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Online Appendix for “Non-stationary Experimental Design”

EC.1. Technical Details of Section 3
EC.1.1. Proof to Proposition 1

First with the union bound, we can have
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Therefore, we are going to bound the two terms respectively. Note that since these two terms are
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almost symmetric. For simplicity, we assume T is an even number and 7' > 4. We start with the
first term of Eq. (EC.1). Denote Va0 =", .r,)en, , 2(0)¢(1) " for a € {0,1}. By the definition of
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Therefore, éiﬁom(a) —0, = Vlfol Zi=1,3,...,:m—1 £1,:¢(7). We now begin to work on the matrix V.
Vo= Y 1i\ _ [(Te/2  T*/4 T T /2
e i) T\ AT(T =1)/6) 2 \T/2(T* —1)/3)
The inverse of the matrix V; ¢ can be calculated explicitly as
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Thus, éi:ﬁom(a) — 6, can be further decomposed as
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Note that all the data in D, is independent. We now can use some standard techniques to bound
the probability tails. We start with the following probability, for any §; > 0,
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where the first inequality holds by symmetry, the second inequality adopts Markov inequality, the
first equation is due to the independence of all the data, the third inequality follows from the
definition of the sub-Gaussian noise, the fourth inequality uses (272* — 2 — 37%4)? < 27 and we

select s = aéz(uﬂﬁ in the last step. Similarly, for any d, > 0,
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where we choose s to be % at last. By combining Eqgs. (EC.3) and (EC.4) and the union
1
bound and setting §; = 11@7537‘23 and 6, = 5 jéfgi}a, we can derive
ar T2a _ 4)252 (T2a _ 4)252

P ‘HL EOFU(q) — 0, H <dex ( 0 <4 /0 , (EC.5
< LT PP\ T4 1 2102702 ) =P\ T aare o2 (BC.5)

where the second inequality is based on our assumption that T > 4.
The bound for the second term of Eq. (EC.1) bears strong similarity to Eq. (EC.5), with slight
difference on the index of time. Specifically, HL EOFU(e) _ g, = Voo Zi:2,4,~- e €2,i¢(i), and
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Then, naturally we have
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Similarly, we start bounding with the first coordinate as, for any d; > 0,
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where we use the fact that (27* 42 — 3i)? < 47> and set s = ‘?2(7?:&;22). Moreover, for any d, > 0,
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where we take s = % By taking &5 = % TTMZQ and 4 = % in Egs. (EC.6) and (EC.7),

we can obtain that
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By plugging Egs. (EC.5) and (EC.8) into Eq. (EC.1), we can have
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By simple calculations, we further arrive at that for any € > 0,
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which, with T > 4, further implies,

|

We finish the proof. Q.E.D.
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EC.1.2. Proof to Theorem 1
Since our L-EOFU operates in a two-stage manner. We are going to bound the regrets for each
stage separately. For simplicity, we assume 7T is an integer. For the first exploration stage, since

16.]| < S, we can bound the first-stage regret REEFU@)L(T) as
T T
RESR(T) < 37 ’(91 —0,)" ¢(t)] 25T +253 1 <4T>S. (EC.9)
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For the second stage, by Theorem 2 in Abbasi-Yadkori et al. (2011) (see, also Lemma EC.2 in
Appendix EC.3), with probability at least 1 —4, for all t € [T] and a € {1,2},
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This is the reason why the algorithm is partially called by OFU. We first investigate the single-step

regret at time ¢t when arm 1 is optimal for illustration.
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where the first and the third inequalities hold due to Eq. (EC.10), and the second inequality holds

since we are optimistic. We can know the follows about the regret of the second phase REEFU(@):2(T):
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where v = (01 V 02)y/12In(T) — 2In(4.5A5) + A/2S. The last inequality follows from the following
facts: y1+ < and y2; <o r for all t and

2 T 42 2 6
det(Vir) < <trace§VLT)) < <T+Et—1t +2)\> < %,
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where the last inequality holds when 7T > 2 and A < 1. Then, it is sufficient to bound
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where the last inequality holds based on the followmg observation:
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The RHS of Eq. (EC.12) can be upper bounded by the optimal value of the optimization problem:
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By Lemma 8 in Chu et al. (2011), the optimal solution to Eq. (EC.13) is hy =hy =+ = by, =
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where the second inequality follows from the fact that |¥,| > TTa since in the first stage we at least

gain % observations. In order to establish the third inequality, it is sufficient to show that

2
(1+Z) 2 41+5 ln(2[‘l’1|)
21w T < Y
(2/%:]) ST |0 |

+1,

which is equivalent to
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When |¥,| > 2, the above inequality can be easily verified.

