Online Appendices:
Supermodularity in Two-Stage Distributionally Robust
Optimization

A. Supplement

A.1. Algorithm for checking supermodularity in Section 3
For any given matrices U, V', we provide the following algorithm to check explicitly whether the

condition in Theorem 2 is met.

Algorithm 2 algorithm for checking supermodularity
1. Input: U e R7", V e R7*"

2: Initialization: ro=rank(U),s=1

3: if ry <r then

4: arbitrarily remove columns in U, if any, until U has only r( linearly independent columns
5: for all Z C [r] with |Z| =7, and Uz invertible, do

6: for i € [r]\Z do

7: dl =v] —u/U;'V;

8: if there exist components d,,, d;;, such that d;,dy, <0 then

9: s =0, go to line 10

10: return s

Theorem 5 The condition in Theorem 2 is satisfied if and only if Algorithm 2 returns s=1.

We note that Algorithm 2 may take exponential number of steps. Specifically, the complexity is
reflected in line 5, where we search for all row index sets subject to conditions on the number of
rows and rank. The high complexity is essentially because this algorithm is for the necessary and
sufficient condition. Indeed, if we aim only for necessary conditions, then it can be simplified by
reducing the range of search. For example, only checking for submatrices containing consecutive
rows of U and V' can also be a necessary condition. If the condition is violated for any tested index
set Z, then the function g(x,z) must not be supermodular for all x,b,v°. On the other hand, if
we aim at sufficient conditions only, some matrices with simple structures can be easily shown to

satisfy the conditions. 1
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A.2. A counterexample where segregated affine decision rules are suboptimal in
Section 4

For simplicity, we drop the first-stage decision and consider the problem

sup Ep [9(Z1, 22)]

PeF
as an example, where we define
Eﬂm[le]:g, EP[EQ]:I yZZl +22—4
F=<P| Ep[|lz; - 3| <1.2, Ep[|z,— 1] <1 , g(z1,20)=miny | y>—2z1 —20+4
IP’(Zl6[0,4]):1[”(226[0,4]):1 y<4

for the problem setting. Easily we can check that g(z1,22) satisfies the condition in Theorem 2,
hence is supermodular in z. Applying Algorithm 1 we obtain a worst-case distribution P* with
P*(z = (0,0)) =P*(z2 = (3,0)) =P*(2 = (4,0)) =P*(2 = (4,1)) = P*(2 = (4,4)) = 0.2, hence the
problem has an optimal value
EEEEP[Q(%, Zy)] = Ep+[g(21, 22)]

=0.2(9(0,0) +g(3,0) + g(4,0) + g(4,1) + g(4,4))

=024+1+0+1+4)

=2.

On the other hand, we consider the decision following the segregated linear decision rule, i.e.,

Y(z1,22) =0T ((3—21)", (1= 22)T, (21 = 3)", (22— 1)) + ¢. The problem with segregated linear
decision rule (The detailed reformulation can be referred to Problem (26) in Appendix A.3) then

becomes

min 0" (0.6,0.6,0.6,0.6) + ¢
0" (B—z)",(1—2)", (21 =3) ", (22— 1)T) > 21422 —4,  V(21,22) €{0,3,4} x {0,1,4}
OT( —z)t 1—22)+,(zl =3 (= 1)) > —z1 —22+4, V(z1,22) €{0,3,4} x {0,1,4}
0" (B3—z)",(1—2)", (21 =3)", (22— 1)T) <4, V(z21,29) € {0,3,4} x {0,1,4}.

This is a linear program with 27 constraints and 5 decision variables, hence can be handled by
ordinary solvers. The optimal segregated linear decision rule turns out to be y(z1,2,) = %(3 —z)T+
(1—22)" + (21 —3)" + 5(22 — 1)T + 2, yielding the optimal value 0.6(3 +1+1+31)+2=3.6>2.
This implies that segregated linear decision rules can be suboptimal even if the second-stage cost

is supermodular in z.

A.3. The CCG algorithm and segregated affine decision rules in Section 6

CCG algorithm
The CCG algorithm we use in this paper mostly resembles Saif and Delage (2021), who study a

two-stage distributionally robust facility location problem. For Problem (2), the inner supremum
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problem supp, » can be equivalently written as an infimum problem and the strong duality holds.

Then, we reformulate Problem (2) as

min a'z+a+p' B+6"~
s.t. a+BTz4+4"(|z—p|) > g(x,2), Vze|zZ (20)

¥>0, zeX.

For the CCG algorithm, we assume that the relatively complete recourse holds and consider multiple
iterations. In iteration 7 (7 =0,1,2,...), we solve a relaxation of Problem (20) that imposes the

first constraint to hold only on a subset {2°,2',...,27} C |[z,Z]. Formally, let

L,:=min a'z+a+p'B8+5"y
sit. a+B 2+~ (|2—u))>b"y, ie(T] (1)
21
Wz +Uy >Vz' +0°, i €[]

~>0, xeX.

This problem provides a lower bound to the optimal value of the original problem (2). Denoting by
(i:,d,ﬁ,ﬁ/, {gi}iem) a solution to Problem (21), we then examine the violation of the constraint

in Problem (20) by evaluating

h(@.8,%) =max{g(#,2) - 872 —4" (2 - pl) | € [2.2]}

N 5 . 0>z—pu, 6>pu—z, 0 <Ml
:max{g(m,z)—ﬁTz—’yTO zg[z ETL K 0 }

. U'n=bn>0
=max{ (Vz4+0'-W2z) n-08"2-3"0| 0>2z—pu, 0>pu—2, 6< Myl

z € [z,Z] (22)
z—0<pu
) —z—0<-p
= max { (vV'-W2) n+max{ (Vn-08)"2—(%)"0| 6 <Ml
n:U;gO:b z2<z
—z< -z

Here the second equality follows from 4 > 0, and the constraint 8 < M1 with M, being a suffi-
ciently large real number guarantees the boundedness of the feasible set while keeping the optimal
value unchanged. The third equality follows from the dual form of g(&,z), since the relatively
complete course assumption guarantees that the strong duality holds. In the last line we seperate

the maximization of n and z,0. Further, replacing the constraints of the inner maximization by
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its KKT conditions, we get

h(2.8.9) =max (0 -Wa) n+u ($-¢)+M1 E+2 p—2p

s. t. UTnzb
z—0<pu )
—z—0<—p (®)
0 < M1 €3)
2<%z (P)
—z< -2 (p)
f ¢+p—p=V n-p (2) (23)
p—p—E= (6)

u—z+0§MO)\d’, @ < My(1—2?%)
—p4z+0 < MA2, < My(1—A2)
Mol — 0 < MgA®, &< My(1—X)
Z— 2z < My)P, My(1 — \P)
M,

p<
z—z< M2, p<My(1—A2)

$.90.£.p.p,n>0

A% A2 A8 AP A2 {0,1}".
Here the variables in parentheses specify the associated dual variable for each constraint, and the
binary variables A%, A%, A$, \?, A2 are introduced such that g —z +60 < MA? ¢ < M(1 — M%) is
equivalent to the complementary slackness condition (u; — 2; + 6;); =0 (i € [n]) for A? and so
forth for the other binary variables. We hence reformulate the bilinear problem in the third line of
Equation (22) into a mixed integer program.

By solving Problem (23), we derive the optimal solution of z and denote as 2" *'. Further, we

obtain an upper bound of Problem (2) as

U —a"&+h (mﬁ'y) L uTB+8TH (24)

This is an upper bound because the fixed (ﬁ:, B,’?) and a=h (i, B,‘y) form a feasible solution to
Problem (20).

We terminate the algorithm when the upper and lower bounds converge. If the algorithm does

not stop in iteration 7, we then add a decision variable y™! and the following constraints
{Oz+,3TZT+1 +7T(|z7—+1 _ U") Z bTyT“,

W(I) + Uy7'+1 2 VZT+1 +’UO
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to the lower bound problem (21) and solve for ET+1 in iteration 7 + 1. The full procedure is

formalized in Algorithm 3.

Algorithm 3 A CCG algorithm for two-stage DRO

1: Input: two-stage formulation (2), second-stage formulation of g(x,z), € >0

2: Initialization: LB=—oco,UB=00,7=0, 2'=p

3: while UB— LB > e do

4: solve Problem (21) with {z'};¢(

5: denote by (&,/3,4) the optimal solution, by L, the optimal value
6: update LB = fLT

7: solve Problem (23) with (&, 3,%)

A~

8: denote by z™*! the optimal solution for z, by h(&,3,4) the optimal value
9: calculate U, based on Equation (24) with h(&, 3,%)

10:  update UB=min{UB,U,}
11: update =741

12: Output: optimal solution &

Segregated affine decision rule
For Problem (2), when we use the segregated decision rule method, the problem is reformulated as

min a'x+sup Ep [bT <@ [ES:Z)I] +¢>]

z,0,¢ PeF “)

s.t. Wa+U (@) [E’;:ZH +¢) >Vz+v°, Vzelz 7]

reX.
By the property of segregated linearity, we can equivalently impose the constraints only on the
breakpoints, hence obtain the following reformulation.
T T (u—@*] )]
min a x+supEp [b' [ O | ;2 +
Sap e [ < {(z—w ¢
)+
s.t. Wae4+U /(O (1 —z) }—i— >>Vz+v0, Vz € 2. Wi Zi b (25)
( [(Z_u)+ Q)= igm]{_zﬂ }
xrxeX.

Similar to the proof of Proposition 1, we can derive a worst-case distribution P* and show that the

MAD under P* is Ep: [|2 — p]] = 8. Observing that Ep« [(— 2)t + (2 — p)t] = Ep« [|2 — p]] = 9,
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Eps [(p—2)" — (2 —p)*] = Eps [p — 2] = 0, we have Ep« [(n— 2)] = Ep« [(£ — p)*] = 6/2. Hence,

Problem (25) can be further reformulated as

min a'x+b'O [2;;} +b'¢
s.t. Wa+U (@ [EZ:ZH +¢>> >Vz+0°, Vze [[{zom 7}, (26)

i€[n]
reX.

This problem is essentially a linear program with an exponential size of constraints.

B. Extensions
In this section, we introduce three possible extensions and show that, when the property of super-

modularity holds, the exact tractable reformulation can be applied to more general settings.

B.1. Left-hand-side uncertainties in the constraints
We consider that the matrix W on the left-hand side of the constraints is an affine function of the

uncertain vector z as W (z)=W?° + > icn] W'z, In this case, the second-stage problem becomes

gV (x,z)=min b’y
s. t. W”—ZW% x+Uy>Vz+4+°,
1€[n]
where Wi i€ {0,1,...,n} are given constant matrices in R"*!. We next establish an equivalent

condition for the supermodularity of g"V.

Theorem 6 ¢"(x,z) is supermodular in z for any x,b and v° if and only if U € R™™, V € R™"
and W; € R™*! i € [n] satisfy one of the following conditions:
1) rank(U) =r,
2) for all T C [r],n € R with |Z| = rank(U) + 1,rank(Uz) = rank(U) and U} n =0, we have
2a) (m"(Vz):)-(m" (Vz);) >0, (W) Tnn W is positive semidefinite, for all i,5 € [n];
2b) (0" (Vz):)- (n"W3i) = (n"(Vx);) - (n"W3), for all i, j € [n].

For Condition 2) in Theorem 6, considering any concerned Z, i.e., |Z| = rank(U) + 1 and
rank(Uz) =rank(U), the null space of Uz is of dimension 1. That is, there exists 1° such that for all
n with U] =0 we have = kn° for some k € R. We can easily observe that both Conditions 2a)
and 2b) hold for all such n if and only if they hold for n°. Therefore, to verify whether Conditions
2a) and 2b) hold, it suffices to check for ° only. Hence, as in Theorem 5, we can similarly build a

corresponding algorithm to check the supermodularity of g".
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B.2. Non-linearity in the objective function

We extend our results by considering the objective as a more general function, which is nonlinear
of the second-stage cost. For example, the objective can be either an expected disutility or a risk
measure. Specifically, when the second-stage cost itself is supermodular in the uncertainty, the
following lemma identifies mild conditions which are sufficient to preserve supermodularity. We

subsequently show how our method can help us obtain tractable reformulations.

Lemma 3 Given any convex and non-decreasing function u: R — R and any monotone supermod-

ular function h:R" — R, the function ¢ : R" — R defined as ¢(z) =u(h(z)) is supermodular.

This result can be applied when maximizing the decision maker’s expected utility, or equivalently,
minimizing the expected disutility. Consider the following problem
min sup Ep [u(a'z+g(x, 2))], (27)

ZEX peF

where g(x, z) is the second-stage cost function defined by (1), and u: R — R is a piecewise linear

convex and non-decreasing disutility function defined as
u(w) = max {c;w+d;}, YweR, (28)
VIS
for some constants ¢; >0 and d;, j € [J].

Proposition 12 If g(x, z) is monotone and supermodular in z for all x € X, then Problem (27)

is equivalent to the following problem

min vl
st RL> Y prft ke [K]
i€[2n+1]
Wz +Uy"" >V2" +0°  ke[K|,ic[2n+1] (29)

> (a’e+bTy") +d;, kelKlie2n+1],j€J]
l>0, zeX,

where pk 2" i € [2n + 1] are obtained from Algorithm 1 given the ambiguity sets F* k € [K]
defined by (4).

We can also apply Lemma 3 when some risk measures are included in the objective. In particular,
we study the case where the objective function is based on Optimized Certainty Equivalent (OCE)
(Ben-Tal and Teboulle 1986). It is shown that the OCE models a broad range of risk measures
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(Ben-Tal and Teboulle 2007), and includes the Conditional-Value-at-Risk (CVaR) as a special case.
When evaluating the total cost by OCE, the two-stage problem is as follows,

. T AN s . T S\
min sup OCE,(a a:+g(a:,z))—1mn€1£ sup élelaf% {0+Ep [u(a"z+g(x,2)-0)]}, (30)

where u(-) is a piecewise linear convex and non-decreasing disutility function taken the form of

(28). We now show that our method is applicable to Problem (30).

Corollary 3 If g(x,z) is monotone and supermodular in z for all x € X, then the OCE mini-

mization problem (30) is equivalent to the following linear program

min 0 +v'l
st RL> Y prft ke [K]
i€[2n+1]
W +Uy"' > Vzhi 400, kelK)ic2n+1] (31)

fH>e(@’e+bTy" —0) +d;, ke[Kie[2n+1],5€[J]
>0, ze X,

where pk 2" i € [2n + 1] are obtained from Algorithm 1 given the ambiguity sets F* k € [K]
defined by (4).

B.3. General ambiguity set

While the previous results are based on the ambiguity set that is constructed by mean, support
and MAD in each scenario (see Equation (3)), now we extend that ambiguity set to a more general
one and show that it is the most general case in which our results are still applicable. We define
the ambiguity set based on piecewise linear convex functions, which are rather general and still
maintain the linear structure in the reformulation. For notational simplicity, we do not incorporate

the random scenario in this subsection. Specifically, we consider the ambiguity set defined as follows,

<
Fo={P | Eslfl=p , (32)
Ep [hf )] < §, i€(n],jelJ]

where J; > 1 is an integer, h? is a given piecewise linear convex function, i € [n], j € [.J;]. We assume
hf has at least two pieces in [z,,%;] to avoid the trivial case. The ambiguity set F¢ generalizes F*,
defined in Equation (4), as it replaces the MAD information in F* by the expectations of several
piecewise linear convex functions. Obviously, F¢ includes F* as a special case by choosing .J; =1

and hl(2) = |z — p;| for all z € R.
Unfortunately, as we will show later in this subsection, not all ambiguity sets F¢ defined by

Equation (32) can lead to a tractable reformulation using the procedures we discussed in Section 2.
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Here we aim to identify the conditions for F¢ such that the corresponding two-stage optimization
problem, whenever the property of supermodularity holds for the second-stage cost function, can
be solved with the methods in Section 2.

22 =%; and denote 23, z%,..., 2" € (2,,%;) as the breakpoints of the

RNag %

For any i € [n], we let 2} =2
piecewise linear functions h}, ..., h;] . We now have the following result, which is essential for using

the procedures in Section 2.

Theorem 7 The following two statements are equivalent.

