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Appendix A: No-Interaction and No-Overriding Benchmarks

We prove Theorems 1-2 by first deriving a recursive expression (in terms of b, ;) for belief b,
using Bayes’ rule (see, e.g., Winkler 1972). Then, we focus on the log-likelihood ratio process L,
defined by L; = log(b,/(1 — b;)). Observe that when L, — oo (and/or L, — —o0) almost surely,
then it immediately follows that b, — 1 (and resp., b, — 0) due to the continuous mapping theorem
(Resnick 2014, p. 261) L, is a continuous monotone transformation of b,.
Proof of Theorem 1. 1In the no-interaction benchmark, the DM acts only if S}' = +, so it follows
that
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b, = [1 +—C ] (1)
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Here, 1y, is the indicator variable. Using the definition of L,, we obtain L, = L, ; + R;, where

af a®
Ry é1{S,t‘:+,sy:+,et:A} log (avv> + Lishoy o= 0,-} 108 <@w>
(3)
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+ Loy sM—y 0,=nA} log (5‘” +Lishoy sM—— o,=na} log )
Therefore, L, is a random walk with i.i.d. random jumps R;. When the machine’s type is ' € {B, W},

the mean of the random jump is

oB of T 7B 3B
E'[R;] = pa" [ar log (aVV> +a' log (w/v)] +pB" [ﬂr log (BW> + " log (6‘”)} . (4)

The mean E'[R,] is positive (negative) when I' = B (and resp., I' = W). This is because, the
terms inside the square brackets are the Kullback-Leibler (KL) divergence (Csiszar 1975) when
I'=B, ie., Dk (P?(-|© =A)||PY(-|© = A)) inside the first square brackets and Dy (P?(-|© =
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NA)||PY(-|© = NA)) inside the first square brackets. Similarly, — Dy (P¥(-|© =A)||P?(-|© =A))
is inside the first square brackets and —Dy(PY(-|© = NA) || P?(-|© = NA)) is inside the second
square brackets when I' =W. Gibbs’ inequality (see Section 2.6 in MacKay 2003) implies that KL
divergence is always positive when the distributions are not the same, which implies the result.
Q.E.D.

Proof of Theorem 2. In the no-overriding benchmark, the DM acts only if S} =+, so it follows
that

b= by (a) CH o (§) s o .

b1 (as) 1{51':\/|:+v@t:A} (BB) 1{stM:+,et:NA} + Bt—l (aW) 1{Siv':+7®t:A} (BW) 1{5,’5\A:+,®t:NA} .

Using the definition of L;, we obtain L; = L;_; + R;, where

B

@ Ik
R = 1{sy:+,®t:A} log <aW> + 1{sy:+,®t:NA} log <BW> . (6)

Therefore, L; is a random walk with i.i.d. random jumps R;.

When the machine’s type is I' € {B,W}, then the mean of the random jump is

aB : 38
EF[Rt] :paF IOg <O[W> —l—pﬁr log (ﬂw> . (7)

If p<p', it follows that the mean E'[R,] and, hence, the drift of the random walk L, is negative so
L; — —o0 (see Gut 2009, Theorem 9.1). The reverse condition (with strict inequality) implies the
divergence to co. If the mean E'[R;] equals 0 (p=p"), then L, is a martingale; hence, b, oscillates
(see Theorem 8.3.4 in Chung 2001).

Finally, p® and p" are such that p® < p" because a®/3% > a" /Y, which is implied by Substitu-
tion (4)-(5). Q.E.D.

Appendix B: Main Set-up

Proof of Lemma 1. This lemma follows from the fact that posterior probabilities are continuous
and monotone in b;_; and the boundary values 1 and 0 are on different sides of  due to Substitution
(4)-(5). In particular, the posterior probabilities are
OZH(btfldB + Btfldw)p

M (br—16P + b1 6M)p + BY(br—1 8% + b1 fY)p
a(by_10® 4+ bi_1a)p

oM (by—108 +by_10")p+ (b1 % + b1 f")p

P(@t:A‘Sr :+,S2/I — _abt—l) —

]P)(@t — A ‘ S:‘ — —,Si’;/l — +,bt_1) —
By solving the following equations for b;_1,

P(@t:A|Sr:+,S;\A:—7bt_l):T and ]P(@t:A|S;|:—,S:A:+,bt_1):T (8)



de Véricourt and Gurkan: better or worse

3
we obtain the thresholds
(35 - ()"
T H T H
b= and b = — i . (9)
(:g%H) [OéB _ OZW} + BB _ /BW (:I;EH> [OZB _ aW] + /BB _ BW
Thus, the result follows. Q.E.D.

Before proving Theorems 3 and 4, we first provide two constructive lemmas and their proofs

LEMMA 3. In the main set-up, the log-likelihood ratio process L, is as follows

Case 1: If b* > b~ , then we have Ly =L, 1+ R™(L;_,), where

B .
Ligmyy [1{@ —ay log ( ) + 1ie,=nay log (ﬁw)} if Lyy > Ly,

R:M(Lt—l) £ 1{51-/ +, S’V’ 1 |:1{Ot =A} log ( B) + 1{Ot NA} log ( )] Zf Ly>L,_1>1L,
1{SH:+} [Ul + UZ] Zf L,@ Z Lt,1

with Ly, —log( ) L, % log (%—:) and

ab of
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B

£1 1 log ( +1 1 i
V2 = How=nay | L{sk=—} 108 Bw {sM=+} 108 ) )"

Case 2: If b+ <b~, then we have Ly =L; 1+ R™(L,_,) where

‘El

5 _
1{51\/1 .Y [1{@% =A} log< ) + 1{@t NAY log (gfw)} ’Lf Lt—l > Lh

Lio,=ayv1 + lio,=nay 2 if Ly > Ly > Ly (10)
Lisnoiy [U1 + V] if Lg> Ly

with L, £ log (g—:) , L, 2log (2—1) and

ab a®
Vl_l{SM—+}10g< >+1{SM_ }]‘{SH +}10g< ) 5
QB
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Proof of Lemma 8. As in the proof of Theorem 2, we derive a recursive expression for b, in

RM(Ly—1) &

terms of b;_; using Bayes’ rule but this time using the decision-making procedure characterized in
Lemma 1.

