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A Proofs of Formal Results

Proof of Lemma 1. By the Weak Law of Large Numbers, we have limℓ→∞ µ̂(Xo) =p θo ∈ (0,∞),

where superscript p stands for “in probability.” By Continuous Mapping Theorem, we have

1

µ̂Xo

d−→ 1

θo
as no → ∞.

By Slutsky’s theorem, we deduce that limno→∞
Xo
i

µ̂Xo
=d X

θo =d Z. □

Proof of Theorem 2. By Slutsky’s theorem, we have limno→∞ yo(Xo)/(µ̂Xo)ι =d y∗[FXo ]/(θo)ι.

In view of Assumption 3, we obtain the first relation in (17). The second relation in (17) then

follows immediately as µ̂X → θ.

Note that Pr
{∣∣µ̂Xo − θo

∣∣ ≥ ϵ
}

≤ O
(
1/(noϵ2)

)
by hebyshev’s Inequality. By Delta Method,

Pr
{∣∣g(µ̂Xo)− g(θo)

∣∣ ≥ ϵ
}
≤ O

(
1/(noϵ2)

)
holds for differentiable function g(·). Then,

Pr

{∣∣∣∣ 1

(µ̂Xo)ι
− 1

(θo)ι

∣∣∣∣ ≥ ϵ

}
≤ O

(
1

noϵ2

)
, and similarlyPr

{∣∣(µ̂X)ι − (θ)ι
∣∣ ≥ ϵ

}
≤ O

(
1

nϵ2

)
.

To account for the fact that 1
(µ̂Xo )ι may be unbounded, for any ϵ > 0, we choose M to be a
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sufficiently large number such that M/(θo)ι > ϵ. We have

Pr

{
1

(µ̂Xo)ι
∣∣yo(Xo)− y∗[FXo ]

∣∣ ≥ ϵ

2

}
≤ Pr

{∣∣yo(Xo)− y∗[FXo ]
∣∣

(µ̂Xo)ι
I{ 1

(µ̂Xo )ι
> 1+M

(θo)ι

} ≥ ϵ

4

}
+ Pr

{
1 +M

(θo)ι
∣∣yo(Xo)− y∗[FXo ]

∣∣ ≥ ϵ

4

}
≤ Pr

{
1

(µ̂Xo)ι
>

1 +M

(θo)ι

}
+O

(
go(no, ϵ)

)
≤ Pr

{∣∣∣∣ 1

(µ̂Xo)ι
− 1

(θo)ι

∣∣∣∣ ≥ ϵ

}
+O

(
go(no, ϵ)

)
≤ O

(
1

noϵ2

)
+O

(
go(no, ϵ)

)
.

Note that |AnBn − ab| ≤ |An||Bn − b|+ |b||An − a|. Then, we have

Pr

{∣∣∣∣yo(Xo)

(µ̂Xo)ι
− y∗[FXo ]

(θo)ι

∣∣∣∣ ≥ ϵ

}
≤ Pr

{
1

(µ̂Xo)ι
∣∣yo(Xo)− y∗[FXo ]

∣∣ ≥ ϵ

2

}
+ Pr

{
y∗[FXo ]

∣∣(µ̂Xo)ι − (θo)ι
∣∣ ≥ ϵ

2

}
≤ O

(
go(no, ϵ)

)
+O

(
1

noϵ2

)
.

Thus, we obtain (18). Applying a similar argument with M(θ)ι > ϵ, we derive

Pr

{∣∣∣∣(µ̂X)ι
yo(Xo)

(µ̂Xo)ι
− (θ)ι

y∗[FXo ]

(θo)ι

∣∣∣∣ ≥ ϵ

}
≤ Pr

{
(µ̂X)ι

∣∣∣∣yo(Xo)

(µ̂Xo)ι
− y∗[FXo ]

(θo)ι

∣∣∣∣ ≥ ϵ

2

}
+ Pr

{
y∗[FXo ]

(θo)ι
∣∣(µ̂X)ι − (θ)ι

∣∣ ≥ ϵ

2

}
≤ Pr

{∣∣∣∣yo(Xo)

(µ̂Xo)ι
− y∗[FXo ]

(θo)ι

∣∣∣∣(µ̂X)ιI{
(µ̂X)ι>(1+M)θι

} ≥ ϵ

2

}
+Pr

{∣∣∣∣yo(Xo)

(µ̂Xo)ι
− y∗[FXo ]

(θo)ι

∣∣∣∣(1 +M)θι ≥ ϵ

2

}
+O

(
1

nϵ2

)
≤ Pr

{∣∣(µ̂X)ι − θι
∣∣ > Mθι

}
+O

(
go(no, ϵ)

)
+O

(
1

noϵ2

)
+O

(
1

nϵ2

)
≤ O

(
go(no, ϵ)

)
+O

(
1

noϵ2

)
+O

(
1

nϵ2

)
.

This gives rise to (19). □

The proof of Theorem 3 uses the results in Lemmas A.3-A.9.

Lemma A.1 (Dudley’s Entropy Integral) (Theorem 5.22 in Wainwright 2019) Let Xy be a

zero-mean sub-Gaussian stochastic process with respect to a distance metric d on the indexing Y.

Then we have,

E[sup
y∈Y

Xy] ≤ 32

∫ ∞

0

√
logN(δ,Y, d)dδ,
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where N(ϵ,Y, d) is the ϵ-covering number of Y with distance metric d.

Lemma A.2 (Uniform Weak Law of Large Numbers) Suppose X = (X1, X2, · · · , Xn) are

i.i.d. samples of FX over support X and let F := {ψ(y, ·) : y ∈ Y} be a class of uniformly bounded

functions of the form ψ : Y × X → [a, b] ⊂ R. Then, for any ϵ > 0, we have

Pr

{
sup
y∈Y

∣∣∣∣ 1n
n∑
i=1

ψ(y,Xi)− E[ψ(y,X)]

∣∣∣∣ ≥ 2Rn(F) + ϵ

}
≤ 2 exp

(
− 2nϵ2

(b− a)2

)
, (37)

where Rn(F) := EX,σ

[
supψ(y,·)∈F

∣∣∣ 1n ∑n
i=1 σiψ(y,Xi)

∣∣∣] is the Rademacher complexity of F , and

σi ∈ {−1, 1} with equal probability.

If, in addition, ψ(·, ·) is Lipschitz continuous and bounded, and Y ⊂ Rq is compact, then

Rn(F) ≤ C/
√
n for some C > 0, and thus for any ϵ > 0

Pr

{
sup
y∈Y

∣∣∣∣ 1n
n∑
i=1

ψ(y,Xi)− E[ψ(y,X)]

∣∣∣∣ ≥ ϵ

}
≤ O

(
exp

(
− 2nϵ2 − 4C

√
nϵ

(b− a)2

))
.

Proof. The first result can be found in Wainwright (2019). We provide the derivation below for

the sake of completeness. Let x = (x1, x2, . . . , xn) and define

G(x) := sup
y∈Y

∣∣∣∣ 1n
n∑
i=1

ψ(y, xi)− E[ψ(y,X)]

∣∣∣∣.
Define a set of n vectors xℓ = (xℓ1, x

ℓ
2, . . . , x

ℓ
n), ℓ ∈ {1, 2, . . . , n} such that xℓi = xi for i ̸= ℓ. That

is, vector xℓ differs from x only on the ℓth element. Then∣∣∣∣ 1n
n∑
i=1

ψ(y, xi)− E[ψ(y,X)]

∣∣∣∣− sup
q∈Y

∣∣∣∣ 1n
n∑
i=1

ψ(q, xℓi)− E[ψ(q,X)]

∣∣∣∣
≤

∣∣∣∣ 1n
n∑
i=1

ψ(y, xi)− E[ψ(y,X)]

∣∣∣∣− ∣∣∣∣ 1n
n∑
i=1

ψ(y, xℓi)− E[ψ(y,X)]

∣∣∣∣
≤ 1

n

∣∣∣∣ψ(y, xℓ)− ψ(y, xℓℓ)

∣∣∣∣ ≤ b− a

n
.

Because this inequality above holds for any y ∈ Y, we deduce

|G(xℓ)−G(x)| =
∣∣∣∣ sup
y∈Y

∣∣∣∣ 1n
n∑
i=1

ψ(y, xi)− E[ψ(y,X)]

∣∣∣∣− sup
y∈Y

∣∣∣∣ 1n
n∑
i=1

ψ(y, xℓi)− E[ψ(y,X)]

∣∣∣∣∣∣∣∣ ≤ b− a

n
,

Because the inequality holds for all ℓ = 1, 2 . . . , n, McDiarmid’s inequality implies that, for any

ε > 0,

Pr

{∣∣∣G(X)− E[G(X)]
∣∣∣ ≥ ϵ

}
≤ 2 exp

(
− 2nϵ2

(b− a)2

)
. (38)
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Next we show E[G(X)] ≤ 2Rn(F). Let (Y1, Y2, . . . , Yn) be i.i.d. random variables independent and

identical in distribution to (X1, X2, . . . , Xn). By symmetrization, we have

E[G(X)] = EX

[
sup
y∈Y

∣∣∣∣ 1n
n∑
i=1

ψ(y,Xi)− E[ψ(y,X)]

∣∣∣∣]

= EX

[
sup
y∈Y

∣∣∣∣ 1n
n∑
i=1

(
ψ(y,Xi)− E[ψ(y, Yi)]

)∣∣∣∣]

= EX

[
sup
y∈Y

∣∣∣∣EY

[ 1
n

n∑
i=1

(
ψ(y,Xi)− ψ(y, Yi)

)]∣∣∣∣]

≤ EX,Y

[
sup
y∈Y

∣∣∣∣ 1n
n∑
i=1

(
ψ(y,Xi)− ψ(y, Yi)

)∣∣∣∣]

= EX,Y ,σ

[
sup
y∈Y

∣∣∣∣ 1n
n∑
i=1

σi
(
ψ(y,Xi)− ψ(y, Yi)

)∣∣∣∣]

≤ 2EX,σ

[
sup
y∈Y

∣∣∣∣ 1n
n∑
i=1

σiψ(y,Xi)

∣∣∣∣]
= 2Rn(F).

The first inequality follows from the concavity of supremum. The fourth equality follows from

the fact that σi ∈ {−1, 1} with equal probability. The last inequality follows from the triangle

inequality. Together with (38), we obtain (37).

Next we show Rn(F) ≤ C/
√
n. Note that

√
n
∣∣∣ 1n ∑n

i=1 σiψ(y,Xi)
∣∣∣ is a zero-mean sub-Gaussian

stochastic process, because ψ(y, ·) is bounded for all y ∈ Y, with respect to the Euclidean distance

|| · ||2 on the indexing set F . Thus, by Dudley’s Entropy Integral (see Lemma A.1), we have

Rn(F) =
1√
n
EX,σ

[
sup

ψ(y,·)∈F

√
n
∣∣∣ 1
n

n∑
i=1

σiψ(y,Xi)
∣∣∣]

≤ 32√
n

∫ ∞

0

√
log N(δ,F , || · ||2)dδ

≤ 32√
n

∫ ∞

0

√
log N(δ/L,Y, || · ||2)dδ

≤ 32L√
n

∫ ∞

0

√
log N(δ,Y, || · ||2)dδ

≤
32
√
qL

√
n

∫ |Y|

0

√
log

(
1 + 2|Y|/δ

)
dδ

≤ C√
n
,

where C := (32
√
qL) · |Y|(log 3 − 3

√
2π) and |Y| := (y − y) for Y ⊆ [y, y]q. The first and third

inequalities follow from the fact that N (δ,F , || · ||2) ≤ N (δ/L,Y, || · ||2) ≤ (1 + 2L|Y|/δ)q because
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ψ(y, ·) ∈ F , ∀y ∈ Y, are Lipschitz continuous. The last inequality follows from the following relation

with δ = 3|Y|e−a2 :∫ |Y|

0

√
log

(
1 + 2|Y|/δ

)
dδ ≤

∫ |Y|

0

√
log

(
3|Y|/δ

)
dδ

≤
∫ √

log 3

0
ad3|Y|e−a2

= 3|Y|(ae−a2)
∣∣∣√log 3

0
− 3|Y|

∫ √
log 3

0
e−a

2
da

≤ |Y|(log 3− 3
√
2π).

Because Rn(F) ≤ C/
√
n for the class of Lipschitz continuous and bounded functions, applying

(37) with ϵ = ε− 2Rn(F) yields

Pr

{
sup
y∈Y

∣∣∣∣ 1n
n∑
i=1

ψ(y,Xi)− E[ψ(y,X)]

∣∣∣∣ ≥ ε

}
≤ 2 exp

(
− 2n(ε− 2Rn(F))2

(b− a)2

)
≤ 2 exp

(
− 2n(ε− 2C/

√
n)2

(b− a)2

)
= O

(
exp

(
− 2nε2 − 4C

√
nε

(b− a)2

))
.

This completes the proof. □

Lemma A.3 (Uniform Weak Law of Large Numbers) Suppose X = (X1, X2, · · · , Xn) are

i.i.d. draws from FX over support X and let ψ : Y × X → [a, b] ⊂ R be Lipschitz for some X ⊂ R

and some compact Y ⊂ Rq. Then, for any ϵ > 0,

Pr

{
sup
y∈Y

∣∣∣∣ 1n
n∑
i=1

ψ(y,Xi)− E[ψ(y,X)]

∣∣∣∣ ≥ ϵ

}
≤ O

(
1

ϵq
exp

(
− 2nϵ2

9(b− a)2

))
.

Proof. The convergence result was first proven by Jennrich (1969). We derive the convergence

rate by ϵ-covering number and Hoeffding’s inequality for the sake of completeness.

When Y is finite, i.e., Y = {y1, y2, . . . , yℓ} for some finite integer ℓ ∈ Z+. Because ψ(y,X) is

bounded between a and b, Hoeffding’s inequality suggests that for any ϵ > 0,

Pr

{
sup
y∈Y

∣∣∣∣ 1n
n∑
i=1

ψ(y,Xi)− E[ψ(y,X)]

∣∣∣∣ ≥ ϵ

}
≤ Pr

{ ℓ∑
j=1

∣∣∣∣ 1n
n∑
i=1

ψ(yj , Xi)− E[ψ(yj , X)]

∣∣∣∣ ≥ ϵ

}

≤
ℓ∑

j=1

2 exp
(
− 2nϵ2

(b− a)2

)
= O

(
exp

(
− 2nϵ2

(b− a)2

))
.

