of winning, i.e., py; > 0.5 if k> j. We still assume
that a player’s skill level is fixed over their lifespan in the matching system. In |Huang et al.| (2019), players’
skill level is an evolving metric that monotonically increases as the players play more. In our setting, skill
levels reflect relative competence and are more stable because others are also getting more familiar with the
game.

Third, we generalize players’ churning behaviors. In particular, we assume that a player’s engagement
state is determined by the win-loss record of the last m matches and transitions according to a Markov chain
when the player plays a new match. We use ¢ to denote the ‘churn state’, i.e., a player quitting the game
permanently. Let G be the set of all possible states of a player, which has cardinality at most 2 + 1 (history
of wins/losses and the churn state). A player is then fully characterized by their skill level & and engagement

state g € G, which we refer to as the demographic of players. Let P*. . PF

win? * lose

€ [0,1]191%19! be the transition
matrix of a level k player’s engagement state, given that they win/lose the next match. Hence, if they are
matched with a level j player, their aggregate transition matrix is given by My; = py; P¥,. + (1 —py;)PE...
For ease of notation, we also define G to be the set of all the active states except the churn state ¢ and M, ki
be the reduced aggregate transition matrix without the churn state. We define an active player as one who
has not churned and is thus in one of the states in G. We use a simple example to illustrate the notations
introduced in this section.

ExaMPLE EC.1. Suppose that players have two skill levels, either high or low (denoted by level 2 and 1,
respectively). They quit with a probability 0.2 if they experience two consecutive losses and with a probability
0.5 if they experience three consecutive losses. This implies that m = 2, as only two previous matches plus
the current match outcome affect the transition state. We further assume that a high-skilled player wins
against a low-skill player with probability ps; = 0.8. Hence, for each skill level, there are 4 engagement states

in G: the player may experience 0, 1 or 2 consecutive losses or reach state g. We use 20, 21, 22, 2¢ and 10, 11,



ec2 e-companion to Chen, Elmachtoub, Lei: Matchmaking Strategies for Maximizing Player Engagement in Video Games

12, 1¢g to denote the states of high- and low-skilled players, respectively. For k= 1,2, the transition matrix

Pk and Pf_, is given by
kO k1 k2 kq kO k1 k2 kq
kKO/1 0 0 O kKOs/0 1 0 O
pr :kl 1000 Pk :kl 0 0 0.80.2
win k211 0 0 0|’ tose 7 k21 0 0 0.5 0.5
kg\0 0 0 1 kg\0O 0 0 1
The aggregate transition matrix is given by
kO k1 k2 kg kO k1 k2 kq kO k1 k2 kq
k0 /0505 0 O k0 /0802 0 O k0 /0208 0 O
Y _ k105 0 04 0.1 M _k1{0.8 0 0.16 0.04 o _k110.2 0 0.640.16
e T k2105 0 0.250.25 |° 217 k2108 0 0.1 0.1 ) 1272102 0 04 04
kg\ 0 0O 0 1 kg\0O 0O 0 1 kg\0O 0 O 1

and the reduced transition matrix My; is defined as

k0 k1 k2 kO k1 k2 kO k1 k2

k0 (0505 0 k0 /0.80.2 0 k0 /0.20.8 0
My=k1[05 0 04|, My =£k1{08 0 016, AM,=Fk1[02 0 0.64
k2\0.5 0 0.25 k2\0.8 0 0.1 k2\02 0 04

A.2. Firm’s Dynamic Optimization Problem

Now we describe the firm/matchmaker’s problem in the generalized comprehensive model.

Let s;, be the number of players at time ¢ in the demographic with skill level k and engagement state g.
The population of level k active players in period ¢ is given by the vector st € R19, and we use s* = [st, ..., s ]
to denote the system state. Let fy, .., >0 be the amount of level £ players in state g that are matched to a

level j opponent in state ¢’ in time ¢. A feasible match given s’ is a set of matching flows f;, ;. that satisfies:

K
sz’zgngl :Sz:g’ k:1)7K7vgeg_7

i=1lg’eg

K
SIS flyg =ty k=1,....KVg€G, (FB)
i=lg'eg
Fryio =Flgngdi=1... . K.k=1,... . KNgeG,g €G
frose =0,5=1,...,K,k=1,....KNgeG,g'€G
Namely, are flow balance constraints that make sure every active player is matched. The first equation
ensures that every level k player in state g is matched with some opponents, and the second equation ensures
that the total amount of matches against level k players in state g equals the number of such players. The
third equation makes sure that for every pair of demographics, a match results in an equal effect on supply
and demand.
Next, we depict the evolution of the system. Using i, = {f ./} € Riég to denote the flow matrix between

level k and j, the evolution of demographics is given by

s, = Z (fgjl)TMkj,k:I,...,K, (ED)
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where 1 is a |G| x 1 unit vector. Note that in (ED]), fi;1 is the vector describing how many level k players
are matched to level j players for all states in G, and recall that M,; is the state transition matrix for level k

players matched to level j players. The engagement at period ¢ is given by Zle > the total amount

9€g Sig’
of active players.

The firm’s objective is to maximize engagement, which we measure by the cumulative amount of active
players across all periods, > v*~! Zszl > geq Skg» Where v € (0,1] is the discount factor. The engagement
maximization problem can be formulated as a Markov decision process, where the states are s, the amount
of active players in each demographic. Let V™ be the value function of a feasible policy w. The value-to-go
function is given by

K
V™ (s") :ZZS’;T +AV7 (s (EC.1)

k=1 geg

subject to 7 .
Our goal is to find the optimal policy with a value function V*(-), such that V*(s*) > V™ (s") for any feasible
policy 7. Note that the system dynamics are again all linear, just like the baseline model, so when the initial
size of each demographic is given, maximizing the engagement is equivalent to solving an infinite linear
program, which we describe in details in Appendix [A-3]

Also in Appendix we discuss another four more possible extensions of our model: 1) adding a draw
outcome 2) only a fraction of active players join the matchmaking pool 3) the game may last multiple (and
possibly random) periods; 4) new players arrive depending on the entire history of active players. All of the
above extensions can be incorporated into the LP formulation.

We conclude this section by outlining a few technical results. First, with the comprehensive model, we
can still derive the value function under SBMM where players are only matched to others in the same skill
level. Second, we can guarantee that the total engagement under any policy is finite. Finally, we can show
that strong duality and complementary slackness hold for the infinite linear program associating to
(formally presented in Appendix ) We leave the detailed technical discussions to Appendix

A.3. Linear Program Formulation of the Comprehensive model and Possible Extensions

First, we provide the complete linear program of the engagement maximization problem with the compre-

hensive model:

V*(s%) :maXZq/t’l ZZSZQ (EC.2)

k geg
K
5.t sz’zgngl:Sfcg7Vk7ngg,t:O71,...
i=1lg'eg
K
sz;g’,kg:Sig»W%VgGQ,tZOJ,...
j=1lg'eg

Frgio =Fiongdi=1... . Kk=1,... . KVgeG,g €G,t=0,1,...

J

flosw=0,j=1,.. Kk=1,. ,KVgeG,qgdeg,t=01,...
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Next, we point out that our framework is flexible enough to allow for the following various practical

extensions while still resulting in a nice LP formulation.

1. A draw/tie outcome can be easily added, since our model only depends on the aggregate transition
matrix M. Let Pk € [0,1]191%19! be the transition matrix of a level k player’s engagement state,
given that they experienced a tie. Let pfj",pﬁffﬁ and pfj be the probability of win, lose and tie for
a level k player who faces a level j player. Then the aggregate transition matrix is given by M;; =
PRt Py + 0 P+ piie Pf.. Then the computation follows Eq. .

2. If in each period, only part fraction of the idle players want to play, then we can simply multiply part
on the right-hand-side of and add (1 — part)s, on the right-hand-side of . For Eq. , it

now becomes

K
ZZ fhoo =part-si k=1, KVgeg,

ji=1lg'cG

K
SN Hyre=part-si k=1,....KVgeg, (EC.3)
i=1lg’eg

frgie =fiyngdi=1... Kk=1,..KVgeG,geg
froiw 20,0=1,... . K.k=1,... . KN¥geG,g'€G

For Eq. (ED)), it now becomes

st =(1—part)si+ > (£,1) My, k=1,... K. (EC.4)

j=1,... K

3. If the match duration is not one period, we can modify (ED) so that the match flow returns to the
demographics after a positive and random delay. Suppose a match may last at most D periods. Let wy

be the probability that a match lasts d periods, and 25:1 wy = 1. Then Eq. 1' can be modified as
D
s =N we > (1) My, k=1, K. (EC.5)
d=1 j=1,...,.K

4. New players whose amounts are linear functions of past history can be introduced easily by modifying

(ED). Let New! ({f7;}:Z}) be a linear function of f7,, 7=1,...,t— 1. Then we can modify Eq. (ED) as

T — T a7
st = New,({f, 1)+ Y (f1) My, k=1,... K. (EC.6)

A.4. SBMM and Technical Results

To make our problem well-defined, we make the following mild assumption: there exists a positive integer
m such that the probability of churning after m + 1 consecutive losses is strictly positive. This assumption
clearly holds in reality. Similar to our baseline model, in the generalized comprehensive model, we use SBMM

to refer to any policy that lets players in the same skill level match with each other (they are all equivalent
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with respect to engagement). Once again, SBMM is always feasible by letting players in the same state match
each other, i.e., fi , = st . Let VSPMM(.) be the value function of SBMM. We first characterize the value of
SBMM in Lemma which is analogous to Lemma [[] Next, we show the finiteness of the value function

under any policy.

LeMMA EC.1 (Value of Skill-based Policy). For any v € (0,1] and any initial state of demographics
s, the value function of SBMM is

K
VSBMM(SO) _ Z V};rsg,

where vy is given by
ve=v"" ((I —'yJ\Zkk)f1 — I) 1.

Under SBMM, a level k player starts from an active state g and transitions to the next engagement state
according to the Markov chain M. Note that each unit of players generates one unit of engagement in each
period. Thus, the total engagement a unit of player can generate, which we refer to as their shadow price, is
the average number of periods they stay active and is described by v. The eigenvalue of My, is less than 1

and the total engagement is finite even when v=1.

LeMMA EC.2 (Finiteness of the Value Function). For any policy m and initial state of demographics
s, V™ (s°) is finite.

Lemma [EC.2] is somewhat counter-intuitive: because a myopic policy gains non-negative advantages in
every period compared to SBMM, it is intuitive that the power of optimal policy should grow exponentially
with time (also conjectured by |Chen et al. (2017b)). However, Lemma shows that the benefit of the
optimal policy is finite.

Finally, because is an infinite LP, strong duality is not always guaranteed, although we prove it

does hold in our setting.

LeEmMA EC.3 (Strong Duality). Strong duality and complementary slackness hold for (EC.2)) for any

initial demographics s°.

