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Table EC.1 Table of variables and parameters.

Acronym | Meaning

fe True unknown objective function

Yy A noisy observation of f, in epoch ¢
x Observed covariates

z Decision taken

dx Dimension of the observed covariates
dy Dimension of the decision taken

fo A generic DNN function

4 A realized fitted DNN function
o) The activation function

0},.(x,z) | The point-wise first derivative of the activation function at the h-th node and [-th layer
oy (x,z) | The point-wise second derivative of the activation function at the h-th node and I-th layer
z*(xo) | The true optimal solution given xq
z(xo) The DNN based optimal solution given x,
0 The partial derivative
K, The Lipschitz constant of f,
K, The Lipschitz constant of f
K The Lipschitz constant of || f. — f;]|
x.z The marginal distribution of (X, Z)

on The generalization bound with N data points

c1 The lower bound on the density function of p1x »

C3 Min. radius of a ball away from the optimal solution to have probability measure c,4
C4 Probability measure of a ball of radius ¢3 away from the optimal solution

Ca Lower bound on the increase of f, for solutions far away from optimal solution

Cs Quadratic increase rate of f, for solutions near the optimal solution

Ly, 14, |Constant for volume of a dx + dz dimensional ball

EC.1. Using Neural Networks to Fit the Objective Function
As mentioned in Section 3, we propose to find the best fit objective function f (z, z) from the
data {(X*, Z",Y")}Y, within the class of DNN functions #yy. That is, assuming a quadratic loss

function, and a clear specification of Fny, we seek:
N
f=argmin) (f(X',Z)-Y")2 (EC.1)
feyNN i=1
The class %ny is the set of functions that can be represented through a particular DNN. The
function class Fny is determined by the architecture of the network and the form of interactions

between the nodes. We consider feedforward DNNs consisting of:
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Figure EC.1 The illustration of a fully connected feedforward neural network with L =2 layers and H = 3 nodes

in each layer. The activation function is applied to the input at each of the nodes.

e L layers (the depth of the network),
e H nodes per layer (the width)!,

o fully connected layers,

e an activation function o(-) : R — R.

An example of a network architecture is illustrated in Figure EC.1. The neural network takes as
input two scalars (z,z) and outputs a single scalar (y). It has L =2 layers and each layer has
H =3 width (note that we do not count the first and the last layers).

The commonly use activation functions are:

1. sigmoid: o(z)=1/(1+¢e%)
2. Swish: o(z)=x/(1+e7%)
3. ReLU: o(x) =max{0,x}.
Given a network architecture Zyn(L, H,0), a function withing the class is specified by a
parameterization 6 = (Wy,, W1.,bi, Wy, by, ..., Wy, by, wr,1,br,1), where Wy, € RF*dx,
Wy, eRIxdz b eRY for k=1,...,L, W, e R for k=2,... L, wy,1 x R¥ and by, €R.

Given (x,z) and a parameter 6,
fo(x,z) = lea' < o (WgG’(WzO’(WlmiU +Wi.z+by)+ b2) + b3> + - ) +briq-

Here, o(-) : R¥ — R represents the vectorized activation function that applies o(-) : R — R
elementwise.

By this formulation, .Z#yy is the set of all functions fy(x,z). One may use Figure EC.1 to better
understand fy(x, z). Consider the left-most layer (the input layer), the edges leading to the
second layer (also referred to as the first hidden layer) and the term wy,x + w;.2 + by. The

upper edges coming from node x represent w;,x and the lower edges coming from node z
represent wy,z. The vector by is referred to as the constant term (or bias). Observe that
wqx : R% — R In this case the scalar x is transferred by the weights w,, into H inputs to the

! This is without loss of generality since H can be set equal to the number of nodes in the widest layer, and for other

layers, one can consider dummy nodes with weight set to zero and the constant parameter set to be equal to the root
point of the activation function (0 for ReLU and Swish and a large negative number such as —100 for sigmoid).
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second layer, and similarly for z. At each node in the second layer the function o(-): R! = R* is
applied to the H-dimensional term w;,x + w;,z + by element wise to produce H outputs. Then,
recursively, in a feedforward fashion, the results are fed to the edges between the second and
third layer, represented by Wy and b,, and so on. In the output layer, an inner product using
weight wr 11 is applied to the output of the penultimate layer (the last hidden layer). Adding the
scalar constant term by 1 gives the scalar output.

Given observations {(X*, Z,Y")}X |, we seek f, that solves (EC.1). That is, we train the DNN
by selecting W’s and b’s that minimize the quadratic loss. A common approach is to use
Stochastic Gradient Descent (SGD) which relies on the observation that the gradient of f, with
respect to f can be given in closed form, when o is differentiable (Rumelhart et al. 1986). SGD
has shown good empirical performance (Zhang et al. 2021). See Goodfellow et al. (2016) for an
overview of SGD applied to fitting DNNs.

