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Online Appendix to “Product Quality and Information Sharing
in the Presence of Reviews”

In the online appendix, we present additional results and the proofs of the theoretical results. The
appendix is organized as follows. In §EC.1, we present additional theoretical results. In §EC.2, we
provide numerical experiment to show the robustness of our results with respect to the linear demand
assumption. In §EC.3-EC.6, we provide the proofs of the theoretical results in §3—6 of the main body,

respectively. In §EC.7, we present the proofs of auxiliary lemmas.

EC.1. Additional Theoretical Results
EC.1.1. A Sufficient Condition for Nonnegative Demand

The following lemma characterizes a sufficient condition to ensure that the equilibrium demand

function in each stage is nonnegative.

LeEmMA EC.1 (Sufficient Condition for Positive Demand). Under a wholesale price con-
tract, there exists a constant aqg such that di and dy in equilibrium are positive with probability one
for any o> g, where

ap > max(q(30 — 49), q(30 — 46)) +¢c.

Under a commission contract, there exists a constant o such that dy and dy in equilibrium are

positive with probability one for any a > «f, where
oy > max(q(0 — 20), (0 — 20)) + /(1 ).

In the preceding lemma, we characterize the sufficient condition for d; > 0 in terms of the nominal
demand level, a.. The key idea in the proof is that demand cannot be negative because the retail price
p; is sufficiently close to the deterministic counterpart p if « is sufficiently large. As is clear from the
proof of the lemma, it is straightforward to derive sufficient conditions in terms of other parameters.
For instance, one can easily check that p; is sufficiently close to p if oy and o, are sufficiently close
to zero such that @ ~ 6 ~ 1y and q =~ q = q, in which case the corresponding demand d; is always

positive.

EC.1.2. Analysis in the Intermediate Regime

In the intermediate regime, where the rate of learning ~ is not close to zero or oo, the firms’ profits
cannot be expressed in tractable form. Furthermore, the effects of reviews on firms’ profits are not
monotone with respect to v; see Figure EC.1. Specifically, as alluded to earlier in (10), the first-
stage pricing decisions are affected by reviews only marginally in the slow and fast learning regimes.

By contrast, customers’ posterior belief is significantly affected by the number of reviews in an
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intermediate regime, and thus, pricing decisions depend significantly on the learning rate . To
quantify this effect, recall that p;(w;) is the platform’s best-response price given a wholesale price
w, and observe that

-1
op1(wy) 1 012, { ~v2b, }
I PE T EC.1
D 5 1+16E (i + 177 for 1€ {s,Ns}, ( )

where by = 0(460 — 30) and by, = (20 — 119) (46 — 20 — j14); see the proof of Lemma EC.6 for calculation
steps. In the slow or fast learning regimes (as v — 0 or v — 00), note that dp;(w;)/0w; — 0.5; that
is, when the wholesale price increases by $1, the platform would increase its markup by $0.5. In an
intermediate regime, however, it can be confirmed that Op;(w;)/0w; < 0.5; that is, if the wholesale
price increases by $1, the retail price would increase by less than $0.5. That is, the firms cooperatively
set lower prices to attract more reviews in the first stage. This intensified coordination effect that
makes the impact of reviews nonmonotone with respect to v in the intermediate regime.

To visualize the effects of reviews on firms’ profits, consider a wholesale price contract. We measure
the overall impact of product reviews by R’ := I1*(¢) — I1*(¢)|y=0, where IT*(q) represents the expected
profit in the centralized setting. Likewise, let R. :=II"(q) — I'(¢)| =0 represent the net effect of
reviews on the joint profit in the decentralized setting. Since the double marginalization effect is
absent in the centralized setting, R> measures the positive effects of product reviews on the market,
while M, :=R> — R, captures the loss due to the double marginalization effect in the decentralized
setting. Figure EC.1(a) illustrates the overall effects of reviews as functions of vy € [107%,10%]. The
dotted line represents the positive effect of product reviews, K7, in the benchmark case of the
centralized channel. Note that M, ~ 0 when the learning is slow, whereas M., > 0 if the learning
is sufficiently fast. Note that M., is nonmonotone with respect to v; specifically, in an intermediate
regime where v is not too small nor too large, the extent to which reviews impact firms’ profits
depends significantly on the number of reviews, so the firms tend to cooperatively set a low price,
alleviating the double marginalization effect.

Under a commission contract, define R := II’(¢) — IT(¢)|,=o as the net effect of reviews on the
joint profit under a commission contract. Figure EC.1(b) depicts the values of R% and R as func-
tions of v € [1075,102]. Observe that R ~ R., for sufficiently large values of v; that is, unlike the
wholesale price contract, the commission contract achieves the first-best outcome even when reviews
are sufficiently informative.

Although the nontrivial effects of reviews make it difficult to characterize explicitly firms’ strategies,
the following theorem shows that the firms’ equilibrium strategy is a threshold type when the market

is sufficiently large.
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Note. The effects of product reviews on the joint profits, R, and R, in the decentralized and centralized set-
tings, respectively, are plotted as functions of . The left and right panels represent the results under the wholesale
price and commission contracts, respectively. The common settings for both panels are as follows: (1, ¢, ¢, o, ¢,0p) =
(s,2.3,165,700,0.3,0.5) and the random variable 6 is binary and takes values in {0,100} with equal probability. For

the commission contract, we set the commission rate u = 0.2.

THEOREM EC.1 (Equilibrium Strategy: Intermediate Regime). Fiz v € (0,00). Suppose
the market is sufficiently large such that d, > § with probability one for some constant d > 0. Then,
firms’ equilibrium strategy is a threshold strategy with (®7, V7)), where

(@7,97) = (U;(;@_) . a 2,)2> 3 +"5>> +0(5)

If the minimum demand level 0 is sufficiently large, then there will always be some customers who

purchase the product even at the lowest possible level of the random variables, that is, even when
0 =0 and ¢; = €. See Lemma EC.1 for sufficient conditions for the existence of the constant ¢ > 0.
Since a sufficient number of reviews are available for any reasonable price in the first stage, the price
distortion due to the (dis-)coordination effect becomes small, and the first-stage equilibrium price

(p3,wy) is close to that without product reviews, (p,w) in (10).

EC.1.3.

In the main body of the paper, we analyzed firms’ decisions on quality and information sharing and

Comparative Statics

whether customers benefit from the interaction in distinct learning regimes. In this section, we study
the marginal impact that a small change in the strength of the propensity/quality signals has on
firms’ profits and consumer surplus for fixed quality ¢ € {¢,¢} and information sharing arrangement
1€ {S,Ns}.

Marginal Impact of Propensity Signal. Intuitively, the stronger the propensity signal is, the
better the firms can make pricing decisions and thus earn higher profits, which is formalized in the

next lemma.
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LemMA EC.2 (Effects of Propensity Signal on Firms’ Profits). Fir any q € {q,q} and
consider sufficiently small or large . As the propensity signal becomes stronger (i.e., as ¢ increases):
(a) With information sharing, the manufacturer’s profit increases more than the platform’s profit
does; formally, O11%(q)/0¢ > OI1;(q)/0¢ > 0.

(b) Without information sharing, the platform’s profit increases but the manufacturer’s profit is
essentially constant; formally, OIlk,(q)/0¢ > OI1N(q)/0¢ for v € (0,71) U (72,00). Furthermore,
OlIN.(q)/0p =0 for v=0 or v=oc.

For a fixed quality, the preceding lemma implies that the propensity signal—whenever available—
helps firms make better-informed pricing decisions, thereby increasing their expected profits. With
information sharing, the benefit from the propensity signal is shared between the two firms, whereas
without information sharing, the platform receives the benefit exclusively.

The next lemma suggests that a stronger propensity signal harms consumer surplus for a fixed

quality.

LEmMA EC.3 (Effects of Propensity Signal on Consumer Surplus). Fiz any I € {s,Ns}
and q € {q,q}. If the learning is sufficiently slow or fast, consumer surplus decreases as the propensity
signal becomes stronger under both wholesale price and commission contracts; formally, 011¢(q)/0¢ <

0 and O11%(q)/0¢ < 0.

The preceding lemma is intuitive. As the propensity signal becomes stronger, firms can make better-
informed pricing decisions: the more the firms know about customers’ preferences (i.e., the propensity
signal is stronger), the more profits they can earn by adjusting their pricing decisions according to
the signal, which in turn reduces consumer surplus.

Marginal Impact of Reviews. As reviews become more informative, firms benefit by adaptively
adjusting their pricing decisions according to the information contained in reviews. The overall effects

of product reviews on firms’ profits are summarized in the following lemma.