1. Given any &, i € [n], j € [J;] satisfying FC # 0, there exists p; = (pi,--.,Dis,) € R ,i € [n]
such that for all convex function f:R" — R, we have P* € argsuppc rc Ep [f(Z)] and for any
i€[n],

Dis if w=z, s€[S],

0 otherwise.

2. For alli€[n], j€[J], hl has evactly two pieces on [z;,%;].

We observe that the worst-case distribution P* provided in Theorem 7 has the same structure
as that in Proposition 1. Essentially, we can characterize their marginal distributions for both
settings. Moreover, the marginal distribution depends only on the ambiguity set itself, and is
independent of the objective function f (in Theorem 7) or the first-stage decision @ (in Proposition
1). Therefore, if F¢ satisfies the condition in Theorem 7, we can adopt a similar procedure to that
in Section 2 to solve the two-stage optimization problem. In particular, we first obtain the marginal
distribution, and then find the worst-case distribution based on the chained support, after which
we can reformulate the two-stage problem as a linear program with low dimension. By contrast,
if ¢ violates the condition in Theorem 7, there are two-stage problems such that the worst-case

distribution would depend on the first-stage decision x, and hence our method cannot work.

C. Proofs
C.1 Proof of Proposition 1 . . . . . . . . . . . 10
C.2 Proof of Proposition 2 . . . . . . .. .. Lo 14
C.3 Proof of Proposition 3 . . . . . . . . . . . e 15
C.4 Proofof Theorem 1. . . . . . . . . . . o 17
C.5 Proof of Corollary 1 . . . . . . . . . . 18
C.6 Proof of Proposition 4 . . . . . . . . .. 18
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C.8 Proof of Proposition 5 . . . . . . . . .. 22
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C.17 Proof of Theorem 4. . . . . . . . . . . 34
C.18 Proof of Corollary 2 . . . . . . . . . . e 36
C.19 Proof of Theorem 5. . . . . . . . . . e 36
C.20 Proof of Theorem 6. . . . . . . . . . . . . 37
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C.22 Proof of Proposition 12 . . . . . . . . . . . . e 39
C.23 Proof of Corollary 3 . . . . . . . . . . e 40
C.24 Proof of Theorem 7. . . . . . . . . . . e 40

C.1. Proof of Proposition 1

For a one-dimensional random variable, when its MAD is known exactly, Ben-Tal and Hochman
(1972, Theorem 3) have derived the worst-case distribution. Here since in F*, it involves multiple
dimensions and only the upper bound of MADs is known, we need to prove differently as follows.
For notational brevity, we drop the superscript k.

We now consider any i € [n] such that Z; > z,. For the i-th marginal, given the support [z,,%;]
2(zi—pi) (Hi—2z;) (
Z;—2z;

(1972, Lemma 1)). Hence, we let §; = min {(L», W} Then, the worst-case expectation of

ZiTZ4

and mean pu;, the maximum possible value of MAD is see Ben-Tal and Hochman

g(x, 2) under the F* defined in Equation (4) can be reformulated as

]EP[EJ =K, EP[‘%] =H, R
supEp [g(, 2)] =sup ¢ Ep [g(z, 2)] | Ep[[2 —p|] <0, » =sup{ Eelg(z,2)] | Ep[|Z - p|] <9,
PeF P(z<z<z)=1 Pz<z<z)=1

= sup V(d),
0<d<é
where .
Bl
V(d) =sup { Ep [g(z, 2)] | Ep[|Z —pll=4d,
P(z<z<z)=1

We prove our proposition by two steps.
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Step 1. Considering any given d € [0, ], we will show that there must exist an optimal proba-

bility distribution, P*, for the problem in defining V(d) such that the marginal distribution is as

follows,
d; : _
2(pi—z;) if w=2
1— _di(zi—éi) if w= ;
P (21 _ w) — d?(zi_lti)(ﬂi_éi) o (33)
Q(Eiiﬂi) if w=7%;
0 otherwise.

We prove this by discussing two scenarios, depending on whether V(d) is finite or not.

Consider the first case where V(d) = co. In this case, there exists P’ such that Ep[g(x’, 2)] =
00, Ep [2] = p,Ep/[|Z — p|]] =d and P'(z < z < Z) = 1. We denote by supp(lP) the support of any
probability distribution P. Observing that the feasible set of V(d) is nonempty (any distribution
with marginal distribution as in (33) is feasible), Ep/[g(2’, 2)] = co implies that there must exist 2’ €
supp(P’) C [z,Z] such that g(x,2") = co. We let P be any probability distribution with marginal
distribution as defined in (33), then supp(P”) =[], S: where S; ={p;} if d; =0, S; ={z;, i, z:}
if d; € (0,6,) and S; = {z,,z:} if d; = d;, i € [n]. Now, consider any i € [n]. If d; = 0, we must have

i€[n]

P'(Z; = p;) = 1; hence, 2z, = p; € conv(S;); if d; > 0, z/ € conv(S;) = [z,;,Z:] since z € [z,Z]. Hence, in
any case, z, € conv(S;). Consequently, we have 2’ € conv(supp(P”)). Since function g(z, z) is convex
in z (see Theorem 2, Section 3.1 in Birge and Louveaux (2011)), there must exist 2" € supp(P”)
such that g(x’,z”) = co. Hence, P” is also a worst-case distribution.

For the second case where V(d) is finite, by strong duality (e.g., Shapiro 2001),
V(d)=min{s+p't+d'r ’ stz t+(z—p)) r>g(x, 2), V2<2<z}. (34)

For any given ¢, u, 7, since g(x, z) is convex in z, the function g(z,z) — 2"t — (|]z — p|) "7 is convex
in z if z € [a, b] where for all i € [n], (a;,b;) takes value of (z;, ;) or (u;,%;). Hence, the constraint

in (34) is equivalent to

s>g(@,z)—z"t—(z—p)'r, Vze [[{zom =} (35)

i1€[n]

Substituting the constraints in Problem (34) by (35) and writing its dual form again, we obtain

3n Zf—:] p’l‘zz- = Wi, 'LG [n]
3" T —a
V(d)=sup{ S prg(@,z7) | g Prl —ml=dii€ln] A (36)
=1 ET:I pT = 1
P Z 07 TE [Sn]
where 2',...,2%" represent all z € [Ticpn {2i 1isZi}, and pi,... . psn are the associated decision

variables. Therefore, we can find a distribution P* which is optimal to V(d), with its support
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being z',...,2%". This implies P*(2; = w) = 0 whenever w ¢ {z;, ;,%;}, for all i € [n]. Given any
three-point support {z;, j4;,Z; }, mean u; and MAD value d; € [0, 52], we observe that a distribution

__di(Fiz) , d; . 3 :
2(Zi—pi) (i —24) at pi, and 2(Zi—pi) at Z;, is uniquely

which places 2(ujizi) amount of mass at z,, 1 —
determined. Hence, P* must have a marginal distribution as in (33).

Step 2. We next show that function V' (d) is non-decreasing in d.

Consider any 0 < d' <d’ < & with d” — d’ = fe;o for some 6 > 0,:° € [n], and the probability
distribution P’ with P’(2 = 27) =p/, 7 € [3"] such that p],...,ps. is the worst-case distribution in
Problem (36) when d =d'. WLOG, we let i° = 1. We define another distribution P” with P"(2 =

z7)=pl,T€[3"] as

SN—
-
BN
N
0

M=z if 21 =2,

z

"z _ (D _e(m)  e(®) . _
P'(z=2z)=( P(2=2) il T From if 21 = p,
z

)+ 5 if 21 =72,
where € [[;c;, {2, 1:,Zi} = [0,1] is a mapping defined by
_ 6/2 L
€z)=e(z+(zy—m)e1) =€(z+ (Z1 —pu1)er) = z ( ) - )]P’(z:z) (37)
T2

n1—2z; Z1—H1
for all z € [];c; {2, i, Z:} with 21 = pi. We next verify that p{,...,pg. satisfy the constraints in
(36) when replacing d by d".

From the definition of 8, we observe that for all z such that z; = u,,

dl/_d/ 1 1 d// 1 1
€(Z) 4 €<Z) N 12 . (Ml—zl + 31—#1) P’ 222) N 1- 71 (Ml—zl + 31—#1) P’

Hi—2zy Zi— 1_ﬁ(;+ 1 ) B 1_%(;4_ 1 )

2 \p1—2z Z1—p1 H1—21 Z1—p1

(2=2z).

Because 0 < d) < df < 6, and the three-point distribution is uniquely determined, we have 1 —

ﬂ( L4t )Z —d—lll( L4t >20.HenceIP’”(£=z)€[O,P’(Ezz)]forallzwithzlz

2 \m1—2z; Z1—H1 2 \pmi—z Z1—H1

1. By the definition of P” we notice that Zzel—[-e[ ez} P'(z=2)= Zzel_[-e[ ]{Z'vﬂiszi}]];»/(i =
z) =1, we have P"(z2 =2) € [0,1] for all z €[], {2, pi, Z:}-

To see Epr[Z] = p, we observe that for the first dimension,

371
dplzi= Y PE=z2)m+ Y, Plz=2)z+ » Pl(z=2)7
=1

ziz1=N] z:1z1=21 Z:21=21

= Z P'(z=2)u+P"(2=2+ (2, —m)e1)z, +P'(Z=2+ (Z, — p1)e1)z1)

ziz1=p1
3"
€z €(z €z €z

S B () )

=1 o= H1— 2y 21— M1 H1— 21 21— M1

o Ziz1=H1

€(2) e(z) _

=M1+ Zy— 1)+ Z1—

. z2;M1 M1_§1<_1 Ml) Ml( ' U1)>
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where the third equality is due to the property of € stated in (37). For any other dimension i with

i # 1, by the construction of P we can observe that the marginal masses on the i-th dimension

3n

remain identical with P’. Hence, ) _ p/2" = p.

For the MAD information, we start from the first dimension and notice that

1 1
E P'(z=2)= E P’izz—( — > e(z
o ( ) i ( H1—2 21— MK Z_ (=)
ziz1=p1 ziz1=p1 ziz1=p1
1 1 0/2
- ( ) T > PlE=2)
M1—2p Z1— 1_d_1( 1 L ) o
2 \p1—z; @ Zi1—m1 ZZ1=m
| ( 1 1 ) 9/2 < d/1< 1 1
H1—2y Z1— 1_ﬁ< 141 ) 2 \p1—2, Z1—n
2 1—21 Z1—
(L L)
2 \p1—2z, Zi— ’

where the second equality is due to (37), the third equality holds since the marginal distribution

is uniquely determined in P’. Similarly, we have >

/!
dl
2(Z1—p1)

z)=
dimensions are unchanged, we have Zi:l P
(36) when we replace d by d”.

Consequently,

3TL
V(d) > plg(e,2)
T=1

/!
T

S
2(p1—21)

P(z=2) and ) . . P'(z=

ziz1=2

It then follows that Zil pl|z] — 1| = dY. Since the marginal masses at all remaining

|z7 — p| =d". Hence P” is a feasible solution to the set

:;pig(:c,zf)+z:;m <_ Mf(_z)gl gf(_le)g(m,z)%-z:;zl Mf(_z)glg(m,z)-l-z:;:; zf(_zi“
Srens T (5 e
76(2) T,z 21— e «(2) T, z+ (21— e
+H1—§19( 2+ (2, — 1) 1)+21_M19( 2+ (21— ) 1))
=D pLy(@.2)+ ) e<z>< migl (9(@. 2+ (2, — m)er) — gl 2))
b (gl st (e - 9(2,2)) )

3n
> Zp:,g(:l?, ZT> = V(d/>7
T=1

where the first inequality holds because p7, ...

,Din is a feasible solution, the second equality is based

on (37), and the second inequality follows from the convexity of g. Hence, V(d) is non-decreasing
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on [0,48]. Therefore, supg, » Ep [g(, 2)] = SUPg<g<s V(d) = V(d). The worst-case is with the form

of (33) when d= &, which is as proposed in our Proposition. O

C.2. Proof of Proposition 2
1) = 2). Consider any P € P such that there exists an unordered pair w’, w” with p' =P(w =
w’) >0, p”" =P(w =w") > 0. WLOG, assume p’ < p”. We construct a new probability distribution

P°, such that
0 it w=w'
= if w=w"
P(w=w)=(¢ P(w=w Aw")+p if w=wAw"
P(w=w'Vw")+p if w=w'Vw”
P(w =w) otherwise.

In particular, based on P, we move the probability mass p’ from the realization of w’,w” to
w Aw”, w Vw”. That does not change the marginal distribution and hence P° € P. Moreover,

compared with the support of P, that of P° has one less unordered pair. We also observe that

Epo [f ()] = Ep [f(w)] = p' (f (w' Aw") + f(w' V") - f(w') — f(w")) 20,

where the last inequality is due to the supermodularity of f. Therefore, we can always reduce the
number of unordered pairs (if there is any) in the support while the value of expectation on f(w)
either increases or remains unchanged. Since any PP € P has nonzero probability mass only at a
finite number of discrete points (by the definition of P), the number of unordered pairs must be
finite and hence will be decreased to zero after a finite number of such steps. Therefore, finally we
obtain P* € argsuppep Ep [f(w)] such that the support of P* has no unordered pair. Since there
are m; points in the support of the i-th marginal, moving along the chain in ascending order from
(115, Zn1) O (T1mys -+ T, ) takes m; — 1 steps on the i-th dimension. Hence, the chain has its
maximum length being 14the total number of steps, i.e., 37, (m; —1) +1.

2) = 1). Assuming the contrary of 1), i.e., f is not supermodular, then there exists a pair of
unordered w’,w” € R™ such that f(w’)+ f(w”) > f(w Aw") + f(w' Vw”). We denote ' = {i €
[n] | w,<w!}, TV={ie[n] | w,>w!} and Z, = {i € [n] | w, =w/}. As w’,w” are unordered,
we know 7', 7" are both nonempty. For all i € 7" UZ", we let m; = 2, x;; = w, AN w), x;n =
wi vV w!, pin =pip=0.5; for all i € Z., we let m; =1, z;; = w; = w, and p;; = 1. Correspond-
ingly, P = {P | P(w; = x4;) =pij,J € [ms],i € [n]}, and any P € P must has its support in W =
ierrozn{®it, Tao} X ez, {xi1 }. Consider any P° € P such that its support Weo = {w € R" | P°(w =
w) > 0} forms a chain. We now show that P° ¢ argsupp.p Ep [ f(w)] and hence statement 2) in the
proposition is false, then the proof can be completed. To this end, we notice since Wpo forms a

chain, we can label the elements in Wpo in ascending order, i.e., w! <w? <....
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We first show w' =w’ Aw”. Consider any i € [n]. If w} < z;;, then w} & {z;; | j € [m;]}, contra-
dicts with P° € P. If w} > x;;, then w; > x;; for all w € Who, P°(w; = x;1) = 0, which also contradicts
with P° € P. Therefore, we must have w;} = x;; for all i € [n], i.e., w' = (211,...,2,) =w Aw".

We next show w? =w’ Vw”. Assume that there exists i € 7’ UZ” with w? = w}. Since w? > w'
and w? # w', we know that there exists j € Z' UZ"” with w} > w;. By w} = w; = x4, P°(w =
w') +P?(w = w?) <P°(; = ;1) = pa = 0.5, we know P°(w = w') < 0.5; by w} > wj = x;1, we know
P°(w = w') = p;; = 0.5. Hence, we have contradiction. It follows that w? > w; for all i € 7' UZ",
i.e., w? =w' Vw". Moreover, we have |[W| =2 since w? is the maximum element of W.

Therefore, P° is such that P°(w = w' Aw") =P°(w = w’' Vw”) = 0.5. Consider another distribu-

tion P* such that P*(w = w') =P*(w = w"”) = 0.5. We can easily have P* € P, and

Epo [f()] = 0.5 x (f(w' Aw”) + f(w' V")) < 0.5 x (f(w) + f(w”)) = Epe [ ()]

C.3. Proof of Proposition 3
For notational simplicity, we drop the superscript £ which represents the scenario k; we also assume
z;=—1,0;,=0,z;=1 for all i € [n], since the general case can be proved in the same way.

