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Online Supplement for
“Last-iterate Convergence in No-regret Learning;:
Games with Reference Effects Under Logit Demand”

Mengzi Amy Guo, Donghao Ying, Javad Lavaei, Zuo-Jun Max Shen

The supplemental materials are structured as follows. In Appendix A, we present a detailed
discussion on the partial information structure, specifically focusing on the feasibility of accessing
the first-order oracle. In Appendix B, we elaborate on the reasons why the alternative methods
mentioned in Section 5 do not apply to our problem, and some supporting proofs are deferred
to Appendix M. In Appendix C, we provide the proofs for all propositions. Then, Appendices D,
E, and F correspond to the proofs for Theorems 1, 2, and 3, respectively, all of which pertain
to the OPGA algorithm in the loss-neutral scenario. For the loss-averse scenario, Appendices G
and H are dedicated to the proofs for Theorems 4 and 5, respectively. Next, Appendices | and J
show the convergence of our algorithms with firm-differentiated step-sizes and inexact gradients,
corresponding to Theorems 6 and 7, respectively. In Appendix K, we provide numerical experiments
to illustrate the performance of OPGA in gain-seeking scenarios. In Appendix L, we present all
supporting lemmas used in proofs. Finally, in Appendix N, we provide a summary for all constants

used in the paper.

Appendix A Discussion on Partial Information Structure

In Section 3.3, we have introduced the partial information setting considered in this paper, where
each firm ¢ can access a first-order oracle but does not necessarily know the information about its
competitors. The oracle for firm ¢ outputs the derivative of its log-transformed revenue function,
i.e., dlog (IL;i(p,r)) /Op; = 1/p;+ (bi +¢;) [d;(p,r) — 1] in the loss-neutral scenario. Below, we provide
further discussions and discuss the feasibility of obtaining the first-order information.

Since each firm ¢ naturally knows its realized revenue IL;(p,r") after period ¢, firm i can directly
deduce its market share through d,(p*,r*) = IL;(p’,r") /p.. Therefore, if firm i precisely knows b; + ¢;
as prior knowledge, it can compute the derivative dlog (IL;(pf,r")) /0p; solely based on the market
feedback, making our partial information setting equivalent to the bandit feedback. Even when the
sensitivity parameters are not known prior, it is feasible for firm ¢ to estimate b; + ¢; through
temporary collaboration with other firms. Below, we describe the estimation scheme.

First, it is legitimate to assume that each firm has insights into its reference price, inferred from
the historical pricing data. Then, let firms engage in the following two-period cooperation:

Period 1: Let every firm set the price equal to its current reference price, i.e., p, =7, Vk € N.
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Period 2: Let firm i slightly perturb its price to p; =r; +§ with small §, whereas other firms
retain the previous prices, i.e., p; =r;, Vj € N\{i}.

We remark that during the cooperation, firms do not need to disclose their prices to the com-
petitors if they prefer to preserve confidentiality. Below, we provide a detailed explanation of why
this two-step approach is sufficient for parameter estimation. First, the left-hand and right-hand

derivatives of the market share with respect to price change can be computed as follows

(A1)

\m 5

di((pi+6,p-0),r) —di(p,x) _ { —(bi+¢;) di(p,r)(1—di(p,r)) if 50,
—(b;+¢f)-di(p,r)(1—di(p,r)) ifd—0_.

Due to the structural property of the MNL model, we observe that the derivatives in Eq. (A.1)
only involve firm i’s own information. In our partial information setting, the market share d;(p,r)
is accessible to firm 4, as it can be derived from the realized sales volumes. Thus, firm i can

approximate its sensitivity parameters using its market shares from periods 1 and 2, i.e., d; (r,r)

and d;((r; +6,r_;),r), such that

(A.2)

di(r,r) —d;((ri +6,r;),r) { b+c; if6>0,

§-d;(r,r)(1—di(r,r)) T b+l ifd<0.

Since the first-order oracle used in Algorithms 1 and 2 only relies on the sensitivity parameters
through b; +c¢; and b; + ¢, knowing these two sums through Eq. (A.2) is sufficient for the firms.
In this two-period cooperation, firms are not required to disclose their proprietary information
to competitors, thereby ensuring confidentiality and competitive advantage are upheld. Moreover,
it would be considered reasonable for all firms to set their prices equal to the current reference
prices, as these prices mirror consumers’ price expectations, indicating a practical pricing strategy.
Furthermore, even when the reference price is unknown, firms can still employ this procedure,
albeit with extended collaboration periods necessary to gather enough data for the reference price.
However, when all firms need to estimate their sensitivity parameters, it is also worth mentioning
that a total number of O(n) periods are required for executing the above cooperation mechanism.
If the number of firms involved is large, these additional periods are not negligible in the final

complexity bound.

Appendix B Discussion on Alternative Methods

As briefly mentioned in Section 3, our problem can also be translated into a standard 2n-player
online game or a dynamical system. In this appendix, we will discuss these alternative methods and
explain why existing tools from the literature on online games and nonlinear dynamical systems

cannot be applied.
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B.1 Standard 2n-player Online Game Formulation

The oligopoly competition in our study involves a varying underlying state, i.e., reference price,
which depends on firms’ price decisions and changes every period. To convert this problem to a
standard game without the varying state, we can view the reference price r = (r;);cn as the decision
variables of n additional virtual players with carefully designed objective functions. In each period,
these virtual players update its decision variable, i.e., the reference price, using gradient ascent
with fixed step-sizes. Specifically, for each virtual player i € N, its objective function R;(p;,r;) and
step-sizes {n'}i>0 are defined as follows

1
Ri is T :—*7‘?“‘7”2' ) VZGN,
(piyri) = =5 p (B.1)

nt=n=1-a, Vt>0, VieN.
To summarize, in this standard 2n-player game, each real firm ¢ € N has its log-revenue
log (Hi(p,r)) as the objective function and updates its variable p; via projected gradient ascent
with step-size {n'} +>0; €ach virtual firm i € NV has the objective function R;(p;,7;) and updates
its variable r; using the standard gradient ascent with fixed step-size 7,. Below, we detail the
update rule for this 2n-player game in Algorithm 3, which essentially generates the same sequence

{(p*,r")},5, as Algorithm 1.

Algorithm 3: Standard 2n-player Game with No Varying State

1 Input: Initial reference price r°, initial price p°, and step-sizes {n'};>o and 1, =1— .
2 fort=0,1,2,... do
3 for 1€ N do

dlog (IT;(pt, rt
4 Update posted price: pi*' =Proj, <pf +n- g (IL(p", ) > =Proj, (pf + 7]th>.

Op;
OR;(pi, ;)

5 Update reference price: ri™' =r! 4+, - P =arf+(1—a)pl.
T

6 end

7 end

It can be easily seen that the pure strategy Nash equilibrium of this 2n-player static game is
equivalent to the SNE (see Definition 2) of the original n-player dynamic game. However, even
after converting to the static game, no general convergence results are readily applicable in this

problem, primarily for the following two reasons.
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B.1.1 Lack of Variational Stability for 2n-player Game. The first obstacle comes from
the lack of critical properties in our 2n-player game, such as monotonicity (Lin et al. 2020) or
variational stability (Mertikopoulos and Zhou 2019), where the latter is a strictly weaker version
of the former. Without loss of generality, we demonstrate the absence of the variational stability
using a duopoly competition (i.e., n =2), which can be transformed to a standard 4-player game,
with the price and reference price updating via Algorithm 3. To show this standard 4-player game
is not variationally stable, it suffices to demonstrate that the second-order test for variational
stability, outlined in Mertikopoulos and Zhou (2019, Table 1), is not consistently satisfied. This
test essentially requires the negative definiteness of a 4 x 4 symmetric matrix HY, which will be
formally defined below. First, let x = (p,r) be the 4-dimensional decision variable for all players,
and let fi(x) be the objective functions where k € {1,2,v1,v,}. Specifically, indices 1,2 represent
two real firms and index v; represents the virtual firm that corresponds to the reference price of
product i € {1,2}. By construction, we have that

fu(x) = { ;’igg’r)) i : ~ :} where i € {1,2). (B.2)

Next, we define the 4 x 4 matrix HY, where we let 1,2,v;, v, correspond to matrix indices 1,2, 3,4,
respectively. Then, the (m,[)-th entry of HY are defined as follows

(Hg) - anm(X*) 82fl(x*)

= 1< 1<4 B.
ml 0z,,0x; 0,01’ Vism,l<4, (B-3)

where we denote x* = (p*,p*). Using direct computation and the optimality condition in Eq.

(C.16), it holds that

[ —2(b,)2(1 = d) 2b, byd}d 1+ bieidi(1—d) —bieadids
9 ?Elézd;d; —2(53)2(1—@) —byerdids 1+ bocods(1 — d3) B4
1 + blcld’f(l — d’{) —bgcldfdg —2 0
—bicodidy 14 bycods (1 —d3) 0 —2 ]

where we use the shorthand notations b; := b; + ¢; and dr = d;(p*,p*). Consider the principal
minor of HY formed by removing the first row and the first column of HY. Its determinant can be
computed as follows
—2(by)2(1—d})  —bocrdidy 1+ bycads(1—dj)
det —bycydrds —2 0

1+ bocads(1 — d3) 0 —2 B.5)
= g - 2 - 2
= —8(by)*(1—d3) +2 1+b2c2d;(1—d;)} +2(b2c1d;d;)

> 2 —8(by)2.
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If HY is negative definite, then the above determinant should be negative. Yet, from Eq. (B.5),
it is evident that determinant must be positive when by = by + ¢y < 1 /2. Consequently, this implies
that the second-order test for variational stability does not always hold, which indicates that our

2n-player game is not variationally stable.

B.1.2 Inflexible Step-sizes for Virtual Players. The other obstacle stems from the asyn-
chronous updates for the real firms (price players) and the virtual firms (reference price players).
While the real firms have the flexibility in adopting time-varying step-sizes, the virtual firms must
stick to the constant step-size of (1 — a). As a result, this inflexibility perplexes the analysis, as
the typical convergence results of online games require the step-sizes of multiple players to have
the same pattern (all diminishing or sufficiently small constant step-sizes) (see, e.g., Nagurney and
Zhang (1995), Scutari et al. (2010), Bravo et al. (2018), Mertikopoulos and Zhou (2019)).

We are aware that Golrezaei et al. (2020) also have the same challenge. Below, we would like to
elaborate on how Golrezaei et al. (2020) handle the issue of heterogeneous step-sizes and clarify
why this approach is not applicable to the oligopoly competition studied in this paper. The central

lemma in their analysis is Golrezaei et al. (2020, Lemma 9.1), which essentially shows that

St - py) - 2T >0, VpeP", (B.6)

i=1,2 Ip; r=01p1+62p2

where 7;(p,r) denotes their revenue function for firm i and p* denotes their SNE. Note that
under their reference price update model, the condition r» = 6;p; + 0,p, indicates that the reference
price already converges to the price. The inequality in Eq. (B.6) basically demonstrates a similar
property as variational stability for their duopoly competition, except for requiring r = 61p; + 0aps.
When the real firms adopt decreasing step-sizes, the reference price would gradually converge
towards the price. Then, together with Eq. (B.6), Golrezaei et al. (2020) manage to derive the
global convergence of their algorithm. It is worth mentioning that both two parts of the proof for
Golrezaei et al. (2020, Theorem 5.1) rely on Eq. (B.6).

For our oligopoly game with logit demand, we are able to prove a property analogous to Eq.

(B.6) but only holds locally around p*. The proof of Lemma EC.1 is deferred to Appendix M.1.

LEMMA EC.1. In the loss-neutral scenario, define function H(p) as follows:

Hp) = Y (pi —p) - 2B

ieN

=D [1 +(bi+c)(di(p,p) = 1) | (0 —pi),  (B.7)

r=p jen LPi

where p* is the unique SNE. Then, there exist v >0 and a open set U, > p* such that

H(p)>~-|lp—p'?, VpeU,. (B.8)
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Leveraging Lemma EC.1, we proceed to establish local convergence in the subsequent proposi-
tion (see Appendix M.2 for its proof). It is important to note that Proposition EC.1 guarantees

convergence only in the vicinity of p*, since Lemma EC.1 is only applicable on a local scale.

ProrosiTiON EC.1 (Local Convergence of OPGA). In the loss-neutral scenario, let the step-
sizes {n'}i>0 be a mon-increasing sequence such that lim; .. n* =0 and ZZO n' = oo hold. Then,
there exists some neighborhood B of p* such that when the price path {p'},., enters B with a
sufficiently small step-size, the price path will stay in B during subsequent periods.

Furthermore, suppose the step-sizes satisfy n' = % for all t > 1, where C, is some general con-

stant. Then, the local convergence rate of {(p’,r*)},~, after the path stays in B satisfies that

o w0 (5). I -rlP<o(}). (B.9)
Since Lemma EC.1 does not always hold for general p € P, we are unable to derive the global
convergence via a similar two-step analysis employed in Golrezaei et al. (2020), which makes it
necessary for us to devise new techniques. In our proofs for Theorems 1 and 2, we introduce a
weighted ¢'-distance (defined in Eq. (11)) to measure the convergence, and our analysis mainly
leverages a structural property of the SNE under the MNL model, as shown in Lemma EC.3.
Moreover, it should be highlighted that the analyses based on the variational stability itself
(Mertikopoulos and Zhou 2019) or its variant (Golrezaei et al. 2020) achieve, at their best, an
O(1/t) convergence rate in the noise-free setting. In comparison, by exploiting characteristics of the
MNL model, we manage to derive a faster rate of O(1/t?) in Theorem 2. This improvement further
sets apart our convergence results in the loss-neutral scenario from those reported by Mertikopoulos

and Zhou (2019) and Golrezaei et al. (2020).

B.2 Nonlinear Dynamical System Formulation

The study of the limiting behavior of a competitive gradient-based learning algorithm is related
to dynamical system theories (Mazumdar et al. 2020). In fact, the update of Algorithm 1 can be
viewed as a nonlinear dynamical system. Assume a constant step-size is employed, i.e., n' = n,

Vvt > 0. Then, Lines 5 and 7 in Algorithm 1 are equivalent to the dynamical system
(') =f(p',r"), Vt>0, (B.10)
where f(-) is a vector-valued function defined as

Proj, <p1 —|—77<1/p1 +(by +¢1) - di(p,r) — (b +C1))>

t(pr) — | Prods (pot(Upt ) duo) = 0red)) |
ary 4+ (1 —a)py

ar, + (1 —a)p,
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Under the assumption that p* € P, it is evident that p* is the unique fixed point of the system
in Eq. (B.10). Generally, fixed points can be categorized into three classes:

o Asymptotically stable when all nearby solutions converge to it.

e Stable when all nearby solutions remain in close proximity.

e Unstable when almost all nearby solutions diverge away from the fixed point.
Hence, if we can demonstrate the asymptotic stability of p*, we can at least prove the local
convergence of the price and reference price.

*

Standard dynamical systems theory (Arrowsmith et al. 1990) states that p* is asymptotically
stable if the spectral radius of the Jacobian matrix Vf(p*,p*) is strictly less than one. Yet, com-
puting the spectral radius is not straightforward. The primary challenge stems from the fact that
the entries of V{(p*, p*) contain p* and d;(p*,p*), but there is no closed-form expression for p*.

Apart from the above issue, it is worth noting that the function f(-,-) is not globally smooth
due to the presence of the projection operator. Furthermore, the function f(-,-) also depends on
the step-size 1. When the firms adopt time-varying step-sizes, the dynamical system in Eq. (B.10)
becomes non-stationary, i.e., (p**,r't1) = f*(p’, r*). Although the sequence of functions {f’(-,-)}+>o
shares the same fixed point, verifying the convergence (stability) of the system requires examining
the spectral radius of Vf!(p*,p*) for all ¢ > 0.

Most significantly, even if asymptotic stability holds, it can only guarantee local convergence

of Algorithm 1. Our goal, however, is to prove global convergence, such that both the price and

reference price converge to the SNE for arbitrary initializations.

Appendix C Proofs of Propositions

C.1 Proof of Proposition 1
ProrosITION 1 (Restated). Let S be the set of SNE(s). Then, the following statements hold:
o If there exists any gain-seeking product, an SNE never exists, i.e., S is empty.
o Otherwise, with only loss-averse and loss-neutral products, an SNE always exists, and S can

be expressed as

S:{p*

Proof of Proposition 1. We prove the two parts of the proposition separately.

