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A Proofs of Formal Results

Proof of Lemma 1. By the Weak Law of Large Numbers, we have limy_, o, ji(X?) =P 6° € (0, ),

where superscript p stands for “in probability.” By Continuous Mapping Theorem, we have

1 4 1 o
— — — as n° — oo.
fixe  0°
By Slutsky’s theorem, we deduce that lim,o_, o % =d 050 =d 7. [l

Proof of Theorem 2. By Slutsky’s theorem, we have lim,o o y°(X?)/(fixe)* =% y*[Fxo]/(6°)".
In view of Assumption 3, we obtain the first relation in (17). The second relation in (17) then

follows immediately as fix — 0.
Note that Pr {},&Xo — 90‘ > e} < O(1/(n%?*)) by hebyshev’s Inequality. By Delta Method,
Pr{}g(ﬂxo) - g(90)’ > ¢} < O(1/(n%?)) holds for differentiable function g(-). Then,

| e~ | 2 < 0 ) v sty P { ey - 071 f < 0 ).

To account for the fact that ﬁ may be unbounded, for any € > 0, we choose M to be a




sufficiently large number such that M/(6°)" > e. We have
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Note that |A, By, — ab| < |Ay||Bn — b| + |b||An, — a|. Then, we have
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Thus, we obtain (18). Applying a similar argument with M ()" > e, we derive
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This gives rise to (19). O
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The proof of Theorem 3 uses the results in Lemmas A.3-A.9.

Lemma A.1 (Dudley’s Entropy Integral) (Theorem 5.22 in Wainwright 2019) Let X, be a
zero-mean sub-Gaussian stochastic process with respect to a distance metric d on the indexing Y.

Then we have,

E[sup X,] <32/ V01og N(4,),d)do,

yey



where N(e,),d) is the e-covering number of Y with distance metric d.

Lemma A.2 (Uniform Weak Law of Large Numbers) Suppose X = (X1, Xo,---,X,) are
i.i.d. samples of Fx over support X and let F := {1(y,-) : y € Y} be a class of uniformly bounded
functions of the form 1 : Y x X — [a,b] C R. Then, for any e > 0, we have

2ne?

Z¢ (y, X:) — Elu(y X)]‘ 22Rn(.7)+6} §2exp(—m), (37)

LN oi(y, X;) } is the Rademacher complezity of F, and

where Ry (F) = EX7a[sup¢(y7,)
o; € {—1,1} with equal probability.

If, in addition, ¥(-,-) is Lipschitz continuous and bounded, and Y C R? is compact, then
Rn(F) < C/y/n for some C >0, and thus for any € > 0

Zd} (y, X [(y 7X)]’26}§O<6Xp(—W>>.

Proof. The first result can be found in Wainwright (2019). We provide the derivation below for

the sake of completeness. Let x = (z1,z2,...,x,) and define
1 n
Gl@) = sup| - S vy - E[wy,Xﬂ\.
vey I
Define a set of n vectors «f = (x4, 25,...,2%),¢ € {1,2,...,n} such that 2! = z; for i # ¢. That

is, vector x¢ differs from « only on the ¢th element. Then

n

L3 Ul EfV(. X)) s %qu,xf) - qu,X)]‘
i=1 qc i=1
< 23 vton 0 - Elstu 0] - ZM’ Elo 0 X))
=1
< Tll‘ib(y,xe)—w(y,xﬁ) < b;a.

Because this inequality above holds for any y € )V, we deduce

G(z) - G(z)| =

sup |—

- H b—a
yey

Z¢ ) = EO: X0l —sup| 23 () — i X)

yey |

i=1
Because the inequality holds for all £ = 1,2...,n, McDiarmid’s inequality implies that, for any
e >0,

2ne?

Pr {(G(X) - E[G(X)]‘ > e} < 2exp ( - m) (38)
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Next we show E[G(X)] < 2R, (F). Let (Y1,Y>,...,Y,) be i.i.d. random variables independent and

identical in distribution to (X1, Xs,..., X, ). By symmetrization, we have
EG(X)] — Ex|sup| ! Zw (%0~ Efv(y. )|
L ye

= Ex|sup Z(My,Xi)—E[i/J(y%)])H
Lyey I i

— Ex|sup Ey[ii(@b(y,xi)—w(y,lﬁ))]u

Lyey

n

< EX’YLS,EE 71':1 (w(ani)—i/J(y,Yz‘))H
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ZUH/J y7

|

The first inequality follows from the concavity of supremum. The fourth equality follows from

yey

= 2R,(F).

the fact that o; € {—1,1} with equal probability. The last inequality follows from the triangle
inequality. Together with (38), we obtain (37).

Next we show R, (F) < is a zero-mean sub-Gaussian
n

s i o (y, Xi)
stochastic process, because ¥ (y, -) is bounded for all y € ), with respect to the Euclidean distance

[| - ||2 on the indexing set F. Thus, by Dudley’s Entropy Integral (see Lemma A.1), we have
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where C' := (32,/qL) - |Y|(log3 — 3v27) and || := (7 —y) for Y C [y,y]9. The first and third
inequalities follow from the fact that N'(5, F,|| - ||2) < N(6/L, V.|| -|]2) < (1 +2L|Y|/§)? because
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U(y,-) € F,Vy € Y, are Lipschitz continuous. The last inequality follows from the following relation
with § = 3|V]e "

/03’ \/log (1+2/y|/8)ds < /03’ \/md(;

VIog )
§/ ad3|Y]e™*
2 Vs
= 3Y|(ae 3y / =
0
< [Y(log3 - 3v/3n).

Because R, (F) < C/y/n for the class of Lipschitz continuous and bounded functions, applying
(37) with e = ¢ — 2R, (F) yields

ol sl <ol 25

2n(e — 2C/\/n)?
< zew (- b—a) )
2ne? — 4C\/ne
This completes the proof. ]

Lemma A.3 (Uniform Weak Law of Large Numbers) Suppose X = (X1, Xo,---,X,,) are
i.i.d. draws from Fx over support X and let ¢ : Y x X — [a,b] C R be Lipschitz for some X C R

and some compact Y C Re. Then, for any € > 0,
1 2ne?
X)) > <Ol — - .
Pe{ sy 2o 0 b0 2 f <0G (- 55255))

Proof. The convergence result was first proven by Jennrich (1969). We derive the convergence

rate by e-covering number and Hoeffding’s inequality for the sake of completeness.
When Y is finite, i.e., Y = {y1,92,...,y¢} for some finite integer ¢ € Z,. Because 9(y, X) is

bounded between a and b, Hoeffding’s inequality suggests that for any ¢ > 0,

{;gg Zwy, mxn\ze} < {z
;mp(_ﬁjy):o(exp(_(;gj)?)),

Now we treat the general case where ) is not finite. Because (-, x) is Lipschitz continuous on

Zw (97, X [w@pX)J] > }

IN

some compact set ) for each z € X, there exist an e-cover, denoted by {¥(y1, "), ¥ (y2,), ..., ¥ (ye, )}



for some finite ¢ € Z, of the function set {¢(y,-) : y € YV}, such that for every y € ), there exists

ay; € {yb Y2, ... ,ye} satisfying

sup [ (y, z) — P (y;, 7)| < e.
reX

Then, for any y € Y,

‘i izn;w(y, X,) — E[(y, X)]‘

< %Zwy,xz-)—%zw(yj,x 2 0 X0 — Ef0a5, 0]+ ED0(05, )] - (. )
1= =1 =1
< %Z\w (y, Xi) — ¥(y;, X \+‘1Zw(yj,Xi)—E[w(wa)]’+E[\¢(yj,X)}—w(y,X)!]
=1
< ‘iZw Yis X ¢(y]’X)]‘+2€'

We further note that ¢ = O(¢79) because for each = € X, ¥(-,x) is Lipschitz continuous on some

compact set ) C R?. Thus, by setting € = 3¢, we derive

; X)l| =
gl 50 -8
R S
‘
< ZPr{‘ Zw yj» X w<y]7X)]‘ zée}
j=1
1 2ne>
- ")(eqe"p(‘w))'
This completes the proof. O

Lemma A.4 Let Z = (21,22, .. .,Zn) and Z = (Z1,Za, ..., Zy), respectively, be n i.i.d. draws of
distribution F, and Fz over the support Ry. If Fy(2) — Fz(2),Vz € Ry, then

F-

fy(2) = Fuy(2),Vz € Ry



Proof. For n =2, we have
/D) - Faglaf2)

- /w Fy(z — €)dFy(€) — /KZ Fz(z — f)sz(f)‘

< / FZ(z—g)dFZ(g)—/ Fz(z—é)sz(f)‘
<z <z
+‘/§<ZFZ(Z—§)dFZ(§)—/§<ZFZ(Z—f)dFZ(5)'
_ '/& (FZ(z—g)—FZ(z—f))dFZ(g)’+‘/§<Z (Fy(z— &) — Fz(z — €))dF2(€)
g/ |Fy(z — &) — Fz(z — &)|dFy(¢ / |Fy(z — &) — Fz(z — &)|dFz(€)
<z £<z

Because I, € [0,1] and Fz € [0,1], by the bounded convergence theorem, we have ‘Fﬂz (z/2) —
Fu,(2/2)| = 0,¥z € Ry.. It follows |F 542, (%) — Fz,42,(2)| = 0,Vz € Ry

Now suppose that the result is true for (n —1). We derive

Fy, (/1) = Fuy(2/n)

_ /KZFZHZ(Z N - [ PG - are)

g / an IZ( /< "_lZ g)sz(f)'
o| [ Pt 0ar0 - [ P -0
- ‘/& A 5)—FZ?11Zi(z—f)dFZA(§)‘ +‘/§<ZFZ(z—§) — Fy(z = §)dFsno1 4 (€)
< /w\ 1 g, (2 =€) = Fyanot 5 (2 = €)[dF, (¢ /£<Z}F2(z—§) Fz(z = &)|dFsn-1 5. (€).
We conclude the proof. O