Case 1. When b* > b~, we have the following three regimes
o b >bt:

PO, =A|S!=—,8=+,b,1)>7
]P)( A|SH -+, SM 7bt—1) <r

In this case, S}' = + is sufficient and necessary to act, which implies the machine overrides the

human’s signal S}' = —. Further, S}' = + is also overruled by S" = —
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e b >b_1>b:

PO, =A|S;=—, 8 =+4,b_1) <r (13)
PO, =A|S;=+,5"=—b_1)<r (14)
In this case, S}' = S!' =+ is the only condition for acting.
e b >b_q:
PO, =A|S!=—,8=+,b,_1)<r (15)
PO, =A|S;=+,5=—b,_1) > (16)

In this case, S} = + is sufficient and necessary to act. The signal of the human overrides the
machine’s signal in both conflicting cases.

Finally, the belief update when b* > b~ is as follows.

” -1
M W lrg, — M_
1+Z§ : (“—B) foh s (%VBV) {Or=AS; ‘”] if b,y > bt
—1
_ M H_ 3 M_ H_
be= 1+Z§ 1 (‘;—B) et (’;—B) e ”] it > b >0 (7)
b B e
et 1@ it b > b,

where ( is defined in (2).
Case 2. When b < b~ we have the following three regimes
L bt—l >b":
PO, =A|S!=—,8=+,b,_1)>7 (18)
PO, =A|S!=+,8=—b,_1)<r (19)
In this case, S}' = + is sufficient and necessary to act, which implies the machine overrides the
human’s signal S' = —. Further, S}' = + is also overruled by S} = —
e b >b_1>b":
PO, =A|S]=—,8'=+,b,1)>7 (20)
PO, =A|S!=+,8=—b,1)>7r (21)
In this case, S} =+ or S;' =+ is sufficient for acting.
° b+ > btfli
PO, =A|S}=—,8=+,b_1)<r (22)
PO, =A|S!=+,5"=—b_1)>r (23)

In this case, S;' =+ is sufficient and necessary to act. The signal of the human overrides the

machine’s signal in both conflicting cases.
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Finally the belief update if b~ < b is as follows.

—1
- w 1 _ M_ w1 _ M_ .
L+bt—1 (25) @7 (G5) T b >0

b1 A
b, — 5 -1 24
= 1 if b= > by > bt (24)
- -1
[1+3=¢] if bt > b,

where ( is defined in (2) and

lrg,— _ lrg,—
N aW 1{32":+} W 1{Sy:773?:+} {©¢=A} BW l{sy:+} ﬁw 1{sy:7,sy:+} {©¢=NA}
T\ a8 kg 3

The log-likelihood ratio process L; is then obtained by L; = log (bt / Bt) in both cases. Q.E.D.

LEMMA 4. Consider the following sequences of random variables

o i.i.d Yy, with E[Y1,] >0 and |Y1,:| <Y1, where co>Y;, >0 fort=1,...,

o i.i.d. Yy, with P(Ya, >0)>0 and |Ya,| <Ya) where co>Ys,, >0 fort=1,...,

o and, i.i.d. Y3, with E[Y5,] >0 and |Y3.| <Yz, where co>Y;, >0 fort=1,....
Let Z, be a discrete stochastic process governed by Y;, and let two thresholds Z, and Z,; be such
that Z;, > Z, as follows.

Zi1 =2+ Y1 liz> 2,y + Yo liz,e20,2,)) T Yaulizi<z,) - (25)

Then, Z; == co.

Proof of Lemma 4. Note that the divergence immediately follows when the mean of Z;,,; — Z;
is positive for any Z; because in that case in all three regions process Z; is driven by random walks
drifting to co. Thus, we focus on the regime where the mean of Z;,; — Z; is nonpositive in (Z,, Z,)
and 0 for Z; < Z,. To prove this result, we show that there exists a finite (but random) period 7
such that process Z; remains above Z; > Z, for all ¢t > 7. This is sufficient for divergence to co
because process Z; is governed by a random walk drifting to co above Z;,. We prove this in two
steps, but first, we define the following stopping times recursively by assuming, without loss of

generality, that Zy > Z,.

T, =inf{t: Z, < Z,}, (26)
Ty =inf{t>T\:Z,> Ly}, (27)
Ti=inf{t>T,_:Z, < Zy} Vi>1, (28)
T,=inf{t>T,: Z,> Z,} Vi>1. (29)

Here, if one of the sets above is empty, i.e., no such ¢ exists, we assign T; = co (and respectively

T, = oo) for the corresponding set.
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Step 1. In the first step, we prove that P(T; < co|T; < oo) =1 for all i. In particular, if process
Z; goes below Z; once, then with probability one, it will cross up Zj, in finite steps. This result
also implies that the sequence of infinite stopping times (if it exists) is started by T, = oo (but not
Tj = o00) for some j. To prove this result, first fix ¢ and assume that 7T; is finite; then we define a

new sequence of stopping times for process Z;.

Vi=inf{t>T,: Z, < Z,} 30

Vi=inf{t>Vi: 2, > Z,} 31

Vi=inf{t >V,_1: Z, < Z,} Vi>1, 32

(30)
(31)
(32)
Vi=inf{t>V;: Z, > Z,} Vi> 1. (33)

First, note that V; and V; for i > 1 are proper random variables, i.e., they take finite values with

probability one. This is because

P(V; <00 |Viiy <o0)=1 (34)
P(V; <oo|V; <o0)=1. (35)

The first equality holds because as discussed at the beginning of this proof, we focus on the case
where the mean of Z, 1 — Z, in (Z,,Z) is either negative or 0. If negative, Z; is governed by a
random walk drifting to —oo in (Z,, Z),); thus it crosses Z, with probability one in finite steps (see,
Theorem 9.1 in Gut 2009, p. 70). If 0, Z; in (Z,, Z;,) is a martingale and oscillates (see, Theorem 8.3
in Gut 2009, p. 68). The second equality holds because Z; is governed again by an oscillating
random walk when Z, < Z, thus it crosses Z, in finite steps. Furthermore, T; < oo; thus, V] is also
finite. Therefore, it follows that V; < oo and V; < oo for i > 1.

