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EC.1. Estimates of model parameters
Our estimates of transmission rate, «, and initially infectious probability, pg, mainly rely on the
model from Barnett and Fleming (2022). We elaborate on the estimation process in the following

sections.

EC.1.1. Estimates of «

We adopt the infection risk model of Barnett and Fleming (2022) (see their Equation (10)), which
estimates the per-minute probability of an infectious airline passenger infecting an uninfected
passenger as a function of the distance, masking, and seat obstruction between them. We drop the

seat interference factor for our setting, resulting in the following equation:

P(infection within one minute) = moe™ (1 — prmasks), (EC.1)

where 7y represents the probability of infection at a distance of 0 without masks, w is an exponential
decay factor per meter of distance, d is the distance between them, and p,.sks is the probability that
viral transmission is blocked when both individuals are masked. Table EC.1 reports the estimated

distributions and mean for each parameter provided in Barnett and Fleming (2022). To estimate

Table EC.1 Estimated distribution of each model parameter

Parameter Estimated Distribution Mean
mo(probability of infection at a distance of 0 without masks) Beta(1,520) 1/521
w(exponential decay factor per meter of distance) Lognormal(-0.703,0.318)  0.521
Pmasks(mask blocking effects) 1-Normal(0.3,0.075) 0.7

the infection rate «, we first derive the distribution of a by setting 1 — e~* equal to the right-
hand side of Equation (EC.1). Although we do not know the closed expression for the density
function of «, we can still estimate its mean value via simulation, with 100,000 replications. Table
EC.2 shows the a estimates for different physical distances, with all wearing masks. We use these
values in Sections 3 and 5. For example, if the physical distance is 2 meters, then {ay, aq, a3, 04} =
{0.0002/min, 0.0001 /min, 0.00004 /min, 0.00002/min}
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Table EC.2 Estimates of Transmission rate o of COVID at early stage at different physical distances
Physical distance (m) 1 2 3 4 6 8 9
Infection probability | 4503 | 0.0002 |0.00013| 0.0001 | 0.00004 | 0.00002 | 0.00001
(t=1 minute)

« (min_l) 0.0003 | 0.0002 |0.00013| 0.0001 | 0.00004 | 0.00002 | 0.00001
1/a (min) 2915.08 | 4722.03 | 7491.85 | 11670.66 | 27005.22 | 59189.23 | 86091.00

EC.1.2. Estimates of pq

To estimate the initially infectious probability py, we use Equation (3) from Barnett and Fleming
(2022), which they use to estimate the percentage of potential air passengers infected with COVID-
19. Since we care about the health status of the entire population, we modify their equation by

removing the “healthy passenger” factor (denoted as (3 in their paper). Then, the resulting formula

Po = POP P

where C; stands for the number of confirmed cases of COVID over the past seven days, POP

is:

represents the population, and p is a multiplier that adjusts for unreported COVID-19 cases due
to mild symptoms and inadequate testing.

To estimate C; for a particular area, we examine the historical data of newly reported daily
cases (using 7-day averages). We calculate C; by taking the highest daily number observed during
the peak of COVID-19 and multiplying it by 7, or using the highest weekly number directly. We
notice that for many areas, the peak of COVID-19 happened around January 2022. Barnett and
Fleming (2022) estimate the distribution of the multiplier, which is time-varying (see their Figure
1). Based on their estimation, we approximate the value of p for January as between 2 and 3. Table

EC.3 shows a varied range of estimates of p, for a few major cities.

Table EC.3 The estimated values of p; in different areas
Area C; POP Po
Miami-Dade County 110,439 2,800,000 0.08 ~0.12
New York City 275,330 8,800,000 0.06~0.09

Harris County 86,450 4,800,000 0.03~0.04
Note.We access historical dataset from The New York Times (2024) .

EC.2.
Proof of Lemma 1.

Proof of Lemma 1
Since the infection processes are independent, the probability that the

uninfected individual remains uninfected is II ;e™**:, and thus the infection probability is 1 —

e~ 2i=1iSi

! The New York Times (2024). Track coronavirus cases in places important to you. Accessed July 25, 2025, https:
//www.nytimes.com/interactive/2023/us/covid-personalized-tracker.html.
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EC.3. Derivation of p,-(j) for k=1
To summarize the construction of p;- () from Kaandorp and Koole (2007), assume « is a schedule
for a single-server system with service time distribution given by Exp(u). Define p;_(j) and p;, (5)

as

pi—(7) =P(j people in the system just before the arrival of batch z;),

pir(j) =P(j people in the system just after the arrival of batch x;).

These are developed recursively as follows. Since the system is initially empty, p,- (0) = 1. Letting
j represent the number of people in the system just after the batch of z; people arrives, then p;+(7)
is just the same as p;,-(j — x;) for all i. What remains is to construct p,-(j) for i > 1. Let n > j
denote the number of people in the system just after the arrival of batch z;_;. Then, the number
of potential service completions in the time slot of duration d follows a Poisson process with rate
pt. Therefore, if j > 0, the queue reduces from n to j with a probability denoted as a,_;, where
an_j=e M (ud)" I /(n— ). If j =0, the queue reduces from n to 0 with a probability denoted as

by, where b, =1 — E;:Ol a;. Unconditioning on n leads to the following final expressions for p;— (j)

for ¢ > 1:
=1
pi-(0) = Z Pi—1)+(n)by, (EC.2)
n=0
=l
pi-(J) = Z P+ (n)an—j, j>0. (EC.3)
=J

EC.4. A closed-form expression of of C(x) for z=1,k=1

Before stating the exact expression for C(x), we introduce notation for convenience. Let § =
(61,02, ,07), where §; denotes that after x; people arrive at time slot i, the next non-empty batch
will arrive §; time units later. For example, if there is a schedule = (1, 3,0,0,5) (see Figure EC.1),

then & = (d, 3d,2d,d, ), with J; = co meaning that no batch will arrive after time slot i. The total

Figure EC.1 lllustration for the definition of §. “ppl” = “people”.
1 ppl 3 ppl 5 ppl
[ | 3d
L 1 | 1 lI
0 d 2d 3d 4d

number of new infections under schedule x, C(x), is calculated as

T |zl

Cl@)=> "> p(HRLG). (EC4)

i=1 j=0
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where |||, = 32, ; is the total number of arrivals (i.e., the day’s throughput), and p; (5) denotes

the probability that when z; people arrive at time slot ¢, they find j people in the system (includ-
ing the person in service). The expression Rgii (7) denotes the expected number of new infections
acquired across those x; people who find j people remaining in the system when the next batch
of people is scheduled to arrive d; time units later. The calculation of p;-(j) is described in EC.3.

Next, we focus on the derivation of RJ: (j).

EC.4.1. Derivation of RJ: (j)
When z; people arrive together at time slot i, we assign each a unique position index (between 1
and z;). Let R, (j) denote the probability that the individual with index 7 is initially uninfected

and becomes infected while waiting. Then,
RY(j) =) R .())-
n=1
The following proposition provides a high-level expression for ng’i " (7).

ProposiTiON EC.1. Consider a batch of x; people arriving at a single-server system with j
people already in it, with the next batch scheduled to arrive §; time units later. The probability that

individual n of the batch (1 <n <wx;) acquires an infection while waiting is given by

(0 forn+j=1
po(1—po)E[1 — e Wn] forn+j=2n<ux
Rii,m(j) = ¢ po(1—po)? (E[1 — e ®Wn-1] 4 E[1 — e=Wn]) (EC.5)
+p2(1—po) E[1 — e~ @Wn—1+Wn)] for2<n+jn<uz;
Po(1 —po)® (B[l —e *Wn-1] + B[l — e~ oWn=0il1])
+p5(1 = po) E[1 — em(Wn1HWn=0il4)] forl1<n+jn=u;

where W,, represents the waiting time of individual n, Wy represents the remaining waiting time of

the last individual from the previous batch, and [W, — ;] = max{W,, —§;,0}.

Proof of Proposition EC.1  We explain Proposition EC.1 through the following four cases:

e Case 1: If n+j =1, then individual n receives immediate service without the risk of infection
while waiting.

e Case 2: If n+j =2, n < x;, then individual n is at the head of the queue, with at least one
person behind them. Only the individual indexed n + 1 behind them can spread the virus to
individual n. The time they spend together in the queue (i.e., their overlap time) is W, since

they all arrive simultaneously. Therefore, we have

R% (j) = po(1 —po)E[l —e™*"n] (EC.6)

ZT;,m
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where the expression (1 —pg) represents the probability that individual n is initially uninfected,

and the expression p, represents the probability that individual n + 1 is initially infectious.