Lemma A.5 Suppose Z = (Z1,Zs,...,Zy,) aren i.i.d. draws of Fz(-) over some support Z € Ry
with E[Z] =1, and X° = (X7, X$,...,X%) aren® i.i.d. draws of Fz(-/6°) for some finite 6° € R..
Let Fz‘zo denote the and fZ|Zo, respectively, denote the empirical distribution and the smoothed
empirical density of Z° = X°/fixe, and Z = (Zy, Za, ..., Zn) be n i.i.d. draws of FZ|Z0 or fZ|Z"-

Then, for any continuous g : R — R and every sample X° = x°,

9(2) S 9(2) and g(jiy) L g(iiz) as n® — oo



Proof. By the strong law of large numbers, we have, along almost every sample path of X°(w),

flgo — 0° < 00, and

X 1 &
Fyiz0w)(2) = o ZH{Z;’(UJ)SZ} — Fz(z2), z € R.
=1

Because fz‘zo(w)(z) = L3 ka(€, Zi) = fz(2), = € R along almost every sample path of X°(w),

by dominated convergence theorem, we have

Fy1z0(0)(2) :/ fz120()(§)dE — Fz(z2), z € R.
d

Thus, Z; 4 7. By Lemma A4, Fj, — Fy,. We deduce /i N itz. By Continuous Mapping
Theorem, g(Z1) N 9(Z) and g(ji5) LN g(fiz) as n® — oo for any continuous g : R — R. O

Lemma A.6 Suppose X = (X1, Xo,---,X,) are i.i.d. samples of Fx over support X. Define
D, (y) = L350  ¥(y, Xi) and $(y) = E[po(y, X)] with ¢ : Y x X — [a,b] C R. Denote Y;' as a
mazimizer of ®,(y). If

i) ¢:Y — R has a unique mazimizer y* over some compact set Y C R?;
it) Y(-,x) is Lipschitz continuous and bounded over ) a.s.

then for any € > 0,
Tim Pr{||Y; — || > ¢} =0.
Proof. This result and relevant discussions can be found in van der Vaart and Wellner (1996).

We provide the derivation below for the sake of completeness. Because Y, and y* are the maximizer

of &, and ¢, respectively, then we must have, a.s.,

0<o(y") —o(Yy)

IN

S(y") = Puly”) + (Pn(Y) = A(V))
|6(y™) = @ ly")] + [@n(Yy) — &(Y,))]

< 2sup|o(y) — Pn(y)|.
yey

IN

Because ¢ : Y — R is continuous with a unique maximizer y* over some compact set ) C R?, then

for any e > 0, there exists a d(€) > 0 such that ||y* — y|| > € is equivalent to

sup{p(y) :y € Y, |ly" —yll > e} < o(y") — d(e).



Thus, the event {Y,* € {y : ||y* — y|| > €}} implies the event {p(Y,) < ¢*(y*) — d(e)}. We deduce

Pr{|[Y; -yl 2 e} < Pr{s(y") — o(Y;) > ()}

< Pr{2sup|@u(y) - 6(y)| > ()

yey

By Lemma A.2, the right-hand side goes to zero as n — oo. O

Lemma A.7 Suppose X = (X1, Xo, -+, Xy) are i.i.d. samples of Fx over support X. Define
D, (y) = %E?:l Y(y, Xi) and ¢(y) = E[¢(y, X)] with ¢ : Y x X — [a,b] C R. Denote Y,* as a

mazximizer of ®,(y).
i) ¢ Y — R has a unique interior mazimizer y* over some compact set Y C RY;

it) Y(-,x) is Lipschitz continuous over ) a.s. and continuously differentiable at any y with

lly — y*|| < & for some § >0 a.s.;

it1) V(-, ) is Lipschitz continuous and bounded over ) a.s.;

) ¢ is a-strongly concave for some o > 0, i.e, ¢(y2) < ¢(y1) + Vo (y1)||y2 —yil| — Slly2 — y1||?,
vylv Y2 S y;

then for any € > 0,

HQK$WWz%go@m(—Mifﬁ¥“».

Proof. Define g(y) := ®,,(y) — ¢(y). Note that

O S ey B () | H(YE) - oly)
S L e [ [ I
g(Yr) —g(y*)
W=y
< sup [[Va(y)ll-

yeB(y* 1Y —y*|l)
The first inequality follows from strong concavity of ¢ in Condition iv). The second inequality
follows from the fact that @, (Y,*) — ®,(y*) > 0 because Y,* is the maximizer of ®,(Y,"). The last
inequality follows from mean value theorem for the continuity and differentiability of g.
Note that Vg(y) = V®u(y) — Vé(y) = 5 21y Vyo(y. Xi) — E[Vyd(y, X)] and ¢ be the jth

direction of ) with j = 1,2,...,q. Because Vy]-w(y, x) is Lipschitz continuous and bounded for all



7=1,2,...,q, then

Pr{uysy*HZe}SPr{ sup ||Vg<y>|rze}

yeB(y*, ||V —y*|l)

q n
1
< Y pr { sup [— V1 (y, X;) — E[vij(y,Xﬂ( > }
j=1 vey Mo
2ne? — 4C\/ne
< = vV
< 0w (- =)
The last inequality follows from Lemma A.2. O

Lemma A.8 (Scheffé’s Lemma) Suppose (X1, Xo,...) is a sequence of integrable random vari-

ables such that X, == X and E[|X|] < co. Then,

E[[ X, — X|] = 0 iff E[X,] — E[X].

Proof. We first show that E[X,] — E[X] implies E[|X,, — X|] — 0. Because X,, % X,
max{X,, X} “ X, and min{X,, X} =& X.
Since min{X,,, X} <, X and E[|X]|] < oo, then by dominated convergence theorem, we have
E[min{X,, X}] — E[X].

Since E[max{X,, X}] = E[X + X,, — min{X,,, X }] = E[X] + E[X,,] — E[min{X,,, X'}], then
E[max{X,, X}] — E[X] = E[X,,] — E[min{X,,, X}] — 0.

Thus,
E[| X, — X|] = Emax{X,,, X }] — E[min{X,,, X}] — 0.

Next, we show that E[|X,, — X|] — 0 implies E[X,,] — E[X]. Note that

0 < [E[X,] — E[X]| = [E[X, — X]| < E[| X, — X[ >0,

which implies that E[X,,] — E[X]. O

Lemma A.9 Suppose (X1, Xo,...) is a sequence of integrable random variables such that X, 4 X,
E[X,] — E[X], and E[|X]|] < oo. Then, for any Lipschitz continuous function g : R — R and

compact I' C R,

sup [E[g(vXn)] — E[g(vX)]| — 0.
yerl’
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Proof. By Skorokhod representation theorem, there exist (Y7,Y2,...) and Y, defined on the
common probability space, satisfy V;,, =25 Y with ¥, =% X,, for all n € {1,2,...}, and Y =¢ X.
Because E[X,,] — E[X], we have that E[Y;] = E[X,,] implies E[X] = E[Y]. Thus, we derive

sup [E[g(+X)] — Elg(yX)]| = sup [Elg(yY)] ~ Elg()]| < K sup)E[Yn — Y]] = 0
~yerl ~yerl ~yel

The inequality follows from the Lipschitz continuity, where K is the Lipschitz constant. The

convergence follows from Lemma A.8. g

Proof of Theorem 3. Let Z denote the random variable with distribution F 7|ze and Z =
(21,22,...,Zn) be a vector of i.i.d. samples of fz‘zo (or FZ\Z")- Then, given any sample of

X°(w), we have, by the triangle inequality,

sup Gt (1:20) ~ El((2)7, 2) (39
< supdenseun20) - ;g%w«ﬂzm 1. 2)]

o S0l .20~ Et (i), )|

+§21F3\E[¢j((u )y, Z)] — E[((fuz)"y, 2))|

We will analyze each of the three terms on the right-hand side. The result would follow if we can
show that for any € > 0, the probability that each of the first two terms is above € is bounded by

O(exp ( — W)), and the third term is bounded by e for sufficiently large n°, because

Pr{|A+ B+c| > 3¢} < Pr{|A|+ |B| +|c| > 3¢} < Pr{|A| > €} +Pr{|B| > €} provided that |c| < e.
To evaluate the first term on the right-hand side of (39), we take g;(7v, Z) = ¥ ((fi4t) )"y, Z) for

given ZU) = 20) and apply Lemma A.2 to obtain

Pr { sup
~verl

1 o o
o 5 () 2 - el 2] 2 )
el

2nme? — 4C1/nme

< _
<oew (- =)
for some C7 > 0. Then, we deduce
1 X
Pr {sup derLsc (1, 2Y) — =D EL[((figm) s Z)]‘ > e}
~er m =
1 N ) - 5
< Prqsup sup ’ V((Agi) v Z; ") — Ez[((fgm)™ s Z)}) > 6}
{ el jef1,2....m} | (m —1)n 1.6{1;,”} z Z z

te{1,2,..., m}\j

2nme2(b—_4aC)12\/%e> ) .

< O(exp(—
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To treat the second term on the right-hand side of (39), we apply Lemma A.2 with m samples

of the random vector Z to obtain

;zm: E5 [0 ((figi), 2)] — E[((fig) "™, 2)]‘ > 6} < (9<exp ( B 2m62(b__4ac)22\/7n6)>’

Pr { sup
7=1

yel’

for some Cy > 0.
To analyze the last term on the right-hand side of (39), we note that because (-, -) is Lipschitz

continuous, for any given x° = (z9,29,...,22%),

E[lv((ig). 2) —o((iiz). Z2)]] < KE[|Z—-Z|], and

Ello((2z)' . 2) —¢((iz)'r, Z2)I] < KE[|(iig)" — (iz)']7,

IN

A~

where K is the Lipschitz constant. By Lemma A.5, we have 9((f13)"y, Z) = ¥((1z)"y, Z),Vjiz €
Ry and ¢((fiz)"y, 2) =% ¥((iz)"y, 2),Vz € Ry. Thus, by Lemma A.9, there exists an n°(e), such

that for n® > n°(e),

sup [E[¢((f1z)"7, Z) — ¢ ((fz)"y, Z)]]

vyel
< sup E[ () 2) = ¢((fg) 7 )] + Sup [El((iz) ", 2) — ¥((iz), Z)]|
< €.

