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A Preliminaries and properties of Generalized Pareto Distributions

Throughout the paper, whenever a distribution F' is defined, and when clear from context, we use g, to
denote F'(w) to lighten the notation. We also use the generalized inverse of a distribution F in D, defined
by F7(1 — q) := inf{v in R* s.t. F(v) > 1 — ¢} for all ¢ in [0, 1].

For a distribution with positive density function f on its support [a,b], where 0 < a < oo and
a < b < 0o, we denote the a-virtual value function for v € [a, b] by

F(v)

Pp(v) = (1 —a)v— o)

Lemma A-1. Fiz two scalars f >0 and s > 0. The cumulative distribution function Iy, (8 (v —s)) for
v > s admits a constant a-virtual value function given by

1
(1—04)3—5.

Proof of Lemma A-1. Let us first explicitly compute the a-virtual value function. The derivative of
Ly (B (v —135)), for any v > s, is given by

—B(Ta (Blv = 9)))>™".

Therefore, the a-virtual value function evaluated at v > s is given by

Fa(ﬁ(v_s)) o —Oé’U—l v — 5 a—1
()= s e = (== 5 (80 —)
— (—a)— ; (1+(1- a3 (v —s))
= (1—a)v—;—(1—a)(v—s)
1
= (1—-a)s— B
This completes the proof. O

We will also need the following result derived in Lemma E-1 in Allouah, Bahamou, and Besbes (2022).



Lemma A-2. Fiz o € [0,1], two scalars f > 0 and w' > 0. The revenue function vT'y (8 (v —w')) for

v>w — ﬁ 1s unimodal and attains its maximum at

l-a
r:max{l_(l_a)ﬁw/ w'—i1 }
Ba ’ 1-a)s )

With the following conventions: max{+oo,v} = 400, and max{—oo,v} = v for any real number v.

B Proofs and auxiliary results for Section 2

Proof of Proposition 1. If ¢ in {0, 1}, then the result follows from Lemma B-1. For ¢ in (0,1), let ¥ a
mechanism in P. We know that

lim ¥(u):=1— ¥(u)=0.

U—00

Fix € > 0. By definition of the limit, there exists M > w such that for any u > M, we have:

T(u) < - (B-1)

DN

For any integer IV, consider the following distribution Fy n defined through its Complementary Cumulative
Distribution Function Fy y:

1 if v <0,
_ q if v in [0, w),
F\pJ\](U) =
% if v in [w, N2M),
0 if v in [N2M, 4+00).

Note that Fy y in G(w, ) and that Fy y represents a three point mass distribution with mass at points
0, w and N2M.



Note also that opt(Fy y) = max {qw,¢NM}. Since M > w and N > 1, we have opt(Fy n) = ¢NM.
Thus the performance of mechanism ¥ is given by

R(U, Fyy) — q;M ( / WP (w)d () + /[ oy ) + /[N2M+ )uF@,N(u)dqf(u)>

1 1
= i ( ud® (u) + ) ud¥ (U)>
1 1 1
= N (/ ud¥(u N ot ud%¥(u) + N S ud@(u))
< L <w\p ;] (T(M) — T(0)) + %NQM(\I/(NQM) - \I/(M)))
< W* N2 +(1—¥(M)),

where in the last step we use the fact that for any v > 0 ¥(u) is in [0, 1].
Let us now choose N large enough such that

w L1 1 <€
NM ]\72 -2’
Combining the latter with (B-1), we get
ROV, Fyn) < St &=
y U N) > 2 2 = €.
Taking € — 0 concludes the proof. O

B.1 Additional result for the cases ¢ in {0,1}
Lemma B-1. For any mechanism ¥ in P, and any « in [0,1], if ¢ in {0,1}, then

inf  R(V,F) = 0.
FeFa(w,{a})

Proof of Lemma B-1. We will first show the case when ¢ = 0 then the case when ¢ = 1. For both
cases, we will exhibit worst case families of distributions for which the seller cannot achieve a non-trivial
guarantee.

For any r > 0, let us introduce the following distribution through its Complementary Cumulative
Distribution Function:

1 if vin [0,7),
0 if v in [r, 400).

The latter distribution represents a point mass at 7.
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Case ¢ = 0. We have, for any r < w, F; in F,(w,{0}) and opt(F,.) = r. Furthermore, for any mechanism
¥ in P, we have:

]E F T u
mf  R,F) < “wlpEr®)] / wd(u / / dsd(u)
FeFa(w,{0}) opt(F; 0o Jo
@ //d\ll /(\Il(r)—\ll(s))ds

Where in equality (a), we used Fubini-Tonelli theorem as (s,u) — 1 is a non-negative measurable function
and ([0,7],d¥) and ([0, r],dz) are o-finite measure spaces.

The right hand side above converges to zero as r — 07 since ¥ in P = D and is therefore right
continuous. We conclude the case ¢ = 0.

IN

Case ¢ = 1. We have, for any r > w, F,. in F,(w,{1}) and opt(F}.) = r. Furthermore, for any mechanism
v, we have:

wf R, F) < @) 1/(]Tud\11(u):1/0T(‘11(r)—\11(u))du.

FeFo(w{1}) - opt(F}) r r

Since ¥ in P, we have lim,_, 4, ¥U(r) = 1, therefore, for any € > 0, there exists A > 0 such that:

L—=V(r)=[¥(r) -1 <e ifre[A +oo). (B-2)
Let r in (A, +00), we have:
. 1 ("
Fe]-'ir(lif),{l}) R, F) < 70/0 (U(r) — ¥(u))du
1
= = (/[O,A) (¥(r) —9( ))dUJr/[A,T] (\If(T)—\If(u))du>

(@) 1
< - [O’A)du + / (1 —¥(u) du)
r [A,r]
A 1 /7
= —4 - 1-9
ot 7“/,4 ( (w)) du
® A r—A (A
< —+ € < — +e,
T T T

where in (a) we use the fact that for any u > 0, we have 0 < ¥(u) < 1. And in (b) we use (B-2). In (c),
we used the fact that r — A < 7.
Hence we conclude that for any r > A/e, we get that

inf  R(T,F) < 2
FeFo(w,{1})



Since € was arbitrary, this completes the proof for the case ¢ = 1. O

C Proofs and auxiliary results for Section 3

Lemma C-1. For any (s,qs),(s',qs) in ([0, +00) x [0,1])% such that s < s and qs > qs > 0, the
distribution Go(+|(s,¢s), (8',qs)) with t > &', defined in (3.1), belongs to Fu(s,qs) N Fa(s',qs) if and
only if
_ s
gs > I <Fa1 (QS’) ?) .

Proof of Lemma C-1. Let us show each direction.
=) If the distribution G4+ (-|(s, ¢s), (¢, gs)) belongs to Fq (s, ¢s)NFa(s', gs) then Go+(-(s, ¢s), (8, gs))
is a—regular, therefore by Lemma 1 applied to the interval [0, s'], we have that

45 = Gat(sl(5,0), (5", 0)) = T (T2 (0) )

S/

and hence the first direction is established. Let us now show the other direction.
<) Suppose now that g; > T, (F;l (qs) 5) By definition of Gy ¢(:|(s,¢s), (s ¢s)), we have:
éa,t(s‘(sa Qs)7 (S,a QS/)) = (s
Gait(s'(5,0s), (s a9)) = qo-

Therefore, we only have to show that the distribution Gg +(+|(s, gs), (', ¢s)) is a-regular. Using Lemma A-1,
the associated a-virtual value function is given by

o (W) = | T o in [0,2]
Gat(+1(5,0),(5,957)) (1-a)s— % if v in (s, s'].

@ ds

Thus the a-virtual value function is piece-wise constant. Now we need to show that ¢, S Cl(5:g0)(5" q‘/))(v)
is non-decreasing. Next, we evaluate the difference between the two constant values that the virtual value
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function is taking.

where (a) stems from the fact that T',! (uv) I‘al (u) + Tt (v) + (1 — )T (u) T, (v) and (b) is due
to the fact that by assumption g > F (T3 (¢)) and that the function Iy, () is non increasing. This
(s,q

shows that the a-virtual value function of Ga t( |(s,4s), (s',qs)) is non decreasing. This concludes the

proof. O

Lemma C-2. Let « in [0,1], w > 0, g in (0,1), and r in [r,(w,q),w) U [w,7o(w, q)]. Then the optimal
price associated with Fo(-|r, (w,q)) is given by r.

Proof of Lemma C-2. We compute the virtual value function for the function Fy,(-|r, (w,q)). Since the
definition of F,(-|r, (w,q)) depends on whether r < w or r > w, we treat each case separately.

Case 1: r € [r,(w,q),w): By applying Lemma A-1 for the pair ((r,1), (w,q)), we get the virtual value
function at v > r satisfies

w—rr

1 ' (q)
r (1 v (q)> - F;(q)
_ (1 ; Fl@) (r = ra(w,q),

since r > r,(w, q), then we conclude that qﬁOFa("r (w q))(v) > 0. Now, since r is the lower support of the

distribution F,(:|r, (w,q)) in the case r < w and F,(:|r, (w,q)) is regular, we conclude that necessarily
the optimal price is at r.

gzsOFa("7"’(1”761))(v) = av+(1—a)r—

Y

Case 2: r € [w,Tq(w,q)]: In this case, we assume 7 (w, q) > w, otherwise the set is empty. Similarly,
by applying Lemma A-1 for the pair ((0, 1), (w, q)), we get that the virtual value function at v < r satisfies

w

¢0 Jr(w (’U) = OZ’U+<0—_
Fo(|r,(w,q)) r;t (q)

) = alv-Taluwa).
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Since v < r < To(w,q) , we conclude that ¢0 (v) < 0. Now, since 7 is the upper support of the
distribution Fy(:|r, (w,q)) in the case r > w and F ( |7, (w, q)) is regular, we conclude that necessarily
the optimal price is given by 7.

0

Lemma C-3. The distribution Go =y (-|(r* Aw,q* V q), (r* Vw,q* Aq)), defined in Eq. (3.1), belongs to
{F in Fo(w,q) : rp =71r*,qr = ¢*} if and only if (r*,q*) belongs to B (w,q).

Proof of Lemma C-3. One direction of the proof is direct. In particular, if the distribution G v (+|(7*A
w,q* V q), (r* Vw,q" A q)) belongs to {F in Fo(w,q) : rp = r*,qr = ¢*} then by definition we have
(r*,q*) in By(w,q).

Let us now show the other direction, and suppose that (7*, ¢*) belongs to %, (w, ¢) and let F' in Fy(w, q)
be a corresponding distribution with rp = r* and ¢r = ¢*. We will first show that G y+vw (:[(r* Aw, ¢* Vv
q), (r* Vw,q" A q)) belongs to F,, and that the revenue curve of F' is lower bounded by the revenue curve
of Gy (-|(r* ANw,q* V q), (r* Vw,q* Aq)). In a second step, we will show that the optimal revenue of
Garovw(|(r* ANw, ¢* V q), (r* Vw,¢* A q)) is achieved at r*.

Step 1: We separate the cases r* < w and r* > w.

Case 1: r* < w. By Lemma 1, note that we have that ¢* = F(r*) > I'y (I';!
applied to the following parameters (s, qs) = (r*,¢*) and (¢, ¢y) = (w, q), Gaw(:
to Fu. Furthermore, by Lemma 1 again, we have that

(q) % ) By Lemma C-1,
[(r*,q"), (w, q)) belongs

_ vGow(v|(r*, ¢%), (W, q)) if v € [0,r*],

vF(v) >
VG (v|(1%,¢%), (w,q)) if v e (r*,w).

Case 2: 7* > w. By Lemma 1, we have that ¢ = F(w) > Ty (I';" (¢*) %) and hence, by Lemma C-1
applied to the following parameters (s, gs) = (w,q) and (¢, ar+(-|(w,q), (r*,¢")) belongs
to Fg. Furthermore, by Lemma 1 again, we have that

Ty > ) Cer 0l (%)) ifvin 0wl

vGo (V|(w, q), (77, q%)) if v in [w,r*].

Therefore in both cases, we have that vEF(v) > vGa ey (V](r* A w,q* V q), (r* V w, ¢* A q)) for all
v in [0,400) and Go v (-|(r* Aw,q* V q), (r* V w,q* A q)) is a-regular.

Step 2: To conclude the proof we will show that the optimal revenue associated with the distribution
Garvw(|(r* ANw,¢* V q), (r* Vw,¢" A q)) is achieved at r*. We will show that by contradiction.

Since G v (-|(1* Aw, ¢* V q), (r* Vw, ¢* A q)) is a-regular, then the associated revenue function is
unimodal and achieves its maximum at some point r¢ in [0, +00). Suppose for a moment 7¢Go v (TG (r* A
w, ¢*Vq), (r*Vw, ¢*Aq)) > r*G o revuw (r*|(r* Aw, ¢*Vq), (r*Vw, ¢* Aq)). Then, using the above lower-bounds,
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one would have

rGGavw(ral(r* Aw,q* V q), (r Vw,¢* A q))
r*éayr*\/w(r*](r* Aw,q*V q), (r*Vw,q" Nq))

= r*¢* =rpF(rp),

raF(ra)

VALY,

which would contradict the optimality of rp. Hence Go pova (-|(r* A w, ¢* V q), (r* V w, ¢* A ¢q)) belongs to
{F in Fo(w,q) :rp =1r*qr = ¢*}.
O

Lemma C-4. A pair (r*,q*) in Ry x [0, 1] belongs to B (w, q) if and only if it belongs to By U By, where

B = {(T*,q*) in [0,w) x [0,1] : ¢* > max{Fa (r;l () Z}) T <;> Fa(;l)} }

By, = {(T*,q*) in [w,+00) x [0,1] : ¢" < T4 (Fal (q) ;) ¢ >qly (Oﬁlw) }

r*—w

Proof of Lemma C-4. By Lemma C-3, we have that (r*,¢") in %A, (w, q) if and only if the distribution
Garovw(|(r* ANw, ¢* V q), (r* Vw, ¢* A q)) belongs to {F' in Fp(w,q) : rp =1*,qr = ¢*}.

