
Online Appendices:
Supermodularity in Two-Stage Distributionally Robust

Optimization

A. Supplement

A.1. Algorithm for checking supermodularity in Section 3

For any given matrices U ,V , we provide the following algorithm to check explicitly whether the

condition in Theorem 2 is met.

Algorithm 2 algorithm for checking supermodularity

1: Input: U ∈ℜr×m,V ∈ℜr×n

2: Initialization: r0 = rank(U), s= 1

3: if r0 < r then

4: arbitrarily remove columns in U , if any, until U has only r0 linearly independent columns

5: for all I ⊆ [r] with |I|= r0 and UI invertible, do

6: for i∈ [r]\I do

7: d⊤
i = v⊤

i −u⊤
i U

−1
I VI

8: if there exist components dia, dib such that diadib < 0 then

9: s= 0, go to line 10

10: return s

Theorem 5 The condition in Theorem 2 is satisfied if and only if Algorithm 2 returns s= 1.

We note that Algorithm 2 may take exponential number of steps. Specifically, the complexity is

reflected in line 5, where we search for all row index sets subject to conditions on the number of

rows and rank. The high complexity is essentially because this algorithm is for the necessary and

sufficient condition. Indeed, if we aim only for necessary conditions, then it can be simplified by

reducing the range of search. For example, only checking for submatrices containing consecutive

rows of U and V can also be a necessary condition. If the condition is violated for any tested index

set I, then the function g(x,z) must not be supermodular for all x,b,v0. On the other hand, if

we aim at sufficient conditions only, some matrices with simple structures can be easily shown to

satisfy the conditions.
1
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A.2. A counterexample where segregated affine decision rules are suboptimal in
Section 4

For simplicity, we drop the first-stage decision and consider the problem

sup
P∈F

EP [g(z̃1, z̃2)]

as an example, where we define

F =

%
'

(P

))))))

EP[z̃1] = 3, EP[z̃2] = 1
EP[|z̃1 − 3|]≤ 1.2, EP[|z̃2 − 1|]≤ 1.2
P(z̃1 ∈ [0,4]) = P(z̃2 ∈ [0,4]) = 1

.
/

0 , g(z1, z2) =min

%
'

(y

))))))

y≥ z1 + z2 − 4
y≥−z1 − z2 +4
y≤ 4

.
/

0

for the problem setting. Easily we can check that g(z1, z2) satisfies the condition in Theorem 2,

hence is supermodular in z. Applying Algorithm 1 we obtain a worst-case distribution P# with

P#(z̃ = (0,0)) = P#(z̃ = (3,0)) = P#(z̃ = (4,0)) = P#(z̃ = (4,1)) = P#(z̃ = (4,4)) = 0.2, hence the

problem has an optimal value

sup
P∈F

EP[g(z̃1, z̃2)] =EP" [g(z̃1, z̃2)]

= 0.2 (g(0,0)+ g(3,0)+ g(4,0)+ g(4,1)+ g(4,4))

= 0.2 (4+1+0+1+4)

= 2.

On the other hand, we consider the decision following the segregated linear decision rule, i.e.,

y(z1, z2) = θ⊤ ((3− z1)
+, (1− z2)

+, (z1 − 3)+, (z2 − 1)+) + φ. The problem with segregated linear

decision rule (The detailed reformulation can be referred to Problem (26) in Appendix A.3) then

becomes

min θ⊤ (0.6,0.6,0.6,0.6)+φ

s. t. θ⊤ ,
(3− z1)

+, (1− z2)
+, (z1 − 3)+, (z2 − 1)+

-
≥ z1 + z2 − 4, ∀(z1, z2)∈ {0,3,4}× {0,1,4}

θ⊤ ,
(3− z1)

+, (1− z2)
+, (z1 − 3)+, (z2 − 1)+

-
≥−z1 − z2 +4, ∀(z1, z2)∈ {0,3,4}× {0,1,4}

θ⊤ ,
(3− z1)

+, (1− z2)
+, (z1 − 3)+, (z2 − 1)+

-
≤ 4, ∀(z1, z2)∈ {0,3,4}× {0,1,4}.

This is a linear program with 27 constraints and 5 decision variables, hence can be handled by

ordinary solvers. The optimal segregated linear decision rule turns out to be y(z1, z2) =
1
3
(3−z1)

++

(1− z2)
+ + (z1 − 3)+ + 1

3
(z2 − 1)+ + 2, yielding the optimal value 0.6( 1

3
+ 1+ 1+ 1

3
) + 2 = 3.6> 2.

This implies that segregated linear decision rules can be suboptimal even if the second-stage cost

is supermodular in z.

A.3. The CCG algorithm and segregated affine decision rules in Section 6

CCG algorithm

The CCG algorithm we use in this paper mostly resembles Saif and Delage (2021), who study a

two-stage distributionally robust facility location problem. For Problem (2), the inner supremum
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problem supP∈F can be equivalently written as an infimum problem and the strong duality holds.

Then, we reformulate Problem (2) as

min a⊤x+α+µ⊤β+ δ⊤γ

s. t. α+β⊤z+γ⊤(|z−µ|)≥ g(x,z), ∀z ∈ [z,z]

γ ≥ 0, x∈X .

(20)

For the CCG algorithm, we assume that the relatively complete recourse holds and consider multiple

iterations. In iteration τ (τ = 0,1,2, . . .), we solve a relaxation of Problem (20) that imposes the

first constraint to hold only on a subset {z0,z1, . . . ,zτ}⊆ [z,z]. Formally, let

L̂τ :=min a⊤x+α+µ⊤β+ δ⊤γ

s. t. α+β⊤zi +γ⊤(|zi −µ|)≥ b⊤yi, i∈ [τ ]

Wx+Uyi ≥V zi +v0, i∈ [τ ]

γ ≥ 0, x∈X .

(21)

This problem provides a lower bound to the optimal value of the original problem (2). Denoting by
<
x̂, α̂, β̂, γ̂,{ŷi}i∈[τ ]

=
a solution to Problem (21), we then examine the violation of the constraint

in Problem (20) by evaluating

h
<
x̂, β̂, γ̂

=
=max

3
g(x̂,z)− β̂⊤z− γ̂⊤(|z−µ|)

))) z ∈ [z,z]
4

=max

#
g(x̂,z)− β̂⊤z− γ̂⊤θ

))))
θ≥ z−µ, θ≥µ− z, θ≤M01
z ∈ [z,z]

$

=max

%
'

((V z+v0 −Wx̂)⊤η− β̂⊤z− γ̂⊤θ

))))))

U⊤η= b, η≥ 0
θ≥ z−µ, θ≥µ− z, θ≤M01
z ∈ [z,z]

.
/

0

= max
η:U

⊤η=b
η≥0

%
&&&'

&&&(
(v0 −Wx̂)⊤η+max

%
&&&'

&&&(
(V ⊤η− β̂)⊤z− (γ̂)⊤θ

)))))))))

z−θ≤µ
−z−θ≤−µ
θ≤M01
z ≤ z
−z ≤−z

.
&&&/

&&&0

.
&&&/

&&&0
.

(22)

Here the second equality follows from γ̂ ≥ 0, and the constraint θ ≤M01 with M0 being a suffi-

ciently large real number guarantees the boundedness of the feasible set while keeping the optimal

value unchanged. The third equality follows from the dual form of g(x̂,z), since the relatively

complete course assumption guarantees that the strong duality holds. In the last line we seperate

the maximization of η and z,θ. Further, replacing the constraints of the inner maximization by
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its KKT conditions, we get

h
<
x̂, β̂, γ̂

=
=max (v0 −Wx̂)⊤η+µ⊤(φ−φ)+M01

⊤ξ+ z⊤ρ− z⊤ρ

s. t. U⊤η= b

z−θ≤µ (φ)

− z−θ≤−µ (φ)

θ≤M01 (ξ)

z ≤ z (ρ)

− z ≤−z (ρ)

φ−φ+ρ−ρ=V ⊤η− β̂ (z)

φ−φ− ξ= γ̂ (θ)

µ− z+θ≤M0λ
φ, φ≤M0(1−λφ)

−µ+ z+θ≤M0λ
φ, φ≤M0(1−λφ)

M01−θ≤M0λ
ξ, ξ≤M0(1−λξ)

z− z ≤M0λ
ρ, ρ≤M0(1−λρ)

z− z ≤M0λ
ρ, ρ≤M0(1−λρ)

φ,φ,ξ,ρ,ρ,η≥ 0

λφ,λφ,λξ,λρ,λρ ∈ {0,1}n.

(23)

Here the variables in parentheses specify the associated dual variable for each constraint, and the

binary variables λφ,λφ,λξ,λρ,λρ are introduced such that µ− z + θ ≤Mλφ,φ ≤M(1− λφ) is

equivalent to the complementary slackness condition (µi − zi + θi)φi = 0 (i ∈ [n]) for λφ and so

forth for the other binary variables. We hence reformulate the bilinear problem in the third line of

Equation (22) into a mixed integer program.

By solving Problem (23), we derive the optimal solution of z and denote as zτ+1. Further, we

obtain an upper bound of Problem (2) as

Ûτ := a⊤x̂+h
<
x̂, β̂, γ̂

=
+µ⊤β̂+ δ⊤γ̂ (24)

This is an upper bound because the fixed
<
x̂, β̂, γ̂

=
and α= h

<
x̂, β̂, γ̂

=
form a feasible solution to

Problem (20).

We terminate the algorithm when the upper and lower bounds converge. If the algorithm does

not stop in iteration τ , we then add a decision variable yτ+1 and the following constraints
C
α+β⊤zτ+1 +γ⊤(|zτ+1 −µ|)≥ b⊤yτ+1,

Wx+Uyτ+1 ≥V zτ+1 +v0
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to the lower bound problem (21) and solve for L̂τ+1 in iteration τ + 1. The full procedure is

formalized in Algorithm 3.

Algorithm 3 A CCG algorithm for two-stage DRO

1: Input: two-stage formulation (2), second-stage formulation of g(x,z), ε≥ 0

2: Initialization: LB =−∞,UB =∞, τ = 0, z0 =µ

3: while UB−LB > ε do

4: solve Problem (21) with {zi}i∈[τ ]

5: denote by (x̂, β̂, γ̂) the optimal solution, by L̂τ the optimal value

6: update LB = L̂τ

7: solve Problem (23) with (x̂, β̂, γ̂)

8: denote by zτ+1 the optimal solution for z, by h(x̂, β̂, γ̂) the optimal value

9: calculate Ûτ based on Equation (24) with h(x̂, β̂, γ̂)

10: update UB =min
1
UB, Ûτ

2

11: update τ = τ +1

12: Output: optimal solution x̂

Segregated affine decision rule

For Problem (2), when we use the segregated decision rule method, the problem is reformulated as

min
x,Θ,φ

a⊤x+sup
P∈F

EP

!
b⊤

9
Θ

!
(µ− z̃)+

(z̃−µ)+

"
+φ

:"

s. t. Wx+U

9
Θ

!
(µ− z)+

(z−µ)+

"
+φ

:
≥V z+v0, ∀z ∈ [z,z]

x∈X .

By the property of segregated linearity, we can equivalently impose the constraints only on the

breakpoints, hence obtain the following reformulation.

min a⊤x+sup
P∈F

EP

!
b⊤

9
Θ

!
(µ− z̃)+

(z̃−µ)+

"
+φ

:"

s. t. Wx+U

9
Θ

!
(µ− z)+

(z−µ)+

"
+φ

:
≥V z+v0, ∀z ∈

D

i∈[n]

{zi, µi, zi} ,

x∈X .

(25)

Similar to the proof of Proposition 1, we can derive a worst-case distribution P# and show that the

MAD under P# is EP" [|z̃−µ|] = δ̂. Observing that EP" [(µ− z̃)+ +(z̃−µ)+] = EP" [|z̃−µ|] = δ̂,
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EP" [(µ− z̃)+ − (z̃−µ)+] = EP" [µ− z̃] = 0, we have EP" [(µ− z̃)+] = EP" [(z̃−µ)+] = δ̂/2. Hence,

Problem (25) can be further reformulated as

min a⊤x+ b⊤Θ

!
δ̂/2

δ̂/2

"
+ b⊤φ

s. t. Wx+U

9
Θ

!
(µ− z)+

(z−µ)+

"
+φ

:
≥V z+v0, ∀z ∈

D

i∈[n]

{zi, µi, zi} ,

x∈X .

(26)

This problem is essentially a linear program with an exponential size of constraints.

B. Extensions

In this section, we introduce three possible extensions and show that, when the property of super-

modularity holds, the exact tractable reformulation can be applied to more general settings.

B.1. Left-hand-side uncertainties in the constraints

We consider that the matrix W on the left-hand side of the constraints is an affine function of the

uncertain vector z̃ as W (z̃) =W 0 +
6

i∈[n]W
iz̃i. In this case, the second-stage problem becomes

gW (x,z) =min b⊤y

s. t.

E

FW 0 +
7

i∈[n]

W izi

G

Hx+Uy≥V z+v0,

where W i, i ∈ {0,1, . . . , n} are given constant matrices in ℜr×l. We next establish an equivalent

condition for the supermodularity of gW .

Theorem 6 gW (x,z) is supermodular in z for any x,b and v0 if and only if U ∈ℜr×m, V ∈ℜr×n

and Wi ∈ℜr×l, i∈ [n] satisfy one of the following conditions:

1) rank(U) = r,

2) for all I ⊆ [r],η ∈ℜ|I| with |I|= rank(U)+ 1, rank(UI) = rank(U) and U⊤
I η= 0, we have

2a) (η⊤(VI)i) · (η⊤(VI)j)≥ 0, (W i
I)

⊤ηη⊤W j
I is positive semidefinite, for all i, j ∈ [n];

2b) (η⊤(VI)i) ·
,
η⊤W j

I
-
= (η⊤(VI)j) · (η⊤W i

I), for all i, j ∈ [n].

For Condition 2) in Theorem 6, considering any concerned I, i.e., |I| = rank(U) + 1 and

rank(UI) = rank(U), the null space of UI is of dimension 1. That is, there exists ηo such that for all

η with U⊤
I η= 0 we have η= kηo for some k ∈ℜ. We can easily observe that both Conditions 2a)

and 2b) hold for all such η if and only if they hold for ηo. Therefore, to verify whether Conditions

2a) and 2b) hold, it suffices to check for ηo only. Hence, as in Theorem 5, we can similarly build a

corresponding algorithm to check the supermodularity of gW .
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B.2. Non-linearity in the objective function

We extend our results by considering the objective as a more general function, which is nonlinear

of the second-stage cost. For example, the objective can be either an expected disutility or a risk

measure. Specifically, when the second-stage cost itself is supermodular in the uncertainty, the

following lemma identifies mild conditions which are sufficient to preserve supermodularity. We

subsequently show how our method can help us obtain tractable reformulations.

Lemma 3 Given any convex and non-decreasing function u :ℜ→ℜ and any monotone supermod-

ular function h :ℜn →ℜ, the function φ :ℜn →ℜ defined as φ(z) = u(h(z)) is supermodular.

This result can be applied when maximizing the decision maker’s expected utility, or equivalently,

minimizing the expected disutility. Consider the following problem

min
x∈X

sup
P∈F

EP
*
u
,
a⊤x+ g(x, z̃)

-+
, (27)

where g(x,z) is the second-stage cost function defined by (1), and u :ℜ→ℜ is a piecewise linear

convex and non-decreasing disutility function defined as

u (w) =max
j∈[J]

{cjw+ dj}, ∀w ∈ℜ, (28)

for some constants cj ≥ 0 and dj, j ∈ [J ].

Proposition 12 If g(x,z) is monotone and supermodular in z for all x ∈X , then Problem (27)

is equivalent to the following problem

min ν⊤l

s. t. R⊤
k l≥

7

i∈[2n+1]

pki f
k,i, k ∈ [K]

Wx+Uyk,i ≥V zk,i +v0, k ∈ [K], i∈ [2n+1]

fk,i ≥ cj
,
a⊤x+ b⊤yk,i

-
+ dj, k ∈ [K], i∈ [2n+1], j ∈ [J ]

l≥ 0, x∈X ,

(29)

where pki ,z
k,i, i ∈ [2n + 1] are obtained from Algorithm 1 given the ambiguity sets Fk, k ∈ [K]

defined by (4).

We can also apply Lemma 3 when some risk measures are included in the objective. In particular,

we study the case where the objective function is based on Optimized Certainty Equivalent (OCE)

(Ben-Tal and Teboulle 1986). It is shown that the OCE models a broad range of risk measures
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(Ben-Tal and Teboulle 2007), and includes the Conditional-Value-at-Risk (CVaR) as a special case.

When evaluating the total cost by OCE, the two-stage problem is as follows,

min
x∈X

sup
P∈F

OCEu

,
a⊤x+ g(x, z̃)

-
=min

x∈X
sup
P∈F

inf
θ∈ℜ

{θ+EP
*
u
,
a⊤x+ g(x, z̃)− θ

-+
}, (30)

where u(·) is a piecewise linear convex and non-decreasing disutility function taken the form of

(28). We now show that our method is applicable to Problem (30).

Corollary 3 If g(x,z) is monotone and supermodular in z for all x ∈ X , then the OCE mini-

mization problem (30) is equivalent to the following linear program

min θ+ν⊤l

s. t. R⊤
k l≥

7

i∈[2n+1]

pki f
k,i, k ∈ [K]

Wx+Uyk,i ≥V zk,i +v0, k ∈ [K], i∈ [2n+1]

fk,i ≥ cj
,
a⊤x+ b⊤yk,i − θ

-
+ dj, k ∈ [K], i∈ [2n+1], j ∈ [J ]

l≥ 0, x∈X ,

(31)

where pki ,z
k,i, i ∈ [2n + 1] are obtained from Algorithm 1 given the ambiguity sets Fk, k ∈ [K]

defined by (4).

B.3. General ambiguity set

While the previous results are based on the ambiguity set that is constructed by mean, support

and MAD in each scenario (see Equation (3)), now we extend that ambiguity set to a more general

one and show that it is the most general case in which our results are still applicable. We define

the ambiguity set based on piecewise linear convex functions, which are rather general and still

maintain the linear structure in the reformulation. For notational simplicity, we do not incorporate

the random scenario in this subsection. Specifically, we consider the ambiguity set defined as follows,

FG =

%
&'

&(
P

)))))))

P
,
z ≤ z̃ ≤ z

-
= 1

EP[z̃] =µ

EP
*
hj
i (z̃i)

+
≤ δji , i∈ [n], j ∈ [Ji]

.
&/

&0
, (32)

where Ji ≥ 1 is an integer, hj
i is a given piecewise linear convex function, i∈ [n], j ∈ [Ji]. We assume

hj
i has at least two pieces in [zi, zi] to avoid the trivial case. The ambiguity set FG generalizes Fk,

defined in Equation (4), as it replaces the MAD information in Fk by the expectations of several

piecewise linear convex functions. Obviously, FG includes Fk as a special case by choosing Ji = 1

and hj
i (z) = |z−µi| for all z ∈ℜ.

Unfortunately, as we will show later in this subsection, not all ambiguity sets FG defined by

Equation (32) can lead to a tractable reformulation using the procedures we discussed in Section 2.
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Here we aim to identify the conditions for FG such that the corresponding two-stage optimization

problem, whenever the property of supermodularity holds for the second-stage cost function, can

be solved with the methods in Section 2.

For any i∈ [n], we let z1i = zi, z
2
i = zi and denote z3i , z

4
i , . . . , z

Si
i ∈ (zi, zi) as the breakpoints of the

piecewise linear functions h1
i , . . . , h

Ji
i . We now have the following result, which is essential for using

the procedures in Section 2.

Theorem 7 The following two statements are equivalent.

1. Given any δji , i ∈ [n], j ∈ [Ji] satisfying FG ∕= ∅, there exists pi = (pi1, . . . , piSi
) ∈ ℜSi

+ , i ∈ [n]

such that for all convex function f : ℜn →ℜ, we have P∗ ∈ arg supP∈FG EP [f(z̃)] and for any

i∈ [n],

P∗ (z̃i =w) =

%
'

(
pis if w= zsi , s∈ [Si],

0 otherwise.