Putting together the results of the three terms on the right-hand side of (39), we conclude (21).
Finally, the result in (22) follows immediately from Lemma A.6 and the results in (23) follows

immediately from Lemma A.7. 0

Proof of Lemma 2. From Chu et al. (2025),

/ h(:c)da::/ / h(az)a" tdadz.
mE]RZﬁ zeB™ Ja=0

For a fixed zp € B", let h(x) =[], fz\zo(fﬁ‘i)ﬂ{d( <n}- Then,

m/ﬁwsz)

n

Pr{d(Z/jiz zB) <n} = /R 1 72120 (2 a2 ) <ny A
xTe

+i=1
- / (H{d(z,zB)Sn} / HfZ\zo (azi)an_lda) dz.
ZEB" OCER+ i1
Define
C(aq,ag, f) = / Hf(azi)oz"_ld% for a;, a2 € Ry and f: Ry — Ry

a€lar,az] ;2

12



Note that, by f(z) > 0 for any z € R4 (see Assumption 2), we can always choose (a1, ag) with
ag > o such that, given fixed z, min{fz(az;) : o € (a1,a2),i=1,...,n} =€ > 0 for some € > 0.
Then for any finite n,

"

C (0,00, fz) > C(an, a9, fz) > / He”a” o = —(ozg —af) > 0.

n
1 =1

By construction, fZ‘ »0(z) is continuous and positive, and it converges to f(z) for any z € R;.
Then, given fixed z, we have C(al,ag,fz‘zo) — C(a1, a9, fz). Thus, for sufficiently large n°,

C(aq, g, fZ|zo) > €"(af—af)/(2n), implying C(0, oo, fZ|zo(z)) > C,, > 0 for some C,, independent

of n°.
. (n=1)/2 .
Finally, we note that [,z T{d(z,25)<ndz = ﬁ 7"~ 1 is the Lebesgue measure of an (n—1)-
dimensional ball of radius n. We conclude the result. O

Proof of Lemma 3. Define M, =% [,&Zno Znoliiz,, = ZB], M,:Zo —d [ﬂzno d(Zno/fiz,0,2B) <
n) and M = [iz|Z/fiz = zB].

Given z € R} and > 0, let o = %Z?:l z; and define y; = (zj/a — zp.j)/n,j = 1,2,...,n.

We have z; = a(ny; + 2p;;) and 37 y; = 0. Note that {d(z/a,zp) = n} is equivalent to
%Z?Zl y]2 = 1. We further define y,11 =7, and zp4+1 = m We deduce

dZi A B
J:[‘]”]:{d ~]: |
Yj C D
where
ay
A=anl,, B= )
AYn

C =

Y1 Y2 . Yn D _ [0}
Vil n/Sia v Vi ]

The determinant of the Jacobian matrix J is
det[J] = det[A]-det[D — CA™'B]

— —(an)" - (o)™ ( Zyj>

n, n—1 1 . 2 2
- e gZyj :
J

=1

13



Given a function i : R} — R, let S"(a) = {z :d(z/a,zB) < n, iz =a} and T = {y : %2?21 yjz =
1}. We have

/ h(z)dz = / / z)dzdzp 41
zeS(a) 2Zn+1=0 J 2z€S5M(a
n, n—1 1 = 2 %
= h(a(noy+ZB))' a1y - Y; dydno
no<n JyeT n

j=1

1
= / / noy+zB))< Z%) dydng
no<n JyeT

1

B /V<77 /yeT Vl/ny +2p)) ( Z y]) 7dyd’7'

N |=

We deduce

n

fM;’o(Oé) & /6517 ano zj)d

n n 1

1 2
= / / ano a(y! yﬂr@;))( Zzﬁ) dydy.
v JyeT ;2 Lt
Then, for almost every a1, as € Ry,
1
n n 1/n 1\ 2\’
Farm, (1) o [ Jyer =1 foo (x (Y75 + 2:)) | 3 227197 ) dydy
lim —~—— = lim -
n—0 fM:ZO (012) n—0 " L N ) 5
& [y Jyer Ti=1 fro (@2(v1/"y; + 28:5)) (n 2j=1Y; ) dydy
1
2
ay nyT H?:1 Jno (O‘l(nyj + zB:j)) (711 2?21 yJQ) dy
= lim 1
n—0 2

& Jyer Izt fre (a2(ny; + 28:5)) <i i1 y?) dy

af [Tj=y fre (a12B)
al H 1 fno (ang])
I (ar)

faro(a2)

The second equation follows from L’Hopital’s rule, the third equation follows from the continuity
of fno, and the last equality follows from the fact that far,.(a) oc @™ [T}, fue(azp;j). Therefore,

we have

I, = fm,e asm — 0.

We further note that fas,, (o) oc o™ H?Zl fne(azp:;) and limyo_yo0 frne = fz, we conclude that

fm,o = fur as n® — oo. n
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Proof of Theorem 4. For a given vector Z° = 2° of size n°, let Z denote the random variable
following smoothed empirical density fZ| »o and Z denote a vector of n i.i.d. draws of fZ| 20
Let T, = >0, ]I{ AZD ) 2m)<n} denote the binomial random variable with success prob-
ability ¢ = Pr {d(Z//lZ,zB) < n} and count m. By Lemma 2, we have, for sufficiently large
m,
r(n—1)/2 1

E[Tm] = ZPT {d(Z(j)/ﬂZU)azB) < 77} > Qnmmnn_l xmmn.
7=1

Note that Pr {d(Z(j)/ﬂZ(j),zB) < 77} — 0 as m — oo, then it is well known that lim,, oo Ty =%

N ((’)(m%),(’)(m%)), i.e., T, converges to a normal distribution with mean and variance in the

|=

same order O(m™n ), as m — oo. Thus, the probability of T}, larger than gm /2 = %E[Tm] x O(m%)
converges to 1 as m — oo.

More rigorously, because T, is a binomial random variable, we derive

Lgm/2]

k=1
Lgm/2] m ¢
= Z L (1 - Q)m
P El(m —k)! (1 —q)
Lgm/2]
~ Z (@)ke_qm
k
k=1
gm \am/2 _
< N qm
< amf2- (05) e
B qm 2 qm/2
 2eam/2 (e) =0,

as m — oo with gm — O(m%) Now applying Lemma A.2 and Lemma 3, we have, for fixed zp

and z°,
Pr { s (bcit.e( () 2. 20) ~ E[ (097 2),2)|d(2 g 20) < 1] ‘ > }
s
om/me2 — 4C1Vml/me
< O(ew (- e )

for some C; > 0. Because Z —? Z as n° — oo and 1) is Lipschitz continuous, we deduce by
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Lemma A.9 the existence of an n°(e) such that for any n® > n°(e)

sup
vyerl

E[v(1y°(2),2)

d(Z/fiy,zB) <n] —E[W(1w(2),2)|d(Z iz, 2B) < 77]‘

IN

sup |E[¢(vy°(2), 2)

vyel’

U2y 25) <] — E0(w(2). 2)|d(2/iig. 25) < 1] \

-+ sup
vyel

Ev(vw°(2),2)|d(Z /g, 25) < n] — E[ (v (Z),Z)|d(Z/fiz,zB) < 77]‘
< 5+5
Because y° € H" (1, ) and y° is continuous, we have, as 1 — 0,
W(2)|d(Z/hz,z5) <n] = [(42)'y(Z/iz)|d(Z ]z, 2zB) < n]
=% [(hz)'y(zB)|d(Z/ iz, zB) < 7).

Because 9 is Lipschitz continuous with constant K, we have

sup E[v(v(Z),2)|d(zp, Z/i1z) < n) — E[(v(iiz)'y (28), Z)|d(z5, Z/fiz) < 1]
< sup E[Kvy“(Z) — (iz)'y°(zB)||d(zB, Z/i1z) < n]
< Ksug(w)EU(ﬂzwy%Z/ﬂw — (f1z)"y(zB)||d(2zB, Z/fiz) < 1)
~E
< €,

for any n° > n°(e) with n°(e) sufficiently large. The last inequality follows because lim,o_,oo 7 = 0.
By Lemma 3, we have [fiz|d(Z/fiz,zB) < 1] 4 [,&Z}d(Z/[LZ,zB) = 0], as n — 0. Finally, as
n® — oo, n — 0, and thus, for any n° > n°(e),

sup E[v(v(ii2)'y(2B), Z)|d(zB, Z/i1z) < 0] — E[¢(v(i2)'y*(28), Z)| Z/fiz = zB]| < .
ve

By Equation (7) and y¢ € H% (¢, 7), E[¢v(v(iiz)'v(2B), Z)|Z/fiz = zB] = ¢ (2B), 2B, Fz].
Putting all of the above relations together, we conclude the convergence of the boosted objective.
Now denote v, be the unique maximizer of ¢pyvy°(2B), 2B, Fz]. We must have v&;..y(2B) =
yf;, (zB) based on Theorem 1 and (8). The convergence of the boosted operational statistic in (28)
follows directly by applying Lemma A.6. The convergence rate of the boosted operational statistic

in (29) follows immediately from Lemma A.7. O

Proof of Theorem 5. The result in (31) follows immediately by setting y°(x) = (fiz)"y € H' (¢, 7)
in (27). Note that in establishing (27), we do not require y¢ to be consistent. Then, (32) follows

by applying Lemma A.6 and (33) follows immediately from Lemma A.7. d
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Proof of Theorem 6. Take Z as n i.i.d. draws from F and define, for a fixed ¢ € {1,2,...,n},

ou(y(+), Z,0) = 0"(y(Z.4), Zs).