LemMmA EC.4 (Effects of Reviews on Firms’ Profits). Fiz any 1€ {S,NS} and q € {q,q}.
Under either a wholesale price contract or a commission contract, if the learning is slow, the expected
profits of the platform and manufacturer strictly increase as reviews become more informative. For-
mally, there exists a constant ~; > 0 such that O11%(q) /0~ > € and O1IX(q) /0y > € for all v <, and

K € {P,M}, where € is a positive constant identified in the proof.

Under a wholesale price contract, we decompose the overall impact of reviews into two main effects:
coordination and informational effects. The coordination effect changes firms’ pricing decisions in the
first stage. To demonstrate the coordination effect, we show that if customer learning is sufficiently
slow (i.e., if 7 is sufficiently small), then
opi
vy

ow; od:

. EC.2
0 <0, and 9 >0 (EC.2)

<0,
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See the proof of Lemma EC.4 for detailed steps for derivation. Namely, as reviews become more
informative, the platform and manufacturer cooperatively lower wholesale and retail prices, respec-
tively, and consequently, more reviews become available in equilibrium. The informational effect shifts
demand in the second stage. Specifically, firms face higher or lower demand, depending on whether
reviews are positive or negative in the second stage. Accordingly, the firms set prices in response to
reviews: they increase profits as more positive outcomes become more likely and buffer against losses
when more negative outcomes become more likely. Therefore, increased demand variability increases
firms’ expected profits. Under a commission contract, since the retail price is determined solely by
the manufacturer, there exists no coordination effect. Nevertheless, Lemma EC.4 suggests that the
firms’ profits also increase with + due to the aforementioned informational effect.

Product reviews may have contrasting effects on consumer surplus in the slow and fast learning
regimes. In the slow learning regime, as reviews become more informative, customers can make better-
informed purchase decisions, and furthermore, firms discount the retail price to increase the number
of reviews in the first stage (the coordination effect), which also benefits customers. Therefore, it is
fairly intuitive that the overall effect of reviews on consumer surplus is positive in a slow learning

regime, which is formalized in the following lemma.

LEmMA EC.5 (Effects of Reviews on Consumer Surplus). Fiz any 1 € {S,NS} and ¢ €
{q,q}. Under either a wholesale price contract or a commission contract, if customers’ learning is
sufficiently slow, consumer surplus increases as reviews become more informative. Formally, there
exists a constant v, > 0 such that OT1(q) /0y > € and OTI(q) /Dy > €° for all v <y, where € is a

positive constant identified in the proof.

To summarize, Lemmas EC.4 and EC.5 suggest that when product quality and information sharing
arrangement are exogenous, reviews have a positive impact on firms’ profits and consumer surplus.
In particular, it is interesting to note that consumers also benefit from reviews even if firms make

pricing decisions only to maximize their own profits.

EC.2. Robustness of the Linear Demand Model

In our base model described in §2, demand is assumed to be a linear function of the price and
(estimated) quality. In this section, we demonstrate whether the main qualitative conclusions from
the base model extend to a class of nonlinear demand models, and for this purpose, we focus on a
wholesale price contract. From our base model, we find that the overall effect of social learning can
be decomposed into two main effects:

1. Direct effect changes the manufacturer’s quality decision given an information sharing contract.

Formally, recall that the manufacturer produces high-quality products if and only if AJITY =1I"(q) —



ech e-companion to Shin and Zeevi: Product Quality and Information Sharing in the Presence of Reviews

II(q) > 0, so AGIIY for 1 € {s,NS} represents the manufacturer’s incentive to improve quality. In this

regard, we define

DE(7) == AqIT{ — AqIT{|,—o (EC.3)

as a measure of the direct effect of social learning. (For the purpose of illustration, we let 1= and
a similar conclusion can be obtained for 1= Ns.) When the demand function is linear, Proposition 2
suggests that the direct effect is absent for perfectly informative reviews; that is, DE(y) — 0 as v — oo.

2. Moderation effect changes the manufacturer’s quality decision through an information sharing
contract; that is, if the manufacturer decides not to obtain information from the platform (due to a
high information fee), the manufacturer accordingly changes its quality decision. Formally, recall that
information sharing is arranged if A;IT" =TIf (¢s) — % (gns) > —p, so A;II" represents the platform’s

incentive to share information. We let
ME('}/) = Ain — AiHP|A/:0 (EC4)

denote the moderation effect of social learning. (One may similarly define the moderation effect in
terms of A;IM, and the same qualitative conclusions hold.) When the demand function is linear,
Theorems 1 and 2 suggest that the moderation effect is negative for perfectly informative reviews;
that is, ME(y) — ME(0c0) < 0 as 7 — 0.

To demonstrate the robustness of these results with respect to the linearity assumption, we quantify
the direct and moderation effects based on generalized linear models in which the demand in stage ¢
is d, = ((d,) for a nonlinear function ¢ and d, is given in (1) and (3) for ¢ =1 and t = 2, respectively.
Specifically, we consider two distinct cases: (a) concave demand, where ¢(z) = z* with z € {0.50,0.75}
and (b) convex demand, where ¢(x) = 2* with z € {1.25,1.50}. For each =, the values of DE(vy) and
ME(7) are estimated by taking average over 10'° trials of the game and the standard errors of the
estimates are at least 10 times smaller than the estimates. The results are illustrated in Figure EC.2.
Several comments are in order.

First, consistent with the linear demand case, we observe that the moderation effect is negative in
both concave and convex cases. Specifically, observe from bottom panels of Figure EC.2 that ME(y) <0
for sufficiently large . In other words, the platform is less willing to share information (and thus
charge a high information fee) when reviews are sufficiently informative, which in turns reduces the
manufacturer’s incentive to invest in quality. Note that the moderation effect occurs mainly because
the impact of double marginalization is aggravated in the presence of reviews, and as is observed in
our numerical results, the direction of such an effect does not depend on the convexity/concavity of
the demand function.

Second, while the direct effect is null in the linear demand case, we observe that the direct effect

can be negative and positive in the cases of concave and convex demand, respectively. Recall that
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Figure EC.2 Direct and Moderation Effects of Reviews
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Note. The direct effect DE(y) and the moderation effect ME(-y) are plotted as functions of v in a log-linear scale, where
DE(y) and ME(y) are defined in (EC.3) and (EC.4), respectively. The common parameters are (q,q,0p,¢,¢, o, ¢) =
(1,1.6,1,10,13,100,0.5) and 6 ~ N(5,3%). The demand for the convex case is larger by an order of magnitude than
the linear and concave cases, so the vertical axes for the convex case (c) are accordingly scaled up from those of the

linear and concave cases (a) and (b), respectively.

the null direct effect in the linear demand case pertains to the fact that firms’ profits depend on the
quality signal (¢;) only through its mean. For the purpose of illustration, let us temporarily consider
0 as a deterministic number. Then, it follows that E[¢(d;)] = a4+ 0E[§,] — p, = o+ 0q — p; in the linear
demand case. However, if the demand function is concave, then E[{(d;)] < ((E[d;]) = ¢(ac+ O0q — py)
from the Jensen inequality—hence the negative direct effect. Conversely, if the demand function
is convex, then E[¢(d;)] > ¢(E[d,]) = ¢(a + 0q — p;) from the (reverse) Jensen inequality—hence the
positive direct effect. Nevertheless, we emphasize that the magnitude of the direct effects is not
significant compared to that of the moderation effects (that is, |DE(y)| < [ME(7)]|), especially when
the demand is only mildly nonlinear (e.g., £(z) = 2% or ((z) = z1%5).

In summary, our numerical experiments based on generalized linear models indicate that our
theoretical findings are sufficiently robust against the linearity assumption. For the cases of the

commission contract and information shading, similar numerical experiments can be conducted to

show the robustness of the linearity assumption, but we omit them to avoid repetition.
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EC.3. Proofs for Main Results in §3
Proof of Proposition 1. In the second stage, the optimal retail price is pj = (o + 84, + ¢)/2 such

that
-} - < o)
M30) = 1 (o) =i + € | (4 + 02 727 ) 620 )
1(m(q) + ¢03q°) as ¥ — 0
1(m(q) + 005 (> +02) asy— oo,

where the limit follows from the dominated convergence theorem and the fact that dyy/(dyy+1) =0
as y— 0 and d;7y/(dyy+1) = 1 as 7 — oo almost surely. For the first-stage price, recall that pj — p;
as v — 0 or as ¥ — oo, where p; is defined in (5). Accordingly, the first-stage profit satisfies

1
15 (q) — Zw(q) as 7 — 0 or v — 0.