EC.2. Optimize the Fitted Neural Network
In this section we focus on the case where P is a box and discuss how to choose z given a
covariate X so that the output of the fitted DNN is optimized. Let 6 denote the fitted DNN (the
optimized weights W and constant terms b). Then, following (5), we would want to find
2(Xy) € argmin f;(Xo, 2). (EC.2)
zcP

We assume
P={z€R|Z; <z <Z;, Vi<d},

where Z; and Z; indicate the lowest and highest values of the i*" coordinate of Z in the data.
Consider Figure EC.1. We are suggesting that we have X, and f; and want to choose z to
minimize Y. Solving (EC.2) may be NP-hard, depending on the choice of the activation function
(Katz et al. 2017, Anderson et al. 2020).

Define 2(x) to be a local minimum if there exists § > 0, such that
VzeP:|z—2(x)|> <6, fi(x, 2(x)) < fy(x, 2). (EC.3)

We suggest using a gradient-based approach to finding a local minimum to (EC.2). We can use
backpropagation to derive the gradient of f;(x,z) with respect to z in closed form. Hence, we
may hope to efficiently find all the local minima to (EC.2). Moreover, we can use the tools
developed for SGD in the training of DNNs to find the 2(x) that minimizes f;(x, z).
Similar to the the backpropagation algorithm (Rumelhart et al. 1986), we use the layer by layer

structure of the DNN to calculate the derivative of f;(x, z) with respect to z.
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Ofy(x,2)
682: and

We can find a local minimum of f;(x, z) using a gradient descent algorithm. Let § =
0fy(x,z)
0z

feasible set P, defined as

let K be the Lipschitz constant of and let and [z]* be the projection operator onto the

Zi if Z; > Zia
2] =13 Z; it z, < Z;,
z; otherwise.

Algorithm 2 Projected gradient update

Require: K, 0<s< %
Require: Starting point decision value z2(%) € P
k+1
while Stopping criterion not met do
Compute gradient: § < aﬁg(gi,zz(’“))
Apply update: 2 « z(*) — 54
Project back to feasible set: z(*+1) « [z(R)]+

k+—k+1

end while

There is a large body of literature on how to choose the step size (s) in Algorithm 2 to ensure

faster convergence (Bertsekas 1999). However, if f;(x, 2) is continuously differentiable, P is a

afé(;:’z) is Lipschitz continuous with a known Lipschitz

compact and nonempty convex set, and
constant, Algorithm 2 as stated will converge in the limit to a stationary point of fj;(x, 2)

(Bertsekas (1999), Proposition 2.3.2). If 6'f‘§(§:’z>

is only locally Lipschitz continuous or its
Lipschitz constant is not known, one can alternatively use the celebrated Armijo rule to
determine the step size schedule that will guarantee convergence in the limit (Bertsekas (1999),
Proposition 2.3.3).

REMARK EC.1. The differentiability of o is imperative for Proposition 1. If ¢ is a non-
differentiable function such as ReLU, as pointed out by several recent works such as Bolte and
Pauwels (2021) and Bianchi et al. (2022), backpropagation for ReLU networks does not necessar-
ily compute any kind of known derivative or even subdifferential of f; and may not even return
the correct derivative of f; at points where it is differentiable. Moreover, we do not know of any
research that shows in such a case, similar to Proposition 1, convergence to a stationary point
of f;(zx,-) would result. In particular, the results of Bianchi et al. (2022) which are developed for
SGD, can be extended to the deterministic case of Algorithm 2 for ReLU activated DNNs, with

backpropagation used to calculate §. However their results only guarantee convergence to the set
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of zeros of the conservative field of f;(a,-) and this set is not necessarily identical to the set of its

stationary points. (See Bolte and Pauwels (2021) for a comprehensive review). 0

EC.3. The Choice of Activation Functions
The choice of activation functions has a substantial impact on the performance of DNNs, as
documented in a number of empirical studies (for example, see Ramachandran et al. 2017).
Although the field of deep learning is evolving rapidly and new activation functions are
constantly proposed, ReLU remains one of the most popular choices (Ramachandran et al. 2017,
Agarap 2018, Nwankpa et al. 2018). In addition to the empirical success, DNNs with ReL.U
activation functions possess benign theoretical properties, achieving the minimax convergence
rate (Schmidt-Hieber 2020).

In our framework, since the quality of the data-driven decision is closely related to how well f,
can be learned from the data and ReLU has had tremendous empirical success in deep learning,
it seems a natural choice to use ReLU. However, we point out a surprising observation that is
specific to our framework using DNNs for data-driven decision-making: using ReLU may lead to
worse data-driven decisions compared to smooth activation functions such as sigmoid and Swish.
We illustrate this observation using the following toy example.

ExamMpLE EC.1 (UsING RELU LEADS TO WORSE OUTCOMES). Consider a scenario without
covariates and a one-dimensional objective function f,(z) =z — 22, z € [0,1]. The function is shown
by the dashed lines in Figure EC.2. We compare the ability of two DNNs to fit this function.
The DNNs have one hidden layer and 29 nodes. They differ only in their activation function, one
with ReLU and one with Swish. We then sample a large number of observations of f.(z) and fit
the DNNs. The ReLU network has a smaller out of sample prediction error (MSE 7.24 x 107)
compared to that of the Swish network (MSE 1.86 x 1075). After fitting the DNNs, we solve for
the optimal Z for the DNNs. In Figure EC.2 we observe the optimal Z for the Swish network is
much closer to z* than that of the ReLLU network.
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—— Swish
— RelU
f(2)

+  Optimal point

0.20

Figure EC.2 The illustration of the prediction value for DNNs using ReLU and Swish activation functions.