It is immediate that ¢y(y(-), Z,0) = ¥ (y(X¢), Xy) for X = ©Z. Also, as X; = ©,Z; with Z;

being n i.i.d. draws from Fz, we have

S 0.X) = y (ii 0).2,:6))).
Then, -
up S(vy°(+), X) — E[O"¢(vy*(Z1), Z0))
< 1 3 sup %Zw (v°(), Z5, ©;) — E[0" (v (Z.0), Zo)] |-
mimiel 1S

Note that Pr{A > e} < Pr{B > ¢} for A < B,a.s. Moreover, because minjc; o .

%Z?:l Aj, we have PI‘{% Z;'lzl Aj > 6} < Pr{minj:u,,_,,n Aj > 6} = Pr{Aj >eji=12,... 7n} <
> j—1 Pr{A4; > €}. We deduce
}

{sup
~yel’
K
%Z ee(vy (), Z5,0;) — E[0"Y(vy(Z0), Zo)]| >
=1

Pr { sup e}.
~el

Note that (01,02,...,0y) are k iid. draws from Fg and Z; = X;/0O; are k ii.d. draws
of Fz. It is clear that {(Z;,0;),j = 1,2,...,k} are k draws of (Z,0), which has joint density

d(vy°(-), X) — E[0"Y(vy(Z.40), Zo)]| >

o~
||M:
I

[T, fz(2) fe(6). Applying Lemma A.2, we have

6} < O(exp ( B 2ke? —401\/Ee>)7

k
Z ), Zj,0;) — E[0 Y (vy*(Z0), Zo)]| > (b—a)?

{ sup
yel’

for some C > 0. We conclude the convergence of the objective function.

?r \

To see the convergence of the boosted operational statistic, we note that if some y* is optimal
for a system with © = 1 (i.e., maximizes E[)(y(Z.1), Z1)] over some subclass within H"'(z, 7)),
then the optimal base operational statistic for any sample z.1 € R’} is y*(2.1/fix, ), regardless
of the actual © value with which the sample is generated. Thus, when a sample of x_; is observed

from some system with © = 6, the optimal decision is (fiz_,)'y*(.1/fte,) = y*(x.1). Thus, the

17



optimal operational statistic within Yz og(y©) for any system is v¢,r op..y¢. The convergence of
the constant-boosting operational statistic follows from Lemma A.6. The convergence rate of the

constant-boosting operational statistic follows by applying Lemma A.7. g

Proof of Theorem 7. Define

ee(y(-), Z,0) = 0"Y(y(Z.,), Zy).
As X; = 0©;Z; with Z; being n i.i.d. draws from Fz, we have, for a given zp € R’};l,

k c
o(v,y°(-), 25,1, X) : Zn: 2=t W2, i/pz, )<y (VW) 25, 9;)
; )y <=Bs 1]y = - .

k
(s Yim1 Wz, a/iizy, ,zm)<n

Because (01,02,...,0y) are k i.i.d. draws from Fg and each vector Z; = X ;/©; are n i.i.d.
draws of Fyz. It is clear that {(Z;,0;),j = 1,2,...,k} are k draws of (Z,0), which have joint
density [[" fz(z)fo(f). By Lemma 2, we have, for any ¢ € {1,2,...,n}, there is a finite positive

¢,,—1 such that
Pr{d(Z.¢/jiz.,,zB) < n} > cp 1" °

k
Let Tk = Zj:l I[{d(zj:-é/llzj:_g7z3)§7]}' Then,

E _ a ~ n—2 %
[Te] = > Prid(Zjee/iiz;,28) <0y > Coikn™ > oc kit
j=1

An argument similar to the proof of Theorem 4 suggest that the probability of T} larger than
SE[T}] o (’)(kﬁ) converges to 1 as k — co. Applying Lemma A.2, we deduce that, for sufficiently

large k, there exists some C7 > 0 such that

P { ‘ Zgzl ]I{d(Zj:fz/ﬂZj:-z7zB)S77}90€(/yyc(')’ Zj,0;)
T

k
Z]‘:1 ]I{d(Zj:-Z/ﬂZj:Jsz)Sn}
_E[GH@Z)(VQC(ZJ), Zl)’d(z-l/ﬂZ-wZB) = 77} ‘ = E}

< Ofexp (- 2 ARy

(b—a)

Because [0r(vy°(+), Z;,0;)|d(Zj.0/fiz, ., 2B) < 0] =1 [0"¢Y(vy(Z.1), Z1)|d(Z.1/ iz, Z2B) < 7).

Because y© € Hi_l(L, ), y¢ is continuous. We deduce

W(ZD)|dZ )iz, z8) <0] = [(iz.)'y(Za/iz)|d(Z4)fiz.,, 25) < 1)

a.s.

== [(z,)"y (zB)|d(Z1/ 1z, 2B) < 1],
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as 1 — 0. Together with the Lipschitz continuity of i, we deduce
E[0"¢(vy*(Z.1), Z1)|d(Z-1/f1z.,, 25) < n]

_E[enw(f}/(ﬂz_l)byc(zB)? Zl){d(Z-l/ﬂZ.u ZB) < 77]

— 0, asn—0.
By Lemma 3, we have
(i2,|d(Z1 )iz, 28) < 0] % [z, |d(Z )iz, 25) = 0], as ) — 0.
Thus, as n — 0,
E[0"v(v(fiz.,)' v (zB), Z1)|d(Z.1/fiz.,, zB) < 7]
~E[0 0 (y(jiz,) "y (2B), Z1)| Z1/jiz., = zB]| — 0.

Because E[0%(y(fiz.,)'y*(28), Z1)|Z1/fiz., = zB] = E[0"]¢B[1y°(2B), 25, F7] by Equation (7)
and Assumption 3, we conclude the convergence of targeted-boosting objective for any € > 0 with
a sufficiently large k.

Now denote ¢, rp.c be the unique maximizer of ¢p[yy°(2B), 2B, Fz]. Then we must have
Yeor.T:Y (2B) = yfy,(2B) based on Theorem 1 and Equation (8). The convergence of the boosted
operational statistic follows directly by applying Lemma A.6. The convergence rate of the targeted

boosting operational statistic follows by applying Lemma A.7. O

B Examples to Demonstrate Theorem 1

In the newsvendor application, we have ¥ (y,z) = pmin{y,x} — cy satisfying Assumption 1 with

k=1 =1. By Lemma 5 of Chu et al. (2025), the function ¢p in (7) can be explicitly written as
% 1 n
¢8ly, 2B, Fz] = / JE [pmin(ny A Z) — eny|n™ [ | fz(nzp.)dn. (40)
0 i=1

Based on Equation (8), the derivation of the optimal operational statistic boils down to computing
the base operational statistic ygs from the above equation. Next, we apply Theorem 1 to specific

distribution families.
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B.1 Gamma Distribution

The random variable Z follows a gamma distribution with mean one. Let k; denote the shape

parameter, then the probability density function of Z is

Zkz—le—z

[(kz) ’

where I'(+) is a Gamma function. Note that when kz = 1, Z becomes an exponential random

fZ(Z): Vz e Ry,

variable with mean one.

Substituting the density function into Equation (40) and differentiating with respect to y gives

aa(if = /O N (pFz(ny) — c)n" Zlfll fz (nan-) dn

> > (nx)kz—tene > “r (nzpwg)t2 e
= < pdxr—c|n" d
/o <p/y I'(kz) K g H ['(kz) 7

=1

© kz. .kz—1_—nx
= kz—1 ud _ nkz o—n3li1 ZBii ]
(Hz ) / <p/y ) T c)n e n
= (I‘(kz))*(nJrl)( gzl 1) /0 <p/ nkzxkz—le—nxdx _ CF(kz)>7]nkZ€_nnﬂzBd7].
Y

=1

Setting the right-hand side to zero, we deduce

¢ Jo St rate e A gtk z e M= dyy
p T(kz) [o° nkze ™izp dy
fyoo pkz—1 fooo n(n+1)kze_n(z+nﬂ23)dndgy
[(kz) fooo nrkz e~ Milzp dn

(n/lzB)nkZJrl foo (z4np k)Z(n-ls-l)kz+1 0 n(nJrl)kZ (T + njiz )(n+1)kz+1 ) ein(ernﬂzB)dndx

I'(kz) fO nnuzB)"kZ€_""“zBd(77nﬂzB)
N nkz+1 _
[ it
y

T+ nﬂzB )(n+1)kz+1

T n—i—lkz—i-l
r Z) (nk:z+1

( )
(k )
F( n+1 kZ+1) . 0 n - ntkz+1l,kz—1 T
(k ) /y (
( )
(k )

d(—
D(kz)'(nkz + 1 x—|—n)nk’z+2(x_|_n)kz—1 (n)

' (( 1)k 1 o0 1 k742 kz—1
n+ 1)kz + / ( )" z ( z ) e (41)
y 1+ 14+

r Z) (nk 7 + 1
The solution to this equation gives the optimal base operational statistic, ygs(z B). We observe

that y95(zp) € SC(1,7). In other words, yj;, = yic,-
When Z follows an exponential distribution (i.e., kz = 1), (41) reduces to ¢/p = (14+y/n)~ "D,

In this case, the optimal base operational statistic becomes

y3%(2B) = ycu[Fz] = n((i)il — 1), Vzp € B".
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B.2 Beta Distribution

The random variable Z follows a beta distribution with mean one and shape parameters (a, ).

Thus, Z can be expressed as Z =% agZy, where ag = O‘aﬂ, with the density of Zj being

20711 — 2)B1
B(a, B)

where B(a, ) = fol t*=1(1 — ¢)#~1dt is a beta function. Note that when a = 8 = 1, Z becomes a

fZO(Z) = s Vz € [O, 1],

uniform random variable over [0, 2].