Following exactly the same procedure for arm 2, we can achieve

2
«

T
41+
DOl T < \/ (2] ), (BC.15)

where |W,| := {t: A, =2}. Plugging Eqs. (EC.14) and (EC.15) back into Eq. (EC.11) with |[¥;| <T
and |W,| <T, we derive

Rﬁ—EDFU(Q),Q(T) S 4,}/ =
n

Put Egs. (EC.9) and (EC.16) together, and we finish the proof. Q.E.D.

In(27)T. (EC.16)

A quick remark about why the techniques of Theorem 3 in Abbasi-Yadkori et al. (2011) cannot
apply here is that the single-step regret has to be bounded by a constant independent of 1" in their

case, which cannot hold here.

EC.1.3. Proof to Proposition 2

We first construct two instances v; and v, as follows. For v, we set arm 1 to be with 9%1) =(0,0)
and arm 2 to be with 65" = (f(T),0), where f(T) is a function of T which will be specified later.
For v, arm 1 remains the same to be with 6{* = (0,0) and arm 2 to be with 5" = (2f(T),0). All
the noises for v; and v, are assumed to be o2-Gaussain.

inf sup P, (Hé -6,

0 ve&y

X > f(T)) > inf max PP, (“é—@ui

6 i€{1,2}

> inf P, (¥#i
=1L P (Y70

[1=TV(P,,,Py,)]

- /KL(IP’;,IP’UQ)]

Tf(T)

> f(T))

v

NI~ NI~ N

v

—
—_
|
[\
Q)
o



e-companion to Simchi-Levi, Wang, and Zheng: Non-stationary Exzperimental Design ec’?

where V is the test for whether the underlying model is v; or v,, the third inequality holds due
to Pinsker’s inequality (see, e.g., Wainwright 2019), and the last equality follows from the KL-

divergence of two normal distributions with the same variance. By setting , / T];(TQ) = 2¢,, We can

solve that f(T') = 2‘(/%2”0

Therefore, we can have

inf sup E, [ ) —

0 ve&y

12 ()2

For the regret lower bound, we again construct two instances v; and v, as follows. For vy, we set

arm 1 to be with (" = (0,0) and arm 2 to be with 65" = (¢(T), —29(TT)), where g(7T') is a function

By choosing ¢, = i,

of T which will be specified soon. For 15, arm 1 remains the same to be with (" = (0,0) and arm

2 to be with 6" = (—g¢(T), %

) Note that when t < T, arm 2 is optimal for v; and arm 1 is
optimal for v,. All the noises for v; and v, are assumed to be 02-Gaussain. Define event A to be

that arm 1 is played % in the first % periods.

inf sup E[R7(T)] > inf max E [R” (T)]

T ve& m ie{1,2}
> infPr () LDTHY | pr (e 9T +4)
w7 16 2 16
> Wexp(—KL(Pul,Pw)), (EC.17)

where the last inequality holds due to Bretagnolle-Huber inequality (see, Bretagnolle and Huber
1979, Lattimore and Szepesvari 2020 and Lemma EC.3 in Appendix EC.3). What remains now is
to upper bound KL(P, ,P,,).

T 4g(T) t)
L(P,,,P,, Z 20 P, (A, =2)
t=1 0
T
~ 2
< L
2g(T) T
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Plugging Eq. (EC.18) back into Eq. (EC.17) and choosing g(T') = 7%, we derive

T+4
inf sup E[R7(T)] > 22T+ J‘“f
T yeg, 32e\/T

We finish the proof. Q.E.D.
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EC.1.4. Proof to Theorem 2

Without loss of generality, we specify S =2 in this proof. We first construct two instances v; and
vy as follows. For vy, we set arm 1 to be with 6" = (0,0) and arm 2 to be with 6" = (0,—1).
For vy, arm 1 remains the same to be with 6{” = (0,0) and arm 2 to be with 65 = (=2f(T), —1).
Thus, 6,, = (0,1) and 0,, = (2f(T'),1). All the noises for v; and v, are assumed to be o3-Gaussain.