Now we treat the general case where Y is not finite. Because ψ(·, x) is Lipschitz continuous on

some compact set Y for each x ∈ X , there exist an ε-cover, denoted by {ψ(y1, ·), ψ(y2, ·), . . . , ψ(yℓ, ·)}
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for some finite ℓ ∈ Z+, of the function set {ψ(y, ·) : y ∈ Y}, such that for every y ∈ Y, there exists

a yj ∈ {y1, y2, . . . , yℓ} satisfying

sup
x∈X

|ψ(y, x)− ψ(yj , x)| < ε.

Then, for any y ∈ Y,∣∣∣∣ 1n
n∑
i=1

ψ(y,Xi)− E[ψ(y,X)]

∣∣∣∣
≤

∣∣∣∣ 1n
n∑
i=1

ψ(y,Xi)−
1

n

n∑
i=1

ψ(yj , Xi)

∣∣∣∣+ ∣∣∣∣ 1n
n∑
i=1

ψ(yj , Xi)− E[ψ(yj , X)]

∣∣∣∣+ ∣∣∣∣E[ψ(yj , X)]− E[ψ(y,X)]

∣∣∣∣
≤ 1

n

n∑
i=1

∣∣ψ(y,Xi)− ψ(yj , Xi)
∣∣+ ∣∣∣∣ 1n

n∑
i=1

ψ(yj , Xi)− E[ψ(yj , X)]

∣∣∣∣+ E
[
|ψ(yj , X)]− ψ(y,X)|

]
≤

∣∣∣∣ 1n
n∑
i=1

ψ(yj , Xi)− E[ψ(yj , X)]

∣∣∣∣+ 2ε.

We further note that ℓ = O(ε−q) because for each x ∈ X , ψ(·, x) is Lipschitz continuous on some

compact set Y ⊂ Rq. Thus, by setting ϵ = 3ε, we derive

Pr

{
sup
y∈Y

∣∣∣∣ 1n
n∑
i=1

ψ(y,Xi)− E[ψ(y,X)]

∣∣∣∣ ≥ ϵ

}

≤ Pr

{
max

j∈1,2,...,ℓ

{∣∣∣∣ 1n
n∑
i=1

ψ(yj , Xi)− E[ψ(yj , X)]

∣∣∣∣+ 2ε

}
≥ ϵ

}

≤
ℓ∑

j=1

Pr

{∣∣∣∣ 1n
n∑
i=1

ψ(yj , Xi)− E[ψ(yj , X)]

∣∣∣∣ ≥ 1

3
ϵ

}

= O
(

1

ϵq
exp

(
− 2nϵ2

9(b− a)2

))
.

This completes the proof. □

Lemma A.4 Let Ẑ = (Ẑ1, Ẑ2, . . . , Ẑn) and Z = (Z1, Z2, . . . , Zn), respectively, be n i.i.d. draws of

distribution FẐ and FZ over the support R+. If FẐ(z) → FZ(z),∀z ∈ R+, then

Fµ̂Ẑ (z) → Fµ̂Z (z), ∀z ∈ R+.
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Proof. For n = 2, we have∣∣∣∣Fµ̂Ẑ (z/2)− Fµ̂Z (z/2)

∣∣∣∣
=

∣∣∣∣ ∫
ξ<z

FẐ(z − ξ)dFẐ(ξ)−
∫
ξ<z

FZ(z − ξ)dFZ(ξ)

∣∣∣∣
≤

∣∣∣∣ ∫
ξ<z

FẐ(z − ξ)dFẐ(ξ)−
∫
ξ<z

FZ(z − ξ)dFẐ(ξ)

∣∣∣∣
+

∣∣∣∣ ∫
ξ<z

FZ(z − ξ)dFẐ(ξ)−
∫
ξ<z

FZ(z − ξ)dFZ(ξ)

∣∣∣∣
=

∣∣∣∣ ∫
ξ<z

(
FẐ(z − ξ)− FZ(z − ξ)

)
dFẐ(ξ)

∣∣∣∣+ ∣∣∣∣ ∫
ξ<z

(
FẐ(z − ξ)− FZ(z − ξ)

)
dFZ(ξ)

∣∣∣∣
≤

∫
ξ<z

∣∣FẐ(z − ξ)− FZ(z − ξ)
∣∣dFẐ(ξ) + ∫

ξ<z

∣∣FẐ(z − ξ)− FZ(z − ξ)
∣∣dFZ(ξ).

Because FẐ ∈ [0, 1] and FZ ∈ [0, 1], by the bounded convergence theorem, we have
∣∣Fµ̂Ẑ (z/2) −

Fµ̂Z (z/2)
∣∣ → 0,∀z ∈ R+. It follows

∣∣FẐ1+Ẑ2
(z)− FZ1+Z2(z)

∣∣ → 0, ∀z ∈ R+.

Now suppose that the result is true for (n− 1). We derive∣∣∣∣Fµ̂Ẑ (z/n)− Fµ̂Z (z/n)

∣∣∣∣
=

∣∣∣∣ ∫
ξ<z

F∑n−1
i=1 Ẑi

(z − ξ)dFẐ(ξ)−
∫
ξ<z

F∑n−1
i=1 Zi

(z − ξ)dFZ(ξ)

∣∣∣∣
≤

∣∣∣∣ ∫
ξ<z

F∑n−1
i=1 Ẑi

(z − ξ)dFẐ(ξ)−
∫
ξ<z

F∑n−1
i=1 Zi

(z − ξ)dFẐ(ξ)

∣∣∣∣
+

∣∣∣∣ ∫
ξ<z

F∑n−1
i=1 Zi

(z − ξ)dFẐ(ξ)−
∫
ξ<z

F∑n−1
i=1 Zi

(z − ξ)dFZ(ξ)

∣∣∣∣
=

∣∣∣∣ ∫
ξ<z

F∑n−1
i=1 Ẑi

(z − ξ)− F∑n−1
i=1 Zi

(z − ξ)dFẐ(ξ)

∣∣∣∣+ ∣∣∣∣ ∫
ξ<z

FẐ(z − ξ)− FZ(z − ξ)dF∑n−1
i=1 Zi

(ξ)

∣∣∣∣
≤

∫
ξ<z

∣∣F∑n−1
i=1 Ẑi

(z − ξ)− F∑n−1
i=1 Zi

(z − ξ)
∣∣dFẐ(ξ) + ∫

ξ<z

∣∣FẐ(z − ξ)− FZ(z − ξ)
∣∣dF∑n−1

i=1 Zi
(ξ).

We conclude the proof. □

Lemma A.5 Suppose Z = (Z1, Z2, . . . , Zn) are n i.i.d. draws of FZ(·) over some support Z ∈ R+

with E[Z] = 1, and Xo = (Xo
1 , X

o
2 , . . . , X

o
no) are n

o i.i.d. draws of FZ(·/θo) for some finite θo ∈ R+.

Let F̂Z|Zo denote the and f̃Z|Zo, respectively, denote the empirical distribution and the smoothed

empirical density of Zo = Xo/µ̂Xo, and Ẑ = (Ẑ1, Ẑ2, . . . , Ẑn) be n i.i.d. draws of F̂Z|Zo or f̃Z|Zo.

Then, for any continuous g : R→ R and every sample Xo = xo,

g(Ẑ1)
d−→ g(Z) and g(µ̂Ẑ)

d−→ g(µ̂Z) as n
o → ∞.
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Proof. By the strong law of large numbers, we have, along almost every sample path of Xo(ω),

µ̂xo → θo <∞, and

F̂Z|Zo(ω)(z) =
1

no

no∑
i=1

I{Zoi (ω)≤z} → FZ(z), z ∈ R.

Because f̃Z|Zo(ω)(z) =
1
nλ

∑n
i=1 κλ(ξ, Zi) → fZ(z), z ∈ R along almost every sample path of Xo(ω),

by dominated convergence theorem, we have

F̃Z|Zo(ω)(z) =

∫ z

−∞
fZ|Zo(ω)(ξ)dξ → FZ(z), z ∈ R.

Thus, Ẑi
d−→ Z. By Lemma A.4, Fµ̂Ẑ

d−→ Fµ̂Z . We deduce µ̂Ẑ
d−→ µ̂Z . By Continuous Mapping

Theorem, g(Ẑ1)
d−→ g(Z) and g(µ̂Ẑ)

d−→ g(µ̂Z) as n
o → ∞ for any continuous g : R→ R. □

Lemma A.6 Suppose X = (X1, X2, · · · , Xn) are i.i.d. samples of FX over support X . Define

Φn(y) := 1
n

∑n
i=1 ψ(y,Xi) and ϕ(y) := E[ψ(y,X)] with ψ : Y × X → [a, b] ⊂ R. Denote Y ∗

n as a

maximizer of Φn(y). If

i) ϕ : Y → R has a unique maximizer y∗ over some compact set Y ⊂ Rq;

ii) ψ(·, x) is Lipschitz continuous and bounded over Y a.s.

then for any ϵ > 0,

lim
n→∞

Pr
{
||Y ∗

n − y∗|| ≥ ϵ
}
= 0.

Proof. This result and relevant discussions can be found in van der Vaart and Wellner (1996).

We provide the derivation below for the sake of completeness. Because Y ∗
n and y∗ are the maximizer

of Φn and ϕ, respectively, then we must have, a.s.,

0 ≤ ϕ(y∗)− ϕ(Y ∗
n ) ≤ ϕ(y∗)− Φn(y

∗) +
(
Φn(Y

∗
n )− ϕ(Y ∗

n )
)

≤
∣∣ϕ(y∗)− Φn(y

∗)
∣∣+ ∣∣Φn(Y ∗

n )− ϕ(Y ∗
n )

∣∣
≤ 2 sup

y∈Y
|ϕ(y)− Φn(y)|.

Because ϕ : Y → R is continuous with a unique maximizer y∗ over some compact set Y ⊂ Rq, then

for any ϵ > 0, there exists a δ(ϵ) > 0 such that ||y∗ − y|| > ϵ is equivalent to

sup{ϕ(y) : y ∈ Y, ||y∗ − y|| > ϵ} < ϕ(y∗)− δ(ϵ).

8



Thus, the event {Y ∗
n ∈ {y : ||y∗ − y|| ≥ ϵ}} implies the event {ϕ(Y ∗

n ) < ϕ∗(y∗)− δ(ϵ)}. We deduce

Pr{||Y ∗
n − y∗|| ≥ ϵ} ≤ Pr{ϕ(y∗)− ϕ(Y ∗

n ) > δ(ϵ)}

≤ Pr
{
2 sup
y∈Y

|Φn(y)− ϕ(y)| > δ(ϵ)
}
.

By Lemma A.2, the right-hand side goes to zero as n→ ∞. □

Lemma A.7 Suppose X = (X1, X2, · · · , Xn) are i.i.d. samples of FX over support X . Define

Φn(y) := 1
n

∑n
i=1 ψ(y,Xi) and ϕ(y) := E[ψ(y,X)] with ψ : Y × X → [a, b] ⊂ R. Denote Y ∗

n as a

maximizer of Φn(y).

i) ϕ : Y → R has a unique interior maximizer y∗ over some compact set Y ⊂ Rq;

ii) ψ(·, x) is Lipschitz continuous over Y a.s. and continuously differentiable at any y with

||y − y∗|| < δ for some δ > 0 a.s.;

iii) ∇ψ(·, x) is Lipschitz continuous and bounded over Y a.s.;

iv) ϕ is α-strongly concave for some α > 0, i.e, ϕ(y2) ≤ ϕ(y1) +∇ϕ(y1)||y2 − y1|| − α
2 ||y2 − y1||2,

∀y1, y2 ∈ Y,

then for any ϵ > 0,

Pr

{
||Y ∗

n − y∗|| ≥ ϵ

}
≤ O

(
exp

(
− 2nϵ2 − 4C

√
nϵ

(b− a)2

))
.

Proof. Define g(y) := Φn(y)− ϕ(y). Note that

α

2
||Y ∗

n − y∗|| ≤ ϕ(Y ∗
n )− ϕ(y∗)

||Y ∗
n − y∗||

≤ Φ(Y ∗
n )− Φ(y∗)

||Y ∗
n − y∗||

+
ϕ(Y ∗

n )− ϕ(y∗)

||Y ∗
n − y∗||

=
g(Y ∗

n )− g(y∗)

||Y ∗
n − y∗||

≤ sup
y∈B(y∗,||Y ∗

n−y∗||)
||∇g(y)||.

The first inequality follows from strong concavity of ϕ in Condition iv). The second inequality

follows from the fact that Φn(Y
∗
n )− Φn(y

∗) ≥ 0 because Y ∗
n is the maximizer of Φn(Y

∗
n ). The last

inequality follows from mean value theorem for the continuity and differentiability of g.

Note that ∇g(y) = ∇Φn(y) − ∇ϕ(y) = 1
n

∑n
i=1∇yψ(y,Xi) − E[∇yψ(y,X)] and yj be the jth

direction of Y with j = 1, 2, . . . , q. Because ∇yjψ(y, x) is Lipschitz continuous and bounded for all

9



j = 1, 2, . . . , q, then

Pr

{
||Y ∗

n − y∗|| ≥ ϵ

}
≤ Pr

{
sup

y∈B(y∗,||Y ∗
n−y∗||)

||∇g(y)|| ≥ ϵ

}

≤
q∑
j=1

Pr

{
sup
y∈Y

∣∣∣ 1
n

n∑
i=1

∇yjψ(y,Xi)− E[∇yjψ(y,X)]
∣∣∣ ≥ ϵ

}

≤ O
(
exp

(
− 2nϵ2 − 4C

√
nϵ

(b− a)2

))
,

The last inequality follows from Lemma A.2. □

Lemma A.8 (Scheffé’s Lemma) Suppose (X1, X2, . . .) is a sequence of integrable random vari-

ables such that Xn
a.s.−−→ X and E[|X|] <∞. Then,

E[|Xn −X|] → 0 iff E[Xn] → E[X].

Proof. We first show that E[Xn] → E[X] implies E[|Xn −X|] → 0. Because Xn
a.s.−−→ X,

max{Xn, X} a.s.−−→ X, and min{Xn, X} a.s.−−→ X.