1 1 .
(bi+¢)-(1=di(p*,p*) (bi+c)-(1- di(p*,p*))] , Vi€ N} - (G

p; €

Part 1. In this part where there is one or more gain-seeking product(s), i.e., 3i € N such that
¢ > c¢;, we show the non-existence of SNE by contradiction-based arguments. Suppose that there
exists an SNE p* under gain-seeking reference effects. By Definition 2, p* must satisfy p¥ (p*) = p*,

i.e., the price at SNE is equal to the corresponding reference price. This implies that the revenue
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function is non-smooth at an SNE as a result of gain-seeking reference effects. For a non-smooth
point to be a Nash equilibrium, its left-hand derivative must be non-negative, and its right-hand
derivative must be non-positive, implying the left-hand derivative is no greater than the right-hand
derivative. Below, we take the left-hand and right-hand derivatives of II;(p,r) with respect to p;
at its SNE, i.e., (p,r) = (p*,p*)

IL ((p; 4+ Api, %), p*) — 1L (p*, p*)

: . * LA _ . + _ . * *

Qi Ap, =d;(p*,p")- [1 —p} (bi+¢7) (1 —di(p*,p"))], (C.2a)
. IL((pr +Api,p*y),pY) —IL(p*p*) ., . _ .

QJim Ap, =d;(p*,p*) - [L—p}(bi+ ;) (1 —di(p*,p*))], (C.2b)

where the left-hand derivative Eq. (C.2a) has the effective reference price sensitivity ¢/ because
when p; approaches p; from left, it follows that p; <r; = p}. For the similar reason, the right-hand
derivative Eq. (C.2b) uses ¢; as the effective reference price sensitivity. We notice that the left-hand
derivative is smaller than the right-hand derivative since product ¢ has the gain-seeking reference
effect, i.e., ¢ > ¢; . This conflicts with the necessary condition for p* to be an NE. We conclude
that no SNE exists in the gain-seeking scenario; hence, the price and reference price paths are
cyclic in the long run for any given initial reference price.

Part 2. In this part where there are only loss-averse and loss-neutral products, our first step
is to show that any SNE price must satisfy the characterization in Eq. (C.1). In the second step,
we demonstrate that for any given pseudo sensitivities (¢;);cny where ¢; € [c¢;7,c; ], there exists a

unique price vector p that satisfies

1

Vie N, (C.3)

and p is also an SNE. Together, these two steps prove the existence of SNE and show that S admits
the expression in Eq. (C.1).

We start with the first step. According to Definition 2, it holds that p¥(p*) = p* for any SNE
p* €S, i.e., the price output by the equilibrium pricing policy is the same as the input reference
price. As the SNE is a special case of NE, each firm’s revenue needs to satisfy the first-order

condition. By expanding the derivative and incorporating the sub-gradient at non-smooth points,

we find that equilibrium p?(r) = (p¥(r),...,p%(r)) for the given reference price r admits that
IIL (p,r) E E 1 ;
—_— =0 & pi(r)- (1-di(p~(r),r)) — =0, VieN, (C4)
Ipi (P (r).r) ( ) b, +c¢; (p? (r), Ti)

where ¢;(pi,r;) == Up; <r}-¢f + 1{pi>ri}-c; +1{p; =r;} ¢ represents the effective reference

price sensitivity for product i at (p;,7;), and ¢; take the unique value between ¢; and ¢; that makes
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the equality in Eq. (C.4) holds. For any SNE p* € S, since p”(p*) = p*, we evaluate Eq. (C.4) at

(pf(r),r) = (p*,p*) to obtain that
1

pr= , YieN. (C.5)
(bi —I—Ci(vapf)) -(1—di(p*,p"))

Since the ¢;(pf,p;) € [cif,c; ], this proves that S must be a subset of the set characterized by the
right-hand side of Eq. (C.1). This completes the proof for the first step.

Now, we proceed to the second step and begin by showing that given any pseudo sensitivities
(¢i)ien where ¢; € [c],c; ], Eq. (C.3) produces a unique price vector p. By definition of the market

share, we have that

. eXp(ai - bipi) . b;
&:(p.p) = 1+ ZkeN exp(ay — bppr) =h(p.p)-exp (ai - (b; +¢;) (1 - dz‘(P,P)) ) , (©6)

where the last equality follows from substituting p; with the right-hand side of Eq. (C.3), and

1
14+3> ke n explag—brpy)’

do(p,p) := which is the no-purchase probability. Rearranging Eq. (C.6), we

move all terms containing d;(p,p) to the left-hand side to obtain that

b; 1
bi+¢ 1—di(p,p)

di(p,p) -exp( ) — do(p.p) -cxpl(as). ()

Define function V;,(z) : (0,00) = (0,1) as the unique real solution v to the following equation:

U-exp< b _1 ):m. (C.8)

Then, from Eq. (C.7), we can express d;(p,p) in terms of Vz(-) as

Since do(p, P) + >_;cn di(P, P) = 1, together with Eq. (C.9), we have that

do(p,p) +»_ Vs, (do(p, p) - exp(a;)) = 1. (C.10)

iEN
We observe that function Vi, (x) is strictly increasing, i.e., v is monotone increasing in z in Eq.
(C.8). Hence, the left-hand side of Eq. (C.10) is monotone increasing in do(p,p), and its range
clearly contains one as dy(p, p) increases from zero to one. So, there exist a unique solution dy(p, p)
that satisfies Eq. (C.10). Together with Eq. (C.9), we observe that the demand for every product i is
uniquely determined from Eq. (C.3). Due to the one-to-one mapping between p and {d;(p,P)},cn>
we conclude that there must exist a unique price vector that satisfies both Egs. (C.9) and (C.10),

equivalently Eq. (C.3). Below, we denote this unique solution as p*°.
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Next, we show that p® is an SNE. Since Eq. (C.5) arises from the first-order condition for NE,
we know p® is a stationary point. Then, to prove p° is indeed an SNE, it suffices to show that for

allte N

' > <p

Aléin—lm Apz - 07 vpz >P;, (Clla)
IL ((pi + Api, p%,), P°) — 1L ((pi, P?;), P° ‘

i (it Ap0p2),pY) — (o). P7) oy i)
Api*)() Apl i

If Eq. (C.11) holds, then for every firm ¢ € N, the revenue always increases in p; when p; < p¢
and decreases in p; when p; > p;, assuming the prices for all other products remain at p*,. This
implies that firm ¢ can never achieve a higher revenue by deviating from the stationary price p;,
and thereby p® is an SNE. We compute the left-hand derivative and observe that Eq. (C.11a) is

equivalent to

Di - [1—di((pi,pii),ps)] <0, Vp; <pj, (C.12)

B b +cf
where we use ¢ because the r; = p; > p;. It is clear that the left-hand side of Eq. (C.12) is monotone
increasing in p;. Together with ¢ < ¢&;, we have for all p; < p¢

1

<pr. {1—di(ps,ps)} “iya =0 (C.13)

;- [1 —di((pivps—i)’ps)] B b, + c;

where the last equality stems from the fact that p® is the unique solution to Eq. (C.3). Similarly,
we validate Eq. (C.11b) by showing that

1
>pe [1—di(p®, S}— =0, Vp>p C.14
b 2P [ (p*,p°) — i > p; (C.14)

pi [1 - di((pi,p‘ii)vps)} -
as Eq. (C.11Db) is equivalent to p; [1 - di((pi,pii),ps)} —1/(b; +¢; ) > 0. Since both conditions in
(C.11) are satisfied, we conclude that p® is an SNE.

Combining the results in both parts, we finally complete the proof of Proposition 1. O

C.2 Proof of Proposition 2

PRrROPOSITION 2 (Restated). In loss-averse and loss-neutral scenarios where SNE(s) always
exists, its uniqueness depends on the presence of any loss-averse product. Specifically,

e The SNE is unique, i.e., S is a singleton, if and only if all products are loss-neutral.

e Otherwise, with any loss-averse product, there always exists a continuum of SNEs, and S can
be a non-convex set.

Furthermore, any SNE p* €S can be bounded as

1 1 b; .
<p; < +W( - exp (ai )) Vie N, (C.15)

where W (-) is the Lambert W function (see definition in Eq. (C.25)).
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Proof of Proposition 2. First, the uniqueness of SNE when all products are loss-neutral directly
follows from the characterization of SNE in Eq. (C.1). As ¢;” = ¢; :=¢; in the loss-neutral scenario,
the interval in Eq. (C.1) reduces to a single value, and thus there only exists a unique price vector,
denoted by p*, such that
P = ! , YieN, (C.16)
© (bitc)- (1—di(p*,p))

where the uniqueness follows from the same reasoning as Egs. (C.6) to Eq. (C.10).

Next, to prove the reverse direction (S is a singleton only if all products are loss-neutral), we
show that in the presence of any loss-averse product, there always exist infinitely many SNEs that
form a continuum. Without loss of generality, suppose consumers are loss-averse towards product
ig € N, ie., ¢ <c¢;. Then, going back to Eq. (C.3), it suffices to show that for two different
Cig15Cig 2 € i Cios zo] the pseudo sensitivities (¢;,1,€_;,) and (&, 2,€_;,) produce two different SNEs.
Note that we use ¢_; to denote the vector (¢;);;.

Let p*! be the SNE that satisfies Eq. (C.3) with pseudo sensitivities (¢;,,1,€C—;,), and p*? be the
SNE with pseudo sensitivities (¢, 2, €_;, ). Below, we show that p*' # p*2. Suppose by contradiction
that p*! = p*?, which implies that do(p*',p*!) = do(p*?,p*?). Since the two SNEs share the

same pseudo sensitivities for all products except iy, we deduce from Eq. (C.9) that for all i # i,

di(f)*’lyf)*’l) =V (do(ﬁ*717f)*’l) 'eXp(ai)) =V (do(f)*’ga f’*’Q) 'eXP(az‘)) = di(ﬁ*’27f)*’2)- (C-17)
Since do(p,r) + ) ;cn di(P,r) =1, it also holds that

diy (™', p") =1—do(p*",p"") = D _di(P*',p*") =1—do(p**,p"?) — > _ di(P*
i7#ig (e (C18)

— (5, 5.
Together with Eq. (C.3), Eq. (C.18) indicates that
1 B 1
OB (L= dig (b p) Bl (L= diy (P 5?)

which contradicts with the assumption that ¢;, 1 # ¢, 2. Therefore, we must have p** # p*2. Since

b, + ¢;

- bi+6i0,27 (Clg>

[cl,¢;] is a continuous interval, we conclude that there exist infinitely many SNEs in the presence
of any loss-averse product. Finally, it is clear from Egs. (C.3) to (C.10) that the dependency of the
SNE price p* on the pseudo sensitivities (¢;);en is continuous. Thus, the set of SNEs must form a
continuous area, i.e., S is a continuum. The non-convexity of set S has already been confirmed by
Figure 1.

Below, we show the boundedness of set §. By performing a transformation on the relation in
Eq. (C.1), we obtain the following inequalities for any i € N and p € S:

exp(a; — bip;)

L+ Zk;ﬁi exp(ax — bkpr)

eXP(ai - bipi)

i b2+c7_ >1+ )
Pil ) 1+37, . exp(ay — bpk)

pi(bi +¢) <1+

(C.20)
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Then, it immediately follows that
1 +exp(a; — bipi)
<p <
bi+c; P bi+c
Now, we derive the upper bound in Eq. (C.15) from the second inequality in Eq. (C.21). Since the

, VieN, VpeS. (C.21)

quantity on the right-hand side of Eq. (C.21) is monotone decreasing in p;, any price that satisfies
Eq. (C.21) must be upper-bounded by the unique solution y; to the following equation
_ 1+exp(ai —biy;)

i C.22
Define z; := —b;/(b; + ¢} ) + b;y;. Then, one can easily verify that Eq. (C.22) can be converted into
b, b;
xiexp(x;) = — exp <ai — W) , (C.23)
which implies that
b; b,

where W (-) is known as the Lambert W function (Weisstein 2002). For any value z >0, W(z) is

defined to be the unique real solution w to the equation

w-exp (w) = z. (C.25)
Hence, we have that
cp=——t Ly (b ( bs ) VieN, Vpes (C.26)
i = — ex a; — ) ? ’ . .
Together with the lower bound provided in Eq. (C.21), this completes the proof. O

C.3 Proof of Proposition 3
ProproSITION 3 (Restated). The set of SNEs can be equivalently expressed as S = {p € P" |
k(p,p) =0}, where K(-,-) is the metric defined in Eq. (17).

Proof of Proposition 3. By Eq. (C.1) and the definition of functions D; (p,p), D; (p,p) in Eq. (18),

we observe that the set of SNE(s) can be equivalently written as
S={peP"| D (p,p) >0, D; (p,p)<0, Vie N}. (C.27)

Therefore, since D} (p,r) is consistently greater than D; (p,r) in the loss-averse scenario, we can

derive that
R(p,p)=0 <« > dist <O,Hu11{D{(p,p),Df(p,p)}) =0

i€EN

& dist(0,5,(p)) =0, VieN (C.28)

& Df(p,p) 20, Dy (p,p) <0, VieN,
where we use the notation I;(p) to denote the interval [D; (p,p), D; (p,p)]. This completes the
proof of the proposition. O
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Appendix D Proof of Theorem 1
THEOREM 1 (Restated). In the loss-neutral scenario, suppose all firms adopt Algorithm 1 with
non-increasing step-sizes {n'}i>o such that lim, ,.on* =0 and Zzo n' = oco. Then, their price and

reference price paths converge to the unique stationary Nash equilibrium.

Proof of Theorem 1. We will leverage the metrics k(-) and k.(-) defined in Eq. (11). It is clear that
ke(p) < k(p) <k (p)+ne, YpeP. (D.1)

In our proof, we will show that for every e > 0, it holds that lim; ., k(p*) < O(e), thereby proving
the convergence of the price path {p’} +>0- As the reference price is updated through the exponential
smoothing scheme (see Eq. (4)), the convergence of {p'},., also implies the convergence of the
reference path {r'},. .

Before the proof, we introduce some helpful definitions. Let G;(p,r) be the scaled partial deriva-

tive of the log-revenue, defined as

81 Hz ’ )
L Olog(Llpr)) 1 vien (D.2)

Gi s =
(p.) bi +c; Op; (b + ¢i)pi

For the ease of notation, we denote P; :={p/(b; +¢;) | p € P} as the scaled price range. Then, the

price update in Line 5 of Algorithm 1 is equivalent to

t+1 t t t
p; . p; ¢ Di : b; t t ot
=P =P Gi(p, . D.3
bre ~Froir (bﬁcﬁ” bi+ci> rojp, <bi+ci+n (p r)) (D-3)
Let sign(-) be the sign function defined as
1 ifz>0,
sign(z):=4¢ 0 ifz=0, (D.4)
-1 itz <0.

An essential observation from Eq. (D.3) is that: if sign(p} — p!) - Gi(p’,r") > 0, we have that

sign(p; — p}) = sign(G;(p',r")) = sign(p;*' — p}), i.e., the update from p! to p{*™*

?

is toward the

direction of the SNE price p;. Conversely, if sign(pf — p!) - G;(p’,r") <0, the update from p! to

pt! is deviating from p;. Finally, for every t >0, we define
* _ pt _
Nt:= {z en | Pizpl e} , N.:=N\N.. (D.5)
bi +c¢;

By definition, N! is the set of products whose prices are close to their SNE prices at period ¢, and
Ni is its complement.

Now, we are ready to present the proof. By Lemma EC.2, when {n'},> is non-increasing and
lim;_, .. n* = 0, the difference between reference price and price converges to zero as t goes to infinity,

ie., lim; o (pt — rt) = 0. Hence, for every € > 0, there exists T, > 0 such that V¢ > T, it holds that
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n'Mg < € and ||p’ —r'|| <€, where M is an upper bound on |G;(p,r)| defined in Eq. (L.30). For

every t > T, it follows from the definition of N?l in Eq. (D.5) that

bt pr =it B pi-ni|
gmax{ bt 6,0} = Z;H (bi+ci €l. (D.6)
v i€EN

For every i € NEH, we have |pr —pfl‘/ (b; + ¢;) > €. Then, since

t+1 ¢ t Tyt
‘p —D; n'D; t t ot t

< =n"'G;(p’,r') <n'Mg<e, D.7
bite bite (Por)<n'Mg<e (D7)

it follows that sign (p; —pi™"') =sign(p; —p!), and therefore

* t+1 t+1
D; —Db; ‘ . 41\ Pi — P
bz’ “+ ¢ —sien (pz Ps ) bi +¢
. p;—pi—n'D;
<sign (p; —pi™") T
+Ci
G (D.8)
—sign(p} —pt) LR D
o bi + ¢
_lpi—n —n'sign(p; —p;) Gi(p', 1),
b + ’L K3 1

where the inequality is due to the property of the projection operator. We substitute Eq. (D.8)

into the right-hand side of Eq. (D.6) to derive that

p:_pz to s * t
k(PP < Y {U—e—n*mgn(m —pDGi(pt,rt)}

ientt! bt
p; —pi 0t t ot
SZmax W—an - Z sign (p} —p;) Gi(p',r') (D.9)
ieN ieNtH
=k (p")—n' Y sign(p; —pl)Gi(p'1").

