Pricing Control and Regulation on Online Service Platforms

Online Appendix

Gérard P. Cachon, Tolga Dizdarer, Gerry Tsoukalas’

B Proofs

Proof of Proposition 1. In centralized pricing, there exists a single price in the market. The
average market price is equivalent to the price set by the platform. Let p be the price set and ¢ be
the portion of revenue retained. Conditional on participation, an agent with cost ¢ earns
me(p) = ¢(p)((1 = ¢)p —¢)
=1 =6p)((1 = d)p— o).
Agent earnings are decreasing in cost and therefore there exists a threshold cost, ¢, for which agent

with cost ¢ participates if and only if ¢ < ¢,. The highest cost that participates is

e, (D) =0 = ¢ = cn(p, ¢) = (1 — ¢)p.

Platform’s profit maximization problem is

Ch(ﬁv(ﬁ)
max I°(p,¢) =¢p [ q(p)dc
b 0

= ¢(1 - ¢)p*(1 - Bp).

The objective function is concave in ¢ and maximized at ¢ = 1/2. Similarly, we have

o1 (, ¢) 2
—————=¢(1—-¢)p(2—-306p) >0 <= pe [0, —]|.
% ¢(1 —¢)p(2 —30p) = pe |03
Therefore, the platform’s objective is maximized at
_ 2
p - 357
1
6=3.

Plugging in the equilibrium price and commission, the platform’s profit is

_ _ 1
¢ = ¢(1 - ¢)p*(1 - Bp) = T
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The highest cost that participates is

= (1= 0)p = 5.

The total quantity of customers served in the market is

Ch (ﬁ7¢)

Q= / q(p) de
0

(1-9¢)p(1 - 5p)

_ 1
=95
Agents’ total earnings is
cn(D,9)
¢ = q(P)((1 = ¢)p—¢) de
0
1
=5 (1= Bp)p*(1 - 9)”
1
- 5432

O

Proof of Proposition 2. Consider a broad class of fee structures such that an agent pays the
platform (i) a base unit fee, w, per unit served and (ii) a commission, ¢p, per unit served where
¢ < 1 is the fixed commission rate and p is the agent’s price. An agent with demand ¢ pays the
platform in total ¢ (w + ¢p). The fixed per-unit fee, w, can be negative, meaning that it is actually
a per-unit subsidy.

With this payment structure, we seek to determine the uniqueness of a price equilibrium. Each
agent’s earnings depend on the average price on the platform, so it is sufficient to consider a price
expectations equilibrium in which each agent expects the average price to be p, and all agents select
prices based on that expectation that yield p, as the actual average price.

An agent with price expectation p,, cost ¢ and price p expects to earn
7"-c(])aﬁe) = q(paﬁe) ((1 - ¢)p —C— w)
=1 =Bpe+7 @ —p)(1=¢)p—c—w).

Because earnings are strictly concave in price, there exists a unique price, p*(¢, p, ), that maximizes

the agent’s earnings,

piep) =g (TSR S50 (10
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Let the realized average price be p. This agent then receives ¢(p*(c,p,),p) demand,

The realized quantity served is decreasing in cost, ¢. Define ¢y to be the smallest cost such that the

«ﬂmn»m=1<ruﬁ—w@fam— (11)

2

optimal quantity is zero,

co = minfe g(p'(e.p).p) = 0} = - EE DR, (12)

The realized average price is

min{co,1}
q(p*(¢,p.), P)p* (¢, p.) de
0 . (13)

min{cp,1}

3
I

q(p*(c,p.), p) dc
0

A price equilibrium exists if p, = p. We will show that there can exist only one such equilibrium in
any market.
From (12), given an equilibrium, i.e., p = p,, the average price in equilibrium can be expressed

in terms of ¢y,
Yeot+w)+¢—1

p= 14
(-0 F) -
From (10), (11), (14) and p, = p, the equilibrium condition (13) can be written as
Mj%”(v@w—@><c+m+ﬂw>dc
027(00+w)+¢—1_ 0 2(1-9) 2(1-9)
(1—=o)(v—5) minfeo, 1} /(¢ — ¢)
J 2(1-9¢) e
’ (15)
Y(o+w)+¢—1  (2c0 +3w)(y — B) e <1,
1-¢ 3(1-9)
— 0= 9
Y(eo+w)+o—1  (3cg+6cow—3w—1)(y—p5) .
_ ,if cg > 1.
1-¢ 3(2¢c0 = 1)(1 = 9)
The right-hand side of (15) is continuous at ¢y = 1. It is also monotonically increasing in co:
0 (lcotw)+¢—1 _ (2co+3w)(y=B)\ _ 28+y
e (M Site ) = ity > 0V < 1,

2 (’Y(Co+w)+¢—1 B <3c%+6cow—3w—1>w—ﬁ>) _ 4+B(6(co—1)co+2)+6v(co—1)co
deo s 32c-1)(1-9) - 3(2c0—1)2(1—¢)

> 0 Ve > 1.
As a result, the right-hand side of (15) can only cross zero once, yielding a unique c¢g.

The unique candidate cg in the domain ¢ <1 is
_3(L—¢ - fu)

o = S (16)
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From (14) and (16), for this candidate cg, there exists a unique equilibrium average price,

21 —¢) +yw
1-¢)28+7)

P=1 (17)

O

Proof of Proposition 3. The uniqueness of an average price that satisfies consistent expectations
equilibrium is guaranteed by Proposition 2. Due to equivalency of the expected average price, p,,
and realized average price, p, we do not make the distinction between the two throughout the proofs.

In decentralized pricing with commission fees, conditional on participation, an agent with cost

c setting a price p earns

Te(p,p) = (1 = Bp+ (P — p)) (1 — ¢)p — ).

Agent’s profit depends on individual price, p, and also the average market price, p, which is charac-
terized in the equilibrium. Since each agent is small, the price set by an individual agent does not
influence the average market price.

Each agent chooses the price that maximizes own earnings. From (10),

p*(e,p) = 217 <1+(7/J’)p+ 1'7_c¢> .

The agent earns
(1-¢-p(1—)(B—7)—70)?
4y(1-¢) '

Agent earnings are decreasing in cost, ¢, and therefore there exists a threshold cost, ¢, for which

7TC(p* (C, T)) ) Tj) =

agent with cost ¢ participates if and only if ¢ < ¢p. Define ¢y to be the lowest cost that yields zero

profit: )
o (5 (00, D).B) = 0 = o = co(@) = LD : (=8P

Then,
cn = cp(¢p) = min{1, co}.
If ¢y < 1, the average market price is uniquely defined by (17):

2
268+~

Tj:
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The platform’s profit-maximization problem is:

I’Il(;),X HD(d)) :Qbf? Of Q(p*(c’ﬁ)aﬁ) de

co(¢)
= ¢p { q(p*(c,p),p) de
(1 -9)e
C2028+1)%

The objective function is concave in ¢ and is maximized at ¢ = 1/2. It yields a profit of

b 9(1-d6 9( A
= 50517 ~ 8 ((%w)ﬁ‘*)'

This is a feasible solution because

(1-¢)(1+(v—5)p)
g

Co —

3
48 + 2~

which follows from the § > 1 restriction discussed in Section 3.

<1,

If ¢p > 1, the average price is determined by (15). The platform’s profit is
cn(9)

HD((Z)) = ¢p ‘0[ q(p*(caﬁ)vﬁ) de

p bf 47" (. D). P) de

(18)
_ (A +(=8p* ~
=0 (O )
_1(Bg-1)¢
T 1201 )

where the last equality follows by plugging in (14). We will show that the optimal solution does not
reside in any set of ¢, ¢y > 1 that satisfies (15). As a first step, apply implicit function theorem on

(15) to get
deg 3(2co — 1)?
9o v+ B(6(co — 1)cg +2) + 6y(co — 1)co

Using the partial derivative, take the total derivative of (18) with respect to ¢:

dii®(¢) v e .
dp  12(¢ — 1)3(y + B(6(co — 1)eo + 2) + 67(co — 1)co) (7(6(1 o)co = 1) (35 — 1) (¢ +1)

—28 (9¢h — 9¢3 +3co — 1) (¢ + 1) — 18¢o(1 — 2¢0)(¢p — 1)¢>.

< 0Vc¢y > 1.

The right-hand side is positive for all ¢g > 1 and 1 > ¢ > 0 whenever 8 > 1, and therefore

dI1” ()
d¢

> 0.
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This means, in any solution with ¢y > 1, the profits are increasing in ¢. Together with 0¢/dcy < 0,
this implies that we cannot have an optimal with cg > 1. With any candidate optimal ¢ satisfying
co > 1, you could improve the solution by increasing ¢, which lowers ¢y, creating a contradiction.
Hence, the optimal solution resides within the case ¢y < 1.

The highest cost that participates is
(1-¢)1+ (v —B)p) 3

= ol T 228 +7)

Total quantity of customers served in the market is

Agents’ total earnings is

O

Proof of Proposition 4. The ratio of platform’s profits under decentralized pricing and central-

ized pricing is:

Iy
U2 gy S@Ea) _ 24387
L T
2732
The platform prefers decentralized pricing if
24387 3 2 2 3
—————=>1 < —0645° 4 147 — 48 — 877 >0
828 + )8 B By By Y

3 2
<— —64<B> +147<’8> — 48 <B>—8>0
Y Y Y

< 0.5390 < v < 1.7858.
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Proof of Corollary 1. With both centralized pricing and decentralized pricing, agents’ total

earnings is equal to half of the platform’s:

% 1 i@
7° 2762 1 8\ (28+7)3) 7P

II¢ r 2 9 v nEh
5452 16 <(25 + 7)3)

Therefore, agents’ aggregate welfare is higher with decentralized pricing if and only if platform’s

profit is higher with decentralized pricing. By Proposition 4, this is true if
0.5398 < v < 1.7850.