Figure EC.2 lllustration for Case 3
Wn1 Wy
n -1 n n + 1 x-

The next batch
will arrive §; time
units later

e Case 3: If 2<n+j, n <ux;, as illustrated in Figure EC.2, then individual n waits between
two other people in the queue. Both individual n — 1 and individual n + 1 can spread the
virus to individual n. As discussed in Case 2, the overlap time between individual n — 1 and
individual n is W,,_;, and the overlap time between individual n and individual n 41 is W,,.
Next, we divide this case into three subcases based on the initial health status of individual

n—1,n, and n+ 1.

Riin(ﬂ) = (1 —po) | po(1 —p())E[l - e_awnfl]

only individual n — 1 is infectious

—aW, 2 —a(Wnp+W,, _
+ po(l—po)E[Ll —e "] + PoB[l — e oWt Wa-1)] (EC.7)
Vv
only individual n + 1 is infectious both individual n — 1 and n + 1 are infectious

The expression (1 —p,) outside of the parentheses represents the probability that individual n
is uninfected, as they cannot become infected if they are initially infectious. In addition, the
first two terms inside the parentheses are directly derived from the virus transmission model,
while the last term is derived from Lemma 1.

e Case 4: If 1 <n+ j, n=ux;, then individual n is at the end of batch ¢. This is handled
differently than Case 2 and 3, as individual n + 1 who waits behind them would be from the
next batch, which arrives after §; time units. Therefore, the overlap time between them is
(W, — 8]+ O

To calculate the expectations in Equation (EC.5), we need to determine the distributions of W,

forn=0,---,z;. If n+j =1, then W,, =0, as individual n receives immediate service without
waiting. Otherwise, under the assumptions of the system, W, follows an Erlang(n + j — 1, u)

distribution.
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Next, we unpack the expected values of Equation (EC.5) and present exact expressions for

R ,,(j) in Proposition EC.2.

ProprosiTION EC.2. Consider a batch of x; people arriving to a single-server system with j
people already in it, with the next batch scheduled to arrive §; time units later. The probability that

individual n of the batch (1 <n <wx;) acquires an infection while waiting is given by

0 forn4j=1,
po(1=po)(1—7) for2=n+jn<mz,
B G) = dpo(1— po)? (2= 32 —yrtah) (EC8)
+p5 (1 =po)(1 =yt 2) for2<n+jn<uz,
) i V= (] _amti—1-1
po(l_p0)2 (1_7n+J_2+Zl:+OJ 2 (pd;) (lll ol ))
5 (1 —po) (1 =" 72 e #0ingm =3 — g +i=2 A) forl<n+jn=uw,.

n+j— als:me—(atn)d; r—l— r—l—
where A=Y 77 S0 et R (ot ) = 200+ )Y, y = pf (k- ), =/ (2a+p)
and 0 =p/a.

Proof of Proposition EC.2 Before introducing the proof, we remind that if X ~ Erlang(k, ),
then by Laplace—Stieltjes transform,

!
Ele ] = <ulu—|—t> , fort>0, (EC.9)

which we will frequently use later. Let W,,, n=1,---,z;, denote individual n’s waiting time, and
let Wy be the remaining waiting time of the last individual from the previous batch, starting from
the arrival of the current batch. We detail the expressions from the Case 2-4 in Proposition EC.1
as follows:

e Case 2: If n+j=2n<ux;, since W,, ~Exp(u), we have

R () =po(1—po)E[1 — e~ Wn] = po(1 — R
2 (7)) =po(1 —po)E[l —e ] =po( po)< a+u>’

where the last equality is derived by Equation (EC.9). Replace p/(cov+ p) with v, we obtain
the corresponding closed form in Equation (EC.8).
e Case 3: If 2<n+j,n<x;, from Equation (EC.5), we have

Ry ,(5) = po(1—=po)*E[1 —e™*"n=1] 4 po(1 — pg)*E[1 — e~*""]

+ p2(1 —po)E[1 — e ¢WntWa-1)] - (EC.10)

We next calculate the terms in Equation (EC.10) one by one:
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(1) Since W,,_; ~ Erlang(n+ j — 2, 1), by Equation (EC.9), we have

Po(1 = po) E[L — e~ *"n=1] = py(1 - po)* (1 - <aiu)n N ) : (EC.11)

(2) Similarly, with W,, ~ Erlang(n 4 j — 1, ), by Equation (EC.9), we have

Po(1—po)*E[1 — e~ "] = po(1 —po)” (1—< . )n - ) (EC.12)

a+ [

(3) Since individual n — 1 still waits in the queue, it follows that W, =W, _; + S, where S
represents their service time. S is distributed as Exp(u) and independent of W,,_;, while
W, is not independent of W,_;. Then, we have

po(1 = po)E[L — e *Wnt#Wm] = pi(1 — py) (1 — E[e” *CWn-1+5])
=p5(1—po)(1 — E[e~2*""—1]E[e~%]) (EC.13)

) Mn+]'—1

_pO(l _pO) 1- (2atp)"Ti—2(atp) ) ?

where the second equality follows from the independence between W,,_; and S, and the
third equality is derived by Equation (EC.9).
For notational convenience, let v = pu/(a+ ) and n = p/(2a+ p). Plugging Equation (EC.11),
(EC.12), (EC.13) into Equation (EC.10), we obtain the closed expression as follows:

Ry (7)) = po(1—po)*(2 =417 =" 1) 4 pi (1= po) (1 — 4" 72). (EC.14)
e Case 4: If 1 <n+j,n=ux;, again, from Equation (EC.5), we have
Ry, (7) = po(1 = po) B[ — ™ *"n=1] 4 po(1 — po)*E[1 — el =0il+]
+pa(1 = po)E[1L — e~ *Wn-1+Wn=0i]:)] = (EC.15)

Similarly as Case 3, we calculate the terms in Equation (EC.15) one by one:
(1) From Case 2 and Case 3 (1), po(1 —po)?E[1 — e *Wn-1] = py(1 — pg)?(1 — "7 72).
(2) Since W,, ~ Erlang(n+j — 1, 4), we have

n+j—1w;l+j—26—uwn

b L 1-— 2 [ (1 = g—alwn—06i]4 K dw,,
po(1—po) E[l —e ] =po(1—po)* fg~ (1 e )
PDF_OfVVln
n+j— (u6;)tem%i (1— e ntj—1—
:pO(l _p0)2 ( l=+0] 2 (k < l<! +,,L) )
(EC.16)

Equation (EC.16) follows from integration by parts.
(3) If n+j=2, then W,,_; =0, W,, ~ Exp(u1), and we have

p(1=po)E[1 — e *Wn-1HWn =0 )] = p3(1 — pg)e "% (1 — ).
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If n+j>2, then W,_; ~ Erlang(n+j —2,u). To calculate E[1 — e~®Wn-1#[Wn=0i1)],
we need to know the joint PDF of W, ; and W,. Again, as we discuss above Equa-
tion (EC.13), W,, =W, _; + 5, where S ~ Exp(u) and independent of W,,_;. Then, the
conditional PDF of W,, on W,_1 = w,_1 is f(w,|w,_1) = pe #(¥n=wn-1) Therefore, we
have

(I () B e

(n+j5—3)!

9 ngnflgwna

(EC.17)

f(wnawnfl) = f(wn|wn71)f(wn71) =

and

pg(l _pO)E[l — e_a(W7171+[Wn_5i]+)]

oo Wn n+j—1 n+j—3 — pWn,
2 —a(wn_1+[wn—5;]1) (wn 1) ¢
=p5(1—po) 1—/ / e + : dw,,_1dw,,
ol o Jo (n+j-3)!

joint of PDF W,,_; and W,
in Equation (EC.17)

) il " o (o, )
:po(]_ —po) 1-— W/ 67a[wn7 il —pwn 1-— Z f d’LUn (ECIS)
0 :

1=0

n+j—2 —ub; , ntji—2 ntj—1
p3(1p0)<1< o > +<€ - E A), (EC.19)

a+p Oz—l—u)O/“LJ 3 qnti-2

(atp)d;

where A = Y=yl alele I (o 4 p)r-I=1 (20 4 )11, Equation (EC.18)
and (EC.19) are obtained from integration by parts.
Let 6 = pu/cv, and replace pu/(a+ p) with v and p/(2ac+ p) with n. Thus, we have

ntj— 2 M n4j—1-1
6, . _ Aamti—2 6 7 )
Ry, =po(l—po)? (1 T Z ! )

+pg(L—po) (L= 7247 70”“ 5 —pf" I A). O (EC.20)

EC.5. Relationship between C(x) and O(x)
In this section, we show that C(x) = 2apy(1 —po)O(x) for small values of {a, }?_,. Therefore, given
the approximate positive linear relationship between C'(x) and O(x), minimizing the latter serves
as a good proxy for minimizing the former.