Note that the stylized model presented in Section [3] is a special case of the comprehensive model in this
section, so we also have strong duality and complementary slackness for . Proofs of all technical results

in this Section will be provided in Appendix

A.5. General Model Estimation and Winrate model

We present a general estimation procedure that can accommodate more general player behaviors. To be more

specific, we illustrate how to estimate P%, and Pf

lose

through maximum log-likelihood estimation without
assuming players’ churn behavior is based on aversion to losing streaks. To simplify our problem and reduce
the number of parameters, we assume that the players’ churn behavior is independent of skill level and drop
the superscript k. In the state transition matrix, the row that represents state g in P, (Ps.) only has
two positive entries: the probability of churning after winning (losing) the next match and the probability

of moving to a certain non-churn state. Our goal is then to estimate p;”" (plg"“), the churn probability of a
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player in state g € G after winning (losing) the next match (Note that p¥* = pl>*® =1 since we assume that
a churned player will stay churned.) Let g’ be the state player ¢ reaches before playing ¢-th match, W be the
indicator of whether player ¢ wins the t-th match, and I? be the indicator of whether the player ¢ churns right
after reaching gi. For a player who played T total matches, we record his/her states and churn decisions
starting from the 5th match because they only have a valid state right before the 5th match if m = 4. If the
state sequence is given by (gt, g, ..., 94 ), the outcome sequence is (Wi, Wy, ..., W), and churn decision
sequence is (I, I§, ..., 17, ), then the log-likelihood (LLH) function is given by

N T

> log (p;;gmwz'ﬂt + (L= pm )W (1= T,) + plee (1= WL + (1 = pe) (1 = W) (1 —L)) :

i=1 t=5 é

Because the state transition is exogenous, the estimation is computationally simple and usually has a
closed form. We show the closed form of the parameters for a winrate model with m + 2 parameters below.
General Estimation Procedure and Winrate Model: The winrate model assumes that the players’ churn
probability depends on the number of wins over the last m matches plus the next match (total m+1 matches).
Hence, the model can be described by m + 2 parameters, the churn probabilities when the player has 0 to
m—+ 1 wins. Note that although we only need to estimate m + 2 parameters, we still need 2™ + 1 states. This
is because, for the LP formulation, the customer transition matrix needs the full win-loss record. Hence, a
state g is a length-m binary sequence denoting the win-loss record, and we use |g| to denote the wins in g.

The solution for the MLE is

Number of churn decision when players won |g 4+ 1| matches over last m + 1 matches

win __

g Number of times that players won g matches over last m + 1 matches ’

Number of churn decision when players won |g| matches over the m + 1 matches

lose __
g =

Number of times that players won g matches over the m + 1 matches
The next table summarizes the out-of-sample negative LLH for some winrate models and their performance

(relative power) compared to SBMM.

Table EC.1 Out-of-sample LLH and Relative Power Compared to SBMM for Winrate Models
LLH  Optimal Policy Random Policy

m=1 139639.4 4.33% -2.12%
m=2 139496.3 5.92% -4.18%
m=23 139309.0 6.63% -6.17%

A.6. Robustness Check of Alternative Initial Populations

In Section we provide performances of different policies under an initial state calibrated from Lichess. To
ensure that our insights are robust, we consider three alternative initial states and report the performance
in this section. We consider the following representative states:

A. Uniform: The initial state of all user types are the same, i.e., sg,g =1 for all k, g.

B. Mostly low-skilled: the low-skilled players are exponentially more than high-skilled players. Specifically,

we set sf =203/ for all k, g.
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C. Mostly high-skilled: the high-skilled players are exponentially more than low-skilled players. Specifically,
we set s =272 for all k, g.
Table reports the results under these three initial states. The insights are exactly the same: The
LF myopic performs better than HF myopic in all situations, highlighting the need for careful tiebreaking.
The dual-based policy has almost zero gap with the optimal policy, suggesting that our constructed shadow

prices capture the trade-off in the optimal policy.

Table EC.2 Performance Comparison under Uniform Initial State

Random Optimal LF Myopic HF Myopic Dual Policy

m=1 -270% 5.41% 5.28% 4.70% 5.41%
m=2 -497% 6.91% 6.62% 6.39% 6.86%
m=3 -6.67% 6.91% 6.62% 6.39% 6.86%
m=4 -7.77%  6.62% 6.36% 6.14% 6.57%

Table EC.3 Performance Comparison under Mostly Low-skilled Initial State

Random Optimal LF Myopic HF Myopic Dual Policy

m=1 -1.78%  3.50% 3.46% 2.96% 3.49%
m=2 -3.07% 4.33% 4.16% 3.82% 4.30%
m=3 -3.89% 4.33% 4.14% 3.86% 4.29%
m=4 -431% 4.19% 4.02% 3.75% 4.16%

Table EC.4 Performance Comparison under Mostly High-skilled Initial State
Random Optimal LF Myopic HF Myopic Dual Policy

m=1 -1.45% 3.24% 3.13% 2.54% 3.24%
m=2 -280% 5.64% 5.34% 4.94% 5.64%
m=3 -3.88% 6.17% 5.89% 5.73% 6.15%
m=4 -4.62% 5.89% 5.67% 5.56% 5.89%

Appendix B: Omitted Proofs

B.1. Omitted Proofs from Section [4

Before proving results in Section [d we first present a simplified formulation to the matchmaker’s prob-
lem in @ Recall that P := {2w,2¢, 1w, 1¢}. To begin, in any period ¢ =0,1,2,..., matching flows f3, ,,,
flwaes foe2w, and fi, 1, can be set to zero without loss of generality. Taking flows f3, o, = f3,, =a €
(0,min{s},,,s5,}] as an example, it can be represented by f3, 5, =a and f3,,, = a, since they induce the

same evolution to players’ demographics {s5"! shi'} in the next period. We also use the fact that fi;=
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f5:,Vi,j € P to reduce the problem to 8 flow variables for each period, which is half of the original described
in @ Thus, we can rewrite the matchmaker’s problem in as

oo
t t t t
max (SQw + 890+ 51,4, +51£>
(Y5 &

0 0 0 0
s.t. Sow = f2w,2w + wa,lw + f2w,1€7
52@ fzzze"‘fzuw“‘fzeuv
0 0 0 0
S1w = flw,lw + f2z,1w + f2w,1w7
512 f1z1z+f2w1e+f2eua
st2w:féw,2w+f£w,1w+f§w,1l7 t:]'???"'? (FB)
5t2£:f52,22+f§e,1w+f§e,1ev t=1,2,..,
stlw:ffw,lw+féf,lw+f§w,lw7 t:1727"'7
Stu:ffz,le+f§w,1z+f%é,1w t=12,..,
1
st2w:§(2w2w+f2i2[) f2w1w f2w1z f2€1w fzeu> =12,.., (ED)

1
stlw:2( 1w1w+fléli) t:1727"'7

1
1= 3 1w1w+f2w1w+f2€1w7 t=1,2,..,
. .
0> 0, Vi, j,teP.

By merging the flow balance and evolution of demographic constraints, we can further remove st for ¢ > 1,

with only 8 decision variables per period:

{gl}%éo 2 (thw,zw + %fﬁe,ze + fltw,lw + %ffz,u + 2f§w,lw + f2tz,12 + fztw,ltz + 2f§€,1w) (P7)
s.t.
S50 = fgw,2w + fQOw,lw + fQOw,M?
850 = fo0,20 T f2010 + f2e,105
Slw flw 1w "‘fze 1w T f2w lw>

14 :f?é,12+fgw,1£+fgz,lé7
1
f;w,2w+f£w,1w+féw,1€ 2 ( 2w 2w+f2128) +f2w 1w+f2w 1Z+f22 1w+f26 14> t:1?2?"'?

1.1
fée,24+fée,1w+f5e,1e:§ Qtw,Qwa t=1,2,..,

1
ffw,lw + f;é,lw +f£w,1w = 2 ( 1111 1w + fll 1@) t= 1727 ey

1
ff€,1€+f£w,1€+féi,lé 2 1w 1w+f21u 1w f2£ lw? t:172?"'7

>0, Vi, jteP.

zj—

Proof of Lemma[l Under SBMM, for each player, their state transition follows a Markov chain. After

one round of match, a winning player garners one unit of engagement, and becomes either a winning or
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losing player with the probability 1/2. A losing player may become a winning player with probability 1/2,
or transfer to an absorbing state quit otherwise. The average engagement is the time before they transit to
state quit. Let va,,, U2y, V14, U1, be the expected staying time of each type. For winning players, we have
Vi = 1+ lviw + 1vil, 1=1,2.
2 2
For losing players, we have

L=
Uzl_2 Q’Uzwaz_ ) &

Solving the above two equations, we have v;,, =5 and v;; = 3, for i =1, 2. The total engagement give state s*
is then 5(sb,, +s%,)+3(sh, + st,). O

Since our problem does not induce steady-states due to finiteness, we thus consider a generalization of
steady-state referred to as decaying steady-state. A policy admits a decaying steady state s’, if there exists
some c € (0,1] such that under the given policy, we have s**! = ¢s’. Unfortunately, Lemma shows that
no matching policy, besides SBMM, results in its demographics reaching a decaying steady state.

LemMA EC.4 (No Steady State Exists). Consider a fixed time period t.

(i) SBMM can induce a non-zero decaying steady-state, but only for ¢ = (1 ++/5)/4 and st a positive
multiple of the vector ((1++/5)/2,1,(1++/5)/2,1).

(ii) For any matching policy that involves matching flows between high-skilled and low-skilled players, there

is no non-zero decaying steady-state for any c € (0,1].

Proof of Lemma[ECZ We work with the alternative formulation in which has 8 flow variables each
period.

(i) Let f*= (féw,2w’ fée,u» fltw,lw’ ffe,w féw,lwa fgw,léﬁ fél,lw’ féz,u) be the flow vector at time t. With (FBg)

conditions, the state s* can then be expressed as Bf*, where

féw,?w f;Z,QZ f{w,lw ffé,le féw,lw f;w,l( f;l,lw thZ,IZ

s,/ 10 0 0 1 1 0 0

skl 0O 1 0 0 0 0 1 1
=s 1 0o o 1 0o 1 0 1 0
ss,2\ 0 0 0 1 0 1 o0 1

Similarly, using the (EDg)) conditions, the state s*™! can be expressed as Aff, where

f2tw,2w fél,Ql f{w,lw fltl,li f;w,lw féw,ll fél,lw f;@,l[
s, /05 05 0 0 1 1 1 1
_sh| 0.5 0 0 0 0 0

0 0
s, 0 0o 05 05 0 0 0 0
s,\, 0 0 05 0 1 0 1 0

If there exists a decaying steady state for some c € [0, 1], then there exists vector f* > 0 such that
Aft =¢Bf" < (A—cB)f* =0.