Following the traditional statistical testing, we define the minimum distance test w(HT) with respect

to {; norm, which is associated to O by w(éT) = argmin;_; - O — CIf @Z)(HT) =1, we know
that HéT — ‘91/1 ‘GT Vo By the triangle inequality, we can have, 1f 1/)(0T) =1,
HéT - 91’2 1 > ||9V1 - 91’2”1 - HéT - 91/1 1 > ||9V1 - 91’2”1 - HéT - ‘9112 L 5

which yields that HéT —0,,
HéT - 01/1 Z !
1

) > 110,, —0.,|, = f(T). Symmetrically, if Y(0r) =2, we can have

510, = 0,,||, = f(T'). Therefore, we can have

inf maxP7 <H9T -0,

op vE&L

1Zf(T))_ inf  max P7 <H0T—

WEHB 9T i€{1,2}
> inf max PT (¢(07) #1)
oy ie{1,2y

> 1nf max P7 (1 # 1)

ie{1,2}

> /(1)

2 5 inf (P}, (¥ # 1) + P}, (v #2))
1
=5 [1=TV(P],,P},)]
> % KL(}Pgl,PgZ)] , (EC.19)

where the third line is taken over all tests i) based on Hr that take values in {1,2}, the first
equality holds due to Neyman-Pearson Lemma (see, Neyman and Pearson 1933 and Lemma EC.4
in Appendix EC.3), the fifth inequality follows from Pinsker’s inequality.

We now need to further upper bound SUPrcr, KL (IP’ZI, Py, ). With the chain rule of KL-divergence,
since v; and v, are only different in arm 2, we can decompose KL(P} ,P7 ) as follows:

vy

2

o (A=

T T
KL(P, P},) = D EJ [KL(Pa,, Poa,)] Z 0 La,=)

t=1

(EC.20)

Moreover, because of 7 € Il and E [R] (T)] = ST -1 tP7 (A =2), we can have the constraint that

there exists a constant cs > 0,

Zﬂ?” (A, =2) <17, (EC.21)
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Therefore, we are now using Eq. (EC.21) to bound the RHS of Eq. (EC.20). The RHS of Eq.
(EC.21) can be bounded by the optimal value of the following optimization problem.

T
T
tht < CSTB
=1
0<z, <1 Vte[T].

By observation, the optimal solution of the above optimization is z; =--- = acL s \/mj =1 and

R M
—141/148c3T8 —141/148c3T8 —141/148c3T8
e = (T = (PR | 1) VTR ) (| SEVERSTE | 1), Hence,
| —Y 52— |41

<4/ TH, (EC.22)

T 8
14+V148cTP  1+4/caT?2
ZPZI(AtZQ)S + ;— C3 < + 264 2

where ¢4 = ¢3 V §. Plugging Eq. (EC.22) back into Eq. (EC.20), we arrive at the point that

. 1 4,/ T)?
inf max P} (HHT—H > f(T )) - 11— #()Tg
b ve&y 2 (o
. . ooé .
By choosing f(T) = W, we finally derive
1
inf max P7 (HGT— y >c4 aofT ) - —¢.
op vEEL 2
Moreover, by choosing & = i, we have
inf max[E} [HQTf } > UolT‘g.
by v 2 16¢)

We finish the proof. Q.E.D.

EC.1.5. Proof to Theorem 3
Recall that in Eq. (EC.2) we have established that

GLEOFU(@) _ g 4 Z¢:1,3,...,Ta—1(2T2a 2-3T%)e1
LT '™ Ta (T2 —4) Zi:l,{)‘,w ,Toé—1(_3Ta + 6Z)€171

Thus, we can have
0 — 0, 4 <2T2a —2- 3T%‘>
o o = TalTa A\ 20 . E1,iy (EC23)
(T (6" ;01” >—91’1) T (T2 — 4) i_l,g,.Z.,Ta_l —372 + 6T

where éi:ﬁ?gu(a) and éi:;?fu(a) are the first and the second component of éijom(a). After such an

transformation, we are ready to apply Lindeberg-Feller central limit theorem (see, e.g., Van der
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Vaart 2000). Define zra = 7% 32,1 5 . qo_y gow (2T =2 =374, =3T°* + 6T*i) &1 ;. The covari-

ance matrix becomes,
.. _ 203 3 1 (2720 — 2 — 374)? (2720 — 2 — 37%4)(—3T2 + 6T
T B T \ (272 —2 = 3T) (=3T3 + 6T) (=372 4 6T)?
25% 1 AT* — 1273 + 9722 _GT*> 42173 — 187242
=Ze D Tia <—6T4a 4 91T — 187202 9T _ 36T%; + 367202 | (L )

1=1,3,--- , T*—1
2 2T5a 3T5a + 3T5a _3T5a + QTSa _ 3T5a
- ( 3T5a + 21 Tsa 3T5a QT50¢ _ 9%504 + 6T5a (T - OO)
2

- 1 =3
1 _% 3

Now, we are going to verify the Lindeberg’s condition on z7«. It is straightforward to see that
TQQ( T?* — 2 — 3T}, —3T°* 4+ 6Ti) &, ; forms a triangle array. For simplicity, we define z; :=
b (277 — 2 — 374, —3T% +6T7i) " € R%. Note that ||z;]| <5 for all i. Then for any € > 0,