Combining these results, we deduce that the joint firm’s expected profit satisfies

(27(q) + ¢03¢°) asy—0
(27(q) + ¢o3(q* +02) + pgos) as y — oo.

1

1" (q) — {1‘

4

Next, we show that the first-stage price p}, as well as its derivative with respect to ¢, is continuous

in v € (0,71) U (72,00) for some positive constants 71,7, < oo. To this end, observe from the first
order condition for the first-stage price p} that

. (EC.5)

o2 _[~0(20—0)
4

a+ pgq+c=2p; +-LE
Hoq P1 (d1’Y+1)2

The second order condition can be written as

82
opy

=2+

P1=p] 2

((p1 — o) (a4 poqg — p1) +115(q))

)

a;E ~202(20 — 0)
(diy+1)3

where the interchange of the expectation and derivative is justified by the dominated convergence
theorem. Note that v?/(d;y + 1) — 0 almost surely as 7 — 0 or as 7 — 0o, so the second order
condition is satisfied for v € (0,7;) U (72, 00) for some positive constants 7, v, < co. For v € (0,7,) U
(72,00), the equilibrium price p} is uniquely defined as a solution to (EC.5); thus, p} is continuous

with respect to 7. Last, taking the derivative with respect to ¢ on both sides of (EC.5), we have that

i, o [Om 29°0(20 - D) v 00(20—8)))

U= TA 96 (At 1P @ t1E 0 |

from which it can be verified that dpj/0¢ is continuous with respect to v € (0,71) U (72,00), which
completes the proof of the proposition. [
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EC.4. Proofs for Main Results in §4
Proof Preliminaries. We write f(z) :=O(g(x)) if there exist positive numbers M and z, such that

|f(z)| < M|g(z)| for x > zo. For simple exposition, we introduce the following notations in the proofs:
Aga= Ay =040 — 30), Ay . = (46 — 30)?
Axsa = 116(40 — 20 — p1), Axsp = (20 — 116) (40 — 20 — 19), Ays.c = (40 — 20 — 11g)? (EC.6)
Agsa=(20—0)(40 — 20 — 0), Ags, = 0(40 — 20 — 0)

For each 1€ {s,Ns,ss}, given ¢ and the first-stage demand d;, the firms’ expected profits and con-

sumer surplus in the second stage are expressed as
b 1 diy
HI,QZM(W(Q)—MZQQ+E[A <q +o, d - 1)])
1
m, == — 12q? E[Am< ]) EC.7
=5 (70— i + B [ (¢ 20 (BC.7)
1

d
c _ - 2.2 1Y
Hl,z 39 (P(Q) peq” +E {A <q +o pd17+1):|>

Under information sharing 1 =18 and any ¢ € {¢,¢}, the firms’ expected profits and consumer

surplus over the two stages for cases with v — 0 or v — oo can be written as

|, e @na) +605¢°) as 3 —0
i (27(0) + 0030 + 03153 + 603) ) sy = o0

16
s § (27(q) + 603q%) as v —0 EC8)
é(QW(Q)+¢03612+0§(M§+¢03)) as 7y — 00 '
- 3i( 77(q)+a§q2(32—15¢)) asy—0
S
° (q)+0§q2(32—15¢)+0§(u§+0§(16—15¢))) as y — 0.
In the case without information sharing 1 = NS, one may similarly deduce that
T = (27m(q) +4¢03¢%) as ¥ —0
N 5 (27(9) + 46037 + 02 (13 + 4903) ) as 7 — oo
Lx asy—0
I, — {1‘ () o (EC.9)
5 (27‘(‘(6]) + Up,ue) as y — 00
m 3 (27(q) + 054>(32 —12¢)) as v — 0
. 3 (277(‘1) +03q%(32 = 12¢) + 02 (g + 05 (16 — 12¢))> as y — 00.
In the case with information sharing with shading in §5.2, one can deduce that
. i 27r(61)+03q2(4¢—3<13)) asy —0
Il — -
& (27() + 03 (a> + 02) (46— 36) + 02113 ‘as ¥ — 00
(EC.10)

27(q) + ¢~)0qu) asy— 0
2m(q) + God(q® + 02) + 023 ) as v — oo.

The following lemmas are useful in proving the main results. The proofs for auxiliary lemmas in

this section are collected in Appendix EC.7.
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LEMMA EC.6 (Continuity). Fiz 1€ {S,Ns,SS} and q € {q,q}. There ewist positive constants
Y1,Y2 < 00 such that the following holds for € (0,71) U (72,00):

(a) The equilibrium price (py,w;), as well as its derivative with respect to ¢, is continuous in vy and

satisfies (p1,w1) = (p,w) as v — 0 or as v — oo, where (p,w) is defined in (10). Furthermore,

as v —0 or as v — 0o,

(b) The expected profit (or surplus), denoted by II¥, for each entity K € {P, M, J,C}, as well as its

derivative with respect to ¢, is continuous in v and the limit as v — 0 or as 7 — 0.

Proof for Proposition 2. From Lemma EC.6, the expected profits are continuous in -, so it suffices
to prove the results in the limiting cases with v =0 and v = co. First, consider v = 0. Without
information sharing, note from (EC.9) that A IIY is independent of ¢. Furthermore, since 7(g) < m(q),
we have that AgIlY; < 0 and the manufacturer never improves quality. With information sharing,
observe from (EC.8) that AJIIY < 0 when ¢ =0 since 7(q) < m(g), but it is linearly increasing
with ¢. Define the threshold <I>2 such that if ¢ = <I>g, then AGIIY =0, from which we obtain the
desired threshold in (8). The threshold is well defined because AGILY is monotonically increasing with
¢. Furthermore, it follows from Lemma EC.6 that AIIY and its derivative with respect to ¢ are
continuous with respect to v < ~; for some positive constant ;. Hence, the preceding arguments for
v =0 extend to v < ;.

Next, consider v = co. In the case with 1 =3, note from (EC.8) and Lemma EC.6 that

AT = i(@ww@0+émﬂf—f>
TAN HM 1 2 (ECll)

Therefore, ALY is increasing with ¢ and AGIIY > 0 if and only if ¢ > ®,, where @, is defined in (8).
In the case with 1=Ns, it can be seen from (EC.8) and (EC.9), as well as from Lemma EC.6, that

AT = 1 (v(2) ~ 7(g))
OAITY

a NS_O

d¢
Since 7(q) < m(q), Aqllyy <0 and its derivative with respect to ¢ is zero; that is, AII}; <0 for any
¢. This step completes the proof of the proposition. [
Proof for Theorem 1. From Lemma EC.6, the expected profits are continuous in 7, so it suffices
to prove the results in the limiting case with v = 0. Suppose first that ¢ < ®,. In this case, gs = gws = ¢
by Proposition 2. From (12) and (13), it can be confirmed that

1
AT + AGTTE = —§¢03Q2
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Therefore, there does not exist an information fee p > 0 such that the platform is better off with
information sharing (i.e., A;II" > 0), and at the same time, the manufacturer chooses to attain
the information (i.e., A;II™ > 0). Thus, it is optimal for the platform to charge a sufficiently high
information fee p > é¢a§g2 such that information is not shared. These observations imply that when
¢ < @y, the equilibrium strategy is (1*,¢*) = (NS, ¢).

Suppose now that ¢ > ®, in which case gs = ¢ > ¢ = gxs by Proposition 2. In this case, the platform
must set the information fee p such that A;II™ > 0 implies A;IT" > 0; that is, if the manufacturer
chooses to pay the platform and obtain the information, this decision should also benefit the platform.

From (12) and (13), this condition can be written as
p> (rlg) ~(@)q" and 3g% > 4¢>. (EC.12)

If (EC.12) is satisfied, then the manufacturer would opt to acquire information (i.e., A;I1I™ > 0) only
when it would produce a high-quality product (i.e., AGIIY > 0). To see this, observe that

2(m(q) —m(q)) +8p

2
O0pq

AJP‘>O¢:¢¢:>@S: ,

AL > 0= ¢ > D) =

Combined with (EC.12), we establish that

Therefore, A;IIM > 0 implies AGITY > 0.

In summary, if ¢ > ®,, then the platform should set the information fee that satisfies A;I1" >0
and A;ITM > 0. Using the expressions for A; 11" and A;ITM in (12) and (13), respectively, we deduce
that the information fee, p, must satisfy

(m(q) —7(q))q? <,

i <0< 5 (003 —2rle) —=(@).