Now we provide the null space of A —cB . When ¢ # (1 ++/5)/4, the null space is given by

0.5¢/g(c) (=c*+0.5¢+0.5)/g(c) —0.5¢/g(c) (=c*+0.5¢)/g(c) 0001
0.5¢/g(c) (= +0.5¢+0.5)/g(c) (=2 +0.5)/g(c) (0.5¢—0.5)/g(c) 0010
(—c*+¢)/g(c) (—0.5¢+0.5)/g(c) —0.5¢/g(c)  (=c*40.5¢)/g(c) 0100 |’

(—=c*+¢)/g(c) (=0.5¢+0.5)/g(c) (—c*+0.5)/g(c) (0.5¢—0.5)/g(c) 1000

(EC.7)
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where g(c) = ¢ — 0.5¢ — 0.25. Note that g(c) =0 if ¢= (1++/5)/4. In that case, the null space of A —cB is

given by
1+V5 3+V5 2
2f03*{50*3+ﬁ001
1+vV5 34+v5 —5+v5
220320228110
0 02251 0 000

2
H51 0 0 0 000

If there exists a linear combination of rows in the null space resulting in all non-negative elements and at

least one non-zero element, then we have found a valid flow vector f* and thus a valid demographic s* that

decays steadily at a rate of c.

1+v5
4

Eq. (EC.7), representing flow f], ,, are all negative. Hence, for any linear combination of rows in Eq. (EC.7),

as long as the flow f1,, 1., is positive, at least one of the elements representing flows f3,, 1., 5. 10, f50 10> f30.10
( 1+4\/5’ 1}_

First, consider ¢ € (

,1], which implies g(c¢) > 0. Then observe that elements in the third column of

is negative. Thus, no steady state exists when c €
Next, consider ¢ € (0, %‘/g), which implies g(c) < 0. Note that elements in the second column of Eq. 1)
representing the flow f3, ,, are all positive. Hence, for any linear combination of rows in Eq. (EC.7)), as long

as the flow fa, 2, is positive, then at least one of the elements representing flows fi .. fa. 10 fa0 1> foe 10 18

1+\/5)'

negative. Thus, no steady state exists when c € (0, =13

Finally, consider ¢ = (1++/5)/4. In this case, we can easily find a non-negative flow vector f* by summing
up the third and fourth row, which gives ((1 ++/5)/2,1, (1 + \/5)/2,1,0,0,0,0)7 representing SBMM, and
any positive multiple of s = ((1+/5)/2,1,(1++/5)/2,1) can induce such flows. To see that no other policy
can reach a steady state when ¢ = (14 +/5)/4, note that we have to find a non-zero non-negative flow vector
f* with the use of the first two rows. For the first row, the sign of the fifth entry is the opposite of the eighth
entry; for the second row, the sign of the fifth entry is opposite of the sixth and seventh entries. Hence, there
is no way to construct a feasible flow vector f* with non-negative elements. Thus, no other policy besides
SBMM can induce a decaying steady state when ¢ = (1++/5)/4. O

Proof of Lemma[d.  For each flow that involves both high-skilled and low-skilled players, we can compare
the outcome of one unit of such flow with SBMM flow that uses the same amount of players. A unit of fo 1.
uses the same amount of players as one unit of f, 9, and fi,,,1., but it leads to zero loss in the next period
while SBMM loses a half unit of 2¢ players. One unit of fa,1, or fa,,1., leads to the same losses in the next
period compared to the SBMM flow of one unit of fa,20, f1r,1¢, f2w,2w, a0d f14,1.. Finally, one unit of fa,, 10
leads to a one unit loss of 1¢ players in the next period, while the SBMM flow of one unit of fi,1, and fa., 2.
only leads to a half unit loss of 1¢ players. Hence, to maximize the population in the next period, we should
always maximize fs 1., and set fs,, 1, =0. For the rest of the players, they can be matched arbitrarily as the

outcome in the next period is the same as SBMM. O

B.1.1. Optimal Matching Policy The optimal matching flows in Theorem [I| are summarized in detail
in the next table:
The optimal policy always maximizes matching flows between demographics 2¢ and 1w. The rest of the

players are matched via SBMM in most scenarios (third row in Table [EC.5|), except when there are fewer
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Table EC.5

18 .t

Optimal Matchmaking Policy, K1 := 8sh,, + 255, + 251, Ko 1= 1845, + 255, — sl

States of demographics

Optimal matching policy

t t t t t t t t t
S50 T 850 < 814 F 81400 S2p = S14s S2,, < Sy, and 87, > Ko

f2tw,2w = Sgw? f%é,lw = fltw,QE = Siuﬂ
t _ £t _ ot t t _ ot t
Jo010= flo20 =850 — S1ws a0d [l 1, =81, — [3010

t t t t t t t t t
by T 850 < 814 1 810 Sap = 814 So,, < 81y, and Ky <87, < K»

t _ ot t _ ft _ ot
f2w,2w N S2ws é%l’lw = flw,Q/z = S1w>
t 9.t t 11t 5 .t
f2£,2e = 2894 T 74520~ 1351w — 145100

t et 5 ot 9.t 9 ot 3 .t
fze,u—fu,ze—ﬁsu 7520 ~ 1452¢ T 12 51w>

and fi, 1, =55 — fo

féw,Qw = 8t2w7 f:QtZ,QZ = Sél N min{sél’ Siw}’

flwtw = 81, —min{sh,, s1,}, fl,1, = st and
t t : t t

f01w = flu0e =min{sh,, si,.}

Otherwise

high-skilled players compared to low-skilled players and too many 1¢ players (first and second rows in Table
IEC.5). In this case, the matchmaker also matches players in demographic 2¢ with players in 1£.

B.1.2. Proof of Theorem[I]and Theorem|[2] Before proving Theorem[l] we write out the dual problem

of explicitly. Denote A! for i € P as the dual variables (shadow price) for each demographic in period
t=0,1,2,.... Then we can write the dual problem of as

(D7)
s.t.

1 1
1 < Agw - 7>\t2-u_11 - 7>\t2—lj_17 t= Oa 1527 ey
2 2
1 1
5 < Ag/ - §>\t2-1~_ula
2 < Xg AL — Aol — AL
1

1
5 < /\if - §>\t1-§u—}1’

t t t+1 t+1
2§A2w+)\1w7>\2w 7>\12 I

t=0,1,2,..,
t=0,1,2,..,
t=0,1,2,..,
t=0,1,2,..,

LA, + A, — ALHE

2w

t=0,1,2, ...,

L<A, + A, — ABFE

2w

t=0,1,2, ...,

1 1
1<, — 5,\ij,} - ixijl, t=0,1,2,...

Proof of Theorem[], ~ We solve the problem in by considering its dual problem . In each
period, there are four constraints in the primal problem (P’). Thus, we assign dual variable A\!, where
1 € {1lw, 14,2w,2¢}, to each constraint representing the evolution of a players’ demographics group in the
primal problem. We will fully characterize the transition of primal and dual sequences, and show optimality
by checking primal/dual feasibility and complementary slackness.

We break down the rest of this proof into 7 steps, corresponding to 7 scenarios of players’ demographics.
In each step, we analyze a scenario corresponding to a state of players’ demographics. The states described
by the 7 scenarios are mutually exclusive and collectively exhaustive. That is, in any period ¢, we have

3 -t t t t t t t t . 3 3 . ft — ot
e Scenario 1: 85, + 85, > 87, + 87, Sy, = 81,,, and s5,, > s7,; The optimal matching flows are: f3, 5, = 55,

t _ ot t t — t — ot t _ £t — ot .
f2z,2z =820 7 St1w> flw,lw =0, fu,u = s}, and fzz,lw = flw,2£ = 51w
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e Scenario 2: sb,, +sb, > s, +si,, s5, <s{,, and s5,, > s{,; The optimal matching flows are: f3,, ,,, = s5,,,
t — t ot t t — ot t
f2e,215 =0, f1w,1w = S1w — S20 fu,u = sy, and f2[,1w flw 20 = 8543
e Scenario 3: s, +sb, > si, + s, 55, > s, and sb, < s4,; The optimal matching flows are the same as

those in Scenario 1;

e Scenario 4: s, + sb, < si, +st, and s, < st ; The optimal matching flows are the same as those in

Scenario 2;
3 . ot t t t t t 18 .t
e Scenario 5: sb,, + sb, < st +st,, sb, > s, sb, <st,, and s, <Ky =L2sh 4+ 2sh,+ 25! ; The optimal
matching flows are the same as those in Scenario 1;
3 .ot t t t t t t t t 18 .t 23 .t 11 .t
e Scenario 6: sy, + 85, < 81, T 8145 Sop = 814 o, < 81y and s7, > Ko = 285, + 85, — = 57,,; The optimal

3 . t — ot t .
matching flows are: f2w,2w = Sou> f2z,1w flw 20 = 81w fzzz 10= flzz 90 = 85, — 81,,, and fu 10=58%— f2£,1zv

e Scenario T: sh, + sh, < 8%, + 84y, Shy > sh.,, Sh, <S4y, and K; < s, < Ky; The optimal matching

. t ot t 9t 23 .t 11 .t 5
flows are: f2w,2w = Sow> f2e,1w flw 20 = 855 f2e 20 = 782 T

5 .t 9 .t 9 .t 3 .t —
1251¢ — 752w T 1252¢ 7 1251w and f1e,1e =81, — f2e,1e'

t t _ t _—
1452¢ — 14510 — 145105 f2e,1e = f11@,2z =

Scenario 5 Scenario 4

Scenario 6 Scenario 2 Scenario 1 )

Scenario 7 Scenario 3

Figure EC.1 Evolution of Players’ Demographics

Note that Scenarios 1 to 5 correspond to the third row of Table In such cases, the optimal policy
simply maximizes the matching between 2¢ and 1w and does skill-based matching for the remaining players.
Scenario 6 to 7 corresponds to the first two rows in Table The reason we classify the aforementioned
scenarios in this way is because of how the scenarios evolve over time, as shown in Figure For example,
at any period t, if we are in Scenario 1, then in the next period ¢+ 1, one can verify that we always stay in
the same state of players’ demographics described by Scenario 1 under the proposed matching policy. The
dual variables for any state in Scenario 1 are constant over time. Similarly, once we reach Scenario 2 at time
t, we always transfer to Scenario 1 at ¢+ 1.

For the rest of this proof, we show that the state evolves as Fig. and our proposed matching policy is
optimal in each scenario and its subsequent scenarios as the state demographics evolve. To be more specific,
our proof goes through each scenario and shows the corresponding optimal matching flows in Table
are optimal. Note that by construction, the proposed matching policy in Table [EC.H is primal feasible,
i.e., satisfying all constraints in and . We establish optimality by constructing dual variables
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for each scenario and show that both complementary slackness and dual feasibility conditions hold (the
primal feasibility can be easily verified for our proposed policy). When possible, we write the corresponding
dual variables with closed-form expressions. Our proof starts with Scenario 1 as it is at the end of all
transitions (does not transition to other scenarios), then works backward to parental scenarios. For each
parental scenario, we readily construct the dual variables for all subsequent scenarios, representing all the
following time periods. For example, when the demographic state is in Scenario 2, we show it will transition
to Scenario 1 in one period under the proposed matching policy. Then we only need to construct the dual
variables for the current period and use the dual variables constructed in Scenario 1 for all subsequent
periods, which we already have, to establish optimality.

Scenario 1: s5,, + 85, > 81, + 81, 85, > s, and s5, > si,; The optimal matching flows are: f3,, ,,, = s5,,,
S2020 =52 = S10> Slwaw =0, fie1e =810 and f31., = flu 20 = 10

We first consider Scenario 1, and prove that it is the “end” of all scenarios in Figure [EC.1] In other words,
we shall show that once the state of players’ demographics falls in Scenario 1, it will remain in Scenario 1.