2. For all i∈ [n], j ∈ [Ji], h
j
i has exactly two pieces on [zi, zi].

We observe that the worst-case distribution P∗ provided in Theorem 7 has the same structure

as that in Proposition 1. Essentially, we can characterize their marginal distributions for both

settings. Moreover, the marginal distribution depends only on the ambiguity set itself, and is

independent of the objective function f (in Theorem 7) or the first-stage decision x (in Proposition

1). Therefore, if FG satisfies the condition in Theorem 7, we can adopt a similar procedure to that

in Section 2 to solve the two-stage optimization problem. In particular, we first obtain the marginal

distribution, and then find the worst-case distribution based on the chained support, after which

we can reformulate the two-stage problem as a linear program with low dimension. By contrast,

if FG violates the condition in Theorem 7, there are two-stage problems such that the worst-case

distribution would depend on the first-stage decision x, and hence our method cannot work.
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C.1. Proof of Proposition 1

For a one-dimensional random variable, when its MAD is known exactly, Ben-Tal and Hochman

(1972, Theorem 3) have derived the worst-case distribution. Here since in Fk, it involves multiple

dimensions and only the upper bound of MADs is known, we need to prove differently as follows.

For notational brevity, we drop the superscript k.

We now consider any i ∈ [n] such that zi > zi. For the i-th marginal, given the support [zi, zi]

and mean µi, the maximum possible value of MAD is
2(zi−µi)(µi−zi)

zi−zi
(see Ben-Tal and Hochman

(1972, Lemma 1)). Hence, we let δ̂i =min
3
δi,

2(zi−µi)(µi−zi)

zi−zi

4
. Then, the worst-case expectation of

g(x, z̃) under the Fk defined in Equation (4) can be reformulated as

sup
P∈F

EP [g(x, z̃)] = sup

%
'

(EP [g(x, z̃)]

))))))

EP[z̃] =µ,
EP[|z̃−µ|]≤ δ,
P(z ≤ z ≤ z̄) = 1

.
/

0= sup

%
'

(EP [g(x, z̃)]

))))))

EP[z̃] =µ,

EP[|z̃−µ|]≤ δ̂,
P(z ≤ z ≤ z̄) = 1

.
/

0

= sup
0≤d≤δ̂

V (d),

where

V (d) = sup

%
'

(EP [g(x, z̃)]

))))))

EP[z̃] =µ,
EP[|z̃−µ|] = d,
P(z ≤ z ≤ z̄) = 1

.
/

0 .

We prove our proposition by two steps.
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Step 1. Considering any given d ∈ [0, δ̂], we will show that there must exist an optimal proba-

bility distribution, P∗, for the problem in defining V (d) such that the marginal distribution is as

follows,

P∗ (z̃i =w) =

%
&&&&&'

&&&&&(

di
2(µi−zi)

if w= zi

1− di(zi−zi)

2(zi−µi)(µi−zi)
if w= µi

di
2(zi−µi)

if w= zi

0 otherwise.

(33)

We prove this by discussing two scenarios, depending on whether V (d) is finite or not.

Consider the first case where V (d) =∞. In this case, there exists P′ such that EP′ [g(x
′, z̃)] =

∞,EP′ [z̃] = µ,EP′ [|z̃ − µ|] = d and P′(z ≤ z ≤ z̄) = 1. We denote by supp(P) the support of any

probability distribution P. Observing that the feasible set of V (d) is nonempty (any distribution

with marginal distribution as in (33) is feasible), EP′ [g(x
′, z̃)] =∞ implies that there must exist z′ ∈

supp(P′)⊆ [z,z] such that g(x,z′) =∞. We let P′′ be any probability distribution with marginal

distribution as defined in (33), then supp(P′′) =
I

i∈[n] Si where Si = {µi} if di = 0, Si = {zi, µi, zi}

if di ∈ (0, δ̂i) and Si = {zi, zi} if di = δ̂i, i ∈ [n]. Now, consider any i ∈ [n]. If di = 0, we must have

P′(z̃i = µi) = 1; hence, z′i = µi ∈ conv(Si); if di > 0, z′i ∈ conv(Si) = [zi, zi] since z ∈ [z,z]. Hence, in

any case, z′i ∈ conv(Si). Consequently, we have z
′ ∈ conv(supp(P′′)). Since function g(x,z) is convex

in z (see Theorem 2, Section 3.1 in Birge and Louveaux (2011)), there must exist z′′ ∈ supp(P′′)

such that g(x′,z′′) =∞. Hence, P′′ is also a worst-case distribution.

For the second case where V (d) is finite, by strong duality (e.g., Shapiro 2001),

V (d) =min
1
s+µ⊤t+d⊤r

)) s+ z⊤t+(|z−µ|)⊤r≥ g(x,z), ∀z ≤ z ≤ z
2
. (34)

For any given t,µ,r, since g(x,z) is convex in z, the function g(x,z)−z⊤t− (|z−µ|)⊤r is convex

in z if z ∈ [a,b] where for all i∈ [n], (ai, bi) takes value of (zi, µi) or (µi, zi). Hence, the constraint

in (34) is equivalent to

s≥ g(x,z)− z⊤t− (|z−µ|)⊤r, ∀z ∈
D

i∈[n]

{zi, µi, zi} . (35)

Substituting the constraints in Problem (34) by (35) and writing its dual form again, we obtain

V (d) = sup

%
&&&'

&&&(

3n7

τ=1

pτg(x,z
τ )

)))))))))

63n

τ=1 pτz
τ
i = µi, i∈ [n]63n

τ=1 pτ |zτi −µi|= di, i∈ [n]63n

τ=1 pτ = 1
pτ ≥ 0, τ ∈ [3n]

.
&&&/

&&&0
, (36)

where z1, . . . ,z3n represent all z ∈
I

i∈[n] {zi, µi, zi}, and p1, . . . , p3n are the associated decision

variables. Therefore, we can find a distribution P∗ which is optimal to V (d), with its support
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being z1, . . . ,z3n . This implies P∗(z̃i = w) = 0 whenever w /∈ {zi, µi, zi}, for all i ∈ [n]. Given any

three-point support {zi, µi, zi}, mean µi and MAD value di ∈ [0, δ̂i], we observe that a distribution

which places di
2(µi−zi)

amount of mass at zi, 1−
di(zi−zi)

2(zi−µi)(µi−zi)
at µi, and

di
2(zi−µi)

at zi, is uniquely

determined. Hence, P∗ must have a marginal distribution as in (33).

Step 2. We next show that function V (d) is non-decreasing in d.

Consider any 0 ≤ d′ ≤ d′′ ≤ δ̂ with d′′ − d′ = θei◦ for some θ > 0, i◦ ∈ [n], and the probability

distribution P′ with P′(z̃ = zτ ) = p′τ , τ ∈ [3n] such that p′1, . . . , p
′
3n is the worst-case distribution in

Problem (36) when d= d′. WLOG, we let i◦ = 1. We define another distribution P′′ with P′′(z̃ =

zτ ) = p′′τ , τ ∈ [3n] as

P′′(z̃ = z) =

%
&'

&(

P′(z̃ = z)+ ε(z)

µ1−z1
if z1 = z1,

P′(z̃ = z)− ε(z)

µ1−z1
− ε(z)

z1−µ1
if z1 = µ1,

P′(z̃ = z)+ ε(z)

z1−µ1
if z1 = z1,

where ε :
I

i∈[n]{zi, µi, zi}→ [0,1] is a mapping defined by

ε(z) = ε(z+(z1 −µ1)e1) = ε(z+(z1 −µ1)e1) =
θ/2

1− d′1
2

<
1

µ1−z1
+ 1

z1−µ1

=P′(z̃ = z) (37)

for all z ∈
I

i∈[n]{zi, µi, zi} with z1 = µ1. We next verify that p′′1 , . . . , p
′′
3n satisfy the constraints in

(36) when replacing d by d′′.

From the definition of θ, we observe that for all z such that z1 = µ1,

ε(z)

µ1 − z1
+

ε(z)

z1 −µ1

=

d′′1−d′1
2

<
1

µ1−z1
+ 1

z1−µ1

=

1− d′1
2

<
1

µ1−z1
+ 1

z1−µ1

=P′(z̃ = z) =

E

F1−
1− d′′1

2

<
1

µ1−z1
+ 1

z1−µ1

=

1− d′1
2

<
1

µ1−z1
+ 1

z1−µ1

=

G

HP′(z̃ = z).

Because 0 < d′1 < d′′1 ≤ δ̂1 and the three-point distribution is uniquely determined, we have 1 −
d′1
2

<
1

µ1−z1
+ 1

z1−µ1

=
≥ 1− d′′1

2

<
1

µ1−z1
+ 1

z1−µ1

=
≥ 0. Hence P′′(z̃ = z)∈ [0,P′(z̃ = z)] for all z with z1 =

µ1. By the definition of P′′ we notice that
6

z∈
!

i∈[n]{zi,µi,zi} P
′′(z̃ = z) =

6
z∈

!
i∈[n]{zi,µi,zi} P

′(z̃ =

z) = 1, we have P′′(z̃ = z)∈ [0,1] for all z ∈
I

i∈[n] {zi, µi, zi}.
To see EP′′ [z̃] =µ, we observe that for the first dimension,

3n7

τ=1

p′′τz
τ
1 =

7

z:z1=µ1

P′′(z̃ = z)µ1 +
7

z:z1=z1

P′′(z̃ = z)z1 +
7

z:z1=z1

P′′(z̃ = z)z1

=
7

z:z1=µ1

(P′′(z̃ = z)µ1 +P′′(z̃ = z+(z1 −µ1)e1)z1 +P′′(z̃ = z+(z1 −µ1)e1)z1)

=
3n7

τ=1

p′τz
τ
1 +

7

z:z1=µ1

99
− ε(z)

µ1 − z1
− ε(z)

z1 −µ1

:
µ1 +

ε(z)

µ1 − z1
z1 +

ε(z)

z1 −µ1

z1

:

= µ1 +
7

z:z1=µ1

9
ε(z)

µ1 − z1
(z1 −µ1)+

ε(z)

z1 −µ1

(z1 −µ1)

:

= µ1,
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where the third equality is due to the property of ε stated in (37). For any other dimension i with

i ∕= 1, by the construction of P′′ we can observe that the marginal masses on the i-th dimension

remain identical with P′. Hence,
63n

τ=1 p
′′
τz

τ =µ.

For the MAD information, we start from the first dimension and notice that

7

z:z1=µ1

P′′(z̃ = z) =
7

z:z1=µ1

P′(z̃ = z)−
9

1

µ1 − z1
+

1

z1 −µ1

: 7

z:z1=µ1

ε(z)

=

E

F1−
9

1

µ1 − z1
+

1

z1 −µ1

:
θ/2

1− d′1
2

<
1

µ1−z1
+ 1

z1−µ1

=

G

H
7

z:z1=µ1

P′(z̃ = z)

=

E

F1−
9

1

µ1 − z1
+

1

z1 −µ1

:
θ/2

1− d′1
2

<
1

µ1−z1
+ 1

z1−µ1

=

G

H
9
1− d′1

2

9
1

µ1 − z1
+

1

z1 −µ1

::

= 1− d′′1
2

9
1

µ1 − z1
+

1

z1 −µ1

:
,

where the second equality is due to (37), the third equality holds since the marginal distribution

is uniquely determined in P′. Similarly, we have
6

z:z1=z1
P′′(z̃ = z) =

d′′1
2(µ1−z1)

and
6

z:z1=z1
P′′(z̃ =

z) =
d′′1

2(z1−µ1)
. It then follows that

63n

τ=1 p
′′
τ |zτ1 −µ1|= d′′1 . Since the marginal masses at all remaining

dimensions are unchanged, we have
63n

τ=1 p
′′
τ |zτ −µ|= d′′. Hence P′′ is a feasible solution to the set

(36) when we replace d by d′′.

Consequently,

V (d′′)≥
3n7

τ=1

p′′τg(x,z
τ )

=
3n7

τ=1

p′τg(x,z
τ )+

7

z:z1=µ1

<
− ε(z)

µ1 − z1
− ε(z)

z1 −µ1

=
g(x,z)+

7

z:z1=z1

ε(z)

µ1 − z1
g(x,z)+

7

z:z1=z1

ε(z)

z1 −µ1

g(x,z)

=
3n7

τ=1

p′τg(x,z
τ )+

7

z:z1=µ1

9<
− ε(z)

µ1 − z1
− ε(z)

z1 −µ1

=
g(x,z)

+
ε(z)

µ1 − z1
g(x,z+(z1 −µ1)e1)+

ε(z)

z1 −µ1

g(x,z+(z1 −µ1)e1)

:

=
3n7

τ=1

p′τg(x,z
τ )+

7

z:z1=µ1

ε(z)

9
1

µ1 − z1
(g(x,z+(z1 −µ1)e1)− g(x,z))

+
1

z1 −µ1

(g(x,z+(z1 −µ1)e1)− g(x,z))

:

≥
3n7

τ=1

p′τg(x,z
τ ) = V (d′),

where the first inequality holds because p′′1 , . . . , p
′′
3n is a feasible solution, the second equality is based

on (37), and the second inequality follows from the convexity of g. Hence, V (d) is non-decreasing
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on [0, δ̂]. Therefore, supP∈F EP [g(x, z̃)] = sup0≤d≤δ̂ V (d) = V (δ̂). The worst-case is with the form

of (33) when d= δ̂, which is as proposed in our Proposition. □

C.2. Proof of Proposition 2

1) =⇒ 2). Consider any P ∈ P such that there exists an unordered pair w′,w′′ with p′ = P(w̃ =

w′)> 0, p′′ = P(w̃=w′′)> 0. WLOG, assume p′ ≤ p′′. We construct a new probability distribution

Po, such that

Po(w̃=w) =

%
&&&'

&&&(

0 if w=w′

p′′ − p′ if w=w′′

P(w̃=w′ ∧w′′)+ p′ if w=w′ ∧w′′

P(w̃=w′ ∨w′′)+ p′ if w=w′ ∨w′′

P(w̃=w) otherwise.

In particular, based on P, we move the probability mass p′ from the realization of w′,w′′ to

w′ ∧w′′,w′ ∨w′′. That does not change the marginal distribution and hence Po ∈ P. Moreover,

compared with the support of P, that of Po has one less unordered pair. We also observe that

EPo [f(w̃)]−EP [f(w̃)] = p′ (f(w′ ∧w′′)+ f(w′ ∨w′′)− f(w′)− f(w′′))≥ 0,

where the last inequality is due to the supermodularity of f . Therefore, we can always reduce the

number of unordered pairs (if there is any) in the support while the value of expectation on f(w̃)

either increases or remains unchanged. Since any P ∈ P has nonzero probability mass only at a

finite number of discrete points (by the definition of P), the number of unordered pairs must be

finite and hence will be decreased to zero after a finite number of such steps. Therefore, finally we

obtain P∗ ∈ arg supP∈P EP [f(w̃)] such that the support of P∗ has no unordered pair. Since there

are mi points in the support of the i-th marginal, moving along the chain in ascending order from

(x11, . . . , xn1) to (x1m1
, . . . , xnmn) takes mi−1 steps on the i-th dimension. Hence, the chain has its

maximum length being 1+the total number of steps, i.e.,
6

i∈[n](mi − 1)+ 1.

2) =⇒ 1). Assuming the contrary of 1), i.e., f is not supermodular, then there exists a pair of

unordered w′,w′′ ∈ ℜn such that f(w′) + f(w′′)> f(w′ ∧w′′) + f(w′ ∨w′′). We denote I ′ = {i ∈

[n] | w′
i < w′′

i }, I ′′ = {i ∈ [n] | w′
i > w′′

i } and Ie = {i ∈ [n] | w′
i = w′′

i }. As w′,w′′ are unordered,

we know I ′, I ′′ are both nonempty. For all i ∈ I ′ ∪ I ′′, we let mi = 2, xi1 = w′
i ∧ w′′

i , xi2 =

w′
i ∨ w′′

i , pi1 = pi2 = 0.5; for all i ∈ Ie, we let mi = 1, xi1 = w′
i = w′′

i and pi1 = 1. Correspond-

ingly, P = {P | P(w̃i = xij) = pij, j ∈ [mi], i∈ [n]}, and any P ∈ P must has its support in W =

Πi∈I′∪I′′{xi1, xx2}×Πi∈Ie{xi1}. Consider any Po ∈P such that its support WPo = {w ∈ℜn | Po(w̃=

w)> 0} forms a chain. We now show that Po ∕∈ arg supP∈P EP [f(w̃)] and hence statement 2) in the

proposition is false, then the proof can be completed. To this end, we notice since WPo forms a

chain, we can label the elements in WPo in ascending order, i.e., w1 ≤w2 ≤ . . ..
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We first show w1 =w′ ∧w′′. Consider any i∈ [n]. If w1
i <xi1, then w1

i ∕∈ {xij | j ∈ [mi]}, contra-

dicts with Po ∈P. If w1
i >xi1, then wi >xi1 for all w ∈WPo , Po(w̃i = xi1) = 0, which also contradicts

with Po ∈P. Therefore, we must have w1
i = xi1 for all i∈ [n], i.e., w1 = (x11, . . . , xn1) =w′ ∧w′′.

We next show w2 =w′ ∨w′′. Assume that there exists i ∈ I ′ ∪ I ′′ with w2
i =w1

i . Since w2 ≥w1

and w2 ∕= w1, we know that there exists j ∈ I ′ ∪ I ′′ with w2
j > w1

j . By w2
i = w1

i = xi1, Po(w̃ =

w1)+Po(w̃=w2)≤ Po(w̃i = xi1) = pi1 = 0.5, we know Po(w̃=w1)< 0.5; by w2
j >w1

j = xj1, we know

Po(w̃ =w1) = pj1 = 0.5. Hence, we have contradiction. It follows that w2
i > w1

i for all i ∈ I ′ ∪ I ′′,

i.e., w2 =w′ ∨w′′. Moreover, we have |W|= 2 since w2 is the maximum element of W.

Therefore, Po is such that Po(w̃=w′ ∧w′′) = Po(w̃=w′ ∨w′′) = 0.5. Consider another distribu-

tion P∗ such that P∗(w̃=w′) = P∗(w̃=w′′) = 0.5. We can easily have P∗ ∈P, and

EPo [f(w̃)] = 0.5× (f(w′ ∧w′′)+ f(w′ ∨w′′))< 0.5× (f(w′)+ f(w′′)) =EP∗ [f(w̃)] .

□

C.3. Proof of Proposition 3

For notational simplicity, we drop the superscript k which represents the scenario k; we also assume

zi =−1, µi = 0, z̄i = 1 for all i∈ [n], since the general case can be proved in the same way.

During the progress of this algorithm, for each j ∈ [2n+1], we define mpj,i, which stands for the

remaining marginal probability for iteration j at dimension i, as

mpj,i =

%
'

(

qji if zji = 1 (mpj,i ∈ℜ in this case)
(qji , P∗(z̃i = 1)) if zji = 0 (mpj,i ∈ℜ2 in this case)
(qji , P∗(z̃i = 0), P∗(z̃i = 1)) if zji =−1 (mpj,i ∈ℜ3 in this case)

.

We also define cj = 1⊤mpj,1 which represents the remaining total probability mass. Correspond-

ingly, we denote the set of information Ij = {zj,mpj,1, . . . ,mpj,n, cj}.

Given a set of information Ij, we say it is valid if it satisfies the following four conditions: 1)

zj ∈ {−1,0,1}n; 2) mpj,i ∈ [0,1]2−z
j
i for all i ∈ [n]; 3) mpj,i

end > 0 for all i ∈ [n], where we denote

mpj,i
end as the last element of the vector mpj,i; and 4) 1⊤mpj,i = cj for all i∈ [n].

By induction, we now show that Ij is valid for all j ∈ [2n+1].

First, when j = 1, the conditions 1), 2) and 3) are obviously satisfied. The condition 4) is also

satisfied since 1⊤mp1,i = P∗(z̃i =−1)+P∗(z̃i = 0)+P∗(z̃i = 1) = 1 for all i∈ [n], and c1 = 1.