To prove that T} is finite, we will show that there exists a finite j such that T, < V;. To do so,
define events A, = {T} > V,}. Then, the Borel-Cantelli lemma (Resnick 2014, p. 102) implies the

following,

Y P(A;) < co=P(limsup A;) =0 (36)
2.

=T 1—00
First, consider P(4,) = P(T, > V1), this probability is bounded, i.e., P(A;) < § < 1 because Z;, — Z; is
bounded and Z; has positive size jumps with positive probability in (Z,, Z;,). Proceeding similarly,

we obtain the following

R
R

P(T; > Vi) =P(T; > Vi )P(T; > Vi | T; > Vi) < 6 (37)

Therefore, it follows that P(limsup 4;) = 0, which implies that there exists a finite j such that
1—00

T; < V;. As discussed, V; is finite; thus, it follows that P(T; < oo |T}; < 00) = 1.
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Step 2. In this step, we show that there exists a finite j such that 7, = co and T, < oo for all
k < j. Define the following events E;, = {T; < oo} for ¢t > 1. Then, the Borel-Cantelli lemma implies

the following

3 P(E;) < co = P(limsup E;) =0. (38)
2

=1 t—o0

In particular, if the summation condition is satisfied, then events F; cannot occur infinitely many
times, i.e., there exists a finite j such that 7; = co. To show that the summation condition is indeed
satisfied, we construct a finite upper bound for it. Above Z;, process Z; is driven by a random
walk drifting to co. Thus, stopping time 7 is defective, i.e., P(T; < 00) < ¢ < 1 for some ¢ (see
Theorem 9.1 in Gut 2009, p.70). Moreover, we bound P(73 < oo) as follows:

P(Ty < 00) = P(Ty < 00| T} < 00)P(T} < o0 | Ty < 00)P(T) < o0) < 2. (39)

In Step 1 of this proof, we show that P(T; < oo | T} < o0) = 1. Moreover, we have P(T, < oo | T, <
00) < ¢ < 1 because T, < oo implies that process Z; crosses Z, up in finite steps, and after crossing
Zy, process Z,; is again driven by the same random walk drifting to co. Proceeding similarly, it
follows that P(E,) < ¢'. Hence, there exists a finite (but random) j such that 7; = oo, and Step 1
implies that T, < co for k < j because T, < co. Therefore, after sufficiently large ¢, process Z;
always remains above Z; and diverges to oo. Q.E.D.

Proof of Theorem 3. 1In this proof, we focus on the log-likelihood ratio process L; because as
also discussed in the proof of Theorem 2, the continuous mapping theorem implies that the limit of
L; characterizes the limit of b;. Our proof is based on analyzing the mean of L;; — L; when L, takes
different values in comparison to L; and L, for Case 1 and Case 2 characterized in Lemma 3. In
both cases, process L; is governed by different random walks with random jumps whose means and
size change depending on the previous state! L,_;. Trivial cases arise when the mean of L, — L,
always remains positive regardless of L;. In particular, L; diverges to co when the mean of L;,; — L,
is always positive despite changing values of L; due to the strong law of large numbers (Resnick
2014) because three random walks (for L; > L, L; € (Ly,Ly) and L; < L, under Case 1) that
establish the trajectory of process L, all diverge to co (see Theorem 8.3 in Gut 2009, p. 68). As a
result, b, converges to 0 as L; diverges to co. We consider the different values of p in the statement

of the theorem separately.

! The log-likelihood ratio process L; is similar to the oscillating random walk defined in Kemperman (1974) such that
the partition of R consists of (—oo, L¢], (Le¢, Lr) and [Lp,00).
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Step 1. Let p < p®. To prove that L; and hence b, oscillate, we need to show that there exists a
number that process L, crosses infinitely often (see, for instance, Vatutin and Wachtel 2009 for a
mathematical definition of oscillation). This property (oscillation) holds for a random walk with
a noise term whose mean is 0 (see Theorem 8.2 in Gut 2009, p. 68). However, process L; does
not satisfy this property because the mean of L;,; — L; is always positive when L; < L, in Case 1
(L; < Ly in Case 2) as discussed. Nevertheless, we can show that process L, oscillates because the
mean of L;,q — L, is either negative or zero when p <p® for L; > L;, in Case 1 (L; > L, in Case 2).
Therefore, process L; returns to interval (L,, L;,) in finite steps after lying outside it. Oscillation is
regardless of the sign of the mean of Ly, — L; in (L, Lj,) because process L, goes out of (Ly, Ly,)
in finite steps. Specifically, in finite steps, process L; i) crosses L;, up if the mean of L;,; — L; in
(L, Ly,) is positive, ii) crosses L, down if it is negative, and iii) goes out of (L, Ly) if it is zero.

To illustrate this process, we focus on Case 1 and the setting where the mean of L;,; — L; in

(L¢, Ly,) is negative. Define the following stopping times

J=inf{t >1:L, <L,} (40)
J=inf{t>1:L,> L} (41)

If J and J are proper random variables (i.e., P(J < 00) =P(J < o0) = 1), then process L, oscillates.
Assume Ly > L, without loss of generality; then J is a proper (almost surely finite) random variable
because process L; is driven by a random walk drifting to —oo for L; > L,. Thus, in finite steps
it will cross L, down. After .J steps, process L, is driven by a random walk drifting to® oo, thus
it crosses L, up in finite steps, so J — J is a proper random variable. Since J is also proper,
J =J—J+J is also proper. Since L, crosses L, infinitely often, b, crosses 1/(14 exp(L,)) infinitely
often and, hence, oscillates. The same approach can be repeated for the remaining setting where
the mean of L;,, — L; is positive or zero in (L, Ly,).