To see this, for some s* = {s},,s%,,5,,55,, } in Scenario 1, following the proposed policy, the state at ¢ + 1

t+1 t+1 t+1 1 1 1

is given by sitt=1st, siTt =5t 5t = 2(sh, +sh, +s1,), and s5ft = 1sh, . Then sif' > sit' because
t t+1 t+1 o t+1 t+1 t t t+1 o o
sh, > sty and sght > s because syt — iyt = 2(sh, 455, —st,,) and sb, — st > 0. Hence, s"** still belongs

to Scenario 1.
Next, we show that the proposed policy in Theorem [I|is optimal for all subsequent periods once players’
demographics satisfy Scenario 1. The optimal solution in Theorem [l| suggests that in Scenario 1, only 4

variables are non-zero while all other flows are zero in each period. Therefore, we have

1
1=, - Dxg - D,
1
R
2 2¢ (CSl)
2= )\22 + )\ >\t+1 Ai—é_17
1
Loy, -,

as the complementary conditions corresponding to primal non-zero variables f& o . ft, o, fi, 1., and fi,,,
respectively, and have
t t t+1 t+1
2N, F AL, —Aan — AL,

1< AL, + A, —ALH!

2w )
DF
1< AL+ A, — AL (DF4)

1
1 1
1<A, — f/\t+ - 5)@? ,
as the dual feasibility conditions corresponding to variables, f3,, 1., f3u.1¢ f3010 and f1,, 1, that are zero

in the primal problem, respectively.

The following dual solutions:
Aoy =5, A5, =3, A,=9,and \|, =5, Vi, (EC.8)

satisfies complementary slackness in (CS,|) and feasibility conditions in (DF|). Thus, the proposed policy in

Theorem [1|is optimal once the players’ demographics fall in scenario 1.
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; . ot t t t t t t t . 3 3 . t — ot
Scenario 2: b, + 85, > 81, + 814, 85, < 81, and sy, > si,; The optimal matching flows are: f3,, ,,, = s5,,
t — t — ot t t — ot t
S202¢ =0, fluw 1w = 51w = S20 J1e10 = 510> a0 [0 10, = flu 20 = 5243
In the second step, we consider Scenario 2, which will transit to Scenario 1 after matching under the

proposed policy as we have stated in Figure To see that, for some s* = {s! ,s!,,s5,, 5.} in Scenario 2,

following the proposed policy, the state at t+1 is given by sif' = (st +st,—sb,), sif" = 2(sh, +si,), sht' =
ist, +sb,, and shi' = 2sb .. Then sii' > sit! because shi' — sit!h = 1(sh,, + sb, — st,, — st,) > 0. Also,
shil > 81! because sht' — sitt =2(sh, +sb, —st,) > st, > 0. Hence, s**! belongs to Scenario 1.

Therefore, we only need to show that in any period ¢ such that players’ demographics satisfy Scenario
2, we can find solutions to dual variables, induced by the proposed policy in Theorem [I} which satisfy the
complementary slackness conditions and dual feasibility conditions. Note that in period ¢ under Scenario 2,
the non-zero primal variables are f3, 9., f5¢ 14> fiw 10 and fi,1,. Therefore, by taking out the condition for
f501, and replacing it with the one for f{, ,,, the complementary slackness conditions in (CS,)) change to

1
1=, — *At“ R
2=A5, + AL — AGEL AT
_ 7>\t+l _ 7)\t+1

__\t
*Alw 1¢ >

o\t t4+1
- >\12 - 7>\1w )

O =

in period t. Similarly, by taking out the condition for f{, , and replacing with the one for f3,,, the dual
feasibility conditions in (DF;)) turn into

2< N, M, M X

T<AL, + AL, —AGEL

1 (DF»)
5 S Ade = 5/\51217
1< N+ A1 — AL
in period t. Note that the complementary slackness conditions and the dual feasibility conditions switch
back to those in (CS;|) and (DF,)), starting period ¢ + 1, as player’s demographics transit into Scenario 1.

Therefore, we have
Asw=05,A5,=3,A],=9,and \], =5, Vs=t+1,...T—1,

from (EC.8|) and only need to find A, where ¢ € {2w,2¢, 1w, 1¢}, satisfy conditions in (CSq)) and (DFa).

Indeed, such solutions exist and one can verify that
As, =5, A, =4, A}, =8,and \}, =5, (EC.9)
are the desired solution. Therefore, the proof for Scenario 2 is completed.

Scenario 3: 5, + 85, > 81, + 81, 85, > s, and sy, < si,; The optimal matching flows are: f3,, ,,, = s5,,,

t _ ot t t _ t _ ot t
f2£,2£ =820 7 S1w> flw,lw =0, fu,le =81y, and er,lw fiw 20 = = 81w}
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In the third step, we consider Scenario 3, which shall transit to Scenario 2 after matching is done under

the proposed policy. To see this, for some s* = {s  st,, st sk} in Scenario 3, following the proposed policy,

the state at ¢+ 1 is given by shi' = 1(sb, + sb, + st,), sbi' = 2sb,, siht = 25!, and si' = s¢,. Then
shit < sth! because sb, < si,, and shh' > si}" because shi' — st = 1(sh, + sb, —st,) and sb, — st >0.

Finally, sb,, 4 sb, — si,, — st, = 3(2s4,, + sb, — st,, — s1,) > 0. Hence, s*** belongs to Scenario 2.

Thus, we only need to check we can find solutions to dual variables, which satisfy the complementary
slackness conditions and dual feasibility conditions. According to the policy in Theorem [I} in period ¢ under
Scenario 3, primal variables f3, 5., f3.2¢, f5¢ 14> and f{, ;, are non-zero. Thus, in period ¢, the complementary

slackness and dual feasibility conditions are

1
t+1 t+1
- f/\ — =g s

I
>/

_ 7At+1

2w

|

>
b5 o
~

o+ M = A

7)\15—!—1

1w »

N o NIE =
Il I

>~ >

SCENE

~

and
2SN, + AL, = A = AT
LS A%+ AL — A3l
LA AL~ AR, (PFs)
LA, - M - A
respectively, where

Aot =5 APt =4, Xit1 =8 and \if' =5,

are from (EC.9)), since players’ demographic shall transit to Scenario 2 in the next period.

Finally, one can verify that
b =05, A, =3, A\, =9, and \}, =4.5, (EC.10)

are the desired solutions we are looking for, satisfying (CSs)) and (DF3|). This completes the proof for Scenario
3.

g . ot t t t t t . 3 3 . t — ot t —
Scenario 4: sy, + 85, < 81, + 81, and s5, < s7,,; The optimal matching flows are: f5,, 5, = 85, f3,2, =0,

t ot t t _ ot t _ ft ot
flw,lw = S1w — S2p» fu,u = 51, and fze,lw = flw,QZ = S9¢-

In the fourth step, we consider Scenario 4. For some s = {s%,,s},, sh,, sk} in Scenario 4, following the

proposed policy, the state at t + 1 is given by sif' = 1(st, +si, — sb,),si5" = 2 (sh, + st,), sht' = Lsb, +
sby, and shft = 1st . Then shf' < sif! because sif' — shf' = 2(si, + si, — sb, — sb,) > 0. Hence, the

state shall either transit to Scenario 2 or stay in Scenario 4 after a match. Suppose at time ¢ = s, players’
demographic is in Scenario 4. Denote 7:= min{t > s|sb, + sb, > si., + si,}, representing the time period

players’ demographic transit to Scenario 2. First, we argue that 7 < co. Suppose otherwise, we have 7 —
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00, which implies that the players’ demographic stays in Scenario 4 forever. Note that as long as players’
demographic belongs to Scenario 4, no high-skilled players shall depart from the matching system since there

are always enough low-skilled players to be matched with. Thus, we have
Z (Sgw + SEZ) = Z (Sgw + S;Z) — o0,
t=s t=s

which contradicts Lemma Therefore, we have T < co.
Next, under Scenario 2, according to the optimal policy in Theorem |1} we have { féwaw}tf;sl, { f;l,lw}tf;sl,

t=s>

{ftoiwtizd, and {ff, ,,}7=) as the sequences that contain non-zero primal variables, whereas each elements
. t T—1 t T—1 t T—1 t T—1
in sequences {f3, 10, }i=s {f2w1eti=s, {fac2eti=s, and {f3,1,}i=s are zero.

To proof the proposed policy is optimal in Scenario 4, we verify that there exists sequences {5 }7_.,

{A2 = {Aw}i=sr and {A7,}]-,, such that

Asw =5, Ay =4, A, =8, and A, =5, (EC.11)
and for all s <t <7 —1, we have
1 1
1=, — 350 — A Moo =1+ 30501+ 5N
1 1
2= Ny M — A - AL, X =1 M - D D
1=\t —1)\”1—1)\”1 — . Lir 1 (CS4)
lw ™ o Mw 9L )\M:1+§)\1w +§)‘1£

1 1 11
2 e M= g+

as complementary slackness conditions and
1 1
2 < Apu AL, — AL AL

1<, + AT, — Al

1 1
5= Ade = 5)\?{017
1 S )\tQZ + Atl(f - AtQTulv
as dual feasibility conditions.
For convenience, we also rearrange (CS4)) forwardly:
)\54“—)1 = A — Al + 271, — 1, (EC.12)
Aot =2X5 = AL, AL =20, —1, (EC.13)
ANAT =o)X, 1, (EC.14)
PYPRIE) L) L (EC.15)

Equation (EC.14]) follows the third equation of (CS,)). Equation (EC.15) follows the last equation in (CSy)
and (EC.14)). Equation (EC.12)) follows the second equation in (CS,)), (EC.14), and (EC.15)). Finally, (EC.13])
follows the first equation in (CS4)) and (EC.13).
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Taking (EC.12)-(EC.15) into (DF4)), we can rewrite the dual feasibility conditions as

0 < A, — ALy, (EC.16)

0 < AL, — Ay, 4+ AL, — AL, (EC.17)
0 < Ay, 4+ AL, —2),,, (EC.18)
0< AL, — A, (EC.19)

Note that (EC.17) is implied by summing up (EC.16) and (EC.19). For the rest of this step, we show that
the updated dual feasibility conditions (EC.16)), (EC.18),(EC.19) are satisfied for all s <t < 7. We will prove
a stronger result: (EC.16)), (EC.18),(EC.19) together with the following ([EC.20)) are satisfied for all s <t < 7.

0< —AL, A5, A, — AL, and —1< A, — N+ AL, (EC.20)
We prove this result by backward induction with the help of the following lemma.

LeMMA EC.5. Consider the dual sequences {\s, Y., { Ao }i_ss {N W ties, and {\},}7_, that is defined by
Eq. (EC.11) and Eq. (CS4)). Then we have:

(1) X, >5, N\, >3, fort=s,..,T.

(2) Ny, SAEUN, <Y fort=s,.. 7 — 1.

lw
(8) Ab, > AU N, > AL fort=s,...,7—1.