Suppose Ij is valid for some j ∈ [2n]. Based on the algorithm, the elements in Ij+1 are obtained as

follows. First, pj =min{mpj,1
1 , . . . ,mpj,n

1 }, rj =min{i∈ [n] | mpj,i
1 = pj}. After that, zj+1 = zj +erj .

We now prove that zjrj ∕= 1 by contradiction. Assume to the contrary, i.e., zjrj = 1, then mpj,rj ∈ℜ,

we have cj = 1⊤mpj,rj = mp
j,rj
1 = pj. For any i ∈ [n] \ {rj}, we observe i) mpj,i

1 ≥ pj = cj (the

inequality is because of our choice of pj); ii) mpj,i
end > 0; and iii) 1⊤mpj,i = cj and mpj,i ≥ 0.
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The last two observations are because Ij is valid and hence satisfies conditions 2), 3) and 4).

Hence, we have mpj,i ∈ℜ and then zji = 1. That implies zj = 1. We notice that for any t∈ [j− 1],

zt+1 = zt+ei for some i∈ [n]. So moving from z1 =−1 to zj = 1 requires 2n steps, i.e., j = 2n+1,

which contradicts j ∈ [2n]. Hence, zjrj = 1 is false, and we must have zjrj ∈ {−1,0}. We can conclude

that zj+1 = zj +erj ∈ {−1,0,1}n, the condition 1) is satisfied for Ij+1. As a result, condition 2) is

obviously satisfied by the way mpj,i is calculated.

With the algorithm, we know mpj+1,rj can be obtained from the vector of mpj,rj by removing

the first component. Therefore, mp
j+1,rj
end = mp

j,rj
end > 0, the condition 3) is satisfied when i = rj.

Moreover, 1⊤mpj+1,rj = 1⊤mpj,rj − mp
j,rj
1 = cj − pj. We also observe cj − pj = 1⊤mpj+1,rj ≥

mp
j+1,rj
end > 0 and hence cj > pj.

For any i∈ [n] \ {rj}, since zj+1
i = zji , mpj+1,i and mpj,i are both of dimension (2− zj+1,i), they

differ only at the first dimension; in particular,

mpj+1,i
s =

#
mpj,i

1 − pj if s= 1
mpj,i

s if zj+1
i ∈ {−1,0} and s ∕= 1

. (38)

We note that if zj+1
i = zji = 1, then mpj,i,mpj+1,i ∈ ℜ+, and mpj,i

1 = 1⊤mpj,i = cj > pj, mpj+1,i
end =

mpj+1,i
1 =mpj,i

1 −pj > 0. If zj+1
i = zji ∈ {−1,0}, obviously mpj+1,i

end =mpj,i
end > 0. Therefore, condition

3) is satisfied for i. Moreover, by Equation (38) we also know 1⊤mpj+1,i = 1⊤mpj,i − pj = cj − pj.

Since we have previously obtained 1⊤mpj+1,rj = cj −pj, condition 4) is also satisfied. We conclude

Ij+1 is also valid and it finishes the induction, i.e., Ij is valid for all j ∈ [2n+1].

Now, for any j ∈ [2n+1], we define Qj as the set of all mass functions with the marginal mass

given by mpj,1, . . . ,mpj,n and the possible realizations forming a chain. More specifically, define

wj,i ∈ {−1,0,1}2−z
j
i by

wj,i =

%
'

(

(−1,0,1) if zji =−1
(0,1) if zji = 0
1 if zji = 1

,

which is the vector of all possible realizations at dimension i, i ∈ [n], and Wj = {z | zj ≤ z ≤
1}∩ {−1,0,1}n which is the set of all possible realizations of vector z; then

Qj =

#
f j :Wj → [0,1]

))))

6
z∈Wj :zi=w

j,i
s
f j(z) =mpj,i

s , i∈ [n], s∈ [2− zji ]

{z | f j(z)> 0} forms a chain

$
.

Noticing that Wj+1 =
3
z ∈Wj

))) zrj ∕= zjrj

4
, we define another set Q̂j by

Q̂j =

%
&&'

&&(
f j :Wj → [0,1]

))))))))

f j(zj) = pj
f j(z) = 0, ∀z ∈Wj such that zrj = zjrj ,z ∕= zj

f j(z) = f j+1(z), ∀z ∈Wj+1

f j+1 ∈Qj+1

.
&&/

&&0
.

We next prove Qj = Q̂j.
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First, consider any f j ∈Qj. Suppose there exist zo ∈Wj with zorj = zjrj and zo ∕= zj such that

f j(zo)> 0. That implies the existence of s∈ [n] \ {rj} such that zos > zjs . Hence,

7

z∈Wj :
zrj=z

j
rj

zs=z
j
s

f j(z) =
7

z∈Wj :zrj=z
j
rj

f j(z)−
7

z∈Wj :
zrj=z

j
rj

zs ∕=z
j
s

f j(z) = pj −
7

z∈Wj :
zrj=z

j
rj

zs ∕=z
j
s

f j(z)≤ pj − f j(zo)< pj,

7

z∈Wj :
zrj>z

j
rj

zs=z
j
s

f j(z) =
7

z∈Wj :zs=z
j
s

f j(z)−
7

z∈Wj :
zrj=z

j
rj

zs=z
j
s

f j(z)≥ pj −
7

z∈Wj :
zrj=z

j
rj

zs=z
j
s

f j(z)> 0.

Therefore, we have z∗ ∈Wj such that z∗rj > zjrj = zorj , z
∗
s = zjs < z0s and f j(z∗) > 0, contradicting

that {z | f j(z) > 0} forms a chain. Therefore, f j(z) = 0 whenever z ∈Wj has zrj = zjrj ,z ∕= zj,

and f j(zj) = mp
j,rj
1 −

6
z∈Wj ,zrj=z

j
rj

,z ∕=zj f
j(z) = pj − 0 = pj. Therefore, f

j satisfies the first two

conditions in Q̂j. The corresponding f j+1 is in Qj+1 can be easily verified by showing the chain

structure and checking the equality constraints on the marginal mass. Hence, we have f j ∈ Q̂j.

We now prove the reverse. Consider any f j ∈ Q̂j and we check whether it satisfies the two

conditions in Qj. The first condition, which is on the marginal mass, can be verified by standard

algebra. The second condition, which is on the chain structure, is straightforward. Therefore, we

have f j ∈Qj. We can conclude that Qj = Q̂j for all j ∈ [2n+1].

Finally, by representing Qj in the form of Q̂j, with recursion we can easily get

Q1 =

%
&&'

&&(
f :Wj → [0,1]

))))))))

f(zi) = pi, i∈ [2n]
f(z) = 0, ∀z ∈W1 \ {zi, i∈ [2n]} \W2n+1

f(z) = f̂(z), ∀z ∈W2n+1

f̂ ∈Q2n+1

.
&&/

&&0
(39)

We note that since zj ∈ {−1,0,1}n, z1 = −1, and any time the movement from zj to zj+1 is to

increase one dimension by 1 while maintaining other dimensions unchanged, and hence we have

z2n+1 = 1. Therefore, W2n+1 = {z2n+1}. Then by Equation (39), we have

Q1 =

#
f :Wj → [0,1]

))))
f(zi) = pi, i∈ [2n+1]
f(z) = 0, ∀z ∈W1 \ {zi, i∈ [2n+1]}

$

Hence, the result is proved. □

C.4. Proof of Theorem 1

We define the function f(x) as

f(x) =min ν⊤l

s. t. R⊤
k l≥

7

i∈[2n+1]

pki b
⊤yk,i, k ∈ [K]

Wx+Uyk,i ≥V zk,i +v0, k ∈ [K], i∈ [2n+1]

l≥ 0,
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then Problem (6) is equivalent with minx∈X f(x).

We further denote Xfea = {x∈X | supP∈F EP [g(x, z̃)]<∞}. Recall that we assume Problem (2)

has finite optimal value, so Xfea ∕= ∅.
Consider any x∈X \Xfea, we have

∞= sup
P∈F

EP [g(x, z̃)] =max

%
'

(
7

k∈[K]

qk sup
Pk∈Fk

EPk [g(x, z̃)]

))))))
q ∈Q

.
/

0 .

Since any feasible q ∈Q⊆ {q ∈ℜK
+ |

6
k∈[K] qk = 1} is bounded, there must be k ∈ [K] such that

∞= sup
Pk∈Fk

EPk [g(x, z̃)] =
7

i∈[2n+1]

pki g(x,z
k,i),

where the last equality follows from Proposition 3. Again, since pki ∈ [0,1] for all i ∈ [2n + 1],

there exists a specific i ∈ [2n+ 1] such that g(x,zk,i) =∞. It is equivalent to the infeasibility of

the constraint Wx+Uyk,i ≥ V zk,i + v0, which is involved in the problem defining f(x). Hence,

f(x) =∞.

Therefore, Problem (6) is equivalent with minx∈Xfea
f(x). We notice that Problem (2) is

equivalent to minx∈Xfea
supP∈F EP [g(x, z̃)]. Hence, for proving this theorem, now it suffices to

show that for all x ∈ Xfea, we have supP∈F EP [g(x, z̃)] = f(x). To this end, consider any

x ∈ Xfea, we then know supP∈F EP [g(x, z̃)] is finite. Notice that 1) supP∈F EP [g(x, z̃)] =

max
36

k∈[K] qk supPk∈Fk EPk [g(x, z̃)]
))) q ∈Q

4
and 2) by the assumption on Q, for any k ∈ [K]

there exists q ∈Q with qk > 0. Hence, for all k ∈ [K], supPk∈Fk EPk [g(x, z̃)] must be finite. It implies

that g(x,z) is finite for all z ∈ [zk,zk]. Moreover,

sup
P∈F

EP [g(x, z̃)] = max

%
'

(
7

k∈[K]

qk sup
Pk∈Fk

EPk [g(x, z̃)]

))))))
Rq≤ ν,q≥ 0

.
/

0

= min

C
ν⊤l

)))))
R⊤

k l≥ sup
Pk∈Fk

EPk [g(x, z̃)] , k ∈ [K]

l≥ 0

J

= f(x),

where the second equality is due to strong duality. □

C.5. Proof of Corollary 1

It has been proved in the proof for Theorem 1. □

C.6. Proof of Proposition 4

We first prove the “if” part. Suppose S(x) is an inverse additive lattice, then given any z′,z′′,p,q

with (p,z′∧z′′), (q,z′∨z′′)∈ S(x), there exist y′,y′′ such that (y′,z′), (y′′,z′′)∈ S(x) and y′+y′′ =

p+ q. We then have

g(x,z′)+ g(x,z′′)≤ b⊤y′ + b⊤y′′ = b⊤p+ b⊤q.
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Taking the minimum on the right-hand-side over all p,q with (p,z′ ∧ z′′), (q,z′ ∨ z′′) ∈ S(x), we
obtain g(x,z′)+ g(x,z′′)≤ g(x,z′ ∧ z′′)+ g(x,z′ ∨ z′′).

Next we prove the “only if” part by contradiction. Suppose S(x) is not an inverse additive

lattice, then there exist z′,z′′,p,q with (p,z′ ∧ z′′), (q,z′ ∨ z′′) ∈ S(x) but p+ q /∈W, where the

set W is defined as W = {r + s | (r,z′), (s,z′′) ∈ S(x)}. According to the definition of S(x), we
can easily see that W is convex and closed. By the Hyperplane Separation Theorem, there exist a

vector η and a real number λ such that,

η⊤(p+ q)< λ< η⊤w ∀w ∈W.

Consider the second-stage cost function g(x,z) (defined in Equation (1)) with coefficient b = η.

We have

g(x,z′)+ g(x,z′′) =min
1
η⊤y

)) (y,z′)∈ S(x)
2
+min

1
η⊤y

)) (y,z′′)∈ S(x)
2

=min
1
η⊤(r+ s)

)) (r,z′), (s,z′′)∈ S(x)
2

=min
1
η⊤w

)) w ∈W
2
> λ,

g(x,z′ ∧ z′′)+ g(x,z′ ∨ z′′) =min
1
η⊤y

)) (y,z′ ∧ z′′)∈ S(x)
2
+min

1
η⊤y

)) (y,z′′ ∨ z′′)∈ S(x)
2

≤ η⊤(p+ q)< λ.

Therefore, g(x,z′)+g(x,z′′)> g(x,z′∧z′′)+g(x,z′∨z′′), which contradicts the supermodularity.

The “only if” part is completed. □

C.7. Proof of Theorem 2

Based on Proposition 4, the above theorem is equivalent to this statement: S(x) is an additive

inverse lattice for all x and v0 if and only if U and V satisfy one of the two conditions in the

above theorem. We prove the equivalent statement as follows.

First we prove the “if” direction by contradiction. Suppose there exist x and v0 such that

S(x) is not an additive inverse lattice, i.e., we have z′,z′′,p,q with z∧ = z′ ∧ z′′,z∨ = z′ ∨ z′′ and

(p,z∧) , (q,z∨)∈ S(x), such that y′ +y′′ ∕= p+ q holds for all y′,y′′ with (y′,z′) , (y′′,z′′)∈ S(x).
We denote c=−Wx+ v0, t1 =Up−V z∧ ≥ c, t2 =Uq −V z∨ ≥ c. Here the two inequalities

are due to (p,z∧) , (q,z∨)∈ S(x) and the definition of S(x). We define a set W as

W =
1
y ∈ℜm

)) (t1 ∧ t2)+V z′ ≤Uy≤ (t1 ∨ t2)+V z′2 .

Note that W should be an empty set, otherwise there exists a y0 ∈W and hence

Uy0 −V z′ ≥ (t1 ∧ t2)≥ c,

U(p+ q−y0)−V z′′ =Up−V z∧ +Uq−V z∨ − (Uy0 −V z′)≥ t1 + t2 − (t1 ∨ t2) = t1 ∧ t2 ≥ c,
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which implies both (y0,z′) , (p+ q−y0,z′′) ∈ S(x), and contradicts the previous statement on

y′,y′′ resulting from the assumption.

We now show that the first part of the condition in our theorem is not true. If rank(U) = r, we

can solve y with Uy = (t1 ∧ t2) + V z′ ≤ (t1 ∨ t2) + V z′, which contradicts the emptiness of W.

Therefore, rank(U)< r.

We then focus on the second part of the condition in our theorem. The emptiness of W leads to

the infeasibility of the following optimization problem:

max 0

s. t.

!
U
−U

"
y≤

!
(t1 ∨ t2)+V z′

− (t1 ∧ t2)−V z′

"
.

Furthermore, by Lemma 4 we know that there exists I ⊆ [r], |I|= rank(U) + 1 with rank(UI) =

rank(U) such that the problem

max 0

s. t.

!
UI
−UI

"
y≤

!
(t1I ∨ t2I)+VIz

′

− (t1I ∧ t2I)−VIz
′

"
(40)

is also infeasible. We write the dual of (40) as follows,

min r⊤ ,
(t1I ∨ t2I)+VIz

′-− s⊤ ,
(t1I ∧ t2I)+VIz

′-

s. t. U⊤
I (r− s) = 0

r,s≥ 0.

(41)

Observing that r = s= 0 gives a feasible solution of (41), the infeasibility of the primal problem

implies the unboundedness of the above dual problem. Therefore, there exist r,s≥ 0 with U⊤
I (r−

s) = 0 such that the following inequalities holds,

0> r⊤ ,
(t1I ∨ t2I)+VIz

′-− s⊤ ,
(t1I ∧ t2I)+VIz

′-

= r⊤ ,
(t1I ∨ t2I)+VIz

′ −UIq
-
− s⊤ ,

(t1I ∧ t2I)+VIz
′ −UIq

-

≥ r⊤ ,
t2I +VIz

′ −UIq
-
− s⊤ ,

t2I +VIz
′ −UIq

-

= (r− s)⊤VI(z
′ − z∨),

where the first inequality is obtained from the unboundedness of (41), the first equality is due to

U⊤
I (r− s) = 0, the second inequality follows from t1I ∧ t2I ≤ t1I ≤ t1I ∨ t2I , and the second equality

comes from t2I =UIq−VIz
∨. We remark that in the above equation, if we use UIp instead of UIq

in the first equality, and t1I instead of t2I in the second inequality, then 0> (r−s)⊤VI(z
′−z∧) can

be obtained similarly.

We define ∆1 = (r− s)⊤VI(z
′ − z∨), ∆2 = (r− s)⊤VI(z

′ − z∧), and β=
z′ − z∨

∆1

− z′ − z∧

∆2

.

We have three observations on β. First, β≥ 0 since ∆1,∆2 < 0 and z∧ ≤ z′ ≤ z∨.
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Second, VIβ ∈ span(UI). To see this, recall that for any matrix, its column space is the orthog-

onal complement of the null space of its transpose; therefore, we can equivalently show that

null (U⊤
I )⊆ null ((VIβ)

⊤), where null (·) is the null space of a given matrix. Since |I|= rank(U)+

1= rank (UI)+1= rank (U⊤
I )+1, null (U⊤

I ) is of dimension 1. That implies for any w ∈ null (U⊤
I ),

we have w= k(r− s) for some k ∈ℜ. Therefore,

(VIβ)
⊤w= k(r− s)⊤VIβ= k

9
(r− s)⊤VI(z

′ − z∨)

∆1

− (r− s)⊤VI(z
′ − z∧)

∆2

:
= k (1− 1) = 0.

That is, w ∈ null ((VIβ)
⊤). Hence, null (U⊤

I )⊆ null ((VIβ)
⊤) and then we have VIβ ∈ span(UI).

The third observation is that there exists some i ∈ [n] such that (VI)iβi /∈ span(UI). To show

this, we denote H= {i ∈ [n] | z′i ≤ z′′i }. We then have for every i ∈H, z∧i = z′i, z
∨
i = z′′i and hence

βi =
z′i − z∨i
∆1

. In addition, since for every i∈ [n] \H, z′i > z′′i ,
z′i − z∨i
∆1

=
z′i − z′i
∆1

= 0, we have

(r− s)⊤
7

i∈H

βi(VI)i = (r− s)⊤

E

F
7

i∈H

βi(VI)i +
7

i∈[n]\H

0 · (VI)i

G

H= (r− s)⊤VI
z′ − z∨

∆1

= 1.

Hence, (r − s) ∕∈ null
<,6

i∈H βi(VI)i
-⊤=

, which implies that null (U⊤
I ) is not a subset of

null
<,6

i∈H βi(VI)i
-⊤=

. Consequently we have
6

i∈H βi(VI)i /∈ span(UI), implying that there

exists some i∈H such that (VI)iβi /∈ span(UI).

With the three observations, we have a contradiction of the second condition in Theorem 2.

We next prove the “only if” direction by contradiction. Assume the condition in the theorem is

not satisfied. That is, rank(U)< r and there exist some I ⊆ [r], β ∈ℜn
+ satisfying |I|= rank(U)+1,

rank(UI) = rank(U) and VIβ ∈ span(UI), such that βi(VI)i /∈ span(UI) for some i∈ [n]. Note that

in this case, we can find a vector α∈ℜm such that UIα=VIβ.

We arbitrarily choose z∧ ∈ℜn,p∈ℜm and let z∨ = z∧ +β≥ z∧,q= p+α, then UIp−VIz
∧ =

UI(q −α)− VI(z
∨ − β) = UIq − VIz

∨. We also arbitrarily choose x, and then choose v0 such

that c=−Wx+ v0 is with cI =UIp−VIz
∧ and cj being sufficiently small for all j /∈ I . Then

we have (p,z∧) , (q,z∨) ∈ S(x). We further define z′ = z∧ + βiei,z
′′ = z∨ − βiei so that z′ ∧ z′′ =

z∧,z′ ∨ z′′ = z∨. Then we have

cI +VIz
′ = cI +VI(z

∧ +βiei) =UIp−VIz
∧ +VI(z

∧ +βiei) =UIp+βi(VI)i /∈ span(UI),

where the last relationship holds since UIp∈ span(UI) but βi(VI)i /∈ span(UI).