Therefore, if ¢ is sufficiently large such that

(W(Q) - W(Q_))QQ 1 2.9 _ 7)

W < 3 (¢00q - 2(”(9) - W(Q))) 0> T 97a 12\
then there exists an information fee p* such that the manufacturer chooses (1*,¢*) = (s, ). Otherwise,
for any information fee, the manufacturer would choose (1*,¢*) = (Ns,q). This step completes the

proof of the theorem. [
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Proof for Theorem 2. From Lemma EC.6, the expected profits are continuous in +, so it suffices
to prove the results in the limiting case with v = oo. Since 7(¢) < 7(q), we have that ¢y = ¢ by
Proposition 2. Furthermore, g5 = ¢ if and only if ¢ > ®,, where ®, is defined in Proposition 2. We
now consider two cases: ¢ < &4 and ¢ > d,.

Case 1: ¢ < 4. In this case, ¢s = qys = ¢. From (EC.8) and (EC.9), we deduce that A;II" satisfies
, 1
AT 4+ ATTE = —§¢03(92 +02). (EC.13)

This implies that A;II” < 0 for any ¢ € (0,1). Thus, there does not exist an information fee such that
the platform is better off with information sharing (i.e., A;II” > 0) and the manufacturer chooses to
attain the information (i.e., A;II™ > 0). Therefore, it is optimal for the platform to charge a sufficiently
high information fee p > $¢03(¢® +072) such that the information is not shared in equilibrium. These
observations imply that when ¢ < @4, the equilibrium strategy is (1*,¢*) = (NS, g).
Case 2: ¢ > 4. In this case, gs = q > q = gys by Proposition 2. Observe that
1

AT = 2 (2(n(q) —(0)) + 603 (@ +03)) —p

AT = = (2(n(q) ~ nla)) + 603(@* — Ad%, — 302)) + .

The platform must set the information fee p such that A;I1™ > 0 implies A;II" > 0; that is, if the

(EC.14)

manufacturer chooses to attain the information, this decision should also benefit the platform. This

condition can be written as

| (w9~ m@) (@ +52)

p= 3¢* —4q* — 307

and 3¢° > 4¢* + 30> (EC.15)

If (EC.15) is satisfied, then the manufacturer would opt for an information subscription (i.e., A;IIM >

0) only when it would produce the high-quality product (i.e., AGIIy > 0). To see this, observe that

2(m(q) —m(q)) +8p

AT > 0= ¢ > O =

oj (P +o2)
AquI>0<:>¢>ch:M
o5(® — ¢?)

Combined with (EC.15), we establish that

2(m(g) —m(q)) +8p _  6(n(g) —m(q))
2(72 2 Z 2(372 2 2y~ (I)q'
05(q* +02) 053¢ —4¢® —02)
Therefore, for the information fee p that satisfies (EC.15), A;TIM > 0 implies A IT" > 0.

O =

In summary, if ¢ > ®,, then the platform should set the information fee such that A;II" >0 and
A;TI™ > 0. Using the expressions for A;T1" and A;II™ in (EC.14), we deduce that the information

fee, p, must satisfy

(n(g) —m(@)(@* +07) _
3¢ —4q* — o

< p< ¢ (603a® ~ 2(nta) - =()) .
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Therefore, if ¢ is sufficiently large such that

(m(q) — m(2)(¢? +0)
3q? 4£]

6(m(q) —m(q))
03(3¢* — 4¢% — 02) ’

< 5 (003@ +02) ~ 2(n() - 7(@) == 02

then there exists an information fee p* such that the manufacturer chooses (1*, ¢*) = (8, ¢). Otherwise,
for any information fee, the manufacturer would choose (1*,¢*) = (NS, q). This step completes the

proof of the theorem. [

EC.5. Proofs for Main Results in §5
EC.5.1. Proofs for §5.1

Proof Preliminaries. We write f(z) := O(g(x)) if there exist positive numbers M and z, such that
|f(z)| < M|g(z)| for x > xo. To simplify, we introduce the following notation in the proofs:
Bso=0(20—0), By, = (20 — 0)?

BNs,a = MG(QH - Ma), BNS,b = (29 - /1/9)2-

(EC.16)

Additionally, recall the definition m,(¢) = (o + poq — ¢, /(1 —u))?. It is also useful to define

2
Cl]

(1—u)? (EC.17)
7(q) = (1 —u)mu(q) + ufu(q)-

Tu(q) = (a + poq)” —

For each 1 € {s,Ns}, given g and the first-stage demand d, the firms’ expected profits and consumer
surplus in the second stage are expressed as
i :u<fr (q)—,u2q2+E_B <q +o iy )D
Vg g I % diy+1

= 1—u d
Iy=—— (ﬂu(q)—u3q2+E {B (q + ”dwlll)D (EC.18)

_ 1 I dyy
°, = = (mu(q) — p2¢* +E | B, ( ! >D
L2 8<7T (9) = pq” + | By (" +0 pdwrl

Under information sharing 1= and any ¢ € {¢, ¢}, the firms’ expected profits and consumer surplus

over the two stages satisfy

~~
[\
N

q) +¢03¢*) as y—0
q)+¢09q to (ﬂe‘“ﬁ%)) as y — 00
HM—>{ T (2mu(q) + 003¢%) as ¥ —0
o (27ru(q) + ¢05q> + o (1 +¢09)) as y — 00
02q*(4—39¢)) asy—0
o3(®+o2)(4— 3¢)) as y — 00.

—

u

P
I, —

—~

u

/N
DN
N

—_——
" e s

@

(EC.19)



ecl4 e-companion to Shin and Zeevi: Product Quality and Information Sharing in the Presence of Reviews

Without information sharing 1= NS and any ¢ € {q,q}, the firms’ expected profits and consumer

surplus over the two stages satisfy

(EC.20)

_ L (2m,(q) +405¢%) as v —0
_—
NS 3 (27ru(q) +402(* + aﬁ)) as y — 00.

The following lemma will be useful in proving the main results.

LeMmA EC.7 (Continuity: Commission Contract). Consider a commission contract and fiz
an information contract 1€ {S,NS} and quality q € {q,q}. There exist positive constants vy, < 00
such that the following holds for ~ € [0,v1] U [y2,00):

(a) The equilibrium price p;, as well as its derivative with respect to ¢, is continuous in vy. Further-

more, the limits satisfy

. 1 c op
p1—>§ <a+M9Q+1_1u> and 0@51 —

as yv—0 or as v — oo.
(b) The expected profit (or surplus), denoted by TI¥, for each entity K € {P,M,C}, as well as its

derivative with respect to ¢, is continuous in . Furthermore, the limit of ﬁf is characterized in

(EC.19) and (EC.20).

Proof for Proposition 3. From Lemma EC.7, the expected profits are continuous in -, so it suffices
to prove the results in the limiting cases with v =0 and v = co.

Without information sharing, for both cases with v =0 and v = oo, we have that

-, l—-u
AT, =

(2(mu(@ = mu(0))

which is independent of the strength of the propensity signal, ¢. Furthermore, since m,(q) < 7,(q), it

can be easily checked that A IIY, < 0 and the manufacturer never improves quality. With information

sharing, observe that
1—u

ALY = == (2mu(@) — 7u(0)) + 003(a* — ¢1)) -

Note that A, is increasing with ¢ such that the manufacturer would produce the high-quality product
if

_ 2
AJL > 0= ¢ > ~

This completes the proof of the proposition. [
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Proof for Theorem 8. From Lemma EC.7, the expected profits and their derivative with respect
to ¢ are continuous in -, so it suffices to prove the results in the limiting cases with v =0 and v = oc.
Suppose first that ¢ < @q. In this case, ¢s = qys = ¢ by Proposition 3. From (EC.19) and (EC.20) it

can be verified that

1, 29
, 200gq° >0 for y=0
AT+ AT =100 7 _
19005(¢° +03) >0 for y=o0.

In both cases with v =0 and v = 0o, we deduce that there exists an information fee p > 0 such that
both the platform and manufacturers are better off with information sharing; that is, A;II* >0 and
ATV > 0 for some p > 0. Therefore, when ¢ < @, the equilibrium strategy is (I*,¢*) = (s,q).

Next, suppose that ¢ > i)q in which case ¢s = ¢ > ¢ = qxs by Proposition 3. From (EC.19) and
(EC.20), observe that

2(u(9) — 7ul9) + 603°) for v =0

2(7u(@) — 7ul() +603(7 +02))  for 7= oc.