EC.4. Proofs
Proof of Proposition 1 As o is differentiable everywhere f;(x, z) is differentiable. Thus, we can
apply the chain rule layer by layer, inductively.

Then, we observe

Oopq1(x, z ,
h’(})(z) =0 (w,—f’lww + w,—f’lzz +bp.1) Wh, 12
So
0oy (x, z ) , ,
18(z) = dlag(al)l(ac,z), ... ,O'H’l(CC,Z)) x Wis.
Furthermore,
0oa(x,z) Ooa(x,z) Ooi(x,z) . , , Joi(z, z)
28,2, = 6aj(x:z) 18z =diag(o] ,(®, 2),...,0p,(®, 2)) x Wy x %
Assume for some [ > 2, that
oo (x, z . , , 0o_1(x, 2z
lé()z) =diag(oy (2, 2),...,0%,(x,2)) x W x Léi)
Then, we have
Oopi(x,z)  Oopi(x,z)  Odo(x, z) . , , oo (x,z)
H_éz : = 3:;21:,;) X laz, :dlag(al,l+1(m7z)v . 7UH,I+1(:B"Z)) X Wig1 X #
Then, finally,
0fs(x,z) _ 0fy " dor(x,z) —wT . x Oor(x,z)
0z oo (x,z) 0z Lt 0z

which completes the proof. O
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Proof of Proposition 2 We note that by assumption o(+) is twice continuously differentiable and
hence f;(x,z) is twice continuously differentiable. Moreover, we can apply the chain rule to the
nodes in each layer, inductively. Thus, the proof follows from applying the chain rule to o(-) and

its derivative. To elaborate, it is trivial to show that

Oop1(x, z) ;
Laz- : :wila;z,l(wvz)v
J
82O'h l((l) Z) ; k
828211 :wilwhlg;{,l(waz)'
J
Now, assume [ > 2, from the chain rule we have
doni(x,z) _ doni(x, z) (X p_y wition a1 (@, 2) + 1) " i wlt, Oopi-1(x, z))
0z A(h—y Wi onr i1 (2, 2) +bi) 0z; ST e~ 0z; ’
while o 5 (on)
h' 9op,1—1(=,2
82O'h,l(w7z) _ 80;”(:&,2) ( EH: u}h/ aO’h’lfl(iC,Z)) " 8(2}1/:1 wh,l 0z )0_, (:lf Z)
02;0z, 0z — hit 0z; 0z h, 1
. . ooy, )

by applying the chain rule to the term %:z), we get

320h,l(5€7z) - aa;hl(m,z) 3(25:1 U’Z:zgh',l—l(%z) erh,l) ( XH: W 30h,l—1($7z))

020z, 6(25:1 wﬁ:zgh’,l—l(mvz)"f'bh,l) Dz, Py " 0z
H
0201 (z, 2)
/ h h'l—1 9
"‘Uh,z(wvz)(h,zﬂwh,l 020z )’

which leads to

Poni(x,2) o a w Oopr_1(x, z) A w Oopr —1(x, z) , a W 02 o —1(x, 2)

0,0 —Uh,l(mvz)(h/zl N )(h, lwh17azj )+Uh,l(m7z)(h/ 1whl 97,021 )

The last part of the Proposition follows trivially from noticing that f;(z,2) =31, wz/ﬂah,L(:p, z),

and hence:
H

P fy(x, 2) Z oy (x, 2)

02,0z, P + 02,0z,

Proof of Lemma 1. From Algorithm 1 we have:
2(Xo) € argrgin |z — 25 (Xo)]|-
zE
Thus we must have:

12(X0) — 2p(Xo)|| < maxmin ||z — 2’|
zeP z'eP

Moreover, f; is Lipschitz continuous, as it is a composition of Lipschitz continuous functions. Hence,

if K is its Lipschitz constant, then we have:

|£3(Xo, 2(X0)) = f3(Xo, 2p(X0))| < Ky(maxmin |z — 2'])).

zeP z'eP
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Now, if f3(Xo, 25(X0)) <min,ep f3(Xo, 2) then by definition we have
fo(Xo, 2p(X0)) < min f5(Xo, 2) < f3(Xo, 2(Xo))
which implies
) 5 — min - < _
a(Xo, 2(X0) — min f5(Xo, 2) < Klmaxmin |~ =),