Since min{Xn, X} ≤a.s. X and E[|X|] <∞, then by dominated convergence theorem, we have

E[min{Xn, X}] → E[X].

Since E[max{Xn, X}] = E[X +Xn −min{Xn, X}] = E[X] + E[Xn]− E[min{Xn, X}], then

E[max{Xn, X}]− E[X] = E[Xn]− E[min{Xn, X}] → 0.

Thus,

E[|Xn −X|] = E[max{Xn, X}]− E[min{Xn, X}] → 0.

Next, we show that E[|Xn −X|] → 0 implies E[Xn] → E[X]. Note that

0 ≤ |E[Xn]− E[X]| = |E[Xn −X]| ≤ E[|Xn −X|] → 0,

which implies that E[Xn] → E[X]. □

Lemma A.9 Suppose (X1, X2, . . .) is a sequence of integrable random variables such that Xn
d−→ X,

E[Xn] → E[X], and E[|X|] < ∞. Then, for any Lipschitz continuous function g : R → R and

compact Γ ⊂ R,

sup
γ∈Γ

|E[g(γXn)]− E[g(γX)]| → 0.

10



Proof. By Skorokhod representation theorem, there exist (Y1, Y2, . . .) and Y , defined on the

common probability space, satisfy Yn
a.s.−−→ Y with Yn =d Xn for all n ∈ {1, 2, . . .}, and Y =d X.

Because E[Xn] → E[X], we have that E[Yn] = E[Xn] implies E[X] = E[Y ]. Thus, we derive

sup
γ∈Γ

|E[g(γXn)]− E[g(γX)]| = sup
γ∈Γ

|E[g(γYn)]− E[g(γY )]| ≤ K
(
sup
γ∈Γ

γ
)
E[|Yn − Y |] → 0.

The inequality follows from the Lipschitz continuity, where K is the Lipschitz constant. The

convergence follows from Lemma A.8. □

Proof of Theorem 3. Let Ẑ denote the random variable with distribution F̂Z|Zo and Ẑ =

(Ẑ1, Ẑ2, . . . , Ẑn) be a vector of i.i.d. samples of f̃Z|Zo (or F̂Z|Zo). Then, given any sample of

Xo(ω), we have, by the triangle inequality,

sup
γ∈Γ

∣∣ϕ̂CrL:SCι(γ,Z
())− E[ψ((µ̂Z)

ιγ, Z)]
∣∣ (39)

≤ sup
γ∈Γ

∣∣∣∣ϕ̂CrL:SCι(γ,Z
())− 1

m

m∑
j=1

EẐ [ψ((µ̂Z(j))ιγ, Ẑ)]

∣∣∣∣
+sup
γ∈Γ

∣∣∣∣ 1m
m∑
j=1

EẐ [ψ((µ̂Z(j))ιγ, Ẑ)]− E[ψ((µ̂Ẑ)
ιγ, Ẑ)]

∣∣∣∣
+sup
γ∈Γ

∣∣E[ψ((µ̂Ẑ)ιγ, Ẑ)]− E[ψ((µ̂Z)
ιγ, Z)]

∣∣.
We will analyze each of the three terms on the right-hand side. The result would follow if we can

show that for any ϵ > 0, the probability that each of the first two terms is above ϵ is bounded by

O
(
exp

(
− 2mϵ2−4C1

√
mϵ

(b−a)2
))
, and the third term is bounded by ϵ for sufficiently large no, because

Pr{|A+B+ c| > 3ϵ} ≤ Pr{|A|+ |B|+ |c| > 3ϵ} ≤ Pr{|A| > ϵ}+Pr{|B| > ϵ} provided that |c| < ϵ.

To evaluate the first term on the right-hand side of (39), we take gj(γ, Z) = ψ((µ̂z(j))ιγ, Z) for

given Z(j) = z(j) and apply Lemma A.2 to obtain

Pr

{
sup
γ∈Γ

∣∣∣∣ 1

(m− 1)n

∑
i∈{1,2,...,n}
ℓ∈{1,2,...,m}\j

ψ((µ̂z(j))ιγ, Z
(ℓ)
i )− EẐ [ψ((µ̂z(j))ιγ, Ẑ)]

∣∣∣∣ ≥ ϵ

}

≤ O
(
exp

(
− 2nmϵ2 − 4C1

√
nmϵ

(b− a)2

))
,

for some C1 > 0. Then, we deduce

Pr

{
sup
γ∈Γ

∣∣∣∣ϕ̂CrL:SCι(γ,Z
())− 1

m

m∑
j=1

EẐ [ψ((µ̂Z(j))ιγ, Ẑ)]

∣∣∣∣ ≥ ϵ

}

≤ Pr

{
sup
γ∈Γ

sup
j∈{1,2,...,m}

∣∣∣∣ 1

(m− 1)n

∑
i∈{1,2,...,n}
ℓ∈{1,2,...,m}\j

ψ((µ̂Z(j))ιγ, Z
(ℓ)
i )− EẐ [ψ((µ̂Z(j))ιγ, Ẑ)]

∣∣∣∣ ≥ ϵ

}

≤ O
(
exp

(
− 2nmϵ2 − 4C1

√
nmϵ

(b− a)2

))
.
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To treat the second term on the right-hand side of (39), we apply Lemma A.2 with m samples

of the random vector Ẑ to obtain

Pr

{
sup
γ∈Γ

∣∣∣∣ 1m
m∑
j=1

EẐ [ψ((µ̂Z(j))ιγ, Ẑ)]− E[ψ((µ̂Ẑ)
ιγ, Ẑ)]

∣∣∣∣ ≥ ϵ

}
≤ O

(
exp

(
− 2mϵ2 − 4C2

√
mϵ

(b− a)2

))
,

for some C2 > 0.

To analyze the last term on the right-hand side of (39), we note that because ψ(·, ·) is Lipschitz

continuous, for any given xo = (xo1, x
o
2, . . . , x

o
no),

E
[
|ψ((µ̂Ẑ)

ιγ, Ẑ)− ψ((µ̂Ẑ)
ιγ, Z)|

]
≤ KE

[
|Ẑ − Z|

]
, and

E
[
|ψ((µ̂Ẑ)

ιγ, Z)− ψ((µ̂Z)
ιγ, Z)|

]
≤ KE

[
|(µ̂Ẑ)

ι − (µ̂Z)
ι|
]
γ,

where K is the Lipschitz constant. By Lemma A.5, we have ψ((µ̂ẑ)
ιγ, Ẑ) →d ψ((µ̂ẑ)

ιγ, Z),∀µ̂ẑ ∈

R+ and ψ((µ̂Ẑ)
ιγ, z) →d ψ((µ̂Z)

ιγ, z), ∀z ∈ R+. Thus, by Lemma A.9, there exists an no(ϵ), such

that for no > no(ϵ),

sup
γ∈Γ

|E[ψ((µ̂Ẑ)
ιγ, Ẑ)− ψ((µ̂Z)

ιγ, Z)]|

≤ sup
γ∈Γ

|E[ψ((µ̂Ẑ)
ιγ, Ẑ)− ψ((µ̂Ẑ)

ιγ, Z)]|+ sup
γ∈Γ

|E[ψ((µ̂Ẑ)
ιγ, Z)− ψ((µ̂Z)

ιγ, Z)]|

< ϵ.

Putting together the results of the three terms on the right-hand side of (39), we conclude (21).

Finally, the result in (22) follows immediately from Lemma A.6 and the results in (23) follows

immediately from Lemma A.7. □

Proof of Lemma 2. From Chu et al. (2025),∫
x∈Rn+

h(x)dx =

∫
z∈Bn

∫ ∞

α=0
h(αz)αn−1dαdz.

For a fixed zB ∈ Bn, let h(x) =
∏n
i=1 f̃Z|zo(xi)I{d(x/µ̂x,zB)≤η}. Then,

Pr{d(Ẑ/µ̂Ẑ , zB) ≤ η} =

∫
x∈Rn+

n∏
i=1

f̃Z|zo(xi)I{d(x/µ̂x,zB)≤η}dx

=

∫
z∈Bn

(
I{d(z,zB)≤η}

∫
α∈R+

n∏
i=1

f̃Z|zo(αzi)α
n−1dα

)
dz.

Define

C(α1, α2, f) =

∫
α∈[α1,α2]

n∏
i=1

f(αzi)α
n−1dα, for α1, α2 ∈ R+ and f : R+ → R+.
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Note that, by f(z) > 0 for any z ∈ R+ (see Assumption 2), we can always choose (α1, α2) with

α2 > α1 such that, given fixed z, min{fZ(αzi) : α ∈ (α1, α2), i = 1, . . . , n} = ϵ > 0 for some ϵ > 0.

Then for any finite n,

C(0,∞, fZ) ≥ C(α1, α2, fZ) ≥
∫ α2

α1

n∏
i=1

ϵnαn−1dα =
ϵn

n
(αn2 − αn1 ) > 0.

By construction, f̃Z|zo(z) is continuous and positive, and it converges to f(z) for any z ∈ R+.

Then, given fixed z, we have C(α1, α2, f̃Z|zo) → C(α1, α2, fZ). Thus, for sufficiently large no,

C(α1, α2, f̃Z|zo) > ϵn(αn2−αn1 )/(2n), implying C(0,∞, f̃Z|zo(z)) ≥ Cn > 0 for some Cn independent

of no.

Finally, we note that
∫
z∈Bn I{d(z,zB)≤η}dz = π(n−1)/2

Γ(n−1
2

+1)
ηn−1 is the Lebesgue measure of an (n−1)-

dimensional ball of radius η. We conclude the result. □

Proof of Lemma 3. Define Mno =
d
[
µ̂Zno

∣∣Zno/µ̂Zno = zB
]
, Mη

no =
d
[
µ̂Zno

∣∣d(Zno/µ̂Zno , zB) ≤

η
]
and M =d

[
µ̂Z

∣∣Z/µ̂Z = zB
]
.

Given z ∈ Rn+ and η > 0, let α = 1
n

∑n
j=1 zj and define yj = (zj/α − zB:j)/η, j = 1, 2, . . . , n.

We have zj = α(ηyj + zB:j) and
∑n

j=1 yj = 0. Note that {d(z/α,zB) = η} is equivalent to

1
n

∑n
j=1 y

2
j = 1. We further define yn+1 = η, and zn+1 =

√
1
n

∑n
j=1 y

2
j . We deduce

J = [Jij ] =

[
dzi
dyj

]
=

A B

C D

 ,
where

A = αηIn, B =


αy1
...

αyn

 ,
C =

[
y1√

n
∑n
j=1 y

2
j

y2

n
√∑n

j=1 y
2
j

· · · yn√
n
∑n
j=1 y

2
j

]
, D = [0].

The determinant of the Jacobian matrix J is

det[J] = det[A] · det[D − CA−1B]

= −(αη)n · (αη)−1α

(
1

n

n∑
j=1

y2j

) 1
2

= −αnηn−1

(
1

n

n∑
j=1

y2j

) 1
2

.
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Given a function h : Rn+ → R, let Sη(α) = {z : d(z/α,zB) ≤ η, µ̂z = α} and T = {y : 1
n

∑n
j=1 y

2
j =

1}. We have∫
z∈Sη(α)

h(z)dz =

∫ 1

zn+1=0

∫
z∈Sη(α)

h(z)dzdzn+1

=

∫
η0≤η

∫
y∈T

h
(
α(η0y + zB)

)
·
(
αnηn−1

0

(
1

n

n∑
j=1

y2j

) 1
2
)
dydη0

= αn
∫
η0≤η

∫
y∈T

h
(
α(η0y + zB)

)( 1

n

n∑
j=1

y2j

) 1
2

dydηn0

= αn
∫
γ≤ηn

∫
y∈T

h
(
α(γ1/ny + zB)

)( 1

n

n∑
j=1

y2j

) 1
2

dydγ.

We deduce

fMη
no
(α) ∝

∫
z∈Sη(α)

n∏
j=1

fno(zj)dz

= αn
∫
γ≤ηn

∫
y∈T

n∏
j=1

fno
(
α(γ1/nyj + zB:j)

)( 1

n

n∑
j=1

y2j

) 1
2

dydγ.

Then, for almost every α1, α2 ∈ R+,

lim
η→0

fMη
no
(α1)

fMη
no
(α2)

= lim
η→0

αn1
∫
γ≤ηn

∫
y∈T

∏n
j=1 fno

(
α1(γ

1/nyj + zB:j)
)(

1
n

∑n
j=1 y

2
j

) 1
2

dydγ

αn2
∫
γ≤ηn

∫
y∈T

∏n
j=1 fno

(
α2(γ1/nyj + zB:j)

)(
1
n

∑n
j=1 y

2
j

) 1
2

dydγ

= lim
η→0

αn1
∫
y∈T

∏n
j=1 fno

(
α1(ηyj + zB:j)

)(
1
n

∑n
j=1 y

2
j

) 1
2

dy

αn2
∫
y∈T

∏n
j=1 fno

(
α2(ηyj + zB:j)

)(
1
n

∑n
j=1 y

2
j

) 1
2

dy

=
αn1

∏n
j=1 fno

(
α1zB:j

)
αn2

∏n
j=1 fno

(
α2zB:j

)
=

fMno
(α1)

fMno
(α2)

.

The second equation follows from L’Hôpital’s rule, the third equation follows from the continuity

of fno , and the last equality follows from the fact that fMno
(α) ∝ αn

∏n
j=1 fno(αzB:j). Therefore,

we have

fMη
no

→ fMno
as η → 0.

We further note that fMno
(α) ∝ αn

∏n
j=1 fno(αzB:j) and limno→∞ fno = fZ , we conclude that

fMno
→ fM as no → ∞. □
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Proof of Theorem 4. For a given vector Zo = zo of size no, let Ẑ denote the random variable

following smoothed empirical density f̃Z|zo and Ẑ denote a vector of n i.i.d. draws of f̃Z|zo .

Let Tm =
∑m

i=1 I{d(Ẑ(j)/µ̂
Ẑ(j) ,zB)≤η} denote the binomial random variable with success prob-

ability q = Pr
{
d(Ẑ/µ̂Ẑ , zB) ≤ η

}
and count m. By Lemma 2, we have, for sufficiently large

m,

E[Tm] =
m∑
j=1

Pr

{
d(Ẑ(j)/µ̂Ẑ(j) , zB) ≤ η

}
≥ Cn

π(n−1)/2

Γ(n−1
2 + 1)

mηn−1 ∝ m
1
n .