Given that the distribution is bounded, we need to examine the values of nzp.; to determine the
range of integration in (40). Let zpp; be the ith largest element in zp. Then, we should evaluate
the integration in (40) for nzgp, < ap, or n < agp / 2B[n)- Now substituting the density function into

(40) and differentiating with respect to y, we derive

9B @0/ZB[n] | _ o T olEmm Tl NZB:i
Ty - /0 (pFz(ny) — c)n gfz<n23:¢)dn=/0 (sz< > HOT (

=1

a0/2Bn] 1 xo‘_l(l—aj)ﬁ 1 . n WZBz)a 1(1_(?7231) B—-1
- /0 (p/m B(o, B) C>’7 I’ aoB(a. f) @

in{ny/ao,1} i=1

- (B(aaaoﬁ))n /OI/ZB["] <p/1 i i x)ﬁildx - C> i ﬁ (ﬁZB:i)a_l(l - ﬁzB:i)ﬁ_l

min{7y,1} B(a7 ﬁ) i—1
The fourth equation is derived by replacing 7/ag with 7. Setting the right-hand side to zero, we
deduce

1/2Bn 1 _ _ - - B—1 .
fU oo <fmin{ﬁy,1} z* 1(1 - x)ﬂ 1dCC> 77an H?:l (1 - nZBii) d77

B(a,8)< = . . (42)
P Jo PP qen TT ) (1= 12.0)* " iy

The solution to this equation gives the optimal base operational statistic, ygs(z B). We observe
that y95(-) ¢ SC".(1, ).
When Z follows a uniform distribution (i.e., « = 8 = 1), (42) reduces to

e o max {1 -y, 0)indi Y G yyieai
P Jo P - i1 (Bp) Y
. %H(szJ[n])_(n+l) if ZB[n) < U
- %z;{n] if ZB[n] > Y-

The solution to this equation gives the optimal base operational statistic

_1
(sz)c) " gy fn < B2

%(1—%)2’3[”], ifn>%—2.

OS(

Y5~ (2B)
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To derive the optimal scaled operational statistic for uniformly-distributed Z, we substitute the

density function fz(z) =1/2,z € [0,2], into (12) to obtain

1 n
vz 2) = | o JRECRENIZENEY | FRICH
z€l0,2]" i=1

1 L A
= ontl (/ p/ [(f1z7) A 20]dzodz — C/ ,uzvdz)
zelo2n Jo (0,2

— p / |:( ~ 1 ~ 2:| 1 lc
= oo fizy) — 5(A27)7| dz + Sdz— oy
2n+l ( 2€[0,2]" Nz <1 2 2€[0,2]7Nfizy>1 2 2p

_ P ( 0) 3n+1 , 1 2
N 1_7,7_ ’y—|—]1 1 (M7_1)dz '
on+2 ( P 12n >1) z€[0,2]"Njizy>1 -

The third and forth equations follow from the fact that sz[O on fizdz =1/2 and sz[O opn (fiz)?dz =

3n+1
12n >

oy - Qn2 ( ) T en | T He1 Oy '

Setting the right-hand side to zero gives the optimal scale base operational statistic

respectively. Differentiating the right-hand side with respect to ~y gives

p

o3

— 2

Y

6n c : 2
3n+1 (1 - 5) if 555 2

Ysorlfz]l = qarg max{(l — %)7 — 3ntl,2 (44)

+ fze[o,z]nmﬂzwl(ﬂﬂ —1)%dz:y > 1} if gy < £ 2.

It is clear that the solutions in (43) and (10) are not equivalent.

B.3 Log-normal Distribution

The random variable Z follows a log-normal distribution with mean one and shape parameter o.
Thus, Z can be expressed as Z =% aZy, where ag = 1/E[Z] and In Zy ~ N(0, 02) with the density
of In Zy being

2

exp(—%), Vz € Ry.

fano(Z) =

2o

Note that fz(z) = O%szo(z/ozo) =1 finz(Inz—Inap) and Fz(z) = Fz,(2/a) = Fia z,(In z—In ag).
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Substituting the density function into (40) and differentiating with respect to y gives

5= [ Tsr)on= [ ((22) - T (522

= (ap)" /OOO (pFano(ln(n/aO) +lny) - c) . H

()™ NZB:i
=1

° fin Z (In(n/ao) + In zp;)d(n/a)

n

= ()" /0 <p /1 fln%(x)dx—c)ﬁnﬂﬁ;.flnzo(lnﬁﬂnzgzi)dﬁ

nf+lny i=1 B

* ~ 1 —(x +In7)? > 11 —(In 2y + In@)2y
= ap)" €x ——Jdx—c¢ ex d
() /0 (p ny V270 P ( 202 ) }:[1 ZB:i \/2mo p( 202 ) n
= > * 1 (x — p)? T (In zp; — 1)2\ .
B CO /—oo (p/lny 2o P ( a 202 >dx - eXP(_n) Eexp ( a 202 )d??

_ (= 77) St (Inzpg —0)% + 2020 .
B / ( /my 2o exp 20 )dx ) exp ( 252 )d77

= (CyC /_OO ( - \ﬁU exp( W)dm c> exp ( — (7 = 5;2;/22/”)2>d77.

n
In the above derivation, we have changed variables with 7 = —1Inn, Cy = ( 320) s IZB -,
1=1 T
n 2 5.
Zn =237 Inzpy, and Cp = exp ( — Ziﬂé{fj‘%) + (zlngj;;j{f)z). The fourth and sixth equations

follow from changing of variable 1/ag with 77 and — In 7 with 7), respectively. Setting the right-hand

side to zero, we deduce

. f_oooo <fli°y 21M exp ( (= 202) )dx) exp ( — %)dﬁ

P S exp (= e Yay
Vn /°° 1 (z —10)? (1 — Zin + 02/n)?\ .
= - d - d
27'(0' Iny 2m0 xp < 20’2 T ) exp < 20’2/TL > gl

(n+1)[v a:+n,21n—02/n}2 . n(z — zip + 0% /n)?

: — - )

2o [ny /oo 2o P ( 202 g n+1 exp 202(n+ 1) .
/ (x — 21 + 0% /n)?

—_— exp — 5 )dx

\/271’0’\/7m Iny 20%2(n+1)/n

_ 1_(I)<lny—zln+02/n [ n >7
o n+1

where ®(-) is the standard normal distribution function. The second and the fourth equations
_(=)?

follow from the fact that ffo 202 dz = /270 for any 77 € RR. The solution to this equation

gives the optimal base operational statistic

Y9 (zp) = (f[lan»)l/n exp {a[@in"(l - 5) ntl_ U] } Vzp € B, (45)

; p n n
1=
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where ®™V(.) is the inverse of the standard normal distribution function. We observe that the

right-hand side does depend on the elements of zp, and thus y95(-) ¢ SC'.(1, 7).

C Additional Evidence to Justify Assumption 2

To confirm the observation of the demand pattern in Figure 1, we randomly selected, out of several
hundreds, 18 products from the JD.com data set. For each product, we compute the sample average
and the sample standard deviation of the daily demands at each of the 60 distribution centers. As
we can see from Figure 2, the ratio of the sample average and the sample standard deviation stays

close to constant across these products.

38d636d2a6 3c79df1d80 4b65db43ac 589c2b865h 5f58bfd286 767ac490ed
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10- e e % p0 -’ :
c 0 -~ e s ~ rd o F
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El 7e4cb4952a 81e57cbc50 8dc4a0ldec 904fbf8b97 9e452b5aee adfedb6893
-qs) 60 -
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] ot iy e °
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Note. Each subfigure corresponds to one randomly selected product from the JD.com data set available at
https://connect.informs.org/msom/events/datadriven2020. Each subfigure plots the sample average and

sample standard deviation of the daily demands for that product in the 60 distribution centers over 31 days.

Figure 2: The daily product demands at different distribution centers of JD.com

There are, indeed, rare exceptions. In particular, for each SKUs 4b65db43ac, 589¢2b865b, and
d47c6ca631, there is one distribution center (marked with an “x” in the figure), whose demand
variability is significantly larger than the rest of the 59 distribution centers. Unfortunately, the
available data set does not offer enough information to identify the unique characteristics of these

distribution centers. In such situations, we cannot directly utilize the data from such distribution

centers for learning. Nevertheless, one can still cross learn or co-learn among the rest of the 59
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distribution centers.
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Note. Each subfigure corresponds to one distribution center for the daily demands of SKU 068{4481b3 from the
JD.com data set available at https://connect.informs.org/msom/events/datadriven2020. Each subfigure
plots the normalized daily demand density of each distribution center (black solid line) over 31 days and the
density of pooled normalized demand over all other distribution centers in the corresponding group (blue and
red dashed line) which are identical in either group. The number at top-right corner of each subfigure is the

p-value of two-sample Kolmogorov-Smirnov test.

Figure 3: The normalized demand curves of each distribution centers of JD.com

To further validate the Assumption 2 about the scaled demand distributions following a com-
mon normalized distribution Z, we analyze the data of SKU 068f4481b3 and adopt two-sample
Kolmogorov-Smirnov test for the samples of each normalized demand distribution Zg;. We nor-
malize the daily demands X; (with sample size n; = n = 31) by sample average jix, for each
distribution center j to obtain Zp; = X;/fix,. We start with grouping the distribution centers
exhibiting similar empirical shapes of Zp; and identifying two groups, one with 35 distribution
centers and the other with 9. Next, we examine the distribution centers within each group. We

take any center j in a group and pool the data of the remaining centers in the same group to
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form Zp; = {Zp1,...,Zp(j-1): ZB(j+1)---» ZBL} With n; = [Zp;|. We run the two-sample
Kolmogorov-Smirnov test for Zp; and Zp_; and report the p-value in Figure 3. Specifically, the

two-sample Kolmogorov-Smirnov statistic (left side of the following inequality) follows

. . 2\n.; +n;
sup ’FZ|ZB_]- (z) — FZj|ZBj (2)] < \/ln (7> ET

zeR « 2n_j g

with probability 1 — o for sample size n_; and n;.

The empirical density curves and corresponding test results are plotted in Figure 3. For Group
1 (2) with 51 (9) distribution centers, all of the hypotheses that Z; is from the same distribution of
the ”true” normalized distribution cannot be rejected with significance level of 96% (98%). With
the conventional statistical standard of 5% threshold, the result suggests that we cannot reject the
null hypothesis that the tested distributions are the same. Thus, we can pool the data within each
group to apply co-learning.