The oscillation property also implies that the process L; and hence b; is recurrent because the
mean of the random jumps is bounded. With probability 1, process L; will revisit interval (L, Ly,)
for Case 1 in finite steps interval [L,, L] for Case 2 in finite steps. Furthermore, intervals that can
be reached from (L,, L;) with positive probability are also recurrent, which implies Corollary 1.

Step 2. Let p > p®. Then, the mean of L;,; — L; when L; < L, for Case 1 and L; < L, for Case 2
is positive (see Footnote 2). Further, we know from the proof of Theorem 2 that the mean of
L1 — L, when L, > L;, for Case 1 and L, > L;, for p > p® is also positive. In Case 1, the mean of
Liwy— L, for L, € (Ly, Ly,) is

O e e A 2 R 3 R )

2 This claim can be proved by invoking Lemma A.2 in Harrison et al. (2012) to show that EB[RI™(L;_1)] > 0 for
Li—1 <Lyin Case 1, and L;—1 < L, in Case 2.
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Note that the term above is positive for p > p®. Hence, as discussed L, diverges to oo and b,
converges to 1 for Case 1 when p is larger than p®. In Case 2, the mean of L, — L, for L; € [Ly, Ly,]
is not necessarily positive. When it is positive, we immediately obtain the same result. Nevertheless,
we obtain the same divergence despite having negative or zero mean of L,y — L; for L, € [Ly, Ly,
as long as the means of L;.; — L; for L; < L, and L; > L, are positive, which is true as proven in
Lemma 4. Thus, using Lemma 4, we capture all possible values of L; with respect to L, and L, in
Cases 1 and 2 for p > p®, and show that L; diverges to co, which implies b, converges to 1. Hence,
we conclude the proof. Q.E.D.

Proof of Theorem 4. The first part of the result in this theorem when p < p" follows from
Lemma 4 by considering the reflection of the stochastic process. In particular, updating the con-
ditions in the statement of Lemma 4 as E[Y;,] <0, P(Y2; <0) >0 and E[Y3,] <0 would imply
Z, 2% —oo in that lemma. This is because, the mean of L.y — L, is nonpositive when L, € [L,, 00)
in Case 1 (and L, € (Ly,00) in Case 2); and is negative when L, € (—o0, L] in Case 1 (and L, €
(=00, L;) in Case 2).2 Thus, the case for p < p" follows from Lemma 4 with a slight modification.

To prove the second part of this result p > p", we focus on Case 1 (Case 2 can be addressed
by adjusting weak and strict inequalities in the same way) by assuming the mean of L;,; — L, is
negative when L; € (L, L) and define the following stopping times by assuming Ly > L; without

loss of generality.

T, =inf{t: L, < L} (42)
Ty =inf{t>T: L, > L,} (43)
T,=inf{t >T;_y: L, < L} for i > 2 (44)
T,=inf{t >T,: L, > L} for 7> 2 (45)

Here, if a set is empty, then the stopping times takes the value of co. Therefore, if one of the
stopping times T} or T} is not finite for some i, then all the following stopping times for j > i also
are co. We first show that > .~ P(T; < oo) < co and then use the Borel-Cantelli lemma to deduce
that there exists a finite j such that P(T; = oo or T; = c0) = 1. If T} = oo, then L; — co; otherwise,
(T; = o) then L, — —oc. Thus, L, — L, where L € {—00,00}; hence b, converges to a Bernoulli
random variable.

First, consider Ti; it follows that P(7) < o0) < £ <1 (i.e., T} is a defective random variable)
because process L, is driven by a random walk drifting to oo when L, > L; and p > p" . Next,

considering T} and Ts; we obtain that
P(T) < 00) =P(T} < o0 | T} < 00)P(T} < o0) < €2 (46)

8 The second part of this claim can be proved by invoking Lemma A.2 in Harrison et al. (2012) to show that
IEB[R'{'M(LFl)] <0 for Li—1 <Ly in Case 1, and L;—1 < L in Case 2.



10 de Véricourt and Gurkan: better or worse

P(T; < 00) =P(T} < o0 | T} < 00)P(T} < o0) < £° (47)

Here, the first term is strictly less than 1, i.e., P(T} < oo |T} < 00) < £ < 1 because process L, is
driven by random walks drifting to —oo after T;. The inequality in the second line follows because
L, is driven by a random walk drifting to co. Proceeding similarly, it follows that P(T}; < co) < £V
and hence Y~ P(T; < co) is finite.

Note that we assume at the beginning that the mean of L, — L, is negative when L; € (L, L;,). If
it is positive, the same steps can be followed by redefining stopping times using L, as the threshold
instead of L. If it is zero, then stopping times 7T; is defined by considering the time when process
L, enters (Ly, Lj,) and Tl is the time when L; exists (L, Lj,) in any direction. The approach follows
because outside (Ly, Ly,), process L, diverges (either to oo or —oo depending on being above L;, or
below L,) and it oscillates in (Ly, L), which guarantees it remains in (L, Lj,) for finite steps.

More specifically, the main driver of this result is that process L; may diverge to oo when above
L, and to —oo when below L,. The sign of the mean between L, and L; does not affect this

characteristic in the limit. Thus, we conclude the proof. Q.E.D.

Appendix C: Mistrust Bias against the Machine

Proof of Lemma 2. Note that Informativeness (1)-(3) imply that the posterior after + (after
—) is larger than or equal to r (resp. lower than r). Thus, there exist thresholds A\;-, \{" € (0,1) for
I' € {B,W} given by

r—Pr(O,=A|S"=-)
PO, =A|SH=+)-Pr'(O,=A|SM=—)"’
PH(O, =A[S"=+) -
Pr(O,=A|SV=+)-PO,=A|SH=—)"

AR £

(48)

A2 (49)

These equations imply that

AP(O, =A|S"=+)+APP(O, =A|SM"=—)>71r & A>)\;, (50)
MP(O, =A|S"= )+ APE(O,=A|S"=+)<r & A> )\, (51)
AP, =A|S"=+)+ APV (O, =A|S"=—)<r & A<\, (52)
MP(O,=A|S"= )+ APV (O, =A|S"=+)>r & A<\, (53)

because the left-hand sides of the first and third inequalities are increasing and the second and the
fourth ones are decreasing in A.