Case 1: Suppose r* < w. By definition, we have that

vlo (051 (¢%) %) if v € [0, 7],
0Gaw(v|(™,47). (0.0)) = JvgTy (To(£) 225)  ifwe (7w,
0 if v € [w, 00).

By applying Lemma C-1 to the following parameters (s, gs) := (r*,¢*) and (Sli,qsl) = (w, q), we have
that Gow(-|(r*, ¢*), (w, q)) belongs to Fy(w, q) and Fq(r*,¢*) if and only if ¢* = F'(r*) > T, (F;l (q) %)
Furthermore, using Lemma A-2, the revenue function v — vl (F;l (q) %) is maximized at r; =

-1

7*/(al';! (¢*)) and the revenue function v > vg*T'y (Fa <q%) Z):—’;) is maximized at

1 w—r*

"\re (#)

Thus, when Go . (-|(1%, ¢*), (w, ¢)) belongs to Fn(w, q), the optimal revenue associated with G . (-|(7*, ¢*), (w, q))
is achieved at r* if and only if ro < r* <r;. We have ro < r* if and only if:

ry = —(1—a)y”

1 ok ok
_ &_(1_(1)7,* Sr* lﬁ‘ &ST* lﬁt‘ %_1§P;1 (q*) 1ff q*2+7
rat (&) r g Lo (78 = 1)

r*
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and r* < r; if and only if:

: iff )" (q) <

1
—1 * 1ﬁ q* 2 Fa <> .
al'a” (g%) a

1
r* < —
a

Therefore ro < r* < rq is equivalent to

. 1 q
> — .
q max{I‘a (O&)’Fa(ﬂ—l)}

We have established that when r* < w, Gu.(:|(r*,¢%), (w,q)) belongs to {F in Fp(w,q) : rp =
r*,qr = q*} if and only if

¢ > max {ra (ral () :U) Ta (;) ra(f—n}

q*) belongs to B, (w, q) if and only if (r*, ¢*) belongs

We have hence established that when r* < w, (

to %l-
Case 2: Suppose now r* > w. By definition, we have that
Lo (T2 (9) 1) if v € [0, w],
Gy (0l(00)-0.0) = Quala (151 (%) 25) v e (o)
0 if v in (r*, 00).

(r*,q"), w

By applying Lemma C-1 to the following parameters (s, qs) := (w,q) and (s, qy) =
F(w) >

have that Gu,=(:|(w,q), (r*,¢*)) belongs to Fo(w,q) and Fu(w*,{¢*}) if and only if ¢ =

Lo (T3 (¢%) %) which can be rewritten as ¢* < Tq (I5! () %)

Using Lemma A-2, the oracle price for the revenue function v — vql’ (F;l

(%) %) is achieved at

Given that r* is at the end of its support and that the revenue curve is unimodal, the optimal revenue
,q*)) is achieved at r* if and only if * < ¢/, which, in turn, is true if and only

associated G = (+|(w, q), (*
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if:

u—(l—a)w iff ar*+(1—-a)w< i

")
q

i o1 <Q> c_Tow
q

iff T 1 A 1 < g
1 —_— — 1 —_— .
“Nar2 )~ 7g To\aym ) =1

We have established that when 7* > w, G r+(-|(w, q), (r*, ¢*)) belongs to {F in Fo(w,q) : rp =1%qr =

q*} if and only if
r ot <g*<T F_1(>L*
q « T*ww — q p— « o q w .

In turn, we have hence established that when 7* > w, (r*,¢*) in %, (w,q) if and only if (r*,¢*) in B},
This concludes the proof. ]

Q|+
—
Q|
o
N
a3
N———

Lemma C-5. Let J,, 4 = {r: there exists ¢* s.t. (r*,¢*) in Bo(w,q)}. We have Jy 4 = [r,(w,q), w)U
[w,To(w, q)] and for any r* in Jy, 4, the function Ry« , 4(-) is decreasing in the set {qg* : (r*,q¢*) in Bo(w,q)}.

Proof of Lemma C-5. We will show that J,, , = [r,(w,q),w) U [w,7q(w, q)] by analyzing the cases
when r* < w and r* > w separately.

Suppose first that »* < w. In this case, we show that there exists a value ¢* such that (r*,¢*) € 4 if
and only if * > r_(w, q).

If there exists (r*,¢*) € 2, then we have y Lemma C-4 that —L— < ¢* and since ¢* < 1, we

ey
have % < 1, which implies that r* > 1+F1£1(q) = r,(w,q). Now if r* € [r,(w,q),w), note that
(r*,1) € %, as we have seen above that 1 > ﬁ. Furthermore, we have

1>T, (F;l (q) T) and 1> T, <1>
w (6%

since T, () < 1 for all > 0.
Now suppose that r* > w. In this case, we show that there exists a value ¢* such that (r*,¢*) € %), if
and only if 7o (w, ¢) > w (which is equivalent to ¢ > T (1)) and r* < 7q(w, q).

1
o
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If there exists (r*,¢*) € %), then, by Lemma C-4, we have ¢I', (ﬁ) < g* <T, (F;l (q) %)
Note that we have

a—1
1 r* 1 P\
T - - <1, (rt — iff ¢ (T _— > (1, (Tt —
q a( T*lﬁw>_ a( a (Q)w) 1 q ( a(a r*lﬁw>> _( oc( a <Q)w>>

11—« r
. —1 —1
iff (1—|—(1—O[)Fa (q)) <1+Oé+r*ww>21+(l_a)ra (Q>;
) 11—« 1 1l—« 1
if ————+(1-a)I () [1+—F— | 21— (¢ —
06+T*_1 a—i_r*_l
1 11—« r*
iff ———— +T3 ) [ 1+ ——F— | >3t () —
oz—I——T*a1 o (9) a+ﬂ171 - (q)w
1 1—« r*
iff ————— 411 — —(—=1)]1 >0
a+i1_1 « (Q) a+£1_l (w ) -
14T () (1 —a—aZ
g e @(—a—alyta)
a+ o
[l
1-T ' () o
o+ =
=1
r* w
iff 1-T'(q)a—>0 iff < —— =7o(w,q).
a (Q) w = —aral (Q) O‘( Q)

Additionally, since r* > w, the above inequality implies that 7, (w, ¢) > w (which in turns implies that
q>Ta (L))
Now if ¢ > T, (é) then 7o (w,q) > w and therefore, if r* € [w,T(w,q)], we always have that

(r*,To (T3 (9) =) € By, as we showed above that ¢T's (ﬁ) <T, (T (q) 2.
Next, we show the ér*7w7q(~) monotonicity property by analyzing the cases when r* < w and r* > w

separately.
Suppose first that 7* < w. In this case, we have

[ Gtet) o [ 2 () 25 o

where the last equality follows from the fact that for u > v, Iy (u) /T (v) = T ((u — v)/(1 + (1 — a)v)).
Each term on the RHS above is decreasing in ¢*, since Iy, (-) is decreasing. Hence Ry« 4 4(¢") is decreasing
in this case.

o) = [ 2R @B gy [ 2, (r (£) 220 gy
- LS e [ (5 () 6
+
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Suppose now that r* > w and ¢ > I, (é) so that the interval [w, 7, (w, q)] is non-empty. In this case,
we have

7 ) Y pTa (T3 (@) £ »qTa (T (L) 222

N /w £Md\lf@) + /7"* 2 <F;1 %> ﬂiﬁj)d‘?(p)
0

- N GIe)
-1
wop To Tyt (g) 2 " —
_ / » o a*(Q)w)d\I/(p)—i-/ 21T, e (),
0 7 q w T 0 (L) + (1 - a) 22

where the last equality follows from the fact that for u > v, Ty, (u) /T (v) =Ty ((u —v) /(1 + (1 — a)v)).
Each term in the above equality is decreasing in ¢*, therefore the result also holds for this case. This

concludes the proof. O

D Proofs and auxiliary results for Section 4

We define the following useful notation used throughout this section:

1 if =0,

ba = SaTa  ifain(0,1), (D-1)
e ! if =1,
0 if =0,

q, = (D-2)

Io (1) ifain(0,1].

One can easily check that, for any o in [0,1], ¢ < T'a (¥a).

Proof of Theorem 2. The proof is divided into three separate parts.

In a first step, we simplify the problem given in (4.1) in Section 4. We show in Proposition D-1 that
the seller’s posted price has to counter at most 3 worst-case distributions, where two of these are fixed,
and the third one is a function of the price selected. In a second step, we analyze the case of regular
distributions, and in a third step, we analyze the case of mhr distributions.

Recall the definition of ¢_ introduced in (D-2).
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Proposition D-1 (Worst-case Distributions against Deterministic Mechanisms). For any « in [0,1], we

have
R (P, Falw,q))
 [romenmin{ TG S, SR | e
g min i 3’53)72252523}, fae0.g,)
with
fog(p) = 1— Y Baal?) —2;15@11 (9) (1 —p)
Doglp) = (a3 () (1—p)* +4T5  (9) (1 —p) g™,

In the above result, the initial price w is normalized to 1 without loss of generality. The above
establishes that, when restricting attention to deterministic prices, one can restrict attention to worst-case
distributions consisting of a GPD distribution with support starting at jio 4 (p) and truncated at 1, a mass
at 1, or a GPD distribution truncated at 7o (1,q) (when g > g_). The proof is deferred to Appendix D.1.

We now leverage the above reduction to explicitly derive optimal deterministic mechanisms against
regular and mhr distributions.

Let us introduce the following functions that represent the ratios of the worst families for p > r (1, q)

L Rev (p‘ a( ‘,U'Oz,Q( )7(1 q)))
Fra(p9) = = (e @), (h0)
R2,a (pv Q) = m’
Rev (p\Fa ("Fa(ly q)a (17 Q)))
Rs.a (p,0) obt (Fa (Fral(Lq), (1)) deinedontyfora =g,

We next analyze some properties of the above defined ratios. To that end, recall the definitions of 0,
introduced in (D-1) and of ¢ in (D-2).

Lemma D-1. We have the following properties:

1. If q € [q,Ta (0a)), then there exists pi3aq n [14(1,q),1] such that Ria(-,q) > R3a (- q) in
[Ea(l?q) p13aq] and Rl a( » q ) < R3,a (7Q) mn [p13,oc,q7 1] EZSC, qu S [FOC (TN)OC) P 1]7 then Rl,oc (p7 q) 2
Rs.a (p,q) for all p in [r,(1,q),1].

2. For any q € (0,1), there exists pi2,a,q Such that Ry o (,q) > Roa (-, q) in [ro(1,9),p12,0,4] and
Rl,a ('a Q) S R2,a ('a Q) in [plZ,a,qa 1]

8. If ¢ > q, then we have that R3 o (+,q) is non decreasing in [r,(1,q),1].
4. Fora in {0,1}, Ry (-, q) is non increasing in [r,(1,q), 1], Raq (-, q) is non decreasing in [r,(1,q), 1].
Lemma D-2. For a in {0,1}, there exists a unique o in [q_,LTa (0a)] solution to the equation p13a.q =

P12,a,q; and we have for q in [q ,Ta (0a)] 1 P13,0,q < P12,0,q if and only if q < a. Furthermore, we
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have the following expressions:

-1 (1 —2¢)°
= - = 1 _—————
40 1’ D13,0,9 1—q

(1-va)*

P120q =1-"—— .

Y

1 1
. . -1 -1

@1 =49, Pi13lqg = Hi4 (W <log (q—1)>> » P12, = Ky 4 - (e> ’
q

Where § is the unique solution in [0, 1] to the equation W (m) w (g) =1, W is the Lambert function

defined as the inverse of x — xe® in [0,400). Numerically ¢ € [0.52,0.53].

The proof can be found in Appendix D.1. We proceed by analyzing three main cases ¢ in (0, §o], ¢ in
(daa N (f)oz)] and ¢ in (Fa (f)a) ) 1)‘

Below, we fix a in {0, 1}.
Case ¢ in (0,4,

We analyze the two sub-cases ¢ in (0, ga) and ¢ in [Qa’ Ga], which both will lead the same final result.
Note that the first sub-case is empty for oo = 0.

Sub-case: « =1 and ¢ in (O,QQ): In this case, based on proposition D-1, we have:

PE[r,(1,9),P12,a,q]

R (Pa, Fa (w,q)) = maX{ max min (Ry o (p,q) , R2.a (P, q))

max min (R4 (p,q),Roa (P, q)) }
PE[P12,0,q,1]

Now let us simplify each term.

e Using Lemma D-1-2, we have that, Ry, (-, ¢) is above Ry, (-, ¢) in [1,(1,q), P12,a,q], therefore:

. (a)
max min (R (p,q) , R2.a (p,q)) = max Ryo (9, q) = R2,a (P12,0,95 Q)
PE[r,(1,4),p12,0,q] PE[r,(1,9),P12,a,q]

where in (a), we used the result in Lemma D-1-4 that states that Ry, (-, ¢q) is non decreasing in
[ro(1,9),1].

e Using Lemma D-1-2, we have that, Ri , (-, ¢) is below R2 4 (-, ¢) in [p12,a,q, 1], therefore:

. (b)
max min (Rl,a (pa Q) 7R2,Oc (Pa Q)) = max Rl,oc (pa Q) = Rl,a (p12,a,q7 Q) s
pe[plla,qvl} PE[PIZa,q,l]

where in (b), we used the result in Lemma D-1-4 that states that R;, (-,¢) is non increasing in
[ra(1,9),1].

