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Abstract
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The Internet Appendix collects multiple results that support the results in the main text. Section
[TA7A] provides a detailed overview of the various models for conditional SDFs and their relationship
to our framework. Section shows that our conceptional framework is complementary to multi-
factor models. We combine the conditional multi-factor model of Kelly, Pruitt, and Sul (2019) with
our model, and show that this can further improve asset pricing models.

Section [TA.C| shows that our findings are robust to small cap stocks, the choice of the tuning
parameters, the time period under consideration and are not exploiting limits to arbitrage. When,
allowing for a time-varying functional form by estimating the SDF on a rolling window, we find that it
is highly correlated with the benchmark SDF and only leads to minor improvements. The estimation
is robust to the choice of the tuning parameters. All of the best performing models selected on the
validation data capture essentially the same asset pricing model. Our asset pricing model also performs
well after excluding small and illiquid stocks from the test assets or the SDF. Thus, our GAN is not
simply targeting pricing information that is subject to limits to arbitrage.

Section [[A.D] illustrates the different methods in a simulation example. We show in simulations
that, first, the no-arbitrage condition in GAN is necessary to find the SDF in a low signal-to-noise
setup, second, the flexible form of GAN is necessary to correctly capture the interactions between
characteristics, and, third, the RNN with LSTM is necessary to correctly incorporate macroeconomic
dynamics in the pricing kernel. We have designed a simple illustrative simulation setup to convey
these points and to show that the forecasting approach or the simple linear model formulations cannot
achieve these goals.

Section [TA E|shows the performance for multiple GAN iterations. While additional GAN iterations
improve the in-sample results on the training data, the results on the validation and test data do not
improve further after one GAN iteration. Section [[A.F|collects the additional results for the illustrative
GAN example based on size, value and investment. In Section [[A.G] we confirm that SDF loadings are
predictive for future returns and that the results for 8 sorted deciles portfolios hold for equally and
value weighted portfolios. Section[[A H|reports the structure of the SDF as a function of characteristics
for FFN, EN and LS. We show that the forecasting approach FFN seems to capture less interaction
effects. By construction these interaction effects are ruled out for the linear models. Section |[A.]
provides further results for the effect of market capitalization on the performance of machine learning
investment portfolios. In Section [[A.J] we provide the asset pricing results and functional form of the
SDF for additional characteristics. Last but not least, Section [[AK] describes the macroeconomic and

firm-specific variables in detail.

TIA.A. Overview of Conditional SDF Models

IA.A.1. A General Conditional Stochastic Discount Factor

We survey the most recent advances of using machine learning methods in asset pricing and explain
their differences. We start with a brief review of the general no-arbitrage framework. Our goal is to
explain the differences in the cross-section of returns R for individual stocks. Let R;y1; denote the

return of asset i at time ¢+ 1. The fundamental no-arbitrage assumption is equivalent to the existence



of a strictly positive stochastic discount factor (SDF) M;; such that for any return in excess of the

risk-free rate Ry |, = Rit1, — R{H, it holds

COVt(RngLia Mt+1) > Var; (Mt+1)
Var (Mg 1) Ey[My11]

SDF At
tyi

Ey [Mip1Ri ;] =0 & By[Rp, ] = <

where BE?F is the exposure to systematic risk and ); is the price of risk. E[.] denotes the expectation
conditional on the information at time ¢. The SDF is an affine transformation of the tangency portfolio.

Without loss of generality we consider the SDF formulation

N
M1 =1- Zwt,iR§+1,z‘ =1- W;—Rteﬂ-
i=1
This is the projection on the return space and corresponds to an affine transformation of the SDF that

has the smallest conditional variance. The fundamental pricing equation IE;[R; ; M;i1] = 0 implies
the SDF weights

Wy = Et[RfHRf-s-lT]_lEt[Rfﬂ]a (TA.1)

which are the portfolio weights of the conditional mean-variance efficient portfolioE While this provides
a theoretical solution to the SDF problem, it is practically not feasible as it requires knowledge of a
large dimensional conditional covariance matrix. The estimation of an unconditional large dimensional
covariance matrix is possible under additional assumptions (typically an approximate factor model),
but it is an open question how to obtain a feasible estimator in the conditional case. Second, the
estimation of the conditional mean is a very challenging problem with extremely noisy estimates. As
we work with individual stock returns, we cannot resort to unconditional estimates.

We define the tangency portfolio as F 11 = w,' R¢ 1 and will refer to this traded factor as the SDF.

The asset pricing equation can now be formulated as

Covi(Ry, 1, Fia1)

E e ] =
t[RH—l,z] Vart(Ft+1)

B[ Frpa) = B B [Fip)-

Hence, no-arbitrage implies a one-factor model
SDF
Rii1, =000 Fiv1 + €t

with Eylei11,:] = 0 and Covi(Fii1,€41,) = 0. Conversely, the factor model formulation implies the
stochastic discount factor formulation above.
Different asset pricing model impose different structures on the SDF weights w and SDF loadings

BSPF. The estimation challenge arises from modeling the conditional expectation IE;[.] which can

! Any portfolio on the globally efficient frontier achieves the maximum Sharpe ratio. These portfolio weights represent
one possible efficient portfolio. An alternative formulation would be M;y; = 1 — Zil we,i(Riy1,: — E¢[Riy1,]) which
results in the conventional conditional tangency portfolio weights w; = Covy(Ri,1) ' E¢[Ry 4]



depend in a complex way on a large number of asset-specific and macroeconomic variables. This is
where machine learning tools are essential to deal in a flexible way with the large dimensionality of the
problem. Importantly, we need a model and estimator for both, the SDF weights w and SDF loadings

BSPF | t0 explain individual stock returns.

IA.A.2.  Characteristic Projection and Unconditional Models

The most common way is to translate the problem into an unconditional asset pricing model on
sorted portfolios. Under additional assumptions one could obtain a valid SDF M;,; conditional on a

set of asset-specific characteristics I;; by its projection on the return space:
My =1—w/ RS with w; = f (L),

where I;; is a vector of ¢ characteristics observed for N stocks and f(-) is a general, potentially
nonlinear and non-separable function. Most of the reduced-form asset pricing models approximate
this function by a (potentially very large) set of simple managed portfolios f;(-), such that f (I;;) ~
Zj.v:bfm fj (Iy;) w;. The SDF then becomes a linear combination of these managed portfolios with

constant weights w;:

Nbasis N
Mi1=1- Z UNJJ‘RH_L]‘ with Rt-l-l,j = Z fj (Im) R§+1,i7 (IAZ)
=1 i—1

where ]Eit+1 are the returns of NP managed portfolios that correspond to different basis functions
in the characteristic space. The number of basis portfolios increases by the complexity of the basis
functions and the number of characteristics. The most common managed portfolios are sorted on
characteristic quantiles, that is, they use indicator functions based on characteristic quantiles to ap-
proximate f(I;;). Popular sorts are the size and value double-sorted portfolios of Fama and French
(1992)), that are also used to construct their long-short factors. Note, that these characteristic man-
aged portfolios do not include macroeconomic variables which are not asset specific, in contrast to our
GAN model. In order to simplify the exposition, we will focus now on the information set, which only
conditions on firm-specific characteristics.

Importantly, the translation of the conditional model into an unconditional model implicitly im-
poses the following assumptions: First, the asset pricing modeler includes all basis functions f; (I;;)

that are necessary to approximate the SDF weights f (I;;) ~ Zﬁfﬁs fj (1) w;. If the asset pricing
modeler omits relevant basis functions, for example interactions between characteristics, the SDF will
be misspecified. Second, the returns of the characteristics managed portfolios Rt+17j are mean and
variance stationary, i.e. in particular they have constant mean and variance.

In this case the SDF can be obtained by solving an unconditional mean-variance optimization



problem based on the characteristic managed portfoliosﬂ

~ Nbasis

@ = Var (R,:)_1 E[R] @ e RV™". (IA.3)

The SDF weights for individual stocks are then given by the SDF weights for the characteristic managed
portfolios and the weights of individual stocks in those portfolios, that is wy; = Eé-v:bfm [T i)w;.

Most asset pricing models fall into this category. Importantly, these models do not provide guid-
ance on how to obtain the loadings for individual stock returns S7PF, which is a separate problem.
These unconditional models can only readily be used to explain the expected returns of the specific
characteristic managed portfolios that have been used for their construction, but require an additional
model to obtain the individual stock loadings B7PY.

While Equation [[A:3] describes the population solution, we need additional assumptions to obtain
a feasible estimator. If the number of characteristic managed portfolios Nbasis g large, either because
the number of characteristics is large and/or because the functional form that should be approximated
is complex and requires many basis functions, we cannot apply simple sample estimators and require
regularization. The naive sample estimator for w would be wyy = f]_lﬂ, where 71 is the sample
estimator of the covariance matrix and [ is the estimator of the mean of the of characteristic managed
portfolios R;. [Kozak, Nagel, and Santosh| (2020) (KNS) propose to apply a modified ridge penalty and

lasso penalty to this regression problem to estimate w:

N
~ T 4 ~
KNS = arg ming (g - m) 51 (,:L - zw) + 201 ]+ v |
i=1

where v is a lasso penalty and v» a ridge-type penalty. Kozak, Nagel, and Santosh| (2020) advocate
to use their estimator in the PCA space (which implies a diagonal matrix for fl), which as shown by

Lettau and Pelger| (2020) yields a closed-form solution:

i1 e n >
X < if f1; > 11
KNs; = { 7T '
0 if f; < vy,
where 62 are the variances of the PCA factors and fi; their mean returns. The choice of the lasso

penalty maps into a sparse representation of a small number of basis assets, which are selected based
on their means. Importantly, the KNS model does not readily provide a framework to explain the
mean return for individual stocks or assets, which are not used as basis assets.

The Asset-Pricing Trees (AP-Trees) of Bryzgalova, Pelger, and Zhu (2019) generalize the SDF
approach of KNS among several dimensions. First, given a choice of basis assets, they deal with the
large uncertainty in mean estimation, by introducing mean-shrinkage in addition to variance shrinkage.

Second and more importantly, they use recursive tree basis functions to generate the characteristic

2In order to keep the notation closer to the literature we consider here the SDF My, = 1 _Z;-]:1 W;(Rit1,;—E[Rit1,5])
which yields the covariance matrix instead of the uncentered second moment matrix in the mean-variance problem.
However, this normalization is inconsequential for the results.



projected portfolios. These more flexible basis functions include the conventional univariate sorts
as special cases, but allow also to deal with interaction effects between multiple characteristics. A
particularly appealing element is to leverage the overlapping structure in trees and to use the robust
SDF recovery to select the tree basis functions to span the SDF. This has the crucial advantage of
obtaining a low dimensional representation similar to PCA factors, while retaining interpretability and
capturing more general patterns. The primary focus of the basis functions obtained by |Bryzgalova,

Pelger, and Zhu (2019) is to use them as informative test assets for unconditional asset pricing models.

IA.A.3.  Inversion of Unconditional Models

In order to use an SDF, which is estimated as an unconditional model from conditional portfolio
sorts or projections, we need to invert the conditional projection. In other words, the unconditional
SDF model on the projected returns Ry, needs to be mapped back into the individual stock returns
Rf, ;. The fundamental challenge is that this requires the modeling of conditional covariances of the
individual stocks with the unconditional SDF model. Hence, specifying a set of portfolio sorts and
estimating an unconditional SDF model on those portfolio sorts, is not sufficient. We need to estimate

the conditional covariance of each stock with the SDF portfolios:

spr  Cove(Riyi;, Fipr) Covy(Rg, ;.0 Ryy)

be Vary(Fii1) B Vary (0T Ryq1)

Obviously, using an unconditional covariance is not internally consistent if stocks have time-varying
characteristics. In other words, the assumption of a mean and covariance stationary model on portfolio
sorts, implies a conditional model for individual stock returns. An internally consistent model would
use the same basis functions f; (I;;), which are used to span the conditional SDF weights w;; to span
the conditional SDF loadings 5EZDF. This requires an additional non-parametric regression with the

corresponding challenges in a high-dimensional setup.

IA.A.4.  Unconditional Factor Models

The linear factor model literature imposes the additional assumption that a small number of risk
factors based on characteristic managed portfolios should span the SDF. The majority of the literature
studies unconditional factor models on characteristic managed portfolios. This requires the same
assumptions as in the unconditional SDF models in Section IA.A.2. In addition, it imposes that the

excess returns of characteristic managed portfolios follow a factor structure
Rt,i :Ft/@;r+€t7i 1= ].,...,NbaSis, t= 1,...,T (IA4)

The factors can be observed fundamental factors, for example the Fama-French factor model of [Fama
and French (2015)), or latent asset pricing factors estimated from the unconditional moments of Ry by
PCA or its improvement RP-PCA (Lettau and Pelger| (2020))). The tangency portfolio, that is spanned



by F}, has the factor weights

where piz and X are the mean and variance-covariance matrix of F;. The implied SDF is given by
M;=1-— (Z}} (Ft — E, [Ft]> The SDF weights of the factors in Equation [[A.5( follow from pricing the

factors with the factors themselves, that is the factors serve as basis and test assets to obtain the SDF

weight. Importantly, the assumption of constant loadings B is only reasonable on the characteristic
managed portfolios, but individual stock returns must have time-varying loadings if characteristics are
time-varying. Hence, estimating any factor model on portfolio sorts does not readily imply a factor
model and an SDF on individual stock returns. The loadings for individual stock returns are given by
the conditional loadings 5§?F:

SDF __ COVt(Rf—&—l,iv Ft+1) N COVt(R§+1,i7a);Ft+l>
beo Vary(Fy11) B Vart(&);ﬁ’tﬂ)

If for example one of the risk factors is a “size” factor, which is a long-short factor based on size sorted
quantiles, such a risk factor should have a larger loading f3 for a portfolio that includes only small
stocks compared to a portfolio that includes only large stocks. As the market capitalization of stocks
is time-varying, this mechanically implies that the loadings of a size factor have to be time-varying
for individual stocks. More specifically, as the weights to construct the size factor are a function of
the market capitalization, it mechanically implies that the loadings for individual stocks have to be a
function of the market capitalization as well.

In practice, unconditional factors, which have been constructed based on a specific choice of port-
folio sorts, e.g. the 3 Fama-French factors in [Fama and French (1992)) based on double-sorted size
and book-to-market sorted quantiles or PCA factors estimated from a large set of univariate quantile
sorts, have been applied to test assets which are not the basis assets or to individual stock returns.
The usual application runs unconditional time-series regressions on the set of factors. This is only
valid if the loadings to the factors and the moments of the factors are constant over time, which by
construction cannot be the case for individual stocks with time-varying characteristics. A common
practice is to run rolling window regressions to obtain local loadings on individual stocks. While this
can potentially address the time-variation, it does not readily result in a conditional factor model
which can be evaluated on different stocks out-of-sample.