During the progress of this algorithm, for each j € [2n + 1], we define mp’, which stands for the
remaining marginal probability for iteration j at dimension i, as

N q if 2 =1 (mp’ € R in this case)
mp”' = ¢ (¢], P*(z;=1)) if 2/ =0 (mp’’ € R* in this case) .
(q], P*(z2;=0), P*(z;,=1)) if zJ =—1 (mp?* € R? in this case)

We also define ¢; =1"mp?! which represents the remaining total probability mass. Correspond-
ingly, we denote the set of information 77 = {2/, mp’', ..., mp’",¢;}.

Given a set of information Z7, we say it is valid if it satisfies the following four conditions: 1)

zi € {=1,0,1}"; 2) mp’i € [0,1]>~% for all i € [n]; 3) mp’’, > 0 for all i € [n], where we denote

end

Jst

77, as the last element of the vector mp??; and 4) 1 "mp’* = ¢; for all i € [n].

mp;
By induction, we now show that Z7 is valid for all j € [2n + 1].
First, when j =1, the conditions 1), 2) and 3) are obviously satisfied. The condition 4) is also
satisfied since 1"mp'* =P*(z; = —1) +P*(z;=0) +P*(%;,=1) =1 for all i € [n], and ¢, = 1.
Suppose Z7 is valid for some j € [2n]. Based on the algorithm, the elements in Z/*! are obtained as
follows. First, p; = min{mp?}", ..., mp}"}, r; = min{i € [n] | mp}’ = p;}. After that, 274! = 27 + e,
We now prove that zﬁj # 1 by contradiction. Assume to the contrary, i.e., zﬂj =1, then mp’"i € R,
we have ¢; = 1Tmp?"i = mp]”’ = p;. For any i € [n] \ {r;}, we observe i) mpl’ > p; = ¢, (the

inequality is because of our choice of p;); ii) mp’’, > 0; and iii) 1" mp’* = ¢; and mp’* > 0.
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The last two observations are because Z7 is valid and hence satisfies conditions 2), 3) and 4).
Hence, we have mp’? € R and then 2/ = 1. That implies 27 = 1. We notice that for any t € [j — 1],
z!t = z' 4 e; for some i € [n]. So moving from z' = —1 to 2/ =1 requires 2n steps, i.e., j =2n+1,
which contradicts j € [2n]. Hence, zﬁj =1 is false, and we must have zﬁj € {—1,0}. We can conclude
that 2/*!' =2/ +e, € {—1,0,1}", the condition 1) is satisfied for Z/*'. As a result, condition 2) is
obviously satisfied by the way mp?? is calculated.

With the algorithm, we know mp’*'" can be obtained from the vector of mp’”i by removing

Jj+1,r; J\Tj

tnd_ =mp,,4 >0, the condition 3) is satisfied when i = r;.

the first component. Therefore, mp

T i+l _ 1T 7 VR _ 1T j+1,7
Moreover, 1'mp’™>" =1 'mp’" — mp;"’ = ¢; — p;. We also observe ¢; —p; =1 mp’*™"" >
J+1
end

mp’ ;"7 >0 and hence ¢; > p;.
For any i € [n]\ {r;}, since 2/ 7" = 2/, mp’*"* and mp’* are both of dimension (2 — z7+17), they
differ only at the first dimension; in particular,
Jyt 1 —
41 _ ) mpy = p; ifs=1 38
P {mpg” if 27 € {-1,0} and s #1 (38)

We note that if 2/ 7" = 2/ = 1, then mp’?, mp’*1 € R, , and mp}’ =1 mp’’ =¢; > p;, mp’} "' =

j+1,

mp] """ = mp]” —p; >0.If zf“ = ZZ e {—1,0}, obviously mp?+ L

end

=mp/'; > 0. Therefore, condition
3) is satisfied for i. Moreover, by Equation (38) we also know 1" mp’**" =1"mp’ —p; =¢; — p;.
Since we have previously obtained 1"mp’*"i = ¢; — p;, condition 4) is also satisfied. We conclude
7! is also valid and it finishes the induction, i.e., Z7 is valid for all j € [2n+ 1].

Now, for any j € [2n + 1], we define Q7 as the set of all mass functions with the marginal mass
given by mp?!,..., mp’" and the possible realizations forming a chain. More specifically, define

wi e {—1,0,1}>% by ,
(—1,0,1) if 2/ = —1
w' =< (0,1) if 27 =0
1 if 2/ =1

which is the vector of all possible realizations at dimension i, i € [n], and W/ ={z | 2/ <z <

1} N{—1,0,1}" which is the set of all possible realizations of vector z; then

S VI . ozl fi(z)=mp’?, icn],s€[2—27]]
&= {f] W= [0.1] {z |e;"v7(z) >0} forms a chain } '

Noticing that W/*! = {z e Wi

Zr; 7 zﬁj }, we define another set Q7 by

f7(27) =p;
i

N — ) i i (2)=0, ¥z € WI such that z,, = 2],z # 27
Q - f W _> [071] fj(Z):fj+1(Z>7 VZEWj+1 J
fj+1 c Qj+1

We next prove Q7 = QJ.
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First, consider any f7 € Q7. Suppose there exist 2° € W/ with zy = ZZ], and z° # 27 such that

f7(z°) > 0. That implies the existence of s € [n]\ {r;} such that z¢ > z7. Hence,

Yo Fla= Y. Fl- Y, PE=p- Y, FlE<p-FE) <

j Jizy —2d — i
2eWi: i Ty ZEWTizr; =21 2eWi i T 2eWi: i Ty
ze=z) zs#2) zs#2]
J — J _ J o J
> Flz)= > Fl- > f(z) = p; > f(z)>0.

g >z) Wiizg=2) ap— "

zeWJ:ZTJ>ZT_J zE 2g=Z% zEWJ:ZTJ er zEWJ:ZTJ zr.]

zs:zg zs:zg zS:zg

Therefore, we have z* € W7 such that z; >z] =27, 27 = 2] <z and f?(z") > 0, contradicting

i
that {z | f/(z) >0} forms a chain. Therefore, f/(z) =0 whenever z € W’ has z,, = z{j,z # 27,
and fi(27) = mp’" — Ezewj,sz:zij,z¢za' f7(z) = p; — 0 =p,. Therefore, f’ satisfies the first two
conditions in Q7. The corresponding fi*! is in Q7! can be easily verified by showing the chain
structure and checking the equality constraints on the marginal mass. Hence, we have f7 € o7,
We now prove the reverse. Consider any f7 € Q7 and we check whether it satisfies the two
conditions in @7. The first condition, which is on the marginal mass, can be verified by standard
algebra. The second condition, which is on the chain structure, is straightforward. Therefore, we

have f7 € Q7. We can conclude that Q7 = Q7 for all j € [2n+1].

Finally, by representing @’ in the form of Qj , with recursion we can easily get

f(z")=pi, i€2n] A
f(z)=0, VZGWI\{z’,ie[Qn]}\W%Jrl

Q'=4f:W —[0,1] f(z) = f(z), Yz € W+ (39)
fe Q2n+1
We note that since z7 € {—1,0,1}", 2! = —1, and any time the movement from 2z’ to z/*' is to

increase one dimension by 1 while maintaining other dimensions unchanged, and hence we have

2?1 =1. Therefore, W?"*! = {2?"*1} Then by Equation (39), we have

1 Y f(z)=pi, i€ 2n+1]
Q —{f-W' —[0,1] ‘ 2y =0, Vzewl\{zi,ie[znﬂ]}}

Hence, the result is proved. 0

C.4. Proof of Theorem 1
We define the function f(x) as
f(x)=min v'l

st Ryl> > pibTy™, ke [K]
i€[2n+1]

Wx+Uy"' >VzF 12" ke[K],ie2n+1]

1>0,
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then Problem (6) is equivalent with mingex» f(2).

We further denote Xy., = {x € X' | suppc£Ep [g(2, 2)] < 0o}. Recall that we assume Problem (2)
has finite optimal value, so Xy, # 0.

Consider any € X'\ Xf.,, we have

oo = sup Ep [g(x, 2)] = max Z @ sup Epr[g(z,2)] | g€Q
PeF kelk] PREFF

Since any feasible g € Q C {g € RY | >_ke(r] @k = 1} is bounded, there must be k € [K] such that
co= sup Eu[g(z,2)]= Y  plg(x,2"),
PkeFk i€[2n+1]
where the last equality follows from Proposition 3. Again, since p} € [0,1] for all i € [2n + 1],
there exists a specific ¢ € [2n + 1] such that g(z,2"%) = co. It is equivalent to the infeasibility of
the constraint Wa + Uy** > V2" 4+ v° which is involved in the problem defining f(x). Hence,
f(@) = oo.

Therefore, Problem (6) is equivalent with mingex, , f(x). We notice that Problem (2) is
equivalent to mingex,,, Suppe 7 Er [g(, 2)]. Hence, for proving this theorem, now it suffices to
show that for all © € Xy, we have supp.rEp[g(x,2)] = f(x). To this end, consider any
x € Xje, we then know supp.rEp[g(x,Z2)] is finite. Notice that 1) supp.r Eplg(x,2)] =
maX{Eke[K] Qk SUPpk e 7k Epr [g(, Z)] ‘ qge Q} and 2) by the assumption on Q, for any k € [K]
there exists g € Q with ¢, > 0. Hence, for all k € [K], suppk¢c zx Epr [g(2, Z)] must be finite. It implies

that g(z, z) is finite for all z € [2*,2"]. Moreover,

sup Ep[g(x, 2)] = max Z qr sup Epx[g(x,2)] | Rg<v,q>0

PeF ke[k] PrEFF
R’—frl > sup Epx [g(wvi)] ke [K]
=min{ v'l PkeFk
>0
= f(=),
where the second equality is due to strong duality. U
C.5. Proof of Corollary 1
It has been proved in the proof for Theorem 1. O

C.6. Proof of Proposition 4
We first prove the “if” part. Suppose S() is an inverse additive lattice, then given any z’, 2", p, q
with (p,2'A2"),(q,2'Vz") € S(x), there exist y', y” such that (y', 2’), (y",2") € S(x) and y' +y" =
p+ q. We then have

g(®,2') +g(x,2") <bTy' +b'y"=b'p+b'q.
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Taking the minimum on the right-hand-side over all p,q with (p,z’' A 2"),(q,z'V 2") € S(x), we
obtain g(x,2’) + g(x,2") < g(x, 2’ N2")+g(x,2' V 2").

Next we prove the “only if” part by contradiction. Suppose S(x) is not an inverse additive
lattice, then there exist z’,2"”,p,q with (p,2’' A2"),(q,2'V 2") € S(x) but p+ q ¢ W, where the
set W is defined as W= {r+s | (r,2/),(s,z") € S(x)}. According to the definition of S(x), we
can easily see that W is convex and closed. By the Hyperplane Separation Theorem, there exist a

vector 1) and a real number A such that,
n'(p+q)< <n'w  YweWw.

Consider the second-stage cost function g(x,z) (defined in Equation (1)) with coefficient b =n.
We have

g(x,2') +g(z,z") =min{n"y | (y,2") €S(z)} +min{n"y | (y,2") € S(z)}
=min{n'(r+s) | (r,2'),(s,2") € S(x)}
=min{n'w | weW} >\,
g(@, 2’ N2")+g(x,2'VZ")=min{n'y | (y,2’A2")eS(x)} +min{n"y | (y.2"Vvz")eS(z)}

<n'(p+q) <A

Therefore, g(x,z') + g(x,2") > g(x, 2’ N2")+g(x, 2’V 2"), which contradicts the supermodularity.
The “only if” part is completed. O

C.7. Proof of Theorem 2

Based on Proposition 4, the above theorem is equivalent to this statement: S(x) is an additive
inverse lattice for all  and v° if and only if U and V satisfy one of the two conditions in the
above theorem. We prove the equivalent statement as follows.

First we prove the “if” direction by contradiction. Suppose there exist & and v° such that
S(x) is not an additive inverse lattice, i.e., we have 2/, 2", p,q with 2" =2' A 2", 2¥ =2'V 2" and
(p,z"),(q,z") € S(x), such that y’ +y” # p+ q holds for all y',y” with (¢, 2'),(y",2") € S(x).

We denote c= Wz +v°, t' =Up—-Vz">ec, t?=Uq— Vz" > c. Here the two inequalities
are due to (p,2"),(q,z") € S(x) and the definition of S(x). We define a set W as

W={yeR" | ' At’)+ V2 <Uy<(t'VE’)+Vz'}.
Note that W should be an empty set, otherwise there exists a y° € W and hence

Uy’ -Vz' >t At} >c,

Up+q—y°)—V2'=Up-V2"+Uq—-Vz'— Uy’ - V) >t +t? - (t'Vt*) =t' At* > ¢,
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which implies both (y°,2'),(p+q—vy° 2") € S(x), and contradicts the previous statement on
y',y” resulting from the assumption.

We now show that the first part of the condition in our theorem is not true. If rank(U) =r, we
can solve y with Uy = (¢ At?) + V2' < (¢' Vt?) + V2, which contradicts the emptiness of W.
Therefore, rank(U) <.

We then focus on the second part of the condition in our theorem. The emptiness of W leads to

the infeasibility of the following optimization problem:

max 0
U (t've)+Vz
st [—U} y= [—(tlAtQ)—Vz’ '
Furthermore, by Lemma 4 we know that there exists Z C [r],|Z| = rank(U) + 1 with rank(Uz) =
rank(U) such that the problem

max 0

Uz (tzVi3)+ Viz' (40)
st [—UI] ys [— (tints) — Vo2’

is also infeasible. We write the dual of (40) as follows,
min 7' ((t;VE3)+ Vzz') —s' ((ELAE3) + Vz2)
s.t. U (r—s)=0 (41)
r,s > 0.
Observing that r» = s = 0 gives a feasible solution of (41), the infeasibility of the primal problem
implies the unboundedness of the above dual problem. Therefore, there exist r,s > 0 with U] (r —
s) =0 such that the following inequalities holds,
0>r" (((pViE7)+Vz2') —s' (((p AE7) + Vi2')
=r' ((t; V) +Viz' —Uzq) —s' ((t; At7) + Viz' —Uzq)
>l (t% +Viz2 — UIq) —s' (t% + V2 — UIq)
=(r—s)"Vz(z' —2),
where the first inequality is obtained from the unboundedness of (41), the first equality is due to
U/ (r — s) =0, the second inequality follows from t} At2 <tl <tl VtZ, and the second equality
comes from t2 = Uzq — Vzz". We remark that in the above equation, if we use Uzp instead of Uzq

in the first equality, and ¢} instead of ¢ in the second inequality, then 0 > (r —s) " Vz(z' — 2") can

be obtained similarly.
/ \% / N

We define A} = (r—s8)"Vz(2/ —2VY), Ay =(r—3)"Vz(2' —2"), and B = z ;z ~ A
1 2
We have three observations on 3. First, 3> 0 since A;,A, <0 and 2" <z’ <zV.
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Second, V8 € span(Uz). To see this, recall that for any matrix, its column space is the orthog-
onal complement of the null space of its transpose; therefore, we can equivalently show that
null (U7 ) Cnull ((VzB) "), where null (+) is the null space of a given matrix. Since |Z| =rank(U) +
1 =rank (Uz) + 1 =rank (U} )+ 1, null (U} ) is of dimension 1. That implies for any w € null (U ),
we have w = k(r — s) for some k € R. Therefore,

(VI,@)T’UJ — k(r— S)TVZ,B — ((7‘ — s)TVI(z’ —zV) B (r— s)TVI(z’ _ z/\)) _k(1-1)=0.
Ay A,
That is, w € null (Vz3)"). Hence, null (U ) Cnull (VzB) ") and then we have V73 € span(Uz).

The third observation is that there exists some i € [n| such that (V7);8; ¢ span(Uz). To show

this, we denote H = {i € [n] | 2, < z/'}. We then have for every i € H, 2/ =z, 2z = 2!’ and hence
/

—d — —
Bi = B A, Y addition, since for every i € [n]\ H, z, > 2/, e M R . 0, we have
A A A
z -z
(r=s)"> Bi(Vr)i=(r—s)" | D B(Vr)i+ Y. 0-(Vp), | =(r—s)"V; =1
1€H i€H 1€[n]\'H !