’LENt+1

Thus, finding a lower bound for the summation term on the right-hand side of Eq. (D.9) is the

. ~ e ttl
key to the proof. Based on N'*!' we construct a price vector p* as follows: pt =pl if i€ N ? , and
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pi=p; if i € N*'. Then, it holds that

Y sign(p; —pl) Gi(p', 1)

ieNt
> > [sten(ri —p) Gilp' p) — max {[|V.Gi(p' )|} [P '
ieNtT!
(&1) . N (et t ot |7 (b Y g (At At
> Y |sign( - 0) G, B") — max { [ VeGi(p )|} [t~ x| - |di(p', p') - (B, B
ieNtT
> S [stem 0 0GB (9G]} [~ 19 o)l o~
ieNtT!
(A2) . % ~ ~t ~t t t t =t
> Z [Slgn(pi_pi)Gi(pvp)_er,i p—r H—fd,i P —pP H]
ieNtt!
> S sign (5} - 7) GiD' 5 - 3 [t I - + L 2" 3],
iEN iEN

(D.10)
where inequality (A;) uses the definition of G;(p,r) in Eq. (D.2). Since p! = p! when i € NZH,
it follows that |G;(p', ") — Gi(p*, p")| = |d:(p’, p") — d;(P’, p")|- Note that this difference does not
equal to zero in general, since the demand d,(+,-) depends on the prices and reference prices of all
products. Then, step (Az) in Eq. (D.10) applies the Lipschitz continuity of G,(p,-) and d;(p,p)
from Lemmas EC.4 and EC.5, respectively. Then, the last inequality holds because sign (p; — pt) =
sign(0) =0 for all i € N/™!. Next, using Lemma EC.3, we have that

Z sign(p; —p!) Gi(p",p") =G(p") > K(p')

> 2 (D.11)
ieN pllp*ll

To relate Eq. (D.11) with the original inequality in Eq. (D.9), we observe that

P} — pil }
> g maxq —— —¢,0
{ bi+ci (D.12)
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where equality (A) follows from the definition of p*. Since i € Nﬁ\ﬁi“ means that |p; — pl| /(b; +
ci) > —pi™| /(b + ¢;) < €, we deduce from Eq. (D.7) that |pf —pt|/(b; + ¢;) < €+
n'G;(p',r") < 2e. Thus, Eq. (D.12) further implies that

k(P") > ke (p") — Z Mgn' > k. (p") — ne. (D.13)

ieNL\ Nt
We use the shorthand notation X :=1/ (p||p*||.. ). Then, by substituting Eq. (D.11) and Eq. (D.13)
back into Eq. (D.10), we derive that

> sign(p; —p}) Gi(p', ") = A(ke(p') —ne) = Y [li||p" = || + Las [P — D]
ieNtT! i€EN
- (D.14)
> Mee(P) = [ nA+D L2 [ (bitc)? Y lai | €
ieEN 1e€N 1eEN

where inequality (A) is due to ||p* —r’|| < e and

o' =p'= | D r—p)’< | D [20bi+c)ed’ <2 [ (bi+ei) (D.15)

eNt+1 eNt+1 1EN

Let O :=nA+Y v lri 24/ icn(bi+¢i)2- >, n Lai- By combining Eq. (D.9) with Eq. (D.14),
we have that

k(P < (1= MMk (ph) + Crenf,  Vt>T.. (D.16)

Therefore, by unrolling the recursion in Eq. (D.16), we deduce that for all ¢ > T,

t—1 t—1 t—1

ke(p) < ke(P™) H A=) +Cee Y 0" I =2

=Te t'=T¢ t”*t/+1
) 1 ) (D.17)
< ke (p’) exp )\Zn —i—CeZn H (1—-Xn"),
=t/ +1

where we apply the elementary inequality 1 — z < exp(—=z) in (A). We remark that Ht,, (1=
Mt") =1 by default. Since 3°°° 7' = 0o, the exponential term in Eq. (D 17) clearly converges to
zero as t — oo. Hence, the key is the second term, denoted as X‘~': t, T n' Ht// par(1— )\ntﬁ).

For every t > T., we observe that X' =n'+ (1—Ap*) X', and thereby
1
Xy agxt

=(1-\t) (Xt—l - i) (D.18)

t

:<XTE—D [T a-x",

t/'=Te+1
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which implies X’ —1/\ always has the same sign as X”¢ — 1/\ and converges to zero as t — co.

Thus, together with the relation x(p) < k.(p) + ne in Eq. (D.1), Egs. (D.17) and (D.18) imply that

lim k(p') < lim k. (p") + ne
t— o0 t—o0
. t—1
Stllglo Kke(pT exp( A E n ) +CreX

(%)
= )\ €.

Since € can take any non-negative value, and both C, and A depend only on the problem parameters,

e (D.19)

we conclude that lim; ., k(p*) = 0. Therefore, both the price and reference paths converge to p*,

which completes the proof of Theorem 1. O

Appendix E Proof of Theorem 2

THEOREM 2 (Restated). In the loss-neutral scenario, suppose all firms adopt Algorithm 1 with
step-sizes n' = %ﬂt“) for t > 2. Then, there exist constants Ty, C,, and C, such that when
C, > 2p°/log?2, it holds for all t > max {2T},10} that

opl<e () <o (5). Irriee () <o (5).  ®y

where constants Ty, C,, and C, are explicitly defined in Table EC.1.

Proof of Theorem 2. We note that the choice of n' = %ﬁt“) for ¢ > 2 satisfies the step-size
condition specified in Theorem 1. Hence, all analyses in the proof of Theorem 1 are applicable. We
first prove the convergence rate in terms of the metric x(p) defined in Eq. (11).

By Lemma EC.2, we have ||p' —rf|| <n'C,, for all t > T}, where the constants C,, and T} are
defined in Eq. (L.1). Hence, for every € > 0, we can take T, as the smallest integer greater than T}
such that € > max {n’Mg,n"<C,,}, so that we have n' Mg < € and ||p’ —r'|| <e for every t > T..
Equivalently, T, is the smallest integer such that

€ log(T +1)
C C,.p T +1

and T, > T, (E.2)

where C’Tp =max{C,,, M¢g}. For every t >T., we have from Eq. (D.17) that

D)y
K(p') < Kke(p') +ne < ke(p'e) exp ( A Z n > +CeX" 1+ ne, (E.3)

where we recall that X*~! = " TTons par(1— An'"). From the recursion in Eq. (D.18), we
observe that if X7¢ <1/, then X t S 1/ for every t > T,.. Otherwise, it still holds that

t—1

1 1 1 r 1
t—1 __ — e _ - -
X —)\—i—(X )‘>t, || 1(1 An' ) \ +n )\—i—C <2C,, Vt>T,, (E.4)
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where the first inequality is because XT¢ = n’c by definition, and the last inequality is due to the
choice C,, > 2p°/log2 >2/(Alog2), as A\=1/ (p||p*]|..)- Thus, it remains to control the exponential
term on the right-hand side of Eq. (E.3). Using the integration lower bound, we deduce that

"+1)
Zn >C / PB4 D = 1 ogh(u-41) ~ log(1, + 1) (E:5)

Therefore, it follows that for any ¢ > T,

t—1
exp (—A > n’) < exp (—AQC’ [log™(t + 1) — log™(T. + 1)})
t'=Te

ACy

_|exp (logz(T6 + 1)) ?

exp (log”(t+1)) (E.6)
AC

(TE+1)log(Te+1) 2z

= |: (t+1)1og(t+1) :|
T +1 o 10%(T6+1> 1 @'IOg(YE:;—ll)

- ( t+1 ) ' <t+1> ‘

Hence, when t > 27, + 1, it holds that
t—1 20 log 2
exp [ Z nt/ < ( 1 ) (A<1) 1 (A<2) 1 ' C,,Cylog(T. +1)

€
= 2Vip—p)

where step (A;) is due to C, > 2p*/log2 > 2/(\log2), and step (A,) uses the premise that ¢ >

2T, + 1. We note that by the definition of C,, in Eq. (L.1), it is easy to observe that the second

fraction in (Ap) is clearly greater than one. Finally, the last inequality in Eq. (E.7) applies the

definition of 7, in Eq. (E.2). Together, Egs. (E.3), (E.4), and (E.7) imply that

Ke(P™)

M, >€
2y/n(p —p) 2yn(p—p) )"

where we replace k.(p’*) by its universal upper bound M, :=3",_(P—p)/(b; +¢;). By far, we have

K(p') < (20 Cy+n+ >eg <QC’KC,,+n+ (E.8)

shown that x(p’) = O(e) when ¢t > 2T, + 1. To obtain the convergence rate that explicitly depends

on t, we consider the definition of 7, in Eq. (E.2). We claim that it suffices to choose

T. = max {Tl, |V2C Crpl (C"CTP> — 1} } (E.9)
€ €

To validate that such a choice satisfies the condition in Eq. (E.2), we compute that

log(T.+1) _ 8 (26,Cop/e) +108 (108 (C1C /<)) @ _¢ (E.10)
T.+1 — (20né,.p/e> -log (Cﬁ,ﬂe) Cnérp’ '
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where step (A) uses the inequality max, o (log2z +log(logz))/(2logz) =1/2+1/e < 1. Thus, Eq.

}. (E.11)

t:(4cn@p/e).1og (on@p/e) s log (C’n@.p/e>:W(t/4), (E.12)

(E.8) holds true as long as

4C,C, C,C,
t22T5+12maX{2T1+1,{ 1 plog( 1 p)
€ €

We observe the following equivalence

where W () is the Lambert W function defined in Eq. (C.25). Using the lower bound of the Lambert
function W (z) > logz —log (logz) for all > e, we find that for all ¢t > 4e ~10.9

o (222 v (4) -t v (3)) e

< Cn@p log(t/4) < 4C,76Tp logt
= t/4 = t

which is equivalent to

(E.14)

Together with requirements ¢t > 27} + 1 and ¢ > 11, we conclude from the bound in Eq. (E.8) that

M, logt
t K
k(p') < (20,10 +nt—— >€<CK, Vit > {217,10}, E.15
( ) n 2\/5(1)_8) t { 1 } ( )

where we define C, := 4C, Crp (20 Cy+n+y f ) ) Finally, to obtain the upper bounds in Eq.
(13), we observe that for all ¢t > {277,10}

2
— [p; —pil logt
o~ S(;I&%{bk+c} bm) <o (e} o < (P2) e
where C, := max;cy {(b; + ¢;)2} - (C,)2. For the reference price path, we can similarly deduce that
o7 —x|I* = [p" = p* + 0" — x|
<2|p* - I)tH2+2HPt—I‘tH2

<20, <10tgt) L2050y (E.17)

<9(C)+(C,Crp)?) - <1°tgt)2

The proof of Theorem 2 is completed by letting C, :=2(C, + (C,,Cyp)?). O



ec20 e-companion to Guo et al.: Last-iterate Convergence in Games with Reference Effects

Appendix F Proof of Theorem 3
THEOREM 3 (Restated). In the loss-neutral scenario, if all firms adopt Algorithm 1 with step-
sizes {n'}i>0 satisfying lim,_,on' =0 and >, n' = oo, the dynamic regret of each firm grows in a

sublinear rate, i.e.,

1
lim — x D-Regret,;,(T) =0, VieN. (F.1)
T—00 T
, , , _ Cylog(t+1) ,
Furthermore, if the step-sizes are specified as n' = % for t > 2, there exist constants T}
and Cr; such that when C, > 2p®/log?2, it holds that
D-Regret,(T) <p-max {27,10} +2Cr; =0(1), VT >1, Yie N, (F.2)

where constants T and Cg,; are explicitly defined in Table EC.1.

Proof of Theorem 3. We begin by demonstrating an auxiliary result on the smoothness of revenue

function II;(p,r) with respect to p;, which would be useful in the following proof. Note that

aHz(par)
il A —(b:+e s - d 1—d.
apl l(p’r) ( 1+C’L)pl l(p7r)( ’L(p)r)) (F3)
= di<p7r) : [1 - (bi +Ci)pi : (1 - di(l)ar))] .
Then, the second-order derivative of II;(p,r) with respect to p; can be computed as follows
82Hi ,r
8;1;) =—(b; +¢)-di(p, r)(l —d;(p, r)) [1 — (bi+ci)p; - (1 - di(pvr))]
+d;(p,r) [_(bi +¢;) (1 —d;(p, r)) — (b +¢i)*p; - di(p,r) (1 —d;(p, r))]
=—2(b;+¢)-di(p,r) (1 —d;(p, r)) + (b + Ci)2pi -d;(p,r) (1 —d;(p, 1'))2 (F.4)
— (bi+e)pi- (di(p,r)) " (1 - di(p,T))
:(bi + Ci) : dz‘(pyr) (1 - dz‘(Pﬂ“)) : [—2 + (b + Cz‘)]?z' : (1 - 2dz’(P7 1’))] )
and thereby this second-order derivative can be bounded as
O*11L;(p, 1
8;1;”‘) < (bt ) (24 (bitc)p) = b, YpEP, VreP". (F.5)

Hence, we have that IT;(p,r) is h;-smooth with respect to p;.

Now, we proceed to prove the theorem. For brevity, we denote the regret of firm ¢ at period
t as R, ie., Rt :=max,ep {IL((p;,p;),r') } — IL;(p',r"), and therefore the total regret over the
entire T periods can be expressed as D-Regret,(T) =", , R.. Let p?(-,-) be a function defined as
pP (ri, u,i(p,i,r,i)) I=argmax, cp {Hi((pi,p,i),r)}, where u_;(p_;,r_;) is the vector of utilities
for all firms other than i, as defined in Eq. (L.41). The function p? (r;,u_;(p_;,r_;)) represents the
best-response price for firm ¢ that achieve the optimal single-period revenue, given the reference

price r and the price of other products p_;.
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We observe that R} can be upper-bounded as follows
R! —max{H(pZ,p ),r) } —ILi(p,r")
=1I; ((Pz 7p—i) ) 11; ( )

(a0 O ((pi™", L) 1!

Op;
P by

where we use the shorthand notation p’*' := pP (rf,u_i(p

%

2

)-(pﬁfpf’t)wL (PPt —pt)?

t
—17)

r';)) to denote the best-response
price for firm ¢ at period t. The step (A;) utilizes the h;-smoothness of II;(p,r) with respect
to p;, as shown in Eq. (F.5). In step (A,), since p’*

OTL; ((pP",pt,),r*) /Op; = 0 by the first-order condition.

is the best-response price, it holds that

In the following part, we evaluate term (péB - p§)2 in Eq. (F.6), which can be decomposed as

(P =) = (07— 07— pt) <207 — )+ 20t — ), (.7)

where the last step is due to the basic inequality (z + y)? < 22?4+ 2y>. Since the reference price at
SNE is also equal to p*, we can further upper-bound the first term on the right-hand side of Eq.
(F.7) as follows

2
(o7 = p1)" = [pP (rfus(ptx)) = pF (6w (07, )

= |: iB(Tfaufi(pt_iart_i)) _sz(pfaufz(pt_mrt_l))

2
+pf (p;,usi(p’,,rt,)) —pf (pf,u_i(p’:i,pii))}

< 2{ f(rfau—i(piﬂrii)) —pP (p:’u—i(pii,rii))]z -
2
2 [pP (pf ui(pl 1t ) = P (b u(ppt)) |
(A1) ) 2
L) o 2 s (prt) — i (ppt)
(AZ) c. . B . ) ) ,
(o) w0 4 (ma {0+ %) o — o mas ) [ ),

where in step (A;), we use the ¢;/(b; + ¢;)-Lipschitz continuity of p? (-,u_;(p_;,r_;)) and the p-
Lipschitz continuity of p?(r;,-) from Eq. (L.43) in Lemma EC.6. In step (A,), by the definition of
utility in Eq. (1), for all j € N\{i}, it holds that u;(p, %) —u;(p},p}) = —(b; +¢;) - (P} —p}) +¢; -
(7% —p}). Therefore, it holds that

t 2

|u_i(p’;,r,) —u_i(p%;, P2,

= 2max{ (b; + ¢;)’t[pLi =P

‘t QI?QlX{Cf} |t —pr

—1
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Combining Eqs. (F.6) and (F.7), we have that R! < h, (p;"* —pf)2 + h; (pr —p!)?, where recall
that h; is a constant defined in Eq. (F.5). Then, substituting the term (pfB it pj)2 with its bound
in Eq. (F.8), R! evolves as
2h,c; - (rf —py)?