First, note that A} is increasing in P'(0; = A| S" =+), and A} is decreasing in P'(0, =A|S" =
—). We also know from Substitution (4)-(5) that P2(0, =A|S" =+) >PY¥(©, =A|S" = +), and
PY(O,=A|S"=-)>PE(O,=A|S" = —). We conclude the proof by defining \,,;,, = max(\y, \jy)
and A, = min(Ag, A\g ). Q.E.D.
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Before proving Theorem 5, we first provide a constructive lemma and its proof.

LEMMA 5. For A € (Anins Amaz ), unique thresholds by € (0,1) and b € (0,1) exist such that

AP(©, =A[S"=+)+ (1 - AP(©,=A[S"=— b)) >r < b_, <bj, (54)
)\]P(@t :A|SH: —) + (1 —A)]P)(Gt :A|SM: +,bt,1) 2 r & btfl é b;\k . (55)

Proof of Lemma 5. We obtain the thresholds by solving the following equations.

AP(©, =A|S"=+)+ (1-NP(O,=A| Y =— by ) =r, (56)
AP(©, =A|S" =)+ (1-\P(O,=A|S"=+,b})=r. (57)

The closed-form expressions are

O € et VR L
AT = AT+ (B W B W
58— B+ gy (0P — ) o (a® —a) +-5° 5

where

(1—A)—r+)\IP>(®t:A|St“:+)] and - 7 [(1—A)—r+)\IP>(®t:A|St“:—)

7—8 =
ATl P RO, =A[ST=1) YTl P PO, =A[ST =)

Finally, we can similarly define b = min(by,b}) and b} = max(by,b}) as in Corollary 1. Q.E.D.
Proof of Theorem 5. Note that Lemma 5 shows that there exist thresholds by ,bf € (0,1) for
A € (Mins Amaz) as in the case of Lemma 1. Thus, the exact same steps at which thresholds b=,b" €
(0,1) are replaced by by ,b) € (0,1) in the proofs of Lemma 3, Theorems 3-4 will imply this result
because the results in those theorems do not depend on the exact values of thresholds b~ and b,
as long as they are interior to (0,1). Q.E.D.
Proof of Theorem 6. Note that Lemma 1 also characterizes the DM’s decision rule for the biased
case. Nevertheless, the belief updating (6) is replaced with the one in Section 7.2 with a bias term
1 when the machine’s prediction is not correct. Thus, we need to modify Lemma 3 slightly to
incorporate this change. In particular, the updated log-likelihood ratio process L, is as follows.

Case 1: If b >b~, we have L, = L, _, + R?M(it,l) where

B 38 L=
1{StM:+} [1{@t=A} log (f%w) + 1{e,=nayulog (g*wﬂ if Ly_1>1Ly
D T B 3B . ~
RM(Lea) & gy oy [Tio,on Tog (5% ) + Lomwmmlog (4r)| i Ln> Ly > L
Lig—yy [01+ 0o if Ly> Ly

e

N a® af
U1 = lie,=n} (1{SM——}N10g (o‘zw> + 1{sy:+} log <a"">> )

with Lj, = log (%), L, % log <Z—’;> and
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B

1 b 1 BB
’Ug—l{@t NA} l{SM, ylog 5W +1{SM +ypelog ﬁW .

Case 2: If bt <b~, we have L, = L,_; + R™(L,_,) where

" .

o Lsiesy [Tonn o (27) + Lorplog (57)] it Lo > L

R?M(Lt—l> é 1{®t:A}V1 + 1{®t:NA}V2 if Lh 2 .Z/t_1 Z Lg (58>
Ligoyy [01+ Do if Ly> L,

with L, £ log (gé), L, & log (%) and
of ab
Vlfl{SM +}10g<a >+1{SM }l{SH +}/,L10g< ) 5
2B

_ g B
Z/Qél{SL\A:+}'[L10g (BW +1{SM:7}1{SH_ }10g 5W .

Note that the thresholds in the theorem are determined as the break-even points of the following

equations.
o8 738
pa®log < > +pB°uPlog <W> (59)
oB 38
pa log ( ) + 8" 1V log (5W> (60)

paH< ulog( >—i—alog< )>+p5H<,BBlog(§:v> ,BBquog<§VBv>>:0 (61)

The left-hand sides of these equations correspond to the mean of I:Hl — L, when evaluated at W in
place of the thresholds at corresponding values of L,. In the remainder of the proof, we explain the
sign of the mean of f/tﬂ — L, given the machine’s type and the value of . When the sign of this
mean is known, the results follow from the proofs of previous theorems on which we elaborate.

e when I'=8B,

—p>pB and p > pM implies that the mean of I~/t+1 — L, for Ly > L, for Case 1 (Ly> L, for
Case 2) is negative. Further, the mean of INJtH — L, for L, > L,, for Case 1 (Et > L, for Case 2) is
nonpositive. Thus, the proof of the first part (for p < p") of Theorem 4 applies to this parameter
regime.

— B > > pM implies that the mean of Etﬂ — L, for L, > L, for Case 1 (L, > L, for Case 2)
is positive. Further, the mean of Et+1 — L, for L, > L, for Case 1 (it > L, for Case 2) is negative.
Thus, the proof of the second part (for p > p") of Theorem 4 applies to this parameter regime.