Note that m,(7) < m.(¢) and u < u imply that 7,(q) > 7,(q). Therefore, we deduce that A;II" >0
for both cases with v =0 and v = oo and that the platform is always better off with information

sharing. Thus, it suffices to set the information fee p such that the manufacturer chooses to attain

the information. To see this, observe that

AT = {17 gQ(Wu(Q) —7u(q)) +¢U§<q22 for y=0

+ ai)) for v = oo.

In the case with v =0, the manufacturer will attain the information if ¢ > %};u@). Note that
6

the latter condition is satisfied by the assumption that ¢ > <i>q and the fact that

5, = 2mld) = @) 2mulo) ~ @)
75(¢* — ¢%) o5

2(mu(g) —7u (7))
B 02(3?+03)
Note that the latter condition is satisfied by the assumption that ¢ > ®, and the fact that

= 2(mu(g) — (@) | 2(mulg) — ()
Y=g @t

Likewise, in the case with v = 0o, the manufacturer will attain the information if ¢ >

In summary, when ¢ > Ci)q, the manufacturer always attains the information and chooses to produce
a high-quality product; that is, (1*,¢*) = (S, ). This step completes the proof of the theorem. O
Proof of Proposition 4. Recall from Proposition 2 that ¢|,—0 = ¢/|,=«. Therefore, from the
expressions in (EC.8) and (EC.9), along with the continuity arguments in Lemma EC.6, the desired
result in (16) follows from straightforward algebra and will be omitted. The proof of the theorem is

complete. [
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Proof of Proposition 5. The desired results immediately follow from the equilibrium outcomes
(¢*,1*) under a wholesale price contract (Proposition 2 and Theorems 1-2) and under a commission
contract (Proposition 3 and Theorem 3), as well as the expressions for profits ((EC.8)-(EC.9) and
(EC.19)-(EC.20)). We omit the detailed steps. O

EC.5.2. Proofs for §5.2

Proof of Proposition 6. Consider the case without product reviews (7 =0). From Lemma EC.6,
IT¥, for v = 0 can be obtained by taking the limit as v — 0 in (EC.10). Thus, II%, decreases with ¢ with
a jump at ¢ = ®,. Therefore, the optimal shading level should be set at either b= @4 or »=0. We
consider three cases. First, suppose that ¢ > ®?. Then, II? > IT%, by Theorem 1 such that the platform
is better off with information sharing (without shading). If the platform chooses ¢ > D4 (6 < D),
then the manufacturer would choose high (low) quality by Proposition 2. If the manufacturer chooses
to produce a low-quality product, then the platform would be worse off (Theorem 1). Considering the
fact that IIf is decreasing with ®, we deduce that [T, > IIf for any de [®g,¢], and thus the platform
shares information with the optimal shading level o = PY. Second, suppose that ¢ € (®q, DY, in
which case, IT? < I, by Theorem 1. If the platform sets ¢ = &g, then the manufacturer will choose
high quality such that ,

I = 15 (27(2) + 05" (49 — 32)) , (EC.21)

whereas if the platform sets ¢ = 0, then the manufacturer will choose low quality such that
P 1 2 2 P
=6 (27(g) + 4030 =TT, (EC.22)

Comparing (EC.21) and (EC.22) and recalling the definition of ®y in (8), we establish that the
platform shares information and that the optimal shading level is ¢* = ®,. Last, suppose that ¢ €
[0,®y], in which case the manufacturer always chooses low quality and the platform does not share
information (Theorem 1). Tt trivially follows that ¢* = 0.

Next, consider the case with perfectly informative reviews (7 = 00). By the continuity result of
Lemma EC.6, the profit function IIY, can be obtained by taking v — co. Furthermore, from (EC.10)
we can write that )

i )
Therefore, 1Y, decreases with ¢ with a jump at ¢ = ®,. Therefore, the optimal shading level should

be set at either ¢ = ®, or $=0. As in the case without product reviews, we consider three cases.
First, suppose that ¢ > ®:°. Then, II{ > II}, by Theorem EC.1 such that the platform is better
off with information sharing (without shading) than without information sharing. If the platform

chooses ¢ > D4 (¢~5 < ®,), then by Proposition 2 the manufacturer would choose high (low) quality.
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If the manufacturer chooses to produce a low-quality product, then the platform would be worse
off (Theorem EC.1), and thus, the platform would never choose ¢ < ®,. Considering the fact that
ITf, is decreasing with ®, we deduce that I, > IIY for any b€ [®g, ¢], and thus, the platform shares
information with the optimal shading level <f~>* = ®,. Second, suppose that ¢ € (®q, P:°], in which
case, by Theorem EC.1, IIf < II7,. If the platform sets b= ®,, then the manufacturer will choose
high quality such that

Mg = 1*16(277(6) +05(¢* +02)(4¢ — 3By). (EC.23)

whereas if the platform sets ¢ = 0, then the manufacturer will choose low quality such that

1
Hsps = E(QW(CD + 4¢03 (q2 + 0-2) = HII:S' (EC'24)

Comparing (EC.23) and (EC.24), we establish that the information sharing is arranged and that
the optimal shading level is ¢* = ®,. Last, suppose that ¢ € [0,®,], in which case the manufacturer
always chooses low quality and the platform does not share information (Theorem EC.1). It trivially
follows that ¢* = 0. This step completes the proof of the proposition. [

Proof for Corollary 1. Let II¥, denote the profit of firm K € {P, M} when the shared information
is shaded. In this case, the expected profits are characterized in the asymptotic cases as v — 0
and v — oo; see (EC.10). Furthermore, from Lemma EC.6, we have that the expected profits are
continuous with respect to . Hence, it suffices to consider the cases with v =0 and v = co. Recall
that <I>g =07 =0, (Proposition 2). If ¢ < ®,, information is not shared in equilibrium and the firms’
profits are indifferent to the level of information shading ¢. For the remainder of the proof, assume
that ¢ > ®4 in which case ¢* =¢.

When v = 0, observe that the manufacturer’s profit is Iy, = £(27(q) + 023%¢*). Hence, under
the optimal shading level ¢* = ®, < ¢, the manufacturer’s profit is decreased compared to the case
without shading. Furthermore, observe that the platform’s profit is II} = = (27(q) + 05¢*(4¢ — 3¢%).
Therefore, the platform’s profit is increased compared to the case without shading. Finally, the joint
profit is I = = (67(q) + 05¢*(4¢ — ¢*), and therefore, compared to the case without shading, the
joint profit increases. The proof for v = co would follow the same logical steps and is thus omitted.

The proof of the corollary is complete. [

EC.6. Proofs for Main Results in §6
Proof for Proposition 7. First, consider a wholesale price contract. By Lemma EC.6, it suffices
to consider the two extreme cases with v =0 and v = oo. Fix 7= 0. From the proof of Theorem 1,

we know that information sharing between the firms is arranged if and only if A;IT° + A;IT™ > 0.
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Additionally, the manufacturer chooses high quality (i.e., ¢gs =g > q= qxs), and further, g2 — gz >
) = 2¢* by condition (ii) of Theorem 1. Observe from (EC.8) and (EC.9) that

AiHC -

16( <q>—w<q>)+§3(2<3z—15¢>— (32— 129)) _—

> G(W(q)— ())+3—2(17*2—20q)

where the inequality follows by replacing ¢ with one. Moreover, from (EC.8) and (EC.9) we have

AT+ AGTTY = % (n(@) = (a)) + (1)160 (32"~ 4¢°)

<2 (x@ ~ (@) + 7 (33 - 4g°).

where the inequality follows by replacing ¢ with one. Combining these observations, it can be seen

(EC.26)

that
6ALTI® — (AT + A[ITY) > 02 (3¢ — 4¢%) >0, (EC.27)

where the last inequality follows from the fact that ¢* — ¢*> > U9 = 1¢* under information sharing

3d
(Theorem 1). Thus, we establish that A;T1° > 0.