Hence, {y ∈ℜm | UIy= cI +VIz
′}= ∅, i.e. for any y′ satisfyingUy′−V z′ ≥ c, there exists j ∈ I

such that u⊤
j y

′ −v⊤
j z

′ > cj. If there exists some y′′ with Uy′′ −V z′′ ≥ c satisfies y′ +y′′ = p+ q,

UIy
′′ −VIz

′′ =UI (p+ q−y′)−VI (z
∧ + z∨ − z′)

=UIp−VIz
∧ +UIq−VIz

∨ − (UIy
′ −VIz

′)

= 2cI − (UIy
′ −VIz

′),
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then we should have 2cj − (u⊤
j y

′ − v⊤
j z

′) < cj for the above mentioned j, which contradicts the

assumption (y′′,z′′)∈ S(x). Hence we prove the necessity of the conditions on U ,V . □

Lemma 4 (Chen et al. 2021) Consider any matrix U ∈ ℜr×m with rank(U)< r. Suppose that

system

#
Ux≤ c
−Ux≤−c

is infeasible. Then there exists I ⊆ [r] with |I|= rank(U)+1 and rank(UI) =

rank(U) such that system

#
UIx≤ cI
−UIx≤−cI

is also infeasible.

C.8. Proof of Proposition 5

“⇐” Assume there exists a 2× 3 submatrix of U ◦ such that any pair of columns in it are linearly

independent. WLOG, let U ◦
{1,2},{1,2,3} be such matrix and we denote it by A= [A1 A2 A3]∈ℜ2×3.

WLOG, assume A3 = t1A1+ t2A2 with t1, t2 > 0. Choose V 1 = Im×m, I = [m+2]\{3}, β= t1e1+

t2e2 ≥ 0, α= t1e1+ t2e2−e3. We then have VIβ= t1e1+ t2e2; at the same time, UIα= t1e1+ t2e2

since A3 = t1A1 + t2A2. Hence, VIβ = UIα ∈ span(UI). However, (VI)1β1 = β1e1 ∕∈ span(UI).

Therefore, the second condition in Theorem 2 is violated, there exists an instance of g(x,z) which

is not supermodular in z.

“⇒” Assume that every 2 × 3 submatrix of U ◦ contains at least one pair of column vectors

which are linearly dependent. We prove the result by showing the second condition in Theorem

2 is always satisfied. To see this, consider any I ⊆ [r] such that |I| =m+ 1, rank(UI) =m. Let

I1 = I ∩ [m] and I0 = I ∩ {m+1, . . . , r} be a partition of I, hence the submatrix UI1 is extracted

from Im×m and UI0 is from U ◦. We further let J1, J0 be a partition of [m] such that UI1,J1
contains

all nonzero columns in UI1 and hence UI1,J0
= 0. Noting that UI1 contains rows extracted from

Im×m, we know I1 = J1. Hence, |I0|=m+1− |I1|=m+1− |J1|=m+1− (m− |J0|) = |J0|+1.

We illustrate the partition of UI as follows,

UI =

!
UI1
UI0

"
=

!
I|I1|×|I1| 0|I1|×|J0|
UI0,J1

UI0,J0

"
.

We first prove that there exists a unit vector p∈ℜ|I0|, such that it is orthogonal to span(UI0,J0
)

and span[UI0,J0
p] = ℜ|I0|. Notice that UI is of full column rank, and hence so does its subma-

trix UI,J0
=

!
0|I1|×|J0|
UI0,J0

"
, which implies UI0,J0

∈ ℜ|I0|×|J0| is also of full column rank. Therefore,

span(UI0,J0
) is of dimension |J0|= |I0|− 1, the existence of p can be proved.

We now show that the orthogonal unit vector p can be chosen such that for all i ∈ J1, there

exist some si ∈ span(UI0,J0
) and γi ≥ 0 such that (UI0)i = si + γip. For those i∈J1 with (UI0)i ∈

span(UI0,J0
), we always have γi = 0 regardless of the choice of orthogonal vector p. Now we consider

any given j ∈ J1 with (UI0)j ∕∈ span(UI0,J0
). Since span[UI0,J0

p] =ℜ|I0|, we can surely represent

(UI0)j = sj +γjp for some sj ∈ span(UI0,J0
) and γj ∕= 0. Moreover, the unit vector p can be chosen

(as −p, if necessary) to make γj > 0. Consider any k ∈J1 \{j} with (UI0)j ∕∈ span(UI0,J0
). Denote
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Q= [(UI0)j (UI0)k UI0,J0
]. Notice that every 2×3 submatrix of U ◦, and hence that of Q, contains

at least one pair of column vectors which are linearly dependent. By Lemma 5, there are at least

one pair of columns in Q which are linearly dependent. Since UI0,J0
is of full column rank and

(UI0)j, (UI0)k ∕∈ span(UI0,J0
), the two linearly dependent columns can only be (UI0)j, (UI0)k, i.e.,

(UI0)k = ζ(UI0)j for some ζ ∕= 0 (recall that both (UI0)k and (UI0)j are nonzero vector since they

are not in span(UI0,J0
)). As all components in the same row of U are with the same sign, we know

ζ > 0. Therefore, (UI0)k = ζ (sj + γjp) = ζsj + ζγjp where ζγj > 0.

We are now ready to prove the second condition in Theorem 2 holds. Consider any β ≥ 0 and

α such that VIβ =UIα. Observing the first block, characterized by I1, we have VI1β =UI1α=

(Im×m)I1α=αI1 ; since V ,β are both nonnegative, we have αI1 ≥ 0. Observing the second block,

characterized by I0, by VI0 = 0, we have

0=VI0β=UI0α= [UI0,J1
UI0,J0

]

!
αJ1

αJ0

"
=UI0,J1

αJ1
+UI0,J0

αJ0
= s+p

7

i∈N

αiγi (42)

for some s ∈ span(UI0,J0
). Here we denote the index set N = {i ∈J1 | (UI0)i ∕∈ span(UI0,J0

)} and

hence the last equality above holds due to the argument proved in the last paragraph. Moreover,

since s and p are orthogonal, by (42) we have
6

i∈N αiγi = 0, which implies αi = 0 for all i ∈N ,

as we have already known γi > 0,αi ≥ 0 holds for all i∈N (recall that N ⊆J1 = I1, and αI1 ≥ 0).

Therefore, the equation 0 = αi = u⊤
i α= v⊤

i β holds for any i ∈N , where the last equality is due

to VIβ = UIα. As V ,β ≥ 0 for all i ∈ N , v⊤
i β = 0 implies vikβk = 0 for all k ∈ [m]. We now

consider any j ∈ [m] and it remains to show (VI)jβj =UIη for some η ∈ℜm. To this end, we choose

η ∈ ℜm with ηi = vijβj for all i ∈ J1 = I1 and we determine ηJ0
later. Then u⊤

i η = ηi = vijβj for

all i∈J1 = I1. We additionally observe that ηi = 0 for all i∈N , following from vijβj = 0. We now

move on to I0, and have

UI0η= [UI0,J1
UI0,J0

]

!
ηJ1

ηJ0

"
=UI0,J1

ηJ1
+UI0,J0

ηJ0
=

7

i∈J1\N

siηi +UI0,J0
ηJ0

,

where the last equality is due to that when i ∈N , ηi = 0 and when j ∈ J1 \N , (UI0)j = sj + γju

with γj = 0. Since si ∈ span(UI0,J0
), we can choose ηJ0

such that
6

i∈J1\N siηi+UI0,J0
ηJ0

= 0. In

this case, UI0η= 0= (VI0)jβj. Hence, we conclude (VI)jβj =UIη ∈ span(UI). □

Lemma 5 (Chen et al. 2021) Consider any matrix Q ∈ ℜs×(s+1) with rank(Q) = s, s ≥ 2. If

every 2×3 submatrix of Q contains at least one pair of column vectors which are linearly dependent,

then Q has at least one pair of column vectors which are linearly dependent.
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C.9. Proof of Lemma 2

For notational simplicity, we remove the superscript k throughout this proof. To see ζ1, . . . ,ζ2n+1

are vertices of a 2n-simplex, it suffices to show these 2n+1 points are affinely independent. That

is, we need to prove that ζ2 − ζ1, . . . ,ζ2n+1 − ζ1 are linearly independent. First, we scale each

elements in ωi,υi,ζi such that all nonzero elements become 1 and denote the corresponding vectors

as ω̂i, υ̂i, ζ̂i. Notice that we still have ζ̂i =

!
ω̂i

υ̂i

"
. In this case, ω̂1 = 1, υ̂1 = 0 since z1 = z, ω̂2n+1 =

0, υ̂2n+1 = 1 since z2n+1 = z. Moreover, we have

{ω̂i − ω̂i+1, υ̂i+1 − υ̂i}= {0,eκi
}

for some κi ∈ [n], i∈ [2n]. This follows from that zi+1−zi has exactly one nonzero entry, the index

of which is denoted as κi. Specifically, for the κi-th entry where zi moves to zi+1, 1) if the move is

from the lower bound to the mean, then ω̂i+1 = ω̂i −eκi
, υ̂i+1 = υ̂i and hence ζ̂i+1 − ζ̂i =

!
−eκi

0

"
;

2) if the move is from the mean to the upper bound, then ω̂i+1 = ω̂i, υ̂i+1 = υ̂i + eκi
and hence

ζ̂i+1 − ζ̂i =

!
0
eκi

"
. We also notice that for each dimension, there is exactly one move from the

lower bound to the mean, and one from the mean to the upper bound. Therefore, the matrix;
ζ̂2 − ζ̂1 · · · ζ̂2n+1 − ζ̂2n

>
=

!
−In×n 0

0 In×n

"
P for a 2n × 2n permutation matrix P . Notice that

ζi =

!
((µj − zj) · ω̂i

j)j∈[n]

((zj −µj) · υ̂i
j)j∈[2n]

"
=

!
diag (µ− z) 0

0 diag (z−µ)

"
ζ̂i for all i∈ [2n+1]. We then have

[ζ2 − ζ1 · · · ζ2n+1 − ζ2n] =

!
diag (µ− z) 0

0 diag (z−µ)

";
ζ̂2 − ζ̂1 · · · ζ̂2n+1 − ζ̂2n

>

=

!
diag (µ− z) 0

0 diag (z−µ)

"!
−In×n 0

0 In×n

"
P

=

!
diag (z−µ) 0

0 diag (z−µ)

"
P .

This implies that the matrix [ζ2 − ζ1 · · · ζ2n+1 − ζ1] are also invertible. □

C.10. Proof of Proposition 6

We first let Vadapt and Vldr represent the optimal values for Problems (9) and (11), respectively.

Our aim is to show that Vadapt = Vldr.

We first prove Vadapt ≤ Vldr. To show this, we define a new problem by relaxing Problem (9) such

that the constraints of second-stage problem apply only to the realizations zk,i, k ∈ [K], i∈ [2n+1]

and denote the optimal value as Vrelax, i.e.,

Vrelax =min a⊤x+sup
P∈F

EP

;
b⊤y(k̃, z̃)

>

s. t. Wx+Uy(k,zk,i)≥V zk,i +v0, k ∈ [K], i∈ [2n+1]

x∈X .

(43)
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By the minimax theorem (von Neumann 1928), we can interchange “supP” and “miny(k,z)” equiv-

alently. Omitting the dependency between y and the uncertainty realizations, we rewrite Vrelax =

minx∈X a⊤x+supP∈F EP [g
′(x,z)], where

g′(x,z) =

#
min

1
b⊤y

)) Wx+Uy≥V z+v0
2

if z ∈
8

k∈[K]{zk,1, . . . ,zk,2n+1},
−∞ otherwise.

Fixing any x∈X , we recall that pki ,z
k,i, k ∈ [K], i∈ [2n+1] returned by Algorithm 1 gives a worst-

case distribution to Problem (9), and, at the same time, is an admissible probability distribution

to Problem (11) because the two problems share the same ambiguity set. It follows that

Vadapt =min
x∈X

a⊤x+sup
P∈F

EP [g(x,z)]

=min
x∈X

a⊤x+max
q∈Q

7

k∈[K],i∈[2n+1]

qkp
k
i g(x,z

k,i)

=min
x∈X

a⊤x+max
q∈Q

7

k∈[K],i∈[2n+1]

qkp
k
i g

′(x,zk,i)

≤min
x∈X

a⊤x+sup
P∈F

EP [g
′(x,z)] = Vrelax,

where the second equality follows from Proposition 3, the third equality holds because g and g′

have the same value whenever z ∈
8

k∈[K]{zk,1, . . . ,zk,2n+1}, and the inequality follows from the

feasibility of the distribution characterized by pki ,z
k,i, i∈ [2n+1].

Further, we observe that Problem (11) can be directly obtained from Problem (43) by imposing

a restriction of linearity structure on y(k,z). This implies any feasible Θk,φk to Problem (11)

determines a function y(k,z) that is feasible to Problem (43). Hence, Vrelax ≤ Vldr. We then conclude

that Vadapt ≤ Vrelax ≤ Vldr.

We next show Vadapt ≥ Vldr. To this end, we construct a recourse decision rule that is feasible to

Problem (11) and returns the optimal value of Problem (9).

We first consider the case of fixed scenario; for brevity, we remove the notation k (or k̃) that

denotes realized (or random) scenarios. The construction is similar to the proof of Bertsimas and

Goyal (2012, Theorem 1). Define auxiliary uncertain factors ω̃= (µ− z̃)+, υ̃= (z̃−µ)+, ζ̃ = (ω̃, υ̃),

and let ω,υ,ζ be the counterpart when z̃ is realized as z. Then z̃ =µ−ω̃+ υ̃=µ+[−In×n In×n] ζ̃,

|z̃−µ|= ω̃+ υ̃= [In×n In×n] ζ̃. Define

yopt(z) =Θopt

!
(µ− z)+

(z−µ)+

"
+φopt =Θoptζ+φopt.

For all i∈ [2n+1],

yopt(z
i) = y2n+1

opt +Θopt(ζ
i − ζ2n+1)

= y2n+1
opt +

*
y1
opt −y2n+1

opt · · · y2n
opt −y2n+1

opt

+
D−1(ζi − ζ2n+1)

= y2n+1
opt +

*
y1
opt −y2n+1

opt · · · y2n
opt −y2n+1

opt

+
ei

= yi
opt,

(44)
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where the third last equality holds because ζi − ζ2n+1 = Dei for all i ∈ [2n]. We notice that

b⊤yopt(z), as a linear combination of (µ− z)+ and (z −µ)+, is supermodular in z because it is

separable. Now, utilizing the worst-case distribution given by Algorithm 1, we get

sup
P∈F

EP
*
b⊤yopt(z̃)

+
=

7

i∈[2n+1]

pib
⊤yopt(z

i)

=
7

i∈[2n+1]

pib
⊤yi

opt

=
7

i∈[2n+1]

pimin
1
b⊤y

)) Wxopt +Uy≥V zi +v0
2

= sup
P∈F

EP [g(xopt, z̃)] .

The first and last equalities follow from the supermodularity of b⊤yopt(z) and g(xopt,z) defined

by (1), respectively. The second equality holds since yopt(z
i) = yi

opt, i∈ [2n+1] (as shown in (44)),

while the third one follows from the definition of yi
opt. It follows that the worst-case expected cost

returned by xopt,yopt(z) is the same as the optimal value of Problem (9). Further, we can observe

easily that the solution xopt,yopt(z) is feasible for Problem (11).

We next consider the case of uncertain scenarios. Following the above proof, we define yopt(k,z)

as

yopt(k,z) =Θk
opt

!
(µk − z)+

(z−µk)+

"
+φk

opt. (45)

It is supermodular in z and for any realized scenario k, supPk∈Fk EPk [b
⊤yopt(k, z̃)] =

supPk∈Fk EPk
*
min

1
b⊤y

)) Wxopt +Uy≥V z̃+v0
2+
. Hence

a⊤xopt +sup
P∈F

EP

;
b⊤yopt(k̃, z̃)

>

= a⊤xopt +max
q∈Q

7

k∈[K]

qk sup
Pk∈Fk

EPk
*
b⊤yopt(k, z̃)

+

= a⊤xopt +max
q∈Q

7

k∈[K]

qk sup
Pk∈Fk

EPk
*
min

1
b⊤y

)) Wxopt +Uy≥V z̃+v0
2+

= a⊤xopt +sup
P∈F

EP [g(xopt, z̃)]

= Vadapt.

Similar to Equation (44), we can check that yopt(k,z
k,i)∈min

1
b⊤y

)) Wxopt +Uy≥V z+v0
2
for

all k ∈ [K], i∈ [2n+1]. It follows that xopt,Θ
k
opt,φ

k
opt, k ∈ [K] is a feasible solution to Problem (11).

Therefore, we can conclude that Vldr ≤ Vadapt. Hence, we have Vadapt = Vldr and xopt,Θ
k
opt,φ

k
opt, k ∈

[K] is an optimal solution to Problem (11). □

C.11. Proof of Theorem 3

Following the proof for Proposition 6, we denote by yopt(k,z) the linear decision rule defined by

(45). To complete the proof for this theorem, based on Proposition 6, it suffices to show yopt(k,z)
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is feasible, i.e., (yopt(k,z),z) ∈ S(x), for all z ∈
8

k∈[K]Zk, where Zk =Πi∈[n]{zki , µk
i , z

k
i }. We first

prove the following claim and then show the feasibility by induction.

Claim. Fix any scenario k. For all z′,z′′ ∈Zk with z∧ = z′ ∧ z′′,z∨ = z′ ∨ z′′, if (yopt(k,z
∧),z∧),

(yopt(k,z
∨),z∨), (yopt(k,z

′),z′)∈ S(x), then (yopt(k,z
′′),z′′) is also in S(x).

Proof of Claim. Since the function yopt(k,z) is separable in z, hence, it is both supermodular

and submodular in z. Therefore, yopt(k,z
′)+yopt(k,z

′′) = yopt(k,z
∧)+yopt(k,z

∨), or equivalently,

yopt(k,z
′′) = yopt(k,z

∧)+yopt(k,z
∨)−yopt(k,z

′). With the condition in the theorem satisfied, the

claim follows directly.

For all k ∈ [K], i∈ [2n+1], recall that by the proof for Proposition 6, yopt(k,z
k,i) is the optimal

second-stage decision when the uncertainty is realized as zk,i. This implies yopt(k,z) is feasible

for all z ∈ {zk,i | k ∈ [K], i ∈ [2n+1]}. Fix any scenario k, define Zk,i =
1
z ∈Zk

)) z ≤ zk,i
2
for all

i∈ [2n+1]. Observe that Zk,1 = {zk,1}, we know yopt(k,z) is feasible on Zk,i when i= 1. Next we

inductively show the feasibility on Zk,i for all i ∈ [2n+ 1]. Specifically, we assume the statement

holds for a given i∈ [2n+1], and consider for the set Zk,i+1. By definition, zk,i+1 deviates from zk,i

in only one dimension, i.e., zk,i+1
l > zk,il for some l ∈ [n] and zk,i+1

l′ = zk,il′ for all l′ ∕= l. By assumption,

it suffices to prove the feasibility for any ẑ ∈ Zk,i+1 \ Zk,i. In this case, we have ẑl = zk,i+1
l and

ẑl′ ≤ zk,il′ for all l′ ∕= l, i.e., ẑ = (ẑ1, . . . , ẑn) = (ẑ1, . . . , ẑl−1, z
k,i+1
l , ẑl+1, . . . , ẑn). Choosing z′ = zk,i =

(zk,i1 , . . . , zk,il−1, z
k,i
l , zk,il+1, . . . , z

k,i
n ) and z′′ = ẑ, we obtain

z∧ = z′ ∧ z′′ = (ẑ1, . . . , ẑl−1, z
k,i
l , ẑl+1, . . . , ẑn)∈Zk,i,

z∨ = z′ ∨ z′′ = (zk,i1 , . . . , zk,il−1, z
k,i+1
l , zk,il+1, . . . , z

k,i
n ) = zk,i+1.