The extreme unbalancedness in individual stock returns severely limits the use of local window
regressions with unconditional factors. The stocks in the first part of the data are too a large extent
not available in the second part, which restricts the number of stocks that can be used for an out-of-
sample evaluation. In a conditional model we estimate the conditional SDF weights w and loadings
BSPF as a function of characteristics on different stocks for the estimation and evaluation. Therefore,
we can evaluate the model on stocks that are not available in the first part of the data. Importantly,
the conditional model also allows us to directly study the economic sources of risk in terms of firm

characteristics.



IA.A.5. Conditional Factor Models

A conditional factor model assumes that the SDF is spanned by a linear combination of conditional
risk factors, and hence it restricts the basis assets that span the SDF. In contrast to the unconditional
model, the SDF weights and loadings of the conditional risk factors are a function of the characteristics
and hence time-varying. We use the Instrumented Principal Component Analysis (IPCA) of |Kelly,
Pruitt, and Suf (2019) to illustrate this setup. This conditional factor model directly models individual
stock returns as a function of characteristics given by Ry 1= bT ft T A—i—eHu with by ; = IZTtI‘b Instead
of allowing the SDF to be My, = 1— Zfil wr iRy g 4 it s restrlcted to My =1— Zszl IPCAfIf_)lC?,
where the IPCA factors are estimate with IPCA. Even after estimating the conditional factors, we still

need to solve a conditional GMM problem. The fundamental moment equation becomes

E = 0. (IA.6)

K
IPCA IPCA
(1—2 f) R

k=1

If we assume no misspecification and that the €11, are independent of the IPCA factors with a

conditional mean of zero, then population solution for the SDF weights to the equation becomes

w%PCA (fIPCA) E, [fIPCA]’

which requires the estimation of conditional moments. These conditional moments can be estimated

fIPCA fIPCA

by a prediction of and using the information set at time ¢. Given the SDF weights

wiPCA | the SDF loadings are a linear combination of the conditional factor loadings 37PF = bT PCA

such that

IPCA IPCAT IPCA
= bt K f

Rt+1 % + €t+1,5-

IPCA _ 1, IPCA

Under additional assumptions it holds that v, - ¢; up to a proportionality constant c,

but this does not need to hold in the general case. Hovvever the choice of wIPCA

uniquely pins down
}PCA, that is, selecting a combination of the conditional factors results in a specific combination of
the conditional loadings.

Several papers with conditional factors assume unconditional SDF weights, that is, they set

wIPCA (fIPCA) [fIPCA]_

However, this choice of SDF weights also restrict the SDF loadings to be a specific linear combination

IPCA " determines v/¥CA. The residuals relative to a

of the conditional factors loadings, that is, w
conditional multivariate cross-sectional regression on b; are not the same residuals as those relative
to the SDF loading SPPF, When the SDF weights are set to the unconditional tangency portfolio
weights wPCA = Cov ( fIPCA) E[ fIPCA] A coherent asset pricing model needs to impose the same
constraints on how it combines the conditional factors and conditional loadings into a one-factor
representation. In Section [[A.B] we show that for the IPCA model the unconditional mean-variance

combination of the conditional factors does not explain the mean returns of stocks, while the conditional



combination of the conditional factors estimated with the GAN framework results in a better asset

pricing model.

IA.A.6. Adversarial Estimation and Mean-Variance Optimization

We compare the adversarial estimation with the mean-variance estimation of the SDF. In order
to provide intuition, we start with the special case of pre-specified basis functions to estimate the
conditional moments. Intuitively, we assume that a pre-specified set of portfolios sorts, for example
univariate sorting based on characteristics, is sufficiently rich to span the SDF. Our starting point is

the conditional moment equation E; [MtHRf +1,z} = 0, which implies the unconditional moments

E[Mi 1Ry ;9(1i)] = 0 (IA.7)

for any function g(.). In the case of pre-specified basis functions, we assume that the SDF weight and
the conditioning functions, that are sufficient to identify the SDF weights, are spanned by those basis

functions:

|V basis Ntest

Itz = Z Itz w]v g(-[i,t): Z (Itz) piest,
j=1

The NP characteristic managed portfolios ]N%fjfsfsj = SN fi(L)Re 11, can be interpreted as the

basis assets to span the SDF. The Nt characteristic managed portfolios Rgffi] = Zfil 9 (L) Ry 1 ;
correspond to the test assets, which are used to identify and estimate the constant weights @w. For the
pre-specified basis functions, we impose the additional assumption that the basis and test assets have
stationary first and second moments.

First, we consider exact identification in the GMM problem. If we set the basis assets identical to

the test assets, that is R}?aSiS = R%e“, then the unconditional moment equation
E|(1- o ’Rp) Rt =0 (IA.8)
has the solution
B = B[R RpsT] T B[R] (1A.9)

If we approach this problem from an adversarial perspective, the solution would be the same, that

is, the problem

min max

w RECSt

E [(1 - wTR';asiS) R;eﬂ Hz (IA.10)

has the solution in Equation This is because we have a GMM problem with exact identification,
where the number of parameters is exactly the same as the number of moments. While the discussion

so far is based on population moments, it becomes more complex when we estimate it empirically.

10



When the number of basis and test assets NP8 = Ntest ig Jarge relative to the number of time-series
observations T', then we need to regularize the second (and potentially also first) sample moment of
R?aﬁs by using some form of regularization. The possible regularizations include using the PCA factors
based on the covariance matrix of R?aSiS, or a ridge, lasso or elastic net penalty in the mean-variance
optimization problem. These regularizations have in common that they either hard-threshold (in the
case of PCA) or soft-threshold (for ridge penalties) the components that explain less variation in the
relatively arbitrarily chosen set of basis and test assets. One problem of such an approach is that it
misses weak factors, which are relevant for explaining mean returns, but would be down-weighted by
the regularization.

In general, we have an overidentified GMM problem, where the basis assets for the SDF and the test
assets do not need to be the same. This means that the space of test assets can be larger than the set
of basis assets and Nt > NP2 Under appropriate assumptions, the solution to the unconditional

moments in [A-8 becomes
oy~ ~ . -1 .y .~ ~
W= (E |:R;§)a51sR§estTi| QGMM]E [R;eStR?aSIST} ) E [R?a&sR‘;estT} QGMME |:R§65t} ’ (IAll)

where Qg is the GMM weighting matrix for the moments. In the special case of an identity matrix,
that is Qavm = Ipeest, all test assets receive the same weight. The sample solution obviously requires
some form of regularization similar to the case with exact identification.

If the number of test assets is larger than the number of basis assets, then solution of the adversarial
GMM in is more complex and can in general not be mapped into the form of Equation
The adversarial approach has a number of advantages relative to the conventional regularized GMM

framework:

1. It is more robust to misspecification as shown in |[Hansen and Jagannathan| (1997)). More specif-
ically, if the set of basis functions is chosen too restrictive or the form or regularization is not
appropriate, the adversarial approach provides a more robust pricing kernel.

2. The adversarial GMM can address the issue of weak asset pricing factors. The test assets in
most asset pricing applications are to some degree arbitrarily chosen (usually by using the same
set of double-sorted portfolios). A weak asset pricing factor might only explain a small amount
of variation for the specific choice of test assets, but might be important to explain a certain
component of the SDF, that is relevant for the risk premium. The adversarial GMM will upweight
this component, while a conventional regularization based on ridge or PCA will neglect these
weak factors.

3. The adversarial GMM will ensure identification of all parameters of the SDF. If certain compo-
nents of the SDF are based on weak factors, the conventional GMM with regularization might

not identify those components.

The general problem considered in this paper is substantially harder as we do not use pre-specified
basis functions for the basis and test assets, but learn them from the data. The set of potential non-
parametric basis functions that can be generated by the neural networks is extremely large and goes

into many millions, when considering all possible non-linear interactions. Under this level of generality

11



and when we allow for this degree of flexibility, there is no meaningful way to solve this problem in a
conventional regularized mean-variance framework. Here, the adversarial GMM framework is essential
to obtain a feasible solution. Hence, in addition to the benefits outlined above, the adversarial approach
provides a feasible solution to the general problem that cannot be solved otherwise. Furthermore, the
non-parametric adversarial GMM approach is based on weaker assumptions as it does not require
the stationarity of the first and second moments of a large number of pre-specified sorted portfolios,
which is assumed in [TA.11] The non-parametric adversarial GMM only requires the orthogonality of

(1 - ZZ]\LI w(It,@-)RfJFLO from Rf ;,9(I1;), which allows for time-varying moments.

TA.B. SDF of Multi-Factor Models

IA.B.1. Main Results

Our GAN framework is complementary to conditional and unconditional multi-factor models.
Multi-factor models are based on the assumption that the SDF is a linear combination of the multiple
factors. In an unconditional multi-factor model with constant factor loadings and pricing errors, the
SDF can easily be constructed as the unconditional mean-variance efficient combination of the factors.
The time series regression pricing error in such a multi-factor model is identical to that of a one-factor
regression on the SDF. However, this relationship does not hold out-of-sample for unconditional models
and breaks down in-sample and out-of-sample for conditional multi-factor models. So far, the factor
literature has mainly focused on extracting the factors and their loadings, but has been largely silent
on the construction of a coherent conditional SDF framework based on a conditional factor structure.
Our GAN framework can help to close this gap. The fundamental moment condition of our GAN

framework to construct the SDF is
2

E , (IA.12)

(1 - ZW(Ita It,i)RfH,i) R§+1,j9(1—t>1—t,j)]

N
. 1
min max — E
w g NH“ ,

]:1 =1

and can incorporate the restriction that the SDF is a linear combination of factors.

We use one of the most important conditional multi-factor models and combine it with the GAN
framework to estimate its SDF. Instrumented Principal Component Analysis (IPCA) developed by
Kelly, Pruitt, and Su/ (2019) allows for latent factors and time-varying loadings. Both elements are key
as we need a conditional factor model with time-varying loadings to explain individual stock returns
and want to estimate the best performing factors without taking an a prior stand on what the factors
are. Note that this model includes simple unconditional factor models as a special case. As most of
the literature Kelly, Pruitt, and Su| (2019) use the multi-factor framework to calculate pricing errors
and report Sharpe ratios for the unconditional mean-variance efficient combination of the factors, but
they do not estimate pricing errors and Sharpe ratios for the same one-factor model of the SDF. Here
we show that using the additional economic structure of spanning the SDF with IPCA factors and
combining it with the GAN framework can lead to an even better asset pricing model. We condition

only on firm characteristics to make the results more comparable with the original IPCA framework.

12



IPCA assumes a K-factor model where the loadings are a linear function of the characteristicsf]
Ry =aei + b i + e b=, T

Any multi-factor model assumes that the SDF is spanned by the factors, that is,

K
F=> ol (I I)fiSie (IA.13)
k=1
Appendix [[A7A] provides further details. Under weak assumptions, the SDF weights are given by the
conditional tangency portfolio based on the factors: wf (Irt, It) = Covy ( fIPCA tIElCAT) [ fIPCA].
However, the usual approach in most papers is to use constant weights, which are set to the uncondi-
tional mean-variance efficient portfolio weights, that is, w™® = Cov ( fIPCA tlffAT) [ fIPCA]

alternative approach to obtain a one-factor representation with constant weights is to find a linear com-

bination of the IPCA factors and loadings that either minimizes the cross-sectional pricing errors or the

amount of unexplained variation. This means that we obtain the SDF weights w5 € R¥X and the cor-
responding loading weights v'"X5 € RX such that the residuals R{ 4 ; —th i ( XS, XST) ftIEfA = é%_i(lsz

FEV and v"EVY to maximize EV. If the correct one-factor

maximize the XS-R?. Similarly, we obtain w
representation has constant weights on the IPCA factors and their loadings, all three criteria would
represent valid identification conditions to recover those weights. Note that in contrast to Kelly, Pruitt,
and Sul (2019) we estimate the total pricing errors and not only the component that is spanned by
the characteristics. In the case of w™®V all the weight will be put on the first IPCA factor which by
construction maximizes the amount of explained variation.

The SDF loadings of the one-factor combination that maximizes the Sharpe ratio are not simply
the same combination of the IPCA loadings, that is, in the above notation w"S® does not need to

I—SRfIPCA

equal v"SR. The internally consistent way to estimate the loadings of FISE = w is to run

the IPCA loading regression:

- T-1
2
Tg = (Z LI ® (F55R) ) (Z (I ® F55%) R§+1>, ISR = 1T,
t=1

where by abuse of notation I; € R?*Nt denotes here the firm-specific characteristics. This IPCA
regression would simply return the IPCA loadings in a multi-factor model. In order to assess the effect
of linearity between the characteristics and loadings, we also estimate the IPCA SDF loading BZItF FN
with a feedforward neural network, that is, we estimate IE; [ P41, ZF ] The combination of GAN
and TPCA estimates w"“N using Formula but restricting the SDF to a linear combination of

IPCA factors based on Equation and then estimates the loadings with FFN in the prediction

51 GAN FL GAN}
107 t+1 i
Table I| summarizes the out-of-sample asset pricing resultsﬁ We can replicate the high Sharpe

3Kelly, Pruitt, and Sul (2019) also allow for an error term in the loading equation. However, this does not affect the
estimation procedure and our discussion, but only the confidence intervals. In order to simplify notation we leave it out.
4Additional results are in Section IA.B.2.
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Table IA.I: IPCA Asset Pricing with Different SDFs

Model Benchmark | 3 4 5 6 7 8 9 10
SR 061 0.71 077 0.70 0.79 082 0.72 0381
IPCA GAN EV 0.05 0.04 004 0.05 005 005 004 0.05
(WFGAN gE-GAN) XS-R? 020 0.19 0.17 020 0.8 020 0.17 021
SR 069 0.79 082 084 083 086 0.86 0.94
IPCA Max SR FFN Beta | EV 0.04 0.03 003 0.04 004 004 0.06 0.03
(wISR, gI-FFN) XS-R? 014 013 011 014 014 015 0.19 0.14
SR 069 0.79 082 084 083 086 0.86 0.94
IPCA Max SR EV 0.01 0.01 0.01 001 001 001 0.01 001
('SR pI-SR) XS-R? -0.05 -0.04 -0.04 -0.04 -0.04 -0.04 -0.04 -0.04
SR 011 0.1 015 0.17 015 0.15 0.14 0.16
IPCA Max EV EV 0.04 0.04 004 004 004 004 004 004
(WEV, BEEV) XS-R? -0.02 -0.03 -0.03 -0.03 -0.03 -0.03 -0.03 -0.03
SR -0.06 0.15 0.12 041 033 037 034 041
IPCA Max XS-R? EV -0.02 -0.01 -0.02 -0.02 -0.02 -0.01 -0.02 -0.02
(WXS pEXS) XS-R? -0.03 0.07 0.06 012 0.12 013 0.13 0.14
SR 069 0.79 082 084 083 086 0.86 0.94
IPCA Multifactor EV 0.05 005 006 006 006 006 006 007
(b € RK) XS-R? -0.04 -0.03 -0.02 -0.01 -0.02 -0.01 -0.02 -0.02