For any given schedule «, for small values of {a,}?_,, we have (by the Taylor series expansion):

B[1 - "S5l o0l @ 00 @) 2 37 10,017 @) £ Y 1 0.0 (=),
z=1

Similarly, we have

llll1

ZZP (1—po)-E[l — e~ (Cina Iim"a:0] @)+ 51, [} Fa:0/+ (=)
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N‘%ZP (1=po) (ZF T 077 )+Zijlf+z~az025“(w)>
(1—po) lg‘f (Z > P(I)o.E[0I%( +Z > P(I)azE[OZ“(w)])
=\ S ey N
(1—po) “i; <le0 a.E[0I*( )]+Z:p0-azE[O;i+Z(m)}> (EC.21)
= po(1 —po) Za% E[0;*(z)] + E[0;7*(=)])
= 2po(1 — po) iazuf‘:lEO‘ : (EC.22)
— 2po(1— pO)O(w). (EC.23)

We explain Equation (EC.21)-(EC.23) as follows. For individual 4, {I: I;"* =1} is a collection of
all the cases when individual ¢ — z exists and is initially infectious. Since each individual’s initial
health status is independent and P(I) can be calculated exactly using the binomial distribution,
ZIG{I;I;‘*Z:QP(I) = po. Similarly, ZIe{I;IﬁZd}P(I) = po. Thus, Equation (EC.21) holds. Equa-
tion (EC.22) follows from the fact that O! *(z) =0 for z >4 and O!**(x) =0 for i + 2z > ||z||;.
Equation (EC.23) is from the definition of O(x).

EC.6. Proof of Proposition 1
Before we give the proof of Proposition 1, we first transform (OPT-OVERLAP2) with the decision
variable ¢ and the objective function O(t) We then prove a structural property of O(t) in the

following Lemma EC.1 and use it later to Proposition 1.

EC.6.1. Another mathematical formulation of (OPT-OVERLAP?2)
Given any schedule @ = (zy,---,x7) with interval length d, we can construct a vector t =
(t1, -+ ,tyz|,), where t;, i=1,--- ,|x||, represents the arrival time of individual i. For example,
consider the schedule = (2,2,2), and suppose d = 3. Then, the arrival-time-based schedule ¢t =
(0,0,3,3,6,6). Let O(t) denote the weighted sum of expected overlap time across arrivals under
schedule ¢. Since  and ¢ have a one-to-one correspondence, O(t) = O(x).

We derive the expression for O(t) as follows. Given any schedule ¢, let W;(t) be a random
variable representing the waiting time of individual i. Let O~j ~*(t) denote the overlap time between

individual 7 — z and individual i. Then,

O () = [Wiea(t) = (i —ti-2)]s =241, |l (EC.24)
Furthermore, we obtain O(t) as O(t) =37_, Z‘leﬂlﬂ E[O!*(t)).
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Next, we transform (OPT-OVERLAP2) as:

minimize O(t),
subject to t; <ty <---t, <D,
ti/d € L.

The following Lemma EC.1 and its proof is based on Lemma 1 of Vanden Bosch and Dietz
(2001), who consider a scheduling problem with an objective of minimizing expected total waiting
cost. We adapt their lemma for our objective of minimizing total expected overlap time. Whereas
Vanden Bosch and Dietz (2001) use their Lemma 1 to show their objective function is submodular,

we will use Lemma EC.1 to prove our objective function is multimodular.

EC.6.2. Property of O(t)

LEMMA EC.1. For any feasible schedule t, let t be the same schedule as t, except for individual
i, who arrives at time t; + A; <t 1 instead of t; (A; >0). Similarly, let ' (i/) be the same as
schedule t (t), except for individual j who arrives at t; + A; <t;,, instead of t; (A; >0). Then,

for these four schedules (visualized in Figure EC.3), we have:

O@)—O0)<O#)—O0(t).

Figure EC.3 lllustration for Lemma EC.1
| | | |
t t; t; t tm
! | | | |
t t; t; ti+ 4 tm
2 ! ! | I
t t, ti+d; tm
2y ! ! | |
t t t;+ 4 tj + 4, tm
Proof of Lemma EC.1 Consider any arbitrary sample realization of service times (S, ,S,,)
for individuals 1,--- ,m (where the index is the order of arrival). For this realization, let W, () be

the waiting time of individual n, and let OZ‘Z(T) be the overlap time between individual n — 2z and
individual n for schedule T € {t,t', t, i/}. Additionally, to make OQ*Z(T) well definedonn=1,---,m
and z=0,---,m—1, for z>n, let OZ‘Z(T) = 0. We will show that: for any z € {0,--- ,m — 1}

O~n7 (t) - ONni <t/) = Qni (f) - Qni ({:/) = 07 TL: 27 U 17 (E025)
O, =) —Op*(t) <O 7*(t) — O3~ *(t), n=j,---,m.
Then, since this holds for any sample path of service times, (EC.25) holds in expectation for n

and z, and therefore holds for the weighted sum over n and z of the expected differences between
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the left and right-hand slides of (EC.25). In other words, showing (EC.25) holds for an arbi-
trary realization of service times suffices to show that ZZ DY a1 @ a,(E [O” ()] — E[O;“Z(t')]) <
S Y (B[O ()] — E[Op ()
We will prove (EC.25) by induction.
e Base case: When z =0, (EC.25) is validated by the proof of Lemma 1 in Vanden Bosch and
Dietz (2001), since O"(7) is defined as W, (7) for € {t,t’,i,i/} and n=1,---,m
e Inductive step: Assume (EC.25) holds for z =k (here we use k to denote a natural number
instead of the number of servers). That is
O *(6) = OpH(t) = O3 -+(0) = O +E) = 0.n =2+ =1,
Opt(t) =0 (#) <Op () =0 *(E),  n=j,---,m.
If we can show (EC.25) holds for z =k +1 as well, the proof will be complete.

(EC.26)

Before proceeding with our proof, we first derive the relationship between O™~ *+ () and
O"~17k (), that is
O~ ") = [OpZ1 7M7) = (70 = Tu)] - (EC.27)

We explain how to derive Equation (EC.27) as follows:
1) If n>k+1, then

On k+1( )

(Wt (T) = (T = Tae )]+
[ n— (k+1)(7') (Tn— 17— T(n-1)— k)= (Tn = Too)s
= [Wne1)=1(T) = (Taet = Tney—i)l4 — (T = Tu1)4

=0, (T g (T = Tn1)l+
where the third equality follows from 7, — 7,,_; > 0.
2) If 2 <n < k41, since individual n— (k+1) does not exist, then O~ *+1) (1) = 0"~ 1% (1) =
0, and thus Equation (EC.27) still holds.

We proceed to prove Equation (EC.25). Consider individuals indexed i and j, and without
loss of generality, assume j > i+ 1 (we will discuss the case when j =i+ 1 later). We consider
the following five cases:

(i) Consider n < j — 1. Since the only difference between t and ¢ (and between schedule #

and i/) is the arrival time of individual j, it follows that
ta=t. and f,=1, n=1,-,j—1.
From (EC.26), we have
O kt)=0""*¢) and O *#)=0""*E), n=1,---,j—2.
Then, by Equation (EC.27), we have
Oon-

n

BE0(8) = Op B0 (t) = O () = O~V (F), =2, j— 1.
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(ii) Consider n=j. As in part (i), the only difference between schedule ¢ and ¢’ (and between

schedule ¢ and i/) is the time of individual j’s arrival, and so again from (EC.26) we
have O;fj_k( )= Oj 1Mt and Oj ) = Og . k( ). We use these equalities in the
following:

07~y ~ O (1) =

7 J _k( )_<tj+Atj_tjfl)]+7
O;—(k+1)(t) O] (k+1)( )

)= (t+ At — 1))
(EC.28)

~1

Next, we compare Oj:}_k( ) and O] 17"(t). Notice that the only difference between
schedule ¢ and ¢ is that individual i arrives later in schedule # (e, t; +A; = t; and t, =1,
for n #1). Therefore, it must follow that OJ TR < O] 17¥(#) for the following reasons:

(ii-a) If j —1—k <, then the arrival time of individual ¢ does not affect the waiting time
of individual (j — 1 —k), i.e., W;_;_x(t) = W,_1_,(t). Thus, since t;_;_, =t;_,_ and
t;i_1 =1, 1, by Equation (EC.24), we have

(ii-b) If j — 1 — k = i, then the waiting time of individual 7 is less under schedule £,
W] 1— k(t) [W] 1— k(t) Az]—i— ThllS, since tj—l—k + Az = tAj_l_k and tj—l = tAj_l, by
Equation (EC.24), we have

Ojf% k(t) = j—l—k(t)*(tj—l —ti—1-k)]+
= [(Wjo1-n(t) = Ad) = (t-1 — i1 — Ay)]+
= [[ijlfk(f;) - éz]+ _A(tjfl —ti1ok— Ay
=Wjo1n(t) = (t-1 —51-0)]+
=057 M),

where the third equation is from the fact that t;,_; —¢;_1_r —A; > 0.