Note that Pr
{
d(Ẑ(j)/µ̂Ẑ(j) , zB) ≤ η

}
→ 0 as m → ∞, then it is well known that limm→∞ Tm =d

N (O(m
1
n ),O(m

1
n )), i.e., Tm converges to a normal distribution with mean and variance in the

same order O(m
1
n ), as m→ ∞. Thus, the probability of Tm larger than qm/2 = 1

2E[Tm] ∝ O(m
1
n )

converges to 1 as m→ ∞.

More rigorously, because Tm is a binomial random variable, we derive

1− Pr{Tm ≥ qm/2} =

⌊qm/2⌋∑
k=1

(
k

m

)
qk(1− q)m−k

=

⌊qm/2⌋∑
k=1

m!

k!(m− k)!

qk

(1− q)k
(1− q)m

≈
⌊qm/2⌋∑
k=1

(qm
k

)k
e−qm

≤ qm/2 ·
( qm

qm/2

)qm/2
e−qm

=
qm

2eqm/2
·
(2
e

)qm/2
→ 0,

as m → ∞ with qm → O
(
m

1
n

)
. Now applying Lemma A.2 and Lemma 3, we have, for fixed zB

and zo,

Pr

{
sup
γ∈Γ

∣∣∣∣ϕ̂CrL:c(γ, y
c(·), zB; η,Z())− E

[
ψ
(
γyc(Ẑ), Ẑ

)∣∣d(Ẑ/µ̂Ẑ , zB) ≤ η
]∣∣∣∣ ≥ ϵ

}
≤ O

(
exp

(
− 2m1/nϵ2 − 4C1

√
m1/nϵ

(b− a)2

))
,

for some C1 > 0. Because Ẑ →d Z as no → ∞ and ψ is Lipschitz continuous, we deduce by
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Lemma A.9 the existence of an no(ϵ) such that for any no ≥ no(ϵ)

sup
γ∈Γ

∣∣∣∣E[ψ(γyc(Ẑ), Ẑ
)∣∣d(Ẑ/µ̂Ẑ , zB) ≤ η

]
− E

[
ψ
(
γyc(Z), Z

)∣∣d(Z/µ̂Z , zB) ≤ η
]∣∣∣∣

≤ sup
γ∈Γ

∣∣∣∣E[ψ(γyc(Ẑ), Ẑ
)∣∣d(Ẑ/µ̂Ẑ , zB) ≤ η

]
− E

[
ψ
(
γyc(Ẑ), Z

)∣∣d(Ẑ/µ̂Ẑ , zB) ≤ η
]∣∣∣∣

+sup
γ∈Γ

∣∣∣∣E[ψ(γyc(Ẑ), Z
)∣∣d(Ẑ/µ̂Ẑ , zB) ≤ η

]
− E

[
ψ
(
γyc(Z), Z

)∣∣d(Z/µ̂Z , zB) ≤ η
]∣∣∣∣

<
ϵ

2
+
ϵ

2
.

Because yc ∈ Hn
+(ι, π) and y

c is continuous, we have, as η → 0,[
yc(Z)

∣∣d(Z/µ̂Z , zB) ≤ η
]

=
[
(µ̂Z)

ιyc(Z/µ̂Z)
∣∣d(Z/µ̂Z , zB) ≤ η

]
a.s.−−→

[
(µ̂Z)

ιyc(zB)
∣∣d(Z/µ̂Z , zB) ≤ η

]
.

Because ψ is Lipschitz continuous with constant K, we have

sup
γ∈Γ

∣∣∣∣E[ψ(γyc(Z), Z
)∣∣d(zB,Z/µ̂Z) ≤ η

]
− E

[
ψ
(
γ(µ̂Z)

ιyc(zB), Z
)∣∣d(zB,Z/µ̂Z) ≤ η]

∣∣∣∣
≤ sup

γ∈Γ

∣∣∣∣E[Kγ|yc(Z)− (µ̂Z)
ιyc(zB)|

∣∣d(zB,Z/µ̂Z) ≤ η
]∣∣∣∣

≤ K sup
γ∈Γ

(γ)E
[
|(µ̂Z)ιyc(Z/µ̂Z)− (µ̂Z)

ιyc(zB)|
∣∣d(zB,Z/µ̂Z) ≤ η

]
< ϵ,

for any no ≥ no(ϵ) with no(ϵ) sufficiently large. The last inequality follows because limno→∞ η = 0.

By Lemma 3, we have
[
µ̂Z

∣∣d(Z/µ̂Z , zB) ≤ η
] d−→

[
µ̂Z

∣∣d(Z/µ̂Z , zB) = 0
]
, as η → 0. Finally, as

no → ∞, η → 0, and thus, for any no ≥ no(ϵ),

sup
γ∈Γ

∣∣∣∣E[ψ(γ(µ̂Z)ιyc(zB), Z)∣∣d(zB,Z/µ̂Z) ≤ η]− E
[
ψ
(
γ(µ̂Z)

ιyc(zB), Z
)∣∣Z/µ̂Z = zB

]∣∣∣∣ < ϵ.

By Equation (7) and yc ∈ Hn
+(ι, π), E

[
ψ
(
γ(µ̂Z)

ιyc(zB), Z
)∣∣Z/µ̂Z = zB

]
= ϕB[γy

c(zB), zB, FZ ].

Putting all of the above relations together, we conclude the convergence of the boosted objective.

Now denote γ∗CrL:c be the unique maximizer of ϕB[γy
c(zB), zB, FZ ]. We must have γ∗CrL:cy

c(zB) =

y∗Hι(zB) based on Theorem 1 and (8). The convergence of the boosted operational statistic in (28)

follows directly by applying Lemma A.6. The convergence rate of the boosted operational statistic

in (29) follows immediately from Lemma A.7. □

Proof of Theorem 5. The result in (31) follows immediately by setting yc(x) = (µ̂x)
ιγ ∈ Hι

+(ι, π)

in (27). Note that in establishing (27), we do not require yc to be consistent. Then, (32) follows

by applying Lemma A.6 and (33) follows immediately from Lemma A.7. □
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Proof of Theorem 6. Take Z as n i.i.d. draws from FZ and define, for a fixed ℓ ∈ {1, 2, . . . , n},

φℓ(y(·),Z,Θ) = Θκψ(y(Z-ℓ), Zℓ).

It is immediate that φℓ(y(·),Z,Θ) = ψ(y(X -ℓ), Xℓ) for X = ΘZ. Also, as Xj = ΘjZj with Zj

being n i.i.d. draws from FZ , we have

ϕ̂(γyc(·),X) =
1

n

n∑
ℓ=1

(
1

k

k∑
j=1

φℓ(γy
c(·),Zj ,Θj)

)
.

Then,

sup
γ∈Γ

∣∣∣∣ϕ̂(γyc(·),X)− E[Θκψ(γyc(Z-ℓ), Zℓ)]

∣∣∣∣
= sup

γ∈Γ

∣∣∣∣ 1n
n∑
ℓ=1

(
1

k

k∑
j=1

φℓ(γy
c(·),Zj ,Θj)− E[Θκψ(γyc(Z-ℓ), Zℓ)]

)∣∣∣∣
≤ 1

n

n∑
ℓ=1

sup
γ∈Γ

∣∣∣∣1k
k∑
j=1

φℓ(γy
c(·),Zj ,Θj)− E[Θκψ(γyc(Z-ℓ), Zℓ)]

∣∣∣∣.
Note that Pr{A ≥ ϵ} ≤ Pr{B ≥ ϵ} for A ≤ B, a.s. Moreover, because minj∈{1,2,...,n}Aj ≤
1
k

∑k
j=1Aj , we have Pr{ 1

n

∑n
j=1Aj ≥ ϵ} ≤ Pr{minj=1,2,...,nAj ≥ ϵ} = Pr{Aj ≥ ϵ, j = 1, 2, . . . , n} ≤∑n

j=1 Pr{Aj ≥ ϵ}. We deduce

Pr

{
sup
γ∈Γ

∣∣∣∣ϕ̂(γyc(·),X)− E[Θκψ(γyc(Z-ℓ), Zℓ)]

∣∣∣∣ ≥ ϵ

}

≤
n∑
ℓ=1

Pr

{
sup
γ∈Γ

∣∣∣∣1k
k∑
j=1

φℓ(γy
c(·),Zj ,Θj)− E[Θκψ(γyc(Z-ℓ), Zℓ)]

∣∣∣∣ ≥ ϵ

}
.

Note that (Θ1,Θ2, . . . ,Θk) are k i.i.d. draws from FΘ and Zj = Xj/Θj are k i.i.d. draws

of FZ . It is clear that {(Zj ,Θj), j = 1, 2, . . . , k} are k draws of (Z,Θ), which has joint density∏n
i=1 fZ(zi)fΘ(θ). Applying Lemma A.2, we have

Pr

{
sup
γ∈Γ

∣∣∣∣1k
k∑
j=1

φℓ(γy
c(·),Zj ,Θj)− E[Θκψ(γyc(Z-ℓ), Zℓ)]

∣∣∣∣ ≥ ϵ

}
≤ O

(
exp

(
− 2kϵ2 − 4C1

√
kϵ

(b− a)2

))
,

for some C1 > 0. We conclude the convergence of the objective function.

To see the convergence of the boosted operational statistic, we note that if some y∗ is optimal

for a system with Θ = 1 (i.e., maximizes E[ψ(y(Z-1), Z1)] over some subclass within Hn−1
+ (ι, π)),

then the optimal base operational statistic for any sample x-1 ∈ Rn−1
+ is y∗(x-1/µ̂x-1), regardless

of the actual Θ value with which the sample is generated. Thus, when a sample of x-1 is observed

from some system with Θ = θ, the optimal decision is (µ̂x-1)
ιy∗(x-1/µ̂x-1) = y∗(x-1). Thus, the
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optimal operational statistic within YnCB-OS(y
c) for any system is γ∗CoL-CB:cy

c. The convergence of

the constant-boosting operational statistic follows from Lemma A.6. The convergence rate of the

constant-boosting operational statistic follows by applying Lemma A.7. □

Proof of Theorem 7. Define

φℓ(y(·),Z,Θ) = Θκψ(y(Z-ℓ), Zℓ).

As Xj = ΘjZj with Zj being n i.i.d. draws from FZ , we have, for a given zB ∈ Rn−1
+ ,

ϕ̂(γ, yc(·), zB, η,X) =
1

n

n∑
ℓ=1

∑k
j=1 I{d(Zj:-ℓ/µ̂Zj:-ℓ ,zB)≤η}φℓ(γy

c(·),Zj ,Θj)∑k
j=1 I{d(Zj:-ℓ/µ̂Zj:-ℓ ,zB)≤η}

.

Because (Θ1,Θ2, . . . ,Θk) are k i.i.d. draws from FΘ and each vector Zj = Xj/Θj are n i.i.d.

draws of FZ . It is clear that {(Zj ,Θj), j = 1, 2, . . . , k} are k draws of (Z,Θ), which have joint

density
∏n
i=1 fZ(zi)fΘ(θ). By Lemma 2, we have, for any ℓ ∈ {1, 2, . . . , n}, there is a finite positive

cn−1 such that

Pr{d(Z-ℓ/µ̂Z-ℓ
, zB) ≤ η} ≥ cn−1η

n−2

Let Tk =
∑k

j=1 I{d(Zj:-ℓ/µ̂Zj:-ℓ ,zB)≤η}. Then,

E[Tk] =
k∑
j=1

Pr

{
d(Zj:-ℓ/µ̂Zj:-ℓ , zB) ≤ η

}
≥ cn−1kη

n−2 ∝ k
1

n−1 .

An argument similar to the proof of Theorem 4 suggest that the probability of Tk larger than

1
2E[Tk] ∝ O(k

1
n−1 ) converges to 1 as k → ∞. Applying Lemma A.2, we deduce that, for sufficiently

large k, there exists some C1 > 0 such that

Pr

{∣∣∣∣
∑k

j=1 I{d(Zj:-ℓ/µ̂Zj:-ℓ ,zB)≤η}φℓ(γy
c(·),Zj ,Θj)∑k

j=1 I{d(Zj:-ℓ/µ̂Zj:-ℓ ,zB)≤η}

−E
[
Θκψ(γyc(Z-1), Z1)

∣∣d(Z-1/µ̂Z-1 , zB) ≤ η
]∣∣∣∣ ≥ ϵ

}
≤ O

(
exp

(
− 2kηn−2ϵ2 − 4C1

√
kηn−2ϵ

(b− a)2

))
.

Because
[
φℓ(γy

c(·),Zj ,Θj)
∣∣d(Zj:-ℓ/µ̂Zj:-ℓ , zB) ≤ η

]
=d

[
Θκψ(γyc(Z-1), Z1)

∣∣d(Z-1/µ̂Z-1 , zB) ≤ η
]
.

Because yc ∈ Hn−1
+ (ι, π), yc is continuous. We deduce

[
yc(Z-1)

∣∣d(Z-1/µ̂Z-1 , zB) ≤ η
]

=
[
(µ̂Z-1)

ιyc(Z-1/µ̂Z-1)
∣∣d(Z-1/µ̂Z-1 , zB) ≤ η

]
a.s.−−→

[
(µ̂Z-1)

ιyc(zB)
∣∣d(Z-1/µ̂Z-1 , zB) ≤ η

]
,
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as η → 0. Together with the Lipschitz continuity of ψ, we deduce∣∣∣∣E[Θκψ(γyc(Z-1), Z1)
∣∣d(Z-1/µ̂Z-1 , zB) ≤ η

]
−E

[
Θκψ(γ(µ̂Z-1)

ιyc(zB), Z1)
∣∣d(Z-1/µ̂Z-1 , zB) ≤ η

]∣∣∣∣
→ 0, as η → 0.

By Lemma 3, we have

[
µ̂Z-1 |d(Z-1/µ̂Z-1 , zB) ≤ η

] d−→
[
µ̂Z-1 |d(Z-1/µ̂Z-1 , zB) = 0

]
, as η → 0.

Thus, as η → 0, ∣∣∣∣E[Θκψ(γ(µ̂Z-1)
ιyc(zB), Z1)

∣∣d(Z-1/µ̂Z-1 , zB) ≤ η
]

−E
[
Θκψ(γ(µ̂Z-1)

ιyc(zB), Z1)
∣∣Z-1/µ̂Z-1 = zB

]∣∣∣∣ → 0.