Hence, assume f5(Xo, 25(Xo)) > min,cp f3(Xo, 2). We have

|/5(Xo, 2(Xo)) —min f3(Xo, z)| =
|f5(Xo, 2(Xo0)) = f5(Xo, 2p(Xo)) + f3(Xo, 2p(X0)) — min f5(Xo, 2)| <
|15(Xo,2(Xo0)) = f35(Xo, 25 (Xo))[ +f5(Xo, 25 (X)) — min f3(Xo, 2)[ <
K(max min ||z — 2') + [ £5(Xo, 27(Xo)) — min f3(Xo, 2)| <
Ky (maxmin ||z — 2'|]) + [ £5(Xo, 25 (Xo)) — min f3(Xo, 2)|

where the last inequality follows from the fact that by definition P is a superset of P and hence
min f3(Xo, 2) < min f3(Xo, 2) < f3(Xo, 2p(X0)),

which completes the proof. U

Proof of Proposition 3. We first express f.(x, z) in a closed form and then its weak derivatives
with respect to its input. Note that the following expressions are all in the almost-everywhere
sense, which is how weak derivatives are defined. Because

o0

z—g(x)
fule,2) = / h(z — g(x) — u)f, (u)du + / b(g(x) +u—2)f, (u)du

o0 2—g(a)
we have

OL(@z) [ - i
éz) = /_Oo hf,(w)du — /Z_g(m) bf,.(u)du <max{h,b}M.||€—e||

This suggests that
o? f

and according to the assumptions on g andf,, we have

82f* min{m,p},oc0 dx+1
922 eWw e ([_171] 7(h_b)Me)
Similarly, we have
0 f. 39
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By the assumption on g and f,,

0% f.
0z 0x;

yymin{mp=1hoo ([ 1 1]9x+1 (b — h) M, M2).

Furthermore, we have

of. [~ g

= b

z—g(x)
futwdu— [ 2L g (u)du < ma{h B}, e~ ]

z—g(x

Finally,

’f. 9y dg o0 8% o g2

—g(x) 8% a.’L'j oo

By the assumption that f,(u) =0, V u ¢ [¢,€] and given g is bounded and in WP ([—1,1]4x, M),
there must exist M < oo such that

0 f.
aﬂ?i aﬂ?j

& wmintm =2 hex ([, 1) 1),

Given the fact that € < e <€ while g is bounded and in WP ([—1,1]%% M,), we must have
f.(x, 2) < M for some M < co. Moreover, remember we assumed the marginal probability measure
of (X, Z) is absolutely continuous with respect to the Lebesgue measure, while [—1,1]4x*1 which
is a compact set, is the support of (x, z). As such, for § =min{m + 1,p}, there exists M < oo such
that

fol®,2) € WP ([—1,1]%x T M),

Proof of Proposition 4. By Assumption 2, we have that E[(f.(X,Z) — f;(X, Z))?] < dxn. Recall
that v > 0 is the lower bound for the conditional PMF p. x for all  and z. It is easy to show that
the marginal PMF pz > u as well:

pz(z) =/ 1x (2)dpx Z/ udpx = u.
xe[—1,1]9X

xe[—1,14X

Then we have for all 2’ € P:

E[(f.(X,2) ~ /(X 2)7|Z = 2| x u<E[(f.(X. Z) ~ [;(X,2))’|Z = 2] x Pr(Z = 2).
Moreover, by the law of total probability, we have
E[(f.(X,2Z) — [;(X,Z))|Z = 2| x Pr(Z = 2) < Y E[(J.(X, Z) ~ [o(X.2))’|Z = 2] x Pr(Z = 2)

z€P

—E[(/.(X.2) - (X, 2))]
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As a result, we have

E(/.(X, 2) - (X, 2))1Z =] < 2.
For any (xg,2’), where x¢ is not an extreme point, consider a ball B C R4X of radius b that contains
Xy, and the ball itself is fully contained in [—1,1]%x (later we will show that b will shrink in dy and
hence if §y is small enough, this is always possible). Let ™" € argmin,.p |f.(x, 2") — f;(x, 2")]

and & € argmax,p | f.(x,2") — f;(x, 2’)|. Because dpux > udx and p, <1:

d A
Qi = PXOHX(Z) S g,
Hz
while we can recall that a ball of radius b in the dx-dimensional space has volume Lg, b%X (see

Definition 1), we have

7J,2debdx (f*(xmin7z/) . fé(.’Bmin,Z/))z S / (f*(CCmin,Z/) . fé(wmin7z/))2d,qu\z’
xzcB
on

: /meB(f*(a:,z') — fo(®,2"))*dpx ) < u

Hence, we can upper bound |f.(x™",z") — fs(x™", z’)]| as:

min min 6N
|fo(x™",2") — fs(x 7Z/>\§\/W~

By Assumption 3, the function |f.(x,2z’) — f;(x,2’)| is Lipschitz continuous with a constant K.

Moreover, because ||™** — ™" ||, < 2b, we have

!’ /7 max 4 max ’ 5N .
|fi(@o,2") — fo(xo, 2")| < |fulx™,2") — fs(2 ’z)|SMW+2M{:6 (EC.4)

We note that this inequality holds for all 2z’ € P.
Now consider 2(xo) € argmin, 5 f3(xo, z), the optimal DNN solution. Furthermore, with a slight
abuse of notation let z* € argmax_ ., f.(xo, 2z), an optimal solution of f, in P.