This table shows the out-of-sample asset pricing results for different SDFs based on IPCA. We consider K = 3 to
10 TPCA factors. (w"CAN g-GANY yses the GAN framework to estimate the SDF weights of IPCA factors and the
SDF loading. (wI’SR,BI’FFN) is the unconditional mean-variance efficient combination of IPCA factors with flexible
SDF weights. (w"™S®, BU5R) restricts those weights to be linear. (w™*5, TEV) combines the IPCA factors to maximize
FEV while (wI'XS, BI'XS) maximizes XS-R2. The multi-factor representation obtains the residuals with a cross-sectional
regression on the multiple loadings. The SDF weights and loadings are estimated on the training data and tuning
parameters are chosen optimally on the validation data set.

ratios of Kelly, Pruitt, and Sul (2019) by forming the unconditional mean variance efficient combination
of the IPCA factors. Note that IPCA factors use more information than our models in the main text
which might explain the high Sharpe ratios. The IPCA regressions use the dependency structure
in the characteristic variables over time which makes the factor weights and loadings at each point
in time a function of all past characteristics. The last subtable shows the IPCA results in a multi-
factor framework, that is, we use a cross-sectional regression with multiple loadings to obtain the
residual. Similar to PCA methods, IPCA captures a large amount of the variation in returns, but
not their means. In fact, the cross-sectional R? can become negative. If we construct a one-factor
model that maximizes the Sharpe ratio, the explained variation of IPCA drops to around 1% without
explaining more of the mean returns. The one factor that explains the most variation is simply the
first IPCA factor. Similar to PCA methods, this first factor does not explain mean returns. Note
that IPCA factors are not necessarily orthogonal to each other and hence estimating the factor that
maximizes E'V can lead to slightly different results when including more factors. As expected, the best
combination for explaining mean returns leads to substantially higher XS-R?, however at the cost of
SR and EV. Estimating nonlinear loadings "N explains more variation and leads to smaller pricing
errors. However, the best performing model among all three dimensions is IPCA combined with GAN.
The Sharpe ratios are close to those of the mean-variance efficient combination and actually higher
than our benchmark GAN for K > 7 , while the XS-R? almost reaches the level of our benchmark
GAN. The explained variation is among the highest of all models and only better for our fully flexible
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benchmark GAN. In summary, the GAN framework is complementary to multi-factor models and can
optimally make use of the additional structure imposed on the SDF and the additional information

incorporated in factors.

IA.B.2. Additional Results

Table TA.II: IPCA GAN

3 4 5 6 7 8 9 10
SR Train 1.60 165 1.82 1.80 1.86 182 1.86 1.87
SR Valid 1.00 120 128 126 153 144 122 134
SR Test 0.61 071 07 070 0.79 082 0.72 0.81

EV Train 0.13 0.12 0.11 0.13 0.13 0.15 0.12 0.14
EV Valid 0.05 0.05 0.04 0.05 0.05 0.06 0.04 0.06
EV Test 0.05 0.04 0.04 0.05 0.05 0.05 0.04 0.05
XS-R? Train | 0.03 0.02 0.01 0.02 001 001 0.01 0.02
XS-R? Valid | -0.01 -0.01 -0.01 -0.01 -0.01 -0.01 -0.01 -0.01
XS-R% Test | 0.20 0.19 0.17 020 0.18 020 0.17 0.21

This table shows the asset pricing results for different SDFs based on IPCA. We consider K = 3 to 10 IPCA fac-
tors. (W"CEAN BTGANY yges the GAN framework to estimate the SDF weights of IPCA factors and the SDF loading.
(wW"SB BFFFNY s the unconditional mean-variance efficient combination of IPCA factors with flexible SDF weights.
(w"SR, BTSRY restricts those weights to be linear. (w5, "EVY) combines the IPCA factors to maximize EV while
(w5, B7*5) maximizes XS-R?. The multi-factor representation obtains the residuals with a cross-sectional regression
on the multiple loadings. The SDF weights and loadings are estimated on the training data and tuning parameters are
chosen optimally on the validation data set.

Table TIA.ITI: IPCA Max SR FFN Beta

3 4 5 6 7 8 9 10

SR Train 1.59 167 178 182 1.85 1.88 1.88 1.95
SR Valid 1.12 127 137 142 142 142 145 1.50
SR Test 069 079 082 084 083 086 086 0.94
EV Train 0.10 0.09 0.08 010 0.10 0.10 0.16 0.10
EV Valid 0.06 0.04 0.03 004 0.04 0.04 0.07 0.04
EV Test 0.04 0.03 003 004 0.04 0.04 0.06 0.03
XS-R? Train | 0.12 0.15 0.13 0.13 0.14 0.14 0.13 0.14
XS-R? Valid | -0.02 -0.01 -0.01 -0.01 -0.01 -0.01 0.00 -0.01
XS-R? Test | 0.14 0.13 0.11 0.14 0.14 015 0.19 0.14

This table shows the asset pricing results for different SDFs based on IPCA. We consider K = 3 to 10 IPCA fac-
tors. (w"CAN BGAN) yses the GAN framework to estimate the SDF weights of IPCA factors and the SDF loading.
(wI’SR,BI’FFN) is the unconditional mean-variance efficient combination of IPCA factors with flexible SDF weights.
(w"SR, BSRY restricts those weights to be linear. (w™*5, BTEV) combines the IPCA factors to maximize EV while
(wI'XS, ,BI'XS) maximizes XS-R2. The multi-factor representation obtains the residuals with a cross-sectional regression
on the multiple loadings. The SDF weights and loadings are estimated on the training data and tuning parameters are
chosen optimally on the validation data set.
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Table TA.IV: IPCA Max SR

3 4 5 6 7 8 9 10
SR Train 1.59 167 178 1.82 185 188 1.8 1.95
SR Valid 112 127 137 142 142 142 145 1.50
SR Test 069 079 082 084 083 08 086 094

EV Train 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02
EV Valid 0.01 0.01 001 0.01 0.01 001 0.01 0.01
EV Test 0.01 0.01 0.01 0.01 0.01 0.01 0.01 o0.01
XS-R? Train | -0.05 -0.04 -0.04 -0.03 -0.03 -0.03 -0.03 -0.04
XS-R? Valid | 0.03 0.02 0.02 0.04 0.04 004 003 0.03
XS-R? Test | -0.05 -0.04 -0.04 -0.04 -0.04 -0.04 -0.04 -0.04

This table shows the asset pricing results for different SDFs based on IPCA. We consider K = 3 to 10 IPCA fac-
tors. (w'GAN BFGANY yges the GAN framework to estimate the SDF weights of IPCA factors and the SDF loading.
(wWSB BIFFNY s the unconditional mean-variance efficient combination of IPCA factors with flexible SDF weights.
(w"SR, BTSRY restricts those weights to be linear. (w5, B"EVY) combines the IPCA factors to maximize EV while
(w5, B7*5) maximizes XS-R?. The multi-factor representation obtains the residuals with a cross-sectional regression
on the multiple loadings. The SDF weights and loadings are estimated on the training data and tuning parameters are
chosen optimally on the validation data set.

Table TA.V: IPCA Max EV

3 4 ) 6 7 8 9 10
SR Train 0.03 005 014 019 010 011 0.09 0.10
SR Valid -0.02 -0.01 0.07 0.12 0.05 0.06 0.02 0.07
SR Test 0.11 0.11 0.15 0.17 0.15 0.15 0.14 0.16

EV Train 0.04 004 004 0.04 0.04 004 004 0.04
EV Valid 0.02 0.02 0.02 0.02 0.02 002 002 0.02
EV Test 0.04 004 004 0.04 0.04 004 004 0.04
XS-R? Train | 0.05 0.04 0.03 0.01 0.03 0.3 0.03 0.03
XS-R? Valid | 0.00 0.00 -0.01 -0.02 -0.01 -0.01 -0.01 -0.01
XS-R? Test | -0.02 -0.03 -0.03 -0.03 -0.03 -0.03 -0.03 -0.03

This table shows the asset pricing results for different SDFs based on IPCA. We consider K = 3 to 10 IPCA fac-
tors. (w"CAN BGAN) yses the GAN framework to estimate the SDF weights of IPCA factors and the SDF loading.
(wI'SR,BI'FFN) is the unconditional mean-variance efficient combination of IPCA factors with flexible SDF weights.
(w"SR, BSRY restricts those weights to be linear. (w™*5 BTEV) combines the IPCA factors to maximize EV while
(wI'XS, ,BI'XS) maximizes XS-R2. The multi-factor representation obtains the residuals with a cross-sectional regression
on the multiple loadings. The SDF weights and loadings are estimated on the training data and tuning parameters are
chosen optimally on the validation data set.
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Table IA.VI: IPCA Max XS-R2

3 4 5 6 7 8 9 10
SR Train 0.06 056 047 1.10 1.03 1.07 099 0.95
SR Valid 0.00 034 025 070 0.63 065 0.64 0.69
SR Test -0.06 0.15 0.12 041 033 037 034 041
EV Train 0.01 -0.01 -0.01 -0.04 -0.03 -0.04 -0.04 -0.05
EV Valid -0.01 0.00 0.00 -0.02 -0.01 -0.02 -0.01 -0.02
EV Test -0.02 -0.01 -0.02 -0.02 -0.02 -0.01 -0.02 -0.02
XS-R? Train | 0.13  0.21 020 0.29 030 031 030 0.31
XS-R? Valid | -0.04 0.12 0.11 0.22 0.20 020 0.22 0.24
XS-R? Test | -0.03 0.07 0.06 0.12 0.12 0.13 0.13 0.14

This table shows the asset pricing results for different SDFs based on IPCA. We consider K = 3 to 10 IPCA fac-
tors. (w'GAN BFGANY yges the GAN framework to estimate the SDF weights of IPCA factors and the SDF loading.
(wWSB BIFFNY s the unconditional mean-variance efficient combination of IPCA factors with flexible SDF weights.
(w"SR, BTSRY restricts those weights to be linear. (w5, B"EVY) combines the IPCA factors to maximize EV while
(w5, B7*5) maximizes XS-R?. The multi-factor representation obtains the residuals with a cross-sectional regression
on the multiple loadings. The SDF weights and loadings are estimated on the training data and tuning parameters are
chosen optimally on the validation data set.

Table IA.VII: IPCA Multi-Factor

3 4 ) 6 7 8 9 10
SR Train 1.59 1.67 1.78 182 185 1.88 188 1.95
SR Valid 1.12 127 137 142 142 142 145 1.50
SR Test 069 079 082 084 083 08 08 094

EV Train 0.06 0.07 0.08 0.08 0.08 0.09 0.09 0.09
EV Valid 0.03 0.03 004 0.04 004 004 004 0.04
EV Test 0.06 0.05 0.06 0.06 0.06 0.06 0.06 0.07
XS-R? Train | 0.04 0.04 0.05 0.06 0.06 0.06 0.07 0.07
XS-R? Valid | 0.04 0.05 0.06 0.07 0.06 0.06 0.06 0.06
XS-R? Test | -0.04 -0.03 -0.02 -0.01 -0.02 -0.01 -0.02 -0.02

This table shows the asset pricing results for different SDFs based on IPCA. We consider K = 3 to 10 IPCA fac-
tors. (w"OAN BFGAN) yses the GAN framework to estimate the SDF weights of IPCA factors and the SDF loading.
(wI'SR,BI'FFN) is the unconditional mean-variance efficient combination of IPCA factors with flexible SDF weights.
(w™SR, BSRY restricts those weights to be linear. (W™= TFVY) combines the IPCA factors to maximize EV while
(wI'XS, ﬂI'XS) maximizes XS-R?. The multi-factor representation obtains the residuals with a cross-sectional regression
on the multiple loadings. The SDF weights and loadings are estimated on the training data and tuning parameters are
chosen optimally on the validation data set.

IA.C. Robustness Results

IA.C.1. Main Results

Our findings are robust to small cap stocks, the choice of the tuning parameters, the time period

under consideration and are not exploiting limits to arbitrage. In this subsection, we evaluate and refit
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Table TA.VIII: Different SDF Models Evaluated on Large Market Cap Stocks
SR EV Cross-Sectional R?
Model Train Valid Test ‘ Train Valid Test ‘ Train Valid Test
Evaluated for size > 0.001% of total market cap

LS 144 031 013 | 007 0.05 0.03 | 0.14 0.03 0.10
EN 093 056 0.15 | 0.11 0.09 0.06 | 0.17 0.05 0.14
FFN 0.42 020 0.30 | 0.11 0.10 0.05 | 0.19 0.08 0.18

GAN 2.32 1.09 041 0.23 0.22 0.14 | 0.20 0.13 0.26
Evaluated for > 0.01% of total market cap

LS 032 -0.11 -0.06 | 0.06 0.07 0.04 | 013 0.05 0.09
EN 037 026 023 | 0.09 012 0.07r| 017 0.08 0.14
FFN 032 017 024 | 013 022 0.09| 022 015 0.26

GAN 097 054 026 | 028 0.34 0.18‘ 0.27  0.23 0.32

Estimated and evaluated for size > 0.001% of total market cap

LS 1.91 0.40 0.19 | 0.08 0.06 0.04 | 0.18 0.05 0.12
EN 1.34 092 042 | 0.13 0.13 0.07 | 0.23 0.09 0.19
FFN 0.37 0.19 0.28 | 0.13 0.13 0.07 | 0.21 0.10 0.21

GAN 357 118 0.42 ‘ 024 023 014 | 023 013 0.26

The table shows monthly Sharpe ratios (SR) of the SDF factors, explained time series variation (EV) and cross-sectional
R? for the GAN, FFN, EN and LS models. In the first two subtables the model is estimated on all stocks but evaluated
on stocks with market capitalization larger than 0.01% or 0.001% of the total market capitalization. In the last subtable
the model is estimated and evaluated on stocks market with capitalization larger than 0.001%.

the model without small cap stocks, compare the performance and structure of the SDF for different
tuning parameters and time periods and control the information used to construct the test assets.

The qualitative findings are robust to small cap stocks. It is well-known that penny stocks can
achieve high Sharpe ratios and are hard to price by conventional asset pricing models. However, trading
in these small cap stocks is limited due to low liquidity and high spreads. Hence, the high Sharpe
ratios or large alphas of small cap stocks can potentially not be exploited. Here, we compare the model
performance restricted to medium and large cap stocks. Our cross-section of stocks in the test data is
composed of 2,000 to 3,000 individual stocks per month. Figure shows that the restriction to the
stocks with a market capitalization larger than 0.001% of the total market capitalization leaves us on
average with the largest 1,500 stocks. Restricting the sample to stocks with market cap above 0.01%
of the total market cap yields on average the largest 550 stocks, that is, the sample is close to the S&P
500 index.