Because E
[
Θκψ(γ(µ̂Z-1)

ιyc(zB), Z1)
∣∣Z-1/µ̂Z-1 = zB

]
= E[Θκ]ϕB[γy

c(zB), zB, FZ ] by Equation (7)

and Assumption 3, we conclude the convergence of targeted-boosting objective for any ϵ > 0 with

a sufficiently large k.

Now denote γ∗CoL-TB:c be the unique maximizer of ϕB[γy
c(zB), zB, FZ ]. Then we must have

γ∗CoL-TB:cy
c(zB) = y∗Hι(zB) based on Theorem 1 and Equation (8). The convergence of the boosted

operational statistic follows directly by applying Lemma A.6. The convergence rate of the targeted

boosting operational statistic follows by applying Lemma A.7. □

B Examples to Demonstrate Theorem 1

In the newsvendor application, we have ψ(y, x) = pmin{y, x} − cy satisfying Assumption 1 with

κ = ι = 1. By Lemma 5 of Chu et al. (2025), the function ϕB in (7) can be explicitly written as

ϕB[y,zB, FZ ] =

∫ ∞

0

1

η
E
[
pmin(ηy ∧ Z)− cηy

]
ηn

n∏
i=1

fZ(ηzB:i)dη. (40)

Based on Equation (8), the derivation of the optimal operational statistic boils down to computing

the base operational statistic yOS
B from the above equation. Next, we apply Theorem 1 to specific

distribution families.
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B.1 Gamma Distribution

The random variable Z follows a gamma distribution with mean one. Let kZ denote the shape

parameter, then the probability density function of Z is

fZ(z) =
zkZ−1e−z

Γ(kZ)
, ∀z ∈ R+,

where Γ(·) is a Gamma function. Note that when kZ = 1, Z becomes an exponential random

variable with mean one.

Substituting the density function into Equation (40) and differentiating with respect to y gives

∂ϕB
∂y

=

∫ ∞

0

(
pF̄Z(ηy)− c

)
ηn

n∏
i=1

fZ

(
ηzB:i

)
dη

=

∫ ∞

0

(
p

∫ ∞

y

(ηx)kZ−1e−ηx

Γ(kZ)
ηdx− c

)
ηn

n∏
i=1

(ηzB:i)
kZ−1e−ηzB:i

Γ(kZ)
dη

=
(
Γ(kZ)

)−n( n∏
i=1

zkZ−1
B:i

)
·
∫ ∞

0

(
p

∫ ∞

y

ηkZxkZ−1e−ηx

Γ(kZ)
dx− c

)
ηnkZe−η

∑n
i=1 zB:idη

=
(
Γ(kZ)

)−(n+1)
( n∏
i=1

zkZ−1
B:i

)
·
∫ ∞

0

(
p

∫ ∞

y
ηkZxkZ−1e−ηxdx− cΓ(kZ)

)
ηnkZe−ηnµ̂zB dη.

Setting the right-hand side to zero, we deduce

c

p
=

∫∞
0

∫∞
y ηkZxkZ−1e−ηxdx · ηnkZe−ηnµ̂zBdη

Γ(kZ)
∫∞
0 ηnkZe−ηnµ̂zBdη

=

∫∞
y xkZ−1

∫∞
0 η(n+1)kZe−η(x+nµ̂zB )dηdx

Γ(kZ)
∫∞
0 ηnkZe−ηnµ̂zBdη

=
(nµ̂zB )

nkZ+1
∫∞
y

xkZ−1

(x+nµ̂zB )(n+1)kZ+1

∫∞
0 η(n+1)kZ (x+ nµ̂zB )

(n+1)kZ+1 · e−η(x+nµ̂zB )dηdx

Γ(kZ)
∫∞
0 (ηnµ̂zB )

nkZe−ηnµ̂zBd(ηnµ̂zB )

=
Γ
(
(n+ 1)kZ + 1

)
Γ(kZ)Γ(nkZ + 1)

·
∫ ∞

y

(
nµ̂zB

)nkZ+1
xkZ−1

(x+ nµ̂zB )
(n+1)kZ+1

dx

=
Γ
(
(n+ 1)kZ + 1

)
Γ(kZ)Γ(nkZ + 1)

·
∫ ∞

y

n · nnkZ+1xkZ−1

(x+ n)nkZ+2(x+ n)kZ−1
d
(x
n
)

=
Γ
(
(n+ 1)kZ + 1

)
Γ(kZ)Γ(nkZ + 1)

·
∫ ∞

y
n

( 1

1 + x

)nkZ+2( x

1 + x

)kZ−1
dx. (41)

The solution to this equation gives the optimal base operational statistic, yOS
B (zB). We observe

that yOS
B (zB) ∈ SCn+(1, π). In other words, y∗Hι = y∗SCι.

When Z follows an exponential distribution (i.e., kZ = 1), (41) reduces to c/p = (1+y/n)−(n+1),

In this case, the optimal base operational statistic becomes

yOSB (zB) = y∗SC1[FZ ] = n
((p

c

) 1
n+1 − 1

)
, ∀zB ∈ Bn.
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B.2 Beta Distribution

The random variable Z follows a beta distribution with mean one and shape parameters (α, β).

Thus, Z can be expressed as Z =d α0Z0, where α0 =
α+β
α , with the density of Z0 being

fZ0(z) =
zα−1(1− z)β−1

B(α, β)
, ∀z ∈ [0, 1],

where B(α, β) =
∫ 1
0 t

α−1(1− t)β−1dt is a beta function. Note that when α = β = 1, Z becomes a

uniform random variable over [0, 2].

Given that the distribution is bounded, we need to examine the values of ηzB:i to determine the

range of integration in (40). Let zB[i] be the ith largest element in zB. Then, we should evaluate

the integration in (40) for ηzB[n] ≤ α0, or η ≤ α0/zB[n]. Now substituting the density function into

(40) and differentiating with respect to y, we derive

∂ϕB
∂y

=

∫ α0/zB[n]

0

(
pF̄Z(ηy)− c

)
ηn

n∏
i=1

fZ

(
ηzB:i

)
dη =

∫ α0/zB[n]

0

(
pF̄Z0

(ηy
α0

)
− c

)
ηn

n∏
i=1

1

α0
fZ0

(ηzB:i

α0

)
dη

=

∫ α0/zB[n]

0

(
p

∫ 1

min{ηy/α0,1}

xα−1(1− x)β−1

B(α, β)
dx− c

)
ηn

n∏
i=1

(ηzB:i
α0

)α−1(1− (ηzB:i
α0

))β−1

α0B(α, β)
dη

=
α0(

B(α, β)
)n ∫ 1/zB[n]

0

(
p

∫ 1

min{η̃y,1}

xα−1(1− x)β−1

B(α, β)
dx− c

)
η̃n

n∏
i=1

(
η̃zB:i

)α−1(
1− η̃zB:i

)β−1
dη̃.

The fourth equation is derived by replacing η/α0 with η̃. Setting the right-hand side to zero, we

deduce

B(α, β)
c

p
=

∫ 1/zB[n]

0

(∫ 1
min{η̃y,1} x

α−1(1− x)β−1dx

)
η̃αn

∏n
i=1

(
1− η̃zB:i

)β−1
dη̃∫ 1/zB[n]

0 η̃αn
∏n
i=1

(
1− η̃zB:i

)β−1
dη̃

. (42)

The solution to this equation gives the optimal base operational statistic, yOS
B (zB). We observe

that yOS
B (·) /∈ SCn+(1, π).

When Z follows a uniform distribution (i.e., α = β = 1), (42) reduces to

c

p
=

∫ 1/zB[n]

0 max
{
1− η̃y, 0

}
η̃ndη̃∫ 1/zB[n]

0 η̃ndη̃
=

∫ min{1/zB[n],1/y}
0 (1− η̃y)η̃ndη̃

1
n+1(zB[n])−(n+1)

=


1

n+2

( y
zB[n]

)−(n+1)
if zB[n] ≤ y;

1− n+1
n+2

y
zB[n]

if zB[n] > y.

The solution to this equation gives the optimal base operational statistic

yOSB (zB) =


(

p
(n+2)c

) 1
n+1

zB[n], if n ≤ p
c − 2;

n+2
n+1

(
1− c

p

)
zB[n], if n > p

c − 2.

(43)
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To derive the optimal scaled operational statistic for uniformly-distributed Z, we substitute the

density function fZ(z) = 1/2, z ∈ [0, 2], into (12) to obtain

E[ψ(µ̂Zγ, Z)] =

∫
z∈[0,2]n

∫ 1

0
ψ(µ̂zγ, z0)fZ(z0)dz0

n∏
i=1

fZ(zi)dz

=
1

2n+1

(∫
z∈[0,2]n

p

∫ 1

0
[(µ̂zγ) ∧ z0]dz0dz − c

∫
z∈[0,2]n

µ̂zγdz

)
=

p

2n+1

(∫
z∈[0,2]n∩µ̂zγ≤1

[
(µ̂zγ)−

1

2
(µ̂zγ)

2

]
dz +

∫
z∈[0,2]n∩µ̂zγ>1

1

2
dz − 1

2

c

p
γ

)
=

p

2n+2

((
1− c

p

)
γ − 3n+ 1

12n
γ2 + I{γ>1}

∫
z∈[0,2]n∩µ̂zγ>1

(µ̂zγ − 1)2dz

)
.

The third and forth equations follow from the fact that
∫
z∈[0,2]n µ̂zdz = 1/2 and

∫
z∈[0,2]n(µ̂z)

2dz =

3n+1
12n , respectively. Differentiating the right-hand side with respect to γ gives

∂E[ψ(µ̂Zγ, Z)]

∂γ
=

p

2n+2

((
1− c

p

)
− 3n+ 1

6n
γ + I{γ>1}

∂
∫
z∈[0,2]n∩µ̂zγ>1(µ̂zγ − 1)2dz

∂γ

)
.

Setting the right-hand side to zero gives the optimal scale base operational statistic

y∗SC1[FZ ] =


6n

3n+1

(
1− c

p

)
if 2

3n−1 ≥ p
c − 2;

argmax
{(

1− c
p

)
γ − 3n+1

12n γ
2

+
∫
z∈[0,2]n∩µ̂zγ>1(µ̂zγ − 1)2dz : γ ≥ 1

}
if 2

3n−1 <
p
c − 2.

(44)

It is clear that the solutions in (43) and (10) are not equivalent.

B.3 Log-normal Distribution

The random variable Z follows a log-normal distribution with mean one and shape parameter σ.

Thus, Z can be expressed as Z =d α0Z0, where α0 = 1/E[Z0] and lnZ0 ∼ N (0, σ2) with the density

of lnZ0 being

flnZ0(z) =
1√
2πσ

exp
(
− z2

2σ2

)
, ∀z ∈ R+.

Note that fZ(z) =
1
α0
fZ0(z/α0) =

1
zflnZ0(ln z− lnα0) and F̄Z(z) = F̄Z0(z/α0) = F̄lnZ0(ln z− lnα0).
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Substituting the density function into (40) and differentiating with respect to y gives

∂ϕB
∂y

=

∫ ∞

0

(
pF̄Z(ηy)− c

)
ηn

n∏
i=1

fZ

(
ηzB:i

)
dη =

∫ ∞

0

(
pF̄Z0

(ηy
α0

)
− c

)
ηn

n∏
i=1

1

α0
fZ0

(ηzB:i

α0

)
dη

= (α0)
n

∫ ∞

0

(
pF̄lnZ0

(
ln(η/α0) + ln y

)
− c

)
ηn

(α0)n

n∏
i=1

α0

ηzB:i
flnZ0

(
ln(η/α0) + ln zB:i

)
d(η/α0)

= (α0)
n

∫ ∞

0

(
p

∫ ∞

ln η̃+ln y
flnZ0(x)dx− c

)
η̃n

n∏
i=1

1

η̃zB:i
flnZ0

(
ln η̃ + ln zB:i

)
dη̃

= (α0)
n

∫ ∞

0

(
p

∫ ∞

ln y

1√
2πσ

exp
(−(x+ ln η̃)2

2σ2

)
dx− c

) n∏
i=1

1

zB:i

1√
2πσ

exp
(−(ln zB:i + ln η̃)2

2σ2

)
dη̃

= C0

∫ ∞

−∞

(
p

∫ ∞

ln y

1√
2πσ

exp
(
− (x− µ)2

2σ2

)
dx− c

)
exp(−η̌)

n∏
i=1

exp
(
− (ln zB:i − η̌)2

2σ2

)
dη̌

= C0

∫ ∞

−∞

(
p

∫ ∞

ln y

1√
2πσ

exp
(
− (x− η̌)2

2σ2

)
dx− c

)
exp

(
−

∑n
i=1(ln zB:i − η̌)2 + 2σ2η̌

2σ2

)
dη̌

= C0C1

∫ ∞

−∞

(
p

∫ ∞

ln y

1√
2πσ

exp
(
− (x− η̌)2

2σ2

)
dx− c

)
exp

(
− (η̌ − z̄ln + σ2/n)2

2σ2/n

)
dη̌.

In the above derivation, we have changed variables with η̌ = − ln η̃, C0 =
(

α0√
2πσ

)n
1∏n

i=1 zB:i
,

z̄ln = 1
n

∑n
i=1 ln zB:i, and C1 = exp

(
−

∑n
i=1(ln zB:i)

2

2σ2 + (z̄ln−σ2/n)2

2σ2/n

)
. The fourth and sixth equations

follow from changing of variable η/α0 with η̃ and − ln η̃ with η̌, respectively. Setting the right-hand

side to zero, we deduce

c

p
=

∫∞
−∞

(∫∞
ln y

1√
2πσ

exp
(
− (x−η̌)2

2σ2

)
dx

)
exp

(
− (η̌−z̄ln+σ2/n)2

2σ2/n

)
dη̌∫∞

−∞ exp
(
− (η̌−z̄ln+σ2/n)2

2σ2/n

)
dη̌

=

√
n√

2πσ

∫ ∞

−∞

(∫ ∞

ln y

1√
2πσ

exp
(
− (x− η̌)2

2σ2

)
dx

)
exp

(
− (η̌ − z̄ln + σ2/n)2

2σ2/n

)
dη̌

=

√
n√

2πσ

∫ ∞

ln y

∫ ∞

−∞

1√
2πσ

exp

(
− (n+ 1)

2σ2

[
η̌ − x+ nz̄ln − σ2/n

n+ 1

]2)
dη̌ exp

(
− n(z − z̄ln + σ2/n)2

2σ2(n+ 1)

)
dx

=

√
n√

2πσ
√
n+ 1

∫ ∞

ln y
exp

(
− (x− z̄ln + σ2/n)2

2σ2(n+ 1)/n

)
dx

= 1− Φ

(
ln y − z̄ln + σ2/n

σ

√
n

n+ 1

)
,

where Φ(·) is the standard normal distribution function. The second and the fourth equations

follow from the fact that
∫∞
−∞ e−

(z−η̌)2

2σ2 dz =
√
2πσ for any η̌ ∈ R. The solution to this equation

gives the optimal base operational statistic

yOS
B (zB) =

( n∏
i=1

zB:i

)1/n

exp

{
σ

[
Φinv

(
1− c

p

)√n+ 1

n
− σ

n

]}
, ∀zB ∈ Bn, (45)
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where Φinv(·) is the inverse of the standard normal distribution function. We observe that the

right-hand side does depend on the elements of zB, and thus yOS
B (·) /∈ SCn+(1, π).