Therefore, we have

(¢)
R (Pdv foz (wu Q)) = maX{RZa (p12,a,q’ Q) le,a (p12,a,q’ Q)} = P12,a,q>
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where in (c), we used the fact that, by definition, R o (P12,a,9,9) = Ri,a (P12,0,9,q). We also note that the
value above is achieved at p = p12,4 4.
Sub-case: ¢ in [ga, do): In this case, based on Lemma D-2, we have that pi3 .4 < Pi12,a,¢, thus we have

R (Pda foz (w7 Q)) = max max min (Rl,oc (pa Q) ) R2,a (p7 Q) ) R3,O¢ (pv Q)) )
Pe[ﬁa(luQ)Pl&a,q]

max min (Rl,a (p, q) ,R2,a (p, Q) aR3,a (pa Q)) )
PE[P13,0,¢,P12,0,q]

max min (R4 (p,q), R2.a (9, q), R3,a (P, q)) }
PG[P12,a,q,1}

Now let us simplify each term.

e Using Lemma D-1-1, we have that, for ¢ € [¢_,da] € [¢,Ta (0a)], R1,a (,q) is above R34 (-, q) in
[7o(1,q),P13,0,q], therefore:

max min (Rl,oa (pu Q) s R2,oz (P7 q) y R3,a (p7 Q)) = max min (R2,a (p, Q) s R3,a (P, Q)) .

PE[r,(1,9),p13,0,q] P€[r,(1,9),p13,a,q]

e Using Lemma D-1-1 and Lemma D-1-2, we have that both R3, (p,q) > Ria (p,q) > R2.4 (p,q) in
[pl3,a,q;p127a,q], therefore:

max min (Rl,a (pa Q) ’ R2,a (p) q) , RS,a (pv Q)) = max R2,a (P, q) .
pe[]’lB,a,anlQ,a,q] PG[P13,a,q7p12,a,q]

e Using Lemma D-1-1 and Lemma D-1-2, we have that both R, (-,¢q) and R3,(-,q) are above
Ri (v, q) in [p12,a,, 1], therefore:

max min (Rl,a (pa Q) 7R2,a (p7 Q) 7R3,a (p7 Q)) = max Rl,a (pa Q) .
pE[P12,a,q,1] pe[P12,cx,q71}

Therefore, we have

R (Pda fa (’UJ, q)) = max{ e (max min (RQ,a (p7 Q) 7R3,a (p7 Q)) ) max R2,a (p7 Q) ;
pPEITy

1,4),p13,0,q] PE[P13,a,¢-P12,0,q]

max Ry
Pe[p12,a,q71] o (p’ Q) }

(;) maX{ max R2,a (p> Q) ) max Rl,a (pa Q) }a

PE[P13,0,q,P12,0,4] PE[P12,a,q,1]

where in (a), we used the fact that

b

max min (R0 (P, ) R3.0 (P, q)) < max Roo (p,q) < max  Roqa(p.q),
pElr, (1,9),p13,0,q] pElr,(1,9),p13,0,q] PE[P13,a,q>P12,00,q)

—
=
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and in (b), we used the result in Lemma D-1-4 that states that Ry, (-, ¢) is non decreasing in [r,(1,q), 1]
Using the latter and also the fact that R; , (-, ¢) is non increasing in [r,(1, ), 1] we have

maX{RZ,a (p12,a,qa Q) s Rl,a (p12,a,qa Q)}

R(Pdafa (w,Q)) =
= P12,0,9>

—
~

where in (c), we used the fact that, by definition, R o (12,09 ¢) = Ri,a (P12,0,9,q). We also note that the

value above is achieved at p = p12,4.4.

We conclude that, for ¢ in (0, da], R (P4, Fa (w,q)) = P12,a,q and is achieved at p = p12,a,q. For o =0,
using the expressions in Lemma D-2, we obtain (0, ¢, =0 (0, i] and:
(1- \/5)2 . . (1-va)
——~r % which is achieved at p=1 — s

R (PasFa(w.@)) “=" pragq=1- 72

= (0, g] and:

For oo = 1, using the expressions in Lemma D-2, we obtain (0, §]

a= - 1 _
R (Pg, Fo (w,q)) =1 P121,g = #1(11 ——— |, which is achieved at p = “1,c11 ( 16 )
\w (g) w(s)
(&
—— 2] :=p <) .
) o

N 1_10g(1ql) W<Z>+W(Z

Case ¢ in (o, (0o)] : In this case, based on Lemma D-2, we have that pi2aq < P13,a,q, thus we have

R (Pd, fa (w7 Q)) = max max min (Rl,Oé (pa Q) 9 R?,a (p7 Q) 9 R37Oé (p7 Q)) ?
PE[r, (1,9),p12,0,4)

max min (Rl,a (I% q) ) R?,CM (pa q) ) R3,Oé (pa Q)) )
pG[PIQ,a,q7p13,a,q]

max min (Ry4 (p,q),R2.a (p,q), R3.0 (9, q)) }

PE[P13,0,q.1]

Now let us simplify each term.
e Using Lemma D-1-1, we have that, for ¢ € (4a, s (0a)] C [ga,f‘a (0a)], Ria(-,q) > R34 (-,q) in

[7o(1,q),P13,0,q], therefore:
min (Ra,a (p,q) , Rz, (9, 9)) -

min (Ri, (p,q) ; Ro,a (p,4) s R3,a (P, q)) = max

max =
P€[r,(1,9),p12,a,4] P€[r,(1,9),p12,a,4]

e Using Lemma D-1-1 and Lemma D-1-2, we have that both Ry, (p,q) > Ri.a (p,q) > R3.. (p,q) in

[plQ,a,qg p137a’q], therefore:
= max R3o (p,q) -

max min (Rl,a (pa Q) 3 R2,a (p7 Q) ) R3,a (pa Q))
pe[p12,a,qap13,a,q] pe [p12,a,q7p13,a,q]
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e Using Lemma D-1-1 and Lemma D-1-2, we have that both R, (-,¢q) and R3(-,q) are above
Ri (v, q) in [p13,a,, 1], therefore:

max min (Rl,a (pa Q) 7R2,a (p7 Q) 7R3,a (p7 Q)) = max Rl,a (pa Q) .
pE[PliS,a,q»l] pE[PIB,a,qvl}

Therefore, we have

R (P4, Fo(w,q)) = max max min (Ro . (p,q) , R3.a (9, q)), max R3 . (p,q),
PE[ro(1,9),p12,0,q)] PE[P12,0,q4:P13,a,q]

max R ,
PG[P13,a,q71] o« (p Q) }

(a)
= max max R3o(p,q), max Ri,(p,q) ¢,
PG[P12,a,q,P13,a,q] PG[ZHS,a,q,l]

where in (a), we used the fact that

b

max min (Rz,a (p, q) , R3,a (,q)) < max R3a(pq) < max  Rso(p.q),
PG[KQ(I,QLPH,a,q] PG[EQ(L(I),Plz,a,q} PG[P12,a,q7P13,a,q]

—
=

and in (b), we used the result in Lemma D-1-3 that states that R3, (-, ¢) is non decreasing in [r,(1, g), 1].
Therefore, using the property Lemma D-1-4, we have, additionally, that R; , (-, ¢) is non increasing in
[r,(1,q),1] and therefore

R (Pda -Foc (Uh Q)) = rnax{Rs,a (p137a7q, q) s RLa (p13,a,q7 q)}

R3.0 (P13,0,q:9), which is achieved at p = p13.q.4.

—~
o
~

where in (c), we used the fact that R3 o (P13,0,¢:9) = Ri,0 (P13,0,959)-

For oo = 0, using the expressions in Lemma D-2, we obtain (§a, s (7a)] =0 (3. 3] and
a=0 3—4q . . . q(3—4q)
R (Pa, Fa(w,q)) = Rsz0(p13,04:9) = 4(17—(1)’ which is achieved at p1304 = T
For a = 1, using the expressions in Lemma D-2, we obtain (§u, s (04)] =! (¢, e=¢"'] and:

R (P4, Fo(w,q) = Rsi(pisigq) = Hig <W (log(1q—1)>> elog (g e log(q_l)p;é<w(m)) = p(q)

which is achieved at p = uié (W (ﬁ)) = By (bgﬁ).
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Case ¢ in (I'y (04),1): Using Lemma D-1-1, we have that for ¢ in (I'y (04),1), Ri,a(-,q) is above
R34 (+,q) in [r,(1,q),1]. Therefore, we have

R (pdv ‘Fa (U), q)) = max min (Rl,a (pa q) ) RQ,a (pa Q) ) RS,a (p’ q))
p€lr,(1,9),1]

=  max min(Ron(p,q),Rsa (p,q))
pE[Ea(lny)J]

= min(RZOé (17Q)aR3Oé(1’q))
. b
= min(1, Ry (1,0)) 2 Rya (1,9).
In (a), we used the results in Lemma D-1-3 that states that R3, (-, ¢) is non decreasing in [r,(1,¢), 1] and

Lemma D-1-4, that states that Roq (-, ¢) is non decreasing in [r,(1,¢),1] as in this case ¢ > I'q (%a) > g .
In (b), we used the fact that R3 (1,q) < 1.

For av = 0, using the expressions in Lemma D-2, we obtain (I'y (74),1) =0 (3,1) and:
R (P, Fo (w,{q})) = R30(1,q) =1—¢q, which is achieved at p = 1.

For av = 1, using the expressions in Lemma D-2, we obtain (T'y, (04),1) =! (e=¢"",1) and:

R (Pg, Fo (w,q)) = R31(1,q) =eqlog (q_l) , which is achieved at p = 1.

This completes the proof of Theorem 2. O

D.1 Proofs of auxiliary results

Proof of Proposition D-1. Following the reasoning in Section 4 in Eq.(4.1), we have that:

R (Pa, Fa(w,q))

_ : { : pFa(PV,(UJ,Q)) p : pFa(plr, (w,q)) }
= sup min min £, min

pelo,u] r€lra(w.a).p) r "W refwra(wg)] opt(Fa(-Ir, (w,q)))
_ - , EFa(p/wlr/w,(1,q)) p EFa(p/wlr/w, (1,9))
= sup min inf = , =, _—

2€0,1] w€lra(L,a), ) w W LellFa(la)] —Fo(r/wlr/w,(1,q))
@ up mind  ur D@ (19) o wt 2 (13\7: (La) |

pel0,1] 7€lry(1,9).p) T fellra(1,9)] TF, (7|7, (1, q))

where in (a) we used two changes of variables to remove the dependency on w, namely p = p/w and
7 = r/w. Note that when ¢ < q,,, the last term in the brackets does not affect the worst-case. Thus we

conclude that

R (Pa, Falw,q) = sup mind  inf pFa(p|T’(1uQ)),p7 o PEallr(1,g) | (D-3)
pel0,1] r€[ry(1,9),p) r rellra(Lg)] 7Fo (r|r, (1, q))
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For each (normalized) price p in [0, 1], we have three terms that determine the worst case performance.
We analyze each term separately. The second term is just the identity stemming from nature selecting a
point mass at 1. We next analyze the first and third terms with the brackets in (D-3).

Third term. The third term is only present if ¢ > ¢_ (ensuring that [1,74(1,¢)] # 0). In this case, for
any p in [0, 1] and , the third term can be shown to be equal to

pFo (plr,(1,9))  pFa (plTa(l,q),(1,q))

inf — — .
rellra(La)l TFo (r|r, (1,9))  Subrepiza1,q) "o (7l7: (1,9))

Indeed, fix ¢ > g . For any r € [1,7(1,q)], Fa (p|r, (1,9)) = Ta (To* (@) p) = Fa (pIFa(1,9), (1,q)). By
Lemma A-2 applied to 3 :=T';! (¢) and w’ := 0, we have that the function v — vF, (v[Fa(1,q), (1,q)) is
maximized at 7, (1, q) thus it achieves its maximum at 7, (1, ¢) on the interval [1,7,(1, ¢)]. Hence we get
that

pFa (plr, (1,9))

inf P2 F ), (L,q) PFa (PITa(1,9),(1,9))
reflra(l,g)] TFOé (T|T‘7 (17 Q)) r€[l,ra(1,9)] TFa

7)(1,0))  SUP,e(i 7o (1,9) "Fa (rTa(l,9) (1,9))

(D-4)

One can easily check that

Opt(Fa (“FOC(L Q), (17 Q))) = vﬁl?if(ll,q) UF@ (’U’Fa(l, Q), (1’ Q)) = Fgla(q)’

where 0, was defined in (D-1).

First term. For any p in [0, 1], the first term in (D-3) can be rewritten as

lIlf pFa (p|r7 (]‘7q)) — 1nf (p(r)’

re€lr,(1,9),p) r r€[r, (1,9),p)

where

o) = 21, (12 @ 21).

1—r

We study the function ®(-) and by analyzing its derivative, determine exactly where its minimum
is achieved. In particular, we will establish the following claim. On [r,(1,q),p), the function ®(-) is
minimized at

JOTa @ (=) 4051 @) (1 - p) ! — Ty (6) (1= p)

For any p in [0, 1], at any r in [r,(1,q),p), ®(-) is differentiable with derivative given by
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0 = (i) - (e ) (e ))
- g (o) - H (i) (n(meis))
- ol (e @20)) [(r (rat = :))(1 Y —p>]
~ o (T (r(;l(q)’l’j:))g_a{(uu G @I ) (=P -1 (1 - )
- r2(1p_ B <Fa (Ft?l (q>f::>)2_a (1= )2+ (1— )5 (g) (p— 1)1 =) — T3 (q) r(1 — p)]

Note that the sign of the derivative of ® is determined by that of the quadratic

p(r) == —[A=r’+ 10— (@) p-r)1-r) =T (@) (1~ p)]

1+1 -3 (g) 1= =1 -a)l (@) (L =p)(1 —7)

T (@) (=) (1 —p) - (@) (1 —p)]

= —[0+01-ar ' () (1—r)? +aF;1(Q)( —p)(1—r) =T (q) (1 —p)]
= —[¢“'A-rP+al (@ (1—p)(A—7r) =T (q) (1 -p)].