Since yopt(k,z) is feasible when z = z′,z∧,z∨, by the Claim we conclude that yopt(k,z
′′) = yopt(k, ẑ)

is also feasible. Notice that Zk,i =Zk when i= 2n+1, and the same proof goes for any k ∈ [K], we

complete the proof. □

C.12. Proof of Proposition 7

It is obvious that −r⊤x + (r − s)(x − z)+ is decreasing and supermodular in z. Thus, we

can apply Proposition 12. Specifically, by substituting a = −r and g(x,z) = (r − s)(x − z)+ =

min
1
(r− s)⊤y

)) y≥x− z,y≥ 0
2
in the formulation (29), we obtain the following reformulation
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for Problem (13),

min ν⊤l

s. t. R⊤
k l≥

7

i∈[2n+1]

pki f
k,i, k ∈ [K]

yk,i ≥x− zk,i, k ∈ [K], i∈ [2n+1]

yk,i ≥ 0, k ∈ [K], i∈ [2n+1]

fk,i ≥ cj
,
−r⊤x+(r− s)⊤yk,i

-
+ dj, k ∈ [K], i∈ [2n+1], j ∈ [J ],

l≥ 0, x∈X news,

where pki ,z
k,i, k ∈ [K], i∈ [2n+1] are the output of Algorithm 1 given the ambiguity sets Fk, k ∈ [K]

defined by Equation (4). □

C.13. Proof of Proposition 8

Notice that (14) is a special case of the formulation (30) with u(w) = 1
ρ
w+, a=−r and g(x,z) =

min
1
(r− s)⊤y

)) y≥x− z,y≥ 0
2
. Hence, a direct application of Corollary 3 gives the following

reformulation,

min θ+ν⊤l

s. t. R⊤
k l≥

7

i∈[2n+1]

1

ρ
· pki fk,i, k ∈ [K]

yk,i ≥x− zk,i, k ∈ [K], i∈ [2n+1]

yk,i ≥ 0, k ∈ [K], i∈ [2n+1]

fk,i ≥−r⊤x+(r− s)⊤yk,i − θ, k ∈ [K], i∈ [2n+1]

fk,i ≥ 0, k ∈ [K], i∈ [2n+1]

l≥ 0, x∈X news,

where pki ,z
k,i, k ∈ [K], i∈ [2n+1] are the output of Algorithm 1 given the ambiguity sets Fk, k ∈ [K]

defined by Equation (4). □

C.14. Proof of Proposition 9

We prove the supermodularity by showing that Problem (15) satisfies the conditions in Theorem

2. We first reformulate Problem (15) as the sum of m sub-problems. Denote

gj(x,z) =min

%
'

(
7

i∈[n]

cijyij

))))))

6
i∈[n] yij = 1

0≤ yij ≤ xizi, i∈ [n]

.
/

0 .

Then it can be verified that g(x,z) =
6

j∈[m] g
j(x,z). Hence, it suffices to prove the supermodular-

ity of gj(x,z) for all j ∈ [m]. Observing that x ∈ {0,1}n, we denote S = {i ∈ [n] | xi = 1} and T =
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[n]\S. It follows that the constraints in defining gj(x,z) can be reformulated as U (y1j, . . . , ynj)−
V z ≥ v0, where

U =

?

KKK@

1⊤

−1⊤

In×n

−IT
−IS

A

LLLB
∈ℜ(2+2n)×n, V =

!
0(2+n+|T |)×n

−IS

"
∈ℜ(2+2n)×n, v0 =

?

@
1
−1

02n×1

A

B∈ℜ2+2n.

Here IT ,IS are the submatrices of In×n consisting of rows which are indexed by elements in

T,S, separately. Note that rank (U) = n < 2n+ 2. We hence can apply Theorem 2 to prove the

supermodularity of gj. To this end, we consider any index set I such that |I|= n+1 and rank (UI) =

n, any β≥ 0∈ℜn,α∈ℜn such that

VIβ=UIα. (46)

Consider any j ∈ [n], we need to show βj(VI)j ∈ span(UI). If βj(VI)j = 0, the result is straightfor-

ward. We now consider only the case that βj > 0 and (VI)j ∕= 0.

By (VI)j ∕= 0, we have Vj ∕= 0. Based on the structure of V , Vj has only one nonzero element

and indeed, there exists a unique i such that Vj =−ei ∈ ℜ2n+2. Moreover, i ∈ I, i > 2 + n+ |T |,
Vij =−1 is the only nonzero element in the ith row, i.e., vi =−ej ∈ℜn. Therefore, by (46), we have

u⊤
i α = v⊤

i β = −βj, implying αj = βj since Uij = −1 is also the only nonzero element in ui. We

now show that for Uj, only zero element from blocks In×n and −IT are included in (UI)j. Assume

to the contrary, i.e., there is a k ∈ {3, . . . ,2+ n+ |T |}∩ I with Ukj ∕= 0. Note that Ukj is the only

nonzero element in uk. Hence, u⊤
k α=Ukjαj ∕= 0, v⊤

k β= 0⊤β= 0, contradicts with (46) and k ∈ I.
Therefore, Ukj = 0 for all k ∈ {3, . . . ,2+n+ |T |}∩ I. Now we consider two scenarios.

In the first scenario, {1,2}∩ I = ∅, then (UI)j has the only one nonzero element which is from

−IS, (UI)j = (VI)j, and hence βj(VI)j ∈ span(UI).

In the second scenario, {1,2}∩I ∕= ∅. WLOG, let 1∈ I. We then have
6

k∈[n]αk = 1⊤α=u⊤
1 α=

v⊤
1 β= 0⊤β= 0, where the third equality is due to (46). From the above analysis, we already have

αj = βj > 0, which implies that there exists k ∕= j such that αk < 0. We now prove that for Uk, only

zero elements from blocks In×n and −IT are included in (UI)k. This can be done with the same

logic as that in above when we show only zero elements from blocks In×n and −IT are included

in (UI)j. We next show that for Uk, only zero elements from blocks −IS is included in (UI)k.

Assume to the contrary, i.e., there is an l ∈ {2 + n + |T | + 1, . . . ,2 + 2n} ∩ I such that ulk ∕= 0.

Notice that ulk = −1 and vlk = −1 are the only nonzero elements in ul and vl, respectively. We

have u⊤
l α=−αk, v

⊤
l α=−βk, and hence u⊤

l α ∕= v⊤
l α since αk < 0 and β ≥ 0. It contradicts with

(46), and we have that only zero elements from blocks −IS are included in (UI)k. Therefore, from

the two observations above we can conclude that (UI)k has all elements as zero from the blocks

In×n, −IT and −IS. In other words, (UI)k and (UI)j only differs at uik = 0, uij =−1. We can then

easily have βj(VI)j = βj(UI)j −βj(UI)k ∈ span(UI). □
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C.15. Proof of Proposition 10

Denote y= (y11, . . . , yn1, . . . , y1n, . . . , ynn)∈ℜn2
. Then the second-stage problem can be expressed

as
g(x,z) = min

7

s,j∈[n]

bsjysj

s. t.

!
U 1 · · · Un

In2×n2

"
y−

!
In×n

0n2×n

"
z ≥

!
−x
0n2×1

"
.

For any s ∈ [n], the matrix U s ∈ ℜn×n has es − ej as its j-th column, j ∈ [n]. Denote U 0 =

[U 1 · · · Un] ,V 0 = In×n and U =

!
U 0

In2×n2

"
∈ ℜ(n+n2)×n2

,V =

!
V 0

0n2×n

"
. Obviously, rank(U) = n2

which is less than the number of rows in U . Therefore, to complete the proof, we now show that

U ,V meet the second condition in Theorem 2.

Consider any index set I such that |I| = rank(U) + 1 = n2 + 1, rank(UI) = n2. Denote I0 =

I ∩ [n],I1 = I\I0, then the rows of UI0 (or VI0) are extracted from U 0 (or V 0); the rows of UI1

(or VI1) are extracted from In2×n2 (or 0n2×n).

We first let the column index set J0 be such that the submatrix UI0,J0
= 0, and let J1 = [n2]\J0.

Hence, UI can be decomposed into four submatrices UI0,J0
,UI0,J1

,UI1,J0
,UI1,J1

. Recalling that

UI1 is a submatrix of I, there is exactly one entry being one in its each row, and at most one

entry being 1 in its each column. Hence, in UI1 , the number of columns being 0 is n2 − |I1| =

n2 − (|I|− |I0|) = |I0|− 1. Noticing UI is full column rank and UI0,J0
= 0, all of the |I0|− 1 zero

columns in UI1 must be in UI1,J1
. Denote the index set K1 as the set of column index for those zero

columns in UI1 , and K2 = J1 \K1. Then UI1,J1
can be further decomposed into two submatrices

UI1,K1
,UI1,K2

where UI1,K1
= 0|I1|×(|I0|−1).

Since UI0,K1
∈ℜ|I0|×(|I0|−1) and it is of full column rank (otherwise it contradicts with UI being

full column rank and UI1,K1
= 0), we have that null(U⊤

I0,K1
) is of dimension 1. Recalling that UI0,K1

is a submatrix of U 0, each column can only be either ±es or es1 −es2 for some s, s1, s2 ∈ [|I0|]. Let

Nj ⊆ [|I0|] be the index set
3
s | the s-th entry of (UI0)j is non-zero

4
for any j ∈K1. We observe

that

null
,
U⊤

I0,K1

-
=

#
γ

))))
∀j ∈K1 with |Nj|= 1 : γs = 0 for s∈Nj

∀j ∈K1 with |Nj|= 2 : γs1 = γs2 for s1, s2 ∈Nj

$
. (47)

Consider any nonzero γ ∈ null
,
U⊤

I0,K1

-
, we now prove that there is no s1, s2 such that γs1 ,γs2 are

both nonzero and γs1 ∕= γs2 . Assume to the contrary, i.e., we can find s1, s2 such that γs1γs2 ∕= 0

and γs1 ∕= γs2 . We construct a vector γ̂ such that γ̂i = 0 for all i such that γi = 0, and γ̂i = 1 for

all i such that γi ∕= 0. As γ satisfies the condition in (47), so does γ̂, and hence γ̂ ∈ null
,
U⊤

I0,K1

-
.

Nevertheless, γ and γ̂ are obviously linearly independent, and hence we have contradiction to that

null
,
U⊤

I0,K1

-
is of dimension 1. Therefore, we can conclude that all nonzero elements in γ have the

same value.
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Consider any η0 ∈ ℜ|I0|,η1 ∈ ℜ|I1|,η = (η0,η1) such that U⊤
I η = 0. It implies 0 = U⊤

I,K1
η =

U⊤
I0,K1

η0 + U⊤
I1,K1

η1 = U⊤
I0,K1

η0, where the last equality is due to UI1,K1
= 0. Hence, η0 ∈

null
,
U⊤

I0,K1

-
, whose dimension has been shown as 1. Therefore, η0 = kγ for some k ∈ ℜ. As we

have shown above, all nonzero elements in γ are equal, WLOG, we can have η0 ≥ 0. We are now

ready to verify the second condition in Theorem 2.

Given any β ∈ ℜn
+ with VIβ ∈ span (UI), as η ∈ null(U⊤

I ), we have 0 = η⊤VIβ = (η0)
⊤
VI0β+

(η1)
⊤
VI1β= (η0)

⊤
VI0β=

6
i∈[n] βi (η

0)
⊤
(VI0)i, where the third equality is due to VI1 = 0. Since

η0 ≥ 0,VI0 ≥ 0,β ≥ 0, we have that η⊤βi (VI)i = βi (η
0)

⊤
(VI0)i = 0 for all i ∈ [n]. Recall that

null(U⊤
I ) is of dimension 1, we then have βi (VI)i ∈ span (UI), and the second condition in Theorem

2 is satisfied. Thus g(x,z) is supermodular in z for all x, and we obtain the following reformulation

as a simple corollary of Theorem 1,

min a⊤x+ν⊤l

s. t. R⊤
k l≥

7

i∈[2n+1]

pki
7

s,j∈[n]

bsjy
k,i
sj , k ∈ [K]

7

j∈[n]

yk,i
js −

7

j∈[n]

yk,i
sj ≥ zk,is −xs, s∈ [n], k ∈ [K], i∈ [2n+1]

yk,i
sj ≥ 0, s∈ [n], j ∈ [n], k ∈ [K], i∈ [2n+1]

l≥ 0, x∈X lot,

where pki ,z
k,i, k ∈ [K], i∈ [2n+1] are the output of Algorithm 1 given the ambiguity sets Fk, k ∈ [K]

defined by Equation (4). □

C.16. Proof of Proposition 11

Let ẑ ∈ ℜn be such that ẑi = ξizi for all i ∈ [n], and we define ĝ(x, ẑ) =

min

#
1⊤y

))))
yt ≥

6t

s=j(ẑs −xs), j ∈ [t], t∈ [n]
yt ≥ 0, t∈ [n]

$
. Notice that ĝ(x, ẑ) = ĝ (x, (ξ1z1, . . . , ξnzn)) =

g(x,ξ,z) defined by Equation

g(x,ξ,z) =min

#
1⊤y

))))
yt ≥

6t

s=j(ξszs −xs), j ∈ [t], t∈ [n]
yt ≥ 0, t∈ [n]

$
. (48)

To prove the supermodularity of g, we first show ĝ(x, ẑ) is supermodular in ẑ, and then prove that

g(x,ξ,z) = ĝ (x, (ξ1z1, . . . , ξnzn)) is supermodular in (ξ1, . . . , ξn, z1, . . . , zn).

To show the supermodularity of ĝ, we first rewrite the problem defining ĝ in its matrix form, i.e.,

ĝ(x, ẑ) =min
1
1⊤y

)) Uy−V ẑ ≥−Wx
2
, where U =

?

KK@

Ū 1

...
Ūn

Ūn+1

A

LLB ∈ℜn2+3n
2 ×n, V =W =

?

KK@

V̄ 1

...
V̄ n

V̄ n+1

A

LLB ∈

ℜn2+3n
2 ×n are such that

Ū t ∈ℜt×n are with elements of ūt
js =

#
1 if s= t
0 otherwise

for j ∈ [t], s, t∈ [n],
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V̄ t ∈ℜt×n are with elements of v̄tjs =

#
1 if j ≤ s≤ t
0 otherwise

for j ∈ [t], s, t∈ [n],

Ūn+1 = In×n, V̄
n+1 = 0n×n.

We prove ĝ(x, ẑ) is supermodular in ẑ by verify that U ,V satisfy the condition in Theorem 2.

To this end, consider any I ⊆ [(n2 + 3n)/2],β ∈ ℜn
+ with |I| = n+ 1, rank(UI) = n, and VIβ ∈

span(UI). Note that rank(U) = n, and each row of UI ∈ ℜ(n+1)×n has only one nonzero element

which takes the value of 1. Therefore, there exists ω ∈ [n] such that U has two row vectors being

eω, and exactly one row vector being ei for each i ∈ [n] \ {ω}. WLOG, we let RI1, . . . ,RIn+1 be

the distinct row indices such that I = {RI1, . . . ,RIn+1}, uRIi = ei for all i ∈ [n], uRIn+1
= eω, and

RIω < RIn+1. Moreover, for notational brevity, we arrange the rows in UI , VI with the order of

RI1, . . . ,RIn+1, which would not change the satisfaction/violation of the condition in Theorem

2. Therefore, UI =

!
I
e⊤
ω

"
. In this case, for any α ∈ ℜn, UIα =

!
α
αω

"
. This implies that, given

any γ ∈ ℜn+1, we have γ ∈ span(U) if and only if γω = γn+1. Therefore, consider any β with

VIβ ∈ span(UI), we know v⊤
RIω

β = v⊤
RIn+1

β. Our objective is to show βi(VI)i ∈ span(UI), i.e,

βivRIω ,i = βivRIn+1,i, for all i∈ [n]. To see this, we consider two cases.

• Case 1: both uRIω and uRIn+1
are extracted from Ūω, i.e., RIω,RIn+1 ∈3

ω(ω−1)

2
+1, . . . , ω(ω−1)

2
+ω

4
. We denote jω = RIω − ω(ω−1)

2
and jn+1 = RIn+1 − ω(ω−1)

2
, i.e.,

u⊤
RIω

and u⊤
RIn+1

are the jω-th and jn+1-th rows in Ūω, respectively. By the structure of V̄ ω,

we know for all s∈ [n],

vRIω ,s = v̄ωjω ,s =

#
1 s= jω, . . . ,ω
0 s= 1, . . . , jω − 1 or s= ω+1, . . . , n,

vRIn+1,s = v̄ωjn+1,s
=

#
1 s= jn+1, . . . ,ω
0 s= 1, . . . , jn+1 − 1 or s= ω+1, . . . , n.

In this case, v⊤
RIω

β = v⊤
RIn+1

β implies
ω6

j=jω

βj =
ω6

j=jn+1

βj; and hence βj = 0 for all j ∈

{jω, . . . , jn+1 − 1} since β≥ 0. Now for any arbitrary i∈ [n], the equation βivRIω ,i = βivRIn+1,i

always holds since 1) vRIω ,i = vRIn+1,i = 0 when i = 1, . . . jω − 1 or i = ω + 1, . . . , n; 2) βi = 0

when i= jω, . . . , jn+1 − 1; 3) vRIω ,i = vRIn+1,i = 1 when i= jn+1, . . . ,ω.

• Case 2: uRIω is extracted from Ūω while uRIn+1
is extracted from Ūn+1. The submatrix

V̄ n+1 = 0n×n implies in this case vRIn+1
= 0. Hence, v⊤

RIω
β = v⊤

RIn+1
β implies 0 = v⊤

RIω
β =

6
i∈[n]

βivRIω ,i. Since vRIω ≥ 0 and β≥ 0, we then have βivRIω ,i = 0= βivRIn+1,i for all i∈ [n].

Therefore, ĝ(x, ẑ) is supermodular in ẑ for all x. We next prove that g(x,ξ,z) is supermodular

in every two distinct components of (ξ,z), and hence is jointly supermodular in (ξ,z).

We first consider argument as the pair (ξi, zi) for some i∈ [n] and fix all ξs, zs with s∈ [n] \ {i}.

As all the remaining elements are fixed, we define gi : ℜ2 → ℜ and h : ℜ → ℜ to be such that
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gi(ξi, zi) = h(ẑi) = h(ξizi) = ĝ (x, (ξ1z1, . . . , ξnzn)) = g(x,ξ,z). Hence, it is equivalent to show that

gi, as a function of ξi, zi, is supermodular in its arguments. To this end, we first observe that ξizi

is increasing and supermodular in (ξi, zi) (recall that ξi, zi ≥ 0). Further, as a second-stage cost

function, ĝ(x, ẑ) has been shown as convex in ẑ by literature (e.g., Birge and Louveaux 2011,

Theorem 2), and it implies that h(ẑi) is convex in ẑi. In addition, h(ẑi) is also increasing in ẑi by

the definition in (48). Therefore, the supermodularity of gi follows as a corollary of Lemma 3, and

g(x,ξ,z) is supermodular in (ξi, zi) for all i∈ [n].

Next, if the argument is the pair (ξi, zj) for some distinct i, j ∈ [n], we prove the supermodularity

of gij(ξi, zj) = ĝ (x, (ξ1z1, . . . , ξnzn)). Consider ξ
′,ξ′′,z′,z′′ ∈ℜn with ξ′i < ξ′′i , z

′
j > z′′j , ξ

′
s = ξ′′s , z

′
s = z′′s

and we denote their common values as ξs, zs, respectively, for all s∈ [n]\{i, j}. Since ξ ∈ {0,1}n, by

ξ′i < ξ′′i we know ξ′i = 0, ξ′′i = 1. Define ẑ′, ẑ′′, ẑmin, ẑmin ∈ℜn such that ẑ′k = ξ′kz
′
k, ẑ

′′
k = ξ′′kz

′′
k , ẑ

min
k =

(ξ′k ∧ ξ′′k )(z
′
k ∧ z′′k ), ẑmax

k = (ξ′k ∨ ξ′′k )(z
′
k ∨ z′′k ) for all k ∈ [n]. Then these four vectors differ only in

their ith, jth elements. In particular, (ẑ′i, ẑ
′
j) = (0, ξjz

′
j), (ẑ

′′
i , ẑ

′′
j ) = (zi, ξjz

′′
j ), (ẑ

min
i , ẑmin

j ) = (0, ξjz
′′
j ),

(ẑmax
i , ẑmax

j ) = (zi, ξjz
′
j). Hence, denoting ẑ◦ ∈ ℜn such that ẑ◦i = ẑ◦j = 0 and ẑ◦s = ξszs for all s ∈

[n] \ {i, j}, we have

gij(ξ′i ∧ ξ′′i , z
′
j ∧ z′′j )+ gij(ξ′i ∨ ξ′′i , z

′
j ∨ z′′j )− gij(ξ′i, z

′
j)− gij(ξ′′i , z

′′
j )

= ĝ
,
x, ẑmin

-
+ ĝ (x, ẑmax)− ĝ (x, ẑ′)− ĝ (x, ẑ′′)

= ĝ
,
x, ẑ◦ + ξjz

′′
j ej

-
+ ĝ

,
x, ẑ◦ + ziei + ξjz

′
jej

-
− ĝ

,
x, ẑ◦ + ξjz

′
jej

-
− ĝ

,
x, ẑ◦ + ziei + ξjz

′′
j ej

-

≥ 0,

where the inequality holds because g (x, ẑ) is supermodular in ẑ. Hence, gij is supermodular and

therefore g(x,ξ,z) is supermodular in (ξi, zj).