— p" > p > pB implies that the mean of I~/t+1 — L, for L, > L, for Case 1 (L, > L, for Case 2)
is nonnegative. Further, the mean of I~Jt+1 — L, for L, > L, for Case 1 (f}t > Ly, for Case 2) is
nonpositive. Thus, the proof of the first part (for p < p®) of Theorem 3 applies to this parameter

regime.
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—if u® > p and p" > p implies that the mean of f/tﬂ — L, for L, > L, for Case 1 (L, > L, for
Case 2) is nonnegative. Further, the mean of I~/t+1 — L, for L, > L,, for Case 1 (f/t > L, for Case 2)
is positive. Thus, the proof of the second part (for p > p®) of Theorem 3 applies to this parameter
regime.

e when I'=W,

— > p"V implies that the mean of Et+1 — L, for L, > L, for Case 1 (f)t > L, for Case 2) is
nonpositive. Further, the mean of IN/tH — L, for L, > L, for Case 1 (L, > L, for Case 2) is negative
for all > 1. Thus, the proof of the first part (for p < p") of Theorem 4 applies to this parameter
regime.

— "V > ;i implies that the mean of f/t+1 — L, for L, > Ly, for Case 1 (f)t > L, for Case 2) is
positive. Further, the mean of I~/t+1 — L, for L, > L, for Case 1 (L, > L, for Case 2) is negative for
all p > 1. Thus, the proof of the second part (for p > p") of Theorem 4 applies to this parameter
regime.

Finally, we show that u" > 1. Note that the following term is always positive when evaluated at
uH = 1; see Footnote 2.

o v () s () o (1 (5) 50 ()
aV aW Bw Bw

To make this equal to 0, " has to be larger than 1 because it is decreasing in u". Hence, we

conclude the proof. Q.E.D.

Appendix D: Complementarity

Before providing the proof of Theorem 7, we first provide some constructive lemmas and their
proofs. The first lemma is analogous to Lemmas 1 and 2 in terms of characterizing the DM’s

decision rule as a function of her belief.

LEMMA 6. Unique thresholds bg and b{ exist such that

]P)(@t :A‘S::—F,Sy: _7bt—1) 27’ A bt—l Sbg, (62)
P(@t:A|S[I:—,StM:+,bt*1) 27" < btfl Sbé (63)

Proof of Lemma 6. As mentioned in the proof of Lemma 1, the posterior probabilities in the
statement of this lemma are continuous and monotone in b;_; and the boundary values 1 and
0 are on different sides of r due to Complementarity (13)-(14). We next provide the posterior
probabilities.
(b @ + b0 )p

a(by—1a + b0 )p+ 5:H<bt—150 + b1 8)p
a"(b_1a“ +b 10 )p

M (by—1aC + by 10 )p+ B (b1 BC + b1 B<)D

PO, =A|S!=+,5=—b_1)=

PO, =A|S'=—,5=+,b,_1)=
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We solve the following equations for b;_;
P(@f = A ‘ S{l = +,S£v| = _abt—l) =T and ]P)(@f = A ’ S? = —,S;vl = +,bt_1) =1T. (66)

We then obtain
(@) ~C _ gC el (@) c-
on | & -8 B — ogn | &
be = — and bf = v (67)
(257) ac —a]+ 8 - g

The result follows. Q.E.D.

LEMMA 7. Assume that the accuracy parameters (o', ") for T' € {C+, C-} satisfy Complementar-
ity (13)-(14). Then, it follows that

a >a" and B < B° . (68)

Proof of Lemma 7.  We prove this result by obtaining two subsets of [0, 1] x [0, 1] using Comple-
mentarity (13)-(14) that contain accuracy parameters (o', 5¢) and respectively (o, 3%). These
sets are disjoint besides the lowest sensitivity in the first set is higher than the highest sensitivity
in the second set, and vice a versa for specificity.

We first define the following constants.

He
A QTP

e
n=—= 7andﬁéa P

 Brp
Note that Informativeness (1) implies that n > 1 and 77 < 1. Now, using these and (13)-(14), we
obtain that

(69)

“2{(a,B)€1]0,1] x [0,1] : B+na>nand 1> 3+7a} (70)
G< £ {(, ) €[0,1] x [0,1] : B+na<n and 1< B+ ija} (71)

First observe that G& NG = . Next, we define G& 2 {(a,8) €[0,1] x [0,1] : B+na>n and 1>
B+ na}. Tt follows that

min o> min o«
(e,8)€9< (e,8)€GC

because G G and the optimal (v, B) pair minimizing « over G% is at the corner solution where
both inequalities binding; and that point is not in G since inequalities are weak. In particular,

we obtain by solving the system of equations that min a=(n—1)/(n—17).

(e,8)€GC
Next, we consider max - a. Again, the optimal solution is at the corner where both inequalities
(a,8) €G-
are binding, and thus it follows that max a=(n—1)/(n—7n).

(a,8)€GC
Combining these, we get that a® > o . Following the same steps to minimize and maximize (3

over these sets yields 3 < 8. Hence, we conclude the proof. Q.E.D.
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We are now ready to prove Theorem 7.

Proof of Theorem 7. We prove this result in 3 steps. Note that the thresholds b and b defined
in Lemma 6 imply the DM’s decision rule. In the first step, we provide the log-likelihood ratio
process generated by the DM’s decision and signal realizations. In the second, we analyze the mean
of the random jumps that govern the log-likelihood ratio process. In the last step, we combine our
findings to derive the limit result.

Step 1. Assume that* b > b:. Then, we have the following three regimes

® b_1> bé‘:

PO, =A|S'=— 8" =+b_,)<r (72)
PO, =A|S'=+,8"=—b_,)<r (73)

In this case, S} = SI' = + is sufficient and necessary to act, which implies the DM decides as in
type C+.
o bl >b_y >bc:

P(@t:A‘SF:—,SEA:‘i‘,bt_l)ZT (74)
PO, = A|SF =+, 8% = —. b, 1) <7 (75)

In this case, S}' =+ is necessary and sufficient condition for acting.

® bc >b;_q:

P(@t:A|S?:_7Sy:+7bt—l)2r (76)
PO, =A|S]'=+,5"=—,b;1)>7r (77)

In this case, the DM decides to act after S}' =+ or S} =
Finally, the belief update is as follows.