P -
Ta Z E{|xi51,i”2}1(Hxigl’i”Ze\/j)}
i=1,3,--- , T*—1
2 i -
=7a 2 E{Hxiu e 1 (HxiH el 26\/:>}
i=1,3,--- , To¥—1
P -
2> { (w . D}
i=1,3,--- , To—1
Ta
=E {25531-]1 (5‘8171" > 6\/?) } 7

where the last inequality holds due to the i.i.d assumption of ¢ ;. 255? | (5|51 | > e,/ ) — 0 in

fiy

probability, since /L 7 — 00. Due to E{25¢2 = 2552 < 0o, we can apply dominated convergence

theorem and get E {2561 i (5|51 | >/ 5 )} — 0. Thus, the Lindeberg’s condition holds. We can

safely draw the conclusion that

T 3
it (O (—13 3))

Therefore, by Slutsky’s theorem, we can have that

[ dEe g, ) avare [T s -1
! (T“wﬁ”f”) o)~ T e A (0dt (5 5)):

By exactly the same procedures, we can obtain that

e 050 = s 8 —12
! (Ta(ééfif’f”@—ez,l) I Gl St

Since QL EOFU(cv) and élé.’-;OFU(a)

proof. Q.E.D.

are independent, we can directly put them together and finish the
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EC.1.6. Proof to Theorem 4
The proof follows that to Theorem 2. One can easily replicate everything till Eq. (EC.19), which is

inf max P7 (HH} -0,

oy VEEL

> f(T)> > % [1 - fKL(lP’zl,]P”JQ)

In the setting with growing noise, the KL(P] ,[P7) can be decompose as

vy

T

KL(er, ) =Y gy ) - S 5 B =)

v1? 242 2
ogter o [

t=1 t=1

Since we are considering 7 € Il5, there exists a constant ¢, > 0 such that

Thus, the KL divergence can be upper bounded by the optimal value if the following optimization

problem.
T
Ty
max —
T1, @ t2p
t=1
tht S C5TB
t=1
0<x, <1 Vtel[T].
By observation, the optimal solution of the above optimization is xy =--- =« e B 1
|———]
—144/14+8c5TH —14+4/148c5 T8 —14+/148c5T8
and $L71+WJ+1:(C5TB—%(L 2 = J+1)] 2 — /(L 2 *—]+1). Hence,
ifp<1/2,
—144/148c5TH
e L*hj"'l
]P) At Z i O(Tg(l 2p))
t20
t=1 t=1

Therefore, we can have

inf maxP7 (HOT -0,

gT veE

1 zf(T)) z% [1 \/Cefa(0 ) psa- zm] .

By choosing f(T) = T—§(1—2p)7 we finish the proof. Q.E.D.

EC.2. Technical Details to Section 4
EC.2.1. P-EO0FU(k,«) Design

P-EOFU(k,«) Design is presented in Algorithm 2.
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Algorithm 2: Polynomial Exploration and OFU (P-EOFU(k,«))

1 Input: Controlling parameter «, instance parameters: o, for all a € {1,2}, T, S, ¢, k
2 Initialization: A=1, D, g =Dsg=Dir =Dor =0, ¢(z) = (1,z,--- ,z*)T

3 fort=1,2,--- ,[T*] do // Phase 1: Exploration

Select A; =1 if ¢t is odd; otherwise select A; = 2;

I

5  Observe reward Ry;
6  Dayo¢ DaoU{(&(t),Re)} and Da, 7 < Da, v U{(&(1), Re) };
7 end for
for t=[T“|+1,[T*]+2,---,7 do // Phase 2: OFU
9 V.= Z(rﬁ(i),Ri)eDa,T &(1)p(i) " + M for a € {1,2};
10 Yau= Ua\/2 111(Qdet(va’t)l/zdm(/\])il/z) + A28 for a € {1,2};
1 o=V D (6(0),r)ep, o Ri0(0) for a € {1,2};
2 Fula) = 01,000 + s [9(0)] s for a {1.2);

13 Select A; =argmax,c(; 9 Ry(a);

0]

14 Observe reward R;;
15 Dy, 74 Da,rU{(0(t),R)};
16 end for

AP- k,« . . _ . .
17 92,;“[}( )= (Zw(i)ﬁi)epap P(i)p(i)") ! Z(¢(i),Ri)eDa,0 R;¢(i) for a € {1,2};

P-EOFU(k,a) éP—EUFU(k,a) . éP—EOFU(k,a)'