To show that not all agents are better off with decentralization, let v = 33/2, 8 = 2 and consider
the agent with cost ¢ = 1/10. Numerical evaluation determines the agent earns 1/45 ~ 0.022 with

centralized pricing, whereas the agent earns less, 24/1225 ~ 0.020, with decentralized pricing.

O

Proof of Proposition 5 According to the Revelation Principle (Myerson 1981) the set of optimal
mechanisms can be found within the set of truth-inducing mechanisms. In such a mechanism, the
platform posts a menu of costs, and prices and fees associated with each cost. Each agent reports
a cost and is assigned the price and fee associated with that cost, and each agent (i) earns non-
negative profits (Individual Rationality), and (i7) prefers to report own cost truthfully given that
all other agents do the same (Incentive Compatibility). Following this structure, let p(c) be the
price the platform assigns to agent ¢ and let F'(¢) be the fee collected. Note that F'(c¢) is the total
fee and not per-unit, F'(¢) = q(p(c),p)f(c). Let m.(¢) be an agent’s earnings with cost ¢ when the
agent reports cost ¢:
7e(€) = u(c, p(¢)) — F(¢)

where

u(c,p(¢)) = (1 = Bp+ (@ — p(e))) (p(¢) — ¢).

The Individual Rationality (IR) and the Incentive Compatibility (IC) constraints are

respectively for all ¢ € [0,1], é € [0, 1].
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Because of the IC constraints, agent earnings are strictly decreasing in cost:

7e(c) = me(¢) = (1 = fp + (P — p(9))) (p(€) — ¢) — F(¢)
> (1 =8P+~ —p(©)) (p(€) — &) — F(¢) = ma(¢)
for all ¢ > ¢. This also implies that the agent with the highest cost, ¢ = 1, earns zero under
the optimal truth-inducing mechanism: if the highest cost agent were to earn a strictly positive
amount, then the platform could uniformly increase the fee, F'(¢), for all participating agents,
thereby increasing its profit.

We can re-formulate an agent’s earnings as

me(€) = ma(¢) — u(é, p(¢)) + u(c, p(c)).

For a pair of agents with costs ¢, ¢, IC constraints imply

These inequalities can be combined:

u(é, p(c)) — ule,p(e)) < ma(€) — me(e) < u(é p(c)) — ule,p(¢))

¢ u(c c ¢ ol . (19)
= /a(gékp()) dey, < m(€) — me(c) S/a(;;f())dck-

& C
This inequality has two important consequences. First, ignoring the middle term, Equation (19)

implies

Cc Cc

/ Ou(ck, p(c)) dey, < / Ou(ck, p(c)) deg, Ve € [0,1],¥é € [0, 1]
ey, dcy,

— - / (1 - ﬁﬁ%—v(ﬁ—p(@)) dck < _/(1 - ﬁﬁ—{—’y(ﬁ—p(é))) dcka Ve e [07 1]7VE € [07 1]

— (1=Pp+7(P—-p())(c=¢) < (1= pp+~(p—p(d))) (c—¢), Ve e [0,1],Ve € [0,1]
— 0 < (p(c) — p(&))(c — &), Ve € [0,1],Vé € [0,1]
< p'(c) >0, Ve € [0,1].
(20)
Second, because u(¢,p(c)) is a continuous function of ¢, this inequality implies that mz(¢) is also
continuous with respect to the Lebesgue measure and thus, almost everywhere differentiable. Fur-

thermore, its derivative is

dre(c)  Ou(c,p(c))
dc Oc '
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Using the fundamental theorem of calculus:

7&(¢) = me(c) + / dﬂ;kcick) dey, = me(c) + / W dcy,.

Because the highest cost agent earns zero, setting ¢ = 1, the equation simplifies to

1

ou(ck,p
P d
/ 8Ck Ck,

which means
1

F(e) = ule, p(c)) + / W dey. (21)

C

Our analysis so far established that (20) and (21) are necessary conditions for IR and IC. Now,
we will show that they are also sufficient. By establishing an equivalence between the two sets of
constraints, we will be able to replace the IR and IC constraints in the platform’s optimal mechanism
problem with Equations (20) and (21) and therefore convert the problem into a tractable form.

It is straightforward to show that (21) is sufficient to imply IR:
7e(c) = u(e,p(c)) — F(c)

1
— u(e, p(e)) — ule, plc) / aCk ) dey
1
_ Ou(ck, p(cr))
= —/aCk dck

C

1
— [@=Bp+-pla) dow 2 0¥e € 0.1
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Similarly for IC, we have

me(€) = me(e) = u(e, p(€) — F (&) — ule, p(c)) + F(c)
1 1
“ulep(@) — u(ep(@) — [ P i) +uleple + [ PUBLD g,

ZU(c,p(é))—u(é,p(e))_/au(%P(Ck))de

/ ocy.
[ u(cr, p(d)) [ ducr, p(cx))
:/éCCk dck —/ng k dck
- / (1— 8D+ 7(p — p(®))) dex — / (1= BB+ (P — pler))) de

c
— [ () - p(@)) dex > 0, Ve € 0.1). 2 € .1
¢
Now, we construct the platform’s problem. The platform chooses p(c) and F'(c¢) to maximize
total profits subject to IR and IC constraints, and the natural restriction that the demand of an
agent cannot be negative:

1
max F(c) de
p(c),F(c) ({ ©

s.t. me(c) > 7.(é),Ve € [0,1],Ve € [0,1]
me(c) > 0,Vc € [0,1]
1—pp+~({@-p(c) =0,vce[0,1]
Eq. (2).

(22)

Using the equivalence we found earlier, we replace IR and IC constraints with Equations (20) and
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(21):

max F(c) de
p(c),F(c) of ©

st.  pl(e) >0,Vece|0,1]

1

F(c) =u(e,p(e) + [ ou( Clgc k) deg, Ve € [0,1]
c k

1- Bﬁ'f' ’Y(p - p(c)) 2 O’VC € [07 ”

Eq. (2)

1 1

= max f( +fauck’))dck> dC
p(e) 0

st.  p'(e) >0,Vce|0,1]
1—8p+~([@—pc)) >0,Vc e [0,1]

Fq. (2).
[ ulcr, plcx)) I oul

(s e

/1 oule ko),

0

Using integration by parts,

(/2o )
0

C

(23)

The platform’s problem converts to

max £<u(c, p(c))+87”‘(c’p(c))c) de

sp.(t.) p'(c) >0,Vc € [0,1]
1—=pp+~(P—p(c)) 20,Vc € [0,1]
Eq. (2)
= max Ofl ((1 — Bp+ 7@ —p(e)(p(c) —c) — (1 — Bp+7(p — p(c)))c) de
st pl(e) >0,Ve € 0,1] (24)
1= pp+~(p —ple)) = 0,Ve € [0,1]
Eq. (2)

—ma [0 5+ (- pO) () - 20) de
s.t. p'(¢) >0,Ve € [0,1]
1= pp+~(p—plc)) = 0,Ve € [0,1]
Eq. (2).

We re-formulate this as a quantity-choice problem. Let ¢(¢) be the demand platform assigns to
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agent with cost c¢. By Equation (1), we have one-to-one equivalence between price and quantity:

p(c): 1+(7_ﬁ)ﬁ_q(6)'

The average price in Equation (2) is

_ v
p = 1
[ q(e)de
0

which simplifies to
q(c) (1 —q(c)) de
B Jy alc)de

Platform’s optimal quantity-choice problem is

C—r

p:

1

max/q <1+7 B)p — q(c) 2C> de

q(c) ; Y

s.t. ¢'(c) <0,Ve e [0,1]

q(c) > 0,Ve € [0,1]
Eq. (25).

We can further simplify the objective function. Notice that Equation (25) implies:

p/o B/ ) (1 =q(0)) de.
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Using this relationship,

_ qu@ (L1 0

The problem terms no longer depend on the average price:

1

1—
max/q < ale 2c> dc

0

s.t. ¢'(c) <0,Ve € [0,1]

(27)

q(c) > 0,Vc € [0,1].

Relaxing the first constraint, we can decompose the problem into individual sub-problems for

max g(c) <1_BQ(C) - 2c> de

q(c)

all agents:

s.t. g(c) > 0.
This is the maximization of a simple quadratic function with a linear constraint. The optimal
quantity is:

q*(c) = max {0, % — Bc} .

The highest cost agent with non-zero quantity is

o 11
Ch—mln{,%}—%.

The second equality follows from the 5 > 1 restriction discussed in Section 3. This solution also
satisfies:

q*/(c) < 0.
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Therefore, the solution our relaxed problem is also optimal for the platform’s optimal mechanism.

The average market price is:

q*(c) (1 = q*(¢)) de

O —

p= 1
B{q*(C)dC
B 2
=35

Other equilibrium characteristics are as follows:

_ 1+ (=Bp—q'(9)
gl

() E (20) 4 G-

The per-unit fee collected is

p*(c)

Because we can map the fee structure of the optimal mechanism to one that is linear in price,
Proposition 2 applies also to the optimal mechanism. Therefore, with the optimal mechanism, there
exists a unique equilibrium average price.