(

c- 1{9 =A,sM=y sH—1} [ 5C- 1{@ =NA,SM—4 sH_1} - .
1t (s et () et
- —1
— M_ 3 _NA SM_ . B
be= 1+’;§ (‘;T) G (ZT) e ”] ifof >by>bc (7
b B P
[1+3= 14 if bg > by,

where ( is defined as

(oS 1{@t=A,S'tV|:+} ac 1{@t:A’SL\A:_’S¥I:+} BC— 1{(—)t:NA,stM:+} BE 1{et:NA,s'tV'=—,s§'=—}
<= at ac B¢ BC (79)

* The case when b < bZ can be analyzed in the same way, and the result still follows as in the case of Theorems 3-4.
Thus, we omit it to avoid repetition.
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Then, the transition of the log-likelihood ratio process follows from its definition using the recursive
expression of b;. As discussed in the proofs of Theorem 3-4, the transition rule of the log-likelihood
ratio process when b;_; is in (bf,1) and (0,bc] determines the limit of L;. Thus, in the following
steps we analyze the mean of the random jumps that govern L; when b;_; lies in (b, 1) and (0,b¢].
Step 2. Assume b, lies in (b, 1). In this case, the log-likelihood ratio L; process is governed by
the random jumps R;™ whose mean is given by
- N B
E'[RM™] = pa'a log( > +pB" " log <BC )
for I' € {C+,C-}. Since a® > a® and B < B (which implies 5 > 3°) as shown in Lemma 7, it
follows that EF[R™] > 0.

Assume now b;_; lies in (0,bc]. In this case, we have

E'[RM™] =pa” |a log Gl +a' log a” +pB" | B" log E + " log il
‘ af BC S

I 11

) o - 3c
+paa log< )—i—pﬂﬂ 10g<5c>

1
Note that the sign of terms I and II are determined by I' because the terms inside the square
brackets are KL-divergence (see proof of Theorem 1 for more). In particular, terms I and I7
are positive when I' = C+ and negative when I' = C-. Differently, term [I[ is always positive
regardless of I' and p because a“ > o and % < B¢ (which implies 3 > 5¢) as shown in
Lemma 7. Therefore, when I' = C+, it follows that E"[R{™] > 0. However, when I' = C-, the value

of p determines the sign of E'[R!™]. Observe that E¢ [R!M] is linear function of p, and it is positive

cr c c
B¢ log (gc ) > log (gc> > "3 log <gc>

Here, the first inequality follows from the fact that KL-divergence is positive, and the second follows

when p =0 since

from 1> ". Hence, we define p¢ as follows.

termy—termg

. (80)
1 otherwise.

on o dO
term, = a* log +a'a" log

term, = ¢ log (BC > + "3 log <6C>

)2 {t”mb if termy, > term,

where

3C 3¢
Thus, it follows that EC [R™] >0 if p < p; and E¢ [RIM] < 0 if p > p©.
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Step 3. We now combine our findings in the previous steps to analyze the limiting behavior of the
log-likelihood ratio process. First, we consider I' = C+. In this case, the sign of the mean E¢"[R!M]
is always positive for b, _; in (b, 1) and (0,bc]. Thus, L; converges to infinity and b; converges to
1. Next, consider I' = C-. In this case, for p < p®, we have the sign of the mean E¢ [RM] is positive
for b, _; in (b¢,1) and nonnegative for b;_; in (0,bc]. Thus, b; again converges to 1 because L; goes
to infinity. If p > p¢, then EC [R™] < 0 for b,_; in (0,bc], while E< [RM™] > 0 for b,_; in (b{,1).

Therefore, b, converges to a Bernoulli random variable.? Q.E.D.

Appendix E: Relaxation of the Verification Bias

In this section of the appendix, we relax the verification bias by changing the belief updating
process in two different ways. Specifically, we first consider a setup where the DM updates her
belief about the machine’s type based on the signal generated by the machine when the correctness
of the machine’s prediction is not revealed. Second, we allow the DM to observe the correctness of
the machine’s prediction regardless of the DM’s decision to act.

First, we consider that the DM updates her belief when she decides not to act. In this case,
the DM accounts for the machine prescription and her own judgment to update her belief. The

modified belief updating rule that replaces equation (6) is given by

by P W(SH =M S =) -t )
_ |:1+bt 1 PB(SY = sM, S} = sM) if PO, =A[S=s" S)'=s"b1)<r
bt— b W( 8M|@ ) -1 (81)
1 t—1 = t= if P — A|SH = gH M_ oM b ) >
[ +bt1 Pe(SY =sM| O, = )} if P(O; | Sf=s", St =sM b)) =7

Thus, we directly focus on the proof when the DM updates her belief
PROPOSITION 1. If the DM updates her belief using (81), then b, — 1(r_py.

Proof of Proposition 1. We prove this result by analyzing the no-interaction and no-overriding
benchmarks in the first two steps. Finally, we combine our findings to conclude the proof for the
main set-up.

No-Interaction Benchmark. The log-likelihood ratio process L; becomes a random walk such

that the mean of the i.i.d. random jumps is given by

r _( ~H=T |, —pHAl paa® 4 pptB° H T | —QHAT po_‘HaB‘{’ﬁﬁHBB
B ] —(pa"a" +p3"0")log ( PEEE PR 1 ot 4 g tog (Lo

oo (o () s (5) ) o[ (e () +070s ()

% See proofs of Theorems 3-4 for more about the relation between the sign of the mean of the random jumps and the
convergence behavior.



18 de Véricourt and Gurkan: better or worse

We next show that E®[R,] > 0 and EW[R,] < 0. The terms inside the square brackets above are
in fact the same as in (4). In the proof of Theorem 1, we prove that the sign of those terms are

aligned with the true type of the machine. Thus, we focus on the following term.