18 Output: éT LT .7 ;

EC.2.2. Proof to Lemma 1

By Rayleigh-Ritz theorem, A\yin(Vao) is equal to the optimal value of the optimization problem,
ming,—1 2" Va0, where ©:= (2o, 21, ,25) " € R*'. We introduce another notation [[N]]:= {i €
N*:i=1 mod 2} and n:=T* for simplicity. From now on, we will mainly focus on the analysis

for a =1, since a = 2 follows naturally. Moreover, we observe that for a =1,

' Vior = Z (wo + 1t + -+ 2it")2.
te([n]]
We denote the optimal solution to min,,—1 ' Vi oz given n as zj, = (2}(0),--- ,x;(k))". We claim
that for any i € [k], |z} (i)n'| = O(1), which can proved by contradiction as follows. Suppose that

there exists an i € [k], such that |2} (i)n‘| = ©O(n"), where v > 0. Then,

5 Vieriz Y, @O +att R =00 Y @@F)) =W,
t€[[n]\[[n=7)/1] te[n]\[[nE—")/4]]
(EC.24)
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Another straightforward observation is that

min x' V) gz < min ' Vior=n. (EC.25)

lz|lo=1 ro=1,x1="=x =0
Combing Egs. (EC.24) and (EC.25) leads to a contradiction, when n is sufficiently large. Therefore,
we can derive that |z} (i) = O(n™") and |z} (i)t"] = O(t'/n') = O(t/n). Moreover, since ||zj|l, =1,
|z5(0)| = ©O(1). Therefore, there exist two constants |c;| =©O(1) and |cz| = ©O(1), such that
2
* * * t
> (@0) + a4 (k) =D <c1 + cgn)

te([n]] te([n]]
_dn caen ne 1

2 4 6 on
. 461+CQ ? 13 9 1
_<< 12 > T96%) " 6n
13, 1
> — - = .
965" " gn = O

We finish the proof. Q.E.D.

EC.2.3. Proof to Theorem 5

Similar as before, with the union bound, we can have

P () > 50> _p () GPEOFU(k,0) _ é;:;OFU(k,a) — 0,406,
1
> 50) |
17 2

T .
<P<‘ E >+P<’ (EC.26)

Note that since these two terms are almost symmetric. We focus on the first term of Eq. (EC.26),

é;—EOFU(k,a) —0,

Z 50)

GP EOFU(k,cr) —0, GP EOFU(k,r) —0,

and the second term can be bounded by almost the same argument. For brevity, without loss of
generality, we assume T is an even number and is sufficiently large that Lemma 1 holds. We still
use the notation [[n]] to denote the set of the odd numbers that are no larger than n. By the

definition of 9

AP- EDFU k,a)
, we can have

FE v S R

(¢(t),Rt)€D1 o

=Vig D (0] 6(t) +e1)e(t)

te[[Te]]

=0 +V,g Z 1,:6(t)

te[[T]]

Therefore, 6§ 7 " — 0, = Vi > seqrey E14¢(1). Let ap = Vil o(t) € R, and a,(i) be the i-th

coordinate of a;. Based on these notations,

k
IP(e‘i%“F“’““) o = )—P SIS )] > %

1=0 |te[[T]]
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k
. do
SZ]P’ Z e1a,(0)| > —— | . (EC.27)
=0\ [l 2k +1)

For a specific ¢ in the RHS of Eq. (EC.27), we apply the standard techniques for the sum of

sub-Gaussian variables as follows.

1) 0 50

Pl Y e > | <2P| ) enpa(i) > ——
' 2(k+1 2(k+1
te[[T]] (k+1) te[[Te]] ( +1)
=2P | exp| s g e14a.(1) | >exp 5760
’ - 2(k+1)
te[[Te]]
E exp (s Zte[[Ta]] 517tat(i))}

<2 30
exp <2(k+1)>
e (rapE [exp (se1,a4(0))]
exp (2(7321))
< olletrey exp(saf (i)o?/2)
€xp (2(7321))

an @2 (1
= 2exp <520—f2t€ [T2]] i(0) 2(]:(1? 1))

=2

52
=2exp | — 0 -
< 8(k+1)%ct Zte[[TO‘]] af(z))

62
<2exp | — s :
( 8(k +1)207 3 iy HCHH%)

where the first inequality due to the symmetry, the second inequality holds from Markov

inequality, the second equation adopts the independence of €;,;, the second last line sets s =

52 . . 2/ - 2
PSP Iy Sp—I) and the last inequality holds due to the fact that a7 (7) < ||a;||5. Therefore, Eq.