The platform earns

Agents’ total earnings is
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Proof of Proposition 6. With the optimal mechanism, we have

0= (5520) £(2-) (-

@ ((a-55) o+ ).
There is a unique candidate commission-plus fee structure that may yield the same equilibrium
outcome as the optimal mechanism. To show that this structure indeed replicates the optimal
mechanism, let the platform set its terms

e S Bl
qb—l 25771}_ 3527

and assume agents expect an average price of
2

ﬁw

By Equation (10), an agent with cost ¢ posts a price under commission-plus
oy L (1=(B=7p  ctw
2 c
+ﬁ

T 38 6y

The price chosen by any agent is exactly equivalent to the one in the optimal mechanism. Same is

true for the fees paid. Because prices and fees are the only decision variables in the setting, then

commission-plus with the given terms replicates the optimal mechanism

Proof of Proposition 7. With the optimal mechanism, we have
-2 2c
F*(C)202 M + = é_l _i_i
2y 3 \v 24
1 1
=q" — - — + — + >
@((55-3)

There is a unique candidate quantity pricing fee structure that may yield the same equilibrium

¢

outcome as the optimal mechanism. To show that this structure indeed replicates the optimal

mechanism, let the platform sets its terms

1 1 1 1

b= == w= — +
28 v 68 3y

Conditional on participation, an agent with cost ¢ setting a price p earns

Te(p,p) = (1= Bp+v(@ —p))(p — ¢(1 = Bo+~v(P —p)) — c —w).
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Because earnings are strictly concave in price, there exists a unique price, p*(¢,p), that maximizes

the agent’s earnings,

1—p(8 =) (1 +27¢) +y(c+w +2¢)

2v(1 +v9)
2 1. 6

38 6y v

The price chosen by any agent is exactly equivalent to the one in the optimal mechanism. Same is

p*(c,p) =

true for the fees paid. Because prices and fees are the only decision variables in the setting, then

quantity pricing with the given terms replicates the optimal mechanism.

O

Proof of Proposition 8. We will re-solve centralized pricing, decentralized pricing, optimal
mechanism and commission-plus models under the assumption that agents have a maximum capacity
to serve k demand.

Centralized pricing: Without capacity constraints, the number of customers an agent serves under

centralized pricing is
_ 1
q¢(p)=1-F6p= 3.

With capacity constraints, the capacity will be binding if and only if k < % When capacity is

binding, if platform sets a price p, the profit agent with cost ¢ earns is

me(p) = k(1 = &) — ¢).

Agents participate as long as they earn positive profits. The highest cost that participates, ¢y, earns

Zero

Ten(P) =0 = cp = cn(p, ¢) = (1 — ¢)p.

The platform’s profit is:

cn(D,9)
11¢(p, ¢) = kop de
/
= ko(1 — ¢)p°.

The objective is increasing monotonically in p. It is optimal for platform to increase the price as
long as there is excess capacity. In the optimal, quantity served is equal to the capacity:
_ _ _ 11—k
k=q()=1-5p = p=—pF"

The objective is also concave in ¢ and is maximized at ¢ = 1/2.
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Plugging in the solution, the platform’s optimal profit is

k(1 — k)2
462

Decentralized pricing with commission: Without capacity constraints, the maximum number of cus-

I =

tomers an agent serves under decentralized pricing with just commission is

o' (0.9).7) = 1= B9+~ 1" 0.7) = 757

With capacity constraints, the capacity will be binding if and only if k£ < 453%27. The agents need

to incorporate the capacity constraint in their pricing decision. Profit earned by agent with cost ¢

and price p conditional on participation is

7e(p,p) = min{1 — Bp + (P — p), k}(1 — d)p — o).
Agent sets the price that maximizes own profits:
maxmin{l — fp+v(p —p), KH(1 ~ ¢)p — ¢).
Without capacity constraints, an agent’s optimal price is characterized by Equation (10),
c

ven =g (1+0-mr+ 1),

which gives quantity

q(p*(c,D),P) = % (1 +(y=8)p— 10_7¢> .

Since quantity served is decreasing in cost, there exists a threshold, ¢, where only the agents costs

c < ¢ are capacity constrained. The threshold agent has exactly the quantity k:

(" (E,p),p) =k = E=i(0) = (1—¢)(1+(3—,8)p—2k:).

If an agent is capacity constrained (k < q(p*(¢,p),P)), any decrease in price further than the one
that matches capacity and demand decreases the agent’s margin, but not increase quantity served.
Hence, an agent never sets a price lower than the amount that makes capacity binding. The optimal

price of an agent with cost ¢ < ¢ is:

—Bp—k

The highest cost agent that participates has 0 demand:

4" (D) P) =0 = = cn() = LU J; (v=B)p).
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Agents’ equilibrium prices are

1+ (y—B)p—k
v

p*(c,p) = _
1 (14 (y—PB)p c .
2( v +1—¢>’ ceesan

Agents with cost higher than ¢, cannot profitably participate.

The average market price is defined in the equilibrium as a weighted average of all prices set in
the market. The average price that occurs by the agent’s optimal decisions is consistent with their
expectation of the average price. By Equation (2):

T 4 (e.5). Pp*(e,p) de
p= o
OIQ(p*(caﬁ%ﬁ) dc

kp*(¢,p) de + fh (1 =8P+~ —p*(c.p))p"(c.p) de

O%(‘:z

[rdes (1= pp+(-p(c.p) ae

_ 3y = B) + 1)* + 6k(P(8 — ) — 1) + 4k
3Py —=B)—k+1) '

There is a unique feasible equilibrium average price:

_ 1282k 41239k + 992 (k — 1)2 + 68(k — 1) — 3y(k — 1)
P 68(8 — ) '

Platform’s profit maximization problem is:

X P =¢p (bf(l — Bp+ (P — p*(¢,p))) de+ ifh(l — B0+~ —p*(c,D))) d0>

o (—h/=12B2R2 1237 K2+ 072 (k= 1) 24/~ 1282K2+12B7R7 972 (k—1)2+2Bk%+ 3y (k—1)? )

682y (1 - ¢)¢

Platform’s profit function is concave in ¢ and is maximized at ¢ = 1/2. Platform’s profit is

k (—k\/—1262k2 F1287K2 + 992 (k — 1)2 + /—1282k2 + 1287k + 972 (k — 1)2 + 28k + 3y(k — 1)2>
2442y '

P =

Optimal mechanism: Under the optimal mechanism, the highest number of customers an agent

serves is ¢*(0) = 1/2. Therefore, the capacity is binding if and only if &k < 1.
Our proof for platform’s optimal mechanism for the demand unconstrained model in Proposition

5 is applicable here up until we reach Equation (27). In the presence of demand constraints,
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platform’s optimal mechanism problem has an additional constraint:

a0 (42 -)

s.t. ¢'(c) £0,Ve e [0,1]

q(c) > 0,Vc € [0,1]
q(c) < k,Ye € [0,1].

Relaxing the first constraint, we can decompose this into individual sub-problems for all agents:

max g(c) <1_5q<c) - 2c> de

q(c)
s.t. gq(c) >0
q(c) < k.

This is the maximization of a simple quadratic function with two linear constraints. The optimal

¢*(c) = min {k max {0, % - Bc}} :

The highest cost agent with non-zero quantity is

~mind1 1] 1
Ch_mm{’%}_%'

The last equality follows from the 8 > 1 restriction discussed in Section 3.

quantity is:

This solution also satisfies:

q'(c) <0.

Therefore, the solution to the relaxed problem is also optimal for the platform’s optimal mechanism
problem.

The average market price is:

ﬁ = 1
B [ q*(c)dc
0
Ak -6k +3
38 -3pk
The platform earns
1 1—g*
I = [q*(c) < a(c) —26> de

0 B
k (4k* — 6k + 3)

1232
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Decentralized pricing with commission-plus: Now, we will show that the optimal mechanism can be

replicated with decentralized pricing. Let the platform sets its terms,

4k* — 6k + 3) (8 —
25 652(k — 1)
and assume the agents expect an average price of
_ 4k* —6k+3
=38 —n)

Without capacity restrictions, an agent with cost ¢ has the following profit-maximization prob-

lem:
max (1 - fp+7(p—p)((1 = d)p —c—w),

yielding an optimal price of

e 1/1—(B—v)p cH+w
p (c,p)=2< (7 WP | 1_¢>
28
38— 6%+ 66%ck — 6y + 88k* — 8vk? — 98k + 127k (28)
687 (k — 1) ‘
Let ¢ be the highest cost agent that is bounded by capacity:
1-—2¢
q(p*(¢,p),p) =k = ¢= 25

All agents with cost less than ¢ set the price that makes their demand exactly equal to k:

_l+(y-Pp—k

p*(¢,p
(¢,p) 5
=3y 4 Bk? — Avk* + 67k
3Bvk — 3By

Others will set the price in (28). Let ¢;, be the highest cost agent that can participate with non-
negative demand:

1

The realized average price needs to be consistent with expectation:

;f 40" (), PP () de
p= o
bf q(p*(¢,p),p) de

O —a

Ch
kp*(€,p) dc+ [ q(p*(c,p), P)p*(c,P) de

[ ch
[k de+ [ q(p*(c,p),p) de
0 c

4k® — 6k + 3

- 3B8(1—k)
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The platform earns

c Ch

e+ — /k(¢p*(5,p) + w) de + /q(p*(c,p),p)(cbp*(c,p) +w) de
0 c
K (4k* — 6k + 3)
1232 ’

same as the optimal mechanism.

O

Extension with Other Cost Distributions. We will characterize the equilibrium of the plat-
form’s profit-maximizing optimal mechanism and optimal decentralized pricing contract with a
commission-plus structure assuming that agents have a probability density function g(¢) and cumu-
lative distribution function G(c) with support ¢ € [0, 1].