Table [A.VIT] reports the model performance for these two subsets of the data. The SDF weights
are obtained on all individual stocks, but the Sharpe-ratio and the explained time series and cross-
sectional variation is calculated on stocks with market cap larger than 0.001% respectively 0.01% of the
total market capitalization. As expected the Sharpe ratios decline, but GAN still achieves an annual
out-of-sample Sharpe ratio of 1.4 using only the 1,500 largest stocks. In contrast, the linear models
collapse. Based on the 550 largest stocks the annual Sharpe ratio of GAN falls to 0.9, but is still larger

than for the other models. Most importantly the explained variation of GAN is two to three times
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Table TA.IX: Best Performing GAN Models on the Validation Data
Model SMV CSMV HL CHL CHU LR SR (Train) SR (Valid) SR (Test)

GAN 1 4 32 4 0 32 0.001 2.78 1.47 0.72
GAN 2 4 32 2 0 8 0.001 3.02 1.39 0.77
GAN 3 4 32 4 0 16 0.0005 2.55 1.38 0.74
GAN 4 4 16 3 1 16 0.0005 2.44 1.38 0.77

This tables shows a re-estimation of the GAN model that is independent of the benchmark GAN model and reports the
network structure. GAN 1 has 4 layers, 32 instruments and 4 hidden states. GAN 2 has 2 layers, 8 instruments and 4
hidden states and the hence the same architecture as our benchmark model. GAN 3 has 4 layers, 16 instruments and
4 hidden states, while GAN 4 has 3 layers, 16 instruments and 4 hidden states.

higher than for the linear or deep learning prediction model. Similarly, the gap in the cross-sectional
R? is substantially wider on the larger stocks than on the whole sample. This suggests that FFN and
the linear models are mainly fitting small stocks, while GAN also finds the systematic structure in the
large cap stocks.

Table[[A.VIT] also estimates and evaluates the different models on stocks with market capitalization
larger than 0.001% of the total market capitalizationﬂ The performance of GAN is essentially identical,
suggesting that our approach finds the same SDF structure conditioned on large cap stocks if it is
trained on all stocks or only the large stocks. In this sense our model is robust to the size of the
companies. In contrast, the elastic net approach performs significantly better on large cap stocks when
estimated on this sample. This is evidence that it overfits small stocks when applied to the full sample
in contrast to our approach. The prediction approach has a very similar performance on the large cap
stocks when estimated on this subset or on the full data set. This is indicative that it cannot capture
the structure in large cap stocks. Even when optimally trained on the subset of large cap stocks the
linear and prediction approach explain substantially less time-series and cross-sectional variation than
GAN.

We re-estimate the GAN model independently of our benchmark fit and list the tuning parameters
of the best four models on the validation data, labeled GAN 1, 2, 3 and 4 in Table All models
have four macroeconomic states, but differ in terms of the depth of the network and the number of
instruments that construct the test assets. The tuning parameters of our benchmark model would
only be the second best model in this independent fit. Table [A.XIV] reports the performance for
the different fits and tuning parameters. The asset pricing performance is essentially identical for all
models. Moreover, Table [[AX]| shows that the SDFs for the various models all have a correlation
higher than 80%. Section IA.C.5 collects the variable importance results and functional form of the
SDF weights w for the alternative fits. In summary, we conclude that not only the pricing performance
is extremely robust to the tuning parameters, but we are actually discovering the same economic model
for different tuning parameters and our results are replicable.

As another robustness test we estimate the GAN model on a rolling window of 240 months. In

more detail, every year we move the training data window by one year to re-estimate the SDF weights

®We estimate the optimal tuning parameters for the model restricted to the large cap stocks. Using the same tuning
parameters as for the total sample yields identical results.
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Table IA.X: Performance of Alternative GAN Models

SR EV Cross-Sectional R?
Model Train Valid Test ‘ Train Valid Test ‘ Train Valid Test
GAN 1 2.78 1.47 0.72 | 0.18 0.08 0.07 | 0.12 0.01 0.21
GAN 2 3.02 1.39 0.77 | 0.18 0.08 0.07 | 0.12 0.00 0.22
GAN 3 2.55 1.38 0.74 | 0.22 0.11  0.09 | 0.17 0.04 0.25
GAN 4 2.44 1.38 0.77 0.19 0.08 0.07 0.11 0.01 0.22

GAN Rolling  N/A  N/A 088 | NJA N/A 008 | NJA N/A 024
GAN No Frict 294 137 077 | 020 010 0.08 | 0.14 0.01 0.23

This table shows the monthly Sharpe ratio (SR) of the SDF, explained time series variation (EV) and cross-sectional
R? for alternative GAN models. GAN 1, 2, 3 and 4 are the four best GAN models on the validation data from an
independent re-estimation of the model. GAN Rolling is re-estimated every year on a rolling window of 240 months.
GAN No Frict is estimated without trading frictions and past returns for the conditioning function g.

Table IA.XI: Correlation of Benchmark GAN SDF with SDF of Alternative GAN Estimations
‘ GAN GAN1 GAN2 GAN3 GAN4 GAN Rolling GAN No Frict

GAN 1 0.84 0.87 0.84 0.80 0.70 0.78
GAN 1 0.84 1 0.88 0.92 0.89 0.79 0.89
GAN 2 0.87 0.88 1 0.87 0.88 0.73 0.83
GAN 3 0.84 0.92 0.87 1 0.89 0.74 0.86
GAN 4 0.80 0.89 0.88 0.89 1 0.78 0.84

GAN Rolling | 0.70 0.79 0.73 0.74 0.78 1 0.78
GAN No Frict | 0.78 0.89 0.83 0.86 0.84 0.78 1

This table reports the factor correlations for alternative estimations of GAN. GAN is the benchmark model, GAN 1, 2,
3 and 4 are the top four performing models from a re-estimation. GAN Rolling is estimated on a rolling window of 240
months. GAN No Frict is an estimation of the GAN model without trading friction variables and past returns for the
conditioning instruments g.

and loadingsﬁ Not surprisingly, we obtain slightly better asset pricing results, in particular for the
Sharpe ratio, as reported in Table [A.XIV] Overall, the results are very close and the rolling window
GAN SDF has a correlation of 70% with our benchmark SDF. Figures and show the variable
importance and functional form of the rolling window SDF which share the same general patterns. We
conclude that a time-varying estimate of GAN does not lead to major improvements and fits a similar
economic structure. In particular, this confirms that our results are robust to the time window chosen
for estimation.

Our GAN is not simply capturing pricing information that is subject to limits to arbitrage. A
potential concern is that GAN constructs test assets that do not represent a risk-premium but anoma-
lies of illiquid stocks that cannot be exploited. In that case the GAN SDF would not represent the
economic risk that we want to capture for asset pricing. We want to avoid that GAN explicitly targets
stocks that have high trading frictions. We exclude characteristics from the trading frictions and past
return category from the conditional network and re-estimate the model labeled as GAN No Frict.

The resulting variable importance for ¢ is shown in Figure [A:3] This SDF has the same pricing

5The estimation of the GAN models is computationally very expensive and for this reason we are not re-estimating it
every month.
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performance and a correlation of 78% with our benchmark SDF suggesting that our results are robust

to this change.

Figure IA.1. Characteristic Importance for Rolling Window GAN
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These figures show the variable importance and functional form of the SDF estimated on a rolling window of 240 months.
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The sensitivities and SDF weights w are the average over those rolling window estimates.
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Figure IA.3: Characteristic Importance for Conditioning Function g for GAN No Frict
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The figure shows the GAN variable importance ranking for the conditioning function g of the 46 firm-specific character-
istics in terms of average absolute gradient on the test data. The ranking is the average of the absolute gradients for the
nine ensemble fits. This GAN model excludes trading frictions and past returns in the construction of the conditioning
function g. The values are normalized to sum up to one.

IA.C.2. Market Capitalization

Figure IA.4: Number of Stocks per Month

e no cutoff
LME =0.001%

I
1
1
}
2500 o | ME =0.01%

1
I
£ 2000 « ¥ :
e} I I
w I 1
S 1 1
5 1500 °
‘é’ I
I I
Z L
1000 : :
I I
' I I
()
500 , ,
I I
1 1
1968 1978 1988 1998 2008 2018

This plots shows the number of stocks per month in the total sample and for stocks with market capitalization larger
than 0.01% or 0.001% of the total market capitalization.
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IA.C.3. Missing Data

Table IA.XII: Performance of Different SDF Models on Imputed Data

SR EV XS-R?

Model Train Valid Test | Train Valid Test | Train Valid Test

LS 0.57 026 029 | 007 003 0.02| 015 -0.02 0.07
EN 0.68 056 023 | 0.09 004 004 017 -0.02 0.11
FFN 044 043 046 | 008 003 0.02 | 013 -0.04 0.08
GAN 185 132 0.55 | 014 0.06 0.06 | 0.16 -0.04 0.13

This table shows the monthly Sharpe ratio (SR) of the SDF, explained time series variation (EV) and cross-sectional
mean R? for the GAN, FFN, EN and LS model using a larger data set with imputed values. We imputed miss-
ing characteristics with their cross-sectional median. The asset pricing models are estimated on the data with fully
observed data and evaluated on the stocks that include imputed missing characteristics. The fully observed data
used in the main text has 336,113/132,167/750,275 asset-month observations and 3,686/3,347/7,141 different stocks
on the training/validation/test data. The imputed data has 791,415/294,770/1,642,043 asset-month observations and
8,167/7,287/16,983 different assets. We exclude stocks with a market capitalization below 0.0001% of the total market
capitalization.

IA.C.4. Characteristic Importance for Alternative GAN Models

Figure TA.5: Characteristic Importance of SDF for GAN 1
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The figure shows the GAN 1 SDF variable importance ranking of the 46 firm-specific characteristics in terms of average
absolute gradient (VI) on the test data. The values are normalized to sum up to one.
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Figure IA.6: Characteristic Importance of SDF for GAN 2
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The figure shows the GAN 2 SDF variable importance ranking of the 46 firm-specific characteristics in terms of average
absolute gradient (VI) on the test data. The values are normalized to sum up to one.

Figure TA.7: Characteristic Importance of SDF for GAN 3
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The figure shows the GAN 3 SDF variable importance ranking of the 46 firm-specific characteristics in terms of average
absolute gradient (VI) on the test data. The values are normalized to sum up to one.
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Figure IA.8: Characteristic Importance of SDF for GAN 4
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The figure shows the GAN 4 SDF variable importance ranking of the 46 firm-specific characteristics in terms of average
absolute gradient (VI) on the test data. The values are normalized to sum up to one.
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IA.C.5. SDF Structure for Alternative GAN Models

Figure TA.9: SDF weight w as a Function of Characteristics for GAN 1-4
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This figure shows the SDF weight w as a one-dimensional function of characteristics keeping the other covariates at
their mean level for alternative GAN models. The covariates are Short-Term Reversal (ST_REV), Momentum (r12_2)
and Standard Unexplained Volume (SUV). The re-estimation of the GAN model is independent of the benchmark GAN
model. GAN 1 has 4 layers, 32 instruments and 4 hidden states. GAN 2 has 2 layers, 8 instruments and 4 hidden states
and the hence the same architecture as our benchmark model. GAN 3 has 4 layers, 16 instruments and 4 hidden states,
while GAN 4 has 3 layers, 16 instruments and 4 hidden states.
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Figure IA.10: SDF weight w as a Function of Characteristics for GAN
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These figures show the SDF weight w for alternative GAN models as two-dimensional function of characteristics keeping
the remaining variables at their mean level. The re-estimation of the GAN model is independent of the benchmark
GAN model. GAN 1 has 4 layers, 32 instruments and 4 hidden states. GAN 2 has 2 layers, 8 instruments and 4 hidden
states and the hence the same architecture as our benchmark model. GAN 3 has 4 layers, 16 instruments and 4 hidden
states, while GAN 4 has 3 layers, 16 instruments and 4 hidden states.
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Figure IA.11: SDF weight w as a Function of Characteristics for GAN
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These figures show the SDF weight w for alternative GAN models as three-dimensional function of characteristics keeping
the remaining variables at their mean level. The re-estimation of the GAN model is independent of the benchmark
GAN model. GAN 1 has 4 layers, 32 instruments and 4 hidden states. GAN 2 has 2 layers, 8 instruments and 4 hidden
states and the hence the same architecture as our benchmark model. GAN 3 has 4 layers, 16 instruments and 4 hidden
states, while GAN 4 has 3 layers, 16 instruments and 4 hidden states.

IA.D. Simulation Example

We illustrate with simulations that (1) the no-arbitrage condition in GAN is necessary to find the

SDF in a low signal-to-noise setup, (2) the flexible form of GAN is necessary to correctly capture the

interactions between characteristics, and (3) the RNN with LSTM is necessary to correctly incorporate

macroeconomic dynamics in the pricing kernel. On purpose, we have designed the simplest possible

simulation setup to convey these points and to show that the forecasting approach or the simple linear



model formulations cannot achieve these goals!]

Excess returns follow a no-arbitrage model Ry 1= BtiFi+1 + €141,i- In our simple model the SDF

follows F, "% A/ (pr, 0%) and the idiosyncratic component e ; ES (0,02). We consider two different

formulations for the risk-loadings:

1. Two characteristics: The loadings are the multiplicative interaction of two characteristics

Bra=Cy) -0 with O, G TR N(0,1).
2. One characteristic and one macroeconomic state process: The loading depends on one charac-

teristic and a cyclical state process h;:

Bri = Cri-b(hy), hy = sin(m+ t/24) + €, b(h) =
—1 otherwise.

{1 ifh>0

We observe only the macroeconomic time series with trend Z; = st + hy. All innovations are

independent and normally distributed: C;; e (0,1) and € SV (0,0.25).

The choice of the parameters is guided by our empirical results and summarized in Table [A.XIII]
The panel data set is N = 500,T = 600, where the first Ti q:n = 250 are used for training, the next
Tyaiia = 100 observations are the validation and the last Ti.ss = 250 observations form the test data
set. The first model setup with two characteristics has two distinguishing empirical features: (1) the
loadings have a non-linear interaction effect for the two characteristics; (2) for many assets the signal-
to-noise ratio is low. Because of the multiplicative form the loadings will take small values when two
characteristics with values close to zero are multiplied. Figure [[A:12]shows the form of the population
loadings. The assets with loadings in the center are largely driven by idiosyncratic noise which makes
it harder to extract their systematic component.

Table [[AXTTI reports the results for the first model. The GAN model outperforms the forecasting
approach and the linear model in all categories. Note, that it is not necessary to include the elastic
net approach as the number of covariates is only two and hence the regularization does not help.
The Sharpe Ratio of the estimated GAN SDF reaches the same value as the population SDF used to
generate the data. Based on the estimated loadings respectively the population loadings we project out
the idiosyncratic component to obtain the explained variation and cross-sectional pricing errors. As
expected the linear model is mis-specified for this setup and captures neither the SDF nor the correct
loading structure. Note, that the simple forecasting approach can generate a high Sharpe Ratio but
fails in explaining the systematic component.