(EC.27) can be further bounded by

7]

What remains to be controlled is 3, 7 |la;||3. By using the definition of a;, we can have

Z a3 = Z a, a,

AP-EOFU(k, o)
0, r -0

(50> 6(2)
> <2(k+1)exp ‘ EC.28
= | ) ( 8(k+1)at Ete[[Ta]] @l ( )

te[[To]] te[[Te]]
= > (Vigo) Vig ()
te([T]]
Z trace V101V1 o (t))

te([T])
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- Z trace (WT01KT01¢(t)¢(t)T)

te[[Te]]

= trace Vl,io1 ‘GTOl Z P(t)o(t)"
te[[T]]
= trace(V, )
< k+1
)\min(‘/’l,o)
< Ck(k’ + 1) ’
S T ge

where the third equality holds due to (Vi ¢(t)) Vi) ¢(t) € R, the fourth inequality due to the

(EC.29)

cyclic property of the trace of a product of matrices, the last equality follows from the fact that
trace(Vyg) < (k4 1)Amax(Vig) = (k+1)/Amin(Vi0), and the last inequality is thanks to Lemma 1.
By plugging Eq. (EC.29) into Eq. (EC.28), we arrive at the point that

2o
P(\ ) z?) <2(k+1)exp <_5°T)
1

80k(l€ + 1)30'%
Following the same argument, we can derive

do 62T
P >— | <2(k+1 - ).
( > ) <20+ Dew (gt )
Finally, by putting everything together, we draw the conclusion that
. 2Ta
P () 0; EOFU(k,a) 9”H > 50) <4(k+1)exp <_ 9% > ‘
1

8¢ (k+1)3 (0 Vo3)
We finish the proof. Q.E.D.

AP-EOFU(k,cx)
0, r R

AP-EOFU(k,cx)
62,T —0,

1

EC.2.4. Proof to Theorem 6
For simplicity, we derive the CLT for a =1 here and the other arm can follow naturally. First, we

know that
élln)_:},;ioFU(k,a) _ 91 = ‘/'1,_01 Z 5t¢(t)7

te[[T]]
where Vi =} cirap d(t)o(t)"T. We first analyze the convergence of D7aVigDra. The (i,j)—th
element of Vi g is (Vi0)i; = Zte[[Ta]} t"+7. Then, the element of D7a Vi oDra is
_ Zte[[Ta]] ¢ _ Zte[[T“H t
Ta(i+%)Ta(j+%) Te(i+j+1)

Now, let us define Sy, (k) =3>,", t*. Then, 3=, a6 = Sra(i+ j) — 2478 a9 (i + j). By Faul-

(D7 VieDra)is

haber’s formula, we can have
M

. Sra(i+j) 1
lim .. = — ,
TSoo Tali+j+1) i+j+1
kG k 9i+i T Vitj+1 1
i 2 Sty (k) (%)

Tooo  TOGHHD oo (i j+ )T~ 2(i+j+1)
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Thus, (D7aVi0D7a)i; — g5y @0d DraVioDra = Q as T — oo.

Now, we can have

Dra (013 EOFU(k,a) 91) Dya V1,701 Z Et¢(t)

te[[T]]

= (DpiVieDrd)™ > eDrié(t),
11

te[[T™
Note that €, D7a¢(t) is independent zero-mean random vector. The variance is
Vra=0} Y Drag()é(t)" Dia=0iDraVioDra = o
te[[Te]]
Additionally, we define u, = max;cqray [|(DraVioDra )t Drad(t)|. Observe that

k41
VTo

Since D7aVioDga — Q, for sufficiently large T', we can always have u, < 2(k+ 1) Anax(Q 1) /V/T.

[(D7aVioDza) " Drad()|| < Amax ((D7aVioDra) ™) | D7ad ()| < Amax (DgaVioDra)™)

Now, we are going to verify the Linderber’s condition to establish the central limit theorem. For

any 6 >0,
> E(E?H 7aVio D7) DRk o) Lled || (DA V2 0 D7d) Dy (t)H>5))
te([T2]]
< 3 D2 ViaD) Do) (e e > 0)
te([T]]
=E (21(|e1ua >8)) Y [(DriVieDrd) Dk (t)||”
te[[Te]]
=E (1(ealua >8)) D [[DreVigo)|f
te[[T«]]
=E (¢71(le1|uq > 0)) Z trace (¢ (¢)Vy g DraDra Vi3 6(t))
tel[Te]]
=E (¢71(le1|uq > 0)) Z trace (Dra Vi g ¢(t)¢ " (¢)V ) Dre)
te([Te])