Hence, (r — s) ¢ null ((ZieH Bi(VI)Z—)T), which implies that null(U]) is not a subset of
null ((ZZGH B,;(VI),;)T>. Consequently we have )., 6;(Vz); ¢ span(Uz), implying that there
exists some i € H such that (Vz);5; ¢ span(Uz).

With the three observations, we have a contradiction of the second condition in Theorem 2.

We next prove the “only if” direction by contradiction. Assume the condition in the theorem is
not satisfied. That is, rank(U) < r and there exist some Z C [r], B € R} satisfying |Z| = rank(U)+1,
rank(Uz) =rank(U) and Vz8 € span(Uz), such that 5,(Vz); ¢ span(Uz) for some i € [n]. Note that
in this case, we can find a vector a € & such that Uza = V3.

We arbitrarily choose 2" € R",pe R™ and let 2¥ =2"+ 3> 2",q=p+ «, then Uzp — V72" =
Uz(q — a) — Vz(zV — B) =Uzq — Vzz"Y. We also arbitrarily choose x, and then choose v° such
that c = —Wax +v° is with ¢z = Uzp — Vzz" and ¢; being sufficiently small for all j ¢ Z . Then
we have (p,2"),(q,z") € S(x). We further define z’ = z" + S;e;, 2" = z¥ — [B;e; so that 2’ A z" =

2", 2'V 2" = zV. Then we have
cr+Viz' =+ Vi(2" + Bie;) = Uzp — Vi2" + Vi (2" + fie;) = Urp + Bi(Vz): ¢ span(Us),

where the last relationship holds since Uzp € span(Uz) but 5,(Vz); ¢ span(Uz).
Hence, {y e R™ | Ury = cz + Vzz'} =0, i.e. for any y' satisfying Uy’ — V 2z’ > ¢, there exists j € 7
such that w,y' —v] 2’ > ¢;. If there exists some y” with Uy” — V2" > c satisfies y' +y" =p+q,
Ury' — V2" =Uz(p+q—y) -V (2" +2V -2
=Urp— V72" +Uzq—Vzz" — (Ury' — V12')
=2c; — (Ury' — Vz2'),
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then we should have 2c; — (ujTy’ - vaz’ ) < ¢; for the above mentioned j, which contradicts the

assumption (y”,z") € S(x). Hence we prove the necessity of the conditions on U, V. O

Lemma 4 (Chen et al. 2021) Consider any matriz U € R with rank(U) < r. Suppose that
=
system { [_J[aj*ajz o s infeasible. Then there exists T C [r] with |Z| = rank(U)+1 and rank(Uz) =

sz S Ct

1s also infeasible.
~Uzx < —c; f

rank(U) such that system {

C.8. Proof of Proposition 5

“<” Assume there exists a 2 x 3 submatrix of U° such that any pair of columns in it are linearly
independent. WLOG, let U{, 5 1, 5, be such matrix and we denote it by A=[A; A, A3] € R**°.
WLOG, assume Az =t; A} +ty Ay with ty,t, > 0. Choose V! =1,,.,,, T=[m+2]\ {3}, B=tie; +
tres >0, a =t e +i,e, —e3. We then have Vz3 =t1e; +1tsey; at the same time, Uzax =t,e, +tze,
since Az =1t A; + tyAy. Hence, V73 = Uz € span(Uz). However, (V7),0; = Bie; & span(Uz).
Therefore, the second condition in Theorem 2 is violated, there exists an instance of g(x, z) which
is not supermodular in z.

“=” Assume that every 2 x 3 submatrix of U° contains at least one pair of column vectors
which are linearly dependent. We prove the result by showing the second condition in Theorem
2 is always satisfied. To see this, consider any Z C [r| such that |Z| =m + 1, rank(Uz) = m. Let
Iy=IN[m] and Zy=ZN{m+1,...,7r} be a partition of Z, hence the submatrix Uz, is extracted
from I, ., and Uz, is from U°. We further let 71, Jy be a partition of [m] such that Uz, 7 contains
all nonzero columns in Uz, and hence Uz, 5, = 0. Noting that Uz, contains rows extracted from
I, .m, we know Z; = J;. Hence, |Zy|=m+1—|Z|=m+1—|J|=m+1—(m—|T]|) =|To| + 1.

We illustrate the partition of Uz as follows,

Uy = | Y | = [ Dimixim) Ozl |
UIO UIO »WJ1 UZO »Jo

We first prove that there exists a unit vector p € R0l such that it is orthogonal to span(Uz, 7,)

and span[Uz, 7, p] = R%!. Notice that Uz is of full column rank, and hence so does its subma-
trix Uz, g, = 051|X|JO| ], which implies Uz, 4, € ®%0/*I%! is also of full column rank. Therefore,
Zo,J0

span(Uz,,7,) is of dimension |Jy| = |Zy| — 1, the existence of p can be proved.

We now show that the orthogonal unit vector p can be chosen such that for all ¢ € J;, there
exist some s; € span(Uz,, 7,) and ~; > 0 such that (Ug,); = s; +v;p. For those i € J; with (Uz,); €
span(Uz,, 7, ), we always have 7; = 0 regardless of the choice of orthogonal vector p. Now we consider
any given j € J; with (Ug,); € span(Uz,, 7, ). Since span[Uz, 7, p] = R%0!, we can surely represent
(Ugz,); = 8; +,p for some s; € span(Uy, 7,) and 7; # 0. Moreover, the unit vector p can be chosen

(as —p, if necessary) to make y; > 0. Consider any k € J; \ {j} with (Ugz,); & span(Uz,,7,). Denote
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Q=[(Ug,); (Uzg,)r Uz, 7). Notice that every 2 x 3 submatrix of U°, and hence that of Q, contains
at least one pair of column vectors which are linearly dependent. By Lemma 5, there are at least
one pair of columns in @ which are linearly dependent. Since Uz, 4, is of full column rank and
(Uzy)j, (Uz, )k € span(Uz, 7,), the two linearly dependent columns can only be (Ugz,);, (Uz, ), i-€.,
(Uzy)r = ¢(Ug,); for some ¢ # 0 (recall that both (Uz, ), and (Uz,); are nonzero vector since they
are not in span(Uz, z,)). As all components in the same row of U are with the same sign, we know
¢ > 0. Therefore, (Uz,)r = ¢ (s; +7;p) =(s; + (y;p where (v, > 0.

We are now ready to prove the second condition in Theorem 2 holds. Consider any 3 > 0 and
a such that V73 = Uza. Observing the first block, characterized by Z;, we have V7, 8 =Uz, a =
(Lpxm)z, 00 = @iz, 5 since V', 3 are both nonnegative, we have aiz, > 0. Observing the second block,
characterized by Zy, by Vz, =0, we have

«a
0=Vz,B8=Ura= Uz, Uz 7] [a? ] =Uz, g7 +Uz 5007, =8 +Pzai% (42)
0 ieN

for some s € span(Usz,, 7,). Here we denote the index set N'={i € J; | (Ug,): € span(Uz,, 4,)} and
hence the last equality above holds due to the argument proved in the last paragraph. Moreover,
since s and p are orthogonal, by (42) we have ), . a;y; =0, which implies o; =0 for all i € NV,
as we have already known v; > 0,a; > 0 holds for all i € N (recall that N'C J; =Z;, and a7, > 0).
Therefore, the equation 0 = ; = u] @ = v;' 3 holds for any i € N, where the last equality is due
to V2B =Uza. As V,3>0 for all i € N, v/ 3 =0 implies vy, 8, = 0 for all k € [m]. We now
consider any j € [m] and it remains to show (Vz);58; = Uzn for some n € R™. To this end, we choose
n € R™ with n; = v;;8; for all i € J; =7, and we determine 1y, later. Then u,n=1n;, =v;;5; for
all i € J1 =7,. We additionally observe that 7; =0 for all i € N/, following from v;;3; = 0. We now

move on to Zy, and have

Uz,n = [Uzy.5, Uzy.7] [Z? } =Uz, N7 + Uz 50M7, = Z sini + Uz, 7,M7
0 i€J1\N

where the last equality is due to that when i € N, n; =0 and when j € 71\ N, (Uz,); = s; +v;u
with 7; = 0. Since s; € span(Ug,,z,), We can choose n7, such that >, 7\ \ 8 + Uz, 7yM7, = 0. In
this case, Uz,m =0 = (V7,),5;. Hence, we conclude (Vz);8; = Uzrn € span(Uz). O

Lemma 5 (Chen et al. 2021) Consider any matriz Q € R**C+V with rank(Q) = s,s > 2. If
every 2 X 3 submatriz of Q contains at least one pair of column vectors which are linearly dependent,

then Q has at least one pair of column vectors which are linearly dependent.
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C.9. Proof of Lemma 2

For notational simplicity, we remove the superscript k& throughout this proof. To see ¢?,..., > !
are vertices of a 2n-simplex, it suffices to show these 2n 4 1 points are affinely independent. That
is, we need to prove that ¢? — ¢!,...,¢?""! — ¢! are linearly independent. First, we scale each

elements in w?, v?, ¢* such that all nonzero elements become 1 and denote the corresponding vectors

~i i R . . N |w . . . . .
as w', 0", ¢". Notice that we still have {* = [1}1 ] . In this case, @! =1,0! =0 since 2! =z, W =

2n+1

0,0?" ! =1 since z =Z. Moreover, we have

(& — &L o — 5} = {0, e, }

for some k; € [n], i € [2n]. This follows from that z** — z* has exactly one nonzero entry, the index

of which is denoted as k;. Specifically, for the x;-th entry where z* moves to 2!, 1) if the move is

0
2) if the move is from the mean to the upper bound, then W' =& 0! =¥’ + e,, and hence
N . 0
i+l
¢ ¢ [ e
lower bound to the mean, and one from the mean to the upper bound. Therefore, the matrix

[62 SRR cas —62"} = _I(’;X” IO ] P for a 2n x 2n permutation matrix P. Notice that
nxn

~i ~i i . 2 5 | —es,
from the lower bound to the mean, then w*!' =& —e,,, 0" = 0" and hence "t — (' = [ " ] :

} We also notice that for each dimension, there is exactly one move from the

K

i | (g =2)) @sernl | _ [ diag(p—2) 0 :
¢'= [((Zj ) 'ﬁji'])jG[Qn] = 0 diag (Z — 1) ¢" for all i € [2n 4+ 1]. We then have

dia -z 0 3 2 2 3
[C2— ¢t . o] = g ((l)‘ ) ding (% — ) [Cz G fant Czn]
_ [diag(p—2) 0 ] [—Im 0 }P
o 0 diag (z — ) o I,
_ [diag(z—p) 0 T4
| 0 diag (Z—p) | "~
This implies that the matrix [(* — ¢! -+ ¢*"T! — ('] are also invertible. O

C.10. Proof of Proposition 6
We first let Vigepe and Vig, represent the optimal values for Problems (9) and (11), respectively.
Our aim is to show that V4t = Viar-

We first prove V,gapt < Vigr. To show this, we define a new problem by relaxing Problem (9) such
that the constraints of second-stage problem apply only to the realizations 2" k € [K],i € [2n+1]

and denote the optimal value as V,.q., i.€.,

Vielaz = min a'z +sup Ep [bTy(];a 2):|
PeF

s.t. Wa+Uy(k,2") >V 40° ke[K]ic2n+1] (43)

rxeX.



Long, Qi, and Zhang: Supermodularity in Two-Stage DRO
Article submitted to Management Science; manuscript no. MS-OPT-19-02965 25

)

By the minimax theorem (von Neumann 1928), we can interchange “supp” and “mingy »)” equiv-
alently. Omitting the dependency between y and the uncertainty realizations, we rewrite V,.¢q. =
mingey a' @+ suppe 7 Ep [¢/(x, )], where

min{b'y | We+Uy>Vz+v°} ifz€ Uke[K]{z’“l, S

—00 otherwise.

9'(z,2) ={

Fixing any x € X, we recall that p¥, 257 k € [K],i € [2n+ 1] returned by Algorithm 1 gives a worst-
case distribution to Problem (9), and, at the same time, is an admissible probability distribution

to Problem (11) because the two problems share the same ambiguity set. It follows that

Vadapt =min a'x +sup Ep[g(z, 2)]
zEX PeF

=min a'x+ max E aptg(x, 257
reX qeQ
ke[K],i€[2n+1]

=min a'x+ max E apig (z, 2"")
reX qeQ
ke[K],i€[2n+1]

<min a'x+ sup Ep[¢'(x, 2)] = Vietans
zeX PeF

where the second equality follows from Proposition 3, the third equality holds because g and ¢’
have the same value whenever z € (4 {2"",...,2?"*!}, and the inequality follows from the
feasibility of the distribution characterized by pF, 2% i € [2n +1].

Further, we observe that Problem (11) can be directly obtained from Problem (43) by imposing
a restriction of linearity structure on y(k,z). This implies any feasible @ ¢* to Problem (11)
determines a function y(k, z) that is feasible to Problem (43). Hence, V,.c1q2 < Vig.. We then conclude
that Vigapt < Vielaw < Viar-

We next show V,4qpt > Vigr. To this end, we construct a recourse decision rule that is feasible to
Problem (11) and returns the optimal value of Problem (9).

We first consider the case of fixed scenario; for brevity, we remove the notation k (or k) that
denotes realized (or random) scenarios. The construction is similar to the proof of Bertsimas and
Goyal (2012, Theorem 1). Define auxiliary uncertain factors @ = (u—2)", 0 = (2 —p)*, ¢ = (@, D),
and let w, v, ¢ be the counterpart when 2 is realized as z. Then Z=p—@+0 = p+|[—Ixn Luxn) ¢,

‘ZN’ - l'l/‘ =w+v= [Inxn Inxn] 5 Define

yopt(z> = ®opt |: EZ:Z;I] + ¢0pt = G)optc + d)opt-

For all i € 2n+1],

Yopr (2) = Yopi' | + O (¢ — ¢* )

_ ..2n+1 1 2n+1 2n 2n+1 —1( 2n+1

= Yopt + {yopt ~ Yopt e yopt ~ Yopt D (C - C ) (44)
_ 2n+1 1 2n+1 2n 2n+1

- yqpt + yopt - yopt e yopt - yopt €;

J— 7
- yopt’
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where the third last equality holds because (¢ — ¢*"*! = De,; for all i € [2n]. We notice that

+

by, (2), as a linear combination of (u — z)™ and (z — )™, is supermodular in z because it is

separable. Now, utilizing the worst-case distribution given by Algorithm 1, we get

sup Ep [b' yop(2)] = Z Pib" Yop(2')

Per ic2nt1]

= > pb'y,

i€[2n-+1]

= Z pimin{b'y | Wa,,, + Uy >V2z' +v°}
i€[2n+1]

= sup EHD [g(moph 2)] :
PeF

The first and last equalities follow from the supermodularity of b"y,,:(2) and g(x.p, z) defined
by (1), respectively. The second equality holds since Yo (2") =yl 7 € [2n + 1] (as shown in (44)),
while the third one follows from the definition of y ,. It follows that the worst-case expected cost
returned by @pe, Yopi(2) is the same as the optimal value of Problem (9). Further, we can observe
easily that the solution @, Yop:(2) is feasible for Problem (11).

We next consider the case of uncertain scenarios. Following the above proof, we define y,,(k, z)

as

pon(h.2) =0, | (4 5 (49

It is supermodular in z and for any realized scenario k, suppiczr Epk [0 Yopi(k,2)] =
suppk ek Epr [min {b"y ‘ Wz, +Uy>VZzZ+v°}]. Hence

aTzcopt +sup Ep [bTyopt(l;:,i)}
PeF

= a'®x,, +max Z qr sup Epk [bTyopt(k,i)]
qeQ kG[K] PkecFk

= a'xy +r§1€aé< Z g sup Epe (min{b'y | Wa,, + Uy >Vz+0°}]

kG[K] PkeFk
= a' @y +sup Ep[g(Top, 2)]
PeF
= ‘/adapt-
Similar to Equation (44), we can check that y,,:(k, 2*") € min {bTy ‘ Wz, +Uy>Vz+ ’UO} for
all k € [K],i € [2n+1]. It follows that @y, ©},,, %, k € [K] is a feasible solution to Problem (11).
Therefore, we can conclude that Vig, < V,44,:. Hence, we have V44t = Vigr and @, @’jpt, ¢’O"pt, ke

[K] is an optimal solution to Problem (11). O

C.11. Proof of Theorem 3
Following the proof for Proposition 6, we denote by y,,:(k,z) the linear decision rule defined by

(45). To complete the proof for this theorem, based on Proposition 6, it suffices to show y,,:(k, z)
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is feasible, i.e., (Yopi(k, 2),2) € S(x), for all z € Ui Z¥, where ZF = Ticp{2F, puf, 2 }. We first

prove the following claim and then show the feasibility by induction.
Claim. Fiz any scenario k. For all z',2" € Z¥ with 2" =2' N2",2V =2'V 2", if (Yo (k, 2"),2"),

(Yopt(k,2Y),2Y), (Yopt(k,2'),2") € S(x), then (Yopt(k,2"),2") is also in S(x).