Naturally, given the limited sample sizes, there is no guarantee that all pooled distribution
centers are truly drawn from the same underlying distribution family with a p-value threshold of
0.05. In practice, different criteria may be used to decide whether data from multiple distribution
centers should be pooled. For example, one may begin by pooling centers whose empirical distribu-
tions exhibit very similar shapes to form an initial benchmark sample. Then, pairwise tests can be
performed between this benchmark and each remaining center, adding the center with the highest
p-value to the pooled benchmark. This process can be repeated iteratively until the p-values of all
remaining centers fall below a predefined threshold.

The application of the co-learning solutions for this product is reported in Section D.

D Additional Numerical Results

D.1 Synthetic Data

In this section, we introduce the details on how we implement each oracle solution, transfer-learning
solution, cross-learning solution, and co-learning solution.

Directly Trained Solutions. Given i.i.d. observations X = {X7, Xs,..., X,,}.

e Sample average approximation (SAA): Define p(y, X) = 2 3" | (y, X;) as the sample

n

average profit. In general, the sample average approximation solution is argmax{gp(y, X)),y €

]R+}. However, under small samples, this solution can perform extremely badly. Thus, given
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the continuity of Assumption 2-(2), we use the interpolated SAA newsvendor problem,
ysaa = (r+1—n+n-c/s)Xp +(n—n-c/s—r)Xp
where 7 = [n—n-c/s| and X is the ascending sequence of X (i.e., X|j) < Xpg) < ... < X)).

Regularized sample average (Re-Var & Re-Std): Define Var[p(y, X)] = 1 3" | (y(y, Xi))Q—

n

(gp(y, X ))2 as the variance of the sample average profit. The regularized solutions are

yRe-Var(X) = YRe-Var-3 (X7 /BRe-Var(X)) = argimax {90(:% X) - BRe-Var(X)Var[(p(ya X)] }7
YRe-5td(X) = Yre-sta-8(X, Bre-sta(X)) = argmax {p(y, X) — Bresta(X)v/Var[p(y, X)]},

where the parameters Sre.var(X) and Sre.sia(X) are obtained through five-fold cross valida-
tion. Define {(X .1, X1), (X2, X2),..., (X5, X5)} as five pairs of partition of X, which satis-
fies Up_, Xe =X, XN Xp =0, #0 c{1,2,...,5},and X N X,=0, X, UX,= X,
Ve e {1,2...,5}. We derive

5
1
BRe-var(X) = arg max {5 > " (Yrevar (Xop, 8), X ) 1 B € {0,0.02,0.04, ..., 2}}.
and
13
Bresia(X) = argmax { = > v(yresia(X.r.8), X0) : 6 € 0,0.02,0.04,....,2}}.
In almost all of the tested instances, the § value is strictly below 2.

Order statistics (OrS): The order statistics of X is

n
yOrS(X) = Z win
i=1

where the weight vector w = (wy,ws,...,w,) is chosen through a robust optimization pro-

posed by Besbes and Mouchtaki (2023) to maximize the following competitive ratio

B " (1= Bin(1—p)(e/s—pu)+(1—c/s)u
w—argmax{urélzg)i Zw min{c/s(1 — p), (1 —¢/s)u} GRJ”ZwZ_l}

ODA based on empirical distribution (SC1-Emp & H1-Emp): Let Z = X /[ix be the

normalized sample and Zj be the ascending sequence of Z. Let mg = 500 and m = 2n x 10%.

We sample from the empirical density function with Gaussian kernel:

n

- 1 1 (-2
—- 2
fZ\Z(f) Y ;1 me ™2,
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Then, the smoothed empirical distribution function is
Fpz(2) :/5 OfZ\z(ﬁ)dgo (46)

Using fZ\ z to replace fz in Theorem 1, the ODA solutions ymi-Emp and ysci-Emp can be
derived. We calculate yp, gpmp and ysc,-Emp by simulation. From the same distribution,
we also sample Z; = F‘ZIT"Z(U ), € {1,2,...,mo}, with U following uniform distribution
over [0,1]. The simulated sample consists of Z0 = (Z(j) e R":j=12,...,m), where
z0) = (29,729, 2. Then,

mo mo
1

ySCl—Emp(X> = ﬂX . argmax{m ZZlb(ﬂz(j)%Zé) el > 0}
0 j=1¢=1

The computation for yii-gmp is similar, with one key difference: we require each sample
ZU) to satisfy the condition d(Z, Z () /fizi <. To achieve this, any sample that fails the
condition is discarded, and we resample. This process is repeated until mg valid samples have

been obtained for the computation.

Transfer-Learning Solutions. Given i.i.d. observations X = {X1, Xs,...,X,} from a focal
system and i.i.d. observations X° = {X{, X9,..., X%} from an old system. First calculate the
oracle solution y°(X?°), o € {SAA,Re-Var, Re-Std, OrS, SC1-Emp, HI-Emp}, according to each
directly trained solution define above, then calculate the corresponding transfer-learning solution
by (15), i.e.,

_ Bx

YrLo( X) = —y°(X°).
Hxe

Cross-Learning Solutions. Given i.i.d. observations X = {X1, Xo,..., X} from a focal system
and ii.d. observations X° = {X¢, X9, ..., X%} from an old system. Let Z° = X°/fixo =
(Z29,73,...,Z%) be the normalized sample of old system and Zp = X /ix be the base point of

the focal system sample. Let mg = 500, m = 1 x 10°+7/5.

)

e Scaled operational statistic (CrL:SC1): Randomly sample Zi(j with replacement from

Z° such that Z0 = (2D e R": j = 1,2,...,mp), where Z0) = (z9 2z . Z\7). Then,

) 1 &L
YCrL:SC1-Emp (X)) = fix - argmax{mono ;;w(uzm% Zy) iy > 0}~
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e Targeted boosting (CrL:c): First construct FZ| zo according to (46), then randomly sample
from FZ|Z°(') to form Z0 = (Z(j) eR":j=1,2,...,m), where z\) = (ij),Zéj),...,Zflj))
satisfies d(Z, Z(j)/,&z(j)) < 1. Then, the targeted-boosting solution is

. 1
yorLe(X) = fix - argmax{mono Z Zw ye(Z9)y, Z0) 1y > 0}
JEM(Z,2()) =1

for ¢ € {SAA,Re-Var, Re-Std, OrS, SC1-Emp, HI-Emp}. We use my = 500 and m = 5,000

in the reported experiments.

e Homogeneous operational statistic (CrL:H1):

N 1
yormn (X) = fix - arg max{m no Z Z¢ T e ) e 0}.
0 JEM(Z,2(D) =1

Co-Learning Solutions. Given i.i.d. observations X; = {Xj.1, Xj.2,..., Xj.n} from each system
J=12,... k with X = {X, Xo,..., X}. Normalize the sample to Z; = X;/jix; and denote
Z=1{Z1,Zs...,Zs}.

First calculate yc(Xj.i), Vi € {1,2,...,k} and i € {1,2,...,n}.

e Constant boosting (CoL-CB:c): For some system j,

yCoL—CB:c(Xj) = yC(Xj) . argmax{ Z Z@ZJ J 0 W,Xg) y > 0}.
7j=1/1=1
e Targeted boosting (CoL-TB:c): For some system j, first we use K-means clustering
approach with nx number of clusters to construct a partition { My, Mo, ..., M, } of {Z;.;:

j=12,...,k¢=1,2,...,n}. Then,if Z;1 € M, for some ¢ € {1,2,...,ng},

Z Z?/J G0, Xe) - ’720}-

], E,/\/qu 1

YCoL-TB: C(X]) nK) =Y (X ) arg max {
To determine the value of ng, we use the following cross validation

k n
1
YOoL-TB:c (X j) = argmax{% z;;iﬁ(ycoL_TB;c(Xj;nK),Xz) INK = 1,2,3,4,5}-
7j=1¢=
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Table 3: Performance of Transfer/Cross-Learning Solutions Against Directly Trained Solutions 2