Optimal mechanism:

The proof of the optimal mechanism remains unchanged up to the point at which the platform’s
problem is defined in (22). With a general set of cost distributions, the platform’s problem is

1
max F(c)g(c) de
p(c),F(c) { (9g(c)

s.t. me(c) > me(¢),Ve € [0, 1], Ve € [0, 1]
me(c) > 0,Vc € [0, 1]
1= pp+~(p—plc)) = 0,Ve € [0,1]

with an additional requirement for the average price to be consistent with agent expectations:

p = 0 Ch * (29)
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Replacing IR and IC constraints with necessary and sufficient conditions in (20) and (21):

max [ F(c)g(c) de

p(e),F(e)
st.  p'(c) >0,Vee|0,1]
L ou(cg, p(cr))
F(e) = )+ [ ————% deg, Ve €10, 1]
c 8Ck
1—8p+~([@—plc)) >0,Vc e [0,1]
Eq. (29)
1 1
= m(a;c i < )+ f u dck> g(c) dc
ple)

s.t. p'(¢) >0,Ve € [0,1]
1—=pp+~(P—p(c)) 2 0,Vc € [0,1]
Eq. (29).

Using integration by parts,

0/1 (/1 Ou(cg, pler)) Ck) g(e)de = [ Cl au(cxgci(ch ) ( du(c P ) (c) de

C

O\H

1
_ [ 9ule,p(c))
—/ e G(c) de.
0
The platform’s problem converts to
. du(c, p(c)) G(C)>
max u(c,p(c)) + - c) de
mx [ (u(ep(e) + PEEDED) o0

st.  p'(e) >0,Ve e [0,1]
1=Pp+~(p - p(c)) = 0,Vc € [0,1]

Eq. (29)
1 C
=max [ ((1 = Bp+v([@—p(c))(p(c) —c) = (1 = B+ (P — p(c))) & )>g(c) dc
ple) g(c)

st.  p'(e) >0,Ve e [0,1]
1—pp+~(P—p(c) =0,Vc € [0,1]

Eq. (29)
= max 1 — pp p —plc c—c—G(c) c)ac
“ s [(1= 89+ —p() (b0 e~ 2D ) gy a

st.  p'(e) >0,Ve e [0,1]
1= 8p+~({p - p(c)) = 0,vc € [0,1]
Eq. (29).
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We re-formulate this as a quantity-choice problem. By Equation (1), we have one-to-one equiv-
alence between price and quantity:

14 (y—8)p —q(c)
- .

p(c) =

The average price in Equation (29) is

which simplifies to

max/q <1+ 1 =Bp—ae) G(C)>g(c) de

¥ g(c)

q(c) > 0,Ve € [0,1]
Eq. (30).

We can further simplify the objective function. Notice that Equation (30) implies:

p/olq 5/ ) (1 — q(c)) g(c) de.
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Using this relationship,

n:/1q<c)(1+<7—§>p—Q<C>_c_(;(f)))g(c) .

0/1(] (1—6] e i(f)))g(c) de + (%)p!q(c)g(c) de
/q(c)<1—Q()_c_G(c)>

v g(c)
(st (A1 - o= E9) - (T2F) S0 (- a(e))) a(e)

ol g(c)

= O/Q(C) <1 _Bq(c) —c— (;((;)) g(c) de.

The problem terms no longer depend on the average price:

Il
o"\ o
= =

1

10 (58 5

0

s.t. ¢'(c) <0,Ve € [0,1]

q(c) > 0,Vc € [0, 1].
Relaxing the first constraint, we can decompose the problem into individual sub-problems for

1—q(c) G(o)
et (5 o= ) o

s.t. q(c) > 0.

This is the maximization of a simple quadratic function with a linear constraint. The optimal

all agents:

quantity is:

() =max {05 - 55 e}

The solution to this relaxed problem is optimal for the platform’s optimal mechanism only if the

relaxed constraint is satisfied. That requires the following regularity condition on the cost distribu-

tion:
dq*(c) d (1 G(c)
<0 = 55555 o) <0
<:>%—2g0 Ve € [0,1].
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The highest cost with non-zero quantity does not have a closed form solution, but can evaluated

numerically as an implicit solution to

oy o L 5G@)
q*(e) Bg(é)

2
The platform’s profit under the optimal mechanism is

= O/q*(c) <1_ﬁ“c) oo Cg;((s;) 4(c) de.

— Bé = 0.

Decentralized pricing with commission-plus:

In decentralized pricing with commission-plus, conditional on participation, an agent with cost

c setting a price p earns
7e(p,p) = (1= Bp+ v —p))(1 — d)p —w —¢).

Each agent chooses the price that maximizes own earnings. From (10),

1-(B—7p c+w>
S t16)

p*(e,p) = % <

The agent earns

(o). m) = (L= E+P(L=9)(v = B) —y(c+w))*
me(p*(¢,P), D) = (1) :

Agent earnings are decreasing in cost, ¢, and therefore there exists a threshold cost, ¢p, for which
agent with cost ¢ participates if and only if ¢ < ¢j,. Define ¢y to be the lowest cost that yields zero

profit: )
o (P (c0,).B) =0 = 0 = eo(dyu) = L= : G=8m _,

Then,

cp = cp(¢,w) = min{l, ¢cp}.

The average market price is defined by:

min{l,ww_w} 1+7p 2 ’
| <( +p(27— ) Z(C““) )g(c)dc

(31)

0
min{l, (1_45)(1:(7—13)?) _w}

J % (1 +P(y—B) - W) g(c)de
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The uniqueness of a solution to (31) is not guaranteed, and identifying conditions needed on the
cost distribution that ensure uniqueness is nontrivial. As a result, we only work with distributions
with known analytical forms. Proposition 2 shows the uniqueness for a uniform distribution. It
is also possible to show uniqueness for Beta(2,2), Beta(3,3), Beta(4,4) and Beta(5,5) distributions.
This involves following the same steps as in Proposition 2: plugging in g(c), formulating right-hand-
side as a piece-wise function of ¢y (rather than p) and showing monotonicity. For brevity, we omit
the details here.

The platform’s profit-maximization problem is:

Ch

mi}X HD(¢,w) = ((bﬁ"‘ w) qu(p*(c’ ﬁ)vﬁ)g(c) ClC
= %(qﬁzﬂ w) Of <1 +B(y—B) - w> g(c)de.

There is no closed-form solution to the platform’s problem for a general ¢(c); however, for any given
distribution with known analytical form, it is possible to conduct a numerical search across the

(¢, w) space to identify the platform’s optimal profit.

O

Extension with Throughput-Maximization. In the quantity maximizing optimal contract,
let p(c) be the price the platform assigns to agent ¢ and F'(c) be the fee collected. By Proposition
5, Equations (20) and (21) are necessary and sufficient conditions for agents’ IR and IC constraints.

In any truth-inducing mechanism, the equilibrium fees charged to the agent who reports a cost c¢ is
i ou(
u(ck,
F(c) = u(c,p(e)) + / k dck

The total quantity served in the market is

1 1
q(c)dc= [ (1 —pp+~({p—p(c))) de.
[ ]

The optimal truth-inducing contract that maximizes total quantity served subject to non-
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negative profit constraint is characterized through the following problem:

1
max [(1—Bp+~(p—p(c))) dc
p(c) 0

st.  p'(c) >0,Ve e 0,1]

1—Bp+ (@ —p(c ))>0 Vce [0,1]

L Ou( ck,
f Z N AR

F(c) = u(c,p(c)) + ) deg, Ve € [0,1]

C

le(c)dCEO
0

Eq. (2)
1
=max [(1—Bp+~(p—p(c))) de
p(c) 0

st.  p'(e) >0,Ve e [0,1]

1=pBp+~(P—p(c)) >0,Yc € [0,1]
1

Of(l — Bp+ (P — p(c))(p(c) — 2¢) de > 0O

Eq. (2),

where the equivalence of the constraints follow from Equations (23) and (24). We reformulate the
problem with quantities as decision variables:

1

max q(c
q(c) of

st.  ¢'(c) <0,Vce0,1]
q(c) > 0,Ve € [0,1]

| 1+ (v =B)p—qlc)
{q(c)( 5 —20> dc >0

Eq. (25).

Following the same steps as Equation (26), we transform the objective function such that it does

not depend on p:

max [ ¢(c) de
ac) 0

st. ¢(c) <0,Vee0,1]
q(c) > 0,Ve € [0,1]

Z)fq(c) (1 _;(C) - 20) de > 0.

To find the solution to this problem, let us look at a related problem, where the platform maximizes
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the sum of its profits and total quantity served, with latter weighted by some A > 0:

: 1 —q(c) ;
r;l(zz)x gq(c) (5 - 26) dc + )\qu(c) dc

st.  ¢(c) <0,Vee[0,1]
q(c) > 0,Ve € [0,1]

= Imax i C 1—C_I(C) —C> C
e qu()< B FAz2e)d

st.  ¢(c) <0,Vee[0,1]
q(c) > 0,Ve € [0,1]

Relaxing the first constraint, we can decompose this into individual sub-problems for all agents:

1—qlc) | )
r;l(zgi q(c) ( 3 +A—2c) dc

s.t. g(c) > 0.

This is the maximization of a simple quadratic function with a lower-bound. The optimal quantity
is:

¢*(c) = max {0, %(1 + BA) — Bc} .

This solution also satisfies:

q"'(c) <0.

Therefore, the solution to this relaxed problem is also optimal for (32).