For the base step, we first verify that the conditions are satisfied for both 7 and 7 — 1. The solution
for 7 is given by A3, =5, A5, =4, A\], =8, and A], =5, and the solution for 7 — 1 is given by A\, ' =
5.5, Aoy ' =4.5, \[;1 =7.5, and A\]; ' =4.5, and one can easily verify that all the conditions are satisfied. As
for the induction step, suppose inequalities in (EC.16), (EC.18)), (EC.19) and (EC.20) hold for all periods
t=k+1,...,7. Consider period k <7 — 2. For , we have

M, = M= (1 SN 4 W) = (3 + g M = 2 (14 M) 20,
where the first equality uses to expand A}, and A%, and the inequality follows Lemma ).
Next, we check the inequalities in and . Using to expand the two conditions, we

have

1 1 1 1
—=0< (1+ §A§$1 + ix‘;jl) — (1A §A’;$1 + ix’;jl)
=0 < AT AL o \BEL _ \RL
and

0 <A, + A7, — 27,
1 1 1 1 11
—0<(T+ A - ixfgl + 5A’;jl) +(1+ iAﬁl + iAfjl) —2(5+ ix’;;l)
= T AP N \RL
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Note that these two inequalities are exactly (EC.20]) in period k + 1, which hold by our assumption.
Finally, we check (EC.20) for period k. Plugging in (CS4) twice for period k and k + 1, we can express
=k 4+ AE, 4+ Nk — AF, with variables from k + 2:

1
=X, F AL F AL, = AL = S (LA —AST - AT+ 200
1 1 1 1 1
=57 Z)\SZTQ + 1)\5?2 + 5”1?22 - 5)\1172
1 1 1
- Lo ) - LA 20

where the the inequality follows (EC.20) and (EC.19) in period k4 2. Similarly, we also have

L A5, = ALy + AT, = 5 (A5l + A5 = A) +

> =4.25>0,

N~ N~
N WN| w

(AL + A3 =AY +

where the inequality uses the decreasing property of A , A, and the increasing property of A\, from

Lemma [EC.5 Thus, all dual feasible conditions in (EC.16), (EC.18), (EC.19), and (EC.20) are satisfied,
which imply that conditions in (DF4)) also hold for all s <t < 7. This completes the proof for Scenario 4.

N . t t t t t t t t t __ 18 .t 9 .t 3.t . 3
Scenario 5: sh, + sh, < 81, + Sis She = Siws Sow < Sip and si, < K = 582, T 5850+ 25145 The optimal

matching flows are: f3,, 5., = 854, f20.00 = 550 = 81w flee = 810 a0 f3 1, = flu 20 = $105

According to the proposed matching flows above, the state of demographics either goes to Scenario 2 or
Scenario 4 in period ¢+ 1. If it goes to Scenario 4, following the optimal solution in Scenario 4, players’
demographic eventually evolves to Scenario 2 at period 7 < t+4. That is, we summarize players’ demographics

in period k=t +1,...,7 when 7 =%+ 4 in the next table. Note that in period ¢ + 4, we have

Table EC.6 Players’ Demographics for Scenario 5

k k k k
k S2u S0 Sw 51
1 t t t 1.t 1.t t
t+1 15 (52w+524+51w) 552,‘” . 5514 ) Slw
t t t t t t t t t t t
t+2 (3S2w+82€+51w) (52w+52l+51w) 1 (*52w+251w+51e) 1(51e+52w)

1 1
4 4
t+3| §(5sh, +3sh,+3st,)  §(3sh, + b, +5i,) 5 (—sbh, —sh,+st, +2s1,) & (sh, +3si, +5,)
1 ( 1

t + 4 16 118t2w + 53;( + 5St1w) % (5Séw + 38t2£ + 38311)) T16 (_4St2w - StZ(’. + 35t1w + 383@) g(Sth + Stlw + StIZ)

1
4 4 4 4
ssit 45— it = st = o (1885, + 0sh, 4 351, — Bst,) 20,

18 9 3
where the inequality follows s, < Esgw + gst% + 55t1w Therefore, we have 7 <t +4.

In Table we list the dual variables when 7 =t +1,...,t + 4 respectively, and one can easily verify
that the proposed dual variables satisfy complementary slackness and dual feasible conditions.
Scenario 6: s, + sb, < si, + 84, shy > st sh, <si,, and s, > Ky =25 + 2355, — st - The optimal

3 . t ot t _ £t — ot t _ £t _ ot t t _ ot t
matching flows are: f2w,2w = Sou> f2z,1w = flw,zz = S1w> f24,11z = fu,21z = 85, — S, and fu,le =810 f2e,1e~
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Table EC.7 Dual Variables for Scenario 5
T=t+1|k=t k=t+1
)\’gw 5.5 5
AL, 3 4
)\’fw 9 8
)\’{L, 4.5 5
T=t+2 k=t k=t+1 k=t+2
)\’gw 6 5.5 5
A’;Z 3.25 4.5 4
/\’fw 8.75 7.5 8
)\’fz 4.25 4.5 5
T=t+3|k=t k=t+1 k=t+2 k=t+3
A’gw 6.5 6 5.5 5
)\’2"5 3.5 5 4.5 4
)\’fw 8.75 7 7.5 8
)\’fe 4 4.25 4.5 5
T=t+4 k=t k=t+1 k=t+2 k=t+3 k=t+4
/\SM 7.0625 6.5 6 5.5 5
A’g,_, 3.75 5.625 5 4.5 4
)\’fw 8.75 6.625 7 7.5 8
)\’fz 3.8125 4 4.25 4.5 5

Following the policy above, the state of demographics in the next period is given by s{t' = 1(st, — (s}, —

lw — 2

shy,)), sttt =st,, shtt =154 +sb,, st =1sh . This corresponds to Scenario 4 since
S50+ sk i ST = sh by — S5ty — 3k
1
< bt 35— o5t 5K
= —%sgw - gs’;[ — %stlw <0.
Also, sih! —shit =1(st, +st, —sb, —sb,) <O0.

Since t + 1, we follow the proposed policy in Scenario 4 until we reach Scenario 2 at 7. One can verify that

7> t+5, because following the proposed solution in Scenario 4, we have s{!,> = —1sb  — =sb, + 21, + 21,
sy P =Lsh, +ist, +ist,, shiP=1sh +2sh,, s5i% = 2sh + 2sh,. To check if it still belongs to Scenario 4,
SEFD L ghhD _ gt+5 b5 gst + %St . Est _ ist
2w T S2¢ 1w 1¢ g 52w T 1g%2¢ ~ 16510 ~ 151
9 23 11 5
< =sh,+—sh,——st, ——Ky=0.
872 1672 167 16

For periods t 4+ 1 and forward, we use the dual variables proposed in Scenario 4, 2, and 1. Hence, we

only need to show that the proposed policy as well as the corresponding dual variables at period ¢ satisfiy

complementary slackness and dual feasibility in order to establish optimality. By complementary slackness,

we have

t
)‘24

1 1
1 t+1 1 t+1
=3 + A5 — 5)\1’“ , (EC.22)
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3 1

M =g+ A0+ 520 (EC.23)
t 1 1 t+1

)\12 == 5 + 5)\11“ . (EC24)

Then, we need to validate the dual feasibility condition corresponding to f3, 5/, f1u 1w: 3w 1ws f3w, 100 Which

are given by:

Ao, —0.5058 > 0.5, (EC.25)
A, =05 05N > 1, (EC.26)
DVIRNED M Vs Ly Sl (EC.27)
DD PR Va (EC.28)
Taking (EC.21J)-(EC.24)) into the above inequalities, it is equivalent to validate
At > AT (EC.29)
L5+ >1, (EC.30)
0.5+ 0555 + 050 > 0.5\ (EC.31)
15405050 4050 > 0,505 (EC.32)

Among them, (EC.30) is trivially true, because \{f! is in Scenario 4 and is greater than 5 by Lemma
(EC.31)) and (EC.32)) are directly from (EC.20]). Thus, we only need to validate (EC.29)). Note that in Scenario

6, we have 7 >t+5. At k=7—4>t+1, we have

Aot =17.0625, A3, * = 6.1875, \],* = 6.3125, and A}, * = 3.8125, (EC.33)

1w

by using the complementary slackness conditions recursively. By Lemma we know that A57H > A\7-4 >
A4 > AEE which completes the proof.

Scenario 7: s, + sb, < st + She, She > st Sh, < 84, and K < st, < Ks; The optimal matching flows

are: f2tw2w = 8h,, f2te,1w = ffw,u =5, féz,u = %Sgw + %555 - %Stlw - %Stw fée,u = ffe,Qe = ﬁstu - %Séw -
%ng - %Stlw’ and ffe,lz = Stlz - féz,u-

In this scenario, the state of demographics will transit to Scenario 4 in the second period. Further, one
can verify that the system reaches Scenario 2 in period k =t + 4, with shi* + st = 5174 4 s'T4. Further,
in period k =t + 5, the system goes to Scenario 1 with s5° = s'*5. Hence, in period k =t 4 5, we reach a

degenerate case with féjgl = 0. From the view of the simplex method, under the solution of Scenario 5.1,
the reduced cost of f4, ,, is positive, so we take it into the basic feasible solution, and move f3;3, out of the
basis. The positiveness of all the other flows remains. To see if the solution is optimal, we list out the dual

variables for the first ¢ + 6 periods in Table and for periods k >t + 6, we always have
A, =5, A5, =3\ =9 and \}, =5.

Then one can easily verify that the proposed dual variables satisfy complementary slackness and dual feasi-

bility. O
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Table EC.8 Dual Variables for Scenario 7

k t t+1 t+2 t+3 t+4 t+5 t+6
A5 50/7 737/112 85/14 39/7 71/14 5 5
A%, 849/224 639/112 285/56 32/7 57/14 22/7 4
AR 1963/224  737/112 389/56 52/7 111/14 62/7 8
A%, 849/224 445/112 59/14 125/28 69/14 5 5
Primal | Scenario 7 Scenario 4 Scenario 4 Scenario 4 Scenario 2 Scenario 1 Scenario 1

Proof of Lemma[EC.5 (1) We prove the statements by backward induction from period 7.

First, we show that A}, >5, \{, >3 for all t =s,...,7. This is true for 7 according to , which
completes the base step.