Next, consider the case with perfectly informative reviews (v = 0o) and assume that the information
is shared in equilibrium (or equivalently, A;II" + A;TI™ > 0). From Theorem 2, information sharing
implies that the manufacturer improves quality ¢s = ¢ > ¢ = gys, and further, T g2 > PP = %gz +

%02. Hence, one can write

(EC.28)

A = & (v(2) ~ n(g)) + ;f (@(32 - 150) — (32 — 12) — 3007)
1
>
16

(W(cj)—w( )) +3—2 (17(72 20g2—3a§),

where the inequality follows by replacing ¢ with one. Moreover, from (EC.8) and (EC.9) for v = oo,

AT+ ATV = (n(q) — (g)) + 1 (60337 — 407 — 302))

s (EC.29)
gg(w@—w(g)) i (‘70(3‘1 —4¢* =30 ))

where the inequality follows by replacing ¢ with one. Combining these observations, it can be shown

that (EC.27) holds for v = oco. Thus, we deduce that

6ATTC — (AT + AITY) > 05(37° — 4¢° + 02) > 0,

where the last inequality follows from the condition that ¢*> —¢* > W3 = £¢* + 07 under information

sharing (Theorem 2). Hence, we deduce that A;I1° > 0.
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Now, consider a commission contract. From Theorems 1 and 2, the equilibrium quality satisfies

¢s = q > q = Gxs. From the expressions in (EC.19) and (EC.20), we deduce that

AiHC - {

from which we deduce that customers are worse off if and only if ¢ > ®} for the threshold ®} defined

2(mu(@) = 7))+ 03((4 = 36) — 4¢*) ) for y=0
2(mu(@) — (@) + 03 (4= 36) (@ +02) —4¢%))  for y = o0,

0|~ 0o~

in the statement of the proposition. This step completes the proof of the proposition. [

Proof of Proposition 8. Consider a wholesale price contract. If conditions (i) and (ii) in the state-
ment of the proposition are satisfied, then (1*,¢*) = (S,q) for a sufficiently small v (Theorem 1),
whereas (I*,¢*) = (NS, ¢) as 7 — oo (Theorem 2). Using the continuity argument in Lemma EC.6, it

suffices to consider the limiting cases v =0 and 7= co. Observe from (EC.8) and (EC.9) that
I (47) ly=oo = 115 (¢7) ly=0 = T (@) [y=0 = TIRs(@) [y=o0
1 _ _
(2(r(q) — 7(@)) + 03(32 = 156)(¢* — ¢*) + 02(13 + 03(16 — 150) ) .

T 32
(EC.30)
From the fact that ®9 < ¢ <1, we deduce that
5 -
(z(g Z(Z)) <1. (EC.31)
05(q* — 39 )

Combining (EC.31) into (EC.30), we have that

5 (g oo = T15 (07 o0 < 7007 (487 — 49¢7 — 4507 ) +3203(¢* — ¢°) + 0215 + 1607)

o3 (—48° +47¢* + 302) + o241}

where the first inequality follows from (EC.31), the second follows from condition (ii) and by replacing
¢ with one, and the remainder follows from straightforward algebra. This logic implies that if

17 2.2
3904

13 27

g 2
Mo+ 309

2 < —2 —
p—"p
then II% (¢*) |y —co — % (¢) |y=0 < 0; that is, customers are worse off with perfectly informative reviews.

Next, consider a commission contract. From Theorem 3, we deduce that the equilibrium (1%, ¢*) is
the same between cases v =0 and v =o0. If ¢ < fi)q, then (1*,¢*) = (8,q) for both cases with v =0
and v = oco. Thus, using (EC.19), we can write

1
—0g0.(4—3¢) >0,

I (¢7) [y =c0 = 3 (47) =0 = TI§ (@) [ =0 — TTS(q)|y=0 = 3
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where the last inequality follows from the fact that ¢ < 1. Likewise, when ¢ > ®,, then (1*,¢*) = (8, q)
for both cases with 7 =0 and = oo. Thus, using (EC.20), we can write

* * = = 1
T3 (g7 hy=oe =TT (0") =0 = TI5(@) [y=o0 = TI5(@) =0 = 5050, > 0.

Therefore, we conclude that II%. (¢*)|,=cc — I (¢*)[,=0 > 0 holds for any ¢ € [0, 1). This step concludes
the proof of the proposition. [

EC.7. Proofs for Auxiliary Results

Proof of Lemma EC.1. First, consider a wholesale price contract. Observe from (9) that the
demand function in the second stage is dy = § (v + (40 — 3@)qu — ¢). Since 6, b [0,0] and ¢, € lg,4],
it follows that d, > 0 with probability one if o > ao := max(g(30 — 46), ¢(30 — 46)) + ¢. For first-stage
demand, dividing by « and taking o — 0o on both sides of (EC.34), we deduce that (wq,p;) — (w,p) —
0 as a — 0o, where (w,p) is defined in (10). Let dy = 1(a + (40 — 3ug)g — ¢) be the demand that
corresponds to the retail price p, which is positive with probability one for any « > ag. Then, since
d; is a continuous function of p;, by the continuous mapping theorem, we deduce that d, —d; — 0
almost surely as o — o0o. Since d; is increasing with o, there exists a constant ag > aq such that d;
is positive with probability one for any a > aq.

Next, consider a commission contract. Observe that the demand function in the second stage is
dy = 3 (o4 (20— 30)g; — ¢/ (1 —w)), which is positive for a > a, := max(G(6 — 20),q(0 —20)) +¢. Using
the same logical steps as in the wholesale price contract, one can deduce that dy — dj — 0 almost
surely as a — 0o, where df := L (ar+ (20 — pig)q — ¢/(1 —w)). Therefore, there exists oy > ajy such that
d; is positive with probability one for any o > ag. Hence, the proof of the lemma is complete. [

Proof of Lemma EC.2. From Lemma EC.6, the equilibrium prices (p}, w}), as well as their deriva-
tives with respect to ¢, are continuous with respect to . Thus, it suffices to consider the limiting

cases with v =0 and v = co. First, consider the case with information sharing. In this case, observe

from (EC.8) that
P 2.2 M 2.2
aHI — 0s4 and a]'_‘[l — 094
[0[0) 16 ¢ 8

in both cases with v =0 and v = co. Hence, the desired results in part (a) follows. Next, consider the

case without information sharing. In this case, observe from (EC.9) that

Ir 2 2+ 2 M
a Izae(q UP> and a I _

B 16 B =0

in both cases with v =0 and v = co. Hence, the desired results in part (b) follows. The proof of the

lemma is complete. [
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Proof of Lemma EC.3. From Lemma EC.6, the equilibrium retail price p}, as well as its derivative
with respect to ¢, is continuous with respect to . Thus, it suffices to consider the limiting cases with
v =0 and 7= oo. First, consider the case of information sharing. From (EC.8) and (EC.19) it can

be seen that for v =0,

oIy  1505q° oIS 3ogq?

d
oy 32 T, 8
Likewise, we have that for v = oo,
OIIS 1505 (¢* + 012,) q OIIS 303 (q* + 012,)
=— an =— .
oy 32 oy 8

Next, consider the case without information sharing. From (EC.9) and (EC.20) we have that for

7=0,
oIl _ 1202¢? and oIl _o.
oy 32 oy
Likewise, we have that for v = oo,
¢ 1203(¢* + o2 ¢
aHS = — % (q + Jp) and 8]:[8 =0.
oy 32 v

Hence, the desired results follow. [

Proof of Lemma EC.4. In this proof, we consider a wholesale price in Case 1 and then a com-
mission contract in Case 2.

Case 1 (Wholesale Price Contract). From the first order conditions for the best-response retail
price, p; (w) = argmax,{(p — w1)(a + peq — p) + 115}, and the wholesale price, w;, = argmax,, {(w —
o)(a+ pgg — pr(w)) + I3}, we obtain

o2 vA
=2 PE| }
a+,u9q+w1 pl(w1)+16 |:(d17+1)2

(EC.32)

o2 yA
. ) _ _PE _ e .
o+ g p1(w1) p1(w1) <w1 c+ ] [(dw—i—l)Q])

Furthermore, taking the derivative on both sides of the first equation of (EC.32) with respect to wy,

we obtain

_ ’ Oi? 72A1,b :|
1 =2p)(w;) (1 +16 E {(der 7)) (EC.33)

Combining (EC.33) into (EC.32), the first-stage retail price p; in equilibrium is a solution to the

following equation:

2
% o (2A1,a+Ap)
2p; —/qu—c—a+1—gE {7((1”71)21’}

2 (1+ 52 [

div+1)3

a+peq=gi(py) =i + (EC.34)
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Taking the derivative with respect to v on both sides of equation (EC.34), we deduce that

0 ap; 2% + %Q’E {(ZAW +Ay) ((d”1+1)2 - 27(?;;?51;/87)}
7 2(1+ 0 [))
2t pog—c—a+ HE [M) ("55 (o 21 —vapi/f?v)D
2(1+ %E [(J%f)g,}) 8 [ \(dy+1)° (dyy + 1) '
(EC.35)
Given pj, the first-stage wholesale price w; in equilibrium can be readily obtained as
o Tpp [ A
wy =2p] —a — flpq + EE [W} . (EC.36)