(ii-c) If j —1—k >, then the later arrival of individual i leads to a longer waiting time for
individual j —1—k, i.e., Wj_l_k(t) < Wj_l_k(i). Since t;_1_j = fj_l_k andt;_; = fj_l,
similarly as case (ii-a) and (ii-b) above, by Equation (EC.24), we have ONj-'j*k(t) <
O (h).

Furthermore, if we view the right-hand side of Equation (EC.28) as a function of

(jj:j_k(t), then it is non-decreasing. Therefore, it follows that

Al

O;—(k+1)() OJ (k+1)( )Séj k+1)() OJ (k+1)(t)

(iii) Consider n € [j + 1,5 + k], which implies k > 1. Since W,,_41)(t) = Wy_ ey (t), tn =

/

t,, and (k1) = 1,11y, by Equation (EC.24), it follows Or—(k+1) () = Or—(+1) (¢,
Similarly, for # and £ , we have On=(+1 () = On=(:+1(¢'). Thus,

A~

OZ—(k+1)(t) _ On (k+1) (t’) _ OZ—(kH)('iJ) _ é;zf(kﬂ)(t ) =0, n=j5+1,---,5+k.
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(iv) Consider n=j+ k+ 1. We compare schedule ¢ and ¢’ in two subcases.
(iv-a) If W,(t) < A,, then W;(t') = 0. Therefore, we have

O~;+k+1(t) = [W;(t) = (tjsx1—t;)]+ =0 (by our assumption, A; < (tj 141
OF i () = [W;(#) = (im0 — t; — )]+ =0.
(iV-b) If Wj (t) > Aj, then Wj (t/) = Wj (t) — Aj and

O~§+k+1( )

[W () = (jan — 5 — A5+
(W) = (tjn1 — t; )h
=0j 51 (2).

—t5)),

Therefore, O~§ 1) = O~§ +rs1(t). We can make a similar comparison between schedule

tand . Hence,

A~

O ki1 (8) = Oy a (#) = Oy (8) = O oy () = 0.

(v) Consider n > j + k+ 2. We still divide it into two subcases:

(v-a) If W,(t) > A;, then W, (i/) = W,(t) — A,. Let S; represent the service time of indi-

vidual j. For Wjﬂ(i/) and W, (%), we have

~ A~

Wj+1(t ) =

Since £, =1/ for n>j+1, we have W, (t) = Wn(il) for n > j+ 1. Thus, by Equation

(EC.24), we have On~*+1 () — On=(k+1) (¢ ) 0forn>j+k+2.

With t, =t/ for n>j +k+ 1, we write out the explicit formulas of O7~*+1)(¢)

and O7~*+D () for n > j+k+2 as
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(v-b) If W,(t) < A,, then VNI/j(tA') = 0. With W,(t') < VNV'](tA’) (since the only difference
between schedule ' and schedule ¢’ is that individual i arrives later in schedule ¢),
then Wj(i/) = W,(t') = 0. Recall that t, _tj, t’ —t’ =t;+A;, and t, =t, =1, =1,
for n.>j + 1. Then, for W, (') and W, (¢ ), we have

B =0+~ (61—
=W, (t ) = (G = 15)]
).

Therefore, we have that W, (t') = W, (A/) for n > j+ 1. Since !, =1/, for n >j +1,
then from Equation (EC.24), O"*(#') = Or*(t ) for n > j+k+1. Additionally, the
base case implies W, (t) < W, (t), n > j + 1. Since t, =t, for n > j + 1, then from

Inequality (EC.24), we have O *(t) < Oﬁ‘k(i) for n > j+k+ 1. It follows that

O3 (1)~ O H¥0(E) = [0R24™H(0) — (b~ o)~ O35 7H0) — (1~ b
<0371 ) = (to — tu )]y — (0221 F) = (b — a1
— On=(k+1) () — On= <k+l>(t), n=j+k+2,

Finally, we consider the case when j7 =i+ 1. We only need to discuss the subcase when

n = j, since the results of other subcases are the same as those when j >+ 1.

(a) If OJ'7F(t) < Ay, recall that A; <t; —t; < t’ —t;. By assumption (EC.25) and Equation
(EC.27), we have OF" "™ (#) = 03~ 0 (¢') = 0" () = 0" V(i) = 0.

(b) If OJZ1"(t) > A, then O/Z1*(¢) = 0J{ *(t) — A;. By Equation (EC.25), recalling that
t;—t;=t; —t;— A, then Oj D (1) = OJ **1)(#). Similarly, by assumption (EC.27), w
obtain O3~V (¢') = O~ (@),

So O3 V() — O~ * V(¢ < 037 * (1) — O FV(E) still holds. O

EC.6.3. Proof of Proposition 1

Proof of Proposition 1 Define vy, vy, --+, vy in Z7~! as in Equation (2). By Definition 1, to
show O is multimodular in A, we need to verify for any y € A and v;, v;, 1 <i<j <T, such that
{y+vi,y+v;,y+v,+v,;} CA, we have

O(y+v:)+0(y+v;)>0(y)+ Oy +v; +v,). (EC.29)

Our next steps are based on the approach used by Kaandorp and Koole (2007) to prove their
Theorem A.4. Define vectors wy,--- ,ur in Z7 as
u; =(—1,0,---,0,1),
uy = (1,-1,0,---,0),
(EC.30)

ur=(0,---,0,1,-1).
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Given y € A, construct @ = (y1,- -+ ,yr_1,m— ZiT:_ll y;). Hence, by the definition of the function 5,

it suffices to show that for any u,, u;, 1 <i<j <T, such that {x +u;,x+u;,x+u, +u;} C Zgo,
we have
O(x+u;)+0(x+u;)>0(x)+0(x+u;+u;). (EC.31)

Consider the following correspondences between four discrete batch-arrival schedules and their
equivalent continuous-time arrival schedule versions: associate (x + u, + ;) with ¢, (x +u,;) with
t', (x+wu;) with £, and  with . We consider the following two cases:
(i) 2 <i< j <T. Then, the relationships among ¢, t', t and # are similar to those in Figure
EC.3. By Lemma EC.1, it follows that O(z +u;) — O(x) > O(x +u; +u;) — O(x + u;), thus
satisfying Inequality (EC.31).

Figure EC.4 Schedule schema for Proposition 1 when 1 =i<j<T

. ] — 1t eruw
=4 53 I3 L 4 Im  lme
S | | \ | | J t ctu)
=4 ) I3 L1 h+d In Il
,,,,,,,,,,,,,,,,,, \ | | \ | | J £ )

P — . s . t G+w

b ) I3 oy 4 I

| | \ | | | fl %)

7 7, 7, 1 f,+d i,

(ii) 1=14i<j <T. We use Figure EC.4 to illustrate the interconnections among ¢, t’, t and il, and
we construct it in the following steps:
1) (Schedule t) We assign indexes 1,2, --- ,m to individuals who arrive at the system following
schedule ¢, according to their order of arrival. Let ¢; denote individual i’s arrival time.
2) (Schedule i/) Note that the difference between schedule  (x +u;) and ¢ (x) is that one
individual from (5 — 1)th batch arrives one-time slot (d time units) later in schedule .
Suppose that particular individual is assigned with index [. Then, the individual I’s arrival
time is #; + d.
3) (Schedule t and ¢') Compare schedule ¢ (z +u; +u;) and ¢ (z 4+ u;). The addition of u,
corresponds to moving one individual from the first batch to the end, denoted as ;.
To make Figure EC.4 analogous to Figure EC.3, assume an individual arriving earlier
than #; (e.g., at time t1 — A1, where Ay > 0). Similarly, we construct schedule ¢’ based on
schedule £ . Note that the total number of individuals in schedule ¢ (t') is m.
Disregarding t,,41 in schedule ¢ and ¢, Figure EC.4 is analogous to Figure EC.3. Specifically,
t; — A, and t; in Figure EC.4 correspond to t; and t; + A, in Figure EC.3. Additionally, ¢,
and #; +d in Figure EC.4 correspond to t; and t; + A; in Figure EC.3.



ecl6

e-companion to Luo and Shechter: Mass Vaccination Scheduling

Notably, after introducing the additional individual to schedule ¢ (¢'), the total number of
individuals in schedule ¢ (t') is m + 1. Similar to the proof of Lemma EC.1, consider any
arbitrarily sample realization of service times (Sy,--,S,,+1) for the individuals 1,--- ,m+ 1.
For 1 € {t,t’,i,il} and z=1,2,---, %, let W, (7) be the waiting time of individual n, and let
ONZ*Z(T) be the overlap time between individual n — z and individual n under schedule 7 in
this realization.