Figure explains why we observe the above performance results. Note, that the SDF has
large positive respectively negative weights on the extreme corner combinations of the characteristics.
The middle combinations are close to zero. The GAN network captures this pattern and assigns
positive weights on the combinations of high/high and low/low and negative weights for high /low and
low/high. The FFN on the other hand generates a more diffuse picture. It assigns negative weights

"We have run substantially more simulations for a variety of different model formulations, where we reach the same
conclusions. The other simulation results are available upon request.

29



Table IA.XIII: Performance of Different SDF Models in Two Simulation Setups

Sharpe Ratio EV Cross-sectional R?
Model Train Valid Test ‘ Train Valid Test ‘ Train Valid Test

Two characteristics and no macroeconomic state variable

Population  0.96 1.09 094 | 0.16 0.15 0.17 | 0.17 0.15 0.17

GAN 0.98 111 094 | 0.12 0.11 0.13 | 0.10 0.09 0.07
FFN 0.94 1.04 089 | 0.05 0.04 0.05 | -0.30 -0.09 -0.33
LS 0.07 -0.10 0.01 | 0.00 0.00 0.00 | 0.00 0.01 0.01

One characteristic and one macroeconomic state variable

Population  0.89 092 0.86 | 0.18 0.18 0.17 | 0.19 0.20 0.15

GAN 079 077 064 | 018 018 0.17 | 0.19 020 0.15
FFN 0.06 -0.06 0.06 | 0.02 0.01 0.02| 0.01 001 0.02
LS 0.12 -0.06 0.10 | 0.16 016 0.15 | 0.15 0.18 0.14

This table reports the Sharpe Ratio (SR) of the SDF, explained time series variation (EV) and cross-sectional mean
R? for the GAN, FFN and LS model. EN is left out in this setup as there are only very few covariates. The data
are generated with an SDF with Sharpe Ratio SR = 1 and 6% = 0.1 and the idiosyncratic noise has o2 = 1. The
macroeconomic time-series has the trend pys = 0.05. The number of observations is N = 500,7 = 600, Tirqin = 250,
Tvalid =100 and Ttest = 250.

for low/low combinations. The FFN SDF still loads mainly on the extreme portfolios which results in
the high Sharpe Ratio. However, the FFN fails to capture the loadings correctly which leads to high
unexplained variation and pricing errors. The linear model can obviously not capture the non-linear
interaction.

The second model setup with a macroeconomic state variable is designed to model the effect of a
boom and recession cycle on the pricing model. In our model the SDF affects the assets differently
during a boom and recession cycle. Note that in our example the macroeconomic variable can by
construction only have a scaling effect on the loadings of the SDF factor, but not change its cross-
sectional distribution which only depends on firm-specific information.

Figure[TA-13]illustrates the path of the observed macroeconomic variable that has the distinguishing
feature that we observe for most macroeconomic variables in our data set: (1) the macroeconomic
process is non-stationary, i.e. it has a trend; (2) the process has a cyclical dynamic structure, i.e.
it is influenced by business cycles. For example GDP level has a similar qualitative behaviour. The
conventional approach to deal with non-stationary data is to take first differences. Figure shows
that the differenced data does indeed look stationary but loses all information about the business
cycle. The LSTM network in our GAN model can successfully extract the hidden state process. The
models based on only the most recent first differences can by construction not infer any dynamics in
the macroeconomic variables.

Table [AXTII] reports the results for the second model with macroeconomic state variable. As
expected our GAN model strongly outperforms the forecasting and the linear model. Note, that the
loading function here is linear and the macroeconomic state variable is only a time-varying propor-
tionality constant for the loadings and SDF weights. As the projection on the systematic component
is not affected by a proportionality constant, the linear model actually achieves the same explained

variation and pricing errors as GAN. However, the Sharpe Ratio of the linear model collapses as for

30



Figure IA.12: SDF Weights w for the First Model with 2 Characteristics
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This figures shows the SDF weights w as the function of the two characteristics estimated by different methods. Note
that in our simple simulation the SDF weights w coincide with the SDF loadings 3.

roughly half of the times it uses the wrong sign for the SDF weights.

The simulation section illustrates three findings: (1) All three evaluation metrics (SR, EV and XS-
R2) are necessary to assess the quality of the SDF factor. (2) By conditioning only on the most recent
macroeconomic observations, general macroeconomic dynamics are ruled out. (3) The no-arbitrage

condition in the GAN model helps to deal with a low signal-to-noise ratio.
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Figure IA.13. Dynamics of the Macroeconomic State Variable
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IA.E. Empirical Implementation

Figure TA.14: Evaluation of GAN for Different Number of GAN Iterations
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This figure shows the Sharpe ratio on the training, validation and test data for different number of iterations of the GAN
fit for the benchmark model in our empirical analysis. The number of epochs is the number of complete passes through
the training data set. The first 256 epochs are for the first stage of the unconditional GAN fit, that is, this represents
the UNC fit. This is followed by 64 epochs for constructing the conditioning function g which are not counted in these
plots. The next 1024 epochs fit the GAN model for the first set of moment conditions given by g. Hence, after the
first 256 epochs, every 1024 epochs represent one iteration of the GAN fit. Our ensemble fit is based on 9 independent
estimations of the model which are all included in the plots. Subfigure (b) shows the Sharpe ratio on the validation
data. The benchmark model in the paper uses one GAN iteration, that is, we use the model represented by the second
vertical line. The third vertical line corresponds to two GAN iterations which does not improve the Sharpe ratio. In
contrast, the unconditional model UNC represented by the first vertical line is strictly inferior to the GAN fit.
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IA.F. Illustrative GAN Example

Table IA.XIV: Performance of Different SDF Models for Portfolio Sorts based on Size, Value and

Investment
SR EV Cross-Sectional R?
Model Train Valid Test | Train Valid Test | Train Valid Test

25 Double-Sorted Size and Value Portfolios

UNC (SV) 022 042 027 ] 050 060 048 | 0.50 0.83 0.60
UNC (SVI) 030 021 028 | 064 071 060 | 077 0.83 0.82
GAN (SV-SV) 032 040 038 | 061 064 055 | 088 0.76 0.84
GAN (SVI-SV) 050 058 043 | 078 080 0.72 | 091 0.73 0.96
GAN (SVI-SVI) 050 057 051 | 081 082 0.75 | 0.90 0.69 0.98
GAN 268 143 075 ] 080 080 0.76 | 092 0.74 0.98

10 Decile Investment Portfolios + 25 Double-Sorted Size and Value Portfolios

UNC (SV) 0.22 042 027] 052 064 048] 045 088 0.60
UNC (SVI) 0.30 021 028 | 065 0.74 0.60 | 0.72 0.88 0.82
GAN (SV-SV) 032 040 038 | 0.63 068 0.57| 085 0.80 0.86
GAN (SVI-SV) 050 058 043 | 0.76 080 0.70 | 0.87  0.77 0.96
GAN (SVL-SVI) 0.50 057 051 | 079 081 0.72 | 0.88 0.73 0.98
GAN 2.68 143 0.75 \ 0.79  0.80 0.72 \ 091  0.77 0.97

This table shows the monthly Sharpe ratio (SR), explained time-series variation (EV) and cross-sectional R? for different
SDF models in the illustrative GAN example. UNC (SV) and UNC (SVI) are unconditional models with respect to the
test assets, that is, they use only size and value respectively size, value and investment for the SDF weights, but set g
to a constant. The GAN models use a non-trivial g. GAN (SVI-SV) allows the SDF weight w to depend on size, value
and investment, but the test asset function g to depend only on size and investment. The model labeled as GAN is
our benchmark model estimated with all characteristics and macroeconomic information. We evaluate the model on 25
double-sorted size and book-to-market portfolios (SV 25) and we add another 10 decile portfolios sorted on investment
(SVI 35). The portfolios are value-weighted.

34



Figure IA.15: GAN Portfolio Pricing
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This figure shows the predicted and average excess returns for the 25 and 35 sorted portfolios. The tuning parameters
are chosen optimally on the validation data set and are different from the general benchmark GAN. UNC (SV) and
UNC (SVI) are unconditional models with respect to the test assets, that is, they use only size and value respectively
size, value and investment for the SDF weights, but set g to a constant. The GAN models use a non-trivial g. GAN
(SVI-SV) allows the SDF weight w to depend on size, value and investment, but the test asset function g to depend
only on size and investment. The model labeled as GAN is our benchmark model estimated with all characteristics and
macroeconomic information. We evaluate the model on 25 double-sorted size and book-to-market portfolios (SV 25)
and we add another 10 decile portfolios sorted on investment (SVI 35). The portfolios are value-weighted.
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Table TA.XV: Explained Variation and Pricing Errors for Double-Sorted Portfolios based on Size
and Value

UNC \ GAN \GAN FullH UNC \ GAN \GAN Full

SV SVI|SV-SV SVISV SVISVI| GAN || SV SVI |SV-SV SVI-SV SVISVI| GAN

LME BEME Explained Variation | Alpha
1 1 019 0.15] -0.00 045  0.52 0.63 012 0.13| 017 003  0.00 -0.06
1 2 012 0.32] 034 062 067 074 |06 011] 010 001  -0.01 -0.04
1 3 032 055 068 073 075 0.76 0.22 0.16 | 0.09 007  0.05 0.01
1 4 053 073 074 078 078 0.75 0.9 0.12| 002 005 004 0.01
1 5 068 076 059 073 0.71 0.76 0.16 0.09| -0.03 003  0.02 0.02
2 1 031 033| -003 060  0.70 0.68 0.08 0.07| 0.14 000  -0.03 -0.02
2 2 030 054| 042 080  0.84 0.81 014 0.09| 011 001  -0.01 -0.01
2 3 037 076] 0.79 088  0.89 0.86 0.20 0.10| 0.09 005  0.04 0.03
2 4 056 083 087 088 088 0.85 0.14 0.05| 001 000  0.00 -0.01
2 5 072 08| 088 085 085 0.85 0.1 0.03|-0.00 000  0.00 0.02
3 1 051 054 0.14 069  0.77 0.73 0.08 0.07| 0.15 0.03  0.00 0.02
3 2 055 0.76] 0.62 085  0.88 0.85 0.14 0.09| 011 005  0.03 0.05
3 3 057 0.88| 088 091 0.91 0.90 0.16 0.07| 0.06 003  0.03 0.05
3 4 068 090 090 089  0.89 0.88 0.12 0.03| 0.02  0.01 0.01 0.02
3 5 078 0.86| 0.86 083  0.82 0.81 0.06 -0.02| -0.01 -0.02  -0.02 0.01
4 1 085 077| 049 076  0.80 079 [|-0.03 0.00| 008 001  -0.01 0.01
4 2 090 088| 084 085 085 0.85 [|-0.01 -0.01] 0.00 -0.01  -0.01 -0.00
4 3 086 0.88| 087 083 082 0.83 0.04 -0.01| -0.02 -0.01  -0.00 0.00
4 4 0.87 0.89] 0.89 085  0.85 0.85 0.03 -0.02| -0.03 -0.02  -0.01 0.01
4 5 084 077 083 078 078 079 [|-0.01 -0.07| -0.05 -0.05  -0.03 -0.01
5 1 -094 0.33| 057 050  0.50 044 [|-0.20 -0.09| -0.02 -0.05  -0.04 -0.06
5 2 006 047| 0.67  0.60  0.64 0.58 [|-0.13 -0.09| -0.05 -0.05  -0.03 -0.05
5 3 053 045| 062 056  0.63 057 [|-0.07 -0.09| -0.06 -0.05  -0.03 -0.04
5 4 061 056] 0.69 0.64  0.66 0.67 |[-0.10 -0.11| -0.08  -0.07  -0.04 -0.02
5 5 047 029] 058 052 056 056 [|-0.11 -0.14| -0.08 -0.08  -0.05 -0.03
Explained Variation H Cross-Sectional R?
All 0.48 0.60| 0.55  0.72 0.75 | 076 [|060 0.82] 084  0.96 0.98 0.98

This table shows the out-of-sample explained variation and pricing errors for double sorted portfolios based on size
(LME) and book-to-market ratio (BEME). UNC (SV) and UNC (SVI) are unconditional models with respect to the test
assets, that is, they use only size and value respectively size, value and investment for the SDF weights, but set g
to a constant. GAN (SVI-SV) allows the SDF weight w to depend on size, value and investment, but the test asset
function g to depend only on size and investment. The model labeled as GAN is our benchmark model estimated with
all characteristics and macroeconomic information. The portfolios are value-weighted.
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Table TA.XVI: Explained Variation and Pricing Errors for Double-Sorted Portfolios based on Size
and Value and Decile Sorted Portfolios based on Investment

UNC | GAN |GAN Full||  UNC | GAN | GAN Full

SV SVI|SV-SV SVI-SV SVI-SVI| GAN || SV SVI|SV-SV SVI-SV SVI-SVI| GAN

Investment Explained Variation H Alpha
1 0.66 0.69] 0.69  0.65 0.67 0.61 -0.00 -0.02| 0.01  -0.03  -0.02 0.01
2 0.75 0.75| 0.76  0.70 0.71 0.71 0.00 -0.01| 0.00 -0.02  -0.01 0.00
3 0.63 0.61| 0.69  0.58 0.59 0.56 -0.03 -0.04| -0.01 -0.03  -0.02 -0.03
4 0.55 0.53| 0.68  0.55 0.56 0.54 -0.06 -0.07| -0.04 -0.05  -0.05 -0.06
5 057 0.59| 0.71  0.62 0.62 057 ||-0.05 -0.05| -0.02 -0.03  -0.03 -0.04
6 0.40 0.47| 0.64  0.52 0.54 0.45 -0.05 -0.05| -0.02 -0.03  -0.02 -0.03
7 049 0.61| 0.71  0.64 0.65 0.59 -0.06 -0.05| -0.02 -0.03  -0.01 -0.03
8 0.71 0.72| 0.72  0.70 0.69 0.70 -0.07 -0.05| -0.02 -0.02  -0.01 -0.03
9 0.71 0.69| 0.64  0.64 0.63 0.65 -0.05 -0.02| 0.00  0.01 0.01 -0.00
10 0.73 0.69| 0.63  0.61 0.62 0.62 -0.10 -0.07| -0.05 -0.03  -0.03 -0.04