Let
_ 2 P
Daglp) = (al3' (@) (1—p))” +4¢°7'T5" (g) (1 - p).
The above is positive and hence the quadratic ¢(r) admits two roots given by

o'zt (q) (1= p) + v/ Aay(p)
Qqa—l

a3t (¢) (1 = p) — \/Aaq(p)
2qa71 :

r o= 1+

i

rg = 1+
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It is clear that r; > 1. We next establish that ro belongs to [r,(1,q),p].

al'71 (q) (1 = p) — /Aaq(p)
2qo¢71

—(2¢° 7+ a3t (9))(1 = p) + /Aa(p)

2qa—1

— (4q2(“’1) + (al7 (g))° + 4g* lal, ! (q)) (1-p)%+ (aT5" (¢) (1 — p))* +4¢>"'T5" (¢) (1 — p)

p—r2 = p—1-—

2¢°1((2¢° 1 + o3 (0))(1 = p) + V/Aag())
— (¢ +al'7' (q)) (1—p) + I3 (q)
2¢°1((2¢° 1 + a3 " (@) (1 = p) + /Aag(P))
—(1+0," (9)A—p)+T." (9)
7))(1 —p) + /Aagy(p))

= 4—p)!

v
o

where the last inequality follows since p > r, (1, q).
Now, we also have

_ al'gt (9) (1= p) — /Dayg(p) 1
2ol = 2°7 T 1+Tal(g)
ol (@) (1= p) — /Aaq(p)

- 2qa—1 +Fg1 (Q)ﬂa(LQ)

al' ' (q) (1 —p) +2¢° T (9) 1, (1, 9) — /Aay(p)
Qqa—l
(al'Z' (9)(1 = p)? + 42 DT (0))*(ro(1,9))? + 4¢° (T3 (@) ar,(1,q)(1 — p)
2¢°~H(al'a! () (1 — p) +2¢° 15" (@) 74(1,q) + /Aag(P))
(a2t (q) (1 —p))? +4¢*7'T5" (g) (1 — p)
2¢° (a2 (@) (1= p) +2¢°7 T3 " (@) o (1,9) + v/ Dayg(P))
et a1 TN () (r, (L, 9)* 4 ol (@) (1, ) (1 —p) — (1 = p)
- 4Fo¢ (Q) —1 —1
2¢°H(al'a" (¢) (1 —p) +2¢°7'Ta" (¢) r6(1,0) + v/ Aay(p))
_ —1 a—1 qa_lﬂa(LQ)(p_ia(lvq))
Mo D0 e @ (1~ p) + 20 T (@) £a(1.0) + v/Bog )

v
o

where the last inequality follows since p > r,(1,q). Hence we have established that 7o belongs to
[KQ(LQ)?p)a and Ty > 1 > b-

Now, note that the sign of ¢ is non-negative on [r2, 1] and non-positive on [0, r2]. We deduce that the
function @ is non increasing on [r, (1, q), 2] and non decreasing on [rq, p), thus, on [r, (1, q),p),  achieves
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its minimum at r9 = a4 (p). In other words we have established that for any p in [0, 1],

: PFa (plr,(1,9)) _ pFa (Pliag ), (1,9)) _  PFa (plitag (), (1, 4))
inf = = . (D-5)
r€[r,(1,9),p) r fag (P) opt(Fo (+|ptang (P) 5 (1, 9)))
Combining equations (D-3), (D-4) and (D-5) yields the result. O

Proof of Lemma D-1. We first start by studying the function p — 4 (p). We have

V(0I5 () (1= )’ +475" (9) (1~ p) ot — ol () (1~ p)

faq(P) = 1- 5o
@0 T @0 =) T @ - p)
2qa—1 2qa—1 2qa—1
—1 _
B 1-2(1 - a) fef00z)
—1 _ -1 _ 2 -1 _ '
1+ al@0n 1 (ol 4 ore-n

ra'(9)(1-p)

The numerator of the above ratiop -+ 1 —2(1 — «) 5ga-T

is clearly non-decreasing, and the denom-

—1 —1 2 —1
inator p — 1 + a% + \/ (a La Q(qqa)(_ll_p )) + 25a 2(qq(2(_11—p ) is clearly non-increasing. Therefore, by

composition, p — fiq,q (p) is non-decreasing and fiq 4 (p) in [Na,q (ﬁ) s Pag (1)} with:

1 _ Iy (9)* _ Lo (9)* i ra' (g)°
“""q(1+ra1 (q)) T e (1 @) J(azqal (1+Ta! (q))) e (14T @)

= L' () e (@) e .
T e T @) 2 (LT () Vorra! @ +4get (1412 (o)
-1

= e E‘a—i-(g)gl () <O‘Fa1 (@)~ Joa (@2 +4(1+ (1 —a)Ta' () (1 4T
B r.'(9) - “1()?
= 1 2¢°=1 (1+ T3 (q)) (aFal @)= \/(2 tR-aTa(@) )

_ Iyt (9 (e — L
= 2q°‘—1(1+F;1(f1))2(1+(1 )T (q))_1+F;1()'
r=1(g)(1—1 ) 1=\ Tl (-1
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Therefore fiq4 (p) in { and p — fla,q(p) is an increasing function in [ 1} and, for any

1 1] 1
405 (q)’ 1405 (g)’

. 1 I . .
p in [71+F(;1(q) , 1}, its inverse is given by

¢ (1-p)*
I'a' ()1 —a(l—p)

-1
:u’a,q (p) =1-
Next, we will show each point separately.

First point If ¢ > q, we have

R3a(pq)  To'(q) Lo (T3 (9)p)
Rl o (p, Q) B 77& Ma,q (p) T (1“—1 ( ) p‘#mq(?))
’ o « q 1*Ha,q(p)
P—Ha,q(P)
@ T.'(g - P e
= @()Ma,q (P T | T3 (q) P qq((’;)) - ,
« 1+ (1—a)f==05Ta" (9)

where in (a), we used the identity Fzgg =T, (

inside I'y, (+). We have

ﬁ) Let us now focus on simplifying the term (A)

o G 0 a0 )
1 — pag (p) + ()(1 a) (p — ta,q ()
® o (@) aa () TGy 11aﬁa Za)q)(p)))
T paa () +Ta' (@) (1 = ) (1 - 1 q(é)(l(i;éllaiﬁf?zj(p))))
q°~ M,()(l faq (D))
1—a(l = plag () + 1 —0a) (T3 (@) — al'3" (@) (1 = fag () = ¢* 1 (1 = fiag (p)))
_ q* lﬂa,q( )( ﬂa,q( ))
(=) T ()~ (L~ o () (0 01— ) T () — (1~ ) 1)

_ 4% e (0) (1= payg (p) _
T T (g gt e

where in (b), we used that

¢ (1= piag (p))2 '
T2t (9) (1= (1l — tag (p))

P = gy (ayg (p) =1—

Therefore we obtain that:

-1
Zﬁiﬁﬁ _ R%ﬁhmg@ﬂgu—umﬂm%
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Since p — fla,q (p) is non-decreasing and I'y (-) is non-increasing, then by composition, we have

p = Rizaq(p) = % is non-decreasing in [r,(1,q), 1] and g‘z’zz(p’q) in [Ri3,a,4(ra(1,9)), Ri3,a,q (1)],

(p,9)
we have

R3,a %,q a_(q) Fa Fa_(‘l) (a)
Ri30,4(ry(1,q)) = (1+Fa1(Q) >: 14T, (q) (1+Fa1(q)> 9

~ —_ 9

B (e ) "

where in (a), we used the fact that the revenue function  — zI'y (2) is maximized at z = 1 (with the
convention that for o = 0, 1/a = 00) and the maximum value achieved is 9,. Furthermore, we have

R3a(l,q)  T.'(q)
R13,a,q (1) = Rla(l q) = 1701 .

Note that Ri3.q,4 (1) > 1iff ¢ < T (04). For ¢ in (r,(1,q),Ta (04)), we define pi3q4 = Rl_gl,a,q (1).
Therefore, we have that when ¢ in [Qa,l“a (UQ)), then R34 (p,q) < Ria(p,q) if p < pi13,a, and

R3o(p,q) > Ria(p,q) if p > D130, And if ¢in [y (0a),1] then Rio(p,q) > Raa (p,q) for all
pin [r,(1,9),1].

Second point We have

s = o (e 8) ot (70 ()

) | ) 11— fia,g (9))
o (70 (- )
- ' r (Fl (q) - -
Hag (D) “ ¢ (m B a)
. - a—1
- Ha,q () F (Fal - ( 1q oz) |

I=paq(@)

where in (a), we used:

¢*~ (1 = prag (p))°
Lat (@) (1= a (1 = pag (p)

P =ty (Haq(p) =1—
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Therefore, by composition, we have p — Risq4(p) = g;’zg’gg is non-increasing in [r,(1,q),1] and

Ri1.o(p,q) -
2D iy [Rig e (1), Rizag (ra(1,9))], we have

1 1 qafl
RlQ,avq (ta(17 q)) = Fa FOé (q) - <

)

= (14T, () =1,

1 a—1
lim Rizaq(p) = lim T, [T}
p—1

s iy a (q)_(l—a)

1—p

We define p12,a,4 = Rﬁl’mq (1). Therefore, R1 o (p,q) < Ra,a (p,q) if p < p12.aq and Ri o (p,q) > Roo (p,q)
if D= P12,a,q-

Third point If ¢ belongs to [ga, 1], we have

R3o(pq) = F;“; @ Lo (T5' (9)p)
aRB,ngpy Q) _ Fa; (Q) (Fa (1—151 ((]) p) _ F;l (Q) pra (Fgl (Q) p)2—a)
—1 1
= e (0 @) (1 - (1r_a a()q); (q)p)

r'st(q)? _ Tol(l,q)— .
a%ra (Fal (q) p) <m) lf [ AS (0, 1]
Therefore, if ¢ in [g_,1], then To(1,¢) > 1 and therefore R34 (-, ¢) is non-decreasing in [r,(1,¢),1].
Fourth point

Case 1: Regular a =0 In this case, the first function is expressed as follows:

Rio(p.q) = P pq (p1o,4 (p) — 1)

10,4 (P) (1 + (5 . 1) %) " g (0) (p(q — 1) — g+ pog (p))

with o, (p) = 1= VS DIZD iy
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Therefore

Rio(p,q) =

_ 1) p—1++/(1-p)(1—g)
1-14+/(1-p)(1~9)

14 lmgp1ty (1-p)(1—q)
¢ /(1-p)(1-q)

We have, for all p in [g,1]:

OR1
dp

)

(p7Q) - -

o/T=p(VT=q—I—D)

(1-p) (1-VOT-p) T~ a)

5 <0 Vpin [g,1],

and it is easy to see that function p — Rs (p, q) is non-decreasing.

Case 2: mhr case o« =1 For a = 1, the first function is expressed as follows:

Ry (p,q)

with pi1,4 (p)

and p

‘We therefore have

Ri1(p,q)

1 — (=pg@)?

" log(q Dpr,e(@) —log(q")

H1,q (p)

1

2

(1= pg ()

log (¢71) p1,q ()

1—p1 q(P)—

2
(1-p1,4)
log(q— 1)1 4(p)

1 J—
pig(p) log(gt)

log (qil)

(

—_

1—p1,q(p)

1 2
g (p) 1) > ‘

710g(q_1)+u1,2(1?)71

q
elog (g~1)

q

pig () g (p)?

1

_|_

log (') +2

elog (g

(

fi1,4 (p)°

1,4 ()
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with

Ry (z) = (372 — (2 + log (qil)) T+ 1) e® for z in [1, 1+ log (qil)] :

elog (¢71)

On another hand, we have

dﬁgj$) - ‘_gﬂg%gij(ZF—Q-—k%(q_ﬂ—+x2—(24_bg(44)yr+1)€v
- _610;61‘1) (+* —log (¢7") 2 — (1 +log (¢"))) "
- _ﬁ(q—l) (@+1) (x— (1+log(q7")))e” 20 Voin [1,1+1log(qh)].
For all p in [{575,071y, 1], we have p1g (p) in [5y5,71y 1, therefore s in [1,1 +log (¢~ )].

Therefore, by composition, p — Ry (p,q) is non increasing. The function p — Ra 1 (p,q) = p is
non-decreasing.

Proof of Lemma D-2. Case 1: Regular case o = 0. In this case, for ¢ in (ga,Fa (V)] = (0, %],
P13,0,¢ is a solution to the following equation

—1
Fa~a(Q) Hag (p) Iy (1 — Ma,q (p)) =1
e (1 N\1-vA-p(1-9q) _
r (i) eI
g 1720 _vVA-p(d-q)
1—q 1—q
(1—2¢)°
1—q °

iff p=piz0q=1-
and p12,0,4 is solution to the following equation

1 B a—1
1, Fal(q)—( 9 —1

m—a)

q -1

VI n 0 —q)
1—

(1-p)(1—-gq)
-4

iff

(-
iff \/q=
iff \/(1-p)=

ff p=pr2oq=1-
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Therefore

P13,0,q < P12,0,¢ iff

l—q — I—q
iff (1-2¢)° > (1- /@)’
iff 2¢ <./q
1
iff g<=:=4¢q.
ur q = 4 q0
Furthermore, note that go € [¢_,T's (04)], since =0 and T (0 )aéo 1
) 0< 19, alla)l; q, o \Va 3"
Case 2: mhr case o = 1. In this case, for ¢ in (ga, Ty (90)] = (6*1, 6*6_1], P13,1,¢ is solution to
the following equation
' (g =1 _ _
K 9 (9) P (1t (1)) =" o (a7) g () 109" = 1
0%
1
lﬁ’ ,U/l, D eﬂl,q(p)_l —
() log (¢71)
it =mona = (W (5575
= P13,1,9 — T —1 .
e log (¢~1)
And pi2,1 4 is solution to the following equation
-1 log(q)+ !
R T RN iy SR
fiag (D) ( L a) fi1q (p)
T—fia,q(p)
1 1
iff et L — 1
f1,q (P
1 1
iff eh1,q(P) —

Therefore
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We now study ¢ — ¢ (q) :

I
~~
5}
09
|~
L
—
~
LRI
~——
—
=
~~
Cb‘
—
Cb‘
o
—_
£
[¢”]
g
<
@

dq

ww  WEW (ag) (0 () s @ (k) +los ) +1)
)

We next analyze the sign of the derivative.

sign (“40) = sign (w () +tog (W (~ 1) +low (o) + 1) = sign (@)

with h(q) = W (Z) +log (q) W <—10g1(q)> +log () + 1

wo (G ) o ()
o) (v ()

Therefore ¢ — h (g) is non-decreasing and we have h (e~!) = W (e?) =W (1) > 0. Therefore g is increas-
ing in (6_1,6_6_1]. Furthermore, we have g (e7!) = W (1) W (¢?) < 1 and g (e‘e_l) =W (61“/‘3) > 1.