Applying the inequality (EC.4) first for 2’ = Z(x¢) and then for z’ = z*(x¢), we have

fo(@o,2(0)) < f3(To, 2(x0)) + €< f3(T0, 27 (T0)) + € < fu(@o, 2" (o)) + 2.

To complete the proof, we note that by choosing a suitable b for diminishing d,, we can shrink e.

In particular, let

2
()" On yades
16K2y3LdX

At this point note that unless xq is an extreme point, if §5 is small enough, then b will also be

b=(

small for the ball B to be fully contained in [—1,1]?x. By plugging the obtained b into

[ on
=,/ ———+20K
€ u3LdedX +



e-companion to Lagzi et al.: Using Neural Networks to Guide Data-driven Operational Decisions ecll

we obtain the bound
Ondx Kixd%

4K?_L3de 16_3LdX
If x¢ is an extreme point, then let the ball B be centered around xg. We have

On

u

1
2( 426, (

L))

1 . ,
2d 2debdx (f*( mm,zl) _ fé(mmm’ zl))Z <
giving raise to the following alternative bound:

Sndx
AKu329x Ly

Kx @2,
16u329x Ly

1 1
2T )757),

2(

which completes the proof. O

Proof of Lemma 2 By Assumption 2, we have that E|f.(X,Z) — f;(X,Z)]]* < dn.
Now let (z™",2™") € argming ,ycpni 1 jaxxp Ifo(®2) — fo(®,2)[| and (2™, 2m) €

ArGMAX ;e pA—1,1]9X x P | fe(x, 2) — f3(x, 2)||.

We have:
x,z)eBN[—1,1]X xP

/ 15.(.2) — Joe,2) Pz,
(®,2)eBN[—1,1]9X x P

while we know :

/ Hf*(w,z)—fé(w,z)\lzdux,zgf 1f<(2, 2) = fo(z, 2)||*dpx,z < On-
(x,z)eBN[—1,1]9X xP

(x,2)€]—1,1]9X xP

:>SHf ( min mzn) fo( min7zmin)H2 S 5N

Thus we can see that:
min min min mvn 5N
Fula 2~ fi(a <y

At this point, we need to relate |f.(x™* z™*) — f;(x™, z™)| to |f.(x™m zm) —

fa(x™m, zm™m)|. We have

(EC.5)

Fo@™, 270 = fy (@, 27| < | (@, 2 — [y, 5| <
1. mes, 2me) — fy(mes, zmen)| | (@™, 2 — fy(amn, )

Moreover, since we know |f.(x,z) — f;(x,2z)| is K-Lipschitz continuous, and by definition

||(xmax, zmar) — (gmin zm)|| < 2b (both points lie in a ball with radius b), we have



ecl2 e-companion to Lagzi et al.: Using Neural Networks to Guide Data-driven Operational Decisions

|

Therefore, it follows that

f*(mmax’ zmaz) o fé(mmam’ zmam)| o |f*(mm1n’zm1n) o fé(wmzn’zmzn)H S 2bK

|j,:k(mmax7 zmaz) o fé(wmaa@’ zmam)’ _ |f*(mmzn7zmzn> _ fé(mmzn’zmzn)‘ S 2bK

Hence, we have

. . . . [
|f*(mmax7zmax) _ fé(ajmarjzmam” S ’f*(wm'mjzmzn) o fé(wmznjzmzn” +2bK S ?N 4 2bK,

where the last inequality follows from (EC.5). O

Proof of Lemma 3. We proceed with this proof by constructing an alternative target func-
tion f, that agrees with f, everywhere except within an area of zero measure. To that avail let
Assumptions 1 (continuous version) to 4 hold. Consider o for which condition 1 in the lemma
holds. In other words, for all (z,z) € [—1,1]%% x P and |(z,2) — (xo,2"(x0))| < 71, the PDF of
ttx,z is 0. Consider an alternative f. that has the exact same value as f, everywhere, except for
(z,2) € [-1,1]9 x P where ||(z, z) — (xo, 2" (20))|| < 1. For M defined in Assumption 1, let

T1

£z [0S M N [ z), i (@) € [ P & (@,2) — (@0, 2 (o)) <7
(x, z .
fo(®,2), otherwise.

f« is continuous and hence, by the universal approximation result for neural networks (e.g. Leshno
et al. (1993)), for any € > 0 there exists f; that for all (x, 2) € [-1,1]9% x P, | f.(x, 2) — f;(x, 2)| <e.

Meanwhile, it is trivial to check that for any dy, if € small enough, we have

By, [(f(X, Z) = f3(X, 2))*] < én.