LME BEME Explained Variation | Alpha
1 1 014 0.13] -0.00  0.40 0.48 0.58 0.12 0.12| 0.16  0.04 0.01 -0.04
1 2 0.09 028 032 057 0.62 0.69 0.15 0.11| 009 0.02  -0.01 -0.03
1 3 0.23 048| 064  0.69 0.71 0.73 022 0.16| 0.08  0.08 0.06 0.02
1 4 040 0.65| 0.68  0.74 0.74 0.73 020 0.13| 0.03  0.06 0.04 0.02
1 5 054 0.70| 053  0.70 0.69 0.74 0.17 0.10| -0.02  0.04 0.03 0.03
2 1 0.23 0.29| -0.03  0.56 0.67 0.64 0.08 0.07| 0.13  0.01 -0.02 -0.01
2 2 022 047 041  0.76 0.81 0.78 0.14 0.09| 010 0.02  -0.00 0.00
2 3 028 0.69] 0.76  0.84 0.86 0.83 0.19 0.11| 0.08  0.05 0.04 0.04
2 4 042 0.76| 0.83  0.85 0.85 0.82 0.15 0.06| 002  0.02 0.01 0.00
2 5 058 0.80| 0.83  0.83 0.83 0.82 0.13 0.05| 001  0.01 0.01 0.02
3 1 0.39 048 0.13  0.65 0.74 0.70 0.10 0.08| 0.14  0.04 0.01 0.02
3 2 043 0.69| 061  0.83 0.86 0.83 0.15 0.09| 0.11  0.05 0.04 0.05
3 3 044 0.82] 0.86  0.90 0.90 0.89 0.16 0.08| 0.06  0.04 0.04 0.05
3 4 053 0.84] 0.87  0.88 0.88 0.86 0.13 0.05| 0.03  0.02 0.02 0.03
3 5 0.64 0.82| 084  0.83 0.82 0.80 0.09 0.01| -0.00 -0.01  -0.01 0.02
4 1 0.76 0.73| 0.49  0.75 0.80 0.79 0.01 0.02| 007  0.01 -0.00 0.01
4 2 0.82 0.86| 0.86  0.87 0.87 0.87 0.03 001| 001 0.00  -0.00 0.00
4 3 075 0.88] 0.88  0.86 0.85 0.85 0.07 0.01| -0.01 -0.00 0.00 0.01
4 4 075 0.88] 0.89  0.87 0.86 0.85 0.06 0.00 | -0.02  -0.01 0.00 0.01
4 5 0.76 0.81| 0.83  0.80 0.80 0.79 0.03 -0.04| -0.04 -0.03  -0.02 -0.01
5 1 0.28 0.60| 0.66  0.63 0.62 0.59 -0.11 -0.06| -0.02 -0.03  -0.03 -0.05
5 2 071 0.72| 077 0.74 0.75 0.71 -0.06 -0.06| -0.04 -0.03  -0.02 -0.04
5 3 083 069 0.72  0.70 0.73 0.70 -0.02 -0.05| -0.05 -0.04  -0.02 -0.03
5 4 080 0.72] 0.75  0.73 0.73 0.73 -0.04 -0.07| -0.06 -0.05  -0.03 -0.02
5 5 0.72 0.54| 0.65  0.62 0.64 0.63 -0.05 -0.10| -0.07 -0.06  -0.04 -0.02

Explained Variation H Cross-Sectional R?

All 0.48 0.60| 0.57  0.70 072 | 072 [[0.60 0.82] 0.86  0.96 098 | 097

This table shows the out-of-sample explained variation and pricing errors for the combined double sorted portfolios
based on size (LME) and book-to-market ratio (BEME) and decile sorted portfolios based on investment (Investment).
UNC (SV) and UNC (SVI) are unconditional models with respect to the test assets, that is, they use only size and
value respectively size, value and investment for the SDF weights, but set g to a constant. The GAN models use a
non-trivial g. GAN (SVI-SV) allows the SDF weight w to depend on size, value and investment, but the test asset
function g to depend only on size and investment. The model labeled as GAN is our benchmark model estimated with
all characteristics and macroeconomic information. The portfolios are value-weighted.

37



IA.G. Predictive Portfolios

IA.G.1. Decile Sorted Portfolios for GAN

Figure IA.16: Cumulative Excess Return of Equally Weighted Decile Sorted Portfolios with GAN
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This figure shows the cumulative excess return of decile sorted portfolios based on the risk loadings 5. The first portfolio
is based on the smallest decile of risk loadings, while the last decile portfolio is constructed with the largest loading
decile. Within each decile the stocks are equally weighted.
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Figure IA.17: Cumulative Excess Return of Value Weighted Decile 8 Portfolios with GAN
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This figure shows the cumulative excess return of decile sorted portfolios based on the risk loadings 8 for GAN. The first
portfolio is based on the smallest decile of risk loadings, while the last decile portfolio is constructed with the largest
loading decile. Within each decile the stocks are value weighted.
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Table TA.XVII: Time Series Pricing Errors for Value Weighted 3-Sorted Portfolios

Average Returns H Market-Rf H Fama-French 3 H Fama-French 5
Whole Test Whole Test Whole Test Whole Test
Decile « t « t « t « t « t « t
1 -0.04 -0.02 -0.11  -6.10 -0.12 -3.87 || -0.11 -5.99 -0.12 -3.90 || -0.10 -5.14 -0.10 -3.28
2 0.03 0.05 -0.03 -2.87 -0.02 -1.19 || -0.03 -2.28 -0.02 -0.91 || -0.02 -2.07 -0.01 -0.72
3 0.05 0.06 -0.01 -1.43 -0.02 -1.01 || -0.00 -0.48 -0.01 -0.34 || -0.00 -0.12 -0.00 -0.05
4 0.06 0.07 -0.00 -0.50 0.00 0.13 0.00 049 0.01 0.92 0.00 0.27 0.01 0.89
5 0.08 0.08 0.02 2.04 0.01 0.52 0.02 2.63 0.01 1.08 0.02 2.07 0.01 043
6 0.09 0.10 0.02 2.62 0.02 1.69 0.03 2.86 0.03 2.11 0.02 232 0.03 1.67
7 0.12 0.12 0.05 5.23 0.05  3.27 0.05 487 0.05 3.24 0.04 3.52 0.03 210
8 0.14 0.11 0.08 6.37 0.04 2.71 0.07 552 0.04 2.32 0.05 410 0.02 1.11
9 0.18 0.15 0.11 6.56 0.07 3.24 0.08 5.47 0.05  2.52 0.06 4.32 0.03 1.39
10 0.29 0.24 0.20 7.20 0.13  3.38 0.15 6.72 0.10 2.88 0.16 6.88 0.11 3.01
10-1 0.33 0.26 0.31 10.00 0.25 5.61 0.26 9.68 0.22 5.23 H 0.25 9.19 0.22 490
GRS Asset Pricing Test GRS P GRS P GRS p GRS P GRS p GRS p
11.15  0.00 3.94 0.00 10.29 0.00 3.76  0.00 8.80 0.00 2.87 0.00

This table shows the average returns, time series pricing errors and corresponding t-statistics for S-sorted decile portfolios
based on GAN. The pricing errors are based on the CAPM and Fama-French 3 and 5 factors models. Returns are
annualized. The GRS-test is under the null hypothesis of correctly pricing all decile portfolios and includes the p-values.
We consider the full time period and the test period. Within each decile the stocks are value weighted.
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IA.G.2. Decile Sorted Portfolios for FFN

Figure TA.18: Cumulative Excess Return of Equally Weighted Decile § Portfolios with FFN
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This figure shows the cumulative excess return of decile sorted portfolios based on the risk loadings 8 for FFN. The first
portfolio is based on the smallest decile of risk loadings, while the last decile portfolio is constructed with the largest
loading decile. Within each decile the stocks are equally weighted.
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Figure IA.19: Cumulative Excess Return of Value Weighted Decile 8 Portfolios with FFN
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This figure shows the cumulative excess return of decile sorted portfolios based on the risk loadings 8 for FFN. The first
portfolio is based on the smallest decile of risk loadings, while the last decile portfolio is constructed with the largest
loading decile. Within each decile the stocks are value weighted.
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IA.G.3. Decile Sorted Portfolios for EN

Figure TA.20: Cumulative Excess Return of Equally Weighted Decile 5 Portfolios with EN
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This figure shows the cumulative excess return of decile sorted portfolios based on the risk loadings 8 for EN. The first
portfolio is based on the smallest decile of risk loadings, while the last decile portfolio is constructed with the largest
loading decile. Within each decile the stocks are equally weighted.
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Figure TA.21: Cumulative Excess Return of Value Weighted Decile § Portfolios with EN
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This figure shows the cumulative excess return of decile sorted portfolios based on the risk loadings S for EN. The first
portfolio is based on the smallest decile of risk loadings, while the last decile portfolio is constructed with the largest
loading decile. Within each decile the stocks are value weighted.
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IA.G.4. Decile Sorted Portfolios for LS

Figure TA.22: Cumulative Excess Return of Equally Weighted Decile § Portfolios with LS
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This figure shows the cumulative excess return of decile sorted portfolios based on the risk loadings 5 for LS. The first
portfolio is based on the smallest decile of risk loadings, while the last decile portfolio is constructed with the largest
loading decile. Within each decile the stocks are equally weighted.
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Figure IA.23: Cumulative Excess Return of Value Weighted Decile 8 Portfolios with LS
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This figure shows the cumulative excess return of decile sorted portfolios based on the risk loadings 5 for LS. The first
portfolio is based on the smallest decile of risk loadings, while the last decile portfolio is constructed with the largest
loading decile. Within each decile the stocks are value weighted.
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IA.H. SDF Structure for FFN, EN and LS

IA.H.1. SDF Structure for FFN

Figure TA.24: SDF weight w as a Function of Characteristics for FFN
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This figures show the SDF weight w as function of short-term reversal, momentum, size and book-to-market ratio for
different quantiles of the second variable while keeping the remaining variables at their mean level.
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Figure IA.25: SDF weight w as a Function of Characteristics for FFN
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These figures show the SDF weight w as two- and three-dimensional functions of characteristics keeping the remaining

variables at their mean level.
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IA.H.2. SDF Structure for EN

Figure TA.26: SDF weight w as a Function of Characteristics for EN
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This figures show the SDF weight w as function of short-term reversal, momentum, size and book-to-market ratio for
different quantiles of the second variable while keeping the remaining variables at their mean level.
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Figure IA.27: SDF weight w as a Function of Characteristics for EN
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These figures show the SDF weight w as two- and three-dimensional functions of characteristics keeping the remaining

variables at their mean level.
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IA.H.3. SDF Structure for LS

Figure IA.28: SDF weight w as a Function of Characteristics for LS
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This figures show the SDF weight w as function of short-term reversal, momentum, size and book-to-market ratio for
different quantiles of the second variable while keeping the remaining variables at their mean level.
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Figure IA.29: SDF weight w as a Function of Characteristics for LS
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These figures show the SDF weight w as two- and three-dimensional functions of characteristics keeping the remaining

variables at their mean level.
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TIA.I. Machine-Learning Investment

Table TA.XVIII: SDF Portfolio Risk Measures

SR Max Loss Max Drawdown

Model Train Valid Test | Train Valid Test | Train Valid Test

FF-3 027 -0.09 0.19 | -245 -285 -4.31 7 10 10
FF-5 0.48 040 0.22 | -2.62 -2.33 -4.90 4 3 7
LS 1.80 0.58 042 | -1.96 -1.87 -4.99 1 3 4
EN 1.37 115 0.50 | -2.22  -1.81 -6.18 1 3 5
FFN 045 042 044 | -3.30 -4.61 -3.37 6 3 )
GAN  2.68 143 075 | 038 -0.28 -5.76 0 1 5

This table reports the Sharpe ratio, maximum 1-month loss and maximum drawdown of the SDF portfolios. We include
the mean-variance efficient portfolio based on the 3 and 5 Fama-French factors.

Table TA.XIX: Turnover by Models

Long Position Short Position

Model Train Valid Test | Train Valid Test

LS 025 022 024 | 064 055 0.61
EN 036 035 035 ] 083 083 0.84
FFN 0.69 0.63 0.65 | 1.38 1.29 1.27

GAN 047 040 0.40 ‘ 1.05 1.04 1.02

This table reports the turnover for positions with positive and negative weights for the SDF portfolios. It is defined
as % Zle(zl (1 + Rpyi1)wiir1r — (1 4+ Rieq1)wie|), where w;, is the portfolio weight of stock ¢ at time ¢, and
Rpiy1 =3, Ritr1wi, is the corresponding portfolio return. Long and short positions are calculated separately, and
the portfolio weights are normalized to ||Jwe|1 = 1.
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Table TA.XX: SDF Risk Measures for Large Market Cap Stocks

SR Max Loss Max Drawdown
Model Train Valid Test | Train Valid Test | Train Valid Test
Size > 0.001% of total market cap
LS 1.44 0.31 0.13 -3.07  -2.19 -4.59 1 3
EN 0.93 0.56 0.15 -3.00  -2.45 -4.82 2 3
FFN 0.42 0.20 0.30 | -3.89 -4.66 -4.33 6 4
GAN 2.32 1.09 0.41 -1.17  -1.14 -4.84 1 1 5
Size > 0.01% of total market cap
LS 0.32 -0.11  -0.06 | -3.11 -1.82 -3.67 4 5 7
EN 0.37 0.26 0.23 -4.44  -2.67 -4.66 4
FFN 0.32 0.17 0.24 | -3.30 -4.53 -5.08 7 5 5
GAN 0.97 0.54 0.26 -6.91 -1.36 -5.01 2 2 7

The table shows the monthly Sharpe Ratio, maximum 1-month loss

and maximum drawdown of the SDF portfolios

for the GAN, FFN, EN and LS models. The models are estimated on all stocks but evaluated on stocks with market
capitalization larger than 0.01% or 0.001% of the total market capitalization.