By the proof of Lemma EC.1, for any A; >0 and z € {1,---,z}, we have
O () —O" ()< O"*(#)— 0" (%), n=z+1,---,m. (EC.32)

Additionally, the late arrival of individual [ would result in W, (t) < W, (t') forn=141,--- ,m

Then, we compare O™117%(¢) and om+i- *(t') in the following three cases:

(a) fm+1—2<l—1,since Wyi1_.(t) = Wyy1_.(t) and £, =# for n#1, then

ONTIT# (@)= Ol i1 " () =Wmy1—2(8) — (Bmg1 — Emy1—2)l4 — [Wing1- R A

m+1 v b
[ 7n+1fz(t) - (tm,+1 - t7n+1fz)]+ - [W77L+1 z(t )_ (tm,+1 - t7n+1 z)]
=0.

(b) I m+1—2z=1, since Wyy1 .(t) = [Wp1_.(t) —dly and £, =1,41_. +d, then

O:::+1 Z(t) — O:Zil 2t = [V?m+1—z(t) (Emg1 — tmg1—2)]4 — [Wm+1 () = (1 — T2+
= [W77L+1—z(t) (t7n+1 - t?n+1 z)]+ - [[ m+1— z(t) ] - (tnL+1 - tm+1 z = d)]+
S [Wing1—2() = Gmg1 = Emg1-2)4 = [(Wimg1—2(#) —d) = Gmg1 — Emg1—2 — d))

(¢) fm+1—2>1+1, since W,41_.(t) <W,,p1_.(t') and £, =, for n #1, then

Omt1I=z gy _ m+1 24y =

a1 Ving1—2 () = (g1 = Tmg1— z)]+—[Wm+1 2() = (F 1 — m+1 D+

(W,
= Wing1-2®) = Emag1 — Emp1-2)l4 — Wing1—2#) — Emt1 — tmg1-2)14
<o.
Thus, we have O"T17*(t) — Ot 7*(¢') <0 for z=1,---, Z in any sample realization, and then
Ot)—0(t) = (LI, 0,41 0= (BOR ()] —BIOR~*(t)])) + 7_; o= (BIO 1177 (#)] — B[O 17 (¢)])
< (DI S0 i1 ax(BIOT 5 (6)] — BIOR % (¢)]) (BC.33)
=0@1) - 0.

Finally, as A; — oo, we have

Hma, e O(t) =O(fa, 1, -me) O(x +uy +u;),
limAlg,oo O(tl) _O(tg,' tl+d m+l) O(:l:—|—u1)

Since O(t) = O(z +u;) and O(i ) =O(x), by Equation (EC.33), Equation (EC.31) is derived.
O

EC.7. Proof of Proposition 2

Before presenting the proof of Proposition 2, we introduce a new notation, o(z;). Recall that O(x)

denotes the weighted sum of expected overlap time across all batches of arrivals given by schedule

. Analogously, let o(z;) denote the weighted sum of expected overlap time across a single batch

of z; individuals arriving together to an empty system. Then, o(z;) = >7_, a. ZJ =214/

The following Lemma EC.2 shows its discrete convex property, and we will use it in the following

(as well as in the proof of Proposition 3).
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LEmmA EC.2.
(a) o(x;) is non-decreasing in x;.

(b) for x; >2, o(x;+ 1) —o(x;) > o(x;) —o(z; — 1).

Proof of Lemma EC.2.
(a) It follows from the definition of o(x;).
(b) For x; > 2,

(o +1) = o()) — (ola:) = ofa; = 1) = Y7_, v, (Letiztletrnztle )
> 0. O
Proof of Proposition 2. Let a=m/T. By assumption, a is an integer, and therefore the E-D
schedule is given by &(m, D) = (a,--- ,a). Recall that O(x) denotes the weighted sum of expected
overlap time across all batches of arrivals given by schedule x. Also, let o(z;) denote the weighted
sum of overlap time across a single batch of z; individuals arriving together to an empty system.
Then, o(z;) =Y"_, a. > iiild —2— 1] /p. We use this in the following (as well as in the proof of
Proposition 3).
(a) It suffices to show that for any feasible schedule (m, D), there exists a D* such that for all
D > D*, O(x(m, D)) < O(x(m, D)). This would mean that &(m, D) is an optimal schedule.
To do so, we first construct a function f(D) such that f(D) < O(x(m,D))— O(&(m,D)).
We will show that f(D) is non-decreasing in D and that there exists a finite, positive D* such
that f(D*) >0, which indicates O(&(m, D)) < O(x(m, D)) for D > D* as well.
We start with the construction of the function f(D). Let p;-(j, D) denote the probability
that there are j people in the system just before the arrival of ith batch under duration D
and schedule &(m, D). Define the function f(D) =37 o(z;) — 3, S0 i~ (4, D)o(j + a).
Then, f(D) <O(x(m,D)) —O(&(m, D)) is satisfied, since

O((m, D))~ O(@(m, D)) > 21_, olx:) — O(&(m, D))
= o) — Sy Yo i (. D) - (X0, o, ekl )
>3 o(x) =2, Y bi- (4, D)o(j +a)
— (D).

(EC.34)

In Equation (EC.34), the first inequality is from the fact that when z; people arrive under

schedule &(m, D), they may find people in the system from previous batches. The last inequal-
ity follows because Y7_ S % <Y YUt % =o(j+a).

Next, we want to show f(D) in non-decreasing in D. Before proving it, we define additional

random variables PP to represent the number of people in the system just before ith batch’s

arrival under the E-D schedule and XP” to represent Poisson random variable with rate ud
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(recall d = =2-) for i =1,---,T. Note that P(P? = j) = p,- (j, D), for j =0,1,---,m. The

- T-1

recursive relationship between P2, and PP is

PP —0,
P2~DFI_[PiD+a_XiD]+7 ZZl?aT_l

Then, for D; > Dy > 0, we have X2 < X' and thus Pzﬁll =< PJrl inductively (=< is the
stochastically ordering) for i =1,--- , 7 — 1. It follows that

m T m

7*(j7D2) ( +a Zzpz j?Dl) (.7+a’)

i=1 j=0 =1 j=0

=> Elo(P* +a)] ZE (PP +a)

i=1
>0 (since P> = Pf’1 and o(j + a) is non-decreasing in j).

f(D1) = f(D2) =

Mq

S

Finally, we would like to show the existence of D* € (0,00) such that f(D*) > 0. As D — oo,
limp o p;~ (0,D) =1 and limp_, . p;-(j,D) =0 for j > 1. It follows that, for any feasible
schedule x(m, D) # x(m, D),

lim (D)= Zo ;) Zzgm pi- (4, D)o(j + a)
= ZO(%) - ZO(G)
S

The last inequality from above is from the convexity part of Lemma EC.2 and Jensen’s
inequality, since a =1 x;/T.
Since f(D) is a continuous and non-decreasing function, then we can find D* € (0,00) such
that f(D*) e (O,Aiir;of(D)] and thus f(D*) > 0.
O(z(m,D))—O(x°*(m,D)) < g(m)

It suffices to show that there exists a function g(m) such that O(a(m.D))

. . O(@(m, D) - O(@*(m, D)))
o < <0.
and ilﬁrréog(m) 0. If so, then 0 < Algéo O(z(m, D)) <0

First we want to show O(x°*(m, D)) > o(m — [uD1]), where [-] is the ceiling function, and

we will use it to construct the function g(m). Let z% denote the T'th element of the vector
x°*(m, D). Let p%._(j,m) denote the probability that j people are in the system just before
the arrival of T'th batch under schedule °*(m, D). Then, we have

O(x°*(m, D)) i”: Jo(j +x7) (EC.35)

j=0

<< D)- j) + xT> (EC.36)
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>o(m—ah — [pD] +z7}) (EC.37)

o(m— [uD]). (EC.38)

Inequality (EC.35) follows from the fact that if there are j people still in the system just
before the arrivals of % individuals, then due to the memoryless property of the service times’
distributions, the weighted sum of overlap time is no less than o(j + x%.). Inequality (EC.36) is
from Lemma EC.2 and Jensen’s inequality. To explain Inequality (EC.37), consider a schedule
in which m — 2% individuals arrive at the beginning; i.e., the schedule y = (m—z%.,0,--- ,0,z%).
Then, the expected number of individuals remaining in the system just before the batch of 7.
arrivals under schedule y is no more than that under schedule °*(m, D). Moreover, based on
the assumption that the service times follow exponential distributions, the expected number
just before final batch under schedule y is no less than m — =% — [uD]. Also, recalling o(z) is

non-decreasing in x, we derive Inequality (EC.37).

o(m)—o(m—[uD]) O(x(m,D))—0(x°*(m,D)) .
o(m—[uD]) -~ Then, O(z(m,D)) <g(m) is

Next, we define the function g(m) =
satisfied, since
O(x(m, D)) — O(x®*(m, D))
O(x°*(m, D))
_ om) —o(m — [uD])
o(m —[uDT)

Inequality (EC.39) holds since schedule (m,0,---,0) results in the largest weighted sum

O(x(m, D)) — O(x°*(m, D))
O(x(m, D))

<

(EC.39)

expected overlap time.