UX.Z

Let 2(Xo) be the optimizer of f;(x, z). Then, it is easy to see that given

ful®,z) > M+ Mey /2, Y (2, 2) : [|(2, 2) = (@0, 2" (20)) | <71/2,
it must be that for some € < Mey, /4,
12(z0) = 2" (@o)[| = 71/2,

which completes the proof for condition 1.
The proof for the case under condition 2 is similar. Assume for some z’ € P, there exists r, > 0 such

that ||(xo, 2’) — (xo,2*(x0))|| > r1/2 + 12, and we have f(m,z)e[—l,l]dxx7>:||(m,z)—(m0,z')\|gr2 dux.z = 0.
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We construct f, such that it agrees with f, everywhere except for (x,z) € [1,1]% x P: ||(x, 2) —

(xo, 2")|| <7y as follows:

Fa) el DU (@), (2) €LY P e |(@,2) — (0, ) <1
T fo(z,2), otherwise.

f. is continuous and hence, by the universal approximation result for neural networks, for any € > 0
there exists f; that for all (z, 2) € [-1,1]% x P, |f.(x, 2) — f;(z, z)| < e. Meanwhile, it is trivial to

check that for any dy, if € small enough, we have

By, [(f(X, Z) = f3(X, 2))*] < én.

nx,z

Let 2(Xo) be the optimizer of f;(x, z). Then, it is easy to see that given
f*((xvz)) <-M-— MGM/Qv v (.’IZ,Z) : H(.’IJ,Z) - (::CO,Z,))H < 7‘2/2,
it must be that for some e < Mey, /4,

12(0) — 2[| <72,

which suggests we have

12(@0) — 2™ (0)[| = 71/2.

This completes the proof for condition 2. O

Proof of Proposition 5. We first will show that ||Z(x¢) — 2*(x0)|| < r where r is defined in
Assumption 5. By Assumption 6 we have ¢y — 2¢3K > 0. Thus ¢y — 2(c3 + 1)K > 0, for some
0 <7’ <r.Let 5 be small enough such that ¢, —2(cz+1') K > 50—1: + \/ o

ClLdX+dZ017"
Sy =

axTa, - Define

dpx,z, where B,/ is a ball of radius r’ centered at (xo,z*(xo)). Then we have

, [On on [On [ On
—2(c: K — >4 — . EC.6
Co (c3+71)K > o + \/C1de+dzcl7"/dX+dZ =\ + S, ( )

The last inequality follows from Assumption 5 and the fact that

f(a;z)EBr/

1dx+d
/ dpx z > c1Lay1q,r* "%,
(z,2)€B,/

Now, consider some z € P such that ||z —z*(xo)|| > 7. Then ||(xo, 2) — (X0, 2*(x0))|| > r. It directly
follows from the definition of Z(x¢) and Lemma 2 by considering a ball of radius ' surrounding

(zo, 2*(xo)) that:

on

fa(xo, 2(x0)) < fy(xo, 2" (o)) < fu(®o, 2" (x0)) + +2r'K. (EC.7)

T‘,
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Moreover, from Assumption 6, we have that f.(xo,2z) — f.(@o,2*(x¢)) > 2. Thus

0 )
N—|—27"’K§f*(w0,Z)—02+ N

2K, EC.
S, 5, T (EC.8)

fil@o, 2" (®0)) +

Furthermore, given (EC.6), from Inequalities (EC.7) and (EC.8) we have:

fs(xo, 2(x0)) < fu(xo,2) —C2 + gN +2r'K < fi(@o,2) — 1/ i—N —2¢;3K. (EC.9)
v/ 4

Now, we need to bound the error of f; at (zo,2). By Assumption 6 we know that a dx + dz

dimensional ball of radius ¢3 around (g, z) has a probability measure of at least c¢;. Hence we can

use Lemma 2, suggesting:

|f§(m0,z)_f*(ﬂ30,Z)|§\/f—}-ch,K,

This implies:

fi(®o, 2) — \/f— 2¢3 K < f3(xo, 2)

From Inequality (EC.9) we finally have:

5 18
fa(xo, 2(x0)) < fu(mo,2) —Ca+ SN +2r'K < f.(xo,2) — C—N —2c3K < fy(xo, 2).
4

T./

Thus, we have proven that for any z such that ||z — z*(x)|| > r, we have:

fé(x()v'%(xo)) < fé(w07z)7

which proves:

12(@0) — 2" (2o) || <7

In other words, the optimal decision output by the fitted NN is within a neighborhood of the actual
optimal decision. Next we will find the smallest such neighborhood and show that they are getting
smaller as d decreases.

For some 7, < r, we want to show that for any z such that ||z — z*(xo)|| > r;, we have
Jo(@o, 2" (x0)) < fy(o, 2).
Consider z’ € P such that r < ||z’ — z*(xo)|| <. We know from Assumption 7 that:
fu(xo,2") > fu(xo, 2% (o)) + 577

At this point, we would like to lower bound f;(xo,2’) using f.(xo,2’). To that avail, consider a

"

(dx + dz) dimensional ball B,, of radius r, <r;/2 centered at (xg,2”). The value 2" is chosen

such that z” is a convex combination of 2z’ and z*(x,), and such that ||z’ — z”|| = r,. Because P is
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convex according to Assumption 1, we can always find such a ball with (x,,z") € P. Note that by

construction, (xo,2’) € B,,. From Lemma 2 we have:

’ ’ 5 ’ 5
fé(wo,z)Zf*(mo,z)—\/g—QrgKZf*(wo,z)—\/ al it — 2K, (EC.10)

ClLdXerZ’rQ

where S = f( diix z. The last inequality follows from Assumption 5 as we have

®,2)€BryN[—1,1]9X xP

dx+dz
/ dpx,z > c1Lay 1a,7s .
(#,2)E€BryN[—1,1]9X xP

Next, we would like also to develop an upper bound on fj(xe, 2*(xo)). Thus, let us consider another
Euclidean ball around (x¢, 2* (o)) with radius 7. Then, by Lemma 2 and Assumption 5, we know

that

+2r,K. (BC.11)

on
dx+dg
ClLdXerZTQ

fo(@o, 2" (x0)) < fu(®o, 2" (T0)) + \/

Recall that by construction we have ||z’ — z2*(xo)|| > 1. From Assumption 7, (EC.11) implies that:

) )
f5(®o, 2" (o)) < fi(®o, 2" (o)) + N+ 22K < fu(@o, 2') —csri + N 21K
c1layta,75 c1lay va,Ts

(EC.12)

Therefore, if the following inequality holds
On torK <& (EC.13)

ro K < , )
ClLdX+dZ’I";iX+dZ 2 2

then for the right-hand side of Inequality (EC.11) and from Inequality (EC.10) we will have:

—2r,K < f3(xo, 2").

On
dx+dz
Clde+dZT2

0
f*(wo,zl)—CSTer\/ oy 2K < f*(mo,zl)—\/

Clde-‘rdZTQ

This, along with Inequality (EC.12), proves that

fo(xo, 2" (x0)) < f3(20, 2").

To find the smallest ; for which Inequality (EC.13) holds, we note that r; will achieve its lowest
value (that satisfies Inequality (EC.13)) when 7, is set to be the minimizer of the left-hand side
of Inequality (EC.13), which happens to be convex with respect to 7. To prove the convexity, we

notice that:

d(, [——N g 421K
(\/de+dzw;lx+dz 2K) _ dx+dg Oy _dxtdzee

T + 2K,

d’l"g 2 LdX +dy C1
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while:

ey [ Stk
2 Lay+dyc1 2 - (dx+dz)(dx+dz+2) (SN wa >0
= 2 — Y.

dry 4 c1Layyay,

Hence, the best 7, would satisfy the first-order condition of the left hand side of Inequality (EC.13)

with respect to 5. Therefore, we have:

ra=( (dx +Clz)251v
2 16K201de+dz

) Tz

Then by plugging 5 into the left hand side of Inequality (EC.13), we will have:

2
N — +2T2K=M+2K(M)W,
ClLdX+er2X z 4K61de+dz 16K clLdX+dZ

Hence, setting

SN (dx+d dx+dz)268 P e
4[?(LX+ 2) +2K(16(K)§+ o ) Xz
B c1lay+ay c1lay+dy
r = 2 c 5
5

completes the proof. We note that as long as dy is small enough we have:

dn(dx+dz) + 2K ( (dx+dz)?dn )W

2 2
(dx tdz) 0 )dx+b‘z+2 < | HEerbaxtdy WK e Lax+dy _n_r

<3,
16K201de+dz 205 2 2

ro = (

where the inequality holds since its left hand side diminishes much quicker in §y.
To finalize the proof, we note that since ||2(xo) — 2*(xo)|| < 71, it follows directly from Assumption 3

that:

Sy (dx+d dx+dz)2N \TeTooTs
uév(LXJr z) +2K(1(§K)§+LZ) N_)TxFdz T2
c1lgy ya, c1lay+dy,

| fe(®o, 2" (x0)) — fi(x0, 2(x0))| < K, \| 2 o
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Figure EC.3 MSE loss of the linear interpolation of small and large batch DNNs.

EC.5. Additional Investigations and Figures
In some applications of neural networks such as image classification, researchers have pointed out
that neural networks trained with SGD with large batch sizes may not generalize well (Keskar
et al. 2016, Li et al. 2018). The existing research suggests this could be because large batch
methods tend to converge to sharp minimizers of the training and testing loss functions (Keskar
et al. 2016). Given the importance of generalization bounds in our paper, we look into such
potential sharpness in Equation (6). Similar to Li et al. (2018), to visualize such sharpness, we
consider two batch sizes of 50 (small batch) and 1000 (large batch) in the newsvendor
experiment. On a data set comprised of 20,000 training data points and 5,000 test data points,

we look at the converged DNNs of the small batch SGD and that of the large batch one. Let 65

denote the parameters of the fitted DNN with small batch, and O that of the large batch.

Following Li et al. (2018), let fz. be the neural network with parameters o x 0F + (1 —a) x 65.

Figure EC.3 portrays the training and validation MSE loss of f;. as a function of a varying for

—.5 to 1.5. The result suggests that in the application, such sharpness of loss function for neural

networks trained with large batch size SGD may not be present.