The induction hypothesis is that A%, >5, A¥, >3 for all k=t,...,7. Then for period ¢ — 1, from Eq.
we have

AL =1405X, +0.5)\,>140.5-5+0.5-3=5,
A =05405M, >05+05-5=3,

and the induction step is completed.
(2) We show that A\t < AFP N, < \iT! for t=s,...,7 — 1. For the induction base step, we have \] =
7.5 <8=A], and X}, =4.5 <5 = A],. Our induction hypothesis it that for all £ =¢,...,7 — 1, we have

A<M and AF, < AR Now, consider period ¢ — 1. Take the difference between A\:,! and A}, we have
=1+40.5A], + 0.5, — Aj, (EC.34)

=1+0.505, — 0.5\,
=0.75—0.25\5 !
<0.75—-0.25-3=0,
where the first equality follows Eq. , the third equality follows , and the last inequality follows

the fact that ¢, > 3. Next, we show that \:;' < \,. Note that from the last equation in (CS,]), we have
Ayt =0.540.5), . Since A}, < AiEY we have A, ' <0.5+0.5\ 0 =)L,

1w » 1w

(3) Finally, we show that A5, > A5t' A\f, > ALF!. For the base step, we have \j,' =5.5>5= )5 and
Ay, ' =4.5>4 =)}, The induction hypothesis is that for all k =t¢,...,7 — 1, we have A5, > A:t! and
Ak, > A5t Now, consider period ¢ — 1. We have

Abt =140.5M5, +0.505, > 1+0.5A55" + 0505 =A%,
where the equality on the two sides follows the first equation of (CS4)). Next, consider \5;*. We have
Aot =14X5, — 050, +0.5)\%,
=14 Ay, —0.5(1+0.5\5" + 0.5\ 7") +0.5(0.5+0.5\7%")
=14X5, —0.25 —0.25)\i 1
> 1+ A5 —0.25 - 0.2500F

__\t
_)\QZ’
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where the first equality follows the second equation of , the second equality follows the third and fourth
equations of (CSy), the first inequality follows the fact that A{f' <A{f? and Ay, > A5E!. Thus, the induction
step is completed and this completes the proof. O

Proof of Theorem[3 (a) In order to prove the first statement, we consider the linear program for the
one-shot matching problem in and use the same simplification tricks we used in Appendix Without
loss of generality, we will set the engagement level of SBMM in the next period to be 1, which is equivalent to
the constraint 1= sy, + 520 + S1. + 351¢. Thus, the following optimization problem selects the initial state
of the demographics s to maximize the ratio of the optimal policy to SBMM for the one-period problem (we

drop all the superscripts, representing time periods, since it is a one-shot problem):

1 1
max fow,20 + ifze,zz + frwiw + §f1£,1£ + 2 fow, 1w+ foe10 + fow1e + 22010

s.t.

1
1=s59,+ 5520 + 510w+ 551

$2w = fow,20 + fow,1w + fow10,
S20 = far,20 + foe,10w + foe10,
$1w = f1w,1w + f20,10 + fow, 1w,

S10 = f1e,10 + fow,10 + foe1e-

which is the linear program for the one-shot matching problem in , maximizing over the initial demo-
graphics and matching flows, with an additional constraint. Without loss of generality, the additional con-
straint 1= sy, + %522 + S10 + %Slg, normalizes the value of one-shot SBMM to 1.

We verify that the optimal solution to the above optimization problem is sap = $1., = 2/3, far,1. = 2/3,
and all other matching flows are 0. The objective value is 4/3, which is the desired ratio. Denote A\g as the
dual variable corresponding to the constraint normalizing the engagement for SBMM to be 1. We verify the

proposed solution using complementary slackness conditions:

1
O_ §>\0 - >\2€7
0:)\0 _)\lwa
2:)\22 +)\1wa

where the conditions correspond to primal non-zero variables sq,, S1,, and fae 1., respectively. There is a
unique solution of dual variables solving the complementary slackness conditions: A\g =4/3, Asy =2/3, and
A1w =4/3. To complete the proof, we need to check dual feasibility conditions:

0<%~ Aaws 0 2ho—Auer 1 o, g <oy 1€ A, 3 <

2 < Ao+ Ay, 1< Ao+ A1, 1< Ao + Ay 1< A+ A,

representing zero state variables (Sa,,, s1¢) and zero matching lows (faow 2w, f20.2¢, f1w.1ws J16.105 fow 1ws f20,105

fow,1¢), Tespectively.
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(b) Next, we turn our attention to the infinite horizon problem in (P7). Using a similar idea, we can solve
an optimization problem to find the maximum ratio between the optimal matching policy and SBMM. Using

Lemma [I} the value function of the baseline model under SBMM is
VEPMN(s?) =5 (s, +51,) +3(sh, +51,), t=12,000, (EC.35)

which we normalize to 1 without loss of generality. Thus, the following optimization problem selects the initial
state of the demographics s® to maximize the ratio of the optimal policy to SBMM for the infinite-horizon

problem (we set ¢t =0 without loss of generality):

505, 3 (e e e et 2 Fhonc+ Fhonc+28h0) (03
(EC.37)

s.t.
1=5(89,, +5%,) +3(s5, +5%,), (EC.38)

0 0 0 0
0= f2w,2w + f2w,1w + f2w,1£ — Souws

0 0 0 0
0= f2£,2£ —+ f2£,1w + f2l,lé — Sap

0 0 0 0
0= flw,m +f2e,1w + f2w,1w — S1w>

0 0 0 0
0= fie1e+ fowre T for10 — S1es

and for all t=1,2,...,

1
f;w,2w+féw,1w+f£w,ll 2 ( 2w 2w+f2€ 2/) +f2w 11u+f2w 1€+f2€ 1w+f28 14>

1
t t t _ t—1
f2[,2£+f2é,1w +f2£,18_ 5 2w,2w?

1
f{w,lw + féé,lw + féw,lw = 2 ( lw lw + fuz 1/)

f{l,lé—i_féw,ll_'_fél,ll 2 lw 1w+f2w 1w f2€ lw?
1 >0,Vi,j € {2w,2(,1w, 14}

Again, we use dual complementary slackness and feasibility conditions verifying the initial state s =
{0,1/8,1/8,0}, along with the optimal matching flows in Theorem |1} is the optimal solution to the above
maximization problem. The objective value is 3/2, which is the desired ratio.

With slight abuse of notation, denote the dual variable to the new constraint as Ag. We show that
under the optimal initial state where sop = 51, = 1/8, we have Aq = 3/2, representing the maximum ratio.
The proposed initial state is in Scenario 1. Based on the transition in Fig. [EC.I] we shall always stay in
Scenario 1. We list the states in periods 0, 1, and 2 in Table

Note that in period 0, we reach a degenerate period with only one positive flow fg,’lw, and in period 1 we
reach a degenerate case with only two positive flows f},, ,,, and f{, ,,. Thus, for these two periods, we can use
only part of the equations in . To be specific, given our proposed primal solution, the complementary

slackness equations are given by
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0 = 3 — A\,

0 =5\ — A%, ,

2= )\gl—l_)\(l)w - )\éw - >\147
1 1

1= )\éw - 7)\3’111 - 5)\35’

1 1

Lot

Sy, t=2,

and the dual feasibility constraints we need to check is

1 1
0<5X =AY, 0<3X\ -\, 1§)\3w—§>\§w—§)\§e,
1 1 1 1
§§>\0 A%uﬂ iﬁ)\?z )\%w’ §S)\15_§)\§w

2§>\§e+/\1w—>\§w—/\§g, m for £ =0,

We then list out the dual variables inperiods 0, 1, and 2 in Table m For ¢t > 2, we use Ay, =5
A%, =3, Aw =9, Air =5. Together with Ay = 3/2, one can verify that the proposed dual solution satisfies

complementary slackness and dual feasibility constraints.

Table EC.9 Primal States and Dual Variables in Period 0, 1, and 2.

Séw Sgé siw Sil Aéw é@ )\iw if
t=0| 0 1/8 1/8 0 |11/2 9/2 15/2 9/2
t=11|1/8 0 0 1/8] 5 4 8 )
t=2[1/16 1/16 1/16 0 | 5 3 9 5

|
Proof of Corollary[l. Denote the winrate between high- and low-skilled players as a € [0.5,1]. In this
part, we show that for a < 1, the maximum power of optimal matching is non-increasing when « decreases.
Note that under this setting, one unit of cross-level matching that induces high-skilled players to win with
probability « can be decomposed into the following three matching flows: 1) 2a.— 1 unit of perfect cross-
level matching flow, where high-skilled players always win against low-skilled players; 2) 2(1 — «) unit of
high-skilled players matching with each other; and 3) low-skilled players matching with each other. Take the
flow between 2¢ and 1w as an example. One can easily verify that it can be decomposed into (2ac — 1) fas, 105
2(1 = &) fae,2¢, and 2(1 — @) f1.1w, Which induce the same player demographics in the next period.

As a result, to have a unit of cross-level flow in this setting, we also need unit of SBMM among

20— 1
2(1—«)
both high- and low-skilled level players. Therefore, when solving we need to include the following additional

constraints when solving the linear program in (EC.37)) in the proof of part (b):

-1 20— 1 . .
fi; < 2( ) i and ff < 30—a) Lo Vie{2w, 20}, je{lw, 1}, t=0,1,2,... (EC.39)
Clearly, 22(‘1“:i) is a increasing function in «. Therefore, as o decreases, the feasible region also shrinks, leading

to non-increasing optimal objective values. Lastly, note that when a = 1/2, the problem reduces to pure

SBMM and this completes the proof. |
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B.1.3. Proof of Theorem Before showing the results of the interplay between PTW strategies and
matchmaking, we update the flow balancing and demographic evolution constraints, then formally state the
matchmaker’s problem when facing PTW.

In any period ¢, the flow balance constraints are now
Z fly=s,VieP,
Zﬁ,j = S;-, Vje 757

fit,ji ]z?vz#‘%l ]EP
fit,j 20’ VZ#.], i)jepa

(FBptw)

where P := {2w, 2¢, 2w, 2¢, 1w, 1/}, and evolution of demographics are now

sprl = (f%w,iw + fow et Foosw T Fovae + Fowzw T Fowae + Fa020 + F3020) + f 10+ Fw 10+ Foo 10+ Foo 10
1 1

8E+1 - (f%w §w+f£w §E+f£w2w+f§tw22)+ﬁ(ifltw 1w+7f1tw 1Z+ffw 2w+f1tw 2@+f1tw §w+ffwié)

ng»ul (f2w 2w +f2w 2@+f2l2w+f2l2£+f2w 2w +f2w 2Z+f2£ 2w+f2[28)+f2w 1w+f2w 1Z+f2l 1w +f2£ 140

2
1
St;;l = §<f2w 2w+f2w 2e+f2w 2w+f2w 22)
1
2
(1-

Sﬁzl = (fm 1w+f1w 1e+f1e 1w+f1z M)
Stl}!»l )(ifiw,lw + §f£w,lf + fiw,gw + fiw,;@ + fiw,iw + fiw,ié)'

(EDptW)

From (FB,.,) and (ED,,) conditions, we can see that players in the new demographics with skill level 2

behave the same as those with skill level 2¢. However, the matchmaker’s objective is largely different from
the one in . The matchmaker also needs to consider the revenue generated by paid subscriptions. Given

B, r, and the initial demographics s® = {s9,,59,,5%,,5%,}, the matchmaker’s problem is

V*(B,r,8) := max ZZS —|—Z r(ss, +s5,)= max ENG(B,rs")+REV(B,1s") (Ppw)

t
Uittt (435 {302

s.t. 8§w=0,
0 __
SQZ—O,
0o _ 0
sgw_82w7
0 _ .0
Sg1 = S2¢5
0o _ 0
S1w = S1w>
0o _ o0
810 = S10»

(FB,) and (ED,.,) Vt=0,1,2,..., and 4,j € P,

where the objective function is to maximize the sum of player engagement ENG(3,r,s") and revenue from
paid subscription REV (3,r,s°).
Proof of Theorem[3. We prove the three parts separately.
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(a) We show that unsubscribed high-skilled players in 2w (2¢) would only be matched with any unsub-
scribed low-skilled players after all the subscribed players in 2w (2f¢) have matched with unsubscribed
low-skilled players.