The highest cost agent with non-zero quantity is

1+ B8A
)

We will now show that, (1 + 8A)/(28) < 1 for all A values that yield non-negative profits for the

cp, = min {1,

platform as long as 8 > 1 restriction discussed in Section 3 holds. To prove by contradiction, assume

(1+8X)/(26) > 1 and ¢p =1 in equilibrium. The platform earns

H—jq*(c)(l_;(c)—%) dc—112(5(4—3)\2)+2—6>.
0

The profit is non-negative only if

This implies

<1




for all feasible 8 > 1, creating a contradiction. This means that (1 + g\)/(28) > 1 cannot be true

and that we have
1+ 8A

28

Cp =

The profits earned by the platform is

0 7(]*(0) (100 5) o O + BN =28
0

B 243

By definition, Equation (32) maximizes the total quantity served subject to the constraint that

the platform earns
(1+BA)?(1 - 28))
2432 ’

Total throughput-maximizing solution is then the one that yields exactly zero profits for the

=

platform:

(1+BN)*(1—28X) _ . _
2172 =0 << \' = 55

which yields the total quantity served of

=

Ch

) _ @B 9
/q(c)dc- 35 = 35

0

Under this optimal mechanism, the highest cost that participates and the average market price

are:
_ 1
p - QB’
Ccy = i
hE 1
Total quantity of customers served in the market is
9
Q=1
3243

The fee platform charges to agent with cost c is

win (v —=2B)(4Pc —3)(4Bc—1)
o) = 3257

We will now show that the platform can implement this mechanism with commission-plus. With

decentralized pricing, let the platform sets its terms,

_ g =28
gb—l—%,w— 462 )

and assume agents expect an average price of

_ 1
p_26'
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By Equation (10), an agent with cost ¢ posts a price under decentralized pricing

pe -y (U )
2y —B+4p5%
B 4B~ '

Let cp be the highest cost agent that can participate with non-negative demand:

(5" (ch, ). P) =0 — chzfﬁ.

The realized average price is characterized by Equation (17),

2l =¢)Fyw 1
Pm0=9)@es+v) 28

The platform’s profit is

HCJF —

q(p*(¢,p), p)(¢p" (¢, ) + w) de

|
e

Total quantity served in the market is

same as the optimal mechanism.

C Robustness to Straight Average Utility Model

With the quadratic customer utility model and continuum of agents, a representative customer’s
utility is
1 2 1

U(o) = 2 / a(c) de - 5 / a(c)? de - 2@ [atrdc| - [a@pte) ae
0 0

0 0
The finite agent version of this utility model was introduced in Shubik and Levitan (1980) and

the linear demand model that arises from this utility function has been used by many authors (e.g.,
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Abhishek et al. 2016, Hagiu and Wright 2019b, Inderst and Shaffer 2019). Others like Melitz and
Ottaviano (2008), Foster et al. (2008), Altomonte et al. (2016) use the continuum agent version

above, for which the demand of an agent with positive quantity is

q(p(c), Q) = a — BQ — yp(c) (33)
where

1
Q= [ q(p(c), Q) dc.
/

We establish the robustness of our qualitative results to the choice of customer utility model in
this document by replicating our analyses using the demand model specified in (33) and observing

that our main qualitative results continue to hold. More specifically, we show the following results.

e When platform uses fees that are linear in price, there is a unique centralized pricing equilib-

rium (C.1.1) and a unique decentralized pricing equilibrium (Section C.1.3).

e With just a simple commission contract, centralized pricing can be better or worse than

decentralized pricing depending on the realization of demand parameters (Section C.1.5).

e Platform’s optimal mechanism can be implemented with decentralized pricing using either a

commission-plus contract (Section C.1.7) or a quantity discount contract (Section C.1.8).

e Decentralized pricing with commission-plus replicates the optimal mechanism even when the
agents have capacity constraints (Section C.1.13) or the platform adopts throughput maxi-

mization as its objective (Section C.1.14).

C.1 Analysis
C.1.1 Centralized Pricing

In centralized pricing, there exists a single price in the market. Let p be the price platform sets and

¢ be the portion of revenue retained. Conditional on participation, an agent with cost ¢ earns

me(p) = (a — BQ —yp)((1 = ¢)p — o).

Agent earnings decrease in cost, and therefore there exists a threshold cost, ¢y, for which agent with

cost ¢ participates if and only if ¢ < ¢,. The highest cost that participates is

Ten(p) =0 = ¢ = cn(p, @) = (1 — @)p.
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The total quantity served in the market is
Q= [(a~5Q- ) de
0

= ¢é(a— BQ —p)
= (1-¢)p(a—BQ —p).

Solving for @), we get
p(1 —¢)(a—p)
1+ pp(l1—¢)

Plugging this back into the demand function:

Q=

_a—qp
1+ 81 —-9¢)p

The demand is non-negative only if p < a/7.

q(p)

The platform’s profit-maximization problem is:

ch(9)
max II(p,¢) =¢ [ q(p,Q)pdec
,p 0
_ P’ —)g(a—p)
a+pp(l—¢)

The problem is concave in ¢ within the feasible region 0 < ¢ < 1,0 <p < a/v, e.g.,

O*1(p,¢) _ 20°(1+ fp) (e — )
0¢? (1+8p(1 - ¢))°

and therefore, platform’s optimal commission is defined by the first order condition

<0,

NI (p, §) p*(a—qp) (Bp(¢ — 1)* — 26 +1)
06 — (Br(6—1) — 12
This gives a unique feasible solution,
w1+ B8p—+1+Pp

Plugging this back into optimization problem and looking at the total derivative with respect to

price, we observe

di(p.¢*(p) - |, {:a(ﬁ\/fyw)jLV(Qﬁer?)m\/ﬁQ)
dp = 7

1 [8af+9y 4af — 3y
= p > — .
P= 35 V' n B>
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Hence, platform’s profit function is quasi-concave in price and is maximized at

. 1 8aﬁ+9’y+4aﬁ—3fy
p=o :
8p gl 86y

Plugging in the optimal decisions, the platform’s equilibrium profit is

80?82 — 99%/2/BaB T 97 + 368y — 8afy/7v/BaB F 97 + 2772
- 3265 ‘

HC

C.1.2 Decentralized Pricing

With decentralized pricing, agents select their own price to post on the platform. A price equilibrium
occurs when all agents select optimal prices given the equilibrium prices of others.

First, in Section C.1.3, we show that the existence and uniqueness of a decentralized pricing
equilibrium are guaranteed for a set of contracts where the fees agents pay to the platform are
linear in the price they select. Then, in Section C.1.4, we characterize the decentralized pricing

equilibrium assuming that the platform uses a commission only contract.

C.1.3 The Existence And Uniqueness Of Decentralized Pricing Equilibrium

Consider a broad class of fee structures such that an agent pays the platform (i) a base unit fee,
w, per unit served and (ii) a commission, ¢p, per unit served where ¢ < 1 is the fixed commission
rate and p is the agent’s price. An agent with demand ¢ pays the platform in total ¢ (w + ¢p). The
fixed per-unit fee, w, can be negative, meaning that it is actually a per-unit subsidy.

With this payment structure, we seek to determine the uniqueness of a price equilibrium. Each
agent’s earnings depend on the total quantity on the platform, so it is sufficient to consider a pricing
equilibrium in which each agent expects the total quantity to be Q. and all agents select prices based
on that expectation that yield Q). as the actual total quantity served.

An agent with total quantity expectation Q., cost ¢ and price p expects to earn

Te(p, Qe) = q(p, Qe) (1 = @)p — ¢ — w)
=(a=pQc—p) (1 -@)p—c—w).
Because earnings are strictly concave in price, there exists a unique price, p*(¢, Q.), that maximizes
the agent’s earnings,
(a — BQe) c+w

P Q) = g (31

Let the total quantity realized be ). This agent receives q(p*(c, Q.), @) demand,

A (. Q). Q) = & (a B0 - 20) - (35)

2
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The demand is decreasing in cost, c. Define ¢y to be the smallest cost such that the optimal quantity

is zero,
co = min{c: ¢(p*(c,Qc), Q) = 0} = Aot /6(17_ NP2 _, (36)
The realized total quantity is
min{cp,1}
o= [ aQ)Q (37)
0

An equilibrium exists if Q. = ). We will show that there can exist only one such equilibrium in
any market.
From (36), given an equilibrium, i.e., @ = Q., the total quantity in equilibrium can be expressed

in terms of ¢y,
_a(l—¢) — (e +w)

M () )
From (34), (35), (38) and Q. = @, the equilibrium condition (37) can be written as
min{cp,1}
0-0- [ ' (@QQ)de
0
1-6)rfeotuw) [ (e 4w
_a(l—¢)—y(eotw) 1/ Aletw
T B-9) !ﬁ 2<a T )dc (39)
4a(l — ¢) — Brycd — 4y(co + w) £ o <
) 0> 17
== 2 ;5(1_4@ da(p—1
R DR RS

The right-hand side of (39) is continuous at ¢y = 1. It is also monotonically decreasing in c:

0 (4ol = ¢) = Byeg — 4y(co + w)> _ (Beo +2) )

a%< 1B - 9) T T
9 7(52(ﬁ+2)004w)404(¢1)>__(5+2)’Y .
a%< 15(1—9) =g g 0T

As a result, the right-hand side of (39) only cross zero once, yielding a unique c¢y.