Therefore there exists a unique ¢; solution in (e‘l, 6_6_1} to the equation W (@) w (3) =1.

Therefore, we have, for ¢ in (6_1, 6_8_1:|

13,1, < P21, iff g(q) <1 iff ¢ <qr.

E Proofs and auxiliary results for Section 5

E.1 Proofs and auxiliary results for Section 5.1

Proof of Proposition 2. Fix ain [0,1], ¥ in P, ¢ in (0,1), N > 1, and a finite sequence of increasing
reals A = {@z’}ijL such that 0 < a1 < w < ay. The proof uses two building blocks associated with

uniformly bounding the losses stemming from truncating a mechanism and the losses stemming from local
transfers of mass in a mechanism.

Define the two mechanisms ¥, in P and ¥, in Py as follows

U(v) if v € [0,an),

\IjaN(U) =
1 if v >ap.
0 if z €[0,a;).
\PA(‘T) - \If(aiﬂ) ifx e [ai,ai+1), for1<i< N -1,
1 if x € [an, 0).
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W,y is a truncated version of ¥ at ay and Wy is a discretized and truncated version of W.
Let F in F,(w,q). Next we analyze R(¥, F) — R(¥4, F) by decomposing it as follows.

R(V,F)— R(Uy,F) = R(V,F)—R(Uay,F)+ R(V,,,F)— R(Us, F). (E-1)

To uniformly bound the maximal losses stemming from truncation R(V, F') — R(¥,,, F'), we establish
the following result, whose proof is deferred to Appendix E.1.1.

Lemma E-1 (Truncation). Fiz a mechanism V in P, b > w, q in (0,1) and let

U(v) if v e [0,b),

1 if v > 0.

Up(v) =

Then for any distribution F in Fu(w,q),

1

R(‘PbaF) > R(\IlaF) - q(l + (q—l — l)b/’w)

1{b < 7o (w, q)}.

In particular, the result upper bounds the maximal performance losses that can stem from truncating
a pricing mechanism at b.

To uniformly bound the the impact of discretization R(VU,,,F) — R(V4, F), we first establish a result
(whose proof is deferred to Appendix E.1.1) that bounds the performance losses stemming from transferring
mass locally in a mechanism.

Lemma E-2 (Local transfer of mass). Fiz a mechanism ¥ in P, 0 < € < v, and let

U(x) if z € [0,v—¢),
Vep(z) = T(v) if x € [v—€,0),
U(z) if © > .

Then, for any distribution F in Fq(w,q)

€

R(Vew, F) 2 R(V, F) — = (¥(v) = ¥(v—¢)).

v

Applying lemma E-2 on (v,€¢) = (aj,a; — a;—1), N — 1 times consecutively for 2 < ¢ < N on the
mechanism ¥, , we obtain

R(\I’anF) - R(\IjAaF)

N
£
1S
S
T.
—
—
K
—
1S
N
S~—
|
S
—~~
8
L
~
~

1=2
a N
< A S e - w1 = 2 won) - v < 2
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where (a) follows from a; — a;—1 < sup;(a; —a;—1) = 0(A) and a; > a; > 0. Using Lemma E-1, we have

1
q(1+ (¢! = Dan/w)

R(Yy, F) > R(Y, F) — 1{any <To(w,q)}.

Returning to the decomposition in (E-1), we have established

AA) 1
R(V,F) — R(¥p, F) < a1 - q(1+ (¢7' — Dan/w)

1{an <To(w,q)}.

Noting that the inequality above applies for any F' in F,(w,q) and that the mechanism ¥, does not
depend on F', the result follows. O

Proof of Theorem 3. This result is a special case of Theorem 4.

E.1.1 Proofs of auxiliary results

Proof of Lemma E-1. Let Rev(q) = ¢F (1 — q) denote the revenue curve of associated with F' in the
quantity space. Let rr denote the optimal oracle price, ¢r the corresponding quantity, and recall, from
Lemma C-5 that rp < 7o (w, q). By definition, we have

R(\I/b,F) _ R(\I/,F) 4 /+oo RGU(Qb) — Re’U(Q$) d\I/(iL')

b opt(F)

Case 1. Suppose first b > 7o (w, ¢). In this case, then rp < b. Given that F' is regular, the revenue
curve is monotone for g < ¢, and we have Rev(q,) — Rev(q,) for x > b. We then have

R(U,, F) > R(U, F).
Case 2. Suppose now that b < 7, (w, ¢). In this case, we divide the analysis into two subcases.
Case a). Suppose first that rp < b. We have for any > b > r, by monotonicity of the revenue curve,
Rev(qy) — Rev(qy,) > 0, and therefore

R(U,, F) > R(¥, F).

Case b). rp > b We have:

+oo ev
> R(T,F) +/b (fpt((;f’)) - 1> 4 (z)
> R(V,F)+ (fg:gj’)) - 1> . (E-1)
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Recall that by assumption b > w and hence g, < g. Using concavity of the revenue curve in the
quantity space (which follows from regularity of F'), we have

Rev(q) — Rev(qr)
q—4qFr

Rev(qy) > Rev(qr) + (@ — qr).

This implies that

Rev(qp) > 14 ( Rev(q) ) B—4r o 4@ Rev(q) av — qr S 4

kit VA .
Rev(qr) — Rev(qr) q—qr ~— q—qr Rev(qgr) q—qr ~ q¢—gqr

Noting that F' is regular and using Lemma 1, we have

e (Fa o i) gEen

Therefore

Rev(gp) q 3 B
obt(F) = a—ar (1 q<1+<q—1—1>b/w>)21 (0 + (@ =D buw)

Returning to (E-1), we deduce

1

¥ 1) 2 RO = S T — Do)

Combining both cases, the result follows. O

Proof of Lemma E-2. Let rp denote the optimal oracle price, qr the corresponding quantity. We have

R(W.,, F) = R(V,F)+ / ’ Rev(qvog)t&fev(%)dm(x).

Case 1. Suppose rp < v—e€. In this case, using the regularity of F' and the unimodality of the revenue
curve, we have for any x > v — e > rp, Rev(gy—c) — Rev(q,) > 0, and

RV, F) > R(V, F).
Case 2. Suppose now v — € < rp < v. In this case, we have

Rev(qy—) — Rev(qy)

R(U.,, F) = R(\II,F)+/U e d¥(z)
> R(\I/,F)+/i (%-1) A0 (z)

= R(U,F)+ (% - 1) (T(v) — T(v — ¢)).
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In this case, we have opt(F') = rpqr < vqy—e. Therefore

R(¥c,y, F)

Case 3. Suppose now v < rp.
revenue curve, Rev(qy—c) — Rev(qy)

R(¥,,, F)

Combining the three cases yields the result.

E.2 Proofs for Section 5.2

V—€

>

R(V, F) + ( _ 1) (T(v) — U(v — €))

R(U,F) — 5(\1/(1)) (v — ).

(Y

>

In this case, for any v — € < x < v < rp, by monotonicity of the
<0, and furthermore, Rev(g;) < Rev(g,) < opt(F). In turn, we have

R(V, F) +/_ Reu(

R(\I/,F)—l—/_ <
I (Revlg-o)

w0 [ (ade

Rev(qu—e) o) — Tl — €
Fott=) 1) (W) - w0 - 0)

) qU—E

" —1) () — W(w— o))
~1) (B(0) = (v - €))

QU—E) - Rev(‘]m)
opt(F)

Rev(qu—c)  Rev(qw)
Rev(qy) Rev(qy)

d¥(x)

> AV (z)

- 1) d(z)

v

R(V, F) +

€

(-

Proof of Proposition 3. The proof is divided into two steps. In the first step, we will show the lower
bound by analyzing the performance of a specific mechanism. Then in a second step, we will derive the
upper through the analysis of a family of hard cases when ¢ is close to 0.

Step 1: Lower bound Let us define the following measure:

We have that ¥(u) is a distribution since

0 if u < wgq,
dV(u) = ﬁ(l) if u in [qw, w)
q
0 if u > w.
& 1 |
/ d¥(u) = T —du =1,
0 log(a) wq U
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Using Theorem 1 and the fact that F,(w, q) C Fo(w, q) for any a € [0, 1], we have

R(U, F)

inf
FeFa(w,q)

inf R(¥,F)

>
FEFO(w’q)

1

1

min inf
{ xre [EQ (w7Q) 7w) Opt (FO (

5 /0 " uFoule, (w, q))d¥ (u),

'|xa ('UJ,(]

inf
w€lw,ro(w,q)] OPt(Fo(-|z,

min{

inf —
z€[wg,w) T

/ " W (u) + / " 4Gl (ul (2, 1), (w, 4))dT (u)
0 x

(w,0))) /ooo uFo(ulz, <w’q>>>dw<u>}

. 1
inf —
reluoo) 7Cioe(2](0, 1

). (w,q)) /o uGo(ul(0,1), (w,q»dqf(u)}.

We will analyze each term separately depending whether x in [wg, w) or z in [w, c0).

Case 1: z in [wq,w)

Hence we get that

We have

K=

[ [ vav + [ ol 1), . a)iw
0 x

1;() [ i+ [Go,w<u|<x,1>7<w,q>>du]

xlo;(;) [ T /Ew 1+ (1/q1— DE= d“] ’

xlo;(;) (f” “wat |0 +(1(/1§q_—1)1)3,‘$)] :w> |
xlo;(;) (x s 10g(q)(11}’q—_x1)) |

1 wq log(q)

— — 1+ =L
log(3) r g—1

(a)

9 _1 _ (1 g(log(q)
log() wq—1

(W) + [ woal(w, 1), (w,0)d0(w)

log(3)
e 1))

log(y) \  1-g¢
Ve 1>> ~ loa(l)’

where (a) is due to the fact that log(q) < ¢—1<0, and = < w.
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Hence we conclude that

1—¢q
log (3

>
T

I Y=
[/0 Ud‘ll(U)+/;p UGO7w(u|(x’1)7(w’q»d\1j(u)

~—

Case 2: z in [w,00) Let us now analyze the second term, we have

1
w@ow(aﬂ(o, 1), (w,q
1

- T [/0 G, (ul(0,1) (. )% () + [ aGoa(ul(0.1), (w, )W )

S /O " 4G o (u](0, 1), (w, g))d(u)

wlog(1 + (% — 1)3})] :

2Glo(%((0,1), (w,9))10g(3) Jug 1+ (3 = 1) 2Glo . (2(0,1), (w,9)) (5 — 1) log(3)

w 1 1
= T Dee() B T ) E 0D, (w0
_ w (1— log(2 — q) _ 1 .
0" loa(l) ) #C0a (a0, 1) (w.)

The revenue function z — 2G4 (z[(0,1), (w, q)) is non-decreasing in [0, +00), therefore

G (2/(0,1), (w,q)) < lim 2Gox(x](0,1), (w,q)) = o - I
Hence
! e _log(2—4q)
B0 D], O v > (1= 2,

By combining (E-1) and (E-1), we get that

1— log(2 —
inf  R(¥,F) > min L1- 08( : 9\ .
FeFa(w,q) log(;) log(;)

For ¢ in [0,1 — %], we have
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and

1
| log2—q) _18Ga—g) _loaliggp) slirre) log(2)
log(7) log(3) log(z) —  log(y) log(2)

Hence we we get that

log(2
inf  R(U,F) > Og(1> .
FeFa(w,q) log(a)

This conclude the lower bound.

Step 2: Upper bound Let ¢ in (0,1) and K in N*. Define ¢ = q% in (¢,1) and aj, = we® in [quw,w)
for k=1--- K. Consider the family of distributions Fy(-|a, (w,q)) in Fo(w,q).
Using Yao’s principle (Yao, 1977), we have

1 <~ pFoplai, (w,q))
sup inf R(U,F) < sup-— SR
wep FeFo(w,q) ( ) p>0 K Zl opt(Fo(|ai, (w,q)))

K —
1 F ;
— — max sup p 0(p‘aza ('U}, Q)>

K 1<k<K pelagiq,a1) i=1 opt(Fo(-ai, (w,q))) .

(E-3)

Now let’s analyze the sup on each interval [ax11,ax). For all 1 < k < K, the revenue curve associated
with Fy(-|ai, (w, q)) is monotone non-increasing on [a;, w) as the optimal reserve price of Fy(-|a;, (w,q)) is
Qj.

Furthermore, the revenue curve is convex in [0, w) as we have:

1 if p < ay
/ w(l-gt)

bRople (0, 0)) =\ Grgmraonzme TP

0 if p > w.