C Additional Evidence to Justify Assumption 2

To confirm the observation of the demand pattern in Figure 1, we randomly selected, out of several

hundreds, 18 products from the JD.com data set. For each product, we compute the sample average

and the sample standard deviation of the daily demands at each of the 60 distribution centers. As

we can see from Figure 2, the ratio of the sample average and the sample standard deviation stays

close to constant across these products.
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Note. Each subfigure corresponds to one randomly selected product from the JD.com data set available at

https://connect.informs.org/msom/events/datadriven2020. Each subfigure plots the sample average and

sample standard deviation of the daily demands for that product in the 60 distribution centers over 31 days.

Figure 2: The daily product demands at different distribution centers of JD.com

There are, indeed, rare exceptions. In particular, for each SKUs 4b65db43ac, 589c2b865b, and

d47c6ca631, there is one distribution center (marked with an “x” in the figure), whose demand

variability is significantly larger than the rest of the 59 distribution centers. Unfortunately, the

available data set does not offer enough information to identify the unique characteristics of these

distribution centers. In such situations, we cannot directly utilize the data from such distribution

centers for learning. Nevertheless, one can still cross learn or co-learn among the rest of the 59
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distribution centers.
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Note. Each subfigure corresponds to one distribution center for the daily demands of SKU 068f4481b3 from the

JD.com data set available at https://connect.informs.org/msom/events/datadriven2020. Each subfigure

plots the normalized daily demand density of each distribution center (black solid line) over 31 days and the

density of pooled normalized demand over all other distribution centers in the corresponding group (blue and

red dashed line) which are identical in either group. The number at top-right corner of each subfigure is the

p-value of two-sample Kolmogorov-Smirnov test.

Figure 3: The normalized demand curves of each distribution centers of JD.com

To further validate the Assumption 2 about the scaled demand distributions following a com-

mon normalized distribution Z, we analyze the data of SKU 068f4481b3 and adopt two-sample

Kolmogorov-Smirnov test for the samples of each normalized demand distribution ZBj . We nor-

malize the daily demands Xj (with sample size nj = n = 31) by sample average µ̂Xj for each

distribution center j to obtain ZBj = Xj/µ̂Xj . We start with grouping the distribution centers

exhibiting similar empirical shapes of ZBj and identifying two groups, one with 35 distribution

centers and the other with 9. Next, we examine the distribution centers within each group. We

take any center j in a group and pool the data of the remaining centers in the same group to
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form ZB-j = {ZB1, . . . ,ZB(j−1),ZB(j+1), . . . ,ZBk} with n-j = |ZB-j |. We run the two-sample

Kolmogorov-Smirnov test for ZBj and ZB-j and report the p-value in Figure 3. Specifically, the

two-sample Kolmogorov-Smirnov statistic (left side of the following inequality) follows

sup
x∈R

|F̂Z|ZB-j
(x)− F̂Zj |ZBj (x)| ≤

√
ln
( 2

α

)n-j + nj
2n-jnj

,

with probability 1− α for sample size n-j and nj .

The empirical density curves and corresponding test results are plotted in Figure 3. For Group

1 (2) with 51 (9) distribution centers, all of the hypotheses that Zj is from the same distribution of

the ”true” normalized distribution cannot be rejected with significance level of 96% (98%). With

the conventional statistical standard of 5% threshold, the result suggests that we cannot reject the

null hypothesis that the tested distributions are the same. Thus, we can pool the data within each

group to apply co-learning.

Naturally, given the limited sample sizes, there is no guarantee that all pooled distribution

centers are truly drawn from the same underlying distribution family with a p-value threshold of

0.05. In practice, different criteria may be used to decide whether data from multiple distribution

centers should be pooled. For example, one may begin by pooling centers whose empirical distribu-

tions exhibit very similar shapes to form an initial benchmark sample. Then, pairwise tests can be

performed between this benchmark and each remaining center, adding the center with the highest

p-value to the pooled benchmark. This process can be repeated iteratively until the p-values of all

remaining centers fall below a predefined threshold.

The application of the co-learning solutions for this product is reported in Section D.

D Additional Numerical Results

D.1 Synthetic Data

In this section, we introduce the details on how we implement each oracle solution, transfer-learning

solution, cross-learning solution, and co-learning solution.

Directly Trained Solutions. Given i.i.d. observations X = {X1, X2, . . . , Xn}.

• Sample average approximation (SAA): Define φ(y,X) = 1
n

∑n
i=1 ψ(y,Xi) as the sample

average profit. In general, the sample average approximation solution is argmax
{
φ(y,X), y ∈

R+

}
. However, under small samples, this solution can perform extremely badly. Thus, given
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the continuity of Assumption 2-(2), we use the interpolated SAA newsvendor problem,

ySAA = (r + 1− n+ n · c/s)X[r] + (n− n · c/s− r)X[r+1],

where r = ⌊n−n ·c/s⌋ and X [] is the ascending sequence of X (i.e., X[1] ≤ X[2] ≤ . . . ≤ X[n]).

• Regularized sample average (Re-Var & Re-Std): Define Var[φ(y,X)] = 1
n

∑n
i=1

(
ψ(y,Xi)

)2−(
φ(y,X)

)2
as the variance of the sample average profit. The regularized solutions are

yRe-Var(X) = yRe-Var-β(X, βRe-Var(X)) = argmax
{
φ(y,X)− βRe-Var(X)Var[φ(y,X)]

}
,

yRe-Std(X) = yRe-Std-β(X, βRe-Std(X)) = argmax
{
φ(y,X)− βRe-Std(X)

√
Var[φ(y,X)]

}
,

where the parameters βRe-Var(X) and βRe-Std(X) are obtained through five-fold cross valida-

tion. Define {(X -1,X1), (X -2,X2), . . . , (X -5,X5)} as five pairs of partition ofX, which satis-

fies
⋃5
ℓ=1Xℓ = X, Xℓ

⋂
Xℓ′ = ∅, ∀ℓ ̸= ℓ′ ∈ {1, 2, . . . , 5}, and X -ℓ

⋂
Xℓ = ∅, X -ℓ

⋃
Xℓ = X,

∀ℓ ∈ {1, 2 . . . , 5}. We derive

βRe-Var(X) = argmax
{1

5

5∑
ℓ=1

ψ(yRe-Var(X -ℓ, β),Xℓ) : β ∈ {0, 0.02, 0.04, . . . , 2}
}
.

and

βRe-Std(X) = argmax
{1

5

5∑
ℓ=1

ψ(yRe-Std(X -ℓ, β),Xℓ) : β ∈ {0, 0.02, 0.04, . . . , 2}
}
.

In almost all of the tested instances, the β value is strictly below 2.

• Order statistics (OrS): The order statistics of X is

yOrS(X) =
n∑
i=1

wiX[i],

where the weight vector w = (w1, w2, . . . , wn) is chosen through a robust optimization pro-

posed by Besbes and Mouchtaki (2023) to maximize the following competitive ratio

w = argmax
{

max
µ∈[0,1]

n∑
i=1

wi
(1−Bi,n(1− µ)(c/s− µ) + (1− c/s)µ

min{c/s(1− µ), (1− c/s)µ}
: w ∈ R+,

n∑
i=1

wi = 1
}
.

• ODA based on empirical distribution (SC1-Emp & H1-Emp): Let Z = X/µ̂X be the

normalized sample and Z [] be the ascending sequence of Z. Let m0 = 500 and m = 2n× 104.

We sample from the empirical density function with Gaussian kernel:

f̃Z|Z(ξ) =
1

nλ

n∑
i=1

1√
2π
e

(ξ−Zi)
2

2λ2 .

27



Then, the smoothed empirical distribution function is

F̃Z|Z(z) =

∫ z

ξ=0
f̃Z|Z(ξ)dξ. (46)

Using f̃Z|Z to replace fZ in Theorem 1, the ODA solutions yH1-Emp and ySC1-Emp can be

derived. We calculate yHι-Emp and ySCι-Emp by simulation. From the same distribution,

we also sample Z̃i = F̃ inv
Z|Z(U), i ∈ {1, 2, . . . ,m0}, with U following uniform distribution

over [0, 1]. The simulated sample consists of Z() = (Z(j) ∈ Rn : j = 1, 2, . . . ,m), where

Z(j) = (Z
(j)
1 , Z

(j)
2 , . . . , Z

(j)
n ). Then,

ySC1-Emp(X) = µ̂X · argmax
{ 1

m2
0

m0∑
j=1

m0∑
ℓ=1

ψ(µ̂Z(j)γ, Z̃ℓ) : γ ≥ 0
}
.

The computation for yH1-Emp is similar, with one key difference: we require each sample

Z(j) to satisfy the condition d(Z,Z(j)/µ̂Z(j) < η. To achieve this, any sample that fails the

condition is discarded, and we resample. This process is repeated until m0 valid samples have

been obtained for the computation.

Transfer-Learning Solutions. Given i.i.d. observations X = {X1, X2, . . . , Xn} from a focal

system and i.i.d. observations Xo = {Xo
1 , X

o
2 , . . . , X

o
no} from an old system. First calculate the

oracle solution yo(Xo), o ∈ {SAA,Re-Var,Re-Std,OrS, SC1-Emp,H1-Emp}, according to each

directly trained solution define above, then calculate the corresponding transfer-learning solution

by (15), i.e.,

yTrL:o(X) =
µ̂X
µ̂Xo

yo(Xo).

Cross-Learning Solutions. Given i.i.d. observations X = {X1, X2, . . . , Xn} from a focal system

and i.i.d. observations Xo = {Xo
1 , X

o
2 , . . . , X

o
no} from an old system. Let Zo = Xo/µ̂Xo =

(Zo1 , Z
o
2 , . . . , Z

o
no) be the normalized sample of old system and ZB = X/µ̂X be the base point of

the focal system sample. Let m0 = 500, m = 1× 105+n/5.

• Scaled operational statistic (CrL:SC1): Randomly sample Z
(j)
i with replacement from

Zo such that Z() = (Z(j) ∈ Rn : j = 1, 2, . . . ,m0), where Z(j) = (Z
(j)
1 , Z

(j)
2 , . . . , Z

(j)
n ). Then,

yCrL:SC1-Emp(X) = µ̂X · argmax
{ 1

m0no

m0∑
j=1

no∑
ℓ=1

ψ(µ̂Z(j)γ, Zoℓ ) : γ ≥ 0
}
.
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• Targeted boosting (CrL:c): First construct F̃Z|Zo according to (46), then randomly sample

from F̃Z|Zo(·) to form Z() = (Z(j) ∈ Rn : j = 1, 2, . . . ,m), where Z(j) = (Z
(j)
1 , Z

(j)
2 , . . . , Z

(j)
n )

satisfies d(Z,Z(j)/µ̂Z(j)) ≤ η. Then, the targeted-boosting solution is

yCrL:c(X) = µ̂X · argmax
{ 1

m0no

∑
j∈M(Z,Z(j))

no∑
ℓ=1

ψ(yc(Z
(j))γ, Zoℓ ) : γ ≥ 0

}
for c ∈ {SAA,Re-Var,Re-Std,OrS, SC1-Emp,H1-Emp}. We use m0 = 500 and m = 5, 000

in the reported experiments.

• Homogeneous operational statistic (CrL:H1):

yCrL:H1(X) = µ̂X · argmax
{ 1

m0no

∑
j∈M(Z,Z(j))

no∑
ℓ=1

ψ(µ̂Z(j)γ, Zoℓ ) : γ ≥ 0
}
.

Co-Learning Solutions. Given i.i.d. observations Xj = {Xj:1, Xj:2, . . . , Xj:n} from each system

j = 1, 2, . . . , k with X = {X1,X2, . . . ,Xk}. Normalize the sample to Zj = Xj/µ̂Xj and denote

Z = {Z1,Z2, . . . ,Zk}.

First calculate yc(Xj:-i), ∀j ∈ {1, 2, . . . , k} and i ∈ {1, 2, . . . , n}.

• Constant boosting (CoL-CB:c): For some system j,

yCoL-CB:c(Xj) = yc(Xj) · argmax
{ 1

kn

k∑
j=1

n∑
ℓ=1

ψ(yc(Xj:-ℓ)γ,Xℓ) : γ ≥ 0
}
.

• Targeted boosting (CoL-TB:c): For some system j, first we use K-means clustering

approach with nK number of clusters to construct a partition {M1,M2, . . . ,MnK} of {Zj:-ℓ :

j = 1, 2, . . . , k, ℓ = 1, 2, . . . , n}. Then, if Zj:-1 ∈ Mq for some q ∈ {1, 2, . . . , nK},

yCoL-TB:c(Xj ;nK) = yc(Xj) · argmax
{ 1

|Mq|n
∑

(j,i)∈Mq

n∑
ℓ=1

ψ(yc(Xj:-ℓ)γ,Xℓ) : γ ≥ 0
}
.