The unique feasible candidate ¢y in the domain c¢g < 1 is

_2(VAGF Blall =] —7w) )

c 40
0 5 (40)

From (38) and (40), for this candidate cg, there exists a unique equilibrium total quantity,
o = 9= ) +7(2 = fuw) ~2v/4(y + Bla(l — ¢) — yw)) (41)

p*(1-9)
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C.1.4 Decentralized Pricing With Just A Commission Fee

The analysis in Section C.1.3 shows that the uniqueness of a total quantity that satisfies consistent
expectations equilibrium is guaranteed. In decentralized pricing with commission fees, conditional

on participation, an agent with cost ¢ setting a price p earns

7e(p, Q) = (a — BQ — yp)((1 — @)p — ).

Agent’s profit depends on individual price, p, and also the total quantity served in the market, Q,
which is characterized in the equilibrium.
Each agent chooses the price that maximizes own earnings. From (34),

a— PR c+w
2y 2(1-¢)

p*(c,Q) =

The agent earns
(0 = QB)(1 — ¢) — 7c)?
4y(1-¢) ‘

Agent earnings are decreasing in cost, ¢, and therefore there exists a threshold cost, ¢y, for which

7Tc(pv Q) =

agent with cost ¢ participates if and only if ¢ < ¢p. Define ¢y to be the lowest cost that yields zero

profit:
(a—QB)(1—¢)
5 :

Teo (P (€0, @), Q) =0 = co = co(¢) =
Then,
cn = en(é) = min{1, co}.
With g < 1, the total quantity is uniquely defined by (41):
aB(l — ) +7(2 - w) — 2/v(y + Bla(l - ¢) — qw))

Q= .
81— ¢)
The platform’s profit-maximization problem is:
> cn ()
max  II%(g) =¢ [ q(p*(c, Q). Q)p"(c,Q) de
0

3
19 (VA(aBL=6) +7) - )
38392 (1 — ¢)?
The profit takes positive values for all 0 < ¢ < 1 and is zero at both boundary points, ¢ = 0 and

¢ = 1. Because the profit function is continuous, any maximizer is an interior point and defined by
the first order condition:
2
oP(g) 2 (7= vA@BI=31+7)) (20+1) (VA@BI=9)+7)—7) —aBlo—2)(6 - 1)
2 36%7(6 = 1)*/(aB(l — ¢) +7)

=0.
(42)
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(42) can be shown to yield a unique solution. Note that for any 0 < ¢ < 1,

2 (4 —waﬁl—@ﬂ)f
36%7(¢ — 1)>V/7(aB(l — ¢) +7)

This means that FOC is satisfied when

< 0.

26" +1) (VA(@BI =67 +7) —7) — aBls" = 2)(¢" = 1) =0

<\/’y(aﬁ(1 —¢*)+7) —7) —ap <z:j> =0. )

<~ 2
o*—1
The left-hand side of the equality is monotonically increasing in ¢* within the range ¢* € [0, 1], and

therefore can only cross zero once. Hence, (43) uniquely defines platform’s optimal commission, ¢*.

C.1.5 Comparison of Centralized and Decentralized Pricing

Equation (43) corresponds to a root of a cubic polynomial. While Cardano’s formula can find
closed-form expressions for roots of a cubic polynomial, the expressions are length. To compute
platform’s profit under decentralized pricing and compare it with centralized pricing, we use a

computer algebra system and find that there exists a k ~ 0.149 such that
P > II¢ «— ~ < kap.

That is, a platform may prefer centralized or decentralized pricing depending on the competition
characteristics of the market. More specifically, the platform’s profit is higher with decentralized

pricing in markets with low v, and it is higher with centralized pricing in markets with high ~.

C.1.6 Optimal Mechanism

According to the Revelation Principle, the set of optimal mechanisms can be found within the set
of truth-inducing mechanisms. In such a mechanism, the platform posts a menu that maps each
cost to a price and a fee. Each agent reports a cost and is assigned the price and fee associated with
that cost, and each agent (i) earns non-negative profits (Individual Rationality), and (ii) prefers
to report own cost truthfully given that all other agents do the same (Incentive Compatibility).
Following this structure, let p(c) be the price the platform assigns to agent ¢ and let F(c) be the
fee collected. Note that F'(c) is the total fee and not per-unit, F'(¢) = q(p(c),Q)f(c). Let m.(¢) be

an agent’s earnings with cost ¢ when the agent reports cost ¢:

me(€) = ulc, p(¢)) — F(¢)
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where
u(e, p(é)) = (a — BQ — yp(€)) (p(¢) — ).

The Individual Rationality (IR) and the Incentive Compatibility (IC) constraints are

WC(C) >0,
me(c) > (€,

respectively for all ¢ € [0,1], ¢ € [0, 1].

Because of the IC constraints, agent earnings are strictly decreasing in cost:

Te(c) 2 me(€) = (o — BQ — vp(€)) (p(€) — ) — F'(¢)
> (a = pQ —p()) (p(¢) — ¢) — F(¢) = me(c)
for all ¢ > ¢. This also implies that the agent with the highest cost, ¢ = 1, earns zero under the
optimal truth-inducing mechanism: if the highest cost agent were to earn a strictly positive amount,
then the platform could uniformly increase the fee, F/(¢), for all participating agents, thus increasing
its profit.

We can re-formulate an agent’s earnings as

7e(¢) = wz(€) — u(é, p(¢)) + u(e, p(2)).

For a pair of agents with costs ¢, ¢, IC constraints imply

Y

7e(€)

mz(c)

me(¢) — u(é, p(¢)) + u(c, p(c)),
me(c) — ule, p(c)) + u(é p(c)).

me(c)
m&(C)

These inequalities can be combined:

\Y

u(e, (C)) — u(e, p(e)) < me(€) — me(c) < U(5 p(¢)) — u(c,p())

3“ Ck: (9u ck, (44)
dck < me(e) — me(e 60 .
k

This inequality has two important consequences. First, ignoring the middle term, Equation (44)
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implies

C C
/(%(Ck,p(c))d%g/au(ck,p(c))d%’ Ve € [0,1],Vé € [0, 1]
ocy. dey,

= - / (a = BQ —p(c)) deg < — / (a — BQ —vp(€)) deg, Ve € [0,1],Ve € [0,1]
’ ) (45)

— (O‘_BQ_’YP(C)) (C_C> (a_ﬁQ ( )) (C_E)v Ve e [071]aVE€ [0’1]

<~ (p(c) = p(é))(c—¢) >0, Ve € [0,1],Ve € [0,1]

< p/'(c) >0, Ve € [0,1].

Second, because u(¢,p(c)) is a continuous function of ¢, this inequality implies that 7mz(¢) is also
continuous with respect to the Lebesgue measure and thus almost everywhere differentiable. Fur-
thermore, its derivative is

dre(c) _ du(c,p(c))

dce oc

Using the fundamental theorem of calculus:

7o(@) = mo(c) + / dme(0) 4o = p (e / ou( "”“
de

(&
Because the highest cost agent earns zero, setting ¢ = 1, the equation simplifies to

1

ou( ck,
d

1

F(c) = u(c,p(e)) + / (Mclgci(ck)) dey,. (46)

which means

C

Our analysis so far has established that (45) and (46) are necessary conditions for IR and IC.
Now, we will show that they are also sufficient. By establishing an equivalence between the two
sets of constraints, we will be able to replace the IR and IC constraints in the platform’s optimal
mechanism problem with Equations (45) and (46) and therefore convert the problem into a tractable

form.
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It is straightforward to show that (46) is sufficient to imply IR:

me(c) = u(e, p(c)) — F(c)

1
e ple)) = u(esple)) — [ PUEPE g,
1
_ ou(cy,pler))
= [ PG e
. C
= /(a — BQ — vyp(ex)) de, > 0 Ve € [0, 1].
Similarly for IC, we have
7o(@) — me(e) = ule, p(é)) ~ F(&) — ule,p(e) + F(c)
1
e @) (o0 | 24 UL 1, — (e pe) +ulep(e)) + [ PLBLAD g,

[

=u(e,p(¢)) — u(é,p(é)) — / dulck, pler)) der

J 6ck
B 3“(0 ,p(€)) au(C ,p(ck))
- / (o — BQ — Ap(@)) dex — / (o — BQ — Ap(er)) de

— [ (o(er) ~p(@)) dex > 0, Ve € 0,12 € 0.1
¢
Now, we construct the platform’s problem. The platform chooses p(c) and F(c) to maximize
total profits subject to IR and IC constraints, and the natural restriction that the demand of an

agent cannot be negative:

1

max F(c) de

p(c).F(c) of ¥

s.t. me(c) > me(€),Ye € [0,1],Veé € [0, 1]
me(c) > 0,Ve € [0,1]

o — BQ - ’)/p(C) > O,VC € [0’ 1]
1
Q= ([(04 — BQ — yp(c)) de.

71



Using the equivalence we found earlier, we replace IR and IC constraints with Equations (45) and

(46):
max
p(c),F(c)
s.t.

= max

p(c)
s.t.