Therefore the derivative of the revenue function pFy(pla;, (w,q)) is non-decreasing because a; > wq and

D L 5=a;; 18 non-increasing. Hence the function
(w—ai)(1+(5—1) g=)

K
pFOP’au 7q>)
—
P ZOPtFo (i, (w, 9)))

is convex on [ag41,ax). Thus, the sup on an interval must be attained at one of the extreme points of the
interval.
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Therefore by (E-3), we have that

K —
. 1 CLkFo(CLk|(Ii,('lU,Q))
sup inf R(U,F)<supG(p) = — max . E-4
S0 i, o RO D) S C0) = o M D R e (w,9) (54

ak Fo(aklai,(w,q)) : s —
Now let us analyze the elementary term, ODE(Fo (o (w.9) for any ¢, k. Note that opt(Fy(-|ai, (w,q)) = a;
by Lemma C-4.
There are two cases of interest either ¢ < k or ¢ > k, let us analyze each case separately.

Case 1, i < k: We have Fy(ag|a;, (w,q)) = 1, thus

W Foaiwa(ah) _ ak _ p-i

= = £ s
Opt(FOMﬂU,q) a;
which implies that
k - k k—1
3 arto(aklai, (w,q)) Sy e 1 ¢ 1
7,:1 Opt(FO( ‘a’H (w7 q))) Zfl ZZO 1 - 5 n 1 - E
Hence we conclude that
k ag 70(%!% (w,q)) 1
> < : (E-5)
Opt(FO(’alv(waq))) 1-¢

Case 2, ¢ > k: We have that

arFo(axlai, (w,q)) _ ap 1 _ ke 1— ¢t
opt(Fo(-lai, (w,q)))  ai 1+(% — 1) 1 —€i—|—%(6k—6i) —ck 4 ¢t

k=i 1-¢

- 1—ek 4 2(ek —&t)

et —1

T o)+ I —eh)

< et —1

T (e 1)—%%(1—5)7

where in the last inequality we used the fact that ¢ < 1.
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Hence we conclude that

EK: arpFo(ag|a;, (w,q)) < Z _5_1—1

opt(Fo(ai, (w,q)))

i=k+1 i=k+1
(a) ]- EI(1+1 Ek'::»l
=7 , 1
ol -1+, (1-¢)
11
< ! K F
T l-e(eh - )+%(1—5)
1
o 1 P
- 1—5(5—’“—1)4—%(1—5)

where in (a) we used e~ — 1 < e~ and (b) we used the fact that ¢ > 0 and that ¢& = ¢. From the last
inequality we conclude that

K —
akFO(ak|ai7(waq)) 1 1 1
> < - < . (E-6)
2 pt(FuClan (w,0) © 1—cqE -1+ (-9 = (1-2)
By combining the last two cases, in particular (E-4), (E-5) and (E-6), we get that
1 1 1
su inf  R(V,F) < — + .
wep FeFo(ua) WE= g (1 —e (1- 6)2>
By choosing K = log(1/q), thus ¢ = e~!, we get:
s inf R(V,F) < — 2 ith <1+ ! >
u 11 s S ——— Wil CH = ————
\I/e%; FeFo(w,q) log(1/q) 2T 1! l—et
This concludes the proof. ]

Proof of Proposition 4. This proof is divided into two steps. In the first step, we will show the lower
bound by analyzing the performance of a specific mechanism. Then in a second step, we will derive the
upper through the analysis of a family of hard cases when ¢ is close to 1.

Throughout the proof we will assume that ¢ > 3/4 since we are interested in the limit when when ¢ is
close to 1.

Step 1: Lower bound Let us define the following measure parameterized by a,b > 0:

a fu=w

(uGo,u(ul(0,1),(w,q)))’
UGO,U(’“'(O’l)v(w’q))

d¥(u) = "
Iru>w.

Note that d¥(u) > 0 since the revenue function u — uGg,(ul(0,1), (w,q))d¥(u) is increasing in
[w, 00). Let us determine the condition on the parameters a and b so that ¥ is a distribution. For that we
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need the following

o
/ d¥(u) =1,
0
which implies that

a+ blog <hm“%°° uGo,u(u|(0,1), (w,q))

o > 1
'LUGO,w(wKOv 1)7 (UJ, Q))
Since G (w](0,1), (w, q))d¥(u) = g and limy 0 uGo . (u](0,1), (w, q)) =

w

s we get that

Q|

1
a+ blog <1—q> =1.

Hence the relation between a and b is as follows

1—
b= ; and a in [0, 1].

Using Theorem 1, we have

inf R(V,F) > inf R(VU, F)
FeFa(w,q) FeFo(w,q)
1 X w o
~ mind inf L / wd () + / G (ul(x, 1), (w, q))dT () |,
z€[wq,w) T 0 T
1
inf —
x€[w,00) xGO@(a}‘(O, 1

| Goatal 0.1, . dvt) b (1)
)7 (w7 q)) 0

We will analyze each term separately depending if = in [wq,w) or z in [w, 00).
Case 1: z in [wg,w) We have

! [ [ v+ [t 1), . 0)aw)
0 T

@ aq

Z aq,

x
where the last inequality is due to the fact that < w and (a) is due to d¥(u) =0 for u < w, d¥(w) =a
and GO,w(wva 1)a (wa Q)) =q.

Hence we conclude that

.’L'E[illvl(f,w); [/0 ud¥(u) —1—/36 uGo . (ul(z,1), (w, q))d¥ (u)

> aq.
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Case 2: z in [w,00) Let us now analyze the second term, we have

/:v uGo - (u|(0,1), (w,q))d¥(u) /w uGo . (u)(0,1), (w, q))d¥(u) + /x uGo »(u|(0,1), (w,q))d¥(u)
0 0

w T @G ul(0,1), (w.))
@ ag+b /w Go.a(ul(0: 1), (w, ) S 2 s P d

xT

= awq+b [u@o,u(UKO, 1), (w, Q))]w
awq+b (Jiao,z(x‘(oa 1)7 (w7 Q)) - wq) ’

\%

(a) is due to d¥(u) = 0 for u < w, d¥(w) = a and WGy, (w|(0,1), (w, q)) = wq. Hence we conclude that

1
xéo’z(x](o, 1

r a—>b
)’(w,q))/o Tl O 1), (0, )W) 2wy
> (a—0b)(1—q)+b,

where the last inequality we used the fact that z — G . (2|(0,1), (w, q)) is non-decreasing in [w, 0o) and

1—
Thus we conclude that !
1 ro__
inf — /uGo,xu 0,1), (w,q)d¥(u) > (a—10)(1—q)+0. E-9
@ in [w,+o00) 2Go o (|(0, 1), (w, q)) Jo (ul(0, 1), (w0, @) () (@a=0{-g) (E-9)

By combining (E-7), (E-8) and (E-9) we get that

pinf RO, F) > minfag, (a = b)(1 —g) + b}

Now let us set

q
2(q — §)log (ﬁ) +q

a =

Note that a in [0,1] as ¢ in [3/4, 1], this also leads to the fact that

2 (a) 1
(a—b)(1—q)+b=aq= q >g = )

2(q — 1) log (fq) +q 16 2(1—1)log <ﬁ> +1 16(log (l%q) +1)

V=
Ne)
[a—y

where inequality (a) stems from the fact ¢ in [3/4, 1], and in (b) we have used log (fq) >1.
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Hence we we get that

1
inf  R(,F) > 3%71.
FeFa(w,q) 10g (ﬂ)

This conclude the lower bound.

Step 2: Upper bound To show the upper bound we will introduce a family of “hard” cases. We
consider the family of distributions (Fy(-|r, (w,q)) in Fo(w, q))r>w and the following weight distribution:

0 ifr<w

1 (Go.r(r|(0.1).(wg)
tog( ) G0 (rI(0.1).(w.))

d\(r) =

ifr>w

One can verify that [;~ dA(r) =1 and that dA(r) > 0. Let us define

[ pFo(plr, (w,q)) .
6w = [ R ey

Using Yao’s principle (Yao, 1977), we have

. o [ PFollr (wiq) ]
P i, BOF) < mupGl) =sup [ CCRIRES R0, E0
Note that
*  pFo(p|r, (w,q)) o [ pFo(p|r, (w,q)) .
i‘i%/o oot (Fo (- (w, ) ) = pJS/w oot (Eo(Jr (w,g)) )
[ pFo(plr, (w,q)) .
= S optEo (I (w, )

where the last equality follows from the fact that p — pFo(p|r, (w, q)) is increasing on [0, w] for any r > w.
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Fix p > w and let us analyze the integral term. We have

> pFo(plr, (w,q))
|, it (g™ B
[ R 1 (G0,

rGo(rl(0.1). (w.0) 10g (1;) 7Cor

_ log(lllq)pGo”’(pKo’ 1), (w,q)) / T 11

1 _
= —7 PG »4), (W, = — lim —
log <1£q>p 0,p(p|(0 1), (w,q)) <pG0’p(p’(O, 1), (w,q)) r1—>oo TGo,r(T’(O,l),(w,q))>

_ bg(lllq) <1 B (; B 1) mep(p\(Ol;l)? (w,Q))) < - (111q> ‘

By using the last inequality, together with (E-10), we obtain the result. ]

F Proofs and auxiliary results for Section 6

Proof of Theorem 4. We aim to show that one can approximate the value of the maximin ratio via
lower and upper bounds and we quantify the asymptotic error of this approximation as a function of the
grid size N > 0.

We will do that in different steps:

e In a first step, we extend previous results to the interval uncertainty case:

— We will first show in Proposition F-1 that in the interval uncertainty case, we reduce the family
of worst case distributions by generalizing Theorem 1.

— Under such a reduction, we then show in Proposition F-2 that we can still approximate the
performance of any mechanism by its discrete version by generalizing Proposition 2.

e In a second step, we derive lower bounds on the maximin ratio in the form of linear programs.

e In a third step, we show that through an appropriate choice of the support of a discrete mechanism,
one can approximate the maximin ratio arbitrarily closely through the lower bound.

Step 1. We first reduce the possible set of worst-cases to consider by extending Theorem 1. For that,
let us define the following subset of distributions

Sa,w,ql,qh, = {Fa(“T’, (w7 QI)) crin [ﬁa(w,QI),’lU)} U {Fa("rv (w7 Qh)) crin [w,?a(w, Qh)]}' (F'l)

where we use the convention that whenever 7 (w, qy) < w, [w,To(w,qy)] := 0. We have the following
result, whose proof is deferred to Appendix F.1.

Proposition F-1. For any q, q in (0, 1)2 such that q; < qp,, and for any subset of mechanisms P’ C P,
R(P', Fa(w, (@, an])) = R(P’, Sa,w,q.a1)-
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In addition, the next proposition generalizes Proposition 2, and its proof is deferred to Appendix F.1.

Proposition F-2. Let q;, q, in (0,1)? such that q; < qi. Fiz a mechanism ¥ in P, N > 1, and any finite
sequence of increasing reals A = {ai}fio such that ag = r,(w,q),an > w. Then there exists Wy in Pa
such that

inf R(\II F) inf R(\I/7F) _ A(A) - 1{aN i?a(wﬂ]h)} ’
FeFa(w,(q,an)) FeFa(w,la,qn]) ro(w,q)  gn(1+ (g, " — Dan/w)

where A(A) = sup;{a; —a;—1}.

Step 2. Fix an arbitrary sequence of increasing reals A = {aZ}QN +1 such that ag = ro(w,q), any1 = w
and agn+1 < To(w,qr). Set asn 2 :=To(w, qp). Note that 7y (w, gp) = co when o = 0. With some abuse
of notation, we will use intervals that include 7, (w, gn). These should be interpreted as open when « = 0.

We next develop a lower bound on the maximin ratio R(Pa, Fa(w, [qi,qn])) in the form of a linear
program. Fix a mechanism ¥ in P, and denote by py, ..., pan+1 the corresponding probabilities. We set
pan+2 := 0. Using proposition F-1. Then we have:

inf R(VU,F)
FeFa(w,lq,qn])

1
= min inf
{xe[ra(mql),w) opt(Fa(:|z, (w,q

: ) /000 uFa(ulz, (w, Qh)))d\lf(u)}

inf
z€[w, o (w,qn)] Opt(Fa("wa (w7 qdh

n /O " uFa(ulz, (w,¢))d (u),

. . . 1 o __
= mln{i min inf )))/0 uF o (u|z, (w, q))d¥(u),

=0,++,N z€faz,ai+1) OPt(Fo(-|x, (w, q

1
min inf
i=N+1, ,2N+1 z€[as,a:41] OPt(Fo (-2, (W, qn

))) /Ooo ’UJFQ(UL’E, (w, Qh)))d\ll(u) }

Note that, for = € [r,(w,q),w), Fuo(:|z, (w,q)) is non-decreasing in x and that the revenue function
u — uFq(-|z, (w,q)) is increasing in u on [0,z) and decreasing on (x,w). In addition, note that,
for x € [w,7q(w,qy)], the revenue function u +— uF(u|z, (w,qs)) is non-decreasing on [0,z]. We let
opt(Fy(: |al+1, (w,q))) = lim%a;rl opt(Fo(-|z, (w,q))) for any i = 0,--- , N. Hence, we have

1 o
inf R(P,F) > min<{ min — / wF o (ula;, (w, q))d¥(u),
FeFao(w,lq,qn]) ( ) { Nopt(Fa('|ai+1,(w,ql))) 0 oc( ’ 1 ( )) ( )
1 o
min uwF o (ula;, (w, dV¥ (u
i=N+1,- ,2N+1 opt(Fa(-|aZ-_+1,(w,qh)))/o a(ulai, (w, gn))d¥ (u)
1 2N+1
= min ; min — a;F CL |CL, w QZ))p )
{ZO""’N Opt(Fa('|ai+17(w7Ql Z ] I J
2N+1
i F-2
i=NAT 2N opt(Fy \azﬂ, w, qn)) Z a;Fa(ajlai, (w, an))p; }> (F-2)
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where the equality simply stems from the fact that W in P,. The problem of maximizing over mechanisms
in Py is clearly lower bounded by the problem of maximizing the RHS above over py, ..., pan+1. The latter
problem admits exactly LP-int as its epigraph formulation, and hence we have

R(PA,J:Q(W,[CM%])) > éa,qhqh,A'

Step 3. We next establish that with a proper choice of sequence A, L, , . , may be arbitrarily
close to the maximin ratio R(P, Fo(w, [q,qr])). To do so, we will first develop an upper bound on
R(Pa, Fa(w,[q,qn])). Then, we will construct a particular sequence A and establish for this sequence, the
gap between R(Pa, Fo(w, [q, qn])) and L, ,, 4, 4 is small and that the gap between R(Pa, Folw,[q, qn]))
and R(P, Fa(w, [q1,qn])) is also small. This will yield the result.