We prove the statement above by contradiction. Suppose on the optimal trajectory, the flow between
high-skilled non-paying players in 2¢ and low-skilled unsubscribed players 15 are positive for some ,j = w, ¢,
while there exists subscribed players 2i who are matched by skill levels. Then by matching 2 with 15, we
can collect strictly more rewards in the current period, and a player in 2i would replace a player 2i in all the
subsequent periods. Hence, the solution cannot be optimal.

(b) We show that if s9, + s9, > s, + s{,, then ENG(3,r,s°) < V*(0,0,s°). Furthermore, there exists a
threshold 7 such that V*(8,r,s°) > V*(0,0,s°) if and only if r > 7.

We first show that ENG(8,7,s°) < V*(0,0,s°). The engagement ENG(S,r,s%) is at most V*(53,0,s°),
which is the optimal engagement with the same demographic but without revenue. We now show that
V*(3,0,8°) <V*(0,0,s°), and the equality only holds when we do not have low players at all.

To proceed, we will first show that when 8 > 0, r = 0, the optimal matching policy (for engagement
maximization) is exactly the same as the baseline model. Recall that when s, + 59, > 5% +s9,, the state
space can be decomposed into three scenarios. We shall show that these three scenarios (as well as the
scenario transition) are the same as the baseline model, and provide the shadow prices. Then, with the
help of shadow prices, we shall show that for any initial states such that s, + 9, > s{, + s{,, the optimal
engagement decreases with (.

Step 1: Our first step is to show that the optimal policy remains the same, and provide closed-form shadow
prices for Scenario 1-3. When r = 0, we can merge level 2 and 2. Compared with , a fraction of 1/ players

will transit to state 2/. The resulting LP formulation is different from only on two constraints. That is,

we replace
féwe + f;é,lw + fﬁe,u = % ;;,1211)7
t t t 1
fu,u + f2w,1£ + fze,u 9 1w lw + f2w 1wt fzz 1ws
with

1
2 2w2w+ﬂ( 1w1w+f2wlw+f2l1w)
1

2
Next, we shall show that for Scenario 1-3 in Figure [EC.]] the transition is still valid, and the proposed

t t t
f2e,2e + f2e,1w + fze,u

ffe,u +f§w,1(€ +f§e,1e = (1 _B) 1w 1w +f2w 1w +f22 lw:

matching policy still satisfies dual feasibility and complementary slackness.

t
Scenario 1: 5, + 85, > s{,, + 8, 84, > si,,, and s5,, > s{,; The optimal matching flows are: f3, 5, = s5,,,

f22,22 = 85y — Slu» f1w,1w =0, fu,u = sf,, and f2€,1w = flw,QZ = 81w
We first show that once the state of players’ demographics falls in Scenario 1, it will remain in Scenario 1.
To see this, for some s* = {s},s%,,sh.,, 55, } in Scenario 1, following the proposed policy, the state at t+1 is

tH 41 _ t+1_ 1t t t 1 tHL s gttl
given by sil' = 3si,, s1y = (1—B)si,, s, = (52w + 85, +51,,), and s5 *321.) + Bs1,,- Then sy, > 53
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because s, > st,, and shi' > siT! because sii' — s = $(sb, +sb, — st,) + Bst,, and sb, —st,, > 0. Hence,
st*! still belongs to Scenario 1.

Next, we show that the proposed policy in Theorem [I] is optimal for all subsequent periods once players’
demographics satisfy Scenario 1. The optimal solution in Theorem [1| suggests that in Scenario 1, only 4

variables are non-zero while all other flows are zero in each period. Therefore, we have

1 1
1= by — A — IS,
1
= )‘tQE - 5)‘;-;17
=Xoo + A, = A0 = (L= B)AT = By,

lw »

N~ o N

1
— )\t _ *At+1
14 2

as the complementary conditions corresponding to primal non-zero variables fi 5., fa, 00 f50 1w, a0d fi, 1.,

respectively. The following dual solutions:

9+503 5+ 30
M =5 X, =3\ =" dX,=—T,
2w 20 1w and App 1+ 3

, vt, EC.40
1+ 5 (ECA0)

satisfies complementary slackness. The dual feasibility conditions corresponding to variables, f3, 1., f3u.10)

f3010 and f1, 1, that are zero in the primal problem, are given by

Ao AN = AR (1= AT = B > 2, <= 2>0

2w

44283
Ao+, = A > — >0
2w 1¢ 2w = 1+B =

2

Ay, X, = A >, = >0

20 1¢ 2w = 1+/8_

1 1 1
fw— 5”121 - 5(1*5))\?{1 - 55)\?[1 >1, <120,

where the right-hand-side is by plugging in , and is obviously true for 8 > 0. Thus, the proposed
policy in Theorem [1| is optimal once the players’ demographics fall in scenario 1.

Scenario 2: 5, + 85, > 81, + 81, 85, < 81, and sy, > si,; The optimal matching flows are: f3,, ,,, = s5,,
f3020=0, flu 1w =510 = S20 Je10 = S1e a0d f3 1, = flu 20 = 5363

In the second step, we consider Scenario 2, which will transit to Scenario 1 after matching under the
proposed policy as we have stated in Figure [EC.1] To see that, for some s' = {s!,,s!,,sb,, s} in Scenario
2, following the proposed policy, the state at ¢t +1 is given by si{h! = 1(s!, +st, —sb,), st =2(1—B)(sh, +
shy), sont = 2sb, +sb,, and shi' = 2sb, + 1B(sh, +st,). Then ssi' > sit! because shi' —sih! = (st +
b0 84— 580) + L B(she+58,,) = 0. Also, s51 > 557 because syl — st = 1(s8, + b — 5b,) + 1B(s} +55,)
s, > 0. Hence, s'*! belongs to Scenario 1.

Therefore, we only need to show that in any period ¢ such that players’ demographics satisfy Scenario

2, we can find solutions to dual variables, induced by the proposed policy in Theorem |1} which satisfy the

complementary slackness conditions and dual feasibility conditions. Note that in period ¢ under Scenario 2,
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the non-zero primal variables are fi, 5., far1ws J1w 1w @0d f1, 1, The complementary slackness condition is
given by
1 _ )\t )\t+1 ]' )\t—!—l
2w~ o T 572 >

2= +/\ At“ (1= BN = Bz

1
1=X, —4“1—5(1—&) t“—fﬁ/\gjl,
1

5 =M N

in period t. By plugging in A!™* from (EC.40]), the shadow prices that satisfy the complementary slackness

in Scenario 2 are given by

4
A, =5, Ab =4, AL, % and X, =

5433
1+

(EC.41)

The dual feasibility conditions are given by

Aby + AL, = AP — (1= )N = BAST > 2, <= 1>0,

442
Ao, AL, = A > 1) = + ﬁzo,

1+

1
)\ge—f)\”lzi — 1>0,

3+0
Aoy, = AP > 1 = 22 >,
2@+ 9 1+5—

where the right-hand-side is by plugging in (EC.40) and (EC.41). Therefore, the proof for Scenario 2 is

complete.

Scenario 3: sh,, + 84, > 81, + s, 85, > s, and s5,, < sf,; The optimal matching flows are: f3, ,, = s5,,
S2020 =52 = S10> flwaw =0, fie1e = 810 and f31., = flu20 = 10

In the third step, we consider Scenario 3. Different from the baseline model, Scenario 3 shall transit to
either Scenario 2 or Scenario 1 after matching is done under the proposed policy. To see this, for some
st ={s!,,s%,, 85,55} in Scenario 3, following the proposed policy, the state at ¢+ 1 is given by s5©! = (sgw +
shy 4 81,), shr = 1sb, + Bst,, sih! =1s,, and s{T' = (1—B)st,. Then sbi' > i7" because sii' — sit' =
(st +sb,—st,)+Bst, and sh,— s, > 0. Also, syt +s5i! —sih —sitt = 2(2s8, 458, — st —st,)+28st, >
0. However, the relation between s55* and s'1! rely on the value of 3. Hence, s'*! belongs to either Scenario
2 or Scenario 1.

We first consider the case when s'*! belongs to Scenario 2. According to the proposed policy, in period
t under Scenario 3, primal variables f3, 5., f3s 20 f2r10, and fi,,, are non-zero. Thus, in period ¢, the
complementary slackness conditions are given by

1—Aa—fx“—§&#,

= >‘t2z - 5)‘%1»
=g + AL, = Aol — (1= BN = BAL Y,

t t+1
=\, — f)\ .

w\»—l o N
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By plugging in (EC.41)) for period ¢+ 1, the corresponding shadow prices are
(3+ )2 9+583

A, =55, A, =3, A, =0 and \t, = )

7 (EC.42)

The dual feasibility conditions are

Aby AL, = ASEL — (1= BN — AL > 2, <= 2.5>0,

4428

Ao A, AL > ] — >0,

2w 1¢ 2w = 1+5 -

Ab, AL, AL > 1 e 375 o

2¢ 1¢ w = 2"’267 9

1 1 3+368+282
Ao AL DN S ey ST T
lw 2 1w 2 1¢ = +» 2+2,8 — Yy

respectively, where the right-hand-side is by plugging in (EC.41|) and (EC.42)). It is straightforward to see
that the proposed shadow prices are dual feasible for § € [0,1].

Next, consider the case s**! belongs to Scenario 1. In period ¢, the complementary slackness conditions

are given by

1 1
1= Atzw - 5)\;21 - 5)\5[1’

1 1

5 = >\th - 5)\;';17

2= + AL, — Al — (L= B)ATT = BAy

1 1

9 = Xie - 5/\321-
By plugging in (EC.40)) for period ¢+ 1, the corresponding shadow prices are

9+58 54303
)\t2w = 5, )\t22 = 37 )\tlw = m, and )\ié = 1 +B . (EC43)

The dual feasibility conditions are
Mo + AL, = Aot = (L= BAT! = BAp 22, <= 220

44203
Ao+, = AP > — >0,
2w 1¢ 2w = 1_1_6—
2
A, 4+ A, =N > = ——— >0,
2¢ 1¢ 2w = 1+6_
A —lAt+1—1>\t+1>1 @»L>O
lw 2 1w 2 1¢ = 5 1+/8_ )

respectively, where the right-hand-side is by plugging in and . It is straightforward to see
that the proposed shadow prices are dual feasible for g € [0, 1].
Step 2: With Step 1, we can compute the maximum engagement for any [, as long as the initial level 2
players are more than level 1 players. We now show that for 5 > 0, the engagement is always more than the
case when 5 =0.