Proof of Claim. Since the function y,,:(k,z) is separable in z, hence, it is both supermodular
and submodular in z. Therefore, Yot (k, 2") + Yopt (ks 2”7) = Yopt (k. 2") + Yopi (k, 2V), or equivalently,
Yopt (k, 2") = Yopt (ky 2) + Yopt (k, 2¥) — Yopt (k, 2"). With the condition in the theorem satisfied, the
claim follows directly.

For all k € [K],i € [2n+ 1], recall that by the proof for Proposition 6, y.,:(k, z"") is the optimal
second-stage decision when the uncertainty is realized as z"'. This implies y,,:(k, 2) is feasible
for all z € {z" | k € [K],i € [2n+1]}. Fix any scenario k, define Z* = {z € Z¥ | z <z} for all
i € 2n+1]. Observe that Z¥* ={z"'} we know y,,(k, z) is feasible on Z*% when i =1. Next we
inductively show the feasibility on Z* for all i € [2n + 1]. Specifically, we assume the statement

holds for a given i € [2n+ 1], and consider for the set Z¥+1. By definition, 2¥*! deviates from z**

. . . kyitl o ki kyitl _ ki .
in only one dimension, i.e., """ > 2" for some [ € [n] and 2" "' = 2" for all I # [. By assumption,
. iy 1. N : : . n koid1
it suffices to prove the feasibility for any 2 € Z®*+1\ Z® In this case, we have %, = z""' and
5 < ki ' . A N ~ ki+l 4 ~ . ki
Zp <zt forall I #1, e, 2=(21,...,2,) = (21,.. ., Z-1, 2", 241, - - -, 2n). Choosing 2" = 2"* =
ki ki ki ki ; 5 .
(=" 20,2 20, -, 20") and 2" = 2, we obtain
AN __ "n__ (s 2 ki 2 ~ Zk’i
2=z Nz _(Zla"'vzlflazl 7Zl+17"'7zn)6 )
Vo i ol (ki ki kil ki kyiy _ kil
2V =2'Vv2" = (2 T 2y =2 .

Since Y,pt(k, z) is feasible when z = 2/, 2", 2V, by the Claim we conclude that Y., (k, 2”) = Yope(k, 2)
is also feasible. Notice that Z"' = Z¥ when i = 2n+ 1, and the same proof goes for any k € [K], we

complete the proof. O

C.12. Proof of Proposition 7
It is obvious that —r'@x + (r — s)(x — z)* is decreasing and supermodular in z. Thus, we
can apply Proposition 12. Specifically, by substituting a = —r and g(x,z) = (r — s)(x — 2)" =

min {(r -8y | y>r—z,y> 0} in the formulation (29), we obtain the following reformulation
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for Problem (13),

min v'l
st Ryl> > phf*, ke [K]
i€ [2n+1]
Yyt >x — 2M ke [K],ie[2n+1]
y"' >0, ke[K],ie[2n+1]

Pz (—rTat (r—s)TyM) 4 d;, kelKi€2n+1)j¢€ )],
lZO, mexnews7

where p¥, 2" k € [K],i € [2n+ 1] are the output of Algorithm 1 given the ambiguity sets F*, k € [K]|
defined by Equation (4). O

C.13. Proof of Proposition 8
Notice that (14) is a special case of the formulation (30) with u(w) = %wﬂ a=—r and g(xz,z) =

min {(r -3y | Yy>r—2z,y> O}. Hence, a direct application of Corollary 3 gives the following

reformulation,
min §+v'l
1 )
st RL> > = phft ke[K]
iciznrn P
Y >z — 2N ke [K],ie[2n+1]
y"i >0, ke[K],ie2n+1]

ffi>—rTx+(r—s)'y" -0, ke[K],ic[2n+1]
>0, kelK],ie[2n+1]
1>0, x€Xmews,

where p¥, z¥ k € [K],i € [2n+ 1] are the output of Algorithm 1 given the ambiguity sets F*, k € [K]
defined by Equation (4). O

C.14. Proof of Proposition 9
We prove the supermodularity by showing that Problem (15) satisfies the conditions in Theorem

2. We first reformulate Problem (15) as the sum of m sub-problems. Denote

Eie[n] yij =1

I(x, z) = min CijYii
g (®z) Z 7 0<y;; <@z, i€n]

1€[n]

Then it can be verified that g(x,z) = Zj €lm] ¢’ (x, z). Hence, it suffices to prove the supermodular-

ity of ¢7(x, z) for all j € [m]. Observing that @ € {0,1}", we denote S={i€[n] | z; =1} and T =
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[n]\S. It follows that the constraints in defining ¢’(x, z) can be reformulated as U (yi;, ..., Yn;) —

Vz > ", where

1T
—1T 1
U= Ian c §R(2+2n)><n’ V= |:O(2+n+T)><n:| c §R(2+2n)><n’ ’UO — -1 c §R2+2n'
~I ~Is 0
T 2nx1
_IS

Here I;,Is are the submatrices of I, consisting of rows which are indexed by elements in
T,S, separately. Note that rank (U) =n < 2n + 2. We hence can apply Theorem 2 to prove the
supermodularity of ¢7. To this end, we consider any index set Z such that |Z| = n+1 and rank (Uz) =
n, any B>0€R", a € R" such that

ViB=U:a. (46)

Consider any j € [n], we need to show 3;(Vz); € span(Uz). If 5;(Vz); =0, the result is straightfor-
ward. We now consider only the case that §; >0 and (Vz); #0.

By (Vz); # 0, we have V; # 0. Based on the structure of V', V; has only one nonzero element
and indeed, there exists a unique i such that V; = —e; € R2"*2. Moreover, i € Z, i >2+n+ [T},
Vi; = —1is the only nonzero element in the ith row, i.e., v; = —e; € R". Therefore, by (46), we have
u; a =v; 8= —p;, implying a; = 3; since U;; = —1 is also the only nonzero element in u;. We
now show that for U;, only zero element from blocks I, and —I7 are included in (Uz);. Assume
to the contrary, i.e., there is a k€ {3,...,2+n+ |T|} NZ with Uy; # 0. Note that Uy; is the only
nonzero element in uy. Hence, u) a = Uy a; #0, v B8=0"38=0, contradicts with (46) and k € Z.
Therefore, Uy; =0 for all k€ {3,...,2+n+|T|} NZ. Now we consider two scenarios.

In the first scenario, {1,2} NZ =), then (Uz); has the only one nonzero element which is from
—Is, (Uz); = (Vz);, and hence §;(Vz); € span(Uz).

In the second scenario, {1,2} NZ # 0. WLOG, let 1 € Z. We then have 3, . a, =1Ta=uja=
v B8=0783=0, where the third equality is due to (46). From the above analysis, we already have
a; = f; > 0, which implies that there exists k£ # j such that a;, < 0. We now prove that for Uy, only
zero elements from blocks Iy, and —I7 are included in (Uz)y. This can be done with the same
logic as that in above when we show only zero elements from blocks I,,., and —I; are included
in (Uz);. We next show that for Uy, only zero elements from blocks —Ig is included in (Uz)g.
Assume to the contrary, i.e., there is an l € {2+ n+ |T|+1,...,2+ 2n} NZ such that w; # 0.
Notice that u;, = —1 and v;, = —1 are the only nonzero elements in u; and wv;, respectively. We
have u; @ = —ay, v a = —f4, and hence u;' @ # v,’ a since ay, <0 and @ > 0. It contradicts with
(46), and we have that only zero elements from blocks —Ig are included in (Uz);. Therefore, from
the two observations above we can conclude that (Uz), has all elements as zero from the blocks
L.y, —Ir and —Ig. In other words, (Uz), and (Uz); only differs at u;, =0, u;; = —1. We can then
easily have ;(Vz); = B;(Uz); — B;(Uz) € span(Uz). O
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C.15. Proof of Proposition 10
Denote Y = (Y11, Yniy s Yiny--+sYnn) € R"”. Then the second-stage problem can be expressed

as
g(x,z) = min Z bs;s;

s,J€[n]
1 n
Sl W U A B Pl
For any s € [n], the matrix U* € R"*™ has e, — e; as its j-th column, j € [n]. Denote U® =
U - U",VO=1I,,, and U = [ Igjnz} e Rlntn?)n® 7 = { OZZJ' Obviously, rank(U) = n?
which is less than the number of rows in U. Therefore, to complete the proof, we now show that
U,V meet the second condition in Theorem 2.

Consider any index set Z such that |Z| = rank(U) 4+ 1 = n? + 1,rank(Uz) = n®. Denote Z, =
ZN[n],Z; = I\Zy, then the rows of Uz, (or Vz,) are extracted from U° (or V); the rows of Uz,
(or Vz,) are extracted from I,2,,2 (or 0,2,,).

We first let the column index set 7, be such that the submatrix Uz, 7, =0, and let J; = [n*]\Jo.
Hence, Uz can be decomposed into four submatrices Uz, ,,Uz,,7,,Uz, 7,,Uz,,7,- Recalling that
Uz, is a submatrix of I, there is exactly one entry being one in its each row, and at most one
entry being 1 in its each column. Hence, in Uz,, the number of columns being 0 is n? — |Z;| =
n® — (|Z| — |Zo|) = |Zo| — 1. Noticing Uz is full column rank and Uz, 5, =0, all of the |Z,| — 1 zero
columns in Uz, must be in Uz, 7, . Denote the index set Ky as the set of column index for those zero
columns in Uz, and Ko = J; \ Ki. Then Uz, 5, can be further decomposed into two submatrices
Uz, i, Uz, ik, where Uz, i, = 0z, (179|-1)-

Since Uz, x, € RIFoI*(Fol=1) and it is of full column rank (otherwise it contradicts with Uz being
full column rank and Uz, x, = 0), we have that null(Uﬂ)_’ )Cl) is of dimension 1. Recalling that Uz, x,
is a submatrix of U", each column can only be either te, or e,, — e, for some s, s1, 55 € [|Z]]. Let
N; C[|Zy]] be the index set {s | the s-th entry of (Ug,); is non—zero} for any j € ;. We observe
that

Vje K, with [N;|=1:7,=0 for s e N } (47)

null (Ugh’cl) - {7 ' Vje Ky with (N;|=2:7, =, fors;,sseN;
Consider any nonzero -« € null (UITO’,C 1), we now prove that there is no s, s, such that ~,, ,v,, are
both nonzero and ~,, # 7,,. Assume to the contrary, i.e., we can find s;,s, such that v, v, #0
and 7,, # 7s,- We construct a vector 4 such that 4; =0 for all ¢ such that v; =0, and 4; =1 for
all 7 such that +; # 0. As -y satisfies the condition in (47), so does 4, and hence 4 € null (UITO’K:I).
Nevertheless, v and 4 are obviously linearly independent, and hence we have contradiction to that
null (UITO’,C 1) is of dimension 1. Therefore, we can conclude that all nonzero elements in v have the

same value.



Long, Qi, and Zhang: Supermodularity in Two-Stage DRO
Article submitted to Management Science; manuscript no. MS-OPT-19-02965 31

Consider any n° € R%l n' € Rl 9 = (n°,n') such that U n = 0. It implies 0 = U] n =
Ul c,n° + UL o,n' = UL, n°, where the last equality is due to Uz, x, = 0. Hence, n° €
null (U7, ., ), whose dimension has been shown as 1. Therefore, n° = kv for some k € R. As we
have shown above, all nonzero elements in v are equal, WLOG, we can have n° > 0. We are now
ready to verify the second condition in Theorem 2.

Given any B € R} with Vz8 € span (Uz), as n € null(U7 ), we have 0=n'V;8 = (n°)" Vz,B8 +
()" V,B= (n°)" Vi,B=2icin Bi (n°)" (Vz,);, where the third equality is due to Vz, = 0. Since
n° >0,Vz, > 0,8 >0, we have that n'3; (Vz), = 6 (n°)" (Vz,); = 0 for all i € [n]. Recall that
null(U7 ) is of dimension 1, we then have §; (Vz), € span (Uz), and the second condition in Theorem
2 is satisfied. Thus g(z, z) is supermodular in z for all , and we obtain the following reformulation
as a simple corollary of Theorem 1,

min a'z+v'l

i€[2n+1]  s,j€[n]
yfs’i— yffz,zf’i—:cs, s€n],ke[K],i€[2n+1]
JE[n] JEn]

Yl >0, s€[n],j€n),ke[K]ic[2n+1]
>0, ze X",

where p¥, 2" k € [K],i € [2n+ 1] are the output of Algorithm 1 given the ambiguity sets F* k € [K]|
defined by Equation (4). O

C.16. Proof of Proposition 11

Let 2 € R be such that 2, = &z, for all i € [n], and we define g(x,2) =

min{ 17y | 2 TGz g€t el Novce that e 2) = 4@ (e Eazn)) =
Yy ytzo’ tE[n] . g\x, g s \S1<1y -+ +ySn<n

g(x, &, z) defined by Equation

g(CIZ,E,z) :mln{lTy ‘ zi i (%:s_j(gszs _CUS), ‘Zee[[tn]],t S [n] } ‘ (48)

To prove the supermodularity of g, we first show g(x, 2) is supermodular in 2, and then prove that

g(x,&,z)=g(x,(&121,...,&n2,)) is supermodular in (&, ...,&, 21, ., 2n)-

To show the supermodularity of g, we first rewrite the problem defining g in its matrix form, i.e.,

Ul Vl
. 77,2 n .
§(x,2)=min {17y | Uy—Vz>-Wz}, where U = U” ERTETN V=W = V" €
l_]n+1 Vn+1
n2 3n
REFX1 are such that
1 ifs=t¢

U' € R are with elements of @', = { for j e [t], s,t€n],

0 otherwise
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1 ifj<s<t

0 otherwise O jEt], s,t€n],

Ve R*™ are with elements of 1755 = {

rrn+1 {yn+1
U —Inxna |4 _Onxn-

We prove g(x, 2) is supermodular in z by verify that U,V satisfy the condition in Theorem 2.
To this end, consider any Z C [(n® + 3n)/2],8 € R with |Z| =n+ 1, rank(Uz) =n, and Vz3 €
span(Uz). Note that rank(U) = n, and each row of Uz € R"*V*" has only one nonzero element
which takes the value of 1. Therefore, there exists w € [n] such that U has two row vectors being
e., and exactly one row vector being e; for each i € [n]\ {w}. WLOG, we let RI;,...,RI,; be
the distinct row indices such that Z={RI,..., R, 11}, wgrs, = e; for all i € [n], ugs,,, = e., and
RI, < RI, 1. Moreover, for notational brevity, we arrange the rows in U;, V; with the order of
RI,...,RI, , which would not change the satisfaction/violation of the condition in Theorem

w

2. Therefore, Uz = [BIT]. In this case, for any a« € R, Urax = [o? . This implies that, given
any v € R"*' we have v € span(U) if and only if v, = 7,;1. Therefore, consider any 3 with
V1B € span(Uz), we know vy, B =wvg;  B. Our objective is to show 3;(Vz); € span(Uz), i.e,
BiVr1,.i = BiVri, ., for all i € [n]. To see this, we consider two cases.

e Case 1: both wg;,, and wug;s are extracted from (_J“’, i.e., RI, RI,., €

n+1
{% +1,...,@ —Hu}. We denote j, = RI, — % and 41 = Rl 41 — %, ie.,
Upy, and ug; . are the j,-th and j,.i-th rows in U¥, respectively. By the structure of V¥,

we know for all s € [n],

v = 1 8= Juws-e W

Rluw,s ™ juys 0 s=1,....5,—1lors=w+1,...,n,
v =¥ _ 1 S:jn—i-l)"')w
Rlnt1:s In+1,8 0 s=1,....0p1—1lors=w+1,...,n.