Directly Trained Solutions

Transfer-Learning Solutions

Cross-Learning Solutions

Ave  Stdev Min Ave  Stdev Min Ave  Stdev Min
n=>5 Benchmark Wy 0.624 0.04 0.1
n° = 200 Wsaa 0.298 0.50 -5.4 UL SAA 0.575 0.09 -0.4 WErLiSAA 0.601 0.07 -0.2
URevar  0.010 097 -6.0  Uppgevar 0574 008 0.5  Uopmevar  0.603 007 0.0
VRe-sta  0.006  0.97 -6.0 UnLResta  0.575  0.08 -0.5 Ve Resta  0.601  0.07  -0.2
Yors 0.018 096 -5.9 UniL:0rs 0.575  0.09 -0.5 VerLons 0.601  0.07 0.0
Ysc1Emp 0248 0.61 -5.7 UnLsclEmp 0574 0.09  -0.5 Voscrmmp 0601 0.07  -0.1
Vigmp 0296 051 -54 UnpHLEmp 0574 0.09  -0.5 VoL aiemp 0601 0.07 0.0
Yerscr 0.581  0.07 -0.1
YerLam 0.610  0.04 0.0
n®=1000  P¥san 0298 050 -54  Uppsaa 0584 007 0.0  Worsaa 0.611 007 00
Tpevar 0010 097 6.0  Uppgevar 0583 0.07 0.0  UoLmevar 0612 0.07 0.0
Vpesta 0006 097 60  Upnpgesa 0585 0.07 00  VUeppesa  0.610  0.07 0.0
Vors 0018 096 -59  UnLors 0584 007 00  VUoros 0.610  0.07 0.0
Uscr-pmp  0.248 0.61  -5.7 UpLsciBmp 0584 0.07 0.0 VeyLscipmp 0611 0.07 0.0
Uhigmp 0296 051 5.4 Unpmipmp 0584 007 00 VoLmiEmp 0610 007 0.0
YerLscl 0.587 0.07 0.0
WerL:HL 0.621 0.04 0.0
n =10 Benchmark Wy 0.635 0.01 0.2
n° =200  Wsan 0353 042 51  Uppsaa 0.602  0.05 -0.2  Wersaa 0.607  0.06 -0.2
Upovar 0319 046 -51  Uppgeva 0598 0.05 -0.1  WoLmevar  0.609  0.05 -0.2
Upesa  0.322 047 51 Uppgesa 0600 005 01  Uopgesa  0.607 006 -0.2
Yors 0318 052 -51  Unrors 0601 005 -02  Worom 0619 003 0.0
Ysct1Emp  0.364 040 -45 UpLscrEmp  0.601  0.05 -0.2 UeurscrEmp  0.612  0.05 0.0
Uhigmp 0356 041 -5.0 UryLH1-Emp  0.601  0.05  -0.2 VorLi-Emp  0.608  0.06 0.0
YerLser 0.604  0.05 -0.1
Vet 0.622 0.02 0.3
n?=1000  Usap 0.353 042 -5.1 UryLisan 0.609  0.04 0.1  Wousan 0.616 0.06 0.0
VRevar 0319 046 5.1 UppRe-var  0.609  0.04 0.1 VoL Revar 0619 0.05 0.0
Upesia 0322 047 51  Uppgesa 0610 0.04 0.1  WUoppesa 0616 0.06 0.0
Vors 0318 052 -1  Uppoms 0.609 004 01  Uomoms 0.628 0.03 0.0
Vsc1-Emp 0.364  0.40 -4.5 Unsciemp 0.610  0.04 0.1 Vo sorEmp  0.621 0.05 0.0
VYH1-Emp  0.356 0.41 -5.0 UL HLEmp  0.609 0.04 0.1 VoL HiEmp  0.616 0.06 0.0
YerLscl 0.611 004 0.2
Vet 0.632 001 0.3
n =15 Benchmark ¥y 0.637 0.00 0.4
n? =200 Wsaa 0444 029 -4.0 UniLsaa 0.611  0.04 0.0 WL SAA 0.620  0.03 0.0
URevar 0389 032 -44 UrLRevar  0.606  0.04 0.0 YeiLRe-var  0.616  0.03 0.0
VResta 0404 032 -44 UnLResta  0.609  0.04 0.0 VeLresd 0612 0.05 0.0
Vors 0393 039 -43  ¥nroms 0610 0.04 0.0  Veroms 0.619  0.03 0.0
Usci-Bmp 0439 030 -39  Unpscipmp 0.610 004 00  Yomwscimmp 0619 003 0.0
Viigmp 0444 029 -4.0 UnLHlEmp  0.610  0.04 0.0 VoL miemp 0619 0.03 0.0
YerLscl 0.611 0.04 0.0
Ve 0.623 0.02 04
n?=1000  Wsap 0.444 029 -40  Pprsaa 0.618  0.03 03  Ugmsan 0620 002 0.0
YRe-var 0.389 032 -4.3 WTiL:Re-Var 0.617 0.03 0.3 WrL:Re-Var 0.625 0.03 0.0
WRe-std 0403 032 -4.3 UIiL:Re-Std 0.618  0.03 0.3 WCrLiRe-Std 0.621  0.05 0.0
Yors 0.393 0.39 -4.3 U niL:0r8 0.618 0.03 0.3 WerL:ors 0.629 0.02 0.0
Uscrpmp 0439 030 -39  Unrscibmp 0.618  0.03 03  PUoscibmp 0.629  0.03 0.0
YH1-Emp  0.443 0.29 -4.0 YTLH1-Emp  0.618 0.03 0.3 YerLHLEmp  0.628 0.03 0.0
YerLscl 0.619 0.03 0.3
WerLHL 0.633 0.01 04
Notes. Z ~ 2 X Beta(0.5,0.5) (implying Cv[Z] = 0.71), E[X] = 1.5, E[X°] = 15, and n = {5,10,15}. The profit function is
Y(y,z) = 10min{y,x} — Ty. The subscripts TrL:j and CrL:j stand for, respectively, transfer-learning and cross-learning solutions, where
j = SAA,Re-Var, Re-Std, OrS, SC1-Emp, or HI-Emp stands for the sample-average approximation, regularization with variance, regularization

with standard deviation, order statistics, scaled operational statistic with empirical distribution, or homogeneous operational statistic with empir-

ical distribution, respectively. The result is generated by computing the average, standard deviation, and minimum of the actual profit ¥; out of

100, 000 randomly generated instances.
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Table 4: Performance of Co-Learning Solutions Against Directly Trained Solutions 2

Directly Trained Solutions Constant-Boosting Solutions Targeted-Boosting Solutions
Ave  Stdev Min Ave  Stdev Min Ave  Stdev Min
n=>5 Benchmark Wy 0.624 0.14 03
k=20 Wsan 0206  0.17 -1.3  WeorcBiSAA 0.337 012 0.7 UeolTBSAA 0.348 012 -0.7

WRe-Var 0.017 031 -28 W(CoL-CB:Re-Var 0.349 012 -04 W CoL-TB:Re-Var 0.359  0.12 -0.4
WRe-Std 0.000  0.31 -2.8 W (CoL-CB:Re-Std 0.343 012 -04 W CoL-TB:Re-Std 0.353  0.12 -0.4
Yors 0.015 030 -2.8 W(CoL-CB:0rS 0.362  0.12 -0.6 W CoL-TB:0rS 0373  0.12 -0.6
Usc1-Emp 0244 020 -1.5 YeoL-0B:SCL-Emp  0.339  0.12 -0.7 YeoL-TB:SC1Emp  0.350  0.12 -0.7
VH1Emp 0293 018 -1.3 VCoL-0B:H1-Emp ~ 0.347  0.12 -0.6 YeoL-TBHL-Emp  0.357  0.12 -0.6

W(CoL-CB:SC1 0.538  0.14 0.0 WCoL-TB:H1 0.531 0.14 0.0

Benchmark Wy 0.624 0.03 0.5

k = 500 Wgan 0.297 003 01  WeoL.cBsaa 0378 002 03  WeoLTBsAa 0.391 003 0.3
URevar 0018 006 -03  WeorcmRevar 0371 003 03  UeoLrmmevar 0.388 003 0.3

Ugega 0002 006 -03  WeolcpResa 0366 003 03  UeoLrmmesa  0.383 003 0.3

Tors 0.016 006 -0.3 Vool -cBors 0393 003 03  WeoLTB:oms 0410 003 0.3

Usorpmp 0246 0.04 0.0 WUooncpscremp 0380 0.02 03  Veormpsciemp 0394 003 0.3

Uhipmp 0295 004 01  Weonopmipmp 0387 002 03  Uoorpmigmp 0402 003 0.3

U CoL-CBSC1 0563 003 04 WLt 0.564 003 04

n =10 Benchmark Wy 0.635 0.15 0.2

k=20 Tgan 0351 015 -1.0  TooLcBSAA 0.394 012 -0.8  UCoLTBSAA 0411 012 -08
Trevar 0350 015 -1.0  UeonoBRevar 0378 011 -0.6  UeorBRevar 0392 012 -0.2

URega 0316 0.5 -1.0  WeoromResa 0359 011 -03  UoorrmResa 0373 012 -0.2

Tong 0316 018 -12 Vool cB:Ors 0449 012 02  VeoLTBOrS 0462 012 -0.1

Usorpmp 0362 015 -1.1  Weonopsorgmp 0410 012 -0.7 oo rpsciemp 0425 012 -0.3

Uy gmp 0354 015 -1.0  WeoLcmipmp 0399 012 -0.7  Uourmmipme 0414 012 0.7

VoL CBSC1 0590 014 01  Weortmm 0584 014 0.1

Benchmark Wy 0.635 0.03 0.6

k = 500 L79W 0.351 003 0.2  Weolcmsaa 0418 002 03  WeoLTBsAa 0435 003 0.3
URevar 0351 003 02  UooopRevar 0403 002 03  Ueortmmevar 0420 003 03

Upesia 0317 003 02  UooopResia 0380 002 03  Ueopgpmesa 0398 003 03

Tons 0.317 004 0.2  UeoLcBors 0471 002 04 VoL TB:oms 0486 003 04

Uscrpmp 0362 003 02  WUeonopscipmp 0433 002 03 oo rpsciemp 0449 003 0.3

Unipmp 0355 003 02  Ueoncpmipmp 0422 002 03 U rpuiemp 0439 003 03

W oL-OB:SCL 0.606 003 05 WLt 0.609 003 05

n =15 Benchmark Wy 0.637 0.14 0.2

k=20 Tsan 0443 013 -08  TeoLoBSAA 0464 012 -02  UCoLTBSAA 0478 012 -02
Tpevar 0380 014 1.0 UeonoBRevar 0418 012 -04  UeoLrBRevar 0435 012 -0.4

Upesta 0374 015 -1.0  UeonoBRestd 0426 012 -04  UeorpResa 0441 012 -0.4

Tors 0393 015 -0.9  VGoL-CB:OrS 0474 012 04 VoL TB:OmS 0488 012 -04

Usorpmp 0438 014 0.9  Weonopsorpmp 0468 012 -0.3  Uoorpscipmp 0482 012 -0.3

Ui pmp 0443 013 0.8 Weoncpmipmp 0465 012 -0.3 o rpmigmp 0479 012 0.3

W oL-CBSC1 0606 014 02  Weor o 0.601 014 0.2

Benchmark Wy 0.637 0.03 0.6

k = 500 Usan 0443 003 03  Ueorcmsaa 0478 002 04  UcorTmsAA 0494 003 04
TRevar 0380 003 03  WeoromRovar 0431 002 03  Ueoprmmevar 0446 003 04