Table TA.XXI: Sharpe Ratio of Long-Short Portfolios with FFN

Quantile SR (Train) SR (Valid) SR (Test)
(i) Equally Weighted
1% 1.24 0.65 0.66
5% 1.36 1.10 0.71
10% 1.30 1.31 0.67
25% 1.19 1.20 0.57
50% 1.09 1.26 0.52
(ii) Value Weighted
1% 0.98 0.35 0.39
5% 0.89 0.71 0.42
10% 0.70 0.45 0.32
25% 0.55 0.28 0.17
50% 0.43 0.20 0.15

This table shows monthly Sharpe Ratios of long-short portfolios based on the extreme deciles of returns predicted by
FFN. The model is a 3-layer feedforward network, and the hidden layers have 32, 16 and 8 neurons. The predictors are
46 firm-specific characteristics. The stocks are sorted into quantiles (1%, 5%, 10%, 25% and 50%) based on forecasts.
A zero-net-investment portfolio is constructed by buying the highest expected return stocks and selling the lowest with

equal weights or value weighted by market capitalization.
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IA.J. Additional Empirical Results

IA.J.1. Asset Pricing on Sorted Portfolios for Additional Characteristics

Table IA.XXII: Explained Variation and Pricing Errors for Double-Sorted Portfolios based on Size
and Dividend Yield

EN FFN GAN H EN FFN GAN
LME D2P Explained Variation H Alpha

1 1 0.82 0.78 0.83 || -0.01 -0.01 -0.02
1 2 0.79 0.72 0.78 0.01 0.01 -0.01
1 3 0.74 0.71  0.77 0.04 0.02 -0.00
1 4 0.29 0.30 031 0.09 0.04 0.07
1 5 0.21 0.13 0.44 || -0.10 -0.11 -0.04
2 1 0.82 0.51 0.83 || -0.03 0.06 -0.01
2 2 0.81 0.56 0.85 0.01 0.08 0.01
2 3 0.72 0.54 0.78 || -0.01 0.05 -0.01
2 4 0.61 0.52 0.60 || -0.04 -0.03 -0.07
2 5 0.51 0.58 0.67 || -0.07 -0.06 -0.03
3 1 0.73 0.46 0.81 0.09 0.15 0.06
3 2 0.76 0.54 0.84 0.04 0.11  0.02
3 3 0.70 0.51 0.83 0.09 0.15 0.06
3 4 0.77 0.69 0.83 0.05 0.07 0.02
3 5 0.67 0.70 070 || -0.05 -0.04 -0.03
4 1 0.62 0.47 0.80 0.12 0.14 0.04
4 2 0.67 0.58 0.83 0.08 0.09 0.01
4 3 0.59 0.52 0.79 0.10 0.10 0.02
4 4 0.77 0.78 0.78 0.03 -0.00 -0.02
4 5 0.56 0.54 054 || -0.07 -0.09 -0.07
5 1 0.15 0.35 0.53 0.11  0.07 0.01
5 2 0.23 0.39 0.60 0.09 0.05 0.00
5 3 0.23 0.21 0.51 0.03 -0.05 -0.06
5 4 040 0.22 036 || -0.03 -0.09 -0.06
5 5 0.36 0.38 043 || -0.00 -0.06 -0.03
Explained Variation Cross-Sectional R?

All 0.58 0.50  0.67 0.89 0.84 0.96

This table shows the out-of-sample explained variation and pricing errors for decile sorted portfolios based on Size (LME)
and Dividend Yield (D2P).
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Table TA.XXIII: Explained Variation and Pricing Errors for Decile Sorted Portfolios based on
Standard Unexplained Volume

SUV EN FFN GAN | EN FFN GAN

Decile Explained Variation H Alpha

1 -0.22  0.50 0.78 0.28 0.00 -0.06
2 -0.03 0.64 0.82 0.33 0.10 0.03
3 0.11 0.69 0.80 0.26  0.06 0.02
4 0.28 0.71  0.80 0.21 0.03 -0.01
5 049 079 0.83 0.16 0.02 0.01
6 0.58 0.84 0.87 0.10 -0.04 -0.04
7 0.72 0.84 0.86 0.11  0.00 0.03
8 0.78 0.82 0.85 0.03 -0.01 0.01
9 0.76 0.78 0.83 || -0.03 -0.09 -0.02
10 0.76 083 0.85 || -0.13 -0.06 -0.00
Explained Variation Cross-Sectional R?

All 0.42 0.75 0.83 0.64 0.97 0.99

This table shows the out-of-sample explained variation and pricing errors for decile sorted portfolios based on Standard
Unexplained Volume (SUV).

Table IA.XXIV: Explained Variation and Pricing Errors for Decile Sorted Portfolios based on Net
Operating Assets

NOA EN FFN GAN H EN FFN GAN
Decile Explained Variation H Alpha

1 0.41 0.55 0.66 0.17 0.10 0.09

2 0.57 0.72 0.80 0.05 -0.01 0.04

3 0.58 0.79 0.84 -0.06 -0.07 -0.03

4 0.69 0.76 0.78 0.02 0.01 0.05

5 0.73 0.75 0.77 -0.03 -0.04 0.00

6 0.64 0.75 0.75 0.06 0.03 0.05

7 0.72 0.82 0.83 0.02 -0.01 -0.00

8 0.67 0.75 0.84 -0.08 -0.12 -0.13

9 0.66 0.79 0.85 0.10 0.07 0.02

10 0.43 047 0.75 -0.04 -0.06 -0.15
Explained Variation || Cross-Sectional R?

All 0.58 0.69 0.78 094 096 0.95

This table shows the out-of-sample explained variation and pricing errors for decile sorted portfolios based on Net
Operating Assets (NOA).
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IA.J.2.  SDF Structure for Additional Characteristics

TIA.J.2.1. One-Dimensional Relationship

Figure IA.30: SDF weight w as a Function of Characteristics for GAN
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This figure shows the SDF weight w as a one-dimensional function of characteristics keeping the other covariates at their
mean level. The characteristics are Short-Term Reversal (ST-REV), Standard Unexplained Volume (SUV), Momentum
(r12_2), Net Operating Assets (NOA), Selling, General and Administrative Expenses to Sales (SGA2S), Size (LME), Return
on Net Operating Assets (RNA) and Turnover (LTurnover).
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Figure IA.31: SDF weight w as a Function of Characteristics for FFN
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This figure shows the SDF weight w as a one-dimensional function of characteristics keeping the other covariates at their
mean level. The characteristics are Short-Term Reversal (ST-REV), Standard Unexplained Volume (SUV), Momentum
(r12_2), Net Operating Assets (NOA), Selling, General and Administrative Expenses to Sales (SGA2S), Size (LME), Return
on Net Operating Assets (RNA) and Turnover (LTurnover).
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Figure TA.32: SDF weight w as a Function of Characteristics for EN
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This figure shows the SDF weight w as a one-dimensional function of characteristics keeping the other covariates at their
mean level. The characteristics are Short-Term Reversal (ST_REV), Standard Unexplained Volume (SUV), Momentum
(r12.2), Net Operating Assets (NOA), Selling, General and Administrative Expenses to Sales (SGA2S), Size (LME), Return
on Net Operating Assets (RNA) and Turnover (LTurnover).
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Figure IA.33: SDF weight w as a Function of Characteristics for LS
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This figure shows the SDF weight w as a one-dimensional function of characteristics keeping the other covariates at their
mean level. The characteristics are Short-Term Reversal (ST_REV), Standard Unexplained Volume (SUV), Momentum
(r12.2), Net Operating Assets (NOA), Selling, General and Administrative Expenses to Sales (SGA2S), Size (LME), Return
on Net Operating Assets (RNA) and Turnover (LTurnover).
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TA.J.2.2. Interaction between Characteristics

Figure IA.34: SDF weight w as a Function of Size (LME) and Dividend Yield (D2P)
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These figures show the SDF weight w as two-dimensional function of characteristics keeping the remaining variables at
their mean level. The two characteristics are Size (LME) and Dividend Yield (D2P).
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Figure IA.35: SDF weight w as a Function of Size (LME), Dividend Yield (D2P) and Short-Term
Reversal (ST_REV)
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These figures show the SDF weight w as three-dimensional function of characteristics keeping the remaining variables
at their mean level. The two characteristics are Size (LME), Dividend Yield (D2P) and Short-Term Reversal (ST_REV).
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Figure IA.36: SDF weight w as a Function of Size (LME) and Dividend Yield (D2P)
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This figures show the SDF weight w as function of Size (LME) and Dividend Yield (D2P) for different quantiles of the
second variable while keeping the remaining variables at their mean level.
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IAK.1.

IA.K. Data

List of Macroeconomic Variables

Table TA.XXV: Macroeconomic Variables

Variable Name Description Source tCode
RPI Real Personal Income Fred-MD 5
W875RX1 Real personal income ex transfer receipts Fred-MD 5
DPCERA3MO0O86SBEA Real personal consumption expenditures Fred-MD 5
CMRMTSPLx Real Manu. and Trade Industries Sales Fred-MD 5
RETAILx Retail and Food Services Sales Fred-MD 5
INDPRO IP Index Fred-MD 5
IPFPNSS IP: Final Products and Nonindustrial Supplies Fred-MD 5
IPFINAL IP: Final Products (Market Group) Fred-MD 5
IPCONGD IP: Consumer Goods Fred-MD 5
IPDCONGD IP: Durable Consumer Goods Fred-MD 5
IPNCONGD IP: Nondurable Consumer Goods Fred-MD 5
IPBUSEQ IP: Business Equipment Fred-MD 5
IPMAT IP: Materials Fred-MD 5
IPDMAT IP: Durable Materials Fred-MD 5
IPNMAT IP: Nondurable Materials Fred-MD 5
IPMANSICS IP: Manufacturing (SIC) Fred-MD 5
IPB512228 IP: Residential Utilities Fred-MD 5
IPFUELS IP: Fuels Fred-MD 5
CUMFNS Capacity Utilization: Manufacturing Fred-MD 2
HWI Help-Wanted Index for United States Fred-MD 2
HWIURATIO Ratio of Help Wanted/No. Unemployed Fred-MD 2
CLF160V Civilian Labor Force Fred-MD 5
CE160V Civilian Employment Fred-MD 5
UNRATE Civilian Unemployment Rate Fred-MD 2
UEMPMEAN Average Duration of Unemployment (Weeks) Fred-MD 2
UEMPLTS5 Civilians Unemployed - Less Than 5 Weeks Fred-MD 5
UEMP5TO14 Civilians Unemployed for 5-14 Weeks Fred-MD 5
UEMP150V Civilians Unemployed - 15 Weeks & Over Fred-MD 5
UEMP15T26 Civilians Unemployed for 15-26 Weeks Fred-MD 5
UEMP270V Civilians Unemployed for 27 Weeks and Over Fred-MD 5
CLAIMSx Initial Claims Fred-MD 5
PAYEMS All Employees: Total nonfarm Fred-MD 5
USGOOD All Employees: Goods-Producing Industries Fred-MD 5
CES1021000001 All Employees: Mining and Logging: Mining Fred-MD 5
USCONS All Employees: Construction Fred-MD 5
MANEMP All Employees: Manufacturing Fred-MD 5
DMANEMP All Employees: Durable goods Fred-MD 5
NDMANEMP All Employees: Nondurable goods Fred-MD 5
SRVPRD All Employees: Service-Providing Industries Fred-MD 5
USTPU All Employees: Trade, Transportation & Utilities Fred-MD 5
USWTRADE All Employees: Wholesale Trade Fred-MD 5
USTRADE All Employees: Retail Trade Fred-MD 5
USFIRE All Employees: Financial Activities Fred-MD 5
USGOVT All Employees: Government Fred-MD 5
CES0600000007 Avg Weekly Hours : Goods-Producing Fred-MD 1
AWOTMAN Avg Weekly Overtime Hours : Manufacturing Fred-MD 2
AWHMAN Avg Weekly Hours : Manufacturing Fred-MD 1
HOUST Housing Starts: Total New Privately Owned Fred-MD 4
HOUSTNE Housing Starts, Northeast Fred-MD 4
HOUSTMW Housing Starts, Midwest Fred-MD 4
HOUSTS Housing Starts, South Fred-MD 4
HOUSTW Housing Starts, West Fred-MD 4
PERMIT New Private Housing Permits (SAAR) Fred-MD 4
PERMITNE New Private Housing Permits, Northeast (SAAR) Fred-MD 4
PERMITMW New Private Housing Permits, Midwest (SAAR) Fred-MD 4
PERMITS New Private Housing Permits, South (SAAR) Fred-MD 4
PERMITW New Private Housing Permits, West (SAAR) Fred-MD 4
AMDMNOx New Orders for Durable Goods Fred-MD 5
AMDMUOx Unfilled Orders for Durable Goods Fred-MD 5
BUSINVx Total Business Inventories Fred-MD 5
ISRATIOx Total Business: Inventories to Sales Ratio Fred-MD 2
MI1SL M1 Money Stock Fred-MD 6
M2SL M2 Money Stock Fred-MD 6
M2REAL Real M2 Money Stock Fred-MD 5
AMBSL St. Louis Adjusted Monetary Base Fred-MD 6
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Variable Name Description Source tCode
TOTRESNS Total Reserves of Depository Institutions Fred-MD 6
NONBORRES Reserves Of Depository Institutions Fred-MD 7
BUSLOANS Commercial and Industrial Loans Fred-MD 6
REALLN Real Estate Loans at All Commercial Banks Fred-MD 6
NONREVSL Total Nonrevolving Credit Fred-MD 6
CONSPI Nonrevolving consumer credit to Personal Income Fred-MD 2
S&P 500 S&P’s Common Stock Price Index: Composite Fred-MD 5
S&P: indust S&P’s Common Stock Price Index: Industrials Fred-MD 5
S&P div yield S&P’s Composite Common Stock: Dividend Yield Fred-MD 2
S&P PE ratio S&P’s Composite Common Stock: Price-Earnings Ratio Fred-MD 5
FEDFUNDS Effective Federal Funds Rate Fred-MD 2
CP3Mx 3-Month AA Financial Commercial Paper Rate Fred-MD 2
TB3MS 3-Month Treasury Bill Fred-MD 2
TB6MS 6-Month Treasury Bill Fred-MD 2
GS1 1-Year Treasury Rate Fred-MD 2
GS5 5-Year Treasury Rate Fred-MD 2
GS10 10-Year Treasury Rate Fred-MD 2
AAA Moody’s Seasoned Aaa Corporate Bond Yield Fred-MD 2
BAA Moody’s Seasoned Baa Corporate Bond Yield Fred-MD 2
COMPAPFFx 3-Month Commercial Paper Minus FEDFUNDS Fred-MD 1
TB3SMFFM 3-Month Treasury C Minus FEDFUNDS Fred-MD 1
TB6SMFFM 6-Month Treasury C Minus FEDFUNDS Fred-MD 1
T1IYFFM 1-Year Treasury C Minus FEDFUNDS Fred-MD 1
T5YFFM 5-Year Treasury C Minus FEDFUNDS Fred-MD 1
T10YFFM 10-Year Treasury C Minus FEDFUNDS Fred-MD 1
AAAFFM Moody’s Aaa Corporate Bond Minus FEDFUNDS Fred-MD 1
BAAFFM Moody’s Baa Corporate Bond Minus FEDFUNDS Fred-MD 1
EXSZUSx Switzerland / U.S. Foreign Exchange Rate Fred-MD 5
EXJPUSx Japan / U.S. Foreign Exchange Rate Fred-MD 5
EXUSUKx U.S. / U.K. Foreign Exchange Rate Fred-MD 5
EXCAUSx Canada / U.S. Foreign Exchange Rate Fred-MD 5
WPSFD49207 PPI: Finished Goods Fred-MD 6
WPSFD49502 PPI: Finished Consumer Goods Fred-MD 6
WPSID61 PPI: Intermediate Materials Fred-MD 6
WPSID62 PPI: Crude Materials Fred-MD 6
OILPRICEx Crude Oil, spliced WTI and Cushing Fred-MD 6
PPICMM PPI: Metals and metal products Fred-MD 6
CPIAUCSL CPI : All Items Fred-MD [§]
CPIAPPSL CPI : Apparel Fred-MD 6
CPITRNSL CPI : Transportation Fred-MD 6
CPIMEDSL CPI : Medical Care Fred-MD 6
CUSRO000SAC CPI : Commodities Fred-MD 6
CUSRO000SAD CPI : Durables Fred-MD 6
CUSRO000SAS CPI : Services Fred-MD 6
CPIULFSL CPI : All Items Less Food Fred-MD 6
CUSRO000SAOL?2 CPI : All items less shelter Fred-MD 6
CUSRO000SAOLS5 CPI : All items less medical care Fred-MD 6
PCEPI Personal Cons. Expend.: Chain Index Fred-MD 6
DDURRG3MO086SBEA Personal Cons. Exp: Durable goods Fred-MD 6
DNDGRG3MO086SBEA Personal Cons. Exp: Nondurable goods Fred-MD 6
DSERRG3MO086SBEA Personal Cons. Exp: Services Fred-MD 6
CES0600000008 Avg Hourly Earnings : Goods-Producing Fred-MD 6
CES2000000008 Avg Hourly Earnings : Construction Fred-MD 6
CES3000000008 Avg Hourly Earnings : Manufacturing Fred-MD 6
MZMSL MZM Money Stock Fred-MD 6
DTCOLNVHFNM Consumer Motor Vehicle Loans Outstanding Fred-MD 6
DTCTHFNM Total Consumer Loans and Leases Outstanding Fred-MD 6
INVEST Securities in Bank Credit at All Commercial Banks Fred-MD 6
VXOCLSx CBOE S&P 100 Volatility Index: VXO Fred-MD 1
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Variable Name Description Source tCode