_ * |12 x |12 *
N WA +4h¢p2(r§,133<{(bj+cj)2} [Pt =P+ max{c]} [, —p, )+ 7 =)’
C; 2 . * 2 . % 2
§2hi‘max{<bi+ci>’ 2p21?25<{c?} ‘p —rtH +hi-max{4p21§13i)<{(bj+cj)2},1}‘p -p'l|",
(F.9)

where we apply the basic inequality k22 + koy? < max {k;, k»} (% +y?) in the last step.
When the step-sizes {n'},>o are non-increasing with lim; ,.,n"* =0 and Y ,° n' = oo, we have
from Theorem 1 that p* — p* and r' — p*. Hence, the dynamic regret grows in a sublinear rate,

which completes the proof of Eq. (15).

Cylog(t+1)

1 for t > 2, we can further quantify the regret

When the step-sizes are specified as n* =
using the convergence rate in Theorem 2. In the case of t > ﬁ, where ﬁ := max{27},10} and T
can be found in Table EC.1, we can bound terms ||p* — p'|| and ||p* —r’|| by Eq. (13). Then, Eq.

(F.9) becomes that for all ¢ > T,

9 2
| logt
(F.10)

R <

We use Cg; to denote the multiple of (logt/t)? in Eq. (F.10), i.e.,
2

Cr,;=2h,C, - max{ <b:ijci) , 2p° rglglx{c?} } + h,C, - max {4}92 n;lg{{(bj +¢)%}, 1} . (F.11)

In the case of t < ZIA}, we use the plain bound on R, i.e.,
b < IL((p;,pt.). ')} < p. F.12
R} < max {IL((p:,p,).x') } <P (F.12)
Finally, combining Eqs. (F.10) and (F.12), we are ready to derive the regret bound as follows

T\l T
D-Regret,(T) = Z R! + Z R!
t=1

t:fl —+1

o~ logt 2
<pTi+Cri ) <t) (F.13)

~ = logt\”
Sp'Tl—i-CR,z'/ <tg> dt
1

=p-T1+2Cg;, VT >Ty, VieN.

Since Eq. (F.13) has already upper-bounded the regrets during the first T, = max {27}, 10} periods,
this upper bound also holds for all 1 <7T' < ﬁ, which completes the proof of Theorem 3. n
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Appendix G Proof of Theorem 4

THEOREM 4 (Restated). In the loss-averse scenario, let the step-sizes {n'}i>0 be a non-
increasing sequence such that lim, o n' =0 and >.,° n' = co. Then, for any reasonably small
€ >0, the price and reference price paths generated by Algorithm 2 with the step-sizes {n'};>0 and
threshold € converge to a Ce-SNE, where constant C,, is explicitly defined in Table EC.2.

Proof of Theorem j. As we have mentioned, instead of directly working on k(p,r), we will leverage
the surrogate metric defined in Eq. (21), i.e., K(p) = > ,cn dist(O,Hull{G;(p,p),G;r(p,p)}),
where G (p,r) and G} (p,r) are the scaled true/virtual derivatives defined as

1 1
74‘(11 , T —1, G;r , )=
Grcp P ®.) = G P,

In the loss-averse scenario, it is clear that G; (p,r) < G; (p,r) for all i € N with the equality only

G; (p,r):= +d;(p,r) — 1. (G.1)

holds true if ¢; = ¢/, i.e., the consumer is loss-neutral towards this specific product. Below, we

show that lim, ., K(p*) = O(€), where € is the pre-specified threshold in Algorithm 2.
Since D; (p,r) = (b; +¢;)-G; (p,r) and D/ (p,r)= (b; +¢/) - Gf (p,r), the pausing criteria in
line 5 of Algorithm 2 is equivalent to G (p',r') > —¢/(b; + ¢ ) and G (p’,r*) < ¢/(b; + ¢; ). Hence,

1

we can classify the relation between pi™' and p! into the following three possibilities:

o If G/ (p',1") > Gy (p',1") > ¢/(bi +¢; ), then
pitt =Projp (pf +0' - (wi- Dy + (1 —wj)- ;7)) > Projp (pf +1' - Di”) > i, (G2)

where we recall that DIt = D (pt,r) > D; (p,r!) = D'~ by Eq. (18).
o If G (p',x") <G/ (p',r") < —¢/(bi + ), then

Pyt =Projp (pi+n' - (w} D" +(1—w!) -D;7)) <Projp (pi+n"- D;") <pi. (G.3)

e Otherwise, we must have G; (p?,r') > —¢/(b; + ¢;) and G (p',r') < ¢€/(b; +¢; ), and thereby

the pausing criterion is triggered, i.e., pi™" = pt.

We remark that it is also possible for p/™' = p! in the first two cases. This happens when p! is on
the boundary of P = [p,p], and the price update is deprecated by the projection operation.
By Lemma EC.2, under the non-increasing step-sizes {n'};>o with lim; . 7" = 0, there must

exist T, such that

max (b7 + C,:) . gr,i
iEN

pl—rt

(bt e) 0 byl [ (bt c;)? g%, vt > T, (G.4)
keN

where the definitions of Em-, ly:, and My can be found in Table EC.2. Now, for any t > T., consider

the following separation of N:

N':={ieNp;<pit'}, Ni:={ieN|pi>p/™}, N :=N\(N'UN). (G.5)
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We claim that if N is not empty, then for any i € N', it holds that G; (p,p’) > Q(b_ic',) and

G; (pt*t, pttt) > 0. Specifically, since p! < p!t! for any i € N, we have G (p,rt) >¢/(b; +c;),

K2

and thereby

G; (p',p") =G, (p',r") + [G; (p',p") — G (p,1)]

Z - Er,i

t
e Pt (G.6)
€

> a7 —\
where we use the Lipschitz continuity of G; (p,-) from Lemma EC.7 and the choice of T, in Eq.

(G.4). In addition, using the Lipschitz continuity of G; (p,p) with respect to p from Lemma EC.7,

we derive that

G ("p™) =G (P, )+ (G (PP ~ G (P p')]
€ ~

.y i t+1 _ .t
2bitc;) "IP TP |
(A1) € ~ 9
Z o 77t€p,z' Z (D)
2(bi + ;') eN (G.7)
(A2) € . _
= Aty M 2 (bt (Mo

where step (A;) follows from the price update rule, and inequality (A,) is because
|D{| < max { (b, + ¢ ) |Gy (P, 1], (b + ¢ ) |G{ (P!,1%) |} < (bk + ¢;,) Mg, using the upper bound
|G7 (p,1)| < Mg from Lemma EC.7. Hence, combining Egs. (G.6) and (G.7) with the fact

G; (p,r) <G (p,r), we have that

dist (O,Hull{G; (", p"), Gj(pt',pt')}> =G;(p',p"), W eftt+1}, Vie N'. (G.8)

Similarly, we can show that if Ni # @, then for any i € N

!, it holds that G} (p’,p’) < ——=

Q(bz-‘er)

and G (p'™!,p'*1) <0, and thus

dist(O,Hull{G;(ptl,ptl),G;r(pt/,pt/)}> ——GHp',p"), We{tt+1}, VieN. (G.9)
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Next, we assess the improvement x(p'*') — k(p") by breaking down the summation over N using
the definitions of N*, N*, and N} in Eq. (G.5).

R(p™) - R(p")

:Z [dist<0,Hu11{G;(pt+1 p'™), G (p t“,p”l)}) —dist(O,Hull{G;(pt,pt),G;r(pt,pt)})}

iEN

(A) Z t+1 t+1)_Gi—(pt’pt)} + Z [G (p p) G+(pt+1 pt+1)]
iENT ieNt
+ Z [dist (O,Hull{G;(pt+1 P, G (p t+1,pt+1)}) —dist(O,Hull{G;(pt,pt),Gj(pt,pt)})]
iENE
_Z L_l —l—d-( t+1 t+1)_d_(t t)
bi+c; \ptt pl PP (PP
ieNt P v

+Z {b v < p§1+1>+d(p p') - d(pt“,pt“)}

+ Z [dist ((),Hull{G;(pt+1 p™), G (p t+1,pt+1)}) —dist(O,Hull{G;(pt,pt),Gj(pt,pt)}ﬂ ,
iENY

(G.10)
where step (A) uses the equalities in Egs. (G.8) and (G.9). Although the right-hand side of Eq.
(G.10) seems involved due to the presence of the summation over N!, we make the following key
observation: since pi™! = p! for all i € N!, the difference between the two distance terms only arises
from the change of the demand function (see the definitions in Eq. (G.1)). Based on the relative
size of d;(p'*',p'™!) and d;(p’, p’) for i € N!, we enlarge sets N' and N as follows:

N':=NLu{ie N/|d(p"",p"") —di(p',p") 2 0},

Ni =NyU{ie Ni|di(p'™, p™) —di(p*, p") < 0}. e
By definition, it is clear that Nt U N { =N'UNLUN!=N. Then, we can further deduce from Eq.
(G.10) that

K™ —R(p')
< |: 1 ( 1 1> —i—d-(thrl pt+1) —d-(pt pt):|
Rl A ’ |

1 11
+ > {W (t_ptﬂ> +di(p',p") —di(p"*, pt“)] + > |di(p*,p") — di(p', p")]

g iENE

1 1 1 1 1 1
=2 he ( —,,t,) I (t‘pw) + 3 [ p) —di(p'p)]
(2 (2 ’ieNj_ 7 K K3

pz pz

+ Z [di(p",p") — di(p™*',p" )] .

(G.12)
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Since p!*! > pt for all i € Nt and pit!' < pt for all i € Nt it holds that

ZzENt exXp (uz (p§+17p2+1))

Zd t+1 H_l) 1 +1  t+1 R t+1  t+1
TS e o () % ey o (u, ()

lEN’i

_ > ient exp (ui(pf,p}))

T 1+ Yiere exp (wa(phph) + e exp (ui (05 p5)
B > ient exp (wi(p},pf)) St
T 1+ Yiene exp (wiphph) + e exp (w0 p))) =T T

iENt

(G.13)

where we use the fact that w;(p;,p;) = a; — b;p; is monotone decreasing p;. Similarly, we have

Zieﬁi d;(pttt,p'tt) > Zieﬁi d;(p',p'). These two relations, together with Eq. (G.12), imply that

~ - 1 1 1 1 1 1
’Q(Ptﬂ)_"@(pt) < Z b Yo ( 1 _t> +‘€ZN; bi-l-czr ( t+1>
ey

pi ’L pz

&y 1 i =l Z 1 |pi"™ —pf
- tottl p 4 [ e —

ieNt_ pz pL b1+cz Nt pz pz bl+cz

(G.14)
-1 pt+1 p 1‘

< - Z 1 +
- P ; b, +c¢; Z b +c;

-1 Pt =i P =i
< — max{ max 4 ———— 5, max -————— )
D iENL bi+¢; ieNt | bit+c

where we apply the definitions of N* and N from Eq. (G.5) in (A). It is worth noting that, when
both N’ and N! are empty sets, i.e., N! = N, then Eq. (G.14) reduces to 5(p'™") —&(p") =0, since
N!= N implies p'*! = p’. Therefore, we find that the sequence {K(p’)},., is non-increasing.

We first consider the situation N! = N and demonstrate that when e is reasonably small, N! = N
implies that %(p?) = O(¢). Note that p!*' =p! can only happen for the following two reasons:

e The pausing criterion is triggered for product i, i.e., G (p*,r*) > —¢/(b; +¢;) and G (p',r') <
€/(b; +¢; ), and thus no price update occurs.

e The price p} is at the boundary of the feasible range P, i.e., p; =p or p! = p, and the price
update is towards the outside direction, which is then deprecated by the projection operator.

Below, we show that for any ¢ > T, and any reasonably small €, the second scenario cannot happen
when p**' = p’. We argue from the reverse direction: if there exists ip € N with p{ =p, then we
must have p*™ # p* (the case when pf = p is equivalent). Denote &, := min {T)—pfo\p* €S}, ie,
the minimum distance between the SNE set S and the price upper bound in the ig-th dimension.

We consider the following new separation of N based on p‘:

Nt :={ie N|G; (p',p') >0}, N.:={ieN|GS(p'.p)<0}, N!=N\(N'UN.). (G.15)
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Equivalently, we can write N! = {ie N|G; (p',p") <0< G/ (p',p")}. Then, we define the pseudo
sensitivities (¢;);en as follows: for i € Nt let ¢; = c;; forie Nt let ¢; =c; for i e Nt let ¢; be

the unique value that satisfies

(b—|—1)+d’(p p’)—1=0. (G.16)
By the definitions of scaled derivatives in Eq. (G.1), since G; (p',p*) <0< G (p*,p') for all i € N?,
such a ¢; must exist and ¢; € [¢],¢; |. Given (;)ien, let p* €S be the unique SNE that satisfies
. 1
M bore) - (- d(et )
whose existence is guaranteed by the expression of S (see Eq. (6) and the proofs below Eq. (C.3)).

Vie N, (G.17)

Next, for every ¢ € N, we further introduce that

Gi(p.r) = ———+di(p,p)— 1, G(p):= sign(p; —p;)Gi(p.p). (G.18)
(b + )i iEN

We note that, since ¢; € [¢]f,c; ], it always holds G} (p,r) < éi(p,r) <G} (p,r). By Lemma EC.8,
G(p') satisfies that

G(p')=> sign(p; —p!) Gi(p'

€N

|pz _pz gzo
G.19
p|p =2 hie 2Oy raplol. (@19

where the last inequality holds because = |p;, —To’ > min {TD— Di, IpreS } = ¢&;,. Hence,

by the definition of G(p), if

o t
pio 7pi0

[n(biy + i )PPl 3¢

io = , G.20
go_ minieN{bi—f—czr} 2 ( )
we can deduce from the lower bound in Eq. (G.19) that
~ 1 & 3€
max { sign (pF —p!) G;(p’, t}zf- 20 > . G.21
wx{sten (00 —p) G P | 2 0 e > (G.21)
Denote i, := arg max;, y {sign (pr —pt) @i(pt,pt)}. Then, Eq. (G.21) implies that
3€ 3€

Since G;(p’,p') =0 for all i € N! by Eq. (G.16), we must have 4, € Nﬁ UNi. Now, we prove that
pitt # pt . Without loss of generality, suppose 4; € Nt ie., G, (p',p’) > 0. Then, by the definition
of (&)ien above Eq. (G.16), it follows that Gy, (p*,p’) = G (p',p') > 0. Hence, we must have

sign (pZl —pzl) >0, i.e., p;, <pj,, which implies that G+ (", p") > G (p',p") > m In the
meantime, since t > T,, we deduce that
G, (p',r") =G (p',p") + [G; (' x") = G, (P',P")]
> G (p',p") — lriy Hp —r'|
= (bngic ) (629
> €
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where the inequalities follow from the Lipschitz continuity of G (p,-) in Lemma EC.7 and the

definition of T, in Eq. (G.4). Therefore, we conclude that the update p{'' < Proj, (pi +n'- D)

is towards the SNE price p} , i.e., sign (p;, —p ) =sign (p;"' —p!,), and thereby pi' # pl.
Based on the arguments above, we can provide a sufficient condition for the size of € such that

N!= N always implies that the pausing criteria are triggered for all products. We define that
@:min{ﬁ—pi,pi—glpeS}, Vie N, (G.24)
which stands for the minimum distance from S to the boundaries of the feasible region P in the

i-th dimension. Then, the derivations in Egs. (G.19) to (G.23) imply that it is sufficient to have

c< inln en {bi+cf} -min{ & } (G.25)
3np-maxpes {[[pll.} €V Lbi+¢

When e satisfies Eq. (G.25), then if there exists any product ig € N with pﬁo =por pﬁO =p, we

can always follow the derivations in Egs. (G.19) to (G.23) to show that p’*' is different from p’
for at least one product. We remark that according to Proposition 1, the value of maxyes {||p||..}
has roughly linear (or inversely linear) dependence on problem parameters. Hence, even when p is
excessively large, the condition in Eq. (G.25) would not be restrictive because lim;_, . &;/p = 1.