=E (¢71(le1|uq > 6)) trace (Dra Vy ¢ Dra)
<E (s?ﬂ(\slﬂ(k‘ + D Amnax (Q7) > 6V Ta)> trace (DraV; § Dro) (for sufficiently large T)

— 0,

where the first equation holds since e?I(|e;|u, >4) is i.i.d., the last inequality holds for suf-
ficiently large T, and the convergence is guaranteed by dominated convergence theorem and
trace (Dra Vi g Dra) — trace(Q ). Therefore, by Lindeberg-Feller Central Limit Theorem, we fin-
ish the proof. Q.E.D.
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EC.2.5. Proof to Theorem 7

We again are going to bound the regrets for each stage separately. For simplicity, we assume T
is an integer. For the first exploration stage, since [|0,|| < S, we can bound the first-stage regret
RP—EOFU(k,a),l(T) as

[

T T41
RPN (T) <Y ‘(91 —0y)" ¢(t)| <2ST* +25k Y " <27°S5 + 2S5k / thdt
t=1 t=1 0

25k 4Sk
=275 + i(T“ + 1)kt < ki

— TR (EC.30)

For the second stage, We repeat Eq. (EC.10) for a higher-dimension version. By Theorem 2 in
Abbasi-Yadkori et al. (2011), with probability at least 1 — 4, for all ¢ € [T] and a € {1, 2},

Ri(a) = 0,,0(t) +vacl6(®)lly-1 = 05 6 ().

Adopting exactly the same procedure as Eq. (EC.11), we can directly have

T T
Ri—EOFU(k,a),?(T): Z Z [H¢ HV I]IAt 2}—}—22’)/ [H(b HV 1]1At 1]
t=T+1 t=1

where v = (01 V 03) \/211(1 A(T +1)2++1) — 2In((2k 4+ 1)A " §) + A/2S, since

det(Vir) < (trazej_V;}ﬂ) < (Zt ;41%—:1 —i—)\) (2215%) < T2k++1)1) . .

In order to bound 23:1 ||gb(t)|]vl—t1 I4,—1, we adopt the same notation as Eq. (EC.12) (i.e., ¥; =
{t: A, =1}), and index the elements in Wy by 0: =1, <t <t <---<tyu, <T. Eq. (EC.12)

still holds here, and we repeat it as follows,

[Ty
det(V14 Z)
Z”éb ”V_l]IAt 1= Z det(Viy, | : )*1. (EC.31)
1,7

The corresponding optimization problem used to bound the RHS of Eq. (EC.31) is

(@]
max h; —1 EC.32
hlv"'7h|\y1| ’LZ \/7 ( )
s.t. Y1, < |, B2kt

hi>1  Yie[|¥].

The first constraint exists because

k1 A | ktl
trace(Vi 4, |"I’1|) Do Ztelfl % )
ot o 1= +1p2k(k+1)
det(Vie, ) < < k+1 =M S '
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Therefore, the RHS of Eq. (EC.31) can be bounded by

e [ det(Viy,,) L <1o \/ N
— 11 —
Z det Vlt“ 1) —‘ 1’ (| 1’ )

< [y 2% |, |1+%>

k
<y 2w

—1. (EC.33)

If T > (1+ 25)%(k+1)?%, it is straightforwards to verify that QI;TQ < which leads to

1
(1+28) (k+1)
(142)(k+ 1)21;75& < 1. We can then guarantee that (1+ 2%)(k+ 122 <1 since |0, ] > ? By

[y
the fact that  <In(1+ 2z) for = € [0,1], we have

2% In 2|0, | ( < 2k:> ln2|\I’1|>
1+— ) (k+1 <In(1+2(14+— | (k+1 .
( a>< )T o ) BT

Therefore, Eq. (EC.33) can be further bounded by,

W]
det(Viy, ;) Qk In2[W,| 2k
7’—1<\1; 1 +1 2(1 k+1)|0,|In(2]9, ).
2\ Gy, T s 2 (1) DT <+ )<+>| 1[In(2]4)

Following exactly the same procedure for arm 2, we can achieve

T
CCIIFEE V 2 (1 T 2;) (+ 1) [, In (2] ).

where |Wy|:={t: A; =2}. Therefore, since |¥,| <T and |¥,| < T, we derive

Rl;—EDFU(k,a),Q(T) < 47\/2 <1 + 2k> (k+1)TIn(2T). (EC.34)
(6%

We complete the proof. Q.E.D.