It can be easily checked from (EC.34) and (EC.36) that dp; /0y and dw; /0y are continuous in v > 0.
Therefore, 0117 /Oy and OII}' /v are also continuous in v > 0. Accordingly, the desired results of the

proposition would follow if we show that

) b . oI
’lyll)l(l) oy >0 andvhﬁngO N =0

for k € {P,M} and any 1€ {s,Ns}.
Case 1(a): v — 0. In (EC.34), taking v — 0 and using the fact that v"/(d;y + 1)"** — 0 almost

surely for any n > 1, we establish that

* 2
L TvEioA  + Ay <0 asy—0, (EC.37)
oy 64 ’ ’

where the interchange of limit and expectation is justified by the dominated convergence theorem.
The inequality in (EC.37) follows from the fact that

3ug +3¢o; for1=s

EC.38
3ug +4¢og  for 1=Ns. ( )

E[24,,+ A1) = {

Furthermore, taking the derivative with respect to v on both sides of (EC.36), it can be easily seen

that dw; /0y is continuous with v >0, and as v — 0,

owr ol
oa 1 - 1,a 07 EC.39
8’)/ —>32E[A7b 2A7]< ( )

where the inequality follows from the fact that

—ui —3¢pai fori=s

E[A..,—2A,,]=
4, g {—u§—4¢a§ for 1= Ns.
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To show that the expected profit of the platform is increasing with ~, recall that II7 =TI7, + II7,,
where the first-stage profit II7, = (pj — w})(a + peq — p7). Taking the derivative with respect to 7,

we obtain that

o, o ., . * oy [ 9P
87’1 = %(pl —wy)(a+ peq —py) + (P —wy) <_ a,yl)
o2 (atpoqg—c)  a+tpyg—c
r _
~ 22 <E[2Al,a BA | +—— —ER4. +AL’J) (EC.40)
2
g
- % _ _
= 128 (Oé + Hoq C)E[ZAL(]/ Al,b]
> 0,

where the limit follows from (EC.37), (EC.39), and (10) and the inequality follows from the fact that

2 2
+ ¢o forr=s
E[2A1,a - Al,b] = IUJZ ¢ o 2
ty +4¢o;  for 1=NS.

To show that the second-stage expected profit for the platform also increases with v, observe from
(EC.7) that

oIy, o, [ d; —9p; /0y

oy 16 | (diy+1)2
0_2

— LE[(a+60q—p7) AL

16
o2 EC.41
> T2 (-4 6 pi) 4, e
o2 o+ Heq — C
“p
- 16 4 E [Al,b]
>0,

where the limit follows as v — 0, the first inequality follows from the fact that both (a+6, —p;) and
A, are increasing with 0 and that E[XY] > E[X]E[Y] if X and Y are positively correlated, and the
last inequality follows from the fact that
E[A,,] = {ME +d>a§2 for1=s
py +4¢oy for 1=Ns.

Combining (EC.40) and (EC.41), we deduce that lim._,q0II} /0y > 0. Following the same logical
steps, it can be shown that lim,_,, OII' /0y > 0; we omit the detailed calculation steps.

Case 1(b): v — oo. From (EC.35), it can be verified that dpj/0y — 0 as v — oo. Therefore, from
(EC.36) it also follows that Jwj /0y — 0 as y — oo. Consequently, the first-stage profit of the platform,
117, satisfies

o, o, .. et (O
5t = g 0~ wDat iag =)+ 0 — D) (50 ) 0 as o0,

Furthermore, the second-stage profit of the platform, II,, satisfies

Oy _ o[y & —20pi/0y
&y 16 | (diy+1)2

]—>O as y — 00
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where the limit follows from the fact that d}/(d;~y+1)? — 0 almost surely and dp} /0y — 0 as v — oo.
Combining these observations, we deduce that JII' /0y — 0 as v — co. From the same logical steps,
it follows that OIIM' /0y — 0 as v — co. (We omit the detailed steps to avoid repetition.)
Case 2 (Commission Contract). From the first order condition for p} = argmax, {((1—u)p—c,)(a+
toq — p) + I}, we obtain
o+ g+ —— — 27 + Z2E {VB““ ] .
1—u 4 [(diy+1)?

Taking the derivative with respect to v on both sides of the preceding equation, we deduce that

Ipy j
0y 4

0=2 (EC.42)

B  2/Bualdi—7%)
(divy+1)? (div+1)?

Case 2(a): v — 0. Taking v — 0 on both sides of (EC.42) and after some algebra, we deduce that

opi ., 9
_7EBIa 07
o o GEBL] <

where the inequality follows from the fact that

E[B,.] - pa+¢goz for1=s (EC.43)
b e for 1=Ns. '

Furthermore, note that ﬁlml = ((1 —u)p; — ¢y)(a+ poq — pt). Therefore, one can write that

OIL}, p; ap;
L — — (1 —w) 2L (1 —u)pt —c) [ —
Gt = o g =) (1= 0 P+ (1= u)pi =) (-2 )
op; EC.44
= 2 (1wt o =)~ (1= )+ e
— 0,

where the limit follows from the fact that p; — (o + peq + ¢,/(1 —u))/2 as v — 0. Furthermore,

observe that

oYy _ (1—woy { d; —wp*{/ﬁv}
o 4 Y (diy +1)?
1—u)o?
S U 5o+ 00— i)
1 —u)o, EC.45
U=t (5, | El(a-+ 60— ) (e

(1—u)o;
=—F—E|B,
e

>

aﬂw—dﬂ—%)}
2
>0,

where the limit follows as 7 — 0, the inequality follows from the fact that both (a + 6g — p}) and
B, are increasing with 6 and that E[XY] > E[X]E[Y] if X and Y are positively correlated, and the
last inequality follows from (EC.43). Combining these results, we establish that lim,_, 9T /9y >
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0. Following the same logical steps, it can be seen that lim,_ 81:[f’ /0y > 0; we omit the detailed
calculation steps.

Case 2(b): v — oco. From (EC.42), we deduce that dp;/0v — 0 as v — co. Consequently, from the
expressions in (EC.44) and (EC.45), it can be easily seen that 9IIY, /0y — 0 for both ¢t = 1,2 as v — 0.
Thus, the proof of the lemma is complete. [

Proof of Lemma EC.5. First, consider a wholesale price contract. For ¢t =1, observe that

oy, o . .
5t = 5|l +0Q = p)(a-+ 80— pi) -

0 [(a+9q—pi)2]

(a+0q —p;)?
2

=—E
oy 2

e[() v

2

— SEE[2Au+ A (a0~ ¢) as 7y 0,

(EC.46)

where the second equality follows from the fact that the random variable @ ~ N(q, O’;) is independent

of §, and the limit follows from (EC.37) and is positive from (EC.38). For ¢ =2, observe that

o, 9 (a 4603, —p)?
Pl :7E _ * A _ * _
5 = 5 (0 +0Q = pp)(a-+ 00— pp) — TP
ZEE |:(a+6‘(j2_p;)2:|
oy 2
:igE[(a—i-(éle—Sé)(j —¢)? (EC.47)
32 0y ?
10 2 2 2 { ( 2 divy 2)”
== — o)~ E|A. (@ + 51—
3207 [(aﬂceq €)° — peq” + \TH g 1%

— U—iE[AIC(a+9q—c)]7
32 ’

where the second equality follows from the fact that the random variable Q) € N (q,af)) and @ is
independent of 6, the third equality follows from (9), and the limit follows from the fact that dd} /0y =
—0p; /0y and (EC.37). The limit in (EC.47) is positive since A, . defined in (EC.6) and (a4 6q —c¢)
are increasing with 6 and E[XY] > E[X]E[Y] if X and Y are positively correlated. Combining these
observations, we deduce that OII¢ /0 is strictly positive for sufficiently small .