In this case, v, B = v}LnHB implies > 3; = Y. B;; and hence 8; =0 for all j €

J=Jw J=In+1

{Jws+++sJns1 — 1} since B> 0. Now for any arbitrary i € [n], the equation Bivry, . = Bivri, .
always holds since 1) vgy,i = Vrr, ;i =0 when i=1,...5, —lori=w+1,...,n; 2) 3; =0
when i =j,,...,jnt1 —1; 3) Vri,i =Vr1, ;=1 when i=j,1,...,w.

e Case 2: upy, is extracted from U“ while Ugr,,, 18 extracted from U"t'. The submatrix

bl : e : _ T T : ; — T _
1% = 0,,x,, implies in this case vgy,,, = 0. Hence, vy, 8= vR,n+1,8 implies 0 = vg; B =
> Bivri,.i- Since vgr, >0 and B > 0, we then have B,vg, ; =0= Bivgr

i€[n]
Therefore, g(x, 2) is supermodular in 2z for all . We next prove that g(x,&, z) is supermodular

wy1,i for all i € [n].
in every two distinct components of (&, z), and hence is jointly supermodular in (&, z).
We first consider argument as the pair (§;, z;) for some i € [n] and fix all &, z, with s € [n]\ {¢}.

As all the remaining elements are fixed, we define ¢' : R — R and h: R — R to be such that
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G (&, 2) = h(2) =h(&z) =9 (x, (121, .-, €nzn)) = g(x, €, 2). Hence, it is equivalent to show that
g%, as a function of &, z;, is supermodular in its arguments. To this end, we first observe that &;z;
is increasing and supermodular in (§;, z;) (recall that ;, z; > 0). Further, as a second-stage cost
function, g(x,2) has been shown as convex in 2 by literature (e.g., Birge and Louveaux 2011,
Theorem 2), and it implies that h(Z;) is convex in Z;. In addition, h(Z;) is also increasing in Z; by
the definition in (48). Therefore, the supermodularity of g* follows as a corollary of Lemma 3, and
g(z, &, z) is supermodular in (&;, z;) for all i € [n].

Next, if the argument is the pair (;, z;) for some distinct ¢, j € [n], we prove the supermodularity
of g (&i,2) = g (x, (§121,. .., 6nzn)). Consider €,€", 2/, 2" € R" with & <&/, 2] > 2], £, =&, 2 = 2!
and we denote their common values as &, z5, respectively, for all s € [n]\ {7,5}. Since & € {0,1}", by
€ < & we know & =0,¢& = 1. Define 2/, 2, 2™in 2min ¢ R guch that 2], = &} 2}, 2) =&}y, 200 =
(& NEN (2 N2y, Zex = (& V&N (2, V 2)) for all k € [n]. Then these four vectors differ only in
their 7th, jth elements. In particular, (2], 2}) = (0,&;2}), (2/,2]) = (2:,§;2]), (2;“1“,2;“1“) =(0,&;2]),

(2%, 20%%) = (2;,&;2]). Hence, denoting 2° € %" such that 2 = 27 = 0 and 2{ = &,2, for all s €

(2

[n]\ {7,7}, we have

gUENE 2y N2 ) + g7 (G VE 2V 2]) = g7 (&1 25) — g7 (€], 7))

= g (@, 2™") +g (2, 2™) - g (x,2) — (. 2")

= g(®,2°+ &2 e)) +§ (2, 2° + 20+ §20e;) — g (w2, 2° +€20e;) — § (2, 2° + 20+ 520 e;)
0

v

where the inequality holds because g (z, 2) is supermodular in 2. Hence, g% is supermodular and
therefore g(x, €, z) is supermodular in (&;, z;).

For (z;,z;) or (&;,&;) with 1 <i < j <n, the proof is similar to the second case. We now conclude
that g(x,&, z) is supermodular in (€, 2).

Noticing that .7-"51" (or FF) determine a set of 0-1 (or three-point) worst-case marginals for £ (or
%), we claim that applying Algorithm 1 yields a (3n + 1)-point joint distribution of (£, Z) for each
realized scenario. The number of points follows from one plus the number of steps it takes when
moving from (0, z*) to (1,Z") only in the positive directions. The number of steps is 3n, since there

are exactly 3 steps on the i-th dimension—from & =0 — 1, and from z; = 2% — p; — zZ¥. We then
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utilize the results in Theorem 1 and obtain the reformulation as follows.
min v'l

s.t. RI1I> Z pF1Ty* . ke [K]

i€[3n+1]
t

yet 2 Y (€M —w), jeltlten) ke K] i€ Bt 1]
=J

y™' >0, ke [K],i€[3n+1]

1>0, xecXP
where pF, &8¢ 2k € [K],i € [3n + 1] are the output of Algorithm 1, given the ambiguity sets
G*,k € [K] defined as G* = {P* | IIP* € 7§, IL.P* € 7%}, where IT¢P"*, IT,P* denotes the marginal
distribution of é and Z, respectively under P*. .7-"5’C is the conditional ambiguity set of F¢ when k is

realized as k, and F¥ is defined by (4). O

C.17. Proof of Theorem 4
The constraint of the second-stage problem
g(@,z)=min h'(x—-Ay)+p'(z—y)-r'y

s.t. Ay<z, y<z, y>0.

-1 —I 0
can be represented as Uy —Vz>-Wzx+v°, whereU=| I |, V=| 0 | and W= |0
—A 0 I

We first prove the “if” direction. Suppose the condition for A in this theorem is satisfied. By
Theorem 2, whether U,V lead to supermodularity of g is equivalent to whether —U,—V do so.
Therefore, here we verify the supermodularity based on —U,—V. Observing that —U and —V
have the structure as in Proposition 5 with U° = [;1[] , we now show that every 2 x 3 submatrix
of U° contains at least one pair of columns which are linearly dependent. If both rows of the 2 x 3
submatrix are extracted from A, then this submatrix must have two linearly dependent columns
by the assumption on A. If at least one of the rows are from —1I, since the rows from —I have at
least two zero elements, then this submatrix must have two linearly dependent columns.

We now prove the “only if” direction by contradiction. We first consider the case that A €
R2*3. Assume the contrary, i.e., every two columns in A are in different directions. Given that
A >0, there must be one column in A being a conical combination of the other two columns.
WLOG, let Az be a conical combination of A;, A;. We remark that multiplying any strictly
positive constant by a row/column in A, or switching rows, or switching columns does not affect

whether the corresponding function g is supermodular. Therefore, we can make the following

La C} with

simplification on A. Since A;, A, are linearly independent, WLOG, we can let A = [ b1d
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ab < 1. Since Aj is a conical combination of A, Ay, we have cd > 0; WLOG, we can let d=1, i.e.,

A= é Cll ﬂ . Multiplying the first row by 1/¢, and then multiplying the first column by ¢, we have
A= blc a{c i . Let a/c, be be the new a,b, we have A = ll) Cll ” with ab < 1. Again, since Aj is

a conical combination of A;, Ay, we have either a,b <1 or a,b> 1. Together with ab < 1, we know

a,b < 1. In summary, WLOG, we let A = [ll) (11 ﬂ with a,b€[0,1).

We define g(x, z) = g(x,z) —p' 2, then it is equivalent to prove that g(x, z) is not supermodular
in z. We now construct such a counterexample. Let h=0,7=0, p=(1,1,¢) with any € € (0,1). We
choose € = (1 —ab)1, 2’ =(1—a,0,1—ab), 2" =(0,1—0b,1—ab). Denote z" =2z'AN2", z¥ =2"V 2",
we have 2" =(0,0,1—ab), z¥=(1—a,1 —b,1—ab). We notice that

g(x,z)=min{-p'y | Ay<z,0<y <z}

y1+ay2+y3§1_ab (49)
=min{ —y1 — Y2 —€ys3 | byr +y2+ys <1—ab
(0,0,0) < (y1,92,y3) < (21, 22, 23).

Hence,
g(x,z') =min {—yl ~€s (y)1<+ygj3<§11— a(?bz’/z =0, y3>0 } ’
g(x, 2") :min{—yz — €Y3 zfi%ﬁ);;ﬁl —b, y3>0 } '
g(xz,z") = min {—éys Z? 2;2_:(18: ys >0 } )

y1+ay: +ys <1—ab,
g(x,z")=min ¢ —y1 —yo —eyz | byr +y2+y3 <1 —ab,
0<y1<1l—a, 0<y;<1-0, y3>0

Since 0 < € < 1, in the optimization problem for g(x,z’), the optimal solution should be that y;
goes to the upper bound, i.e, y1 =1—a, y» =0 and y3 = (1 —ab) — (1 —a) = a(1 —b). Similarly, in
the optimization problem for g(x, z”), the optimal y = (0,1 —b,b(1 — a)); in that for g(=x, 2"), the
optimal y = (0,0,1 — ab); in that for g(x, z"), the optimal y = (1 —a,1—b,0). We then have

g(mvz/) +g(wvz”) —g(:c,zA) _g(xvzv)
= —((1—a+ea(1—b))+(1—b+eb(1—a))—e(l—ab) — (1 —a+1—b))
= ¢(1—a)(1—b) >0,

where the last equality holds since 0 < a,b < 1. Therefore, g(x,2") + g(x,z") < g(x, 2') + g(=x, 2"),
this function g is not supermodular.

For the general case of A € R“", we can prove the result by the same contradiction. WLOG, we
assume the 2 x 3 submatrix of A, which is obtained by deleting all rows except the first two and all

columns except the first three, is such that each pair of columns in it are linearly independent. We
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can then let 2] =z =0 for i € {4,5,...,n} and z; be sufficiently large for i € {3,4,...,1} such that
it would not affect the feasible region of y. We then have g(x, z) with exactly the same expression

in Equation (49). Therefore, we still have g(x,z") + g(x,z") < g(x, 2') + g(x, 2"). O

C.18. Proof of Corollary 2

We first prove the “if” direction using Theorem 4. Consider any 2 x 3 submatrix of A, which,
WLOG, is C = Ay ,9},11,2,3}- Let S, =9;N {1,2,3}, i=1,2. If S, NSy =0, then at least one of the
rows in C' has two zero elements, and hence C has at least one pair of columns which are linearly
dependent. If SN S, # (), by the definition of Tree Family, we have either S, CSyor SyCS,.
WLOG, we let S, C S, If \5'1] =1, then the first row of C has two zero elements and hence C' has
at least one pair of columns which are linearly dependent. If [S;| > 2, WLOG, {1,2} C S, by the
definition of Proportional Tree Family, we have ay1/as; = a12/a22, hence C has at least one pair
of columns which are linearly dependent. In summary, C always have at least one pair of columns

which are linearly dependent. U

C.19. Proof of Theorem 5
The case for rank(U) = r is straightforward, so we only consider the case where rank(U) < r.
In that case, we only need to verify whether U,V satisfy the second part of the condition in
Theorem 2, which depends solely on the relationship between V' and span(U). Thus, removing the
dependent columns in U does not change the satisfaction or violation of the conditions. Therefore,
the procedure in line 4 of the algorithm does not change the result and WLOG, we can assume U
has ry columns, i.e., m =rg.

First we look into the case where Algorithm 2 returns s = 0. This implies that there exists an
index set Z C [r] and indices i € [r]\Z,a,b € [r¢] with |Z| =r(, Uz invertible and d;,d;;, < 0. WLOG,

we let dm > 0, dib <0.

Denote,[‘}:e“—ﬁzo,azU{1 Vz)a _ (V2)o , then
ia ib dia dib
(Vz)a  (Vz)s (Vz)a (Vo)
VI — dia dib — dia dib = UI o
v Via  Vip dia +u; U7 (V1) _ dip +u; U (Vz), u; ’
dia dib dia dib

We let Z =7 U {i}. The above equality implies V33 = U;a € span(U;). On the other hand, for
Ba(V5)a we have

s [(Vﬁa

_ _[Uz] U (Ve [0 Ur' (Vo) [0
Via - dia +U1TUI_1(VI)Q - u;r :

dia 1 } =U; ;s 1
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U.
Since Uz is invertible, there is no v € R0 such that Us;y = f v = [(1)] Hence £,(V3). ¢
u

span(Us;) and the second part of the condition in Theorem 2 is Viozlated.

We now investigate the case where the second part of the condition in Theorem 2 is violated. That
means, there exist Z C [r], 3> 0 and a € [ry] such that |Z| = ro + 1, rank(U;) = ro, Vi3 € span(U;)
but B,(V;), ¢ span(Us;). We choose Z C Z such that |Z] = ry and Uz is invertible, and denote 7 as
the unique index in Z\Z. It follows that

Vib= | F] 8= yr uSusiy, | 8 [ uF | U Ves= | | B+ viUs vas,

K2 (2

SR (AN B P o ) R

Via i

Since V;08,U;U;'Vz3,8,U;U; ' (Vz), € span(U;) and $,(V3), ¢ span(U;), the above equations
imply |:C?T:| B € span(U;) and B-(c)l- } ¢ span(Us; ). According to L?-T B € span(U;), there exists
a € R with Uza = 0,u] a =d] 3. Since Us is invertible, o = 0 and hence d/B=ua=0.

According to [ } ¢ span(Us), we obtain 8,d;, #0. As 3 >0, B,d;, #0 and d] 3 =0, we must

0
6idia
have an index b € [ro] such that d;,d;, are of different signs. Hence the algorithm returns s = 0.

O

C.20. Proof of Theorem 6
We first reformulate the second-stage problem as
"

gV (x,z)=min b'y

s.t. Uy — (V— [Wlw--'W"w])ZZ—WOa:—i—vO,

where [W'zx ... W"x]| stands for an 7 x n matrix with its i-th column being Wiz. We denote V® =
V — [Wlz-.-W"z] for convenience. Following Theorem 2, it suffices to show that the proposed
conditions hold if and only if U, V® satisfy the conditions in Theorem 2 for any . The case
of rank(U) = r is straightforward. Hence, in the rest of the prove, we only focus on the case of
rank(U) < r, i.e., the second condition in this theorem and that in Theorem 2, which are called

Condition 2) and Condition 2) throughout this proof. In particular, Condition 2) can be stated as

2) for all TC [r], BER?, & € R with |Z| = rank(U) + 1, rank(Uz) = rank(U) and VB €

+7
span(Uz), we must have B3;(VE); € span(Uz) holds for every i € [n].
We now prove that Condition 2) is equivalent to Condition 2).
First, we make an equivalent interpretation for Condition 2) and Condition 2). Notice that
both conditions are for the same set of index sets. We consider any such index set Z. Since |Z| =

rank(Uz) + 1, span(Uz) is a hyperplane in /%, Therefore, there exists a unit vector € R/Z! such
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that it is orthogonal to all vectors in span(Uz), and all elements in RIZ! can be represented as linear
combinations of n and a vector in span(Uz). Therefore, for any i, j € [n],

(Vo)i=&+Ain, Wiz=(P+uin,

50
(Vz); =& +Am, Wiz=(F+uin. (50)

for some i, A, u?, u§ € R and &;,§;, (7, ¢F € span(Uz). Since m is a unit vector, we have
0= 77T ((VI)i - UUT(VI)z‘) = nT(VI)i - 77T77"7T (Ez‘ + /\m) = nT(VI)i — i,

and hence \; =1 (Vz);. The same logic applies to (Vz); and Wiz, Wix.

In Condition 2), we notice that (n'(Vz);) - (n'(Vz);) >0 is equivalent to A\;\; > 0; moreover,
(W) Tnn" WY is positive semidefinite if and only if (" Wiz) - (n" Wix) >0 for all . Hence,
we conclude that Condition 2a) is equivalent to “A\;A; > 0, ufu$ >0 for all  and 4,5 € [n]”. For
Condition 2b), since the equality holds if and only if (n7(Vz),) - (n" Wiz) = (n" (Vz);) - (n" Wiz)
for all x, we conclude that it is equivalent to the condition “\;u¥ = \;uf for all & and i, j € [n]”.