If s belongs to Scenario 1, then the engagement without PTW is 59, +3s9,+9s¢, +5s,. The engagement

with PTW is 5s3,, + 3s9, + 570, + 5 s%,. The difference is 13557, + 1355, which is always positive

for 8> 0. Thus, the engagement must decrease.
If s° belongs to Scenario 2, then the engagement without PTW is 5s9,, +4s9, +8s9,, +5s{,. The engagement

: ; 0 0 8448 .0 5438 .0 ; iq 4B G0 28 40 3 ; i3
with PTW is 5s3,, +4s3, + 575751, + 575 S1e- The difference is 115510 T 77551, which is always positive

for 5> 0. Thus, the engagement must decrease.



ec30 e-companion to Chen, Elmachtoub, Lei: Matchmaking Strategies for Maximizing Player Engagement in Video Games

If s° belongs to Scenario 3, then the engagement without PTW is 5.5s9, +3s5, 4+ 957, +4.5s7,. With PTW,

if it transits to Scenario 2 in the next period, then the engagement is 5.559, +3s9, + (3;;/2 $9 + ﬁﬁg) s7,. The

difference is Sf 15 s9+ ffﬁsl ., which is always positive for 8 € (0,1). Thus, the engagement must decrease.

If it transits to Scenario 1 in the next period, then the engagement is 559, + 3s9, + 527 9, + 525 s9,. The
difference is %sgw + ffgsm + 1'515_;60'53?6. To see that this value is positive, note that if s* belongs to Scenario
1, then we have s3, > s}, <= 19, + 857, > 157, < 2857, > 59, — 3. Thus,
1 1o 15805,
I a7 Su
2 1+ ﬁ 1+8
1 2 2 1.56—-0.5
S S o L
1+58 1+p 1+5
1.5-0.5
=155, — Tﬁﬁsng
where the inequality is by plugging in 2357, > 57, — 53,,. Because +575% < 1.5 and 5§, < s9,, which value

is positive. Thus, the engagement always decreases in the presence of PTW.

(¢) Fix s, /s9, and s, /s, and vary (s9,,+s9,)/ (s, +5%,). Consider s° such that (s9,+s3,)/(s), +s%,) =
0, i.e., there are only low players. Then the optimal matching is simply SBMM. When r =0, in the presence
of PTW, some of the low player now becomes high player, which enables cross-level matchmaking, and we
must have ENG(f3,0,s°) =V*(8,0,s°) > V*(0,0,s"). That said, when there is no revenue, the engagement
is higher thanks to the change in demographic distribution. Because ENG*(3,r,s°) is a continuous function

of r, for r that is sufficiently close to 0, the engagement is still higher than SBMM. O

B.1.4. Proof of Proposition [[] and Theorem

Proof of Proposition[] Under SBMM, players are only matched with others within the same skill level.
Thus, the only losses of the system are from losing players with high and low skills, respectively, and the two
skill levels do not affect each other. As a result, in order to maximize engagement by adjusting the bot ratio,
we need to minimize the churning rate of losing players. In other words, we need to maximize the winrate of
losing players.

The winrate of losing players in either skill level can be written as the following:

l—«

a1 = pla) + .

where the first term represents that with probability «, a losing player shall be matched with a bot, and
she has probability 1 — p(«) to stay after being matched with a bot; the second term represents that with
probability 1 — «, a losing player is still matched with another human player with the same skill level, and
thus, she has 50% chance to win and stay in the system for subsequent matchings. This completes the proof
of the desired result. |

Proof of Theorem[j) To better facilitate this proof, we first present an equivalent primal formulation in
the presence of bots.

Note that when matched with a bot, a losing player still has a probability (1 — p(«)) to leave the system.
As a result, we can split the flow that involves bots into two: one to a “perfect bot” that guarantees the

return of the human player in the next period; one to a “skill-based bot” that perfectly mimics a human
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player with the same skill level. In other words, an imperfect bot (that induces churning) can be viewed as
a combination of a perfect bot (that does not induce churning) and SBMM.

Mathematically, for one unit of flow of losing players there is (1 — «) fraction shall participate in regular
matching without bots. Among the « fraction that is matched with bots, there is 2p(«) fraction matched to
perfect bots, and 1 —2p(«) fraction matched based on SBMM. One can easily verify that we have 2p(«) +1—
2p(a) =1, representing the decomposition induces the same amount of total flow, and 1 — p(a) = $2p(«r) +
(1 —2p(a)), representing the decomposition gives the same non-churning players.

Using the flow decomposition above, we introduce f{ ,5, where i € {2/,1¢} and PB abbreviated for perfect
bots, to denote the flow of losing players who are matched to perfect bots. Then the engagement maximization
problem is

max P, (), (EC.44)

> 1 1
Pyoi(a) := mf‘gxxz <f§w,2w + §f£e,2e + ffw,m =+ iffz,u + 2f£w,1w + fée,u + f;w,l@ + 2f£€,1w + féZ,PB =+ flté,PB>

t=0

such that

52w f2w 2w+f2w lw+f2w 105
Sge = fge,% + fge,lw =+ fge,le + fgé,PBa
Slw flw 1w+f2z1w+f2w Tw?

S10 = flozz,u + fgw,u + fge,u + f?Z,PBa

and for all t=1,2,...

1
S;w:fgw,2w+f§w,lw+f£w,ll7 2 2w2w+ f2£2[+f22PB f2w 1w f2w 1¢ f2£ 1w f2€ 14>
1 pt—1
SS90 = fﬁe,u + fél,lw + féz,u + féE,PB = 3J2w,2w>
Sﬁw flw 1w+f251w+f2wlw? flEPB+ ( 1w 1w+f111€)

83[ = f{l,lé + féw,lé + f2t£,1£ + fIZ,PB lw lw + f2w 1w f2£ 1w

and for all t=0,1,2,...
faeps < (1 =2p(a))sy,
fée,lé + f;é,lw <(1- 0‘)3547
flté,PB <a(l—2p(a))sy,,
thw,lé + féz,u <(1- 0‘)531@
where constraints in represent the flow decomposition to perfect bots (fraction a(1 —2p(«))) and

(EC.45)

regular matching (fraction 1 — «, and the rests are to SBMM).

Immediately, we observe that « does not impact the objective in Py (), but the constraints, in particular,

constraints in (EC.45]).
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SBM M

1
Next, we show that any a > « cannot be optimal. When «a(1 —p(a)) + 5(1 —a) is concave, it renders

SBMM " which solves

% —pla) —ap'(a) =0. (EC.46)

a unique maximizer «

SBMM " we must have

d[a(1 —2p(a))]

do a=ao'

Consider any a >«
=1-2p(a) —2ap’(a) <0,

according to concavity. Therefore, function a(1 — 2p(a)) decreases in « for all a > o¥BMM_ Furthermore,
1 — « also decreases in a. Thus, the feasible region described by (EC.45) strictly decreases when increasing
a for any a > a5BMM_ As a result, for any o < o’ where o/ > o®BMM | we have Py, (a) > Py (a’). This

completes the proof. |

B.2. Omitted Proofs from Appendix [A]
Proof of Lemma[EC]. Denote vy, = {vi,},ecg as the vector of value (engagement) that 1 unit of players

in level k can create. Note that vy, is the average active time starting from state g in the absorbing Markov
chain My, before absorption. By Theorem 3.2.4 in [Kemeny et al.| (1960]), we have
Vi = (Mg + M+ M, + )1
1 _ _ 1
_ ( (1 + M+ 72N+ ) —1) 1
v Y
_ -\ -1
e ((I—'yMkk) —I) 1.

Note that by Theorem 3.2.1 in |Kemeny et al.| (1960), (I —'yMkk)d always exists. Summing up players at

all levels, we have
K
VSBMM (g0) — ngsg.
k=1

O

Proof of Lemma[EC.3  We prove this lemma by induction when v = 1. For the base case, consider the
engagement of level 1 players. Because their winrate is at most 0.5, a positive proportion of level 1 players
would experience m + 1 consecutive losses and quit, for every m + 1 rounds. Let € > 0 be the probability that
a player quits after m + 1 consecutive losses. After m + 1 rounds of matches, a level 1 player starting from

any state has at least 2~ ("*1e probability to quit. Hence, a player’s engagement is bounded by

(m+1)(1—2-(m+De)

(m+1)(1 =27V e) 4 (m4 1)(1 =27 D) + (m+1)(1 - 27 .. = PR

(EC.47)

The induction hypothesis is that the engagement is finite for players of level 1 to level k. We then show
that the engagement is also finite for players of level k + 1. From the induction hypothesis, the engagement
from matches with players from levels 1 to k must be finite. Thus, we only need to consider engagement
generated from matches with players of level k 4+ 1 to K, and show it is also finite. Note that level k + 1

players’ winrate is at most 0.5 since they are matched with players with at least the same skill level. Thus,
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following the exact same argument of the base case with players of level 1, we can show that a player’s
engagement is bounded by the same expression in , which is finite.

Finally, when v < 1, the claim is obvious since the amount of active players is non-increasing over time.

a

Proof of Lemma[EC-3  Our proof relies on Theorem 2.3 in (Ghate| (2015), which requires showing that
our LP formulation satisfies the following five hypotheses. Let X C RN be a linear subspace. For an
infinite primal LP

V(P) :suchjxj (EC.48)
j=1
Zaijxj:bb 7’:1325 (EC49)
j=1
2,20, j=1,2, (EC.50)
reX, (EC.51)

we assume for any x € X

Hi1. Z;‘;l c;x; < 00.

H2. 27 a;m; <00, j=1,2,--.

Further, let Y C RN be the subset of all y € R such that

H3. "7, by; < oo.

H4. For every z € X, 377 | |a;;2,y;| converges to some limit L;(z,y;) for i=1,2,---, and
H5. The above limits L;(z,y;) have the property that > % L;(z,y;) < co.

Then consider the dual problem

V(D)=inf> by (EC.52)
=1
Yoauyi>e, j=1,2,- (EC.53)
i=1
yey. (EC.54)

By Theorem 2.3 in |Ghate| (2015, suppose z € X and y € Y are feasible to the primal and dual problems and
are complementary (z;(c; —> o, a;;y;) =0 for all j). Then z and y are optimal solutions to the primal and
dual problems, and V(P)=V (D).

For our problem in , let X to be the [; sequence space. Because of Lemma letting X be the
l1 sequence space is without of generality. We check hypotheses H1 to H5, respectively. For dual variables,
we only consider y from [, space. As we will show, any y from [, space satisfy H3 to H5, and we only use
such y in the following proofs.

Hypothesis H1 is satisfied because X is the l; space. Hypothesis H2 and H4 are satisfied since we have
finitely many primal variables in each constraint of problem [EC.2] and X is the [; space. Hypothesis H3

is satisfied since only the constraints associate with the initial period (¢ =0) leads to nonzero values (thus
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finite), and y is in I, space. Finally, for hypothesis H5, let A; be the set of nonzero columns for row i. Note
that we have
ZL (z,y,) = Z > ag iyl < Zsuplyzl > =sup|y, Z > ;< 2161 suplyi| >l < oo,
i=1jEA; € jEA; i=1j€EA; jeN
where the first inequality follows the fact a;; € [0,1] and Y is [, space, the second inequality follows the fact
that each primal variable z; appears in two periods, so it shows up in at most 2|G| constraints in problem

(EC.2), and the last inequality follows from the fact that X is the [; space. a