To determine the value of nK , we use the following cross validation

yCoL-TB:c(Xj) = argmax
{ 1

kn

k∑
j=1

n∑
ℓ=1

ψ(yCoL-TB:c(Xj ;nK), Xℓ) : nK = 1, 2, 3, 4, 5
}
.
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Table 3: Performance of Transfer/Cross-Learning Solutions Against Directly Trained Solutions 2

Directly Trained Solutions Transfer-Learning Solutions Cross-Learning Solutions

Ave Stdev Min Ave Stdev Min Ave Stdev Min

n = 5 Benchmark ΨH1 0.624 0.04 0.1

no = 200 ΨSAA 0.298 0.50 -5.4 ΨTrL:SAA 0.575 0.09 -0.4 ΨCrL:SAA 0.601 0.07 -0.2

ΨRe-Var 0.010 0.97 -6.0 ΨTrL:Re-Var 0.574 0.08 -0.5 ΨCrL:Re-Var 0.603 0.07 0.0

ΨRe-Std 0.006 0.97 -6.0 ΨTrL:Re-Std 0.575 0.08 -0.5 ΨCrL:Re-Std 0.601 0.07 -0.2

ΨOrS 0.018 0.96 -5.9 ΨTrL:OrS 0.575 0.09 -0.5 ΨCrL:OrS 0.601 0.07 0.0

ΨSC1-Emp 0.248 0.61 -5.7 ΨTrL:SC1-Emp 0.574 0.09 -0.5 ΨCrL:SC1-Emp 0.601 0.07 -0.1

ΨH1-Emp 0.296 0.51 -5.4 ΨTrL:H1-Emp 0.574 0.09 -0.5 ΨCrL:H1-Emp 0.601 0.07 0.0

ΨCrL:SC1 0.581 0.07 -0.1

ΨCrL:H1 0.610 0.04 0.0

no = 1000 ΨSAA 0.298 0.50 -5.4 ΨTrL:SAA 0.584 0.07 0.0 ΨCrL:SAA 0.611 0.07 0.0

ΨRe-Var 0.010 0.97 -6.0 ΨTrL:Re-Var 0.583 0.07 0.0 ΨCrL:Re-Var 0.612 0.07 0.0

ΨRe-Std 0.006 0.97 -6.0 ΨTrL:Re-Std 0.585 0.07 0.0 ΨCrL:Re-Std 0.610 0.07 0.0

ΨOrS 0.018 0.96 -5.9 ΨTrL:OrS 0.584 0.07 0.0 ΨCrL:OrS 0.610 0.07 0.0

ΨSC1-Emp 0.248 0.61 -5.7 ΨTrL:SC1-Emp 0.584 0.07 0.0 ΨCrL:SC1-Emp 0.611 0.07 0.0

ΨH1-Emp 0.296 0.51 -5.4 ΨTrL:H1-Emp 0.584 0.07 0.0 ΨCrL:H1-Emp 0.610 0.07 0.0

ΨCrL:SC1 0.587 0.07 0.0

ΨCrL:H1 0.621 0.04 0.0

n = 10 Benchmark ΨH1 0.635 0.01 0.2

no = 200 ΨSAA 0.353 0.42 -5.1 ΨTrL:SAA 0.602 0.05 -0.2 ΨCrL:SAA 0.607 0.06 -0.2

ΨRe-Var 0.319 0.46 -5.1 ΨTrL:Re-Var 0.598 0.05 -0.1 ΨCrL:Re-Var 0.609 0.05 -0.2

ΨRe-Std 0.322 0.47 -5.1 ΨTrL:Re-Std 0.600 0.05 -0.1 ΨCrL:Re-Std 0.607 0.06 -0.2

ΨOrS 0.318 0.52 -5.1 ΨTrL:OrS 0.601 0.05 -0.2 ΨCrL:OrS 0.619 0.03 0.0

ΨSC1-Emp 0.364 0.40 -4.5 ΨTrL:SC1-Emp 0.601 0.05 -0.2 ΨCrL:SC1-Emp 0.612 0.05 0.0

ΨH1-Emp 0.356 0.41 -5.0 ΨTrL:H1-Emp 0.601 0.05 -0.2 ΨCrL:H1-Emp 0.608 0.06 0.0

ΨCrL:SC1 0.604 0.05 -0.1

ΨCrL:H1 0.622 0.02 0.3

no = 1000 ΨSAA 0.353 0.42 -5.1 ΨTrL:SAA 0.609 0.04 0.1 ΨCrL:SAA 0.616 0.06 0.0

ΨRe-Var 0.319 0.46 -5.1 ΨTrL:Re-Var 0.609 0.04 0.1 ΨCrL:Re-Var 0.619 0.05 0.0

ΨRe-Std 0.322 0.47 -5.1 ΨTrL:Re-Std 0.610 0.04 0.1 ΨCrL:Re-Std 0.616 0.06 0.0

ΨOrS 0.318 0.52 -5.1 ΨTrL:OrS 0.609 0.04 0.1 ΨCrL:OrS 0.628 0.03 0.0

ΨSC1-Emp 0.364 0.40 -4.5 ΨTrL:SC1-Emp 0.610 0.04 0.1 ΨCrL:SC1-Emp 0.621 0.05 0.0

ΨH1-Emp 0.356 0.41 -5.0 ΨTrL:H1-Emp 0.609 0.04 0.1 ΨCrL:H1-Emp 0.616 0.06 0.0

ΨCrL:SC1 0.611 0.04 0.2

ΨCrL:H1 0.632 0.01 0.3

n = 15 Benchmark ΨH1 0.637 0.00 0.4

no = 200 ΨSAA 0.444 0.29 -4.0 ΨTrL:SAA 0.611 0.04 0.0 ΨCrL:SAA 0.620 0.03 0.0

ΨRe-Var 0.389 0.32 -4.4 ΨTrL:Re-Var 0.606 0.04 0.0 ΨCrL:Re-Var 0.616 0.03 0.0

ΨRe-Std 0.404 0.32 -4.4 ΨTrL:Re-Std 0.609 0.04 0.0 ΨCrL:Re-Std 0.612 0.05 0.0

ΨOrS 0.393 0.39 -4.3 ΨTrL:OrS 0.610 0.04 0.0 ΨCrL:OrS 0.619 0.03 0.0

ΨSC1-Emp 0.439 0.30 -3.9 ΨTrL:SC1-Emp 0.610 0.04 0.0 ΨCrL:SC1-Emp 0.619 0.03 0.0

ΨH1-Emp 0.444 0.29 -4.0 ΨTrL:H1-Emp 0.610 0.04 0.0 ΨCrL:H1-Emp 0.619 0.03 0.0

ΨCrL:SC1 0.611 0.04 0.0

ΨCrL:H1 0.623 0.02 0.4

no = 1000 ΨSAA 0.444 0.29 -4.0 ΨTrL:SAA 0.618 0.03 0.3 ΨCrL:SAA 0.629 0.02 0.0

ΨRe-Var 0.389 0.32 -4.3 ΨTrL:Re-Var 0.617 0.03 0.3 ΨCrL:Re-Var 0.625 0.03 0.0

ΨRe-Std 0.403 0.32 -4.3 ΨTrL:Re-Std 0.618 0.03 0.3 ΨCrL:Re-Std 0.621 0.05 0.0

ΨOrS 0.393 0.39 -4.3 ΨTrL:OrS 0.618 0.03 0.3 ΨCrL:OrS 0.629 0.02 0.0

ΨSC1-Emp 0.439 0.30 -3.9 ΨTrL:SC1-Emp 0.618 0.03 0.3 ΨCrL:SC1-Emp 0.629 0.03 0.0

ΨH1-Emp 0.443 0.29 -4.0 ΨTrL:H1-Emp 0.618 0.03 0.3 ΨCrL:H1-Emp 0.628 0.03 0.0

ΨCrL:SC1 0.619 0.03 0.3

ΨCrL:H1 0.633 0.01 0.4

Notes. Z ∼ 2 × Beta(0.5, 0.5) (implying Cv[Z] = 0.71), E[X] = 1.5, E[Xo] = 15, and n = {5, 10, 15}. The profit function is

ψ(y, x) = 10min{y, x} − 7y. The subscripts TrL:j and CrL:j stand for, respectively, transfer-learning and cross-learning solutions, where

j = SAA,Re-Var,Re-Std,OrS, SC1-Emp, or H1-Emp stands for the sample-average approximation, regularization with variance, regularization

with standard deviation, order statistics, scaled operational statistic with empirical distribution, or homogeneous operational statistic with empir-

ical distribution, respectively. The result is generated by computing the average, standard deviation, and minimum of the actual profit Ψj out of

100, 000 randomly generated instances. 30



Table 4: Performance of Co-Learning Solutions Against Directly Trained Solutions 2

Directly Trained Solutions Constant-Boosting Solutions Targeted-Boosting Solutions

Ave Stdev Min Ave Stdev Min Ave Stdev Min

n = 5 Benchmark ΨH1 0.624 0.14 0.3

k = 20 ΨSAA 0.296 0.17 -1.3 ΨCoL-CB:SAA 0.337 0.12 -0.7 ΨCoL-TB:SAA 0.348 0.12 -0.7

ΨRe-Var 0.017 0.31 -2.8 ΨCoL-CB:Re-Var 0.349 0.12 -0.4 ΨCoL-TB:Re-Var 0.359 0.12 -0.4

ΨRe-Std 0.000 0.31 -2.8 ΨCoL-CB:Re-Std 0.343 0.12 -0.4 ΨCoL-TB:Re-Std 0.353 0.12 -0.4

ΨOrS 0.015 0.30 -2.8 ΨCoL-CB:OrS 0.362 0.12 -0.6 ΨCoL-TB:OrS 0.373 0.12 -0.6

ΨSC1-Emp 0.244 0.20 -1.5 ΨCoL-CB:SC1-Emp 0.339 0.12 -0.7 ΨCoL-TB:SC1-Emp 0.350 0.12 -0.7

ΨH1-Emp 0.293 0.18 -1.3 ΨCoL-CB:H1-Emp 0.347 0.12 -0.6 ΨCoL-TB:H1-Emp 0.357 0.12 -0.6

ΨCoL-CB:SC1 0.538 0.14 0.0 ΨCoL-TB:H1 0.531 0.14 0.0

Benchmark ΨH1 0.624 0.03 0.5

k = 500 ΨSAA 0.297 0.03 0.1 ΨCoL-CB:SAA 0.378 0.02 0.3 ΨCoL-TB:SAA 0.391 0.03 0.3

ΨRe-Var 0.018 0.06 -0.3 ΨCoL-CB:Re-Var 0.371 0.03 0.3 ΨCoL-TB:Re-Var 0.388 0.03 0.3

ΨRe-Std 0.002 0.06 -0.3 ΨCoL-CB:Re-Std 0.366 0.03 0.3 ΨCoL-TB:Re-Std 0.383 0.03 0.3

ΨOrS 0.016 0.06 -0.3 ΨCoL-CB:OrS 0.393 0.03 0.3 ΨCoL-TB:OrS 0.410 0.03 0.3

ΨSC1-Emp 0.246 0.04 0.0 ΨCoL-CB:SC1-Emp 0.380 0.02 0.3 ΨCoL-TB:SC1-Emp 0.394 0.03 0.3

ΨH1-Emp 0.295 0.04 0.1 ΨCoL-CB:H1-Emp 0.387 0.02 0.3 ΨCoL-TB:H1-Emp 0.402 0.03 0.3

ΨCoL-CB:SC1 0.563 0.03 0.4 ΨCoL-TB:H1 0.564 0.03 0.4

n = 10 Benchmark ΨH1 0.635 0.15 0.2

k = 20 ΨSAA 0.351 0.15 -1.0 ΨCoL-CB:SAA 0.394 0.12 -0.8 ΨCoL-TB:SAA 0.411 0.12 -0.8

ΨRe-Var 0.350 0.15 -1.0 ΨCoL-CB:Re-Var 0.378 0.11 -0.6 ΨCoL-TB:Re-Var 0.392 0.12 -0.2

ΨRe-Std 0.316 0.15 -1.0 ΨCoL-CB:Re-Std 0.359 0.11 -0.3 ΨCoL-TB:Re-Std 0.373 0.12 -0.2

ΨOrS 0.316 0.18 -1.2 ΨCoL-CB:OrS 0.449 0.12 -0.2 ΨCoL-TB:OrS 0.462 0.12 -0.1

ΨSC1-Emp 0.362 0.15 -1.1 ΨCoL-CB:SC1-Emp 0.410 0.12 -0.7 ΨCoL-TB:SC1-Emp 0.425 0.12 -0.3

ΨH1-Emp 0.354 0.15 -1.0 ΨCoL-CB:H1-Emp 0.399 0.12 -0.7 ΨCoL-TB:H1-Emp 0.414 0.12 -0.7

ΨCoL-CB:SC1 0.590 0.14 0.1 ΨCoL-TB:H1 0.584 0.14 0.1

Benchmark ΨH1 0.635 0.03 0.6

k = 500 ΨSAA 0.351 0.03 0.2 ΨCoL-CB:SAA 0.418 0.02 0.3 ΨCoL-TB:SAA 0.435 0.03 0.3

ΨRe-Var 0.351 0.03 0.2 ΨCoL-CB:Re-Var 0.403 0.02 0.3 ΨCoL-TB:Re-Var 0.420 0.03 0.3

ΨRe-Std 0.317 0.03 0.2 ΨCoL-CB:Re-Std 0.380 0.02 0.3 ΨCoL-TB:Re-Std 0.398 0.03 0.3

ΨOrS 0.317 0.04 0.2 ΨCoL-CB:OrS 0.471 0.02 0.4 ΨCoL-TB:OrS 0.486 0.03 0.4

ΨSC1-Emp 0.362 0.03 0.2 ΨCoL-CB:SC1-Emp 0.433 0.02 0.3 ΨCoL-TB:SC1-Emp 0.449 0.03 0.3

ΨH1-Emp 0.355 0.03 0.2 ΨCoL-CB:H1-Emp 0.422 0.02 0.3 ΨCoL-TB:H1-Emp 0.439 0.03 0.3

ΨCoL-CB:SC1 0.606 0.03 0.5 ΨCoL-TB:H1 0.609 0.03 0.5

n = 15 Benchmark ΨH1 0.637 0.14 0.2

k = 20 ΨSAA 0.443 0.13 -0.8 ΨCoL-CB:SAA 0.464 0.12 -0.2 ΨCoL-TB:SAA 0.478 0.12 -0.2

ΨRe-Var 0.380 0.14 -1.0 ΨCoL-CB:Re-Var 0.418 0.12 -0.4 ΨCoL-TB:Re-Var 0.435 0.12 -0.4