By far, from Egs. (G.15) to (G.25), we have demonstrated that for reasonably small € and t > T,
N!= N will happen only if the pausing criteria are triggered for all products. Below, suppose
N'o = N for some t, > T., we show that p' is already close to the set of SNEs. By the definition
of k() from Eq. (21), it follows that

R(p') = aist(0,8u11{G; (p,p"), G! (p,p")})
iEN

(A1) e
< dist(0,Hull{G; (p',r'),G; (p',r' +]
ZN{ ist(0,H11{G; (p", 1), G} (")} 5]

2 (bijcj + Q(biici_)> (G.26)

i€EN

3
= [Z 26+ <)

i€EN

(Az2)

Ag
<

¢,

where inequality (A;) applies the Lipschitz properties from Lemma EC.7 and follows the same
derivations as Eqs. (G.6) and (G.23). Step (Aj) leverages the presumption that pausing criteria
are triggered for all products, i.e., G; (p',r') < ¢€/(b; +¢; ) and Gf (p'o,r'0) > —¢/(b; + ¢/ ), and
since ¢; > ¢, we have

€

dist <0,Hu11{Gi_(pt0,rt°),Gj(pto,rto)}> < (G.27)
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Therefore, since {K(p’)},, is non-increasing and lim; o, [|[p* —r*|| =0, we conclude that

C~i by T t_ ot . —(nt +) DH(pt
lim & (p',r') = lim |[|p’ —r ||+_€ZNdlst(0,Hull{Dz (p',r"), Df (p',x )})]
= lim Zdist <O,Hu11{D;(pt,pt),Df(pt,pt)D]

t—o0
LieEN

< lim r}:lg\)f{{bk—l—c;} -Zdist <O,Hull{Gi_(pt,pt),Gj(pt,pt)})] (G.28)

t—o0
iEN

=max {b, + ¢ } - Jim k(p")

keN
< |:Z 3man€N {b]jr_}—C;} :|€’
ieN 2(bi +ci)
—C

where we use the fact that Df(p,r) = (b; 4+ ¢)G¢(p,r) < maxyen {br +¢; } - Gi(p,r) for every
o€ {+,—} and all : € N. Eq. (G.28) indicates that Algorithm 2 converges to a C..e-SNE, where we
define C, := Y ien SMaXpen {bk + c,:} / [Q(bi + cf)} )

Now, we show by contradiction that there always exists such a period t, > T. with N0 = N.
Suppose N UN{ # @ for all t > T,. Then, Eq. (G.14) non-trivially holds true throughout the entire
horizon of ¢ > T.. For the similar reasoning as Eqs. (G.19) to (G.23), we observe that for every
t > T, there must exist a product i* € N® UN" such that |p//" — p!,

=nt ’DH, i.e., the projection
operation is not in effect. Without loss of generality, assume that i* € N*. Then, we further deduce
from Eq. (G.14) that

N ~ -1 7 !D?t
t+1 _ t < . [
_ =1 o (wi - DT+ (L —wh) - D)
ﬁQ bit + c'i_t (G 29)
-1 n'Dy
< = b =
p it +Cz’t
L

P (bt + )

where we use the fact that D" > D! = (b;+¢; )G (pt,rt) > € for any i € N*, due to the definition
of N in Eq. (G.5). The same argument applies to the situation where i* € N%. Thus, by applying
a telescoping sum to Eq. (G.29), it follows that for any ¢ > T.

() (G-30)

~ + <K Tey _ :
R(pY) <K(p™) P maxen {bi +¢; }

Since the step-sizes satisfy Y ;- n' = oo, we deduce that lim, ., K(p’) = —oco, which contradicts
with the definition of (). Therefore, there must exist t, > 7, such that N = N, which, together
with Eq. (G.28), completes the proof of Theorem 4. O
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Appendix H Proof of Theorem 5
THEOREM 5 (Restated). In the loss-averse scenario, suppose all firms adopt Algorithm 2 with

step-sizes n' = v and a reasonably small threshold €, where C,, is some general constant. Then,

Vi+l
there exists T = O(1/€?) such that
1 2 b -
R(p',rt) < ——+) maxkex {b + i } e, Vt>T, (H.1)
QmaxieN{(bi—i-ci_)&,i} ieN b +C

where &(-) is defined in Eq. (17), and constants T and £, are explicitly defined in Table EC.2.

Proof of Theorem 5. Consider the decreasing step-sizes of the form n' = C, (t+1)~* with 8 € (0,1],
which satisfy the conditions lim, ,.n* =0 and >, 7" = co. Hence, all analyses in the proof of
Theorem 4 are applicable, and we will use them as the basis for the proof of the convergence rate.

By Lemma EC.2, we have ||p' —rf|| <n'C,, s for all t > Tj, where the constants C,, s and T}
are defined in Eq. (L.2). Hence, to satisfy Eq. (G.4), it suffices to choose T. as the smallest integer
greater than T} such that

n'-max ¢ (b; +c;) -lﬁmCTp,g, (bi+¢c;) 'ge,iMG Z (bk +CI;)2 <

i€EN
keN

(H.2)

l\')\m

Denote CN'g ‘= maX;en {(bz +¢) -lZT’iC’,«pyg, (bi+¢;) -lZG,iMG \/ZkeN (bk + ck)Q}. Then, since
nTe =C,(T.+1)~", we observe from Eq. (H.2) that 7, can be expressed as

1

A B
T, := max { Tj, (20’70"> —1y. (H.3)

€

Next, recall the separation introduced in Eq. (G.5). According to Eq. (G.26), if there exists to > T.
with N!0 = N, i.e., the pausing criteria are triggered for all products, it follows that for all ¢ > ¢,
R(p',r') = [lpt —x']| + Y aise (0,111 { D] (0", '), D} (p',1')})
iEN

(A1) _ . _
< ' Crpp+max {be+ } - ) dist (O,Hull{Gi (p', 1), Gj(pf,rt)})

€N

“ €
e, o+ max {by + ¢y |- [dlst 0,Hu11{G; (p'), G} (p')} +]

) 2 ( ) e

- HA4

N ntCTp’ﬂH?S?{bﬁck}( +§ b+c ) "
(%’,) € 4 Z 2H1an€N {bk + Ck }
- QmaXiGN{(bi‘{‘C;)gr,i} iEN bi+cf
_ 1 +Z2maxkeN{bk+c;}

QmaXieN{(b +c; [7 z} ieN bi+cf
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where in step (A;), we leverage the bound ||p’ —r*|| <7'C,, s for all t > T and use the relation
D¢ (p,r) = (b + ¢)G3(p,r) < maxyen {br +¢;, } - GS(p,r) for every o € {+,—}. Next, step (A,)
uses the Lipschitz continuity of G¢(p,-) in a similar manner as Eq. (G.6). In step (Aj), we first
apply the upper bound 1'C,, 5 <77 Cp 5 < €/(2max;en{(b; +¢; ), }) from Eq. (H.2). Then, since

{#(P")};>7, is non-increasing from Eq. (G.14), we have

3
Z 2(b; +c)

i€EN

£(p") <E(p") < €, (H.5)

where the last inequality follows from Eq. (G.26). Thus, Eq. (H.4) shows that Algorithm 2 converges

QmaxkeN{karcI:

1 . .
to an <2maxieN{(bi+C:)ér,i} + D ien B e-SNE after ¢, iterations.

Therefore, it remains to determine when would such a period t, occur. Let T be some integer

greater than T, such that

P - max;ey {b +c; ZU > nMe. (1.6)

Since Zzo n' = oo, the existence of T is guaranteed. We observe that t, < T must hold true,
otherwise, we can deduce from Eq. (G.30) that

T-1 -
) (a) E :
7{ T <7<E Te _ € t < TLM -
(p') <k(P™) 7 maxiey (b + ¢ ) t_zT:E s P maxsen {b +c; T

(H.7)
where we apply the upper bound |G¢(p,r)| < Mg for o € {4+, —} from Lemma EC.7 in step (A) to
derive that K(p) =),y dist (O,Hull{G;(p,p),Gj(p,p)}) <nMg. Since %(-) is a non-negative
metric, Eq. (H.7) is a clear contradiction.

Next, we compute T under the step-size choice n'=C,(t+1)7? and determine the optimal value
of . Using the integration lower bound, we have that
T-1

T
Suzc, [ 1) fa=-

7 7. 15 (T 41— (T4 (H.8)

Hence, by Eqs. (H.6) and (H.8), we can choose T to be any positive integer such that

C,
1-p

which is further equivalent to

[(T+1) (T€+1)1”3]  MMGP* - maxien bt} (H.9)

€

1

P [(1 — B)nMgp? -CmaxieN {bi—i-ci_} N (Te+1)1_6]
€

[l e ) (o [ 52 )) T

Lo (H10)




ec32 e-companion to Guo et al.: Last-iterate Convergence in Games with Reference Effects

where we substitute in the expression of T, from Eq. (H.3). We observe that the quantity on
the right-hand side of Eq. (H.10) has the order O(e% + 6%1> and attains its minimum when
B =1/2. Therefore, combining Eqgs. (H.4) and (H.10), we conclude that under the step-size choice
n' = C,/vt+1, Algorithm 2 achieves an < WW) e-SNE in

1
QmaXiGN{(biJFCi_)Zr,i} + ZiGN b,b--‘,-czr
T = O(1/€?) iterations, where

2

= nMgﬁQ smaX;e N {bl—i—c;} 20,76'1/2 2
7= o + 4 max{ Ty +1, (f> . (H.11)

In particular, we use T}/, and c, /2 to denote the previously defined constants T and C’g in the

special case of 8=1/2. By Eq. (1..2) and the definition of Cs below Eq. (H.2), we have that

2-(3+a*) -4 2+2a?
T1/2: = 5
4—(3+a2) 1—a?

~ s = s~ N2
Ci)2 :Tirg}@({(bi +c; ) 4iCrp, (bi+c;) LeiMa Z (bi +c; ) }a

ieN

(HL.12)

_— {2]\2/0\/(1+a2)zi€1v(bi+ci)2 ﬁ(p—pwm}

1—a? ’ C,

This completes the proof of Theorem 5. U

Appendix I Proof of Theorem 6

THEOREM 6 (Restated). Suppose that each firm i € N takes its own non-increasing step-sizes
{ni},50 such that limy_.nf =0 and Y7~ nf = oo. Then, it follows that:

e In the loss-neutral scenario, the price and reference price paths generated by Algorithm 1
converge to the unique SNE, where the convergence rate is determined by the slowest decay rate
among the step-size sequences.

e In the loss-averse scenario, the price and reference price paths generated by Algorithm 2 with
threshold € converge to an O(e)-SNE, where the convergence rate is determined by both the slowest

and fastest decay rates among the step-size sequences.

Proof of Theorem 6. The proof is built upon the current proofs for Theorems 1, 2, 4, and 5.

We first consider the loss-neutral scenario. Since all the step-size sequences {n!};>o are non-
increasing, there exist a non-increasing sequence {nt}tzo and non-decreasing sequences {Cj;l} >0
for every i € N such that n; =7'C} , for every t >0 and i € N. The sequence {n'},. approximateiy
measures the smallest step-sizes among all firms, i.e., the sequence with the fastest decay rates.

For example, in a two-firm setting where 7t =1/(¢t +1) and nf =1/(t + 1)?, we can take n' =ni,
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Cf%l =t+1, and C’fh2 = 1. We note that our proofs for Theorems 1 and 2 are built upon two
key results, the inequality in Eq. (D.9) and Lemma EC.3. To accommodate the firm-differentiated
step-sizes, we first modify the distance metrics x(-) and k.(-), defined in Eq. (11), to the following
non-stationary metrics

k'(p) == 2 CM ZeZNmax{ ‘pl(b n ‘Cz) €, 0} . (I.1)
Then, it is easy to verify that Eq. (D.9) holds under the new metric k.(-). For Lemma EC.3, we
also observe that

1 |pr —p;| _ minjen { } lpr — minieN {C’t Z}
9P) = E - > — g ’ — Tk (p).  (L2)
plp*lle & bite plp*ll, ~ C i (bi +c2 plp*l.

Using Eq. (I.2) and following the derivations from Egs. (D.6) to (D.16), we can deduce that

Rp) < (1= min {C) ) M) K (P!) + Crert, (13)

€N

where A =1/ (p||p*||.,) and C, is defined above Eq. (D.16). In the special scenario where C} ; = C, ;
for all t > 0 and ¢ € N, i.e., the step-sizes for any two firms ¢ and j only differ by a fixed multiplier
C,.:/Cy.j, Eq. (I1.3) demonstrates a similar contraction property as Eq. (D.16), and thus the entire
proofs for Theorems 1 and 2 can be adapted. We conclude that the price and reference price paths
must converge to the unique SNE, where the convergence rate has the same order as the scenario
of uniform step-sizes.

For the more general scenario described in Theorem 6, Eq. (I.3) is not a recursion yet, because
we have k() on both sides of the inequality. Nevertheless, since C’t+1 >t

i it naturally holds
from Eq. (I.3) that

AP < P < (1-min {C) ) A k(P! + Cuen, (14)

1EN

which implies a similar convergence behavior for {x'(p‘)},., as Eqgs. (D.19) and (E.8). The differ-

ence lies in the conversion from '(p’) to ||p* — p’||. Similar as Eq. (E.16), we have that

ot =) < (max {5 (0} ) [ (0O (L5)

Hence, instead of only differing by a constant multiplier as that in Eq. (E.16), the bound in Eq.
(I.5) depends on the non-decreasing sequences {Cfm}t> o- We observe that, although it might hold

].imt_>oo Ct

n.i = 00 for some i € N, Eq. (I.5) still implies the convergence of {||p* — p‘||},, to zero. In

fact, since € can be an arbitrary positive number, one consequence of Eq. (I.4) is that *(p*) = O(n")
for reasonably large ¢. This can be seen from the proof of Theorem 2 (from Egs. (E.3) to (E.15)).

Therefore, since lim, . n; = lim; ,o, Cy ;n* =0 for all i € N, we conclude that ||p*—p’|| — 0 as
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t — oo and the convergence rate is dominated by slowest decay rate among the step-size sequences
of all firms. This completes the proof of the first part of the theorem.

Now, for the loss-averse scenario, since the convergence is measured by the stationary metrics
K(p,r) in Eq. (17) and R(p) in Eq. (21), the extension to the firm-differentiated step-sizes is more

straightforward. Firstly, since the step-sizes for all firms decrease to zero as t — oo, there exists T,

such that
-\ .7 t t - 7 - €
max (bi+c;) 4y i|lp'—r H J(bitc; ) mil, i Mg ];V(bk +¢; )%y < 2’ YVt >1T.. (1.6)

By definition, the size of T, is determined by the slowest decay rate among the step-size sequences.
Following the derivations in the proof of Theorem 4 (see Appendix G), we find that for all ¢t > T,
either p is already an O(e)-SNE, or it holds that

~ ~ . n; €
o) - < -mip{ b (17

Therefore, the decrease speed of {%(pt)}tzn is dominated by the fastest decay rate among the
step-size sequences. Together, we conclude that Algorithm 2 still converges to an O(e)-SNE, and
the convergence rate is dominated by both the slowest and fastest decay rates among the step-size

sequences. This completes the proof of Theorem 6. ]

Appendix J Proof of Theorem 7

THEOREM 7 (Restated). Suppose that the firms can only access an inexact first-order oracle
such that the errors are uniformly bounded by some § > 0. Let the step-sizes {nt}tZO be a non-
increasing sequence such that lim ,.on' =0 and Y ;- n' =oo. Then, the price and reference price
paths generated by Algorithm 1 (or Algorithm 2 with threshold €) converge to an O(4)-neighborhood
of the unique SNE in the loss-neutral scenario (or an O(0 + €)-SNE in the loss-averse scenario),

where the convergence rate has the same order as the setting of exact first-order oracle.

Proof of Theorem 7. The proof is based on the existing proofs of Theorems 1, 2, 4, and 5. The
extensions for the loss-neutral scenario and the loss-averse scenario essentially follow the same idea.
Below, we consider the loss-neutral scenario (Algorithm 1) for illustration.