Figure EC.4 depicts the training and validation error as a function of training epochs for one of
the DNNs in Example 1 when training with 20,000 data points and validating with 5,000. It
portrays a robust effect across the experiments. The training error does not shrink to zero as

observed in other applications of DNNs (most probably because we use relatively small DNNs),
and further, the validation error tends to be slightly larger than the training error. In other
words, we do not observe benign overfitting documented in, e.g., Bartlett et al. (2020). This is

because we focus on the classic statistical learning regime in which the data size is not huge and
the number of parameters is significantly less than the number of data points. Moreover, the

figure provides evidence that in the newsvendor experiment, the SGD method used to train the
DNNs does not suffer from unstable convergence, as reported elsewhere in the literature (Ahn

et al. 2022).
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Figure EC.4 Training versus Validation Loss.
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Figure EC.5 The illustration of the effect of order quantity on predicted cost.
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Figure EC.6

I R S

G/GI/z+ G actual and predicted costs. Left is the actual cost, middle is the DONN prediction
and right is the PR prediction.

Figure EC.5 depicts the predicted newsvendor cost as a function of order quantity when all other
covariates are fixed (after training with 250 days of data for one of the DNNs). The figure
suggests a smooth and well-behaved objective function that strongly resembles the actual

newsvendor objective function in Equation 13. Hence, if the true objective function does not
suffer from local optima, we expect the fitted DNNs prediction value to exhibit a similar trend. In

Example 1 we optimize the DNNs from multiple starting points and all of the results are nearly

identical suggesting a lack of local optima issues.
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Figure EC.7 Prediction error of DNN and Polynomial Regression in the G/GI/z+ G case.

Figure EC.6 presents the actual cost (left figure) and predicted cost (DONN center figure, PR
right figure) of the G/GI/z + G queue for various arrival rates and staffing levels. Figure EC.7
compliments Figure EC.6. The left-hand side figure suggests that when predicting the daily cost
of the call center staffing problem (Example 3) for the G/GI/z+ G case, the error by the DNN is
quite small (generally less than 1%) and centered around zero throughout the tested ranges of
staffing levels and arrival rates. The error is never larger than 5% of the actual objective function
(portrayed in the left figure in Figure EC.6). The right figure in Figure EC.7 suggests the same
cannot be said about Polynomial Regression method that we tested and it may suffer from very
large errors in certain regions.

Figures EC.8a, EC.8b and EC.8¢ pertain to the predicted optimal cost using each methodology,
in the linear staffing case, increasing convex staffing and G/GI/z+ G case, respectively. We
emphasize that these results are not simulated and are the values obtained by plugging each

method’s optimal staffing level into its approximation of Equation (22).
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The illustration of the predicted costs of each methodology in the queuing setting.
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In this section, we look at an example on how to apply our framework in details. 2. Consider an

example with one scalar covariate z and one scalar decision variable z where f,(z,2) = (z — 2)*.

We simulate a large data set with 50,000 data points where « and z are uniformly and

independently drawn from [—10,10]. We train a DNN with L =3, H =3 and Swish activation

function. The fitted DNN has the following weight matrices and constant terms.

% See https://github.com/saman-lagzi/Data-driven-Optimization-with-Neural-Networks for a detailed Python
implementation of Example EC.6 along with the generated dataset.
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—1.7124 1.7100 1.7100 —1.6824
Wi=| 0.0081 —0.0080|, Wy,=| —0.0080(, b;=| 1.3022 |,
1.7235 —1.7209 —1.7209 —1.7184
4.6518 1.9831 4.5889 2.3721
Wy=| 0.2762 —1.0031 —0.2200 |, by=| —2.2213] ,
—1.4228 3.8292 —1.4879 3.6026
1.4862 —1.1508 —5.0347 2.4532
W3=| —0.1134 —0.1684 —0.1325|, bs=| 0.1484] ,
4.0344 —0.6634 —1.0397 2.0276
2.1921
Wy=| 0.8658 |, by =0.9145.
3.2429

First, we note that the derivative of the fitted DNN with respect to the decision variable z at any
given point, calculated through Proposition 1 is identical to the value calculated using
torch.autograd function in PyTorch. For example, at input point [1,1] both methods return a
gradient of %(1, 1) = 0.183. Moreover, the point « =0 translates into 0.0014 when standardized
for input to the fitted DNN, and using both Proposition 1 and the torch.autograd in PyTorch we
have £(0.0014) = —0.0055 where %(0.0014, —0.0055) =0.

To find 2(0.0014) = argmin, f;(0.0014, z), we use the scipy.optimize package from Python with a
f;(0.0014,2)

starting point of zp = —1.96. We provide the gradient 5,

, using both our approach
highlighted in Proposition 1 and the torch.autograd function in PyTorch. While both methods
lead to 2(0.0014) = —0.0055, the execution time is 0.10 second for the first method and 0.12

second for the latter. The faster execution time based on Proposition 1 is well within expectation
95(0.0014,2)

as it provides the closed form formula for s

based on the weight matrices and constant

terms of f;, however, torch.autograd is a generalized method and needs to apply the chain rule,
91;(0.0014,2)

layer by layer to f; to find 5
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