Finally, we show lim g(m)=0:

m—o0

o(m)
li =—1+ lim ————
A g(m) =—1+ lim e 57y

z m n—z—1
Zz:l o, Zn:1 [ : I+
m—o00 Zz a, Zm*[P«D] [n—2-1]4

n=1 w

i Zj:1 a.(m—z)(m—z—1)/2
m—o0 Zizl ozz(m— LuD—l —Z)(m— LUD‘I . 1)/2 (EC40)

Since the numerator and denominator of expression to the right of the limit in Equation (EC.40)
are polynomials of form m? plus some lower-degree terms, then the limit is 1, and thus the last

equality is derived. O

EC.8. Proof of Proposition 3

Proof of Proposition 3. We prove it by contradiction. Suppose schedule x* = (2 d D)

s s M Ty

is not optimal. Let y = (y1,---,yr) be a schedule that optimizes OPT-OVERLAP. Then, y # x*,

and one of the following two cases must true:
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(i) Forall i <T —1, y; < %. Moreover, there must exist at least one index 5 <T'— 1 such that
y; < % (otherwise, y = &*, a contradiction);
(ii) There must exist at least one index j <7 —1 such that y; > £;
For Case (i), since y; < 4 for all i <T — 1, then batch y; will finish their service within one slot
and leave the system before the arrival of batch y;,1. Then, the weighted sum of overlap under

schedule O(y) = ZiTzl o(y:), where o(y;) is defined in the proof of Proposition 2. Since y; < 4, then

Yyr >m — %. Construct a new schedule z = (z1,- -, zr) such that
4 if i=j,
Y otherwise.

It follows that

O(z) =1 0(z) (since z < << foralli<T-—1)
=5 o(z) — (0(z;) + 0(o1)) + (0(z) + o(21))
<30 0(z) — (o(z;) + o(zr)) + (o(y;) + oyr))
= g( o) — (0(yy) + o(yr)) + (o(y;) + o(yr))

where the above inequality stems from the convexity of o(z) function. Consequently, schedule z is
better than y, leading to a contradiction.

For Case (ii), since y; > %, then there exists at least one individual from batch y; remaining in
the system when batch y,, arrives. If we create a new schedule z in which this individual arrives
at the start of slot j + 1 instead of slot j (i.e., the new schedule is identical as the old, except slot
j has one less and slot j 4 1 has one extra individual compared to schedule y), then it may reduce
the expected overlap time between them and the individual ahead of them within a queue physical
distance as z but will not influence the expected overlap time between other pairs. Hence, we have
O(z) <O(y). If O(z) < O(y), then y is not optimal (contradiction); if O(z) = O(y) and z = x*,
then «* is also optimal (contradiction); if O(z) = O(y) and z # x*, then let y = z and we still use

the above Case (i) & (ii) to analysis schedule y iteratively until a contradiction occurs. O

EC.9. Proof of Proposition 4

Before presenting the proof of Proposition 4, we introduce a new notation, o(x;|j). Let o(x;|j)
denote the weighted sum of expected overlap time across a single batch of z; individuals arriving to
a system with j people already in it. Then, o(z;|j) = > -, @. > o [j+n— 2z — 1], /u. The following

Lemma EC.3 shows its connection to o(x; + j) and o(j), and we will use it in the following.

LEmMmA EC.3.
(a) o(w:]j) = o(xi + j) — o(j).

(b) for 2 <z <z, o(x2|j) —0o(x1|j + 2 — x1) is non-decreasing in j.
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Proof of Lemma EC.S.
(a) It follows from the definition of o(z;|j):

0($z|]) _ Zj:1 a, Z’flz:l [j+nf:71]+
=57 a0t btn—z1]y
- z=1 "%

Fras Gamesty) [ 1
- z Jjtxi [j4n—z—1]4 z J jtn—z—1]4
- Zz:l Q Zn:l o Zz:l Qy n=1 o

=o(j + ;) —o(j).

(b) For 2 <z, < xy, we have

o(z3|j) — o(@1|j + 22 — 1) = (0(z2 + j) —0(j)) — (0(@1 +j + 22 — 71) — 0(j + 22 — 1))

=o0(j +x2 — 1) — 0(j).

From Lemma EC.2(b), we have o(j 4+ z3 — 1) — 0(j) is non-decreasing in j. O

Proof of Proposition 4. Let o(x|j) = 327, 32" az[j+n—l+l}+_ In particular, when j = 0,
o(z;]0) = o(x;) (o(x;) is defined in Lemma EC.2). We have proved properties of o(x;) in Lemma
EC.2 and properties of o(z;|j) in Lemma EC.3 and will use them later.

(a) For notational convenience, let @ = (z1,22) and & = (&, Z2) = (22, 1). Recalling the expression
for O(x) we derived as Equation (3), we have

2 z1+tao

O@) =" > pi(jolx:lj),

i=1 j=0
2 z1two

O@) =Y > pi(jo(&:l5)-

i=1 ;=0
where p;-(7) (p;-(j)) is the probability that when batch z; (&;) people arrive, they find j
people in the system.

Before proving O(x) — O(&) <0, we first derive the relationships between p;-(j) and p,- (5),

which we will utilize in the subsequent proof.

p1-(0) =p:-(0) =1, (EC.41)

pa- () =pa-(n) =0, j>z1,n> s, (EC.42)

pQ—(j):ﬁQ—(j+$2—l’1), j:132;"'ax17 (EC43)

p2-(0)= > ha-(j): (EC.44)
7=0

The difference between O(x) and O(&) is calculated as:

2 x1+tag 2 ®1tag

O@)—0@)=>_ > p,—Domili) =D, > b, (F)o(@:l4)
i=1 j=0 i=1 j=0

x1+xo x| txo
= (o<z1>+ > p2_(j>o(zzm> - <o(z2)+ > ﬁ2_<j)o(m|j>> (by Equation (EC.41))
j=0 j=0

@] x

2
2 Py (Go(2ld) = 37 Py (j)o(zﬂj)) (by Equation (EC.42))

i=0 j=0

= (o(z1) — o(z2)) + (
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o - s
= (o(x1) — o(x2)) + <p27(0)0(12)+ Zpﬂj)o(mzm) —( S b @l + > ﬁT(j)o(mm)

j=1 j=0 j=wg—=m1+1

@y —wy z zg
= (o(z1) —o(z2)) + (pg—(O)O(ZZ)_ 3 ﬁQ—(j)O(lej)) + (Z Py (F)o(z2]s) — 3 ﬁQ—(j)D(zl\j)> .

i=0 j=1 j=mg—xq+1
Define it as Aj Define it as Ag
Next, we simplify A; and A,:
T2 —T1
Ay =ps- E Pa-(j)o(z1]7)
To—xT1

< pa-(0)o(xz) — Z P2 (j)o(z1)

=po-(0)[o(x2) — OE%)], (by Equation (EC.44))

T2

AQ*ZPQ Jo(z2|j) — Z P2-(j)o(x1]7)

j=z2—z1+1
= Zpg Yo(z2]7) Zpg Jo(z1]j + x2 — 1) (by Equation (EC.43))
—Z]h (o(w2|j) — o(1]j + 2 — 21)).

Therefore, we have

O(x) — O(x) =o(x1) —o(w2) + A1 + Ay

<o(z1) —o(w2) +p2-(0)[o(z2) — o(x1)] + ZP2 (o(z2]j) —o(x1|j + 22 — 1))
—sz o(z1) — o(x2) + o(x2]j) — o(z1]j + 22 — 21))
< sz o(x1) — o(x2) + o(xz|x1) — o(x1|x2)) (by Lemma EC.3(b))

= 0 (by Lemma EC.3(a))

(b) Let f(x,D) denote the value of O((x,m—=z))—O((x+1,m—x—1)) under duration D. Without
loss of generality, we assume = 1. Since f(z,0) =0 and limp_, f(x,D) > 0 (explained by
Equation (EC.45)), then to show the existence of the D, (the positive root of f(z,D) in D),

it suffices to show f(x, D) first decreases and then increases for D > 0.
[}im f(z,D)=(o(x)+o(m—2x))—(o(x+1)+0o(m—x—1))>0. (EC.45)

where the inequality is from the strictly discrete convex property, which is verified in Lemma
EC.2(Db).