In the inexact setting, each firm updates its price by a noisy derivative ﬁf, where we assume
D! — D!| < §. Since
D! = (b; + ¢;)G;(p',r") by the definition in Eq. (D.2), we follow the derivations from Egs. (D.3) to
(D.9) to show that

the difference between D! and the true derivative D! is bounded by 6, i.e.,

0
bi‘i‘ci’

ke(P™) <ke(p) —n' D sign(pf—p)Gi(p',r) +n' ) (J.1)
ieN

ieﬁ?l
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where k.(-) is the metric defined in Eq. (11). Then, by applying Egs. (D.9) to (D.13), we have

R(p') < (1 M) (P! (Ce+z

iEN

t
> .
b e )n, vt>T,, (J.2)

where the definitions of A and C,, can be found in Table EC.1, and 7T is the break point defined
above Eq. (D.6). Hence, by unrolling Eq. (J.2) in a similar manner as Egs. (D.17) to (D.19), we
deduce that

C J
li N == —_— . .
tirglon(p)_<)\ +n>6+ieZN>\(bi+Ci) (J.3)

Since Eq. (J.3) holds for any € > 0, we conclude that the price and reference price paths converge
to an O(9)-neighborhood of the unique SNE.

Now, in the loss-neutral scenario, suppose all firms adopt the step-sizes n' = %ﬁtﬂ) for t >2

with C, > 2p®/log2. Similar as Eq. (E.3) in the proof of Theorem 2, we have from Eq. (J.2) that

k(p') < ke (p™ exp( )\Zn >+ (C,Qe#—zb _(?_C)th—i—ne, (J.4)
o bite

where X1 =

we first find that

n' Ht,, par(1— Ant"). Then, following the same process as Egs. (E.4) to (E.8),

k(p') < <26’C+n+2f >+Zbl L VE>2T 41, (J.5)

i€EN

where M, =3, (P —p)/(bi +c¢;) is the universal upper bound on x(-) and T, is specified by Eq.
(E.2). Next, to convert the upper bound in Eq. (J.5) to a bound that explicitly depends on ¢, we
follow Egs. (E.9) to (E.15) to conclude that

5 log?

k(p “T Z " i, vt > {21,10}, (J.6)
eN

where éﬁ and T} are defined in Table EC.1. Hence, with inexact first-order oracles, the convergence

rate of Algorithm 1 remains the same as the exact setting.

Finally, for loss-averse scenarios, we note that although the inexact first-order oracle affects the
evaluation of the true/virtual derivatives, i.e., D! and D!'", a similar analysis as Egs. (G.2) to
(G.29) still holds true if there exists some product iy with D;~ = D; (p',x") > (b;, + ¢;, )€ + 0
or ngf = D;g(pt,rt) < —(bsy + c:g)e — 0, i.e., being at least § “away” from incurring the pausing
criterion. If there does not exist such a product, then we can show that the algorithm has already

arrived at an O(J + ¢€)-SNE. O
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Appendix K TIllustration of 0PGA in the Gain-seeking Scenario

In this section, we illustrate the convergence behavior of OPGA (Algorithm 1) in the gain-seeking
scenario. Note that with the non-smooth revenue function under gain-seekingness, OPGA is equiva-
lent to the online projected sub-gradient ascent. The reason that we do not plot C-0PGA (Algorithm
2) is due to its similarity with OPGA in gain-seeking scenarios. Recall the true and virtual deriva-
tives D; (p,r) and D; (p,r) defined in Eq. (18). In contrast to the loss-averse scenario, it always
holds that D} (p,r) < D; (p,r) for any gain-seeking product i. Hence, the pausing criterion can be
triggered only if —e < D (pt,r*) < D; (p?,r!) < ¢, which is unlikely to happen for small e.

Figure EC.1 Cyclic Pattern of 0OPGA in Gain-seeking Scenario
(Parameters: (a1,b1,c),c; ) = (4.70,1.55,4.25,3.38), (as, b2, ¢4, c; ) = (4.20,1.15,5.25,4.50),
(9, 79) = (3.76,0.80), (p¥,p3) = (2.95,1.30), @ =0.90, and n* =1//+1.)

? 0.44
; S el 1
41 e SR ) 0.42
Byl
\ie 0.40
31 ool 0.38
o] i 8 et -me= Py
2 it 2036
SR & e ry e P2
[
i 0.34
' I
RS n
o 108!
1
agi |
b
0 10 20 30 40 50 3000 3250 3500 3750 4000 4250 4500 4750 5000
Time Time
(a) Initial stage. (b) Long-run behavior.

Figures EC.1, EC.2, and EC.3 show the price and reference price paths of OPGA in three gain-
seeking scenarios. In Figure EC.1, we observe that the paths oscillate indefinitely without admitting
limiting points. Figures EC.2 and EC.3 share the same model parameters and only differ in initial
reference prices and prices. Both figures show a convergent pattern in the long run, but have differ-
ent limiting points. However, we highlight that neither limiting point represents an equilibrium, and
both firms can achieve a higher revenue by unilaterally deviating from the limiting point. Indeed,
such a convergence results from the monotonicity of price paths when approaching the limiting
points. This ensures the effective reference sensitivity stays unchanged during the learning process,
thereby leading the paths to converge to the SNE in the loss-neutral scenario. We can verify that the
limiting point in Figure EC.2 is the same as the SNE in the loss-neutral scenario with parameters

(a1,b1,¢1) =(4.80,1.30,1.12) and (ag,bs,c2) = (4.22,1.70,1.27). The limiting point in Figure EC.3
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corresponds to the SNE under parameters (ay, by, c;) = (4.80,1.30,2), (ag,ba, c2) = (4.22,1.70,1.27).
Together, the experiments in Figures EC.1, EC.2, and EC.3 demonstrate that equilibrium and

market stability cannot be simultaneously achieved in gain-seeking scenarios.

Figure EC.2 Convergent Pattern of 0PGA in Gain-seeking Scenario
(Parameters: (a1,b1,ci,c;) = (4.80,1.30,2.00,1.12), (az,ba,cd,cy ) = (4.22,1.70,2.12,1.27),
(r),r9) = (0.18,1.82) and (p?, p3) = (1.07,2.50), a« =0.90, and n’ =1/t +1.)
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Figure EC.3 Convergent Pattern of 0PGA in Gain-seeking Scenario with Different Initialization
(Parameters are the same as Figure EC.2 except for the initializations, which are at (r?,rg) =

(4.18,0.82) and (p?, p3) = (1.07,0.50).)
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(a) Initial stage. (b) Long-run behavior.
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Appendix L Supporting Lemmas
L.1 Lemma EC.2

LeMMmA EC.2 (Convergence of Price to Reference Price). Let {p'};>0 and {r'};>¢ be the
price path and reference path generated by Algorithms 1 or 2 with non-increasing step-sizes {n'}i>o
such that lim;_,..n* =0. Then, it holds that lim;_, . ||p* — || = 0. In particular:

1. In the loss-neutral scenario, if n' = %ﬁtﬂ) fort > 2, then there exist C,,, Ty >0, such that

|lp! —r'|| <n'C,, for allt > T, where

C,. = 2Ma/(1+0?) 3, (b +c)? vrn(@—p)(Ti+1)
rp — IMax 1— a2 ’ Cn log(Tl + 1) ’

T [2\/3—1—042—2"
Yl 2—vBtaz |

2. In the loss-averse scenario, if n* = C,(t +1)77 where B € (0,1], then there exist C,, 5,15 >0,

such that ||p' —r'|| <n'C,, s for all t > Tz, where
D, B

2/ (14 02) Tioy (bt )P /(e —p)(T, +1)°
1—a? ’ C’r] ’

9 2\25 _ 9F
TB:|V(3—|—01) w

Cyp.s = max

25 — (3+a?) %
It is worth mentioning that the reason we limit the scope of Lemma FEC.2 to the above two special

cases is merely because they are sufficient for the proof of our main results.

Proof of Lemma EC.2. We first prove the general convergence result under non-increasing step-
sizes {n'}:>o such that lim; , . n* = 0. Without loss of generality, we focus on the loss-neutral case
and consider a trajectory {(p‘,r‘)};>o generated by Algorithm 1. The proof is the same for the
loss-averse scenario.

First, recall that D! = (b; + ¢;) - G;(p’,r"), where G;(p,r) is the scaled partial derivative of the
log-revenue defined in Eq. (D.2). Then, it follows from Eq. (L.30) in Lemma EC.4 that |D}| <
(bi + ¢;)Mg. Since {n'};>0 is a non-increasing sequence with lim;_, ., n* =0, for any constant 1 > 0,
there exists T, € N such that [n'D!| <n for every ¢ > T, and for all i € N. Thus, it holds that

i1t
b —D;

<|n'D;

= |Projp (v +1'Dj) —pi <n, Vt=T,, VieN, (L-3)
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where the first inequality is due to the property of the projection operator. Then, by the reference
price update rule in Eq. (4), it follows that

7 = —art = (1 o

= ("

—pl) +alr—p) "
< [pt* = pi| + oot 7] |

<n+alpt—rl,

Vt<T,, Vi€ N,

where the last line results from the upper bound in Eq. (L.3). Applying Eq. (L.4) recursively from

period t to period T, we further derive that
TW T"l

t+1‘<77<204 T)_i_at-i-l—Tn' pl" g
T=Ty (L5)

S%—’—aﬂrliTn'(ﬁ—g), Vi e N,

which implies that
H t+1 t+1” < f ( + at+1*Tn . (p_p)> . (L6>

Since 1 can be arbitrarily close to 0, we have that ||p’ —rf|| = 0 as ¢ — oo, which completes the
proof for the general convergence of price to reference price with non-increasing step-sizes.

In the next part, we consider two specific choices of step-sizes and explicitly quantify the con-
vergence rate. This part of the proof relies on an important recursion, shown as follows

2
t+1 _ il H t+1

—[|p"! —ar' — (1—a) prQ

(e ) (o )

p

:azupt_rtH +Hpt+1_ptH +2a(pt_rt)T(pt+1_pt)

22 lpt |+ D+ 20 ot x| D (E-7)
(Az) 1— 2 202
< o o' 2|+ [l D' + = [Ip =+ = D’
1+a? 1+o?
=5 o' ="+ =5 [ln'D’’

where D' := (D%,... D!) in (A,) and the inequality holds due to the Cauchy-Schwarz inequality and
the property of the projection operator. Then, step (A;) stems from the inequality of arithmetic
and geometric means.

1. Loss-neutral Scenario. We first focus on the loss-neutral scenario, where the step-size is

Cylog(t+1)

) for t > 2. We adopt an induction-based argument. At some period t,

specified as n' =

suppose that there exists a constant C,, such that

log(t +1) ) 2 L.8)

Hpt _ rtH2 < (ntCTp) Cquf < 1
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Together with Eq. (L.7), we have that at period ¢+ 1

2 1+a? 2 1+a?
ottt e < 2 o
1+a? 2 14«
< (O + T (Yo b [Gix)) - (n')?
« i€EN
4 1+a? 2 [(1+a?
S T(T]tcrp) + <1_0[2Méz(bl+02)2 '(nt)2
€N
::CD
log(t+1)\> [1+a? | (L.9)
2 2
—C"< t+1 ) T2 Ow O
L (log(t+2)\* [1+a2 1 /t+2\° [log(t+1)\"
—C : C2 +Cp|- :
K t+2 2 P 1 \t+1 log(t +2)
log(t+2)\° [1+a? 1 [(t+2)?
<C? : > i
—C"< t+2 2 C’”P+OD_ t+1
1+a? t+2\°
132 2
U [ 5 O CD} <t+1) :

where step (A) applies the upper bound on function G;(+,-) in Eq. (I..30) of Lemma EC.4. For the
simplicity of notation, we denote the coefficient of (n*)? in line (A) as Cp.

Since our goal is to have ||p'™ —r'+1||* < (n'*1-C,,)2, based on the inequality in Eq. (L.9), we

t+1\> 14a?
t+2 2

As (t+1)/(t+2) increases with respect to ¢, we choose T} to be the smallest integer that satisfies

only need to ensure that

14+a? , t+2\> )
- <
[ C +C’D} <t+1> <C;, & ()

> Cp. (L.10)

T +1\° 1—1—a2>170z2 T, +1 2>3+a2
T, +2 2 ~ 4 T,1+2) = 4
1\’ 4
1 < ,
< <+T1+1> =37 a2 (L.11)
2\/3+a2—2_‘
2—V3+a2 |’

<~ Tl_’V

Given T as specified above, it follows that for all t > T}

<t+1>2_1+a2> <T1—|—1>2_1+a2 - 1—a?

— L.12
142 2 1142 2 - 4 ( )

Hence, to ensure Eq. (L.10) hold true for all ¢ > T, it suffices to choose C,, that satisfies

Crp>24/ 1(3’22, (L.13)
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where Cp is defined in Eq. (L.7).

Lastly, the base case of the induction requires that ||p —r"1|| < CranIOgT(lTijil)- Since
[p™ —r™|| < \/n(Pp—p), it suffices to choose
3 log (T, +1) Vn(p—p) (T +1)
<o los@t) p L.14
V(P —p) < CuCy T +1 T Cylog(Th +1) .

Combining the requirements for the base case in Eq. (L.14) and for the induction step in Eq.
(L.13), we conclude that it is sufficient to choose

C. = 2Me/(1+0a?) Y,y (b +¢)? vn(p—p) (T +1)
rp = Max 1— a2 ’ C, log(Tl + 1) ’

(L.15)

which completes the proof for the loss-neutral scenario.
2. Loss-averse Scenario. We use a similar induction method to prove the loss-averse case,
where the step-size is n' = C,(t+1)~7 with 8 € (0,1]. At some period ¢, suppose that there exists

a constant C,, 3 such that

P! = ||” < ('Crpp)® = C2, ,C2 - (1 4+ 1)~ (L.16)
Then, from the recursion in Eq. (L.7), we derive that
o~ < P o L e
LI )+ (P 0 04 ) )
2
:EGD

IN

()" 52000
o55) [t

1+ a? t+2
_ t+1\2 |

where we apply the upper bound |D!| < maxoe gy, y {(b; +¢)GS(pt,rt)} < (b +¢; )M in step (A)

with the constant Mg coming from Eq. (L.51) of Lemma EC.7. Then, to ensure ||p'+! —r'+!||* <

(n**tt-C,, 5)?, we need the following condition to be satisfied

t+1 2B_1+a2
t+2 2

Adopting the same approach used for the loss-neutral case described in Eq. (L.11), we choose T

>Cp. (L.18)

[1+a

t+2
Cfpﬁ CD] <t—|—1> Cfpﬁ = Cfpﬁ

as the smallest integer such that

Ts+1\* 1402 _ 1-a? 2(3+a?)% — 25
- > & Ty= . L.19
<Tﬁ+2> 2 = 4 ? E (L.19)
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With T as specified in Eq. (L.19) and (¢+1)/(¢ + 2) increasing in ¢, it follows that for all ¢ > T

28 2 2 2 2
t+1 _1+4a > Ts+1\" 1+o Zl o (L.20)
t+2 2 Ts+2 2 4
The above inequality implies that the condition in Eq. (L.18) is held when C,, 5 satisfies
Cp
Crpp =2 1—& (L.21)

where Cp is defined in Eq. (L.17).

C'rp,BCU
(Tg+1)8"

Finally, the base case of this induction requires that HpTB —rls H < Since HpTﬂ —rls H <

Vvn(p—p), it suffices to choose

i-p) <ot o>

Vn(p—p)(Ts+1)°
(Tp+1)° )

c,

(L.22)

Merging the requirements for C,, s in both Egs. (L.21) and (L.22), we complete the proof by

showing the sufficient condition as follows

206\ [(14+0%) Do (bt € /(5 —p)(Ty+ 1)°

C,pp = max o , c, (L.23)
O
L.2 Lemma EC.3
LEMMA EC.3. In the loss-neutral scenario, define the function G(p) as
1
G(p):= Z sign(p; —p;) Gi(p,P) = Z sign (p} — pi) [(b—l-C)p +di(p,p) — 11, (L.24)

= iEN
where p* is the unique SNE, G;(p,r) is the scaled derivative defined in Eq. (D.2), and function
sign(-) is defined in Eq. (D.4). Then, it holds that

#(p) 1 lp; —pil
G(p) > = =— : - , VpePn, (L.25)
plp*le  Plp*l ; bi +c;

where k(-) is the weighted £*-metric function defined in Eq. (11).