For (zi, zj) or (ξi, ξj) with 1≤ i < j ≤ n, the proof is similar to the second case. We now conclude

that g(x,ξ,z) is supermodular in (ξ,z).

Noticing that Fk
ξ (or Fk

z ) determine a set of 0-1 (or three-point) worst-case marginals for ξ̃ (or

z̃), we claim that applying Algorithm 1 yields a (3n+1)-point joint distribution of (ξ̃, z̃) for each

realized scenario. The number of points follows from one plus the number of steps it takes when

moving from (0,zk) to (1,zk) only in the positive directions. The number of steps is 3n, since there

are exactly 3 steps on the i-th dimension—from ξi = 0→ 1, and from zi = zki → µi → zki . We then
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utilize the results in Theorem 1 and obtain the reformulation as follows.

min ν⊤l

s. t. R⊤
k l≥

7

i∈[3n+1]

pki 1
⊤yk,i, k ∈ [K]

yk,i
t ≥

t7

s=j

(ξk,izk,is −xs), j ∈ [t], t∈ [n], k ∈ [K], i∈ [3n+1]

yk,i ≥ 0, k ∈ [K], i∈ [3n+1]

l≥ 0, x∈X app,

where pki ,ξ
k,i,zk,i, k ∈ [K], i ∈ [3n + 1] are the output of Algorithm 1, given the ambiguity sets

Gk, k ∈ [K] defined as Gk =
1
Pk

)) ΠξPk ∈Fk
ξ ,ΠzPk ∈Fk

z

2
, where ΠξPk, ΠzPk denotes the marginal

distribution of ξ̃ and z̃, respectively under Pk. Fk
ξ is the conditional ambiguity set of Fξ when k̃ is

realized as k, and Fk
z is defined by (4). □

C.17. Proof of Theorem 4

The constraint of the second-stage problem

g(x,z) =min h⊤(x−Ay)+p⊤(z−y)− r⊤y

s. t. Ay≤x, y≤ z, y≥ 0.

can be represented as Uy−V z ≥−Wx+v0, where U =

?

@
−I
I

−A

A

B ,V =

?

@
−I
0
0

A

B and W =

?

@
0
0
I

A

B.

We first prove the “if” direction. Suppose the condition for A in this theorem is satisfied. By

Theorem 2, whether U ,V lead to supermodularity of g is equivalent to whether −U ,−V do so.

Therefore, here we verify the supermodularity based on −U ,−V . Observing that −U and −V

have the structure as in Proposition 5 with U ◦ =

!
−I
A

"
, we now show that every 2× 3 submatrix

of U ◦ contains at least one pair of columns which are linearly dependent. If both rows of the 2× 3

submatrix are extracted from A, then this submatrix must have two linearly dependent columns

by the assumption on A. If at least one of the rows are from −I, since the rows from −I have at

least two zero elements, then this submatrix must have two linearly dependent columns.

We now prove the “only if” direction by contradiction. We first consider the case that A ∈

ℜ2×3
+ . Assume the contrary, i.e., every two columns in A are in different directions. Given that

A ≥ 0, there must be one column in A being a conical combination of the other two columns.

WLOG, let A3 be a conical combination of A1,A2. We remark that multiplying any strictly

positive constant by a row/column in A, or switching rows, or switching columns does not affect

whether the corresponding function g is supermodular. Therefore, we can make the following

simplification on A. Since A1,A2 are linearly independent, WLOG, we can let A=

!
1 a c
b 1 d

"
with
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ab < 1. Since A3 is a conical combination of A1,A2, we have cd > 0; WLOG, we can let d= 1, i.e.,

A=

!
1 a c
b 1 1

"
. Multiplying the first row by 1/c, and then multiplying the first column by c, we have

A=

!
1 a/c 1
bc 1 1

"
. Let a/c, bc be the new a, b, we have A=

!
1 a 1
b 1 1

"
with ab < 1. Again, since A3 is

a conical combination of A1,A2, we have either a, b < 1 or a, b > 1. Together with ab < 1, we know

a, b < 1. In summary, WLOG, we let A=

!
1 a 1
b 1 1

"
with a, b∈ [0,1).

We define ḡ(x,z) = g(x,z)−p⊤z, then it is equivalent to prove that ḡ(x,z) is not supermodular

in z. We now construct such a counterexample. Let h= 0, r= 0, p= (1,1, ε) with any ε∈ (0,1). We

choose x= (1−ab)1, z′ = (1−a,0,1−ab), z′′ = (0,1− b,1−ab). Denote z∧ = z′∧z′′, z∨ = z′∨z′′,

we have z∧ = (0,0,1− ab), z∨ = (1− a,1− b,1− ab). We notice that

ḡ(x,z) =min
1
−p⊤y

)) Ay≤x,0≤ y≤ z
2

=min

%
'

(−y1 − y2 − εy3

))))))

y1 + ay2 + y3 ≤ 1− ab
by1 + y2 + y3 ≤ 1− ab
(0,0,0)≤ (y1, y2, y3)≤ (z1, z2, z3).

.
/

0
(49)

Hence,

ḡ(x,z′) =min

#
−y1 − εy3

))))
y1 + y3 ≤ 1− ab,
0≤ y1 ≤ 1− a, y2 = 0, y3 ≥ 0

$
,

ḡ(x,z′′) =min

#
−y2 − εy3

))))
y2 + y3 ≤ 1− ab,
y1 = 0, 0≤ y2 ≤ 1− b, y3 ≥ 0

$
,

ḡ(x,z∧) =min

#
−εy3

))))
y3 ≤ 1− ab,
y1 = y2 = 0, y3 ≥ 0

$
,

ḡ(x,z∨) =min

%
'

(−y1 − y2 − εy3

))))))

y1 + ay2 + y3 ≤ 1− ab,
by1 + y2 + y3 ≤ 1− ab,
0≤ y1 ≤ 1− a, 0≤ y2 ≤ 1− b, y3 ≥ 0

.
/

0 .

Since 0 < ε < 1, in the optimization problem for ḡ(x,z′), the optimal solution should be that y1

goes to the upper bound, i.e, y1 = 1− a, y2 = 0 and y3 = (1− ab)− (1− a) = a(1− b). Similarly, in

the optimization problem for ḡ(x,z′′), the optimal y= (0,1− b, b(1− a)); in that for ḡ(x,z∧), the

optimal y= (0,0,1− ab); in that for ḡ(x,z∨), the optimal y= (1− a,1− b,0). We then have

ḡ(x,z′)+ ḡ(x,z′′)− ḡ(x,z∧)− ḡ(x,z∨)

= − ((1− a+ εa(1− b))+ (1− b+ εb(1− a))− ε(1− ab)− (1− a+1− b))

= ε(1− a)(1− b)> 0,

where the last equality holds since 0<a, b < 1. Therefore, ḡ(x,z∧)+ ḡ(x,z∨)< ḡ(x,z′)+ ḡ(x,z′′),

this function ḡ is not supermodular.

For the general case of A∈ℜl×n
+ , we can prove the result by the same contradiction. WLOG, we

assume the 2×3 submatrix of A, which is obtained by deleting all rows except the first two and all

columns except the first three, is such that each pair of columns in it are linearly independent. We
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can then let z′i = z′′i = 0 for i∈ {4,5, . . . , n} and xi be sufficiently large for i∈ {3,4, . . . , l} such that

it would not affect the feasible region of y. We then have ḡ(x,z) with exactly the same expression

in Equation (49). Therefore, we still have ḡ(x,z∧)+ ḡ(x,z∨)< ḡ(x,z′)+ ḡ(x,z′′). □

C.18. Proof of Corollary 2

We first prove the “if” direction using Theorem 4. Consider any 2 × 3 submatrix of A, which,

WLOG, is C =A{1,2},{1,2,3}. Let Ŝi = Si ∩ {1,2,3}, i= 1,2. If Ŝ1 ∩ Ŝ2 = ∅, then at least one of the

rows in C has two zero elements, and hence C has at least one pair of columns which are linearly

dependent. If Ŝ1 ∩ Ŝ2 ∕= ∅, by the definition of Tree Family, we have either Ŝ1 ⊆ Ŝ2 or Ŝ2 ⊆ Ŝ1.

WLOG, we let Ŝ1 ⊆ Ŝ2. If |Ŝ1|= 1, then the first row of C has two zero elements and hence C has

at least one pair of columns which are linearly dependent. If |Ŝ1|≥ 2, WLOG, {1,2}⊆ Ŝ1, by the

definition of Proportional Tree Family, we have a11/a21 = a12/a22, hence C has at least one pair

of columns which are linearly dependent. In summary, C always have at least one pair of columns

which are linearly dependent. □

C.19. Proof of Theorem 5

The case for rank(U) = r is straightforward, so we only consider the case where rank(U) < r.

In that case, we only need to verify whether U ,V satisfy the second part of the condition in

Theorem 2, which depends solely on the relationship between V and span(U). Thus, removing the

dependent columns in U does not change the satisfaction or violation of the conditions. Therefore,

the procedure in line 4 of the algorithm does not change the result and WLOG, we can assume U

has r0 columns, i.e., m= r0.

First we look into the case where Algorithm 2 returns s= 0. This implies that there exists an

index set I ⊆ [r] and indices i∈ [r]\I, a, b∈ [r0] with |I|= r0, UI invertible and diadib < 0. WLOG,

we let dia > 0, dib < 0.

Denote β=
ea

dia
− eb

dib
≥ 0, α=U−1

I

9
(VI)a
dia

− (VI)b
dib

:
, then

M
VI

v⊤
i

N
β=

?

KK@

(VI)a
dia

− (VI)b
dib

via
dia

− vib
dib

A

LLB=

?

KK@

(VI)a
dia

− (VI)b
dib

dia +u⊤
i U

−1
I (VI)a

dia
− dib +u⊤

i U
−1
I (VI)b

dib

A

LLB=

M
UI

u⊤
i

N
α,

We let Î = I ∪ {i}. The above equality implies VÎβ = UÎα ∈ span(UÎ). On the other hand, for

βa(VÎ)a we have

βa

!
(VI)a
via

"
=

?

K@

(VI)a
dia

dia +u⊤
i U

−1
I (VI)a

dia

A

LB=

!
UI
u⊤

i

"
U−1

I (VI)a
dia

+

!
0
1

"
=UÎ

U−1
I (VI)a
dia

+

!
0
1

"
.
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Since UI is invertible, there is no γ ∈ ℜr0 such that UÎγ =

M
UI

u⊤
i

N
γ =

!
0
1

"
. Hence βa(VÎ)a /∈

span(UÎ) and the second part of the condition in Theorem 2 is violated.

We now investigate the case where the second part of the condition in Theorem 2 is violated. That

means, there exist Î ⊆ [r], β≥ 0 and a∈ [r0] such that |Î|= r0+1, rank(UÎ) = r0, VÎβ ∈ span(UÎ)

but βa(VÎ)a /∈ span(UÎ). We choose I ⊆ Î such that |I|= r0 and UI is invertible, and denote i as

the unique index in Î\I. It follows that

VÎβ=

!
VI
v⊤
i

"
β=

!
0

v⊤
i −u⊤

i U
−1
I VI

"
β+

!
UI
u⊤

i

"
U−1

I VIβ=

!
0
d⊤
i

"
β+UÎU

−1
I VIβ,

βa(VÎ)a = βa

!
(VI)a
via

"
= βa

9!
0

via −u⊤
i U

−1
I (VI)a

"
+

!
UI
u⊤

i

"
U−1

I (VI)a

:
=

!
0

βadia

"
+βaUÎU

−1
I (VI)a.

Since VÎβ,UÎU
−1
I VIβ,βaUÎU

−1
I (VI)a ∈ span(UÎ) and βa(VÎ)a /∈ span(UÎ), the above equations

imply

!
0
d⊤
i

"
β ∈ span(UÎ) and

!
0

βidia

"
/∈ span(UÎ). According to

!
0
d⊤
i

"
β ∈ span(UÎ), there exists

α ∈ ℜr0 with UIα = 0,u⊤
i α = d⊤

i β. Since UI is invertible, α = 0 and hence d⊤
i β = u⊤

i α = 0.

According to

!
0

βidia

"
/∈ span(UÎ), we obtain βadia ∕= 0. As β≥ 0, βadia ∕= 0 and d⊤

i β= 0, we must

have an index b ∈ [r0] such that dib, dia are of different signs. Hence the algorithm returns s= 0.

□

C.20. Proof of Theorem 6

We first reformulate the second-stage problem as

gW (x,z) =min b⊤y

s. t. Uy−
,
V −

*
W 1x · · ·W nx

+-
z ≥−W 0x+v0,

where [W 1x · · ·W nx] stands for an r×n matrix with its i-th column being W ix. We denote V̄ x =

V − [W 1x · · ·W nx] for convenience. Following Theorem 2, it suffices to show that the proposed

conditions hold if and only if U , V̄ x satisfy the conditions in Theorem 2 for any x. The case

of rank(U) = r is straightforward. Hence, in the rest of the prove, we only focus on the case of

rank(U)< r, i.e., the second condition in this theorem and that in Theorem 2, which are called

Condition 2) and Condition 2̃) throughout this proof. In particular, Condition 2̃) can be stated as

2̃) for all I ⊆ [r], β ∈ ℜn
+, x ∈ ℜl with |I| = rank(U) + 1, rank(UI) = rank(U) and V̄ x

I β ∈

span(UI), we must have βi(V̄
x
I )i ∈ span(UI) holds for every i∈ [n].

We now prove that Condition 2) is equivalent to Condition 2̃).

First, we make an equivalent interpretation for Condition 2) and Condition 2̃). Notice that

both conditions are for the same set of index sets. We consider any such index set I. Since |I|=

rank(UI)+ 1, span(UI) is a hyperplane in ℜ|I|. Therefore, there exists a unit vector η ∈ℜ|I| such
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that it is orthogonal to all vectors in span(UI), and all elements in ℜ|I| can be represented as linear

combinations of η and a vector in span(UI). Therefore, for any i, j ∈ [n],

(VI)i = ξi +λiη, W i
Ix= ζx

i +µx
i η,

(VI)j = ξj +λjη, W j
Ix= ζx

j +µx
j η.

(50)

for some λi,λj, µ
x
i , µ

x
j ∈ℜ and ξi,ξj,ζ

x
i ,ζ

x
j ∈ span(UI). Since η is a unit vector, we have

0 = η⊤ ,
(VI)i −ηη⊤(VI)i

-
= η⊤(VI)i −η⊤ηη⊤ (ξi +λiη) = η⊤(VI)i −λi,

and hence λi = η⊤(VI)i. The same logic applies to (VI)j and W i
Ix,W

j
Ix.

In Condition 2), we notice that (η⊤(VI)i) · (η⊤(VI)j) ≥ 0 is equivalent to λiλj ≥ 0; moreover,

(W i
I)

⊤ηη⊤W j
I is positive semidefinite if and only if (η⊤W i

Ix) ·
,
η⊤W j

Ix
-
≥ 0 for all x. Hence,

we conclude that Condition 2a) is equivalent to “λiλj ≥ 0, µx
i µ

x
j ≥ 0 for all x and i, j ∈ [n]”. For

Condition 2b), since the equality holds if and only if (η⊤(VI)i) ·
,
η⊤W j

Ix
-
= (η⊤(VI)j) · (η⊤W i

Ix)

for all x, we conclude that it is equivalent to the condition “λiµ
x
j = λjµ

x
i for all x and i, j ∈ [n]”.

For Condition 2̃), by the definition of V̄ x
I ,

(V̄ x
I )i = (VI)i −W i

Ix= (ξi − ζx
i )+ (λi −µx

i )η,
(V̄ x

I )j = (VI)j −W j
Ix= (ξj − ζx

j )+ (λj −µx
j )η.

Observing that Condition 2̃) is violated if and only if there exist i, j ∈ [n] with (λi−µx
i )(λj−µx

j )< 0,

we obtain its equivalent condition as

(λi −µx
i )(λj −µx

j )≥ 0 ∀x∈ℜl, i, j ∈ [n]. (51)

We now prove the direction “Condition 2̃) =⇒ Condition 2)”. Consider any two distinct indexes

i, j ∈ [n]. We first choose x= 0, hence V̄ x = V . We assume the contrary to the first argument of

Condition 2a), i.e., λiλj < 0, WLOG, λi > 0, λj < 0. We then choose β =−λjei + λiej ∈ ℜn
+, and

have VIβ=−λjξi+λiξj ∈ span(UI). However, βj(VI)j = λiξj +λiλjη ∕∈ span(UI). We hence have

contradiction with Condition 2̃), and conclude λiλj ≥ 0, the first argument of Condition 2a) is true.

Next we show the second argument of Condition 2a) by contradiction. Notice for any constant

θ ∈ ℜ, (V̄ θx
I )i = (ξi − θζx

i ) + (λi − θµx
i )η, (V̄

θx
I )j = (ξj − θζx

j ) + (λj − θµx
j )η. If µ

x
i µ

x
j < 0, we can

always find θ such that (λi − θµx
i )(λj − θµx

j ) = µx
i µ

x
j θ

2 − (λiµ
x
j +µx

i λj)θ+λiλj < 0. Therefore, the

equivalent condition for Condition 2̃), i.e., (51), is violated for θx. Hence, we have contradiction,

and conclude that µx
i µ

x
j ≥ 0, the second argument of Condition 2a) is true.

We now prove Condition 2b). By Condition 2a), we already have λiλj ≥ 0, µx
i µ

x
j ≥ 0. WLOG, we

assume λi,λj, µ
x
i , µ

x
j ≥ 0. Assume the opposite to Condition 2b), i.e., λiµ

x
j ∕= λjµ

x
i . WLOG, we let

0≤ λiµ
x
j < λjµ

x
i , which implies λj, µ

x
i > 0. By Condition 2̃), i.e., (51), we have (λi−µx

i )(λj −µx
j )≥

0. Combining with λj, µ
x
i > 0, we know that at least one of λi, µ

x
j is nonzero. Consider the case
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that µx
j ∕= 0. Define θi = λi/µ

x
i ,θj = λj/µ

x
j , then following the assumptions of λiµ

x
j < λjµ

x
i we have

θi < θj. Choosing any θ ∈ (θi,θj), we have λi < θµx
i ,λj > θµx

j . Hence, the equivalent condition for

Condition 2̃), i.e., (51), is violated for θx. The case of λj ∕= 0 can be proved similarly. Hence, we

always have contradiction, and conclude that Condition 2b) is true.

Now it remains to prove the direction “Condition 2) =⇒ Condition 2̃)”. Given any x ∈ℜl, we

let λi,λj, µ
x
i , µ

x
j ∈ℜ and ξi,ξj,ζ

x
i ,ζ

x
j ∈ span(UI) be constants as defined in (50). By Condition 2),

we know λiλj ≥ 0, µx
i µ

x
j ≥ 0 and λiµ

x
j = λjµ

x
i . WLOG, we let λi,λj ≥ 0. Possible realizations of the

parameters are as follows.

• λi = λj = 0. Then either µx
i , µ

x
j ≥ 0 or µx

i , µ
x
j ≤ 0, it always implies (λi −µx

i )(λj −µx
j )≥ 0.