Using integration by parts,

U

Ou( ck,
6ck

1
B Ou(cg, p(cr))
) dec = |: aer

J F(c) de
0

P (c) > 0,Vc € [0,1]
D+
—w@ngEMH

~vp(c)) de

e ot Y
p'(c) >0,Vc e [(c), 1]

a— BQ —plc) >0,V € [0,1]

0= bf<a — 5Q = 1p(e)) de.

ou( ck,

F(c) = u(c,p(e k) dey, Ve € [0,1]

J-feme-

(47)

1
_ [ 9ulep(e))
—/acC de.
0
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The platform’s problem converts to

max f1<u(c, p(c))—l—ém((:(éij(c))c) de

ple) 0
st.  p'(c) >0,Ve e [0,1]

a— BQ —p(c) > 0,Ve € [0,1]
1
Q= Of(a — BQ —p(c)) dc

1
= max [ (o= BQ ~ (e (p() ) = (o = BQ ~ yp(e)e) de
p(c 0
st.  p'(c) >0,Ve e 0,1] (48)
a—BQ —yp(c) > 0,Vc € [0,1]

0= Ofl<a — 5Q = p(c)) de
1
~max (o= 5Q = 70(e))ple) — 20 d

p(c)
st.  p'(c) >0,Ve e |0,1]

a— pQ —yp(c) > 0,Vc € [0,1]
1
Q= Of(a — BQ —yp(c)) de

We re-formulate this as a quantity-choice problem. Let ¢(c) be the demand platform assigns to
agent with cost c. We have one-to-one equivalence between price and quantity:

o — PR —qlc
pe) = ©
~
Plugging this back into the platform’s problem and expanding the () expression, we have the fol-

lowing problem

q(c) > 0,Ve € [0,1].
Relaxing the first constraint, the problem is a specific case of quadratic utility maximization
where the prices of the agents are equal to twice their costs, p(c) = 2¢. For all agents with non-zero

assigned quantity, we have
e
o) =5 ~ 6@ e (50)

where

1
Q= [ q(c) dc. (51)
/
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This solution also satisfies the relaxed contraint. Therefore, the solution in (50) is also optimal for
the platform’s optimal mechanism.

Solving for (50) and (51) simultaneously, we get one feasible total quantity,

aB + 2y — 2/ aBy + 2
. )

Other equilibrium characteristics are as follows:
* o — /BQ - c
p*(c) = a—pQ—qlc)
Y
== +c
=5

1

(o) = ulep (@) + [ 2UBD g,

C

~aB (VAlaBT7) = 1(Be+2)) = (7(82 +28¢+2) = 2(Be + 1)y/7 (0B + 7))
- 267y '

With the optimal mechanism, we have

of ( v(aB +v) —v(Be+ 2)) - (7 (B2 +2Bc+2) — 2(Be+1)\/v(aB + 7))

o= 26%
= ¢(0) (;p%) Aol 27) .

Because we can map the fee structure of the optimal mechanism to one that is linear in price, the
uniqueness arguments in Section C.1.3 also apply to the optimal mechanism. Therefore, with the
optimal mechanism, there exists a unique equilibrium total quantity.

The platform earns

_ay —11020—é1062—1600
=2 Jafe) de= Ja(e)?d y(bqu) 2] a(c)ed

(—QW + 308 + 2

12/33~2

N—

(v — V(e + 7))2

C.1.7 Replicating The Optimal Mechanism With Commission and Per-unit Fee Con-

tract

With the optimal mechanism, there is a unique candidate commission and per-unit fee structure that
may yield the same equilibrium outcome as the optimal mechanism. To show that this structure
indeed replicates the optimal mechanism, let the platform sets its terms

5 [ —2y/v(aB+7v)+aB + 2y

— v 48~
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and assume agents expect a total quantity of
af + 2y = 2y/aBy +2
232 '
By Equation (34), an agent with cost ¢ posts a price under commission-plus
a—BQ c+w
p*(c,Q) =
2 2(1-9¢)

i
= —+ec
2y

The price chosen by any agent is exactly equivalent to the one in the optimal mechanism. The same

Q=

is true for the fees paid. Because prices and fees are the only decision variables in the setting, then

commission-plus with the given terms replicates the optimal mechanism.

C.1.8 Replicating The Optimal Mechanism With Quantity Discount Contract

With the optimal mechanism, we have

o aB(VAlBHA) = (B +2)) = (7 (8% + 2B+ 2) — 2B+ 1)y /(@B 7))
F (C) = 2527
— 0@ (@ o).

There is a unique candidate quantity pricing fee structure that may yield the same equilibrium

outcome as the optimal mechanism. To show that this structure indeed replicates the optimal

mechanism, let the platform sets its terms
1 «
¢ = —g, w = g
and assume agents expect a total quantity of
af +2y —2y/aBy +7?
232 '

Conditional on participation, an agent with cost ¢ setting a price p earns

Q=

Te(p, Q) = (a — BQ — yp)(p — ¢ — p(a — BQ — yp) — w).

Because earnings are strictly concave in price, there exists a unique price, p*(c, @), that maximizes

the agent’s earnings,
2079 + a+ ¢y — 267Q¢ — BQ +yw

27(vp + 1)

(e, Q) =

S,
=—+4c
2y
The price chosen by any agent is exactly equivalent to the one in the optimal mechanism. Same is
true for the fees paid. Because prices and fees are the only decision variables in the setting, then

quantity pricing with the given terms replicates the optimal mechanism.
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C.1.9 Capacity Constraints

We will now solve the equilibria of centralized pricing, decentralized pricing, and optimal mechanism

under the assumption that agents have a maximum capacity to serve k demand.

C.1.10 Centralized Pricing

Without capacity constraints, the number of customers served by each agent under centralized
pricing is
1(p.Q) = — V11— 0B) (-V/7V8aF+ 97 +4afi +39)
; B (208 (VBaB + 97 +3y7) +7 (VBaB + 97 +13,/7))

With capacity constraints, the capacity will be binding if and only if £ is smaller than this amount.

When capacity is binding, if platform sets a price p, the profit agent with cost ¢ earns is

me(p) = k((1 — @)p — ¢)

Agents participate as long as they earn positive profits. The highest cost that participates, ¢y, earns

Zero

Te,(P) =0 = ¢ = cu(p, @) = (1 — @)p.

The platform’s profit is:

cn(p,9)
I°(p, ¢) = kop de
/
= k(1 — ¢)p°.

The objective is monotonically increasing in p. It is optimal for the platform to increase the price

as long as there is excess demand. In the optimal, quantity served should equal to the capacity:

k=a-pBQ—p
= a — Bkep, —p
=a—Bk(1-¢)p—p

yielding a price
a—k
P=
v+ BE(1 - ¢)

Plugging this into the objective,

k(1 —¢)p(k — a)?
(v +EB(L=9))*

I (¢) =
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Within the feasible set of parameters, we have

O(¢) _k(k — )*(7(26 — 1) + Bk(d — 1))

= >0
99 (Bk(¢ —1) —7)? -
v+ Bk
= o< —.
T
Therefore, the platform’s profit is quasi-concave in ¢ and is maximized at
g = LT Bk
2y + Bk’
The platform’s equilibrium profit is
¢ k(a—k)?
Ay(y + Bk)’

C.1.11 Decentralized Pricing

Without capacity constraints, the highest number of customers an agent serves under decentralized

pricing with just commission is

VAEBIL= ) +7) =7

Q(p*(on)vQ) = ,8(1 _ (;5*)

where ¢* is given by (43).
With capacity constraints, the capacity will be binding if and only if £ is smaller than this
amount. The agents need to incorporate the capacity restriction in their pricing decision. Profit

earned by agent with cost ¢ and price p conditional on participation is

me(p, Q) = minfa — Q +p, k}((1 — ¢)p — ©).

Agent sets the price that maximizes own profits:
maxmin{a = 5Q + 7, k}(1 - $)p — o).

Without capacity constraints, an agent’s optimal price is characterized by Equation (34),

a— pQ c
2 -9

(e, Q) =

which gives quantity
1

0. @) = 5 (=0 2%).

Since the quantity served is decreasing in cost, there exists a threshold, ¢, where only the agents

with costs ¢ < ¢ are constrained in capacity. The threshold agent has exactly the quantity k:

W (6.Q)Q) =k = é=a(¢)= 1~ WO‘;” — %K),
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If an agent is capacity constrained, k < q(p*(c, @), @), any decrease in price greater than the one
that matches capacity and demand decreases the agent’s margin, but does not increase the quantity
served. Hence, an agent never sets a price lower than the capacity binding level. The optimal price

of an agent with cost ¢ < ¢ is:

a—BQ —k
5 .

The highest cost agent that participates has 0 demand:

p*(6,Q) =

e, @.Q) =0 = o= en(9) = LD
Agents’ equilibrium prices are
a-é?—k e<s
p*(c, Q) = 0a-iQ, .

2y 2(1-9¢)’
Agents with a cost greater than ¢, cannot profitably participate.

The total quantity is defined in the equilibrium:

Q= ?Q(P*(Q Q),Q) dc
/k dc+/ <a

=) ¢

k(1 — ¢>)(a —BQ—k)
Y
There is a unique total quantity:
o H1=6)a=k)
v+ Bk(1—¢)

Platform’s profit maximization problem is:

Ch

m(?x HD(¢) =¢ f Q(p*(cv Q)7 Q)p* (C) Q) dc

0

B ¢ a—pQ—k ¢ c a— pQ c

k(1 —¢)¢ (3272 + B2k (¢ — 1)% — 2B7k3(¢ — 1) + 472k* — 6ay%k)
372 (v + k(B — B¢))? '

The profit takes positive values for all 0 < ¢ < 1, k > 0 and is zero at both boundary points, ¢ = 0

and ¢ = 1. Because the profit function is continuous, any maximizer is an interior point and defined
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by the first order condition:

onP(¢) _ k - <3a273(1 —2¢) + BOK5 (¢ — 1)%(2¢ — 1) — 3879k (¢ — 1)*(2¢ — 1)

o%0) 372 (v + k(B — B9))

+687° k% (¢ — 1)% + 29%K*(3aB(¢ — 1) + 7(2 — 49)) — 3ar’k(aB(d — 1) + (2 — 4¢))> =0,

(52)
Equation (52) can be shown to yield a unique solution. Note that for any 0 < ¢ < 1,
k
320+ kB =0
So, FOC is satisfied when
30%7° (1= 26%) + B%K°(6" — 1)°(26" — 1) = 38%k* (6" — 1)*(26" — 1) + 6877K% (6" — 1)° 53)

+29°k*(3aB(6" — 1) +7(2 — 4¢")) — 3ar’k(aB(¢" — 1) +7(2 — 4¢")) = 0.