Proof of Lemma EC.3. We first consider the following separation of N based on relative size between

p and p*:

Ni(p):={i€ N|p; >p;}, Nao(p):={i€ Nlp;<p;}, Nec(p):={i€N|p;=p;}. (L.26)
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Then, since sign (pf —p;) =sign(0) =0 for all i € N.(p), we rewrite G(p) to deduce that

G(p) = _sign(p; —pi) Gi(p,p)

ieN
1 1
S P—dxnpy—]+ 3 {+dxnpy—4
i€ N, (p) (bi + co)pi i€ N2 (p) (b: + ci)p:
= > {[1—di(p,p)—bl] - [l—di(p*,p*)—bl*}}
N1 (o) (bi +ci)ps (bi +ci)p;
1 1
R i P
ity L F B+ cop (L.27
(A2) 1 /1 1 1 /1 1
S e Gra)t e G
i€EN1(p) g i€Na(p) ’
+dep dep dep dep
’LGNl(p) Z€N1 Z€N2(p ’L€N2
>0 >0
—Z — ;| > 1 Z’ _ 7H(P)
ENb+q pmz TPl @Nb+@ .

In step (A;), we introduce two dummy terms, which are equal to zero by Eq. (C.16). To derive

step (As), using the facts that p; > p; for i € Ny and p; < p; for i € N,, we have that

Z d;(p*, p*) ZiENl(p) exp(a; — b;p;)
iE€N1 (p) Ty D ien (p) XP(@i = 0iD}) 420 vy () €XP (@ = 0i}) + D e v, () €XP (@i — bipy)
S ZiGNl(p) exp(a; — bip;)
T LD N () €XP(A = bipi) + D7 vy () €XP(@: — biDi) + i v ) €XP(@; — D)

Z di(p, p)-

i€EN1(P)

(L.28)

By similar analysis, we show that the second under-brace term in Eq. (L.27) is also no less than

zero, i.e. Zle% D) d;(p,p) > ZieNQ(p) d;(p*,p*). This completes the proof of Lemma EC.3. O

L.3 Lemma EC.4
LEmMMA EC.4. In the loss-neutral scenario, let G;(p,r) be the scaled partial derivative defined

in Eq. (D.2). Then, it holds that

0G;(p,r) _ _(bl—i—lcl)pf — (bj+¢i) -di(p,r) - (1 _di(par)) if j=1,

Op; (L.29a)
P (b; +¢;) - di(p.1) -y (p,T) if j #i.
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0Gi(p,xr) _ 0di(p,x) | G hiPr): (1-di(p,x)) if j =1,

_ (L.29b)
or; or; —¢; di(p,x) di(pr) if i
Meanwhile, G;(p,r) and its gradient are bounded as follows:
‘Gi(p,r)| < Mg, HVrGi(p,r)H </l,;, Vp,reP" VieN, (L.30)

where the upper bound M¢ and the Lipschitz constant ¢, ; are defined as

1 1
MG::I’I’IE%{{W}_’_L €T7i::4w. (L.31)

Proof of Lemma EC./. We first verify the partial derivatives in Egs. (L..29a) and (L.29b):

oGi(p,r) 1 N dd;(p,r)
opi  (bi+c)p? op;
1 (b; +¢;) -exp (Ui(pu?"i)) ' <1 + Zj;ﬁi exXp (Uj(pjﬂ'j)))
=_ T — 5 (L.32)
’ . <1+ZkeNeXp (uk(plwrk)))
1
= —m —(b;+¢;) - di(p,r) - (1 - di(pvr))'
For product j # 4, its partial derivative can be computed as
9G;(p,r) _ 9d;(p,1)
3pj 3p]
_ (bi+e)-exp (ui(pi; 7)) - exp (u;(ps,75)) (L.33)

2
(1 + ZkeN exp (Uk(pk, Tk)))
= (bj +¢;) - di(p,1) - d;(P,T).
Then, the partial derivatives with respect to r, as shown in Eq. (L.29b), can be similarly computed.

In the next part, we show that G;(p,r) (see its definition in Eq. (D.2)) is bounded for all p,r € P"
and all product i € N.

i

,_|_
C;)D;

di(p7r) - 1| ( )
L.34

1
<max{ —— ¢ +1=: Mg,
- kel\)/({ (bk—i—ck)p} ¢

where the maximum operation in the last line is to ensure the validity of the bound for all i € V.
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Finally, we demonstrate that HV G;(p,r H is also bounded for all p,r € P and all product
i€ N. From Eq. (L..29b), we have that

Heri(pvr)HQ = (Czdz(pvr)(l— p,r > +Z(_CJ p,r d’(p7r))2
J#i
<c}- (di(Pﬂ') (1 —di(p, I‘)))2 +H]1§JZX{C?} - (di(p, r))2 Z (d;(p,r))
i (L.35)

2

2

(A1)

< (dfpr) (1= di(por)) +max(cd} - (d(pur) - (1- di(por) )

(_2) 116 <c +max{c })

where step (A;) results from the fact that 3 (alj(p,r))2 < (X4 alj(p,r))2 <(1- di(p,r))z.
The inequality (A,) follows from the fact that = -y <1/4 for any two numbers such that x,y >0
and x +y < 1. Therefore, it follows that HV Gi(p,r H (1/4) \/c? +max; i {ci} =: £, O

L.4 Lemma EC.5

LEMMaA EC.5. In the loss-neutral scenario, the revenue and demand function satisfy that
”Vsz(p7r)H Sgp,iy Herz(par)H Sﬁer,m vadl(p)” Sgd,ia vpvrepna V’LEN, (L36>

where d;(p) :=d;(p,p), constant ¢, is defined in Eq. (L.31), and the Lipschitz constants £, ;, 04

are defined as

1 1
gp,i = 4\/16 +ﬁ2 |:(bZ + ci)Q + njlgzx{(b] + Cj)2}:| , ﬁdﬂ- = Z bf —l—H]l;lzX {b?} (L37)

Proof of Lemma EC.5. We begin with showing the first bound in Eq. (L.36). Since we have that
M (pr) [ 4P = pibit ) dilpor) - (L= di(pr) i =i,

b = (L.38)
bi pi(b; +¢;) - di(p,r) - d;(p,T) if j #1.
Using the partial derivatives in Eq. (1..38), we compute that
__ 2
||VPHi(p7r)||2§1+p2{[(bi+ci)'di(par)'(1_ pa +Z b +CJ )'dj(par)] }
J#i

1+ —2 [(b +a)’+ I?ch{(b] + cj)g}] , Vp,reP", Vie N,
where 1/16 in the last line follows from the same reasoning as Eq. (L..35). Taking the square root
on both sides of the above inequality yields the desired upper bound for |V,IL;(p,r)].

Next, we show the bound for ||V, IL;(p,r)||. According to the definition of G;(p,r) in Eq. (D.2),
it holds that ||V,.Gi(p,r)| = ||V.di(p,r)| < ¥¢,;, where the last inequality stems from Eq. (L.30).
Since II;(p,r) = p; - d;(p, r), it follows that ||V, IL;(p,r)|| =p;||V.di(p,0)|| <D ¥, ..
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Finally, we derive the last bound in Eq. (L..36). Recall that d;(p) :=d;(p,p).

—b:-d:(p)-(1=d. if =14
odi(p) _ [ b ilp)- (1= di() i =1, _—
i | by di() - s (p) i j
Then, the above partial derivatives indicate that
2 2 2
|9 ads(P)* < 82 (d:(p) - (1= ds(p) ) +max{t2} - (di(P)” Y (ds(p))
el (L.40)

1
—6(62+max{b }) VpeP", VieN,

where the last inequality uses a similar reasoning in Eq. (1..35) again. Lastly, we take the square

root of both sides to obtain ||V d;(p)| < (1/4) \/bZ2 + max;; {5} =: La;. O

L.5 Lemma EC.6
We observe from Eqs. (2) and (3) that the revenue II;(p,r) depends on p_; and r_; through their

utility functions. Recall that p_; := (pj)jeN\{i} and r_; := (rj)jeN\{i}' We use u_,;(p_;,r_;) to
denote the vector of utilities for all products except , i.e.,
ui(p_iri) = (Ul(Plﬂ”l), e Ui (Pic1y 1) Wi (Pi 1, Tig1)s - - - 7un(pmrn))' (L.41)

Given p_; and r = (r;,r_;), we use p? (ri,u_i(p_i,r_i)) to denote the best-response price that
achieve the optimal single-period revenue for product i, defined as
P? (7“2‘7 u_,;(p_, I'—z‘)) =arg rr71;ax {Hi((pia P_i) I‘) } = arg rr;jax {Pi -d; ((pi; P—i) I‘) } . (L.42)
J 23S P €

In the following lemma, we demonstrate the Lipschitz continuity of p? (ri, u_;(p_s, r,i)).

LEMMA EC.6. In the loss-neutral scenario, let p? (ri,u,i(p S o )) be the best-response price
for product i given p_; and r, as defined in Eq. (1..42). Then, it holds that

8sz Tiaufi(pfi,rfi) C;
( 8n- ) = bi +Ci’ Hvu_ip? (Ti’uﬁ(p it )H <p’ (L'43)

for allp_; P! and r € P™.

Proof of Lemma EC.6. Given p_; and r, we use IT? (r;,u_; (p_;,r_;)) to denote the optimal single-
period revenue for product 4, defined as II? (r;,u_; (p_;,r_;)) := max,,cp {Hl( i, p_i),r)}.
Similar as the Part 2 proof of Proposition 1, we can actually show that the first order-condition
(i.e., OIL;(p,r)/Op; = 0) is necessary and sufficient for the best-response price (see Egs. (C.11) to
(C.14) in Appendix C.1). We refer the readers to Theorems 1 and 2 in Guo et al. (2022) for a more
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detailed discussion. Hence, I12(-,) is the optimal single-period revenue if and only if the following

first-order condition is satisfied

8Hi(p,r) —0
Ip; pi=pP(riu_i(p_ir_y))
& dP —(bi+c;) pP(ri,u_y(p_i,r_y))-dP (1-dP) =0 (L.44)
& 1=(bj+¢)- (pf(ﬁ,llfi(pfi,rfi)) —Hf(n—,u,i(p,i,r,i)))
1
Bi—i —iryr—g :HBi—i —iy T —i
- D; (r,u (p ir )) % ('r,u (p is T ))+bl+cl’

where we use d? to denote the demand at the best-response price, i.e., d? :=d; ((pZB, pP-i), r). From
Eq. (L.44), we observe that p?(r;,u_;(p_;,r_;)) and II? (r;,u_;(p_;,r_;)) only differs by a constant
1/(b; + ¢;). Hence, it is equivalent to derive the Lipschitz continuity of II? (r;,u_;(p_;,r_;)).

As the information of p_; and r_; is already absorbed in their utility functions, we adopt the
shorthand notation u_; :=u_;(p_;,r_;) and wu; :=u;(p;,r;) for all j € N\ {i}. In addition, when
it is clear from the context, we may also use the simplified notations p? := p?(r;,u_;) and 117 :=
e (ri,u,i). Using the definition of the revenue function and the relation in Eq. (L.44), we can

express II7 using an implicit equation:

B
P = pPaf @ (17 + ! ) exp (ui(pf, 7))
i =P 4 " bt/ T+exp (u(pPor)) + D4 €XD (uy)
1
& 117 (1 + ;exp (u])> = s exp (Ui(pf,ﬁ)) (L.45)

=2 (b; +¢;) - 1IP (1 + Zexp (u])> =exp (a; — (bj+¢;) -7 +¢ry — 1),
J#
where the expressions in (A;) and (A;) are obtained by substituting p? with the first-order con-
dition in the last line of Eq. (1..44).

With the goal of computing the Lipschitz coefficients, we use the implicit function theorem to
derive the partial derivatives of 17 (ri,u,i) with respect to r; and u_;. To begin with, we first
define a function W(IL;,r;,u_;) as below

\Il(Hi,ri,u_i) =(b;+c)-10; - (1 + Zexp(w)) — exp (ai — (b + e)IL + ¢y — 1). (L.46)
JFi
Since ‘II(H T, U ) =0 by Eq. (L..45), we apply the implicit function theorem to derive that

0
ouP(riu_) ari‘I’(HB i)
8’/"1‘ a 0
o, Y (1770 (L.47)

B ciexp (a; — (b + ¢;)IIP + ¢;r; — 1)
B (bi +¢) - (1 + Ej# eXp(uj)) + (b +¢;) - exp ((Ii — (b + Ci)Hf; + Ty — 1) '
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Hence, we can upper-bound the above partial derivative as detailed below

‘01‘[ (ri,uy) ciexp (a; — (b + ¢;)IIP 4+ ¢;r; — 1)
87‘7, N (b,‘f‘Cl) . (1+Zj7éi eXp(Uj)) +(b,+01) - exXp (CLZ' — (bz+CZ)HZB +Cﬂ’i — 1)
" cioxp (0P, 7)) L.48)
(bi+ ) [1+exp (w(pF, 1)) + 52, . exp(us)|

_ C; .dB < C; 7
bi + C; ¢ bz + C;
where in step (A), we use the fact that II” =p? —1/(b; + ¢;) from Eq. (L.44).

Next, to bound the gradient of IIZ(r;,u_;) with respect to u_;, we first calculate its partial

derivative for product j € N\ {i} by the implicit function theorem

9 B
8Hf(ri,u_i) o 87%‘11(1_[ 7o 1 )
du; -9 B
o, 1w (L.49)
B —(bi +¢;) - IIP - exp(uy)
n (bl + Ci) . (1 + Zk;éi exp(uk)) + (bz + CZ‘) - exXp (a,» - (bz + CL)HZB +ciry — 1)
= _HzB ’ dj((piBap—i)7r)'
Then, we can bound the gradient as follows
[Vl X2 (rusy) [| <TZ - ST (d (9P p—i),x))” <TF =pP - dP <B. (L.50)

J#i

where the last inequality results from the fact that d? = di((p;B ,p,i),r) <1 and p? € [p,p]. As
=12 +1/(b; +¢;) from Eq. (L.44), calculations in Egs. (L.48) and (L.49) conclude the proof. OJ

L.6 Lemma EC.7

LEmMMA EC.7. In the loss-averse scenario, let G{(p,r) be the scaled true/virtual derivative
defined in Eq. (G.1), where o € {+,—}. Then, G{(p,r) and its (sub)-gradients are bounded as
follows

]Gf(p,r)] SMG? Herj(pJ')H < Hv Go( )H Sgp,i? VOG{-F,—}, Vp,rEP”, Vi€N7 (L51>

where G¢(p) := GS(p,p). The upper bound Me and the Lipschitz constants KZN-, Ep)i are defined as

- 1 ~ 1
Mg.:max{w}+1, €r7i.:4\/( ;)2 +max {(c¢;)?}, (L.52)

€N | (bi+c)p i#i

_ . b2 NTE
7 ..:\/ 1 bi n F + max; { ]}‘ (L.53)

P (b; + cj)zg‘l + 2(b; + c:r)BQ 16
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Proof of Lemma EC.7. The first two bounds presented in Eq. (L.51) are analogous to their loss-

neutral equivalents found in Eq. (L.30). It is straightforward to show that |G¢(p,r)| < Mg and

V.G (p,r)|| <4, by similar procedures outlined in Eq. (L.34) and Eq. (L.35), respectively.
Now, we are left to show the last bound in Eq. (L.51). We start with computing the following

partial derivative

11 .

ac;;?(p) _ _bi_i_c;?'E_bi'di(p)'(l_di(p)) if j =1, L5
2 e
’ bj - di(p) - d;(p) if j #14,

where we recall that d,;(p) := d;(p,p). With the information in Eq. (I..54), we are ready to derive
the final bound:

-d.: —d; 2 2
VGO < e D g )1 )+ S (1)
i TCG)TP iTCE i
@ 1 N b b7 + max;.; {b?}
= (b )t 2(bi+)p? 16
< 1 L b b7 + max;; {7}
(b +C;r)2]24 2(bi—i—ci+)]32 16 ’

(L.55)
where the second term in step (A) follows from the fact that d;(p)(1— d;(p)) <1/4, and the last
term is derived via the same method used in (Aj) of Eq. (L.35). In the last line, we replace ¢ with
¢ to ensure the bound works for both ¢ € {+,—}, as ¢/ <¢; in the loss-averse scenario. Taking
the square root of both sides in Eq. (L.55) yields the final result, and this completes the proof of
Lemma EC.7. O

L.7 Lemma EC.8
LEMMA EC.8. In the loss-averse scenario, let p* be the unique SNFE that satisfies

1

p; = = ———, VieN, L.56
CETARCEEARD) (120
where & € [¢f, ¢ ]. Define the function G(p) as
~ 1
— i b —1;) | ————— +d, -1 L.
G(p) =Y sign (7t 1) | e+ iop) 1], (L.57)

ieN

where the function sign(-) is defined in Eq. (D.4). Then, it holds that

- 1 7 — p;
9(p) > == -Z‘pf ?‘, VpeP". (L.58)

Proof of Lemma EC.8. This lemma is the loss-averse version of Lemma EC.3. Its proof follows a

similar scheme as that of Lemma EC.3. OJ
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Appendix M Proofs for Local Convergence of 0PGA
M.1 Proof of Lemma EC.1
LEmMA EC.1(Restated). In the loss-neutral scenario, define function H(p) as follows:

H(p) =) (P} —p)- ak)gg;fl)’r))

i€EN

=3 | k) @) -] 2 -p) (L)

r=p jeN L7

where p* is the unique SNE. Then, there exist v >0 and a open set U, > p* such that

H(p)>~-lp—p'*, VpeU,. (M.2)

Proof of Lemma EC.1. We consider the second-order Taylor expansion of H(p) at p*. For all
p € P", there exists p on the line segment between p and p* such that

H(p) =H(p*)+ VH(p")- (p—p") + %(p —p") VH®B)- (p-p*)
(M.3)

=VH(p*)- (p—p") + % (p—p) V*H®D)- (p-p),

where the second equality arises from H(p*) = 0. We first compute the the gradient VH(p) =
(OH(p)/Op1,-..,0H(p)/Opn), where we adopt the shorthand notation d;(p) := d;(p,p) and use the
partial derivative of d;(p) in Eq. (L.39):

MMp)  [1 " 1
PE) L b e (o)~ 1)+ 0 ) | e () (1~ ()
+ : (pj —p;) - (bj+¢;)b; -dj(p)di(p)
#11 (M.4)
[ Bt e @)~ )] ) Y55 ) (e

keEN

(01 =p) |5+ e dp)|.