For Condition 2), by the definition of V*,

(V)i = (Vz)i = Wix = (& — ) + (N — pf)m,
(VE);j=(Vz); = Wiz = (& —C7)+ (N — uf)n.
Observing that Condition 2) is violated if and only if there exist i, € [n] with (\; — u®)(X\; — u3) <0,

we obtain its equivalent condition as
M= pf) N —pd) >0  VeeR,ijen]. (51)

We now prove the direction “Condition 2) = Condition 2)”. Consider any two distinct indexes
i,7 € [n]. We first choose @ = 0, hence V® = V. We assume the contrary to the first argument of
Condition 2a), i.e., \;A; <0, WLOG, A; >0, A\; <0. We then choose 3= —\,e; + \;e; € N}, and
have V78 = —\;& + \&; € span(Uz). However, 5;(Vz); = A& + A\A;jn € span(Uz). We hence have
contradiction with Condition 2), and conclude \;\; > 0, the first argument of Condition 2a) is true.

Next we show the second argument of Condition 2a) by contradiction. Notice for any constant
0 €R, (V%)= (& — 0CF) + (N — Opf)m, (V®); = (& — 0CF) + (N — Op)m. If pfp§ <0, we can
always find 6 such that (A — Ouf)(N; — Ou?) = pFpud0? — (Aipd + pf ;)0 + Aid; < 0. Therefore, the
equivalent condition for Condition 2), i.e., (51), is violated for fz. Hence, we have contradiction,
and conclude that ufu$ >0, the second argument of Condition 2a) is true.

We now prove Condition 2b). By Condition 2a), we already have \;\; > 0, uf ug > 0. WLOG, we
assume A;, Aj, u7, u > 0. Assume the opposite to Condition 2b), i.e., Aip§ # Ajpi . WLOG, we let
0 < A\ip§ < A;jpuf, which implies Aj, uf > 0. By Condition 2), i.e., (51), we have (\; — u®)(); —u3) >

0. Combining with A;, u7 > 0, we know that at least one of A;, u7 is nonzero. Consider the case
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that pf # 0. Define 0; = \;/uf,0; = \;/u3, then following the assumptions of \;uF < \;uf we have
0; < 0;. Choosing any ¢ € (0;,0;), we have \; < Ouf, \; > 0u?. Hence, the equivalent condition for
Condition 2), i.e., (51), is violated for #z. The case of Aj # 0 can be proved similarly. Hence, we
always have contradiction, and conclude that Condition 2b) is true.

Now it remains to prove the direction “Condition 2) == Condition 2)”. Given any = € R!, we
let Aj, Aj, ', u§ € R and &;,§;,¢F, 7 € span(Uz) be constants as defined in (50). By Condition 2),
we know A\ \; > 0, ufuf >0 and )\iu;” = \;uf. WLOG, we let \;, \; > 0. Possible realizations of the
parameters are as follows.

e \;=); =0. Then either uf,us >0 or uf,uf <0, it always implies (\; — uf)(A; — pF) > 0.

® \i=0,1;>0 (or A\; >0,\; =0). Then \;uf = \;uf =0, implying uf =0 (or uf =0). In either

case we have (\; — uf)(A; — pf) > 0.

e \;>0,);>0. Denote 6 = \;/uf = \;/p?, then (A; — uf)(N; — p) = pf p? (6 —1)> > 0.

So we always have (\; — uf)(\; — pF) > 0, Condition 2) holds. O

C.21. Proof of Lemma 3
Consider any z',2"” € R, we denote a = h(z' A 2"),b=h(2'),c=h(2"),d=h(z'V 2") and d, =
b+ ¢ — a. From the supermodularity of f we know b+ ¢ < a+ d; hence, dy < d. We then have

$(2') + ¢(2") = u(b) +u(c) <ula) +uldo) < ula) +u(d) = p(2'AN2") + (2" V2"),  (52)

where the second inequality holds since u is non-decreasing, and the first equality can be proved as
follows. We notice that either a < min{b,c} < max{b,c} <d, (if h is increasing) or a > max{b,c} >
min{b, c} > dy (if h is decreasing) holds; since a + dy = b+ ¢ and u is convex, we then have the first

inequality in Equation (52). That proves the supermodularity of ¢. O

C.22. Proof of Proposition 12
Applying Lemma 3, we have that u(a'x + g(x,2)) is supermodular in z for all x € X. Hence,
following Theorem 1 by treating u(a'x + g(z, 2)) in Problem (27) as the g(x, 2) in Problem (2),
Problem (27) can be solved equivalently by

min v'l

s.t. RIL> Z piu(a’z+b'y""), kelK]

1€[2n+1]
W+ Uy >V2Fi 42 ke [K],i€[2n+1]
>0, zeX,

Introducing auxiliary variables f*% with f*' > u(a"@+b"y*") = max;c;{c; (@ '@+ b y*") +d;},

we then obtain the equivalent reformulation as in (29). O
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C.23. Proof of Corollary 3
By the minimax Theorem in Sion (1958), in Problem (30), we can interchange the maximization

over P € F and the minimization over § € R. Hence, Problem (30) is equivalent to

min 6 +sup Ep [u(a'z+g(x,2)—0)]

PeF
s.t. xeX.
Its equivalent reformulation (31) can be obtained as a direct application of Proposition 12. [l

C.24. Proof of Theorem 7

We first prove the direction of “1”7 — “2”, by contradiction. Assume “2” is false, i.e., there exists
i €[n], j€[J] such that A} has at least three pieces on [z;,%;], then it suffices to show there are
f1, f? that are associated with worst-case distributions with distinct marginals.

WLOG, let hi be the function which at least three pieces on [z,,%;]. We choose functions f!, f2:
R™ — R such that f1(z) = g'(21), f*(z) = ¢°(21),z € R™ for some g¢',¢* : R — N. Moreover, for
all j €{2,...,J}, we choose &} to be sufficiently large such that Ep [hjl(él)] < 67 holds for all
Pe{P | P(z; <z <Zi)=1,Ep[21] = 11 }. We then have for i =1,2,

sup Ep [f'(2)] =supEe [g'(%1)]

PeFC Peg

where
P(él <z Sfl) =1

g =qP Ep[gl] =M 5
Ep [h1(Z1)] < 61.

For notational simplicity, we omit the superscript and subscript of & and §, as well as the subscript
P(z<z<z)=1
of z and p. That is, we consider suppcg Ep [¢°(2)] with G =< P | Ep[Z] = p , where h has
Ep[h(Z)] <6
at least three pieces on [z,z]|. Now it suffices to find g*,¢g?: R — R such that there does not exist a

common worst-case distribution.
Let J 41 be the number of pieces of h on [z,Z] for some J > 2, and denote the corresponding

breakpoints by z = 2% < -+ < z7*! =%. We define two functions I*,1? : %, — R such that

I'(p1) € {Poh(zo) +p1h(2") + prrih (27T | po+ P14 a1 =1,p02° + pr2t +pyaz’ T = ,U} (53)

P(ps) € {poh(zo) +p2h(2?) + priah(z7) | po4p2+prs1 = 1,p02° + pe2® + 2’ = ,U}

Notice that the sets in Equation (53) are singleton since for any given p; or p, we have unique py
and py, . Therefore, the functions [',[? are indeed uniquely determined by Equation (53). We have
two observations on [',[?. First, I*(0) = [?>(0), and when p, = p, = 0, their corresponding p, and
ps+1 (in the set defined in Equation (53)) are strictly positive. Second, both [',I? are continuous

function, and they are also increasing function due to the convexity of h. By the two observations,
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we can find €;,€e; > 0 which are sufficiently small and such that I'(e;) = [*(e3), and when p; = ¢,

and p, = €5, their corresponding py and p;.; are strictly positive. Define

1 1 1 1 1 1
H = | 20 51 S+l 7 H2=| 2° P ARt
h(z") h(2") h(=""") h(=%) h(2?) h(=""")

We hence can find p',p*> € R} and choose 6 € ® such that H'p' = H?*p? = (1,,9). Let the
discrete probability P!, P? be with

p if w=2" p3if w=2"
1 1 2 2
1~y Jpiftw=z 2/~ v _ )psifw=z
P e=w)= phif w= 2zt PHE=w)= p2if w=z/t1"
0 otherwise 0 otherwise

Then P!, P? have the support Z' = {20, 21, 271} 22 = {20, 22 27*1} respectively.
Consider any i € {1,2}. Since h is piecewise linear convex, we can choose a convex function g’

such that ¢g'(z) = h(z) for z € Z* and ¢'(z) < h(z) for all z € [2,Z] \ Z'. Therefore, we have

Epi [g'(2)] = Y P(E=2)g'(2) = > P

2€Zt 2€Zt

2)h(z) = Epi [h(2)] = 5,

where the first and and third equalities are by the definition of IP?, the second equality holds since
g'(2) = h(z) when z € Z%, and the last equality is due to the way we choose p’. Since g¢‘(z) <
h(z), we have Ep[g'(2)] < Ep[h(2)] < for any P € G. Hence P’ is a worst-case distribution to
suppeg Ep [¢°(2)]. In what follows, we show that P’ is the only worst-case distribution.

We first consider any P € G with support Z such that Z\ Z?# (), then there exists [2/,2"] C
[2,Z] \ 27 such that P(Z € [2/,2"]) > 0. Therefore,

B e = [ g [ ne)w=Epn) <o

where the first inequality follows from that ¢'(z) < h(z) for all z € [2,Z] \ 27, the last inequality
is due to P € G. Hence, P ¢ argsuppcg Ep [¢°(2)]. It implies that for any P* € argsuppcg Er [¢°(2)],
the support of P* must be a subset of Z, and P* can be fully characterized by a vector p* € R?.
such that H'p* = (1,p,6). Observing that H' is invertible (due to that h is not linear), p* is
unique and is exactly the aforementioned p’. Therefore, P! is the unique worst-case distribution to
suppeg Ep [¢°(2)]. Hence, there does not exist a common worst-case distribution to suppcg Er [¢'(2)]
and suppcg Ep [¢%(2)]. “17 is false.

We next prove the direction of “2”7—“1”.

By strong duality,

n J; T n J; j -
o - t+ > 2l hi(z)r] > f(2), Vz€[2,7]

E —inf T¢ §ipi | ST i=1 2aj=1 Wi \Zi)T ’ S
s p[f(Z)]=in {Sﬂl +;; T >0, i€ n),j el
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Let Z={z |z €{z,.. Latiie [n]} which contains all z such that each of its dimension is on
the breakpoints. Then we observe that [z,%] can be decomposed as [z,z] = U, Z* for some S and
disjoint Z',..., 2% such that all Z' are boxes with extreme points in Z and >, Zj;l hl(z) are

linear within each Z%. Together with the convexity of f, the dual problem is equivalent to

n J; n 7 . .
: T | stz t+L ijzl hi(zi)r! > f(z), Vz€ Z
1nf{s+u S| AT |

Writing its dual form again, we conclude that there exists a worst-case distribution with its support
as Z. Hence, for supp. ro Ep [f(2)], it suffices to consider the probability distributions with support
Z.

Assuming “2” is true, i.e., hl,i € [n],j € [J;] are piecewise linear convex functions with exactly
two pieces on [z,,%;], we will show “1” is true. In other words, we will show the existence of
a P* € argsuppero Ep[f(2)] such that for any dimension i, P*(Z; = w) has the structure as in
“1”. WLOG, we let such 7 be n. Further, for notational simplicity, we drop the subscript n for
Zns Zny Zps Zns fms B2 09 T, Hence, we have 2 = (Z1,...,2,1,2), 2= (21,...,2,_1,%) and so on, and
we will prove that P*(Z = w) has the structure as in “1”.

The proof will be done by induction. Starting from the case of J =1, with an approach almost
the same as that in the proof for Proposition 1, we can show that P* has the structure in “1”.
More specifically, denoting the breakpoint of hA' by 2 € (2,%), then we move the probability mass
on z with z=2 to z — (£ — 2)e,, and z + (Z — 2)e,, until we cannot move any further. Such move
will terminate at a probability distribution which has marginals in the form given by “1”, and the
expected value of Ep[f(Z)] is no less.

Suppose when J = J —1 for some J > 2, we have “1” being true. We now consider the case of
J=J. We separately analyze the following two scenarios.

e Scenario I: There are distinct 4, € [J] such that h’,h? have the same breakpoint in (z,%).
WLOG, we let k', h? be both with breakpoint 2 € (z,%). Define G={P | P(2<2<7%)=1,Ep[z] =
pp, G =AP | Ep[h*(2)] <0}, i€ {1,2}.

If GNG' NG =G NG?, then denote G’ to be the ambiguity set obtained from F¢ by removing
the constraint on Ep[h'(Z)]. We have G’ = F¢, and hence supperc Ep[f(2)] = suppeg Ep [f(2)].
Therefore, we have a problem with J = . — 1, in which case we know “1” is true by the induction
assumption.

If GNG'NG%#GNG2, we next show GNG NGZ=G NG
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Consider any P € G, we define a vector (sF,sE, sF, 8%, 5") which is uniquely determined by the

following system of equations,

/ 2dP(z) = 2s5 + 25 - (54)
z2>2
P(2>2)=s5+3

In this case, for any piecewise linear convex function with two pieces and with breakpoint at 2,

P
which can be denoted by h(z) = {gii% ii z > ; where a <@, we have

E]p[h(é)]:/ (az+b) dP(z / (az+5) dP(2)

2<z
=Q/ zdP(z) 4+ bP (z < )+a/ zdP(z) +bP (2 > 2)
2<2 2>z
—a (25" +250) +b (s + ) +a (2;];” +25°) +b(sh+3")
=5"h(z) +§°h(2) +5°N(3),
where the third and fourth inequalities are due to (54). Moreover, by (54) we can easily have

s"+37+35" =1 and sz + 572+ 52 = u, which imply

g Zmn=(E-2F p poz-(2-2)8
= zZ—2z U zZ—z '
Therefore,
o Z—pu—(z-2)F By H—z—(Z—2)8
Ep [1(2)] = —— h(z)+ 8§ h(2)+ . h(z)=c"+A"s", (55)

where ¢, A" are constants depending on h but independent from P; moreover,

At =h(2) - (?‘%(mf‘gh(z)) <h(2)—h (f‘ég{‘%) —h(2)—h()=0, (56)

Z—2z Z—2z zZ—z Z—z
where the inequality follows from the convexity of h.
Recall that G NG N G2 # G N G2, then there exists P° € <Q N g2> \ G'. Therefore, consider any
Pegng,
M AN = Fpo [B1(2)] > 6 > Ep [B(3)] =& + A F,
where the two equalities follow from (55), the two inequalities are due to P’ & G! and P e G'. Hence,

we have §°° < §° since (56) results in A" < 0. It then implies

s [h2(2)] = + AM5F < & 4 AV =y [17(2)] < 87,
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where the last inequality holds since P° € G2. Therefore, Pe G2, and we have GNG'NGZ=GNG.
Similar to the case of GNG'NG2 =GN G?, we now can reduce the problem supp. e Ep [f(2)] to
one with J =.J — 1, and hence “1” is true by induction.

e Scenario II: All h7, j € [J], have distinct breakpoints in (z,Z). In this case, denote the
breakpoint of ki by 27, j € [J]. WLOG, assume z = 2° < 2! < --- < z/ < z/+1 = 7. Consider any
P € FY. Denote by p; = P(Z = 27) the marginal probability mass at z =27, =0,..., J+1. Recalling
that we just focus on the distribution with support at the breakpoints, then the constraint P € F¢
is equivalent to the following system,

J+1
> pi=1, (57a)
=0

J+1
> = (570)
=0

J+1

Z hi(27)p,; <6, ielJ], (57¢)

p; >0, jef0,...,J+1} (57d)

By (57a) and (57b) we have

Po = ‘ y Pjp1 = ‘ — ) (58)

which implies that pg,p;,, can be determined by p = (p1,...,p;). In what follows, we simplify the
constraints (57a)-(57d).