• λi = 0,λj > 0 (or λi > 0,λj = 0). Then λiµ
x
j = λjµ

x
i = 0, implying µx

i = 0 (or µx
j = 0). In either

case we have (λi −µx
i )(λj −µx

j )≥ 0.

• λi > 0,λj > 0. Denote θ= λi/µ
x
i = λj/µ

x
j , then (λi −µx

i )(λj −µx
j ) = µx

i µ
x
j (θ− 1)2 ≥ 0.

So we always have (λi −µx
i )(λj −µx

j )≥ 0, Condition 2̃) holds. □

C.21. Proof of Lemma 3

Consider any z′,z′′ ∈ ℜn, we denote a = h(z′ ∧ z′′), b = h(z′), c = h(z′′), d = h(z′ ∨ z′′) and d0 =

b+ c− a. From the supermodularity of f we know b+ c≤ a+ d; hence, d0 ≤ d. We then have

φ(z′)+φ(z′′) = u(b)+u(c)≤ u(a)+u(d0)≤ u(a)+u(d) = φ(z′ ∧ z′′)+φ(z′ ∨ z′′), (52)

where the second inequality holds since u is non-decreasing, and the first equality can be proved as

follows. We notice that either a≤min{b, c}≤max{b, c}≤ d0 (if h is increasing) or a≥max{b, c}≥

min{b, c}≥ d0 (if h is decreasing) holds; since a+d0 = b+ c and u is convex, we then have the first

inequality in Equation (52). That proves the supermodularity of φ. □

C.22. Proof of Proposition 12

Applying Lemma 3, we have that u (a⊤x+ g(x,z)) is supermodular in z for all x ∈ X . Hence,

following Theorem 1 by treating u (a⊤x+ g(x, z̃)) in Problem (27) as the g(x, z̃) in Problem (2),

Problem (27) can be solved equivalently by

min ν⊤l

s. t. R⊤
k l≥

7

i∈[2n+1]

pki u
,
a⊤x+ b⊤yk,i

-
, k ∈ [K]

Wx+Uyk,i ≥V zk,i +v0, k ∈ [K], i∈ [2n+1]

l≥ 0, x∈X ,

Introducing auxiliary variables fk,i with fk,i ≥ u (a⊤x+ b⊤yk,i) =maxj∈[j]{cj (a⊤x+ b⊤yk,i)+dj},

we then obtain the equivalent reformulation as in (29). □



Long, Qi, and Zhang: Supermodularity in Two-Stage DRO
40 Article submitted to Management Science; manuscript no. MS-OPT-19-02965

C.23. Proof of Corollary 3

By the minimax Theorem in Sion (1958), in Problem (30), we can interchange the maximization

over P∈F and the minimization over θ ∈ℜ. Hence, Problem (30) is equivalent to

min θ+sup
P∈F

EP
*
u
,
a⊤x+ g(x, z̃)− θ

-+

s. t. x∈X .

Its equivalent reformulation (31) can be obtained as a direct application of Proposition 12. □

C.24. Proof of Theorem 7

We first prove the direction of “1” → “2”, by contradiction. Assume “2” is false, i.e., there exists

i ∈ [n], j ∈ [J ] such that hj
i has at least three pieces on [zi, zi], then it suffices to show there are

f1, f2 that are associated with worst-case distributions with distinct marginals.

WLOG, let h1
1 be the function which at least three pieces on [z1, z1]. We choose functions f1, f2 :

ℜn → ℜ such that f1(z) = g1(z1), f
2(z) = g2(z1),z ∈ ℜn for some g1, g2 : ℜ → ℜ. Moreover, for

all j ∈ {2, . . . , J}, we choose δj1 to be sufficiently large such that EP
*
hj
1(z̃1)

+
≤ δj1 holds for all

P∈ {P | P(z1 ≤ z̃1 ≤ z1) = 1,EP[z̃1] = µ1}. We then have for i= 1,2,

sup
P∈FG

EP
*
f i(z̃)

+
= sup

P∈G
EP

*
gi(z̃1)

+

where

G =

%
'

(P

))))))

P
,
z1 ≤ z̃1 ≤ z1

-
= 1

EP[z̃1] = µ1

EP
*
h1
1(z̃1)

+
≤ δ11 .

.
/

0 ,

For notational simplicity, we omit the superscript and subscript of h and δ, as well as the subscript

of z and µ. That is, we consider supP∈G EP [g
i(z̃)] with G =

%
'

(P

))))))

P
,
z ≤ z̃ ≤ z

-
= 1

EP[z̃] = µ
EP

*
h(z̃)

+
≤ δ

.
/

0, where h has

at least three pieces on [z, z]. Now it suffices to find g1, g2 :ℜ→ℜ such that there does not exist a

common worst-case distribution.

Let J + 1 be the number of pieces of h on [z, z] for some J ≥ 2, and denote the corresponding

breakpoints by z = z0 < · · ·< zJ+1 = z. We define two functions l1, l2 :ℜ+ →ℜ such that

l1(p1)∈
1
p0h(z

0)+ p1h(z
1)+ pJ+1h(z

J+1) | p0 + p1 + pJ+1 = 1, p0z
0 + p1z

1 + pJ+1z
J+1 = µ

2

l2(p2)∈
1
p0h(z

0)+ p2h(z
2)+ pJ+1h(z

J+1) | p0 + p2 + pJ+1 = 1, p0z
0 + p2z

2 + pJ+1z
J+1 = µ

2 (53)

Notice that the sets in Equation (53) are singleton since for any given p1 or p2, we have unique p0

and pJ+1. Therefore, the functions l
1, l2 are indeed uniquely determined by Equation (53). We have

two observations on l1, l2. First, l1(0) = l2(0), and when p1 = p2 = 0, their corresponding p0 and

pJ+1 (in the set defined in Equation (53)) are strictly positive. Second, both l1, l2 are continuous

function, and they are also increasing function due to the convexity of h. By the two observations,
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we can find ε1, ε2 > 0 which are sufficiently small and such that l1(ε1) = l2(ε2), and when p1 = ε1

and p2 = ε2, their corresponding p0 and pJ+1 are strictly positive. Define

H1 =

?

@
1 1 1
z0 z1 zJ+1

h
,
z0
-
h
,
z1
-
h
,
zJ+1

-

A

B , H2 =

?

@
1 1 1
z0 z2 zJ+1

h
,
z0
-
h
,
z2
-
h
,
zJ+1

-

A

B .

We hence can find p1,p2 ∈ ℜ3
++ and choose δ ∈ ℜ such that H1p1 = H2p2 = (1, µ, δ). Let the

discrete probability P1,P2 be with

P1 (z̃ =w) =

%
&'

&(

p11 if w= z0

p12 if w= z1

p13 if w= zJ+1

0 otherwise

, P2 (z̃ =w) =

%
&'

&(

p21 if w= z0

p22 if w= z2

p23 if w= zJ+1

0 otherwise

.

Then P1,P2 have the support Z1 = {z0, z1, zJ+1},Z2 = {z0, z2, zJ+1}, respectively.
Consider any i ∈ {1,2}. Since h is piecewise linear convex, we can choose a convex function gi

such that gi(z) = h(z) for z ∈Z i and gi(z)<h(z) for all z ∈ [z, z] \Z i. Therefore, we have

EPi
*
gi(z)

+
=

7

z∈Zi

P(z̃ = z)gi(z) =
7

z∈Zi

P(z̃ = z)h(z) =EPi [h(z)] = δ,

where the first and and third equalities are by the definition of Pi, the second equality holds since

gi(z) = h(z) when z ∈ Z i, and the last equality is due to the way we choose pi. Since gi(z) ≤
h(z), we have EP [g

i(z)] ≤ EP [h(z)] ≤ δ for any P ∈ G. Hence Pi is a worst-case distribution to

supP∈G EP [g
i(z̃)]. In what follows, we show that Pi is the only worst-case distribution.

We first consider any P ∈ G with support Z such that Z \ Z i ∕= ∅, then there exists [z′, z′′] ⊆
[z, z] \Z i such that P(z̃ ∈ [z′, z′′])> 0. Therefore,

EP
*
gi(z)

+
=

5

[z,z]

gi(z)dP<

5

[z,z]

h(z)dP=EP [h(z)]≤ δ,

where the first inequality follows from that gi(z) < h(z) for all z ∈ [z, z] \ Z i, the last inequality

is due to P ∈ G. Hence, P ∕∈ arg supP∈G EP [g
i(z̃)]. It implies that for any P∗ ∈ arg supP∈G EP [g

i(z̃)],

the support of P∗ must be a subset of Z i, and P∗ can be fully characterized by a vector p∗ ∈ ℜ3
+

such that H ip∗ = (1, µ, δ). Observing that H i is invertible (due to that h is not linear), p# is

unique and is exactly the aforementioned pi. Therefore, Pi is the unique worst-case distribution to

supP∈G EP [g
i(z̃)]. Hence, there does not exist a common worst-case distribution to supP∈G EP [g

1(z̃)]

and supP∈G EP [g
2(z̃)]. “1” is false.

We next prove the direction of “2”→“1”.

By strong duality,

sup
P∈FG

EP [f(z̃)] = inf

C
s+µ⊤t+

n7

i=1

Ji7

j=1

δji r
j
i

)))))
s+ z⊤t+

6n

i=1

6Ji
j=1 h

j
i (zi)r

j
i ≥ f(z), ∀z ∈ [z,z]

rji ≥ 0, i∈ [n], j ∈ [Ji]

J
.
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Let Z =
1
z | zi ∈ {z1i , . . . , z

Si
i }, i ∈ [n]

2
which contains all z such that each of its dimension is on

the breakpoints. Then we observe that [z,z] can be decomposed as [z,z] =∪S
i=1Z i for some S and

disjoint Z1, . . . ,ZS such that all Z i are boxes with extreme points in Z and
6n

i=1

6Ji
j=1 h

j
i (zi) are

linear within each Z i. Together with the convexity of f , the dual problem is equivalent to

inf

C
s+µ⊤t+

n7

i=1

Ji7

j=1

δji r
j
i

)))))
s+ z⊤t+

6n

i=1

6Ji
j=1 h

j
i (zi)r

j
i ≥ f(z), ∀z ∈Z

rji ≥ 0, i∈ [n], j ∈ [Ji]

J
.

Writing its dual form again, we conclude that there exists a worst-case distribution with its support

as Z. Hence, for supP∈FG EP [f(z̃)], it suffices to consider the probability distributions with support

Z.

Assuming “2” is true, i.e., hj
i , i ∈ [n], j ∈ [Ji] are piecewise linear convex functions with exactly

two pieces on [zi, zi], we will show “1” is true. In other words, we will show the existence of

a P∗ ∈ arg supP∈FG EP[f(z̃)] such that for any dimension i, P∗(z̃i = w) has the structure as in

“1”. WLOG, we let such i be n. Further, for notational simplicity, we drop the subscript n for

z̃n, zn, zn, zn, µn, h
j
n, δ

j
n, Jn. Hence, we have z̃ = (z̃1, . . . , z̃n−1, z̃), z = (z1, . . . , zn−1, z) and so on, and

we will prove that P∗(z̃ =w) has the structure as in “1”.

The proof will be done by induction. Starting from the case of J = 1, with an approach almost

the same as that in the proof for Proposition 1, we can show that P∗ has the structure in “1”.

More specifically, denoting the breakpoint of h1 by ẑ ∈ (z, z), then we move the probability mass

on z with z = ẑ to z− (ẑ− z)en and z+ (z− ẑ)en until we cannot move any further. Such move

will terminate at a probability distribution which has marginals in the form given by “1”, and the

expected value of EP[f(z̃)] is no less.

Suppose when J = Ĵ − 1 for some Ĵ ≥ 2, we have “1” being true. We now consider the case of

J = Ĵ . We separately analyze the following two scenarios.

• Scenario I: There are distinct i, j ∈ [J ] such that hi, hj have the same breakpoint in (z, z).

WLOG, we let h1, h2 be both with breakpoint ẑ ∈ (z, z). Define Ĝ = {P | P (z ≤ z̃ ≤ z) = 1,EP [z̃] =

µ}, Gi = {P | EP [h
i (z̃)]≤ δi}, i∈ {1,2}.

If Ĝ ∩ G1 ∩ G2 = Ĝ ∩ G2, then denote G′ to be the ambiguity set obtained from FG by removing

the constraint on EP [h
1(z̃)]. We have G′ = FG, and hence supP∈FG EP [f(z̃)] = supP∈G′ EP [f(z̃)].

Therefore, we have a problem with J = Ĵ − 1, in which case we know “1” is true by the induction

assumption.

If Ĝ ∩G1 ∩G2 ∕= Ĝ ∩G2, we next show Ĝ ∩G1 ∩G2 = Ĝ ∩G1.
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Consider any P ∈ Ĝ, we define a vector (sP1, s
P
2, s

P, ŝP, sP) which is uniquely determined by the

following system of equations, %
&&&&&&&&&&'

&&&&&&&&&&(

5

z≤ẑ

zdP(z) = zsP + ẑsP1

P (z̃ ≤ ẑ) = sP + sP15

z>ẑ

zdP(z) = ẑsP2 + z̄sP

P (z̃ > ẑ) = sP2 + sP

ŝP = sP1 + sP2

. (54)

In this case, for any piecewise linear convex function with two pieces and with breakpoint at ẑ,

which can be denoted by h(z) =

#
az+ b if z ≤ ẑ
az+ b if z ≥ ẑ

where a< a, we have

EP [h(z̃)] =

5

z≤ẑ

(az+ b)dP(z)+
5

z>ẑ

,
az+ b

-
dP(z)

= a

5

z≤ẑ

zdP(z)+ bP (z̃ ≤ ẑ)+ a

5

z>ẑ

zdP(z)+ bP (z̃ > ẑ)

= a
,
zsP + ẑsP1

-
+ b

,
sP + sP1

-
+ a

,
ẑsP2 + z̄sP

-
+ b

,
sP2 + sP

-

= sPh(z)+ ŝPh(ẑ)+ sPh(z),

where the third and fourth inequalities are due to (54). Moreover, by (54) we can easily have

sP + ŝP + sP = 1 and sPz+ ŝPẑ+ sPz = µ, which imply

sP =
z−µ− (z− ẑ)ŝP

z− z
, sP =

µ− z− (ẑ− z)ŝP

z− z
.

Therefore,

EP [h(z̃)] =
z−µ− (z− ẑ)ŝP

z− z
h(z)+ ŝPh(ẑ)+

µ− z− (ẑ− z)ŝP

z− z
h(z) = ch +∆hŝP, (55)

where ch,∆h are constants depending on h but independent from P; moreover,

∆h = h(ẑ)−
9
z− ẑ

z− z
h(z)+

ẑ− z

z− z
h(z)

:
<h(ẑ)−h

9
z− ẑ

z− z
z+

ẑ− z

z− z
z

:
= h(ẑ)−h(ẑ) = 0, (56)

where the inequality follows from the convexity of h.

Recall that Ĝ ∩ G1 ∩ G2 ∕= Ĝ ∩ G2, then there exists Po ∈
<
Ĝ ∩G2

=
\ G1. Therefore, consider any

P̂∈ Ĝ ∩G1,

ch
1

+∆h1

ŝP
o

=EPo
*
h1(z̃)

+
> δ1 ≥EP̂

*
h1(z̃)

+
= ch

1

+∆h1

ŝP̂,

where the two equalities follow from (55), the two inequalities are due to Po ∕∈ G1 and P̂∈ G1. Hence,

we have ŝP
o
< ŝP̂ since (56) results in ∆h1

< 0. It then implies

EP̂

*
h2(z̃)

+
= ch

2

+∆h2

ŝP̂ < ch
2

+∆h2

ŝP
o

=EPo
*
h2(z̃)

+
≤ δ2,
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where the last inequality holds since Po ∈ G2. Therefore, P̂∈ G2, and we have Ĝ ∩G1 ∩G2 = Ĝ ∩G1.

Similar to the case of Ĝ ∩ G1 ∩ G2 = Ĝ ∩ G2, we now can reduce the problem supP∈FG EP [f(z̃)] to

one with J = Ĵ − 1, and hence “1” is true by induction.

• Scenario II: All hj, j ∈ [Ĵ ], have distinct breakpoints in (z, z). In this case, denote the

breakpoint of hj by zj, j ∈ [Ĵ ]. WLOG, assume z = z0 < z1 < · · · < zĴ < zĴ+1 = z. Consider any

P∈FG. Denote by pj = P(z̃ = zj) the marginal probability mass at z = zj, j = 0, . . . , Ĵ+1. Recalling

that we just focus on the distribution with support at the breakpoints, then the constraint P∈FG

is equivalent to the following system,

Ĵ+17

j=0

pj = 1, (57a)

Ĵ+17

j=0

zjpj = µ, (57b)

Ĵ+17

j=0

hi(zj)pj ≤ δi, i∈ [Ĵ ], (57c)

pj ≥ 0, j ∈ {0, . . . , Ĵ +1}. (57d)

By (57a) and (57b) we have

p0 =
z−µ−

6Ĵ

j=1(z− zj)pj

z− z
, pĴ+1 =

µ− z−
6Ĵ

j=1(z
j − z)pj

z− z
, (58)

which implies that p0, pĴ+1 can be determined by p= (p1, . . . , pĴ). In what follows, we simplify the

constraints (57a)-(57d).

We first investigate the constraint (57c) for any given i ∈ [Ĵ ]. Since hi is convex and has break-

points {z, zi, z}, we can denote hi(z) =

#
hi(zi)− γi(z

i − z) if z ∈ [z, zi]
hi(zi)+ ξi(z− zi) if z ∈ [zi, z]

for some γi < ξi. It follows

that

Ĵ+17

j=0

hi(zj)pj

= hi(zi)− γi(z
i − z)p0 − γi

i7

j=1

(zi − zj)pj + ξi

Ĵ7

j=i

(zj − zi)pj + ξi(z− zi)pĴ+1

= hi(zi)− γi
z− z

E

F(zi − z)

9
z−µ−

Ĵ7

j=1

(z− zj)pj

:
+(z− z)

i7

j=1

(zi − zj)pj

G

H

+
ξi

z− z

E

F(z− zi)

9
µ− z−

Ĵ7

j=1

(zj − z)pj

:
+(z− z)

Ĵ7

j=i

(zj − zi)pj

G

H
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= hi(zi)+
ξi(z− zi)(µ− z)

z− z
− γi(z−µ)(zi − z)

z− z

− γi
z− z

E

F
i7

j=1

,
(z− z)(zi − zj)− (z− zj)(zi − z)

-
pj −

Ĵ7

j=i+1

(z− zj)(zi − z)pj

G

H

+
ξi

z− z

E

F−
i−17

j=1

(z− zi)(zj − z)pj +
Ĵ7

j=i

,
(zj − zi)(z− z)− (z− zi)(zj − z)

-
pj

G

H

= hi(zi)+
ξi(z− zi)(µ− z)

z− z
− γi(z−µ)(zi − z)

z− z

+
γi

z− z

E

F−
i−17

j=1

(zi − z)(zj − z)pj +(z− zi)(zi − z)pi +
Ĵ7

j=i+1

(z− zj)(zi − z)pj

G

H

− ξi
z− z

E

F
i−17

j=1

(z− zi)(zj − z)pj +(z− zi)(zi − z)pi −
Ĵ7

j=i+1

(zj − z)(zi − z)pj

G

H

= hi(zi)+
ξi(z− zi)(µ− z)

z− z
− γi(z−µ)(zi − z)

z− z
− ξi − γi

z− z

Ĵ7

j=1

,
z− zmax{i,j}- ,zmin{i,j} − z

-
pj.

Hence the i-th constraint of (57c) is equivalent to

Ĵ7

j=1

,
z− zmax{i,j}- ,zmin{i,j} − z

-
pj ≥ di,

where di =
z−z

ξi−γi

<
hi(zi)+ ξi(z−zi)(µ−z)

z−z
− γi(z−µ)(zi−z)

z−z
− δi

=
. Denote λj = z − zj,πj = zj − z for all

j ∈ [Ĵ ], and let

A=
,
λmax{i,j}πmin{i,j}

-
i,j∈[Ĵ]

=

?