Now, consider a commission contract. For t =1, we first derive an expression for dpj/dvy. Observe

that the optimal price p in the first stage is a solution p; to the equation:

_ L 1-u 2 Bl,a7
(1= u)la+ poa) + = i) =21~ ulps + — “o3E | : dw+1)2] . (EC.48)

Taking the derivatives with respect to v on both sides of (EC.48), we deduce that

PPN/ i 1—u2[ ( 1 _2(d1—78p’{/87)7>}
=20 =gt = o [P\ @y e (diy +1)° '
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Using the fact that 1/(dyy+1)? — 0 and d;/(d;y +1)® — 0 almost surely as v — 0, we deduce that

as v — 0,

~Z2E[B,). (EC.49)

Observe that
8H?1

_ (o +0q — p;)?
o

2

0

=5 [a—&-&@ py)(a+0g—p)) —
Q [a—&-@q ;) ]

oy

(EC.50)

E
[( ) (@+60- )

o2 c

—pE B, __°

39 [ ](a—l—,ugq T u) as 7 — 0,

where the limit follows from (EC.49). Note that the limit in (EC.50) is positive because E[B, ,] >0
and («+0q—c/(1—u)) > 0. For t =2, observe that

oI, o . o (@t 06 —pi)?
72 = 5E (@00 =)o +00 —pp) — L
_0E[<a+9@2—p;>2}
0 2
10 2
=55 E| (ot (40 = 30)3, — —— (EC.51)
19 ¢\ o5, 2 div
=390y <04+M9q1_u> — 14 +E|:Bl,b<q +d’{7—|—1 p)]

o2 c
_p _
%32E[B1,b <a+9q 1_u>],

where the third equality follows from the fact that pj = (a + 04, +¢/(1 —u))/2, and the remaining
steps follow from algebra. Note that the limit in (EC.51) is positive because B, and (a+ 60q —¢)

increase with 6 with probability one and that E[XY] > E[X}E[Y] when X and Y are positively

~. This step completes the proof of the lemma. [J
Proof of Lemma EC.6. For part (a), recall definition g,(p) in (EC.34). We show that g/(p) > 0 for
sufficiently small or large values of . For any fixed v > 0, there exists a positive constant dp,;, such

that

n n

ol

_r
(d1’Y + 1)n+1
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with probability one. For any n > 1, observe that f,(y) — 0 as v — 0 or as 7 — oo. Furthermore,
far1(7) =O(fn(7)) for n> 1. The derivative of ¢,(p) can be written as

202 = [ 72(2A1,a+A;p)
2+ ¢k [ (d1v+1)3

gi(p) =1+

202 'yQAI’b
2+ 3¢k [(dn+1>3}

o e [12ALa+AL)
—a—peg—c+ B[R <602E[ VB, ]
e )

4(1+%§E[<dﬁ%b 16 [(dyy+ 1)t

(EC.53)

The second term on the right-hand side of the preceding equation is 1+ O(f2(7y)) from (EC.52). It
is easy to check that g/(p1) — 2 as v — 0 or as 7 — co. Hence, the solution to (EC.34) is unique for
sufficiently small or large values of . Given pj, the first-stage wholesale price wj satisfies (EC.36).
Note that both sides of equations (EC.34) and (EC.36) are continuously differentiable with respect
to ¢, where the interchange of the limit and expectation is justified by the dominated convergence
theorem. Therefore, p; and w,, as well as their derivatives with respect to ¢, are continuous in ~.
To show the limits of the equilibrium prices (p},w;) and their derivatives with respect to ¢, we
bound the last term on the right-hand side of (EC.53). Observe that
’YH(QAI,U, + Al,b)
(diy+ 1)+t
’ ’YnAI,b
(diy+ 1)+

where the bounds follow from (EC.52). Write C, = max(E|2A4, , + A, |, E| A, |) for 1={s,NS} and let

< fn('Y)E|2AI,a + Al,b|

(EC.54)

< fa(VE[Ars],

C' =max(Cy, Cys). Note that C' < oo because 6, é, and py are bounded random variables. This fact
implies that the last term on the right-hand side of (EC.53) is O(f2(y)), and therefore, g/(p) > 0 for
sufficiently small or sufficiently large values of ~.

Since g(p) is strictly increasing with p, there exists ¢ > 0 such that g/(p) > ¢, and thus,

’pT _ﬁ| </t |gl(p>{) - gl(ﬁ)’ :
It remains to show that |g,(p}) — ¢:(p)| = O(e(y)). To this end, define g/ (p) as

2p—a—peq—c
2

g (p)=p+

and observe that ¢/ (p) = a+ peq. Additionally, observe that g,(p}) = g7 (p) = a+ peq by the definition
of g:(pt) in (EC.34) so that |g:(pt) — ¢:(p)| = |97 (p) — g:(p)|. Furthermore, since p = i(?)a + 3pgq +c),

we have that

atpgg—c + UZ |:’Y(2A1,a+A17b):|

e . atpgg—c 2 167 [ ()
1)~ gp) = CTHIZE ) 2~ 0(ht),
2(1+ %€ 7))
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where d; := a +6g — p and the last inequality follows from (EC.54). The bound for |w* — | imme-
diately follows from (EC.36).
Furthermore, taking the derivatives on both sides of (EC.34) with respect to ¢, we deduce that

i, op [0pi 2°0(20 - ) v 0(620—0))

0= V45|96 (@1 T @rriE 0

From (EC.52), it is easy to verify that dpj/0¢ = O(f2(y)). The bounds for dw;/0¢ also follow from
(EC.36), and we omit the details. This step completes the proof of part (a).

For part (b), we start with the second-stage profits (or surplus). Note that IIy, for 1€ {s,Ns} and

K € {P,M, C} can be expressed as

I~ d
My, = +E [B,K <q2 + r;l 102)]

:T;qmw+@pomm»

(EC.55)

where TI¥ := I1¥|,_,, where IT¥|,_, is defined in (EC.8) and (EC.9). The constant B¥ is the term that

depends only on 6 and sg:

)(46 — 30 0(46 — 30 46 — 36)?
pr_ 000=30) L 0030 oo (40-3D)
16 8 32 S (EC.56)
oo (20— 1) (40 =20 — o) o\ pe(40—20—pg) o (40— 20— pup)
Bl = T BesT e B

Additionally, note that IIf,, being a continuous function of the equilibrium prices (pj,w}) (part
(a) of this lemma), satisfies II}'; = ITf/2 + O(f(7)). Therefore, we deduce that ITf =TIf, + 11}, =
IIE + E[BX(q* + 02)] + O(f2(7)). After some standard calculation for E[BY], one can show that IT¥ +
LB +02)] = T oo

Furthermore, observe from (EC.55) that

a *
OHEQ —E OBf <q2 o2 17 ) K 6%
(9q3 8q§ pd1’7+1 ! (dl’y+1)2

0B« OBX o2 =
:E 1 2 2 _ 1 P BK [620)
90 (¢ +2) 96 dy+1 D i+ 1)

(EC.57)

where the interchange of the limit and expectation is justified by the dominated convergence theorem.
From parts (a) and (b) of the current lemma, we deduce that pj = p + O(f2(7y)) and 9p;/d¢ =
O(f2(7)). Furthermore, note that d, = dy + O(f2(v)), where d; = a + g — p. Therefore, the second
and third terms on the right-hand side of (EC.57) are O(f2(7y)). After some straightforward but
tedious algebra, it follows that

E P;;K (q%aﬁ)] = ;qj (|00
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where IIf|, o is defined in (EC.8) and (EC.9). The calculation steps for the preceding expectation
are standard and hence are omitted. Using part (a) of the current lemma once again, we have that
Ol /0¢ = O(f2(7)) and the desired result follows from OIIf/0¢ = OII}, /0¢ + OIIf, /O¢. Hence, the
proof of the lemma is complete. [

Proof of Lemma EC.7. The proof of this lemma follows the same logical steps as in the proof of
Lemma EC.6, so we only provide a proof sketch.

For part (a), recall the definition of g,(p) in (EC.48) and it can be easily seen that g/(p) — 2(1 —u) >
0 as v — 0 or v — oco. Therefore, the solution to (EC.48) is unique for sufficiently small or large
values of v. From the same calculation steps as in the proof of Lemma EC.6, it can be easily seen
that pi — p as v — 0 or v — 00; we omit the details to avoid repetition. Furthermore, taking the

derivatives on both sides of (EC.48) with respect to ¢, we deduce that

3pi+(1—U)0§E B ow 7 9Ba]
0 4 " O¢ (diy+1)2 (diy+1)? 9¢

Recalling the definition f,,(v) =" /(dminy+1)", we deduce that dp;/0¢p = O(fo(7)). Since f,,(7) —
0 as y— 0 or v — oo for any n > 2, we deduce that dp;/0¢ — 0 as v — 0 or v — oo. This step

0=2(1-u)

completes the proof of part (a).

For part (b), note that the expected profit II}; is a continuous function of the equilibrium price
pi. By part (a) of the lemma, we establish the continuity of IIf; and OIIf, /0¢ with respect to 7.
Furthermore, observe from (EC.18) that IIf, is a continuous function of ¢. (Here, we use the fact
that the continuity of a function is preserved under expectation due to the dominated convergence
theorem.) Therefore, the continuity of ITf, and OII},/0¢ with respect to v immediately follows. This

step completes the proof of the lemma. [