We first investigate the constraint (57c) for any given i € [J]. Since h' is convex and has break-
hi(z") — (2t — 2) if 2z € [z, 2]

B2+ &(z—27) if z € [o,7] TOF Some Y <& It follows

points {z,z",Z}, we can denote h'(z) = {

that
J+1 o
th(zj)pj
=0
i J
= W) —u(z = 2po =y (2 =)+ &Y (2 =2+ &(E -2 )pin
Jj=1 j=i
gt d -
=h'(z") - Z:z (2" —2) <z—u— (z—zj)pJ) + (E—g)Z(zl —27)p;
- Jj=1 j=1
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§(Z—2)(p—2) %(E- )(Z —z)

zZ—Zz z—

=h'(z") +

—~

Z—2)(2' =) - (2—-2) (' —2)) p; — Z (z—27) (2" — 2)p;

+ S —z)pj+§ij(<z7—zl><z—z> (72" —2))p
_hi(e) + & (;:;Zi) (Zu —z) %z —Eu:zl —z)
1 —;i(zi—f)(zj—é)PjJr(E—Zi)(zi—E)Pﬂrj:z:;l(?—zj)(zi—é)m
_zﬁz lzi(z—zl)( —2)pj+ (-2 (2 — 2)ps ;l(z Z)(z" = z)p
i+ SEZem2) il ><j‘—z>_s;:?zf:(z_zmax{i,j}) (sminti) _ 5)

Hence the i-th constraint of (57¢) is equivalent to

J
Z _ ymax{i, j} ( min{i,j} _é) pj = d;,

j=1

where d; =

(hl( i) &E Zz)(” 2 _ % z“)(z 2) —5i>. Denote \; =% — 2/, m; = 27 — z for all

{ ’Y'L

j€[J], and let

)\17'('1 /\271'1 )\37['1 cee )\jﬂ_l
)\271'1 )\27’(’2 )\371'2 s )\jﬂ'g
A= ()\max{i,j}wmin{i,j})i,je[j] = )\37T1 A37T2 >\37T3 o )\jﬂ'3
AjTy AjTg AjTg =+ A5

Then (57c) is equivalent to Ap > d, where both A and d are constants determined by F¢.

For (57d), by (58) we have that p, > 0 is equivalent to ijl(i— 2)p; <Z—p, and pj, ., >0 is
equivalent to Zle(zj —2)pj < o — 2. Recalling the definition of A, the constraints py > 0,p;,, >0
can be further reformulated as

a’irp < bla a;p < bu>

respectively, where b, = (Z — )7y, b, = (u—2) ;.
Therefore, po,...,p;,, satisfy (57a)-(57d) if and only if (po,p,pj,,) € P where

_F-u __ _alp _ p—z “p

P= {(po,p,pj+1) e I+

Ap>d, a1p<bl,ap<bu,p>0 }

Do = Z—z Z—2z)m1 pj-‘,—l T z—2z (z- Z))\J
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where the equalities on py and pj,, are from the equalities in (58). Note that P # () as we assume
FG £0. Denote by (C;),i € [J] the i-th constraint of Ap > d, i.e., a] p>d;. We say a constraint
(C;) is redundant if the strict inequality a; p > d; holds for any p € P= {pe R;{ | Ap >d}.

Consider the case that there exists i € [J] such that (C;) is redundant. WLOG, we let the
redundant constraint be (C;). In this case, we define P° = {p € RL | a/p>d;, i € [J —1]} and will
show that P = Pe. Obviously, P C P° since all constraints in defining P° are also used in defining
P. We now show P° C P by contradiction. Assume that there exists p° € P° \75, we have a}p" <dj.
Choosing any p € P, as (C;) is redundant, a;p>d;. Therefore, we can find A € (0,1) such that
p* = Ap+ (1 — \)p° such that a}p* = d;. Moreover, by p° € P° and p € P, we have p* > 0 and
a]p* > d,, i € [J —1]. Therefore, we conclude p* € P, which is a contradiction since we assume
(C;) is redundant. Hence, P° C 75, and it implies P° = P. Consequently, removing the constraint
a}p > d; from the constraints in (59) does not change the set P. Investigating its reformulation
back to the form as constraints (57a)-(57d), we can see that now the problem of supp, o Ep [f(2)]
is equivalent to suppcg Ep [f(Z)] where G’ is the ambiguity set obtained from F¢ by removing the
constraint on h”. Therefore, we have a problem with J = J —1, in which case we already have “1”
being true by induction.

Now it suffices to consider the case that there is no redundant constraint among (C,),...,(Cj).

We will prove that there exists a unique (p3,p*,p}+ 1) € P with Ap* =d. Recall that the system
Ap=dis

( AMTP1+ APy + Agmips + -+ -+ Ajmipy =d; (B1)
AoT1P1 + AoTops + AgTops + - -+ + A jmapj = d (B2)
AsT1P1 + AgTops + A3msps + -+ - + A jmsp; = ds (Bs)
\)\j7T1p1+)\j71'2p2+)\j7['3p3+"'+)\j7ijj:dj Bj)
Combining (B;) and (By) we have mp; = %. Combining (Bz) and (Bj) we obtain mps =
% — mp;. Continuing the same procedure, we have
. 1 dlﬂ'g — dzﬂ'l
= 1 A1 Ty — Aoy
* 1 d27T3 — dgﬂ'g *
= | -— -7
p2 T )\27'('3 — /\37T2 1p1
% ]. d37T4 — d47T3 % "
= | ————mp;—7
Ps T3 \ AaTrs — AuTrs 1Py 2D
* 1 djflﬂ-j_djﬂ-jfl * *
Pj1= T (>\j—177j — M\, P T 2Py

*

1
pj:/\_j

—1
Ajady—Ajd;
AjaTj = AT
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is the unique solution to Ap =d. pj and 2 L can be uniquely determined by the equalities in (59).
Moreover, since P # (), we must have dy < by, dj <b,, which implies a; p* = dy <b, a;p* =d; <b,.
To see (pg,p*,p}H) € P, it remains to prove for any j € [j], p; > 0. We show that this must be the
case, otherwise the constraint (C;) is redundant. Recall that by the definition of \; and 7, j € [J],
we have Ay >--->A;>0and 0<m <--- < 7j.

We first show that pi >0, i.e., dymy —dym; > 0. Assume to the contrary that d;m < dymy, then

a/p—d, =A\mipr +m(Aopa+ -+ Ajpj) — dy
T
> \mpr + Tr—l(dz — Aomip1) — dy

2

= Edz + <)\1 - ﬂ)\2> mip1 —dy
o o

>, —d >0
Up’

for all p € P. Here the first inequality follows from aj p > d,; the second inequality holds because
A1 > Ao, < o, and the last inequality follows from the assumption d;my < dym;. Hence (Cy) is
redundant.

Next, for p%, we show A;_;m; — Ajm;_y >0 by contradiction. Assume A;_;7; <A;m;_;, then

similar as above we have

a;p—dj=Aj(mp1+---+m; pj_ )+ Amp;—d;

s

- )‘j—l
A A

= Vild'm + (W.f - ﬁﬂ.ﬂ) Ajpj—dj;

Y
> ~d;, —d;>0
J—1

(dj_y = Ajmj_4pj) +Ajmip;—d;

for all p € P. Here the first inequality follows from a}_ P = dj_y; the second inequality holds
because \; < \;j_;,m; > m;_,, and the last inequality follows from the assumption \;_7; < A;m;_;.
Hence (Cj) is redundant.

Finally, for all j € {2,.. — 1}, we show that m;ps = % Zk L TkDy > 0. Suppose
. dymiq—d; d djm;
not, i.e., % Zk | KD = % Consider any p € P. We then have

aT

;P TP+ 7)) + (A i+ Apg) — d;

As(

7'(-.

Aj(mpr+ - +mp;) + W—jl(dﬁl = Ajsr(mpr 4+ mp;) — d;
i+

1

— (djprmy —djmjpr — (Njpamy — Amia) (mpy + -+ +75p;))
i+
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where the inequality follows from ajT+1p > dj41. Further, we also have

ajp—d;=N(mp+ -+ m1p-1) (A 4+ Apg) — d;

: (dj—1 = XNjoa(mpr+ - +m1pj1) — d;

j—1

T
> )\j(mpl +-- +7Tj—1pj—1) + -

1
= (djamj = dymjma = (A = Amy-a)(Mapr 4+ Toapioa))
-1

where the inequality follows from a] ,p > d;_;. Define two R — R functions ¢'(t) = ﬁ (djam; —
dimipr = (A = Nima)t), 67 (8) = S (djmamy — dymja = (\joamy = Ajmja)t), then afp —d; >
max {¢'(mp1 + -+ +m;p;), ¢ (mp1 + -+ - + m_1p;_1) }. By defintion, Ajy17; — A;7mj41 <0, hence ¢’
is increasing, which implies ¢'(mip1 +--- +m;p;) > ¢’ (mip1 + - +7j_1pj—1). Thus

ajTP —d; > max{¢'(mpr + -+ m1pj_1), ¢ (Mpr + - +T_apj_1) )

Notice that ¢'(t) =0 if and only if t = % Together with that ¢'(t) is increasing, we have
770 J J

that ¢'(t) >0 if t > % Similarly, since \;_ym; — A\;jm;_1 >0, ¢” is decreasing, and we
d;

. mj—d;m —d T mi—d;m;
obtain ¢"(t) > 0if t < % By assumption we have 94X+ =441 o Go1mi=GTio1 yharefore
1T AT AJT 41— Aj 4175 Aj—17j— )\ i

djmjt1—djp1mj dj1mj—dimyiq /
we can find some 7 € ( S v Aj—l‘“’j—)‘jﬂ'j—1> such that ¢'(7) = ¢"(7) > 0. Now, for allte R,

djmji1 —djm;
max{¢'(t),¢" (t)} > ¢'(t) > ¢/ | L J*”):o ift>7,
x{¢'(t), 0" (1)} 2 ¢'(t) > ¢ (Ajwm—/\mwj > 7
di_1m; —d;mi_q .
/ /" > A / J J 77 — ft<
{6/ (0,60} > () > o' (P20 ) <0 ife<,

which implies
aij —d; >max{¢'(mpy + - +m_1pj—1), " (mps 4+ -+ mapj—1) } > 0.

Hence (C;) is redundant. We then conclude p* > 0.

In summary, we have a unique (pg, p* ) € P with Ap* =d.

P 3+1
Related to (pg, p*,p5 +1), we next prove the following observation.

Observation: Considering any (po,p,pj,,) € P with (po,p,pj, ) # (pg,p*,p}+1), there exists ¢ €
{0,1,...,J =1}, i+1<k<.J, such that

1) pj=pi Vi€ {0,...i—1}ifi>1;

2) pi <pj;

3) pj=0Vje{i+l,....k—1}ifk>i+2;
4) p > 0;

5) alp>dy
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Specifically, parts 1) and 2) mean that i is the index of the first distinct component when com-
paring (po,p,pj,,) and (pg,p*,p}H); parts 3) and 4) mean that k is the index of the first nonzero
component in (po,p,p;,,) after p;.

To prove parts 1) and 2), we consider any i € {0,...,.J — 1}, and have

2P ali,p
Z—z (E—z)mﬂ
Z—p 1
= E—g_E—g J;l)\gpy —(/\i+171'1p1+"'+>\i+177ipi)
J
Z— W 1 1
= — Aipj + —— (N co e A TP — AT — e = NP
T2 z-2 Z ]p]+7ri+l( +1T1P1+ o+ AT 1Ti+1P1 Tis1Di)

where we define a1 ; = A\jmi41 — Ay > 0 for all j <+ since in this case A\; > Ay and m; < 4.

Hence, .
alyyp=(Z— )i — (Z—2)Ti1po — Y i1 ;- (60)

Jj=1

Consider ¢ =0, by (60) we have

R a; p
Po = -
z

Wl |l

where the first inequality is due to Ap > d, the second equality follows from Ap* = d and the last
equality holds since Equation (60) also applies to (pg, p*,p’ +1). Hence, if py # pf, we must have
Po < py- Now, consider the case where py = p§, we then denote 7 > 1 as the index of the first distinct
component, i.e., p; =pj for all j € {0,...,i—1}, and p; # p;. Note that i < J —1, otherwise the only
distinct components are the last two dimension, i.e., the marginal masses at 27 and 2/ +1 which is
impossible since (po, p,pj,,) and (pg,p*,p}H) correspond to the same mean. As i <.J —1, by (60),
al,p = (Z— )i — (F— 2)Timaps — S5y Civr 305 + Qi (D — pi)
a;zrlp* + a1, (pF — i)

= dip1 + ip,i(P] — i)
< al p+aii(pf —pi),

which implies p; < p; since p; # p;. Therefore, parts 1) and 2) in Observation are proved.
Parts 3) and 4) in Observation are straightfoward. Specifically,

J+1
Zp]—l—ZpJ—l Zp, —pi) =} —pi>0.
Jj=i+1
Hence, there must be a nonzero component in p;i1,...,p;, ;. We then just let & be the index of

the first nonzero component, parts 3) and 4) in Observation are proved.
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Part 5) can be proved by the adoption of (60), which leads to

k—1 k—1
aip=(z—pm —(Z - 2)mpo — Z g, jpj > (Z—p)m — (2 — 2)mpp — Z a,;p; = di.
Jj=1 j=1

Here the inequality is due to parts 1) and 2), and 0=p; <pj for all je{i+1,...,k—1}.

Now, base on Observation, we prove “1” is true by proposing a process to construct new distri-
bution. Given any P € F¢, let the associated marginals on Z at 2°,..., 271 be (Po,P;Pj, ). Consider
the case where (po,p,pj,,) # (5, P, D +1). We now construct a new probability distribution P’
with support only at the breakpoints and defined as

P(z=2) if 2 {2k, 20 2R}
o (1-0)P(z2==2) if z=2"
P(z=2)= P(z=2)+ Z,fi?;,f:@l?’(i =z+(F—2FNe,) if z=2F"1 (61)
P(z=2)+ Zﬁf_f‘z;; 0P (z2=2z— ("1 —2F)e,) if z=2"!
for some 6 € (0,1). Intuitively, for all z,...,2, 1, we move 6 portion of the probability mass at
(215 y2n-1,2") t0 (21, .-y 201,287 1) and (z1,...,2,_1,2"1), keeping the mean unchanged. Hence
P’ has the same marginal for (Z,...,2,_1) as P. Denote the marginal of P’ on Z by pg,p’,pfﬁrl such
that P'(z = 27) = p) for all j=0,...,J+1. By (61),
P = pj Vjig{k—1,kk+1},
Py = P — Opr,
k+1
Pi—1 = Di— 1+W9pk7
k k—1

z —Z

Pry1 = Phr1+ Zirr o=t 0Dk

There are three properties of IP’.
(P1) Ep [f(2)] > Ep[f(2)]. This is because Ep [f(2)] —Ep[f(2)] equals

~ . zk+1 _Zk 1
Z Q]P’(z:(zl,...,zn,l,z )) <Wf(z1,...,zn1,z )
zle{ EE IV }ze[n 1]

ZF =21 k41 k
+ Wf(zl,...,zn_l,z + )—f(zl,...,zn_l,z )),
which is nonnegative since f is convex.
(P2) a/p' =a/p for all j #k and a; p’ <a, p. To see this, for any j € [J], we observe

ShHL ok ok k=1

Eer [h(2)] —Ez [B(2)] = Opx (Whj(zk_l) e L G R € )) >0, (62)
where the inequality is due to the convexity of h. Moreover, the “>” takes “=" if j # k since h’ is
linear on [2¥71, 2F*1] for such j; by contrast, “>” becomes “>” for j =k since h* has a breakpoint
at z*. Therefore, by the definition of A, this property is proved.

(P3) a/ p’ is continuously decreasing in 6, which is implied by (62) and the definition of A.
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Based on the Observation and (P1)-(P3), given any P € F¢ whose marginal on Z is different
from (p}, p*, p5 +1)’ we can use the procedure as in (61) to construct a new probability distribution
P’. In this construction, we either choose § =1 or the maximal value less than 1 such that a/p’
drops to the value of d;, (note that when § =0, a/ p’ = a] p > d;., where the inequality is due to the
part 5) in Observation). Hence, P’ € F¢. Moreover, by (P1), with P, the expectation of f(Z2) is
no less. Therefore, for any P € F¢, by this procedure we construct a new probability distribution
P’ € F¢ such that the objective is improved and the marginal masses after z* is moved towards z?,
the smallest breakpoint where the marginal mass of P differs from (pf, p*, 2 +1). Repeating such
process, the margin converges to (p}, p*, 2 +1). We hence conclude that there must be a worst-case

distribution whose n-th marginal is (pg, p*,p%_ ,)- O
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