When this partial derivative evaluates at p*, the first term becomes 1/p; + (b; +¢;) (di(p*) - 1) =0,
since p* satisfies the first-order condition in Eq. (C.16). Hence, it follows that VH(p*) =0, and
Eq. (M.3) simplifies to H(p) = (p—p*) V2H(P)- (p—p*).

Below, we aim to show that there exists v > 0 such that V*H(p) > 2vI,, when p belongs to some
neighborhood U, of p*, where I,, is the n x n identity matrix. Then, for any p € U,,, it follows that

Hp)=-(p—p") V*H®B) - (p—p") =7]p- I (M.5)

DO | =
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We first compute the Hessian matrix V>H(p) evaluated at p*. The second-order partial derivatives

can be calculated as follows

82H(p*)_ 1 4 eNbs - ds (D —d;(p*)) — (b, +¢;))b, - (d;(p* 2 i +¢)b; - d;(p*
oo = oy T (et ebe du(p) (1= du(p) = (bt b (di(p) vz + (b e)bi - di(pY)
2

THE +2(b; + ¢;)b; - d;(p*) (1 — di(p*))

= 2(b; + Ci)2(1 - di(P*))Q +2(b; 4 ¢;)b; - d;(p*) (1 - di(p*))
=2(b; +¢;) - (1= ds(p*)) (bs + ¢ — cidi(p¥))

=(bi+¢)? 2(1 - di(p*)) (1 - bij—icidi(p*)> )

(M.6)
were step (A) utilizes the first-order condition in Eq. (C.16) and substitutes 1/p} with (b; +¢;)(1—

di(p*)). Similarly, we can compute the second-order cross derivatives as

aa:éz;) = — (bi +¢;)b; - di(p*)d; (p*) — bi(b; + ¢;) - di(p*)d; (p¥)
== [(b+ )b+ (bi+c)by] - di(p)ds (") (L)
b.

bi 7 * *
= — (bi+Ci)(bj+Cj) : <bl+cz + bj+Cj> dz(p )d](p )

Based on Egs. (M.6) and Eq. (M.7), we observe that the Hessian matrix can be decomposed as
V*H(p*) = AQA, where A is a diagonal matrix defined as

b1+01 0 0
A= 0o - 0 ,
0 0 b,+ec,

and matrix @ is defined such that its (¢, 7)-th entry is equal to

G * oo .

2(1 — dz(p*)) <1 — mdz(p )) if 4 =7,
_ i J (p*)d. (p*) if i .
<b¢+ci+bj+cj>dz(p )dj(p) ifi£j

Since A is clearly an invertible matrix, demonstrating V*H (p*) is positive definite is equivalent to

proving Q is positive definite. Then, it suffices to show for any vector x, x"Qx > 0. Without loss
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of generality, we assume ||x|| =1, and it follows that

Cax =2 [t a @) (1 S aen)) - LY (1 b,’jicj)dxp*)dj(p*)]

ieN L J#i

223 [ -d@)) (1- 55 am0) - 5 Tlallol (0 + blj)di(p*)dj(p*)]

J#i

> QZ 7 (1 dz‘(P*))2 - Z |3 |2 di(P*)dj(P*)]

ieN L j#i

=2 {x (1= ()" + (di(p")’] = Dl di<p*>dj<p*>}

@y {Zw [i= >)2+(di<p*>)2}—(Zmrdi(p*))z}

e {Zw (S ah) + (@m)’] —Z(dxp*))Q}
iEN J#i iEN

>2{Z[L’?'Z(di(p*))z—Z(di(p*))Q}: ;

where step (A,) follows from 3,y 3oy ] 25 di (p*)d; (p*) = (ZEN 2] di(p*))z. In step (As),
we first use the fact that 1 —di(p*) = do(pP*) + >_,., d;(P*) > >_, ., d;(p*), where do(p*) is the
no-purchase probability. Then, we use the Cauchy-Schwarz inequality, i.e., (Zle N 12l di(p*))2 <
xS (di()).

As a result, we conclude that V*H(p*) is positive definite. By the continuity of V?*H(p), there
exists some constant v > 0 and a open set U, > p* such that V?*H(p*) > 21, for all p € U,.
Together with Eq. (M.5), this completes the proof of Lemma EC.1. O

M.2 Proof of Proposition EC.1

ProprosiTiON EC.1. (Restated) In the loss-neutral scenario, let the step-sizes {n'}i>0 be a
non-increasing sequence such that lim;,_,n' =0 and >.,° n" = oo hold. Then, there exists some
neighborhood B of p* such that when the price path {pt}ltZO enters B with a sufficiently small
step-size, the price path will stay in B during subsequent periods.

Furthermore, suppose the step-sizes satisfy n' = for all t > 1, where C, is some general

t+1
constant. Then, the local convergence rate of {(p',r*)},5, after the path stays in B satisfies that
N ) 1 . a2 1
-l <o(D). o <o (). o19)

Proof of Proposition EC.1. Let {p'} >0 be the price path generated by Algorithm 1 with step-

sizes {n'},5, such that lim, ,,n" =0 and } 7 7' = co. In the following, we use Lemma EC.1
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demonstrate that when the price path {p'},., enters the ¢*>-neighborhood B, := {p € P" | [|p —
p*|| < 60} for some sufficiently small ¢y > 0 with small enough step-sizes, the price path will stay in
B, during subsequent periods. In particular, we prove it by induction, where we show that when
p' € B, for some sufficiently large ¢, then it also holds that p'™' € B,,. The value of €, will be
specified later in the proof.

By the update rule of Algorithm 1, it follows that

p; =" =|p; —Proj, (vl +n'DY) |’
<|pr = +0'DY |
(A1) * 2
= (pi _PE) _Wt(bri‘ci)Gi(PtaI‘tH
* 2 * 2
= |D; —Pﬁ —Q(Pi —Pf) ‘Ut(bri‘ci)Gi(Ptvrt) + [nt(bi‘i‘ci)Gi(ptvrt)]
)2 t t t ot t t t\]2 (M.lO)
= {p: _pi‘ _2(17: _pi) 1" (bi +¢;)Gi(p', P') + [77 (b; +¢c;)Gi(p',r )]
+2(p; —pt) -0’ (bi+¢;) [Gi (', P") — Gi(p,1")]
A2) £12 * ¢ ¢ t ot t 2
< |pi —p; —Q(pi —pi) N (bi+Ci)G1:(P P )+ (77 (bi+ci)MG)

+2

' (b +¢) Hpt —r'

p; = :
where step (A1) uses the definition of the scaled derivative G;(p,r) in Eq. (D.2) and the equivalence
that D! = (b; + ¢;)Gi(p’,r") from Eq. (D.3). In step (Az), we use |G;(p,r)| < Mg and the mean
value theorem with the fact that HVrGi(p,r)H </,; (see Lemma EC.4).

Let H(p) be the function defined as

Olog (H(p,r))

H(p):=> (P} —p)- o,

iEN

=> (bi+ci)-Gi(p,p) - (P} — ). (M.11)

r=p iIEN

Then, by summing Eq. (M.10) over all products i € N, we have that

o =" < lp" = v — 20" > (0 — 1) - (b +c)Gi(p', P")

1EN
+ (' Me)? Z(bi +ei)? 420 ||pt —r'|| sz(bi +¢;)
i€EN i€EN

= [|p* = || — 20" H(P") + (' Mc)* > (bi +c:)? (M.12)

iEN

p; — D}

+2n' Hpt - rtH zfm'(bi +¢;)

i€EN

<[|p" =" = (2H(P") — s s [0 1| ).

p; — bl

where we denote wy := Mg - Y,y (b +¢;)? and wo =2[p—p|- >y bri(bs + ¢5).
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By Lemma EC.1, there exist v > 0 and a open set U, 3 p* such that H(p) >~ ||p—p*||?, Vp € U,.
Consider €, > 0 such that the ¢2-neighborhood B., = {p € P" | |p — p*|| < €0} C U,. Furthermore,
let T', be some period such that for all ¢ €T, it holds that

2 2
n' (ntw1+\/ﬁw2(ﬁ—3))§% and 1w, +w2Hpt—rtH§%. (M.13)

The existence of such a T, follows from the fact that lim; . 7" =0 and lim;_, |[|[p* —r'[| =0 (see
Lemma EC.2). Below, we discuss two cases depending on the location of p* in B, .

Case 1. p' € B, > C B, i.e., [|[p* —p'|| < €0/2.
Since H(p) >0, Vp € U, by Lemma EC.1, it follows from Eq. (M.12) and Eq. (M.13) that

o =P < ot | 4+ (s e 2]

(A) eg

< 1T ' (n‘wr 4+ vnws(p—p)) (M.14)

< 13 + Ej < 6(2),
where inequality (A) is due to ||p* —r'|| < /n(p—p). Eq. (M.14) implies that p'*' € B,,.
Case 2. p' € B, \B., 2, i.e., [|[p* —p'| € [e0/2, €0)-
By Lemma EC.1, we have that H(p*) > v||p* — p'||” > ve3 /4. Thus, again by Eq. (M.12) and Eq.

(M.13), we have that
Ip* — " < |p = || — 7' (2H(pt) —n'wr —ws ||pt — rtH)

2
<ot =l = (75 —n'er —a [0~

(M.15)

<[p —p'[ <6,
which implies p'*! € B,,. Therefore, we conclude by induction that the price path will stay in the
¢?-neighborhood B, .
Next, we proceed to show the local convergence rate in Eq. (M.9). Using the fact that H(p) >
v+ |lp —p*|? for all p € U, from Lemma EC.1, we can further derive from Eq. (M.12) that

o =" <|[lp*—p!| — 20"y |[p" — P +wi(n)? + 20" o' — || D ralbi + ) pf — P
ieEN
(A1) * t12 t * t2 £\2 t t Lt i * t
< |lpr=p'|| —2n"v||p* —p'|| +wi(n")*+ 20" ||p' —1*|| - k||p* — P’
(A2) <k
§2 ‘p*_ptHQ_277157“1)*_pt“2+wl(nt)2+ntk ;Hpt_rtHQ_i_% p*_ptHQ
(83) * t12 t * t12 £\ 2 t t t12
< o =o' ="y [p* = 0[] +wi(n)? + 'k ||]p" — |7,
(M.16)

where (A;) utilizes the fact that Y. . £.:(b; + ¢;) |pf — p| < max;en {€.:(bi +c)} |[p* —p'[]; <
Vamaxiey {£,.:(b; +¢;)} |p* — p'|l, and we define k := \/nmax;ey {€,:(b; 4 ¢;)}. Step (A,) follows
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from the inequality of arithmetic and geometric means, i.e., 2zy < Az? + (1/A)y? for any constant
A > 0. The value of constant k in (A,) is given by k := l%z/w = n(maxieN {€,:(bi+¢ci)} )2/7.

Our goal is to upper-bound the right-hand side of Eq. (M.16). By a similar technique used in Case
1 of Lemma EC.2, we can demonstrate that [[p* —r*||* = O(1/t?) for reasonably large t. Together
with the step-sizes of n, = C,,/(t+ 1), we can further bound Eq. (M.16) as

N . wC? kO 1
ot (25 It 5 0 ()

Gy w2 w3
S<1_t+1>Hp Pl sy

G,
b1 (M.17)

2
w3 w1Cy kCy | 1
t(t+1) = (t+1)2 + t+1 O (tQ)'

Then, we inductively show that ||[p* — p*||° = O(1/¢t) when p' € B.,- According to the first part

where ws in the last line is some constant that satisfies

of Proposition EC.1, there exists T., > 0 such that ¢ € B, for every ¢t > T, . Suppose there exists a
constant d, such that for a fixed period t > T, it holds that

d
Hp*—ptHQSTP. (M.18)

To establish the induction, it is sufficient to show that

p P (1o 2 ) ey @ M.19
Ip*—p H( i+1) 7 T S (M.19)

where the first inequality follows from Eq. (M.17). Then, Eq. (M.19) is further equivalent to
(vC,, —1)dy, > ws. (M.20)

Hence, as long as yC, — 1 > 0, there exists d, > 0 such that the induction in Eq. (M.19) holds.
For example, when C,, =2/, we can take d, = max {nT 0 (D— B)2,W3}, where the first term in the
maximization bracket ensures the base case of the induction. This completes the proof of the local
convergence rate for the price path. Finally, the convergence rate of the reference price path can

be deduced from the following triangular inequality

1
ot =2 = ot = 0 <22 x =0 (1), 2

which completes the proof of Proposition EC.1. ]
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Appendix N Summary of Constants
In the following Table EC.1 and Table EC.2, we summarize the definitions of all constants used in

the paper, along with references to their initial occurrences.

Table EC.1 Summary of Constants for the Loss-neutral Scenario

Notation Definition Location
A /@ lp°l..) Eq. (D.14)
M, (P— B) ZieN ﬁ Eq. (E.8)
1 2 2
L Z\/cZ +max;; {3} Eq. (L.31)
L7y 2
1
gp,i Z\/IG +T92 [(bi‘FCi)Q—FIHan#i{(bj +Cj)2}] Eq (L37)

T {%w Eq. (L.1)

2M\/(1402) Ty (bi+ei)?  /a(p—p)(T1+1)
C, max{ e Sy } Eq. (L.1)
Crp max {C,,, Mg} Eq. (E.2)

CH n>\+ZiEN€T7i+2‘/2ieN(bi+0i)2'ZieNEd,i Eq (Dl())

. 10,C,, (zcnc,, TR ﬁﬂgg_p)) Eq. (E.15)
c, max;en {(bi +¢;)2} - (C..)? Eq. (E.16)
C, 2(C, + (CryCy)?) Eq. (E.17)
2
. . Ci =2 o 2
Crai i max{ (5% ) 20° e {ef} Eq. (F.11)

+h,C, - max {4p” max; . {(b; +¢;)*}, 1}
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Table EC.2 Summary of Constants for the Loss-averse Scenario

Notation Definition Location
MG max;en {m} +1 Eq. (L.52)
0 L ()2 +max s { ()2} Eq. (L.52)
b \/(bi+c1+)2p4 + 2(bifz$)y2 + ngrma};?i{b?} Eq. (L.53)
o Sien % Eq. (G.28)
Thys h—?"’ﬂ Eq. (H.12)
Crp max { 2MG\/(1+aj)_§2ieN(bi+C;)2 , ﬂ(ppé:]/W} Eq. (H.12)
Cho max;e v {(bi + )i Corpy (bi4¢7)la i Mg \/ Sien (bi + c;)Q} Eq. (H.12)

S _ . 2
T |:nMGp -mz}z:iv{bﬁci } + \/max {Tl/g +1, {(@)21 }] Eq. (H.11)
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