For notational convenience, let @ = (x,mm — x) and & = (x + 1,m — x — 1). Similarly as
in the proof of Proposition 4(i), we define probabilities p;-(j) and p,;-(j), and derive their
relationships:

e—D x—7

pz—(j)=ﬁzf(j+1)zw, j=

1,2, 2, (EC.46)
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pa-(0) =52 0) 452 (0 =13 1) (EC.47)

Then, f(x,D) is calculated as:

x x+1
f@ D)=o(@)+ Y py— (No(m—zlj) —o(x+1) = > p,— (§)o(m — =z — 1]5)
j=0

i=0

1 x x+1
—o(a) —o(z+1) + (zazf (©)o(m—z) = 3 p,— ()o(m —=z — 1|j>) + <Z Py (Do(m —alj) = 3 By (j)o(m — o — 1|j>)
j=2

j=0 =1

= —o(l]@) + p,— (0)(o(m — ) —o(m —z — 1)) + (Z py— (§)o(m —x|j) — Z 0(m*w*1\9)>
Jj=1

(by Equation (EC.47) and Lemma EC.3(a), which implies o(m — z) = o(m —z—1]1))

x x41
=—o(l|2) + Py~ (0)o(llm -z — 1) + (Z Py (Do(m —xlj) = 3 Py (fo(m — o — 1|j))
i=1 Jj=2
z+1 z+1
=—o(llz) + p,— (0)o(l|m —x — 1)+ (Z Py (F)o(m —a|j—1) — Z Do (j)o(7n7¢71|j)> (by Equation (EC.46))

x+1
= —o(1]a) + By— (0)o(1lm -z — 1)+ 3 p,— () (o(m — alj — 1) — o(m — 2 — 1]5))
j=2

x+1 x+1
=—o(1llz) + (1 = > hy- (j)) o(llm —z—1)+ > H,— (§)o(1]5 — 1)

x+1
=o(llm—a —1) —o(l]z) — py— (LJo(llm —z —1) = > p,— (§)(o(1lm — 2 — 1) + o(1]j — 1))
j=2
—D @+l —D paotl—j .
=o(llm—z —1) —o(l]z) — o o(llm —x —1) 7]; ﬁ(o(umfzf 1)+ o(1|j —1)). (by Equation (EC.46))

Next, we calculate the first order derivative of f(z, D) with respect to D, that is

df(z,D) e PDT e Pgpr-! 2+l o=Dprtl=—j _(z 41— j)e " PpDr—J )
on = o <1\mfx—1)+¥ Py (o(1fm — = —1) +o(1]j — 1))
r—2
_. D <o(1|m—‘:c—1)DI B Z o(l\:c—n)—ol(l\x—n—l) D") . (BC.48)
x! =0 n!
c—2
If we view the term in Equation (EC.48), MDI — e 2 eleon)—oleznl) fhn 59 g

polynomial of D, defined as g(D), and rewrite it in descendlng order of the variable exponents,

we have
o(llm—z—1 =2 6(1lz —n) —o(llz —n —1
oy = 2D o SEelle=n) — o .
= O(l‘m;x_ D pe 0(1‘(2::20)(!1“) w2 0(1‘2:;(!”2) —(o(1]z — 1) — o(1]z — 2))D + (o(1]z — 1) — o(1|2)).

Since there is one sign change between the first and second terms, by Descartes’ rule of
signs, g(D) has exactly one positive root. Additionally, since g(0) = o(1|x — 1) — o(1]z) <0
and limp_, ., g(D) > 0, then g(D) is a single-crossing function from negative to positive within
D € [0,400). Then, 0f(xz,D)/0D is a single-crossing function from negative to positive as
well. Therefore, f(x,D) first decreases and then increases with respect to D, which indicates
the existence of the single root D,.

For all D < D,, we have

fz,D)=0((x,m—2))—O0(z+1,m—2z—1)) <O0.
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Since O(x) is multimodular in x, we have
Ol(z+1l,m—z—-1)-0(z+2,m—2—-2))<O((z,m—z))—O(z+1,m—2—1)) <0,

which implies f(x+1,D) < f(x,D) <0 for D < D,. Hence, D, > D,.

Furthermore, for any D € [D,_1, D, ), we have f(n,D) >0 for 2<n <z and f(n,D) <0 for
z+1<n<|m/2—1]|. This implies that O((n,m—2) > O((n+1,m—z—1))for2<n<z—1
and O((n,m —n)) <O((n+1,m—n—1)) for  <n <|m/2—1], indicating that schedule

(x,m — x) minimizes the O(x) function. O

EC.10. Proof of Proposition 5
Proof of Proposition 5 We skip the proof of (b) and (c), since (b) has been proved in Kaandorp
and Koole (2007), and it is easy to verify (c).
(a) Define vectors vy, ,vry; € Z' as in Equation (2) and wy, -+ ,ur;; € Z7! as Equation
(EC.30). Recall Equation (EC.31) from the proof of Proposition 1, we have proved that given
any vector y € Z;{l, if{fy+u,,y+u;,y+u;,+u;} C Zgarl, then

Oy +u;))+O0(y+u;) >0y +u; +u;) +O0(y). (EC.49)

Notably, we have
lylls = lly +wills = |y +wlly = [ly + wi + w1 (EC.50)

Additionally, for any schedule 7 € {y,y + w;,y + u;,y + u; + u;}, assign indexes n =
1,---,|IT][s to each individual based on their order of arrival under the corresponding
continuous-time arrival schedule. Let W, (7) denote individual n’s waiting time, and let
O~ *(7) denote the overlap time between individual n — z and n. Then, we have O(7) =
S, ZJ;”;H a.E[O*(7)]. We will use these notations and Equation (EC.49) & (EC.50)
repeatedly later on.
To prove (a), we apply Definition 1 to the following cases:
(a-1) If 2<i<j<T, define z = («,0). Then, z +u; = (x + v,,0), 2+ u; = (x + v;,0), and
z+u;+u; = (x+v;,+v,,0). It follows that

O(x+v;)+0(x+v;) =0(z+u;) + O(z + u;)
>0(z+u;+u;)+0(2z) (by Equation (EC.49))
=0(x+v; +v,)+O(x).
(a-2) f2<i<j=(T+1), define y = (x,1) (we also use it in other cases). Note that compared
to schedule @, schedule y has one more arrival at (7'+ 1)th time period. From Case (i) in

the proof of Proposition 1 and Lemma EC.1, for z=1,---,Z, we have

E0; " (y+u) + 0, *(y+ury1)] 2 B[O, (y) + O, " (y+ui +ury1)], n=z+1-- [ly[li -1
(EC.51)
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Additionally, the difference between schedule y 4+ w; + w11 and schedule y + ur ; is
that the former one shifts one individual at ith time period to an earlier time period. This
individual cannot be individual ||y||;. Our next goal is to show E[O”z”iﬁ(y +uryq1)] >
E[O”z”i_z(y +u;+uryy)] for z=1,--- z. Let n denote the index of the shifted individual.
We consider the following subcases:

(a-2.1) If n < ||y|ls — 2, then Wy, —-(y +uri1) = Wy, —-(y + w; + uriq). But the arrival
times of individual ||y||; — z (individual ||y||;) are same under these two schedules.

Therefore, by Equation (EC.24), we have

E[Ol\y\ll—Z(y+uT+1)] > E[Olly\ll—Z(y+ui Fur)) (EC.52)

Iyl llyll1

(a-2.2) If n=||y||x — 2, then Wy, —-(y +urs1) = Wy, - (¥ +u; + uri1) — d], the arrival
times of individual |ly||; are same, but the arrival time of individual ||y|; — z under
schedule y + uw; + w1 is shifted d time units earlier. Again, by Equation (EC.24),
we have

BLOJY ™ (y +wr1)] = BIOJA' (g + wi + urin)). (EC.53)

(a-2.3) If ||y|ls — 2z <n < ||y||1 (since the shifted individual cannot be individual ||yl|;, then
n <||yll1), the waiting times of individual ||y||; — z and the arrival times of individual

llyll: — z (individual ||y||;) are same under these two schedules, which implies

E[O”yul_z(y +ury) = E[O“yul_z(y +u; + uryq)]. (EC.54)

llyll1 llyll1

Since y = (z,1), y + u; = (x + v;,1), y + ury1 = (T +v741,0) and y + u; + upyy =
(x+v; +v741,0), then by Equation (EC.50), we have

z lytuglli—1 z lylli—1
O(@+wv;)= a E[O] *(y+ui)l= ) as E[0;, "% (y + )],
z=1 n=z+1 z=1 n=z+1
z ly+up iy z llylly
O(@+vri1)= ) as > E[O]  *(y+uri))=> a: Y. EO) *(y+ury)l,
=1 n=z+1 2=1 n=z+1
z llylli—1
O@)=> a: Y.  EOL %)
2=1  n=z+1
z ly+uw;tur il z llyll1
O(@+wv;+vrp1)= Y az B0} *(y+ui+urt))= > a: Y. EO} *(y+u; +urir)l
z=1 n=z41 z=1 n=z+1