ΨRe-Std 0.374 0.15 -1.0 ΨCoL-CB:Re-Std 0.426 0.12 -0.4 ΨCoL-TB:Re-Std 0.441 0.12 -0.4

ΨOrS 0.393 0.15 -0.9 ΨCoL-CB:OrS 0.474 0.12 -0.4 ΨCoL-TB:OrS 0.488 0.12 -0.4

ΨSC1-Emp 0.438 0.14 -0.9 ΨCoL-CB:SC1-Emp 0.468 0.12 -0.3 ΨCoL-TB:SC1-Emp 0.482 0.12 -0.3

ΨH1-Emp 0.443 0.13 -0.8 ΨCoL-CB:H1-Emp 0.465 0.12 -0.3 ΨCoL-TB:H1-Emp 0.479 0.12 -0.3

ΨCoL-CB:SC1 0.606 0.14 0.2 ΨCoL-TB:H1 0.601 0.14 0.2

Benchmark ΨH1 0.637 0.03 0.6

k = 500 ΨSAA 0.443 0.03 0.3 ΨCoL-CB:SAA 0.478 0.02 0.4 ΨCoL-TB:SAA 0.494 0.03 0.4

ΨRe-Var 0.380 0.03 0.3 ΨCoL-CB:Re-Var 0.431 0.02 0.3 ΨCoL-TB:Re-Var 0.446 0.03 0.4

ΨRe-Std 0.373 0.03 0.3 ΨCoL-CB:Re-Std 0.442 0.02 0.4 ΨCoL-TB:Re-Std 0.458 0.03 0.4

ΨOrS 0.393 0.03 0.3 ΨCoL-CB:OrS 0.488 0.02 0.4 ΨCoL-TB:OrS 0.506 0.03 0.4

ΨSC1-Emp 0.438 0.03 0.3 ΨCoL-CB:SC1-Emp 0.480 0.02 0.4 ΨCoL-TB:SC1-Emp 0.497 0.03 0.4

ΨH1-Emp 0.443 0.03 0.3 ΨCoL-CB:H1-Emp 0.478 0.02 0.4 ΨCoL-TB:H1-Emp 0.495 0.03 0.4

ΨCoL-CB:SC1 0.618 0.03 0.5 ΨCoL-TB:H1 0.621 0.03 0.5

Notes. Z ∼ 2 × Beta(0.5, 0.5) (implying Cv[Z] = 0.71), Θ ∼ 1.5 × Exp(1), and n = {5, 10, 15}. In each system, the profit function is

ψ(y, x) = 10min{y, x} − 7y. The average profits over k systems ΨCoL-TB:j and ΨCoL-CB:j are derived by, respectively, constant-boosting and

targeted-boosting candidate solution j, where j = SAA,Re-Var,Re-Std,OrS, SC1-Emp, or H1-Emp stands for the sample-average approximation,

regularization with variance, regularization with standard deviation, order statistic, scaled operational statistic with empirical distribution, or

homogeneous operational statistic with empirical distribution, respectively. The result is generated by computing the average, standard deviation,

and minimum of Ψj out of 30, 000 randomly generated problem instances.
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D.2 Real Data

Next, we present a case study using the data analyzed in Section C for SKU 068f4481b3. Initially,

we randomly generate a sample of size n from the 31 observed samples for each distribution center

to serve as training data. We then compute the co-learning solutions for the 51 (9) distribution

centers in Group 1 (Group 2) depicted in Figure 3. To assess the performance of each solution, we

use the remaining (31−n) samples from each distribution center as validation data, allowing us to

approximate the out-of-sample performance of the solutions derived from the training data. This

process is repeated 10,000 times, and the average profit results for the 51 (9) distribution centers

in Group 1 (Group 2) are presented in Table 5 (Table 6).

Table 5: Case Study 1: Performance of Co-Learning Solutions Against Directly Trained Solutions

Directly Trained Solutions Constant-Boosting Solutions Targeted-Boosting Solutions

Ave Stdev Min Ave Stdev Min Ave Stdev Min

k = 51 n = 5 ΨSAA 13.928 1.31 3.2 ΨCoL-CB:SAA 14.408 0.88 7.6 ΨCoL-TB:SAA 14.411 0.84 7.7

ΨRe-Var 10.129 2.95 -8.3 ΨCoL-CB:Re-Var 12.480 1.05 8.5 ΨCoL-TB:Re-Var 12.422 1.08 7.1

ΨRe-Std 10.129 2.95 -8.3 ΨCoL-CB:Re-Std 13.204 0.96 9.5 ΨCoL-TB:Re-Std 13.141 0.98 7.5

ΨOrS 12.002 2.25 -3.0 ΨCoL-CB:OrS 13.814 0.83 10.2 ΨCoL-TB:OrS 13.802 0.82 10.2

ΨSC1-Emp 13.601 1.62 -0.5 ΨCoL-CB:SC1-Emp 14.433 0.87 7.3 ΨCoL-TB:SC1-Emp 14.441 0.84 7.8

ΨH1-Emp 13.910 1.45 1.4 ΨCoL-CB:H1-Emp 14.455 0.82 7.8 ΨCoL-TB:H1-Emp 14.449 0.79 7.8

ΨCoL-CB:SC1 15.331 0.62 12.1 ΨCoL-TB:H1 15.270 0.64 12.1

n = 10 ΨSAA 15.516 0.99 7.4 ΨCoL-CB:SAA 15.615 0.98 7.0 ΨCoL-TB:SAA 15.596 0.92 7.5

ΨRe-Var 14.702 1.25 5.8 ΨCoL-CB:Re-Var 15.019 0.97 6.8 ΨCoL-TB:Re-Var 14.909 0.91 7.3

ΨRe-Std 15.307 1.32 6.1 ΨCoL-CB:Re-Std 15.309 0.92 7.6 ΨCoL-TB:Re-Std 15.237 0.84 8.2

ΨOrS 15.181 1.41 5.7 ΨCoL-CB:OrS 15.698 0.83 8.3 ΨCoL-TB:OrS 15.712 0.78 9.1

ΨSC1-Emp 15.366 1.20 6.0 ΨCoL-CB:SC1-Emp 15.740 0.81 8.6 ΨCoL-TB:SC1-Emp 15.742 0.77 9.2

ΨH1-Emp 15.482 1.10 7.1 ΨCoL-CB:H1-Emp 15.646 0.86 8.2 ΨCoL-TB:H1-Emp 15.628 0.82 8.5

ΨCoL-CB:SC1 16.419 0.49 13.9 ΨCoL-TB:H1 16.391 0.49 13.0

n = 15 ΨSAA 16.278 0.92 7.9 ΨCoL-CB:SAA 16.382 0.85 8.6 ΨCoL-TB:SAA 16.377 0.82 8.6

ΨRe-Var 15.641 1.04 6.2 ΨCoL-CB:Re-Var 15.762 1.10 7.7 ΨCoL-TB:Re-Var 15.749 1.09 7.7

ΨRe-Std 16.177 0.91 8.2 ΨCoL-CB:Re-Std 16.189 1.08 8.5 ΨCoL-TB:Re-Std 16.176 1.07 8.5

ΨOrS 16.102 1.17 7.0 ΨCoL-CB:OrS 16.263 0.98 9.4 ΨCoL-TB:OrS 16.288 0.91 9.4

ΨSC1-Emp 16.136 1.07 6.8 ΨCoL-CB:SC1-Emp 16.368 0.81 8.6 ΨCoL-TB:SC1-Emp 16.371 0.79 8.6

ΨH1-Emp 16.237 0.99 7.2 ΨCoL-CB:H1-Emp 16.366 0.79 8.9 ΨCoL-TB:H1-Emp 16.359 0.77 8.9

ΨCoL-CB:SC1 16.832 0.59 14.2 ΨCoL-TB:H1 16.815 0.59 13.8

Notes. The case study utilizes the data of SKU 068f4481b3 including 31 daily demand samples in each of 51 distribution centers. within Group

1 of Figure 3. Training data includes randomly generated samples with size n = {5, 10, 15} from 31 samples in each of 51 distribution centers.

Validation data contain the remaining 31 − n samples excluding each size-n sample in the training data. In each system, the profit function is

ψ(y, x) = 10min{y, x} − 7y. The average profits over 51 systems ΨCoL-TB:j and ΨCoL-CB:j are derived by, respectively, constant-boosting and

targeted-boosting candidate solution j, where j = SAA,Re-Var,Re-Std,OrS, SC1-Emp, or H1-Emp stands for the sample-average approximation,

regularization with variance, regularization with standard deviation, order statistic, scaled operational statistic with empirical distribution, or

homogeneous operational statistic with empirical distribution, respectively. The result is generated by computing the average, standard deviation,

and minimum of Ψj out of 10, 000 randomly generated samples from the data.
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As observed in both Table 5 and Table 6, constant-boosting solutions and targeted-boosting

solutions both outperform their directly trained counterparts. Notably, most constant-boosting

solutions outperform the targeted-boosting solutions, as the empirical distributions in both Group

1 and Group 2 closely resemble some gamma distributions. Furthermore, the advantage of co-

learning solutions over the directly trained solutions is more significant in Group 2, which has fewer

distribution centers compared with Group 1. This is because the empirical densities in Group 2

exhibit a decreasing trend with greater variability.

Table 6: Case Study 2: Performance of Co-Learning Solutions Against Directly Trained Solutions

Directly Trained Solutions Constant-Boosting Solutions Targeted-Boosting Solutions

Ave Stdev Min Ave Stdev Min Ave Stdev Min

k = 9 n = 5 ΨSAA -0.309 0.29 -2.9 ΨCoL-CB:SAA -0.063 0.17 -2.1 ΨCoL-TB:SAA -0.066 0.17 -2.1

ΨRe-Var -1.015 0.72 -6.1 ΨCoL-CB:Re-Var -0.068 0.22 -3.6 ΨCoL-TB:Re-Var -0.072 0.22 -3.6

ΨRe-Std -1.015 0.72 -6.1 ΨCoL-CB:Re-Std -0.068 0.22 -3.6 ΨCoL-TB:Re-Std -0.072 0.22 -3.6

ΨOrS -0.794 0.55 -4.9 ΨCoL-CB:OrS -0.070 0.23 -3.6 ΨCoL-TB:OrS -0.074 0.23 -3.6

ΨSC1-Emp -0.364 0.34 -3.3 ΨCoL-CB:SC1-Emp -0.065 0.18 -2.5 ΨCoL-TB:SC1-Emp -0.068 0.18 -2.5

ΨH1-Emp -0.335 0.31 -3.0 ΨCoL-CB:H1-Emp -0.064 0.17 -2.2 ΨCoL-TB:H1-Emp -0.067 0.17 -2.2

ΨCoL-CB:SC1 -0.007 0.08 -2.0 ΨCoL-TB:H1 -0.028 0.13 -2.0

n = 10 ΨSAA -0.226 0.21 -1.8 ΨCoL-CB:SAA -0.079 0.21 -2.3 ΨCoL-TB:SAA -0.079 0.21 -2.3

ΨRe-Var -0.261 0.26 -1.8 ΨCoL-CB:Re-Var -0.073 0.18 -1.8 ΨCoL-TB:Re-Var -0.074 0.18 -1.8

ΨRe-Std -0.288 0.27 -1.8 ΨCoL-CB:Re-Std -0.072 0.18 -1.8 ΨCoL-TB:Re-Std -0.073 0.18 -1.8

ΨOrS -0.356 0.28 -2.0 ΨCoL-CB:OrS -0.050 0.17 -1.9 ΨCoL-TB:OrS -0.053 0.17 -1.9

ΨSC1-Emp -0.237 0.23 -1.8 ΨCoL-CB:SC1-Emp -0.063 0.17 -1.8 ΨCoL-TB:SC1-Emp -0.064 0.17 -1.8

ΨH1-Emp -0.230 0.22 -1.8 ΨCoL-CB:H1-Emp -0.075 0.20 -2.0 ΨCoL-TB:H1-Emp -0.075 0.19 -2.0

ΨCoL-CB:SC1 -0.001 0.03 -1.5 ΨCoL-TB:H1 -0.010 0.07 -1.2

n = 15 ΨSAA -0.180 0.18 -1.3 ΨCoL-CB:SAA -0.045 0.13 -1.3 ΨCoL-TB:SAA -0.045 0.13 -1.3

ΨRe-Var -0.147 0.18 -1.3 ΨCoL-CB:Re-Var -0.058 0.15 -1.3 ΨCoL-TB:Re-Var -0.057 0.14 -1.3

ΨRe-Std -0.153 0.19 -1.5 ΨCoL-CB:Re-Std -0.059 0.15 -1.5 ΨCoL-TB:Re-Std -0.057 0.14 -1.5

ΨOrS -0.267 0.23 -1.7 ΨCoL-CB:OrS -0.043 0.14 -1.5 ΨCoL-TB:OrS -0.042 0.14 -1.5

ΨSC1-Emp -0.169 0.17 -1.2 ΨCoL-CB:SC1-Emp -0.038 0.12 -1.6 ΨCoL-TB:SC1-Emp -0.039 0.12 -1.6

ΨH1-Emp -0.169 0.18 -1.2 ΨCoL-CB:H1-Emp -0.048 0.16 -1.4 ΨCoL-TB:H1-Emp -0.048 0.13 -1.4

ΨCoL-CB:SC1 0.000 0.00 0.0 ΨCoL-TB:H1 -0.002 0.03 -0.8

Notes. The case study utilizes the data of SKU 068f4481b3 including 31 daily demand samples in each of 9 distribution centers. (within Group

2 of Figure 3). Training data includes randomly generated samples with size n = {5, 10, 15} from 31 samples in each of 9 distribution centers.

Validation data contain the remaining 31 − n samples excluding each size-n sample in the training data. In each system, the profit function is

ψ(y, x) = 10min{y, x} − 7y. The average profits over 9 systems ΨCoL-TB:j and ΨCoL-CB:j are derived by, respectively, constant-boosting and

targeted-boosting candidate solution j, where j = SAA,Re-Var,Re-Std,OrS, SC1-Emp, or H1-Emp stands for the sample-average approximation,

regularization with variance, regularization with standard deviation, order statistic, scaled operational statistic with empirical distribution, or

homogeneous operational statistic with empirical distribution, respectively. The result is generated by computing the average, standard deviation,

and minimum of Ψj out of 10, 000 randomly generated samples from the data.
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