KKKK@

λ1π1 λ2π1 λ3π1 · · · λĴπ1

λ2π1 λ2π2 λ3π2 · · · λĴπ2

λ3π1 λ3π2 λ3π3 · · · λĴπ3

...
...

...
...

λĴπ1 λĴπ2 λĴπ3 · · · λĴπĴ

A

LLLLB
.

Then (57c) is equivalent to Ap≥ d, where both A and d are constants determined by FG.

For (57d), by (58) we have that p0 ≥ 0 is equivalent to
6Ĵ

j=1(z− zj)pj ≤ z− µ, and pĴ+1 ≥ 0 is

equivalent to
6Ĵ

j=1(z
j − z)pj ≤ µ− z. Recalling the definition of A, the constraints p0 ≥ 0, pĴ+1 ≥ 0

can be further reformulated as

a⊤
1 p≤ bl,a

⊤
Ĵ
p≤ bu,

respectively, where bl = (z−µ)π1, bu = (µ− z)λĴ .

Therefore, p0, . . . , pĴ+1 satisfy (57a)-(57d) if and only if (p0,p, pĴ+1)∈P where

P =

C
(p0,p, pĴ+1)∈ℜĴ+2

)))))
Ap≥ d, a⊤

1 p≤ bl, a
⊤
Ĵ
p≤ bu, p≥ 0

p0 =
z−µ
z−z

− a⊤
1 p

(z−z)π1
, pĴ+1 =

µ−z

z−z
− a⊤

Ĵ
p

(z−z)λ
Ĵ

J
, (59)
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where the equalities on p0 and pĴ+1 are from the equalities in (58). Note that P ∕= ∅ as we assume

FG ∕= ∅. Denote by (Ci), i ∈ [Ĵ ] the i-th constraint of Ap≥ d, i.e., a⊤
i p≥ di. We say a constraint

(Ci) is redundant if the strict inequality a⊤
i p>di holds for any p∈ P̂ = {p∈RĴ

+ | Ap≥ d}.
Consider the case that there exists i ∈ [Ĵ ] such that (Ci) is redundant. WLOG, we let the

redundant constraint be (CĴ). In this case, we define Po = {p∈RI
+ | a⊤

i p≥ di, i∈ [Ĵ−1]} and will

show that P̂ =Po. Obviously, P̂ ⊆Po since all constraints in defining Po are also used in defining

P̂. We now show Po ⊆ P̂ by contradiction. Assume that there exists po ∈Po\P̂, we have a⊤
Ĵ
po <dĴ .

Choosing any p ∈ P̂, as (CĴ) is redundant, a⊤
Ĵ
p> dĴ . Therefore, we can find λ ∈ (0,1) such that

pλ = λp+ (1− λ)po such that a⊤
Ĵ
pλ = dĴ . Moreover, by po ∈ Po and p ∈ P̂, we have pλ ≥ 0 and

a⊤
i p

λ ≥ di, i ∈ [Ĵ − 1]. Therefore, we conclude pλ ∈ P̂, which is a contradiction since we assume

(CĴ) is redundant. Hence, Po ⊆ P̂, and it implies Po = P̂. Consequently, removing the constraint

a⊤
Ĵ
p≥ dĴ from the constraints in (59) does not change the set P. Investigating its reformulation

back to the form as constraints (57a)-(57d), we can see that now the problem of supP∈FG EP [f(z̃)]

is equivalent to supP∈G′ EP [f(z̃)] where G′ is the ambiguity set obtained from FG by removing the

constraint on hĴ . Therefore, we have a problem with J = Ĵ − 1, in which case we already have “1”

being true by induction.

Now it suffices to consider the case that there is no redundant constraint among (C1), . . . , (CĴ).

We will prove that there exists a unique (p#0,p
#, p#

Ĵ+1
) ∈ P with Ap# = d. Recall that the system

Ap= d is
%
&&&&&&&'

&&&&&&&(

λ1π1p1 +λ2π1p2 +λ3π1p3 + · · ·+λĴπ1pĴ = d1

λ2π1p1 +λ2π2p2 +λ3π2p3 + · · ·+λĴπ2pĴ = d2

λ3π1p1 +λ3π2p2 +λ3π3p3 + · · ·+λĴπ3pĴ = d3
...

λĴπ1p1 +λĴπ2p2 +λĴπ3p3 + · · ·+λĴπĴpĴ = dĴ

(B1)

(B2)

(B3)

(BĴ)

Combining (B1) and (B2) we have π1p1 =
d1π2−d2π1
λ1π2−λ2π1

. Combining (B2) and (B3) we obtain π2p2 =
d2π3−d3π2
λ2π3−λ3π2

−π1p1. Continuing the same procedure, we have

p#1 =
1

π1

d1π2 − d2π1

λ1π2 −λ2π1

p#2 =
1

π2

9
d2π3 − d3π2

λ2π3 −λ3π2

−π1p
#
1

:

p#3 =
1

π3

9
d3π4 − d4π3

λ3π4 −λ4π3

−π1p
#
1 −π2p

#
2

:

...

p#
Ĵ−1

=
1

πĴ−1

9
dĴ−1πĴ − dĴπĴ−1

λĴ−1πĴ −λĴπĴ−1

−π1p
#
1 − · · ·−πĴ−2p

#
Ĵ−2

:

p#
Ĵ
=

1

λĴ

λĴ−1dĴ −λĴdĴ−1

λĴ−1πĴ −λĴπĴ−1
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is the unique solution to Ap= d. p#0 and p#
Ĵ+1

can be uniquely determined by the equalities in (59).

Moreover, since P ∕= ∅, we must have d1 ≤ bl, dĴ ≤ bu, which implies a⊤
1 p

# = d1 ≤ bl, a
⊤
Ĵ
p# = dĴ ≤ bu.

To see (p#0,p
#, p#

Ĵ+1
)∈P, it remains to prove for any j ∈ [Ĵ ], p#j ≥ 0. We show that this must be the

case, otherwise the constraint (Cj) is redundant. Recall that by the definition of λj and πj, j ∈ [Ĵ ],

we have λ1 > · · ·> λĴ > 0 and 0< π1 < · · ·< πĴ .

We first show that p#1 ≥ 0, i.e., d1π2 − d2π1 ≥ 0. Assume to the contrary that d1π2 <d2π1, then

a⊤
1 p− d1 = λ1π1p1 +π1(λ2p2 + · · ·+λĴpĴ)− d1

≥ λ1π1p1 +
π1

π2

(d2 −λ2π1p1)− d1

=
π1

π2

d2 +

9
λ1 −

π1

π2

λ2

:
π1p1 − d1

≥ π1

π2

d2 − d1 > 0

for all p ∈P. Here the first inequality follows from a⊤
2 p≥ d2; the second inequality holds because

λ1 > λ2,π1 < π2, and the last inequality follows from the assumption d1π2 < d2π1. Hence (C1) is

redundant.

Next, for p#
Ĵ
, we show λĴ−1πĴ − λĴπĴ−1 ≥ 0 by contradiction. Assume λĴ−1πĴ < λĴπĴ−1, then

similar as above we have

a⊤
Ĵ
p− dĴ = λĴ(π1p1 + · · ·+πĴ−1pĴ−1)+λĴπĴpĴ − dĴ

≥ λĴ

λĴ−1

(dĴ−1 −λĴπĴ−1pĴ)+λĴπĴpĴ − dĴ

=
λĴ

λĴ−1

dĴ−1 +

9
πĴ −

λĴ

λĴ−1

πĴ−1

:
λĴpĴ − dĴ

≥ λĴ

λĴ−1

dĴ−1 − dĴ > 0

for all p ∈ P. Here the first inequality follows from a⊤
Ĵ−1

p ≥ dĴ−1; the second inequality holds

because λĴ < λĴ−1,πĴ > πĴ−1, and the last inequality follows from the assumption λĴ−1πĴ < λĴπĴ−1.

Hence (CĴ) is redundant.

Finally, for all j ∈ {2, . . . , Ĵ − 1}, we show that πjp
#
j =

djπj+1−dj+1πj

λjπj+1−λj+1πj
−
6j−1

k=1 πkp
#
k ≥ 0. Suppose

not, i.e.,
djπj+1−dj+1πj

λjπj+1−λj+1πj
<
6j−1

k=1 πkp
#
k =

dj−1πj−djπj−1

λj−1πj−λjπj−1
. Consider any p∈P. We then have

a⊤
j p− dj = λj(π1p1 + · · ·+πjpj)+πj(λj+1pj+1 + · · ·+λĴpĴ)− dj

≥ λj(π1p1 + · · ·+πjpj)+
πj

πj+1

(dj+1 −λj+1(π1p1 + · · ·+πjpj)− dj

=
1

πj+1

(dj+1πj − djπj+1 − (λj+1πj −λjπj+1)(π1p1 + · · ·+πjpj)) ,
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where the inequality follows from a⊤
j+1p≥ dj+1. Further, we also have

a⊤
j p− dj = λj(π1p1 + · · ·+πj−1pj−1)+πj(λjpj + · · ·+λĴpĴ)− dj

≥ λj(π1p1 + · · ·+πj−1pj−1)+
πj

πj−1

(dj−1 −λj−1(π1p1 + · · ·+πj−1pj−1)− dj

=
1

πj−1

(dj−1πj − djπj−1 − (λj−1πj −λjπj−1)(π1p1 + · · ·+πj−1pj−1)) ,

where the inequality follows from a⊤
j−1p≥ dj−1. Define two ℜ→ℜ functions φ′(t) = 1

πj+1

,
dj+1πj −

djπj+1 − (λj+1πj − λjπj+1)t
-
,φ′′(t) = 1

πj−1

,
dj−1πj − djπj−1 − (λj−1πj − λjπj−1)t

-
, then a⊤

j p− dj ≥

max
1
φ′(π1p1 + · · ·+ πjpj),φ

′′(π1p1 + · · ·+ πj−1pj−1)
2
. By defintion, λj+1πj − λjπj+1 < 0, hence φ′

is increasing, which implies φ′(π1p1 + · · ·+πjpj)≥ φ′(π1p1 + · · ·+πj−1pj−1). Thus

a⊤
j p− dj ≥max{φ′(π1p1 + · · ·+πj−1pj−1),φ

′′(π1p1 + · · ·+πj−1pj−1)} .

Notice that φ′(t) = 0 if and only if t=
djπj+1−dj+1πj

λjπj+1−λj+1πj
. Together with that φ′(t) is increasing, we have

that φ′(t) > 0 if t >
djπj+1−dj+1πj

λjπj+1−λj+1πj
. Similarly, since λj−1πj − λjπj−1 > 0, φ′′ is decreasing, and we

obtain φ′′(t)> 0 if t <
dj−1πj−djπj−1

λj−1πj−λjπj−1
. By assumption we have

djπj+1−dj+1πj

λjπj+1−λj+1πj
<

dj−1πj−djπj−1

λj−1πj−λjπj−1
, therefore

we can find some τ ∈
<

djπj+1−dj+1πj

λjπj+1−λj+1πj
,
dj−1πj−djπj−1

λj−1πj−λjπj−1

=
such that φ′(τ) = φ′′(τ)> 0. Now, for all t∈ℜ,

max{φ′(t),φ′′(t)}≥ φ′(t)> φ′
9
djπj+1 − dj+1πj

λjπj+1 −λj+1πj

:
= 0 if t≥ τ,

max{φ′(t),φ′′(t)}≥ φ′′(t)> φ′
9
dj−1πj − djπj−1

λj−1πj −λjπj−1

:
= 0 if t≤ τ,

which implies

a⊤
j p− dj ≥max{φ′(π1p1 + · · ·+πj−1pj−1),φ

′′(π1p1 + · · ·+πj−1pj−1)}> 0.

Hence (Cj) is redundant. We then conclude p# ≥ 0.

In summary, we have a unique (p#0,p
#, p#

Ĵ+1
)∈P with Ap# = d.

Related to (p#0,p
#, p#

Ĵ+1
), we next prove the following observation.

Observation: Considering any (p0,p, pĴ+1) ∈ P with (p0,p, pĴ+1) ∕= (p#0,p
#, p#

Ĵ+1
), there exists i ∈

{0,1, . . . , Ĵ − 1}, i+1≤ k≤ Ĵ , such that

1) pj = p∗j ∀j ∈ {0, . . . , i− 1} if i≥ 1;

2) pi < p∗i ;

3) pj = 0 ∀j ∈ {i+1, . . . , k− 1} if k≥ i+2;

4) pk > 0;

5) a⊤
k p>dk
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Specifically, parts 1) and 2) mean that i is the index of the first distinct component when com-

paring (p0,p, pĴ+1) and (p#0,p
#, p#

Ĵ+1
); parts 3) and 4) mean that k is the index of the first nonzero

component in (p0,p, pĴ+1) after pi.

To prove parts 1) and 2), we consider any i∈ {0, . . . , Ĵ − 1}, and have

z−µ

z− z
−

a⊤
i+1p

(z− z)πi+1

=
z−µ

z− z
− 1

z− z

E

F
Ĵ7

j=i+1

λjpj +
1

πi+1

(λi+1π1p1 + · · ·+λi+1πipi)

G

H

=
z−µ

z− z
− 1

z− z

E

F
Ĵ7

j=1

λjpj +
1

πi+1

(λi+1π1p1 + · · ·+λi+1πipi −λ1πi+1p1 − · · ·−λiπi+1pi)

G

H

= p0 +
1

(z− z)πi+1

i7

j=1

αi+1,jpj,

where we define αi+1,j = λjπi+1 −λi+1πj > 0 for all j ≤ i since in this case λj > λi+1 and πj < πi+1.

Hence,

a⊤
i+1p= (z−µ)πi+1 − (z− z)πi+1p0 −

i7

j=1

αi+1,jpj. (60)

Consider i= 0, by (60) we have

p0 =
z−µ

z− z
− a⊤

1 p

(z− z)π1

≤ z−µ

z− z
− d1

(z− z)π1

=
z−µ

z− z
− a⊤

1 p
#

(z− z)π1

= p#0,

where the first inequality is due to Ap≥ d, the second equality follows from Ap# = d and the last

equality holds since Equation (60) also applies to (p#0,p
#, p#

Ĵ+1
). Hence, if p0 ∕= p#0, we must have

p0 < p∗0. Now, consider the case where p0 = p#0, we then denote i≥ 1 as the index of the first distinct

component, i.e., pj = p#j for all j ∈ {0, . . . , i−1}, and pi ∕= p#i . Note that i≤ Ĵ−1, otherwise the only

distinct components are the last two dimension, i.e., the marginal masses at zĴ and zĴ+1, which is

impossible since (p0,p, pĴ+1) and (p#0,p
#, p#

Ĵ+1
) correspond to the same mean. As i≤ Ĵ −1, by (60),

a⊤
i+1p = (z−µ)πi+1 − (z− z)πi+1p

#
0 −

6i

j=1αi+1,jp
#
j +αi+1,i(p

#
i − pi)

= a⊤
i+1p

# +αi+1,i(p
#
i − pi)

= di+1 +αi+1,i(p
#
i − pi)

≤ a⊤
i+1p+αi+1,i(p

#
i − pi),

which implies pi < p#i since pi ∕= p#i . Therefore, parts 1) and 2) in Observation are proved.

Parts 3) and 4) in Observation are straightfoward. Specifically,

Ĵ+17

j=i+1

pj = 1−
i7

j=0

pj = 1−
i7

j=0

p#j +(p#i − pi)≥ p#i − pi > 0.

Hence, there must be a nonzero component in pi+1, . . . , pĴ+1. We then just let k be the index of

the first nonzero component, parts 3) and 4) in Observation are proved.
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Part 5) can be proved by the adoption of (60), which leads to

a⊤
k p= (z−µ)πk − (z− z)πkp0 −

k−17

j=1

αk,jpj > (z−µ)πk − (z− z)πkp
#
0 −

k−17

j=1

αk,jp
#
j = dk.

Here the inequality is due to parts 1) and 2), and 0 = pj ≤ p#j for all j ∈ {i+1, . . . , k− 1}.
Now, base on Observation, we prove “1” is true by proposing a process to construct new distri-

bution. Given any P∈FG, let the associated marginals on z̃ at z0, . . . , zĴ+1 be (p0,p, pĴ+1). Consider

the case where (p0,p, pĴ+1) ∕= (p#0,p
#, p#

Ĵ+1
). We now construct a new probability distribution P′

with support only at the breakpoints and defined as

P′ (z̃ = z) =

%
&&&'

&&&(

P (z̃ = z) if z ∕∈ {zk−1, zk, zk+1}
(1− θ)P (z̃ = z) if z = zk

P (z̃ = z)+ zk+1−zk

zk+1−zk−1 θP (z̃ = z+(zk − zk−1)en) if z = zk−1

P (z̃ = z)+ zk−zk−1

zk+1−zk−1 θP (z̃ = z− (zk+1 − zk)en) if z = zk+1

(61)

for some θ ∈ (0,1). Intuitively, for all z1, . . . , zn−1, we move θ portion of the probability mass at

(z1, . . . , zn−1, z
k) to (z1, . . . , zn−1, z

k−1) and (z1, . . . , zn−1, z
k+1), keeping the mean unchanged. Hence

P′ has the same marginal for (z̃1, . . . , z̃n−1) as P. Denote the marginal of P′ on z̃ by p′0,p
′, p′

Ĵ+1
such

that P′(z̃ = zj) = p′j for all j = 0, . . . , Ĵ +1. By (61),

%
&&&'

&&&(

p′j = pj, ∀j ∕∈ {k− 1, k, k+1},
p′k = pk − θpk,

p′k−1 = pk−1 +
zk+1−zk

zk+1−zk−1 θpk,

p′k+1 = pk+1 +
zk−zk−1

zk+1−zk−1 θpk.

There are three properties of P′.

(P1) EP′ [f(z̃)]≥EP [f(z̃)]. This is because EP′ [f(z̃)]−EP [f(z̃)] equals

7

zi∈
"
z1i ,...,z

Si
i

#
,i∈[n−1]

θP
,
z̃ = (z1, . . . , zn−1, z

k)
-9 zk+1 − zk

zk+1 − zk−1
f(z1, . . . , zn−1, z

k−1)

+
zk − zk−1

zk+1 − zk−1
f(z1, . . . , zn−1, z

k+1)− f(z1, . . . , zn−1, z
k)

:
,

which is nonnegative since f is convex.

(P2) a⊤
j p

′ = a⊤
j p for all j ∕= k and a⊤

k p
′ < a⊤

k p. To see this, for any j ∈ [Ĵ ], we observe

EP′
*
hj(z̃)

+
−EP

*
hj(z̃)

+
= θpk

9
zk+1 − zk

zk+1 − zk−1
hj(zk−1)+

zk − zk−1

zk+1 − zk−1
hj(zk+1)−hj(zk)

:
≥ 0, (62)

where the inequality is due to the convexity of h. Moreover, the “≥” takes “=” if j ∕= k since hj is

linear on [zk−1, zk+1] for such j; by contrast, “≥” becomes “>” for j = k since hk has a breakpoint

at zk. Therefore, by the definition of A, this property is proved.

(P3) a⊤
k p

′ is continuously decreasing in θ, which is implied by (62) and the definition of A.
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Based on the Observation and (P1)-(P3), given any P∈FG whose marginal on z̃ is different

from (p#0,p
#, p#

Ĵ+1
), we can use the procedure as in (61) to construct a new probability distribution

P′. In this construction, we either choose θ = 1 or the maximal value less than 1 such that a⊤
k p

′

drops to the value of dk (note that when θ= 0, a⊤
k p

′ = a⊤
k p>dk, where the inequality is due to the

part 5) in Observation). Hence, P′ ∈FG. Moreover, by (P1), with P′, the expectation of f(z̃) is

no less. Therefore, for any P ∈FG, by this procedure we construct a new probability distribution

P′ ∈FG such that the objective is improved and the marginal masses after zi is moved towards zi,

the smallest breakpoint where the marginal mass of P differs from (p#0,p
#, p#

Ĵ+1
). Repeating such

process, the margin converges to (p#0,p
#, p#

Ĵ+1
). We hence conclude that there must be a worst-case

distribution whose n-th marginal is (p#0,p
#, p#

Ĵ+1
). □
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