Suppose that ag > 0. Following the same reasoning as in step 2 above, we may also obtain an upper

bound on inf pe 7, (w,[q.q]) B(¥, F). Indeed, we have

1 R
inf R(V,F) < min{ min / uFo(ula,,, (w,q))d¥(u),
FeFa(w.laan)) (. F) {i=o,---,N opt(Fa(:lai, (w,q))) Jo (ulazys, (w, @))db(u)

1 < __
' Fo(ula;, AV
N4 Nt Opt(Fa('|ai7(w>Qh)))/0 uFalitisn (v, an) (U)}
2N+1
) mm{i%}?N opt(Fa(: |az, w,q)) Z aiFalaslais, (w,a))ps
2N+1
i=N+1 2N+1 opt(Fa \az, w, qn)) Z ajFa(ajlag;y, (w, an))ps }

With uFo(ula, (w,q)) = lim,_, - ) uF o (ulz, (w,q)) for any u > 0 and i = 0,--- ,2N + 1. The
it

problem of maximizing over mechanisms in P, is clearly upper bounded by the problem of maximizing
the RHS above over pg, ...,pan+1. The epigraph formulation of the latter problem can be written as

Log.qna = Max c (LP-int-up)
p7c
2N +1
s.t. Z a;F. alajla;y, (w,q))pj >c i=0,...N,

opt(F. (!az, w, qr))

2N+1
Z ajFo(ajla;y, (w,qn))p; > ¢ i=N+1,.2N +1,

opt(F (!az, (w,qn))

2N+1
ST i<l pi>0 i=0,.2N+1.

Therefore, we have

R(PA,]:a(w, [Qlth])) < ['a,qz,qmﬁ-
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Hence, we have established the following.

éaﬂ]th:A < R(PA,fa(w, [QZa Qh])) < /:'oz,ql,qh,A~

We next quantify the gap Za,qz,qh,A — Lo g9, as a function the discretization grid size N for a
particular sequence. For N > 1, b =7, (w, q) if « € (0,1], b > w if « =0 and 7 in (0,7, (w, q)), consider
the following finite sequence of prices A = {a;}?2,™ in [, (w, q), min{b, 7o (w, g) }]:

ro(w,a) + § (w=n) —ro(w,q))  f0<i<N,
w0 (min b, Fow, i)} —w) N 4TSI <IN 4L

When fixing the probability weights p, let ¢(p) denote the maximum value achievable (as a function
of ¢) in the inner problem in (LP-int). In particular, it can be expressed as the minimum in (F-2).

Let p correspond be a probability weight vector corresponding to an optimal solution to the upper
bound linear program (LP-int-up). We have

‘Ca,%%,A - La,ql,qh,A < ﬁa,tZz,lIhA - Q(p)'

We next analyze upper bound the gap Za,ql’q,“ A — ¢(p) as a function of the constraints that lead to the
minimum value when solving ¢(p).

AN+l T .
Case 1: If ¢(p) = Opt(Fa('laliiklv(qul))) > 5= ot ajFo(ajlai, (w,q))p; for some 0 < i < N — 1. Then we

have
2N+1
Lograt —cP) = Lagagnh— a;Fo(ajlai, (w, q))p;
@,q1,9n ,q1,9n Opt( (’aH_l?(w QZ Z J J 1%
2N+1
a;iFolaila, (w,q Dj
opi(F (,a“ o a)) Z iFalajlaiiy, (w,@))
2N+1

Z a;Fa(ajla;, (w,q))p;

opt(Fa (- Iam, (w, q1))

1 1 2N o -
) (Oqua(-rai, (w.a))  opt(Fallay, (w,qz)))> 2 olaleslei (o-ale

2N+1

Z a; [Fa(ajlazy, (w,q)) — Fa(ajlas, (w, q))] pj
=0

1
+Opt(Fa("ai_+17 (w7 ql)))

2N+1 -
- <az+1—az) 3 a;Fa(ajlait, (w, q))

D
Qa; Opt(Fa("ai-f—lﬂ(wv‘ﬂ))) !

=0
1 N+1

+ a; FO[ a~ai 1, qul _FO[ aAal., waql pA7

ot T () 2, [Foleslesen (0.00) = Foleglos, (- a))] 2
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where in the last equality, we have used that a;11 = opt(Fu(-[a; , (w,q))) for 0 <i < N—1 (cf. Lemma C-
27)7 Fa("a;-l’ (’UJ,Ql)) = Fa('|a’i+1a (wan)) for 0 <i<N-1 and the fact that Fa('|(li+1,(w,(ﬂ)) =
Fo(-|ai, (w,q)) on [0,a;] and on (w,+00). We analyze the two terms on the RHS above separately.

N+ 5 2N+1
<Gi+1 _ai> Z ajFo(ajlait, (w,q)) pi < <ai+1 _ai> Z pi < 1 <w —U—Ta(wa(ﬂ)>
i = opt(Fallair, (w,@))) T a; = 7N ro(w, q1) ’

where the first inequality follows from the definition of opt, and the second from the fact that p belongs
to the simplex, from definition and from lower bounding a; by ag = r,(w, q;).

Now, let for j =i+1,...,N, gj(z) = Fo(aj|z, (w,q)). Note that g;(-) is differentiable in [a;, a;] with
derivative bounded as follows

g = (ro(rt@®=2))

_ ot ) (pa <F‘1 ()Y —iﬂ))Q—a _Tal(aw) _Ta' (@),

@ (w — x)? @ w—x w—xr T w-—n

We deduce that

N—+1
1 _
a; |Falajla; 1, \W, qi - F ajla;, (W, q a;pj
opt(Fa(.|ai+1,(w,ql)))jzi;l J ra( J| i+ ( )) Oc( J| i ( ))} JPj
1 r

= ) Z a_(ql)(ai+1_ai)ajpj

i1 =it n
< 1<w—n—ra(w,qz)>wfal(qz).

N ro(w, @) w—n

Hence, we have, in this case

_ 1 o Ffl
Eanva}uA - E A S N (w 77 Toc(qul)> |:1 +w a (QI):| .

=,q1,49h» Za(w7 QZ) w — n

Case 2: Suppose ¢(p) = opt(Fa(~|a1;+17(w,ql))) Z?f&rl a;jFqo(ajlai, (w,q))p; for i = N. In this case, we
have
1 (X
c = — E a;p; +w
c(p) w | & jDj + WAPN+1 |
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and

N N
— 1 1
Logand ~ Logag.s < wo—n Z a;pj + WYPN+1 | — » Z a;jpj + WPPN+1
T \j=0 j=0
N
1 1
< <w— - w) Z a;p; + WYPPN+1
1 =
N+1
S LI
7=0
nw
S w_y
ON+1 ‘
Case 3: Suppose ¢(p) = Opt(Fa(~\a1+1,(w,q;L))) PO J a;jFo(ajlai, (w,qn))p; for some i = N +1,...,2N.
2N+1

L - L <
,q1,qn,A T EZo,q,qn,A = Opt( ( |al’ w Qh Z a] a]|az+17 (w Qh))p

2N+1

Z aj a]]a,, w Qh))p

Opt< ( ‘az—&—lv (’LU Qh

1 1 2N+1 )
- (st ‘opt<Fa<~|ai+1,<w,qh>>>> 2 esFalesleg. (w0,

2N+1

! Z a5 [Falalary, (w,a8)) — Falagla, (0, 1)) p;

Opt( (‘al+la w Qh

opt(Fal-lais1, (w, qn))) — opt(Fa<-|a@-, (w, 1)) "= a;Falajlairy, (w, an))

- opt (P Jas, (0, 1)) 2 oot (0.

0

where in the last equality, we have used that Fo(-la;, 1, (w,qn)) = Fa(-|as, (w,q)) on {ag, ..., aiy1}. We
analyze the above term on the RHS.

opt(Fu(-|ait1, (w, qn))) — opt(Fa(-|ai, (w, qn))) 2§1 a;Fo(ajlairi, (w,qn)) »;
opt(Fa(-|as, (w,qn))) = opt(Fallai+, (w,qn))) ’

< ((@1C00 (@] (0. 1), (w, 1)) — G, (@] (0. 1), (w0, 1) 2§1p
. 1:Go.a, (il (0, 1), (w, 1)) :

< (ai+1Ga,ai+1 (ai+1|(07 1)’ (wv Qh)) - aiéa,ai (ai|(07 1)’ (’UJ, Qh))>
- aiGaai (ai](0,1), (w, q)) ’

where the first inequality follows from the definition of opt and opt(Fy(-|a;+1, (w,qn))), and the second
from the fact that p belongs to the simplex.
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Now, let ga.q, (¥) = 2Goz(2|(0,1), (w, g)). Note that ga.q, (-) is differentiable in [w, 7 (w,gs)) with
derivative bounded as follows

Gog @) = (eTa (T @) 2))'
T

Lot (an) £
= (rt ) 2) (1 e
w I+ (1 —a)la (gn) 5
. -1 z 1- OJEI (qn) %
= La Foc (Qh) - 1 z
w/ 1+ (1 - O‘)Fa (Qh) w

we have that

Therefore, since x < 7y (w, qp) == ar—%}(q 7
« h

L—al'y' (an) 3 1—al;! (gn) 2
o= (179 2) R () el e
: w/ 14+ (1—a)la (qn) 2 w/ 1+ (1—a)lat (gn) 2
We deduce that
ai+1Gaa1 (@i41](0,1), (w, q1)) — a;Gaa, (ail(0, 1), (w, gn)) L s
aiGa,ai (CL@’(O, 1), (w, qh)) - Gaqn (az)
< min{ba ?a(w7 Qh)} —w
_ min{b, 7o (w, qn)} —w
- Nwq '

Hence, we have, in this case

- ’ min{b, 7o (w, qn)} — w
Of,qwlh,A - —CY,lIlth:A - qu .
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Case 4: Suppose ¢(p) = Opt(Fa(‘|a;’L+17(w7Qh))) Z?Narl ajFo(ajlai, (w,qp))p; for i = 2N + 1.

ZQ,QZ,(]}“A - LO&7Ql7(1h’A
) 2N+1
< a;iFo(aila w,qn))Pj
opt(Fo(-|laan+1, (w, qn)) Z iFalaltay )
. 2N+1
_ — a;F (ajlagn, (w, Qh))p
opt(Fa(-layn o, (W, qn)) Z ’ ’ 7
. ) 2N+1
= - - Z a;Fa(ajlagy o, (0, a1))p;
opt(Fa(-lazn+1, (w,qn)))  opt(Fol:|agy a, (w,qn))

2N+1

@) 2 Foltlia iz (0.0) = Folesaassn, (oran))] 2
o 9 9 3:0

_ opt(Fa(lagn 1o (W, qn))) — opt(Fallazn+1, (w, n))) 2%? a;Fa(ajlagy o (W, qn))

opt(Fa(-lazn+1, (w, qn))) = opt(Fallagy o) (w:qn)))

Dj,

where in the last equality, we have used the fact that Fy(-|asy o, (w,qn)) = Fa(-laani1, (w,q)) on
{CLO, T 7a2N+1}~

We analyze the above term on the RHS in two separate cases o € (0, 1] and a = 0.

In the case where « € (0, 1], we have

Opt(Fa('|agN+2’ (w, q}z))) - Opt(Foz("U/ZNJrly (wa Qh))) 2§4:_1 ajfoz(aj‘agN-;-Q’ (w, Qh)) "y
opt(Fo(-lazn+1, (w, qn))) = opt(Fa(-lagy 4o, (w; qn))) ’

?a(wa Qh)éa,?a(w,qh)(?a(uh qh)’((), 1), (w, qh)) — a2N+1aa,a2N+1 (a2N+1’(07 1)7 (’LU, qh)) 2%12?‘
a2N+1Ga,a2N+1 (O’?NJFl‘(O’ 1)’ (w’Qh)) ]

< Ta(W, 4h)Ga 7o (w,gn) Ta(w, @n)1(0, 1), (w, gn)) — aan 11Ga,ann 41 (@2n+11(0,1), (w, gn))
- a2N+1Ga,ai(ai’(O7 1)7 <w7Qh)>
< Ga,gp, (Fa(wa Qh)) — Ya,qp (a2N+1) ?a(wa Qh) — Q2N+1 ?a(wa Qh) -

Jovq, (2N +1) Gorgr, (W) ~ Nwg

where the first inequality follows from the definition of opt, the second from the fact that | belongs to the
simplex, and the fourth from the fact that the derivative g;, , (-) is bounded (established in the previous
case).
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In the case where a = 0, we have

OB (P 0 0 0)) ~ 0Bt (Fu oz, 0 0)) %% 0Tl (00)
Opt(Fa("a&N-i—l?(quh))) =0 Opt(Fa('|a2_N+27(w7Qh))) !