EC.2.6. Proof to Theorem 8
Without loss of generality, we specify S = 2 in this proof. We first construct two instances v; and v
as follows. For v, we set arm 1 to be with ") = (0,--- ,0) and arm 2 to be with 5" = (0,---,0,—1).
For 15, arm 1 remains to be with 8! = (0,--- ,0) and arm 2 to be with 85" = (=2f(T),0,--- ,0,—1).
Thus, 6,, = (0,---,0,1) and 6,, = (2f(T),0,---,0,1). All the noises for v; and v, are assumed to
be 03-Gaussain. We still adopt the minimum distance test w(éT) with respect to [; norm, which is
associated to O by z/J(éT) =argmin;_; o Op—0,

(EC.19), we can have

. Following exactly the same argument as Eq.
1

—KL(IP”T Pr)|.

V1Yo vy

inf maxP7 (HHT— ¥ (EC.35)

O ve€y

1
2

= f(D)) =




e-companion to Simchi-Levi, Wang, and Zheng: Non-stationary Exzperimental Design ecl9

With the chain rule of KL-divergence, since v; and v, are only different in arm 2, we can decompose

KL(P7, ,P7,) as follows:

vy

T

. 2f(T)* .
KL 1/1’ ZE KL Pl,AtaP2,At)] = ; o,g Eul []IAt 2 At

Moreover, because of 7 € Iz and E [R7 (T )] = Zt U"P7 (A =2), we can have the constraint
that there exists a constant ¢4 > 0,

T
> P (A =2) < T’

t=1

Then, ZtT:l P7 (A, = 2) can be bounded by the optimal value of the following optimization problem.

E the, < e, TP
t=1

The structure of the optimal solution of the optimization is that there exists an ¢ such that zy =

c=x;=land 0<z; 41 = e, T8 — Zizl t* < 1. The reason is that the first constraint is a weighted
sum of x; with the increasing weights (with respect to t). Therefore, if we want to maximize the
sum of z;, we want to make x; to be as large as possible when its corresponding weight is small.

In the other words, 7 satisfies,
i+1

Zt"f <, TP <Zt’“
el

Since Yi_, t* = ©(i**!), we can know that there exists a constant c; such that i + 1 = ¢;TF.

Therefore, Zthl P7 (A; =2) is upper bounded by csTk%l. Then, Eq. (EC.35) becomes

TR

inf maxP7 (HGT L

QT 1/651

= f(TD) =

1 1 e 2f(T)?
2 2 o}

200&

706/ we finally derive

By choosing f(T') =

1 __ B 1
> g 20T <2k+2>) > ¢
1

inf max P} (HHT— L 5

op V€&

1

Moreover, by choosing § = 7, we have

inf maxE} [HGT —

QT veéy

B
|2 -2,
B 16¢2

We finish the proof. Q.E.D.
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EC.3. Useful Technical Tools

LEmMA EC.1 (Theorem 1 in Abbasi-Yadkori et al. 2011). Let {F;};°, be a filtration and
{n:}:2, be independent R-subGaussain for some R > 0. Let {X,}32, be an R¥-valued stochastic
process such that X; is Fi_i-measurable. Assume that V is a d x d positive definite matriz. For
any t >0, define V, =V + 22:1 XX and S, = 22:1 1nsXs. Then, for any 6 > 0, with probability
at least 1 — 0, for allt >0,

/,)1/2 ~1/2
ISil3-1 < 2R*In (det% ;iet(V) ) |

LEMMA EC.2 (Theorem 2 in Abbasi-Yadkori et al. 2011). Based on the notations and
assumptions of Lemma EC.1, let V =1IX, X >0, define Y; = (X;,60,) +n and assume ||6.], < S.
Let 6 be the 12-reqularized least-squares estimate of 0, with reqularization parameter X. Then, for

any 6 > 0, with probability at least 1 — 6, for all t >0, 0, lies in the set

1/ \1/2 —1/2
< R\/21n (det(v’f) det(A1) ) + A”QS} .
Vi

~

0, —0

Ct:{eé]Rd: 5

LEMmA EC.3 (Bretagnolle-Huber inequality in Bretagnolle and Huber 1979). Let P
and @Q be the probability measures on the same measurable space (2, F), and let A € F be an
arbitrary event. Then,

P(A)+Q(A) = 5 exp(=KL(P,Q)),

N | =

where A° is the complement of A.

LeMmA EC.4 (Neyman-Pearson Lemma in Neyman and Pearson 1933). Let P, and

P, be two probability measures. Then for any test v, it holds
Po(p=1)+P1(yp=0) > /min(po,pl).
The equality holds for the Likelihood Ratio test v* =1(p; > po). Moreover,

iﬁfﬂpo(ﬂ) =1)+Pi(p=0)]=1— TV(Po,Py).
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