The left-hand side of the equality increases monotonically in ¢* within the feasible range ¢* € [0, 1],
¢(¢*) > 0, and therefore the expression can only cross zero once. Hence, (53) uniquely defines

platform’s optimal commission, ¢*.

C.1.12 Optimal Mechanism

Without capacity constraints, the highest number of customers an agent serves under the optimal

V(aB+7v) =~
3 .

The capacity is binding if and only if k is smaller than this amount.

mechanism is

q*(0) =

Our proof for the platform’s capacity-unconstrained optimal mechanism is applicable up until
we reach Equation (49). In the presence of demand constraints, platform’s optimal mechanism

problem has an additional constraint:

1

1 1 21
I(I]l(%)x % /q(c) dc — io/q(c)2 dc — f O/q(c) de | — O/q(c)Zc dc

0
s.t. ¢'(c) <0,Ve e [0,1]

q(c) = 0,Vc € [0,1]
q(c) < k,Ye € [0,1].
Ignoring the first constraint, this is a quadratic utility maximization problem with capacity

constraints in a market where agent prices are equal to twice their cost, p(c) = 2¢. For all agents
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whose quantities are not effected by the two constraints, the assigned optimal quantity is

q(c) = % — BQ — ve.

where

1
Q= [ q(c)de (54)
/

For all others, the quantity constraints are binding. That is, the quantity assigned to an agent with

cost c is
. o +
o) =min{ (5~ 5Q ~1¢) .k} (55)
This solution also satisfies the relaxed contraint. Therefore, the solution to the relaxed problem is

also optimal for the platform’s optimal mechanism.

Solving for (54) and (55) simultaneously, we get one feasible total quantity,

0= k(o — k)
2(y + Bk)’
The price assigned to agents with excess capacity is
* o — BQ —q(c
p(e) = il 1Ak ]
Y
= 5 —|— C

capacity constrained agents are assigned the price

(= k)(2v + Bk)
2v(y + Bk)

p*(c) =

The platform earns

1 2

:/1(1 dc — / (c)? dc—i jq(c) dc —/1q(c)20 dc
0 0 0
_k

(3a?y + Bk® + 4’yk2 — 6ayk)
129%(y + Bk)

C.1.13 Decentralized Pricing With Commission And Per-Unit Fee

To show that decentralized pricing with commission-plus replicates the optimal mechanism, let the

platform sets its terms

1 afk — Bk
27 4y(v+Bk)’



and assume agents expect a total quantity of

k(o — k)
2(y + Bk)’

Without capacity restrictions, an agent with cost ¢ has the following profit-maximization prob-

Q=

lem:
max (a = fQ —p)((1 = @)p — c —w),

yielding an optimal price of
a—BQ c+w

p(c,Q) =
= g —|— C
2y
Let ¢ be the highest cost agent that is bounded by capacity:
. oy — Bk —2vk
AP (6,Q),Q) =k = ¢=
#"(6Q),0) 2v(v + Bk)
All agents with cost less than ¢ set the price that makes their demand exactly equal to k:
s o — —k
p(EQ) = a-peok
Y
_ (a—k)(2y+ BK)
2v(y + Bk)

Others will set the price in (56). Let ¢j, be the highest cost agent that can participate with non-

negative demand:
ay + Bk?
2y(y + Bk)’

The total quantity needs to be consistent with expectation:

Q(p*(chaQ)7Q) =0 = cp=

Q= / 10" (.Q).Q) de
0
i

a—k)
C2(y+Bk)

The platform earns

Ch

K(6p* (6, Q) + w) de + / 10" (6. Q), Q) (ép" (e, Q) + w) de

Kk (30427 + Bk3 + 4vk? — 6047/@)
1292(y + k) ’

same as the optimal mechanism.

e+ =

o\
™
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C.1.14 Throughput Maximization

In the quantity maximizing optimal contract, let p(c) be the price the platform assigns to agent ¢
and F'(c) be the fee collected. By Section C.1.6, Equations (45) and (46) are necessary and sufficient
conditions for agents’ IR and IC constraints. In any truth-inducing mechanism, the equilibrium fees

charged to the agent who reports a cost c is

1
F(c) = u(c,p(c +/8u . P dck.

The total quantity served in the market is

/1q(0) de = /1(0é — BQ —p(c)) de.
0 0

The optimal truth-inducing contract that maximizes total quantity served subject to non-negative
profit constraint is characterized through the following problem:

1

max  [(a— BQ —yp(c)) de
p(c) 0

st.  p'(e) >0,Vee|0,1]

a— BQ —vp(c) > 0,Vc € [0, 1}
F(c) = u( —|—f1

F(c) de

o Ck’ ) deg, Ve € [0,1]

Ct—r

0= Ofla—BQ p(c)) de

1
—max [(a— BQ —p(c) de
p(c)

st.  p'(e) >0,Vee|0,1]

a— BQ —yp(c) > 0,Yc € [0,1]
1

Of(a — BQ —yp(c))(p(c) — 2¢) de > 0
0= Ofl<a = BQ — (o)) de.
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where the equivalence of the constraints follow from Equations (47) and (48). We reformulate the
problem with quantities as decision variables:

1
max [ ¢(c) de
ae) 0

st. ¢ (c) <0,Ve € [0,1]
q(c) > 0,Ve € [0,1]

Oflq(c) (O‘ﬁ%q(c) - 2c> de >0

1
Q= [(a—BQ —p(c)) de.
0
Let us first look at a related problem, where the platform maximizes a combination of its earning
and total quantity served, where the latter is weighted by A:

; a—BQ —q(c) i
r;l(acu)x qu(c) (’y — 20) de+ qu(c) de

st. ¢'(c) <0,Vee[0,1]
q(c) > 0,Ve € [0, 1]

szm—ﬁQ—w@»w.

By modifying the value of A, we can assign different weights to how much platform prioritizes
maximizing the quantity served relative to the profit. Specifically, we can recover the quantity
maximizing solution by solving for the largest feasible \* that makes optimal profit non-negative.

Expanding the ) expression, the problem becomes

1 1 1 2
rtrll(fgi (j%-/\) /q(c) de — ’170/q(c>2 dc—i O/q(c) dc —O/q(c)Qc dc

0

s.t. ¢'(c) <0,Ve € [0,1]
q(c) > 0,Vc € [0, 1].

Relaxing the first constraint, the problem is a specific case of quadratic utility maximization
where the prices of the agents are equal to twice their costs, p(c) = 2¢. For all agents with non-zero

assigned quantity, we have
a+ Ay

le) = 20— 5@ — e 67)

where

Q= [ qlc) dc. (58)
/
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This solution also satisfies the relaxed constraint. Therefore, the solution in (57) is also optimal
for the platform’s optimal mechanism.

Solving for (57) and (58) simultaneously, we get one feasible total quantity,

(\/v(aﬁ + B +7) — 7)2
2032y '

The total profit earned is

1 1 1 2
/q(c) de — /q(c)2 de — 5 /q(c) de | — /q(c)QC de
0 0 0 0

—2¢/v(aB+ ByA+7) + 3aB + (2 — 35/\)) (’y — V(@B + By + 7))2
1233~2 ’

=

2

—~ =2

This expression approaches negative infinity as A goes to infinity. To get the quantity-maximizing

contract, we look for the greatest feasible A that makes the profit non-negative:

~ 9aB+ 8y 2v2 [9ap + 8y

)\*
98~ 98 v

The total quantity served under the optimal mechanism is

13y + 9aB — V24/7(9aB + 87) — 3\/7 (—2\&\/7(9@& + 8y) + 18af + 177)
— 37

Q

With the optimal mechanism, we have

18a8 _
Vot 16 -4

95
F*(c) = ﬁ <10\/7 (—2\/5\/7(9@ +87) + 180 + 17~y)

+ 2\/5\/(9aﬁ +89) <—2\/§\/'y(9a6 +89) +18a8 + 177) — 5dry
- 38 (18@ +c (2\/5\/7(9046 +8v) — 6\/7 (—2\/5\/7(9aﬁ + 87v) + 18af + 177) + (98¢ + 10))) )
1 V2y/7(9a8 + 8y) — 3\/7 (—2\/5\/ v(9aB + 87) + 18a8 + 177) + 57y

+

=4’ (0) | 370 55

p*(c) = +c

Now, let us show that any throughput-maximizing optimal contract can be replicated with a

commission-plus contract.
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Let the platform sets its terms

V2y/7(9a8 + 87) — 3\/7 (—2\/5\/7(904B + 8y) + 18a5 + 17w> + 5y

183

1
¢ = 57 w
and assume agents expect a total quantity of
13y + 928 — V2/v(9af + &) — 3\/7 (*2\/5\/7(9aﬁ + 8y) + 18a5 + 177)
932

By Equation (34), an agent with cost ¢ posts a price under commission-plus

Q=

a— BQ c+w
2y 2(1-9¢)

18a3 o
vV 5t 16 — 4

= 93 +c.

The price chosen by any agent is exactly equivalent to the one in the optimal mechanism. The

(e, Q) =

same is true for the fees paid. Because prices and fees are the only decision variables in the setting,

commission-plus with the given terms replicates the optimal mechanism.
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