2N 1

lim, o0 opt (Fo (-], (w, qn))) — opt(Fo 16, (w, qn))) o

= opt (Fo(-[b, (w, q1.))) Z b

= b T I
ey @oyYr o Gy

where the first inequality follows from the definition of opt, the second from the fact that p belongs to the
simplex, and the definition of opt(Fu(-|agy, i, (w,qr))). Hence, we have, in this case

dn
ﬁaqu sdh 7A - LQ,QZ ,(I}“A

(1 —qn)b’

We are now in a position to combine all cases and conclude.
If a € (0, 1], we have established that

1 (w—n—ry,(w,q) Lt (@) nw  To(w,qp) —w
L - L < max< — L 1+ = - .
dtsqhoA G A = A {N ( ro(w,q) v w—n | "w-—n’ Nuwq

Recall that Proposition F-2 implies that

R(Pas Falw,la ) < R(P, Falw,lanan))) < R(Pa, Falw, la,an)) + Aﬁz)
Noting that A(A) = max{“=1Zalwa) ) Talwd)-wy e haye
Lowars < R(P,Falw,la )
A(A
< RO Falun ) + s
e
< Log.q.a +max {]if <w _:azl;aq(:’v Ql)> {1 + ngl_(z;)] 7 wﬁfﬁ) Ta(w];;izzj— w}
e { g T

By choosing n = %, we obtain

1

écx,qhqh,A < R(P,]—"a(w, [QU»q}zD) < Laa‘]h%,A + ﬁ(\/ﬁ
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Suppose now o« = 0. In this case.

o 1 fw—n—ry(w,q) rt (@) n b—w dh
L Sy < ~ ) [T, '
qnanA T Eayggn,s S TAX { N ( ro(w, q) W w—n | w—n" Nwqg (1-—q)b

Using again Proposition F-2 and the fact that A(A) = max{%‘”(w’q”, n, b_T“’}, we have

LO«%%A < R(P,fa(w, [QZth]))
A(A)
< R(Pu Falw lanan])) + 2B
< R(Pa, Falw, @, qnl)) o)
L w_n_ta(wan) b—w
S éanlzqh»A + (ﬁavqlzqh)A - éa,ql,qh,A) + max { Nf (w7 ql) 777, Nf (w7 ql) }

I (w—n—r,(w,q) Ll (@) nw b—w g
< L — @ 1 @
— anlth7A+maX{N < ia(UJ,Ql) +w w—1 7w_777 qu: (1_qh)b

+max{w_n_ra(w7QZ) b_w }
Nrg(w,a) " Nrg(w,a)f
By choosing 1 = % and b = wv/N, we obatin
1
£a7ql7qh7A S R(nya(w; [QthD) S £a7ql7qh7A + ﬁ(ﬁ)'
This concludes the proof.
F.1 Proofs of auxiliary results
Proof of Proposition F-1. First we show that
inf R(U,F)= inf inf R(V,F)
FeFa(w,[q,qn]) q€q1,qn] F in Fu(w,q)
Let q € [qi,q1] and F € F,(w, q), we have:
RV, F) > inf R(V, F)
FeFa(wa,qn])
= inf R(V,F) > inf R(V, F)
FE]:a(qu) FE]:Oé(wv[qthD
= inf inf R(V,F) > inf R(V, F).
q€lq,qn] FEFa(w,q) FeFa(wg,qn])
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Let € > 0 and F, € Fq(w, [qi,qn]) such that:

inf R(V,F) > R(V,F,)—c¢
Fefa(wv[QZ>qh])
= inf R(V,F) > inf R(¥,F)—e¢
FeFo(w,lq,qn]) FeFo(w,{Fe(w)})
= inf R(V,F) > inf inf  R(V,F)—e¢,
FeFo(w,q,qn]) q€lq1,qn] FEFa(w,q)

by taking € — 0, we obtain the desired result.
Let F € Fo(w,[q,qn]) and ¢ = F(w) € [q;, qn], by Theorem 1, we have:

1 oo __
inf . R(V,F) = min inf / uF o (u|z, (w,q))d¥(u),
FeFa(w,q) ( ) {xe[ra(w,q)ﬂu) opt(Fa(.‘x’ (w’q))) 0 ( ’ ( )) ( )
1 oo
inf / uF o (ulz, (w,q)))d¥(u
€W, T (w,q)] Opt(Fa(|.’IJ, (’U), q))) 0 ( | ( ))) ( )}

. A
_ mm{xe[ inf [ /[O )+ / WG (] (2, 1), (1, ) AT (w)

9

ro(w,q)w) T [z, w]
it 1 | Gaul(0.1), (w, )0 (w)
in — UG (u](0,1), (w,q u) p.
2€wTa(w,q)] TGaz(2[(0,1), (w,q)) Ji0.4]
Using the non-decreasing monotonicity of the functions ¢ — r,(w,q) = F,f(‘;)ﬂ g — Tolw,q) = ariul(q)’

we have:

. . . 1
inf R(V,F) > mln{xe[ralnf - [/[0@) ud¥(u) + / uGo,w(ul(z,1), (w, q))d¥ (u)

FeFq(w,q) (w,q1),w) T [z,w]

)

1

inf — / uGa.2(u](0,1), (w,q))d¥(u) 7.
z€lw;Ta(w,qn)] Gz (x](0,1), (w,q)) Jjo.a] w(ul(0,1), (w, ¢))d¥( )}

We have, for fixed (u,z) such that z € [r,(w,q),w),u € [z,w), the following function is clearly non-
decreasing

¢ = Carno (1] (2, 1), (1,9)) = T (11:1 (@) "= ) |

w—z
We have, for fixed (u,z) such that = € [w, 7o (w, q1)], v € [w, x|, the following function is non-increasing

1
r—u

(©(0,1), (w.q) _ wla(f3' @) _ )iG s facb
(@(0,1), (w,q) ~ aTa (Ta' () 2

u—x

P w lfOézl

q— uga,x
2Go

~—
IS
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Using the monotonicity of the above functions we get :

. . . 1
inf R(V,F) > mln{xe[Talnf — [/[o,z) ud¥(u) +/ uGaw(ul(z, 1), (w, q))d¥(u)

F in Fa(w,q) (w,q),w) T [z,w]

)

. 1 —
inf /[073:} uGaz(u[(0,1), (w, qh))d\Il(u)}.

2€[w,Ta(w,qn)] SUéa,x(.ﬂ(O, 1)7 (w’ Q))
Since the right hand-side does not depend on ¢, we take the minimum on ¢

inf  R(W,F) > min{ inf 1[/ ud\I/(u)+/ WGy (1 (2, 1), (w0, 1)) (1)
TE|T,, [0,2)]

FEFa(w,a,am)) (w,q1)w) T (0] ’

1
inf — / UGz (u[(0,1), (w, qn))d¥ (u
z€fw,Fa(w,an)] TGaz(2[(0,1), (w,q)) Ji0,2) (ul(0, 1), (w, gu))d )}

1
min inf
{xe[ram,qz),w) opt(Fo (-], (w,

1 o
) /0 uFalule, (w7qh)))d‘lf(u)}.

n /OOO WP (ulz, (10, q1))dU (1),

inf
Ie[w,?a(qu}b)} Opt(FaHx? (w7 dh

This concludes the proof. ]

Proof of Proposition F-2. Fix q in [q;, qp]. Then, using proposition 2, there exists W, in Py such that

. . A(A) 1 B
f R(Wu F)> f R(U,F)— _ 1 < Fo(w, ’
Fe}g(w,q) (¥a, F) 2 Fe}I‘B(w,q) ( ) ay q(1+ (g7 — Dayn/w) {an <Ta(w,q)}

where A(A) = sup;{a; — a;—1}. We have the following function

1 1
— — =— )
T g0+ (@ = Dan/w) g1 — &)

w

is non-increasing because ay > w therefore

1 1

g+ (g7t = Dan/w) = g1+ (g — Dan/w)’

moreover we have ¢ — 7 (w, q) = is non-decreasing, therefore

w
al'y ' (q)

1{CLN < ?a(w,q)} < 1{QN < Foz(qu}z)}'

Hence, since 0 < 0, we have

1
I+(g~1-Dan/w)
1{(1]\] < Fa(wa q)} > 1{G’N < FOC(UJ? Qh)}
q(1+ (¢! = Dan/w) = q,(1+ (g;," — Dan/w)’
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Using these lower bounds, we obtain

AA)  Hay <Talw, )}
oW @) a1+ (g, = Dan/w)’

_inf  R(¥y,F)>  inf  R(V,F)-—
F in Fa(w,q) F 1 Fo(w,q)

[=

taking the infinimum over ¢ from both sides concludes the proof. O

G Upper bound linear program and implementation parameters

In this section, we show that one can obtain an upper bound on the maxmin ratio R(P, Fo(w, [q1, qr]))
by solving a linear program. Fix an arbitrary sequence of increasing reals A = {ai}?ivo such that
ap = 0,a1 = ro(w,q), an+1 = w and agy < To(w, qn). Set aani1 1= Ta(w, qn).

Fix a mechanism ¥ in P and denote by pj11 = flj d¥(u) where we define the intervals (1;);—o.... 2~
as follows:

I = [aj, ajt1) if 0 <j <2N,
[asn,aon41]  if j = 2N.
Using proposition F-1, we have
inf R(V,F)

Fefa(wz[qlvqh])
. inf 1
min 11
xe[ioc(wvm)ﬂw) Opt(Fa(|l', (w’ qi
inf ! )))/ uF o (ulz, (w,Qh)))d‘I’(u)}
0

z€[w,Fo(w,qp)] Opt(Fa('|'T7 (’LU, qh

5 /0 " uFa(ulz, (w0, q))dV (),

. . . 1 ©
= mln{i min inf )))/0 uFo(ulz, (w, q))d¥(u),

=1,+,N z€fas,ai+1) OPt(Fo -z, (w, q

1
min inf
i=N+1, 2N z€fas,ai+1] Opt(Fo(-|z, (w, qn

))) /Ooo ufa(u]x, (w7 qh)))dq;(u)}
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Following the same reasoning as in the proof of Theorem 4, we may also obtain an upper bound on
inf pe 7. (w,[q1,n)) B(Y, F'). Indeed, we have

1

(w, 1)) /ooo uFa(ulagyy, (w, @)d¥ (u),

inf R(U,F) < min< min
FeFa(wlai,qn]) i=1,-,N opt(Fq(-|a;,

i+1

. 1 /00 —
- min = ulo(ula;, 1, (w, qn))d¥(u)
i=NEL 2N opt(Fa(.|ai+1, (W, qn))) +

= min< min uFo(ulay, (w,q))d¥(u),
{217‘..71\[ Opt( ( ’az+17 w ql Z/ 1+1

min Z/ uF o u]azﬂ, w, qp))d¥ (u )}

i=N+1,- 2N opt(Fy (- |a7,+17 w, qn))

For z € [r,(w, q),w), the revenue function u + uF,(-|z, (w, q)) is increasing in u on [0, z) and decreas-
ing on (x,w). In addition, note that, for x € [w,7,(w, gy)], the revenue function u — uF,(ulz, (w, qp)) is
non-decreasing on [0, z] and uF, (u|z, (w,qp)) = 0 for v > z. Hence, we have

inf V. F) < mi i Fof v
Fe}‘a%n R(V,F) < mln{i:rlny.lﬁNopt( (|az+17 o) Z/ uFo(ula;, , (w, q))d¥(u),

w,[q1,qn])
Z/ uF o (ula; 1, (w, qn))d¥ (u )}

min
i=N+1, 2N opt(Fy(- |az+1, w, qp))

1 _
< min< min — aj+1Fa(aj1lag, ,(w7QI))/ d¥(u) +
{zl,m,N opt(Fa("aiH?(waCIl))) Lgo ’ o o I;
S ayFulaslarn (0,4) [ v,
j=i+1 I;
1 2N
 min ! 0y Falaznalary (w.a) [ dv(w)
1=N+1,--- 2N Opt(Fa('|ai+17(wth)))jz::0 J a\%y i+1 9
1 +1
= min< min — a;Fo(ajla; ,, (w,q))p; +
{zl,-u,N Opt(FOz('|ai+17(w,QZ [Z J J1%4+1 J

2N+1
Z ajlea(aj71|a;+1’ (w7 ql))pj] ?
j=i+2

2N+1

alajlai, 1, (w,qn))p; }

- _min Z aj
i=N+1, 2N opt(Fp(- |az+1’ (w, qn))
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The problem of maximizing over mechanisms in P is clearly upper bounded by the problem of maximizing
the RHS above over pi,...,pany1. The epigraph formulation of the latter problem can be written as

Luagmas = max ¢ (G-1)
i+1 2N+1
s.t. a;jFo(ajla;, 1, (w + ai1Fo(ai—ila_, (w >c
Opt( ( ’az+1’ (w ql Z J ]’ +1 ql) p] Z j—1 ( J— 1’ +1 ( ql))p

Jj=i+2

i=1,..N,

2N+1

Z ajF alajla; q, (w,qn))p; > ¢ i=N+1,..2N,

opt(Fu (- ’a’z—i—l’ (w, qn))
2N+1
Y pi<l, pi>0 i=1,.2N+1.

Therefore we obtain that:

R(P, Fo(w,[a1,qn])) < Lua,g g,

Implementation parameters: For all reported values in the main text, we use the following sequence
in the Linear Programs

T

(L) + 5 (1 =n—ro (L)) if0<i<N.
w + 5= (min(b, Fa (1, qn)) — 1) if N+1<i<2N+1,

with N = 2500, = 107, b = 250.
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H Additional Illustrations of near optimal mechanisms for Section 5

1 T T 1T T T 1T T T 1117 1 T - T - -
[ | e q = 00]_ | / |
||—q=0.25 i |
0.8 =050 0.8
||—q =20.75 i l
061 0.6 |
& = |
> =l
0.4 s 0.4 1 |
| | | —q =0.01
L | —q=0.25
02 0.2 —q=0.50
| ) i —q=0.75 1
0 IR ST AN ] Ll b f il 0 I | | | | | |
1073 1072 1071 10° 10* 107 0 1 2 3 4
p p
regular distributions mhr distributions

Figure 9: Illustration of near optimal mechanisms. The figure depicts near optimal pricing distri-
butions for w =1, ¢ in {0.01,0.25,0.5,0.75}. The left panel corresponds to regular distributions (plotted
using a log scale) and the right panel to mhr distributions (on a regular scale).
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