A2ME Cross sectional Median of A2ME Calculated from Characteristics 5
AC Cross sectional Median of AC Calculated from Characteristics 2
AT Cross sectional Median of AT Calculated from Characteristics 6
ATO Cross sectional Median of ATO Calculated from Characteristics 5
BEME Cross sectional Median of BEME Calculated from Characteristics 5
Beta Cross sectional Median of Beta Calculated from Characteristics 1
C Cross sectional Median of C Calculated from Characteristics 5
CF Cross sectional Median of CF Calculated from Characteristics 2
CF2P Cross sectional Median of CF2P Calculated from Characteristics 5
CTO Cross sectional Median of CTO Calculated from Characteristics 5
D2A Cross sectional Median of D2A Calculated from Characteristics 5
D2P Cross sectional Median of D2P Calculated from Characteristics 2
DPI2A Cross sectional Median of DPI2A Calculated from Characteristics 5
E2P Cross sectional Median of E2P Calculated from Characteristics 5
FC2Y Cross sectional Median of FC2Y Calculated from Characteristics 5
IdioVol Cross sectional Median of IdioVol Calculated from Characteristics 5
Investment Cross sectional Median of Investment Calculated from Characteristics 5
Lev Cross sectional Median of Lev Calculated from Characteristics 5
LME Cross sectional Median of LME Calculated from Characteristics 6
LT_Rev Cross sectional Median of LT_Rev Calculated from Characteristics 2
LTurnover Cross sectional Median of LTurnover Calculated from Characteristics 5
MktBeta Cross sectional Median of MktBeta Calculated from Characteristics 1
NI Cross sectional Median of NI Calculated from Characteristics 1
NOA Cross sectional Median of NOA Calculated from Characteristics 5
OA Cross sectional Median of OA Calculated from Characteristics 2
OL Cross sectional Median of OL Calculated from Characteristics 5
OoP Cross sectional Median of OP Calculated from Characteristics 5
PCM Cross sectional Median of PCM Calculated from Characteristics 5
PM Cross sectional Median of PM Calculated from Characteristics 5
PROF Cross sectional Median of PROF Calculated from Characteristics 5
Q Cross sectional Median of Q Calculated from Characteristics 5
r2.1 Cross sectional Median of r2_1 Calculated from Characteristics 2
rl2.2 Cross sectional Median of r12_2 Calculated from Characteristics 2
rl2.7 Cross sectional Median of r12_.7 Calculated from Characteristics 2
r36-13 Cross sectional Median of r36-13 Calculated from Characteristics 2
Rel2High Cross sectional Median of Rel2High Calculated from Characteristics 5
Resid_Var Cross sectional Median of Resid_Var Calculated from Characteristics 5
RNA Cross sectional Median of RNA Calculated from Characteristics 5
ROA Cross sectional Median of ROA Calculated from Characteristics 5
ROE Cross sectional Median of ROE Calculated from Characteristics 5
S2p Cross sectional Median of S2P Calculated from Characteristics 5
SGA2S Cross sectional Median of SGA2S Calculated from Characteristics 5
Spread Cross sectional Median of Spread Calculated from Characteristics 5
ST_REV Cross sectional Median of ST_REV Calculated from Characteristics 2
SUV Cross sectional Median of SUV Calculated from Characteristics 1
Variance Cross sectional Median of Variance Calculated from Characteristics 5
dp Divident-price ratio Welch and Goyal (2008) 2
ep Earnings-price ratio Welch and Goyal (2008) 2
bm Book-to-market ratio ‘Welch and Goyal (2008) 5
ntis Net equity expansion Welch and Goyal (2008) 2
tbl Treasury-bill rate Welch and Goyal (2008) 2
tms Term spread Welch and Goyal (2008) 1
dfy Default spread ‘Welch and Goyal (2008) 2
svar Stock variance Welch and Goyal (2008) 5

This table reports the macroeconomic variables, their description, source and stationary transformation. The trans-
formations (tCode) are (1) no transformation; (2) Aze; (3) A%ze; (4) log(w:); (5) Alog(w:); (6) A%log(x:); and (7)
A(mt/rt,1 — 1.0).
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Table TA.XXVI: List of Recessions in the United States (1967-2016)

Period Range Duration | Description
Dec 1969 - Nov 1970 | 11 months | fiscal tightening, monetary tightening
Nov 1973 - Mar 1975 | 16 months | oil crisis (1973), stock market crash (1973-1974)
Jan 1980 - July 1980 | 6 months | monetary tightening
July 1981 - Nov 1982 | 16 months | energy crisis (1979), monetary tightening
July 1990 - Mar 1991 | 8 months | oil price shock (1990), debt accumulation, consumer pessimism
Mar 2001 - Nov 2001 | 8 months | dot-com bubble, 9/11 attacks
Dec 2007 - June 2009 | 18 months | subprime mortgage crisis

This table describes the NBER Recessions.
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IA.K.2.  List of Firm-Specific Characteristics

Table TA.XXVII: Firm-Specific Characteristics

Acronym Name Definition Reference
A2ME Assets to market cap Total assets (AT) over market capitalization (PRC*SHROUT) as of December t-1 Bhandari

AC Accrual Change in operating working capital per split-adjusted share from the fiscal year end t-2 -
to t-1 divided by book equity (defined in BEME) per share in t-1. Operating working
capital per split-adjusted share is defined as current assets (ACT) minus cash and short-
term investments (CHE) minus current liabilities (LCT) minus debt in current liabilities
(DLC) minus income taxes payable (TXP).

AT Total Assets Total Assets (AT) Gandhi and Lustig]

ATO Net sales over lagged Net sales (SALE) over lagged net operating assets. Net operating assets are the differ-
net operating assets ence between operating assets and operating liabilities (defined in NOA)
BEME Book to Market Ratio Book equity is shareholder equity (SH) plus deferred taxes and investment tax credit

(TXDITC), minus preferred stock (PS). SH is shareholders’ equity (SEQ). If missing,
SH is the sum of common equity (CEQ) and preferred stock (PS). If missing, SH is the
difference between total assets (AT) and total liabilities (LT). Depending on availability,
we use the redemption (item PSTKRV), liquidating (item PSTKL), or par value (item
PSTK) for PS. The market value of equity (PRC*SHROUT) is as of December t-1.

Beta CAPM Beta Product of correlations between the excess return of stock i and the market excess return |Frazzini and Pedersen
and the ratio of volatilities. We calculate volatilities from the standard deviations of

daily log excess returns over a one-year horizon requiring at least 120 observations. We
estimate correlations using overlapping three-day log excess returns over a five-year
period requiring at least 750 non-missing observations.

C Ratio of cash and Ratio of cash and short-term investments (CHE) to total assets (AT)
short-term invest-
ments to total assets

CF Free Cash Flow to Cash flow to book value of equity is the ratio of net income (NI), depreciation and |Hou Karolyi, and |
Book Value amortization (DP), less change in working capital (WCAPCH), and capital expenditure
(CAPX) over the book-value of equity (defined in BEME)
CF2P Cashflow to price Cashflow over market capitalization (PRC*SHROUT) as of December t-1. Cashflow is Desai, Rajgopal, and
defined as income before extraordinary items (IB) plus depreciation and amortization Venkatachalam)| (2004

(DP) plus deferred taxes (TXDB).

CTO Capital turnover Ratio of net sales (SALE) to lagged total assets (AT)
D2A Capital intensity Ratio of depreciation and amortization (DP) to total assets (AT)
D2P Dividend Yield Total dividends (DIVAMT) paid from July of t-1 to June of t per dollar of equity (LME) |Litzenberger and
in June of t Ramaswamy] (1979)
DPI2A Change in property, Changes in property, plants, and equipment (PPEGT) and inventory (INVT) over lagged |Lyandres Sun, and |

plants, and equipment total assets (TA)

Zhang]

E2P Earnings to price The earnings used in June of year t are total earnings before extraordinary items for the
last fiscal year end in t-1. P (actually ME) is price times shares outstanding at the end
of December of t-1.

FC2Y Fixed costs to sales Ratio of selling, general, and administrative expenses (XSGS), research and development |D’Acunto Liu, |
expenses (XRD), and advertising expenses (XAD) to net sales (SALE) |Pflueger, and We- |

IdioVol Idiosyncratic volatil-  Standard deviation of the residuals from aregression of excess returns on the Fama and
ity French three-factor model
Investment Investment Change in total assets (AT) from the fiscal year ending in year t-2 to the fiscal year |Cooper, Gulen, and |

ending in t-1, divided by t-2 total assets

Schill

Lev Leverage Ratio of long-term debt (DLTT) and debt in current liabilities (DLC) to the sum of
long-term debt, debt in current liabilities, and stockholders’ equity (SEQ)

LME Size Total market capitalization at the end of the previous month defined as price times
shares outstanding
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Acronym

Name

Definition

Reference

LT _Rev

Long-term reversal

Cumulative return from 60 months before the return prediction to 13 months before

|Jegadeesh and Titmanl

Lturnover Turnover Turnover is last month’s volume (VOL) over shares outstanding (SHROUT) Datar, Naik, and
Radcliffe
MktBeta Market Beta Coefficient of the market excess return from the regression on excess returns in the past m

60 months (24 months minimum)

NI Net Share Issues The change in the natural log of split-adjusted shares outstanding (CSHO*AJEX) from [Pontiff and Woodgate|
the fiscal yearend in t-2 to the fiscal yearend in t-1 (2008))
NOA Net operating assets Difference between operating assets minus operating liabilities scaled by lagged total as- |Hirsh1eifer, Hou, |
sets (AT). Operating assets are total assets (AT) minus cash and short-term investments
(CHE), minus investment and other advances (IVAO). Operating liabilities are total as- (2004))
sets (AT), minus debt in current liabilities (DLC), minus long-term debt (DLTT), minus
minority interest (MIB), minus preferred stock (PSTK), minus common equity (CEQ).
OA Operating accruals Changes in non-cash working capital minus depreciation (DP) scaled by lagged total - 6))
assets (TA). Non-cash working capital is defined in Accrual (AC)
OL Operating leverage Sum of cost of goods sold (COGS) and selling, general, and administrative expenses
(XSGA) over total assets (AT)
OP Operating profitabil-  Annual revenues (REVT) minus cost of goods sold (COGS), interest expense (TIE), and |Fama and French
ity selling, general, and administrative expenses (XSGA) divided by book equity (defined in  (2015))
BEME)
PCM Price to cost margin  Difference between net sales (SALE) and costs of goods sold (COGS) divided by net sales |Bustamante and
(SALE) Donangelo
PM Profit margin Operating income after depreciation (OIADP) over net sales (SALE) Soliman| (
PROF Profitability Gross profitability (GP) divided by the book value of equity (defined in BEME) |Ball, Gerakos, Lin- |
nainmaa, and Niko- |
Q Tobin’s Q Tobin’s Q is total assets (AT), the market value of equity (SHROUT times PRC)minus
cash and short-term investments (CEQ), minus deferred taxes (TXDB) scaled by total
assets (AT)
r2_1 Short-term momen- Lagged one-month return |Jegadeesh and Titmanl
tum
rl2.2 Momentum To be included in a portfolio for month t (formed at the end of month t-1), a stock must
have a price for the end of month t-13 and a good return for t-2. In addition, any missing
returns from t-12 to t-3 must be -99.0, CRSP’s code for a missing price. Each included
stock also must have ME for the end of month t-1.
rl2.7 Intermediate momen- Cumulative return from 12 months before the return prediction to seven months before
tum
r36-13 Long-term momentum Cumulative return from 36 months before the return prediction to 13 months before
Rel2High Closeness to past year The ratio of stock price at the end of the previous calendar month and the highest daily
high price in the past year
Resid_Var Residual Variance Variance of the residuals from a regression of excess returns in the past two months on Ang, Hodrick, Xing,
the Fama and French three-factor model and Zhang) (2006))
RNA Return on net operat- Ratio of operating income after depreciation (OIADP) to lagged net operating assets.
ing assets Net operating assets are the difference between operating assets minus operating liabili-
ties. (defined in NOA)
ROA Return on assets Income before extraordinary items (IB) to lagged total assets (AT) |Balakrishnan Bartov |
and Faurel
ROE Return on equity Income before extraordinary items (IB) to lagged book-value of equity (defined in Haugen and Baker
BEME) (1996)
S2P Sales to price Ratio of net sales (SALE) to the market capitalization (LME) Lewellen
SGA2S Selling, general and Ratio of selling, general and administrative expenses (XSGA) to net sales (SALE) |F‘reyberger Neubhierl, |

administrative ex-
penses to sales
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Acronym Name Definition Reference

Spread Bid-ask spread The average daily bid-ask spread in the previous month Chung and Zhang

|Jegadeesh and Titmanl

ST_Rev Short-term reversal Prior month return
(1993)
SUV Standard unexplained Difference between actual volume and predicted volume in the previous month. Predicted
volume volume comes from a regression of daily volume on a constant and the absolute values

of positive and negative returns. Unexplained volume is standardized by the standard
deviation of the residuals from the regression

Variance Variance Variance of daily returns in the past two months Ang, Hodric

This table summarize the firm-specific characteristics. It includes their acronym, name, definition and reference. We
use the same characteristics as in the 2017 paper version of [Freyberger, Neuhierl, and Weber| (2020) and augment them
with the characteristics listed on the Kenneth French Data Library.
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