Therefore, by Equation (EC.51)- (EC.54), it follows that

z llyllp —1 z
O(m+ ;) +O(m+vryr) =Y oz ( S E[Oﬁiz(y+ui)+O:,72(y+uT+1)]) +>° azE[OHyH1—z(y+uT+l)]
z=1

z=1 n=z+1 H’UHl
z Iyl —1 z Il
— - —z
>3 a. S B[O @)+ O0r Fytui tury)] | + > a;E[Onzni (y+u; +upyr)]
z=1 n=z+1 z=1

=0(z)+O(x+v; +vr41)-
(a-3) f 1=i<j<(T+1), as shown in Case (ii) of the proof of Proposition 1, for z=1,--- , z,
we have
B0 *(y+ur +u;) —OrZ1 *(y+u)] <EOR *(y+u;) —On ()], n=z+1,--, |yl

n—1—z

= B[O} F(y+ur +uy) + 00 P ()] <EOR *(y+u;) + 0N *(y+u), n=z+1,-,lyl1. (EC.55)
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(a-3.1) I j<T,theny+u, = (x+v1,2), y+u; =(x+v;,1), ytui +u; = (z+v:1+v;,2).
Again, by Equation (EC.50), we have

= lylly—2 lyllg—1
O@+v1)+O0(@+v;)= o E0; *(y+uw)l+ > EO; *(y+u;)]
z=1 n=z+1 n=z+1
z lylly—1 ) o
=> a EO" 17 (y+u1) + 0" *(y+u;)] | (since O2(y+u1)=0)
n=z+1

z llylls —1
2 a, ( Z [On 1= *(y+ur+u;)+0," z(y)]) (by Equation (EC.55))
=1 n=z+1

=O0(z+v1 +v;)+O(x). (sinceOg(y+u1+uj)EO)
(a-3.2) If j=T+1, then y+u; = (x +v1,2), y+ury; = (€ +v7:1,0), y+u; +ury =
(x +v; +vri1,1), and thus

yu1 2 lylly
O(z+v1)+O0(@+vry1) = Zaz< EO)  *(y+u)l+ . E[OZ‘z<y+uT+1)])

n=z+1 n=z+1
HyHl 1 L Il
—Zaz E[O, " " (y+u1) + 0, (¥ +uri1)] +Zaz OHy‘l “(y+urgr))
n= z+1
(since Oz(y+u1) =0)
llylli—1 i lullg—=
>3 a > ElOnZi T (ytur+urg)+ 05 7 (w)] +Zaz OHzHl (y+uri1)]
= n=z+1
(by Equation (EC.55))
z llylls —1 1 llly—1—=
=>a: S EOrT1 T F(w+ur turgr) + O F(y) +Zaz OHyul (y+u1 +uryq)]
n=z+1

(EC.56)
=0(@)+ O +v1 +vry1). (since O (y+ui +ury1) =0)

To explain Equation (EC.56), we compare schedules y + u; + ury; and y + wry.
Adding u; means shifting individual 1 to the end. Consequently, the individual
llyll1 — 2z (|lyl|1) under schedule y + wr;1 becomes individual ||y||; —z—1 (||y|1 — 1)
under schedule y + u; + wr,;. This leads to the relationship VVHylh—z(y +ury) =
Wiyli—2—1(Y + 1 + ury1), which implies E[Ouz”iﬁz(y +uriy)] = E[O”z”i:f*l(y +
u; + uryq)], resulting in the equivalence in weighted sum of overlap times as shown
in Equation (EC.56).

O

EC.11. Model accounting for no-show behavior
In this section, we first derive the recursive formulas of O(x,0), L(x,0), and then state the proof
of Proposition 6.

O(zx, ) has a recursive formula as

ZiiZZM (.0 ( [j+n—z—1]+> . <ij)0mik(1_9)k7 (EC.57)

k
i=1 j=0 k=1 z=1 n=1 K

where p;—(j,6) correspond to p;—(j), as defined in Equations (EC.2) and (EC.3), in the setting

considering no-shows. They can be generated recursively as follows:

1-(0,0) =p1-(0) =1,
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g

. Ti\ pgo— . .
piJr(]ae):Z <k7>9 ‘ k(l_g)k'pi*(] _kae)vj >0,

k=0
1

‘9) = E P+ (nv H)bna
n=0

llzl1

Di— (]70) = Zp(i_l)Jr (TL, e)an—j7 j > 0

n=j
Similarly, the recursive formulas of L(z,0) is L(z,0) = > pri1)-(4,0) - kj—u

EC.11.1. Proof of Proposition 6
Proof of Proposition 5 Define vectors vy, -+ ,vr,; € ZT as in Equation (2) in our paper.

(a) By the definition of multimodularity, it suffices to show that for any 1 <i<j<T+1,
Ox+v;,0) +O(x+v;,0) > O(x,0) + O(x +v; +v;,0).

Give each individual a unique index k, 1 <k < |[|=|;, according to the order of their
arrival under schedule x. Consider any arbitrary sample realization of their attendance A =
(A1, , Ajay, ), where Ay =0 (or Ay, =1) signifies individual k£ as a no-show (or show-up).
Let x|A represent the actual arrivals in realization A; the ith element is 7177 A, —
ng T AL Assume that if @ +v; is feasible, then adding v; to & corresponds to shifting
individual with index [ (I =27+ ---+ x;,_1 + 1) to arrive one time period earlier. Specifi-
cally,  + v; means the removal of individual 1, while & 4+ vy, introduces an additional
individual ||«|[; + 1 in the last time period. For i < T, if individual ! no-shows in realiza-
tion A, O((x + v;)|A) = O(x|A); otherwise, O((x + v,;)|A) = O(x|A + v;). For i =T + 1,
O((x +vr41)|A) =00(x|A) + (1 - 0)O(x| A+ vry,). Following the rule of conditional prob-
ability,

ZP O(z|A)=) (1-0)l4hgl=h-l4ho(z|A). (EC.58)
A
Since the no-show probability is the same for each individual, then

O(x +v,,0) ZP O(x|A), fori<T,

and

O(x +vrpyq,0) ZP )00 (x| A) + (1 — 0)O(x| A+ vryy)).

Next, for 1 <¢ < j <T, suppose adding vector v; and v, leads to the shifts in the arrivals

of individuals k; and k;. For any realization A, one of the following three cases will occur:
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(i) If both individual k; and k; present, then

O((z+v)|A) +O((x +v;)|A) = O(z| A+ v;) + O(z| A+ v;)
> O(a|A) + O(a| A+ v, +v,)
=0(z|A)+O((x +v; +v,)|A).

(ii) If neither individual k; or k; presents, then

O((x+v,)|A)+O0((x+v;)|A)=0(x]A) + O(x|A)
=0(z|A)+O(x + v, +v,|A).
(iii) If one of individual k; presents and individual k; presents, then
O((x+v,)|A) +O((x+v,)|A) =0((x + v, +v,)|A) + O(x|A).
Therefore,
O(x +v;,0) + O(x+v;,0) =Y P(A)O((x +v;)|A) + Y P(A)O((x +v,)|A)
A

> "P(A) (O(z|A) + O((z +v; + v,)|A))

b

>O0(z,0) +O(x+v;+v;,0).

For 1 <i<j=T+1 and any realization A, one of the following two cases will occur:

(i) If individual k; presents, then

O((z +v;)|A) + 00(z|A) + (1 — 0)O(x| A+ vryy)
=O(x|A+v;)+00(z|A) + (1 — 0)O(x| A+ vriy)
=00(z|A+v,) + (1 —0)O(x|A+v;) +00(x|A) + (1 — 0)O(z| A+ vry)
> 00(z|A+v;) +00(z|A) + (1 - 0)(O(x|A) + O(x| A +v; +v741))
= O(x|A) + 00(x|A+v;) + (1 — 0)O (x| A +v; + vry1)
=O0(x|A) +00((x+v,)|A) + (1 — 0)O((x + v;)| A+ v741),

where the inequality is from the multimodularity of O(-) function.

(ii) If individual k; does not show up, then
O((x+v,)|A)+00(x|A)+ (1 -0)O(x|A+vriq)
=0(x|A)+00(x|A)+ (1 -0)O(x|A+vr41)
— O(x] ) +00((x +v,)|A) + (1 - 0)O((@ + v,) A+ vr.1).
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Therefore,

O(x+v;,0) + O(x + vry1,0)
= ZP(A)O((:B +v;)|A)+ ZP(A)(GO(a:\A) +(1-60)O(x|A+vri1))

> " P(A)(O(x|A) + 00((m +v:)|A) + (1= 0)O((z +v,)| A+ vr41))
=0(x,0)+O(x+v; +vry1,0).

(b) The proof of showing the multimodularity of L(x,#) is similar to that of O(z,0). O