Upega 0373 003 03  Weorcomresa 0442 002 04  Ueortmmesa 0458 003 04

Tons 0393 003 03  TGoL-cBors 0488  0.02 04  WeoL-TB:osS 0.506  0.03 0.4

Uscrpmp 0438 003 03 WUeoncpscipmp 0480 002 04  Uootpsciemp 0497 003 04

Uiipmp 0443 003 03 WUeorcpmipmp 0478 002 04 Uy rpuiemp 0495 003 04

W oL-OB:SCL 0618 003 05 Voo rpm 0.621 003 05

Notes. Z ~ 2 x Beta(0.5,0.5) (implying Cv[Z] = 0.71), ® ~ 1.5 X Ezp(l), and n = {5,10,15}. In each system, the profit function is
P(y,z) = 10 min{y, z} — 7y. The average profits over k systems ¥copL-TB:; and YcoL-cB:; are derived by, respectively, constant-boosting and
targeted-boosting candidate solution j, where j = SAA, Re-Var, Re-Std, OrS, SC1-Emp, or H1-Emp stands for the sample-average approximation,
regularization with variance, regularization with standard deviation, order statistic, scaled operational statistic with empirical distribution, or
homogeneous operational statistic with empirical distribution, respectively. The result is generated by computing the average, standard deviation,

and minimum of W; out of 30,000 randomly generated problem instances.
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D.2 Real Data

Next, we present a case study using the data analyzed in Section C for SKU 068f4481b3. Initially,
we randomly generate a sample of size n from the 31 observed samples for each distribution center
to serve as training data. We then compute the co-learning solutions for the 51 (9) distribution
centers in Group 1 (Group 2) depicted in Figure 3. To assess the performance of each solution, we
use the remaining (31 — n) samples from each distribution center as validation data, allowing us to
approximate the out-of-sample performance of the solutions derived from the training data. This
process is repeated 10,000 times, and the average profit results for the 51 (9) distribution centers

in Group 1 (Group 2) are presented in Table 5 (Table 6).

Table 5: Case Study 1: Performance of Co-Learning Solutions Against Directly Trained Solutions

Directly Trained Solutions Constant-Boosting Solutions Targeted-Boosting Solutions
Ave Stdev  Min Ave Stdev  Min Ave Stdev  Min
k=51 n=5 WUgap 13.928 1.31 32 W CoL-CB:SAA 14.408 088 7.6 W CoL-TB:SAA 14411 084 7.7

URovar 10129 295 -83  WooLcBRevar 12480  1.05 85  WeoLrmRevar 12422 1.08 7.1

UResta 10129 295 83  WooLcBResd 13204 096 95  WeoLTBResa 13141 0.98 7.5

Tong 12002 225 -30  Ueol-CBors 13814 0.83 102  TcoLTB:ons 13.802  0.82 10.2
Usorpmp 13.601 162 05  Ugenopsoremp 14433 087 73 Ugenrpsorpmp 14441 084 78
Uhypmp 13910 145 14 Uoepopmipmp 14455 082 7.8  Ueorpmipmp 14449 079 7.8

W CoL-CB:SC1 15331 0.62 121  Wcorrpm 15270 0.64 12.1

n=10 Ugap 15516 0.99 7.4  Weol.cBsaa 15615 0.98 7.0  WeoLTBsAA 15596 092 7.5
URovar 14702 125 58  WooLcBRevar 15019 097 68  WooLTBRevar  14.909 091 7.3

UResta  15.307 132 6.1 WooLcBResd 15309 092 7.6 WeoLTBResa  15.237  0.84 8.2

Vong 15181 141 57  WeoL-CB:ors 15698  0.83 83  WeoLTB:Ors 15712 0.78 9.1
Uscrpmp 15.366 120 6.0  Ugenopscimmp 15740 081 86  Ueorrmscrmmp 15742 077 9.2
Upmp 15482 110 71  Ugeopiiemp 15.646  0.86 82  Ucormmipmp 15628 082 85

T oL-CBSC 16419 049 139  Tcorrma 16.391 049 13.0

n=15 Wgaa 16278 092 7.9  WeoL.oBSAA 16382  0.85 8.6  WeoLTBSAA 16.377  0.82 8.6
URovar  15.641  1.04 62 Vool cBRevar 15762 110 7.7  WeoLTBRevar 15749 1.09 7.7

UResta 16177 091 82  WoolcBResa 16189 1.08 85  WeonrmResa 16176 1.07 8.5

Tons 16102 117 7.0  TooLcBons 16.263 098 94  WeoLTB:ors 16.288 091 9.4
Uscrpmp 16136 1.07 68  Ugenopscipmp 16368 081 86  Ueortmscimmp 16371 079 8.6
Unipmp 16237 099 7.2 UoncpHiLEmp 16366 0.79 89 Vo rmHLEmp 16359 077 8.9

W oL CB:SCL 16.832 059 142  Weorrpmi 16.815 059 138

Notes. The case study utilizes the data of SKU 068f4481b3 including 31 daily demand samples in each of 51 distribution centers. within Group
1 of Figure 3. Training data includes randomly generated samples with size n = {5,10,15} from 31 samples in each of 51 distribution centers.
Validation data contain the remaining 31 — n samples excluding each size-n sample in the training data. In each system, the profit function is
P(y,z) = 10min{y, z} — 7y. The average profits over 51 systems ¥coL-TB:j; and ¥goL-cB:;j are derived by, respectively, constant-boosting and
targeted-boosting candidate solution j, where j = SAA, Re-Var, Re-Std, OrS, SC1-Emp, or H1-Emp stands for the sample-average approximation,
regularization with variance, regularization with standard deviation, order statistic, scaled operational statistic with empirical distribution, or
homogeneous operational statistic with empirical distribution, respectively. The result is generated by computing the average, standard deviation,

and minimum of ¥j out of 10,000 randomly generated samples from the data.
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As observed in both Table 5 and Table 6, constant-boosting solutions and targeted-boosting
solutions both outperform their directly trained counterparts. Notably, most constant-boosting
solutions outperform the targeted-boosting solutions, as the empirical distributions in both Group
1 and Group 2 closely resemble some gamma distributions. Furthermore, the advantage of co-
learning solutions over the directly trained solutions is more significant in Group 2, which has fewer
distribution centers compared with Group 1. This is because the empirical densities in Group 2

exhibit a decreasing trend with greater variability.

Table 6: Case Study 2: Performance of Co-Learning Solutions Against Directly Trained Solutions

Directly Trained Solutions Constant-Boosting Solutions Targeted-Boosting Solutions
Ave Stdev  Min Ave Stdev  Min Ave Stdev  Min
k=9 n=5 Wgaa -0.309 0.29 -29 W oL-CB:SAA -0.063 0.17 -2.1 W oL TB:SAA -0.066 0.17 -2.1

URevar  -1.015 072 61  UeorcRevar  -0.068 022 -36 Vool rBRevar -0.072 022 -3.6

Tpesa  -1.015 072 61  UcorcpResta  -0.068 022 -36 Vool ThResta  -0.072 022 -3.6

Tons 0794 055 -49  TeoLcmors 0070 023 -36  PUeoLrmOrs -0.074 023 -36
Uscipmp 0364 034 -33  Ugoncpscipmp -0065 018 25  Weorresorgmp -0.068 018 -2.5

Ugpmmp <0335 031 -30  UcoLcpmimmp -0.064 017 22  Ueorrpaipmp -0.067 017 -2.2

T ooL-CBiSCL -0.007 008 -20  Teorrmm -0.028 0.3 -20

n=10 g 0226 021 -1.8  Weol-CBSAA 0079 021 -23  UeoLTBSAA -0.079 021 -23

URevar <0261 026 -18  UeorcRevar -0.073 018 -1.8  UgoLrBRevar -0.074  0.18 -1.8

Upesa  -0.288 027 -1.8  UcorcpResa <0072 018 -1.8  UgolthResta  -0.073  0.18 -1.8

Tors 0356 028 -20  TeoLcmors 0050 017 -1.9  Ueorrmors -0.053 017 -19
Uscrpmp 0237 023 -18  Ueoncpscripmp -0063 017 -1.8  Weorresorgmp -0.064 017 -1.8

Unigmp 0230 022 -18  UgocpHLEmp 0075 020 -20  WeortmHLEmp -0.075 019 -2.0

TV oL-CBSCL 0001 003 -15  Teorrmm -0.010 007 -12

n=15 g 0180 018 -1.3  WCol-CB:SAA 0.045 013 -1.3  UeoL.TBSAA -0.045 013 -13
Upevar <0147 018 -1.3  UeorcRevar  -0.058 015 -1.3  UoolrRevar  -0.057  0.14 -1.3

Upesa <0153 019 -1.5  UeorcpResta  -0.059 015 -1.5  UgolrBResta  -0.057 0.4 -15
Tong 0267 023 1.7 UcoLcBOrs 0.043 014 -15  UeonTBOS 0042 014 -15
Uscrpmp -0.169 017 -1.2  Ueopcpscrmmp 0038 012 -1.6  Weorresorgmp -0-039 012 -1.6
Unigmp 0169 018 -1.2  UgopcpHLEmp -0.048 016 -14  WeorrmHiEmp -0.048 013 -14

TV oL-CBSCL 0.000 000 00  ToortBH -0.002  0.03 -0.8

Notes. The case study utilizes the data of SKU 068f4481b3 including 31 daily demand samples in each of 9 distribution centers. (within Group
2 of Figure 3). Training data includes randomly generated samples with size n = {5,10,15} from 31 samples in each of 9 distribution centers.
Validation data contain the remaining 31 — n samples excluding each size-n sample in the training data. In each system, the profit function is
Y(y,z) = 10min{y, z} — 7y. The average profits over 9 systems YcoL-TB:j and ¥ooL-cB:; are derived by, respectively, constant-boosting and
targeted-boosting candidate solution j, where 5 = SAA, Re-Var, Re-Std, OrS, SC1-Emp, or H1-Emp stands for the sample-average approximation,
regularization with variance, regularization with standard deviation, order statistic, scaled operational statistic with empirical distribution, or
homogeneous operational statistic with empirical distribution, respectively. The result is generated by computing the average, standard deviation,

and minimum of ¥; out of 10,000 randomly generated samples from the data.
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