L B ~HA~B +]§5HBB - o p@HOzB +]7BHBB
HT HgTY) pba o 1 (patal HETY) -
(pa"a +pB"B")log DGR+ 5B (pa"a” +pB"B")log e pa o
Assume first I' = B. Then, we show that the above term is negative in the following.
~H-B | —QHQB pa'a® +pptB° 4 B |, —QH7B po_‘HO‘B+ﬁﬁHBB
— + lo — + lo =
(pa"'a® +pB"s°) g(dedW+ﬁﬁH5W (pa"a” +pp"°) log e A
L - —H—W_{_ﬁﬁH/@W - o p@HaW—FﬁﬂHBW
—(pAHAB HgBY pa o Ho® 1+ 53" 3B 1 -
(pa"a” +pB"p°) log DGR T B + (pa'a” + pp" %) log ST T

<log [pa"a" + pp"B" + pa"a™ + pp"B"| =log [pa" + pB"] <log(1) =0

Here, the first inequality follows because log(-) is a concave function. The second inequality follows
because pa" + pB" is less than one. Thus, we obtain that EB[R;] > 0, and following the same steps
imply that EV[R,] < 0.

No-Overriding Benchmark. In this case, the mean of the random jumps that govern the log-
likelihood ratio process is given by
pafal +pB°p"
paar + ppYpH

+ pat log (g;) +pB" log (gj) .

Both of these terms are KL-divergence when I'= B and —KL-divergence when I' =W. Thus it is

E"[R,] =(pa" o + 58" 3" log (

> + (dedH +;55F5H)10g (paB&H +]§BB/8H >

paWa+ ppY "

respectively positive and negative which implies that the log-likelihood ratio process converges to
infinity and respectively minus infinity. Hence, we obtain b, == lr—gy.

Main Set-up. Note that the decision rule characterized in Lemma 1 implies that the DM follows
no-interaction and no-overriding decision rules at low and respectively high b;. As shown in the
previous steps, the log-likelihood ratio process under those decision rules converge to oo for I' =B,
and —oo for I' = W. Therefore, the DM correctly learns the machine’s type. Q.E.D.

Finally, we consider that the DM observes the pair (S}',©;) in all periods. In this case, the

updating rule is given by ~ »
bt,]_ PW(SQA ‘ @t — 0)
bt_]_ ]P)B(SE/I | @t - 9)

We drop the decision rule in (82) because it does not affect the belief updating there.

b= |1+ (82)

In fact, when the DM can observe the pair (S},0,) in all periods, the sum of probability of
observing all potential outcomes equals one. For those cases, the frequentist consistency of Bayesian
updating (Diaconis and Freedman 1986) thus implies that the DM’s belief converges almost surely

to one when the machine’s type is B (and respectively to zero when the machine’s type is W).
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E.1. Partial Relaxation of the Verification Bias

Note that the modified belief updating rule in Equation (81) is a fully Bayesian belief updating
rule in the sense that the DM uses Bayes’ rule to update her belief by accounting for all available
information. Indeed, the frequentist consistency of Bayesian updating (Diaconis and Freedman
1986) is not violated by the censorship (not observing 6#; in case of no action) because the total
probabilities of all potential observations, which are (S}, S}') and (S}, ;) pairs add up to one.
Hence, the belief updating rules in (6) and (81) represent two extremes such that the DM fully
ignores and respectively fully accounts for the information when the correctness of the machine’s
prediction is not verified. In this section, we analyze the cases in between these two extremes by
using the following belief update rule for 0 <e < 1.

For any value of € < 1, the DM overlooks the information generated by unverified cases. Indeed,
Equation (15) is reduced to (6) (to (81)) for € =0 (and resp., € =1). Hence, Proposition 1 and
Theorems 3-4 can be thought of special cases of the following theorem.

Proof of Theorem 8. We prove this result in a way akin to the proof of Proposition 1. Thus,
we first start with the benchmark cases even though the statement of the theorem is for the main
set-up. Finally, we combine the results for benchmark cases to derive the results in the statement
of the theorem.

No-Interaction Benchmark. The log-likelihood ratio process L; becomes a random walk such

that the mean of the i.i.d. random jumps is given by

FiD 1 (. HAT | ~aH AT pataf + pprpe WT ., —aHAD pata® 4+ ppHBe
E'[R,] ==(pa'a" +pB"B")log (paHaW g ) HewataT B8 B og | -

ol (w5 et (5) )| oo (1 () s () )

We next show that EB[R;] > 0 and EW[R,] < 0. The terms inside the square brackets above are,

in fact, the same as in (4). In the proof of Theorem 1, we prove that the sign of those terms are
aligned with the true type of the machine. Thus, we focus on the following term.

pata® +pp"s° pata® + pp"p° ) }
para +pprpY pataVV + ppHpW

In the proof of Proposition 1, we showed that the sign of the term inside the curly brackets above

e {(poﬂo; +pB"3") log ( > +(pa"a’ +pB"B") log (

is aligned with the machine’s type. Since € > 0, it does not change it. Hence, the DM’s belief

converges to 1{r—g; in the no-interaction benchmark when the belief updating rule is as in (15).
No-Overriding Benchmark. In this case, the mean of the random jumps that govern the log-

likelihood ratio process is given by

paca + pB°p"

pa" o+ g

B B
+ pal log <zw> +pp" log <§w> .

EF[R,] =<(pa” o + p8" ") log (

> +€(p6[FdH ‘l’ﬁBF,BH)lOg <pO_CB@H+ﬁﬁBBH >

pO_éWO_éH + pBWBH
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We first consider I' = B. If p > pB, then we have the following inequality.

oB 38
po log< >+pﬂBlog<6 >>O

Using this, we obtain the following positive lower bound on EB[R;].

EP[R,] >e(paPa’ + pB°5") log (p“B“H R ) - e(pa®a" + 5 5") log (
paWaH + p/BW/BH

0B . 38
—l—a(pa log< )—i—pﬁ log<BW>>>0.

This lower bound is positive because we obtain the KL-divergence as discussed in the proof of

pata +pB°p"
paa + pp B

Proposition 1 when we use € as the common factor.

If p < p®, then it follows that

0B . 38
pa log< >—|—pﬁ 10g<5w><0’

aBO[H_{_ fIBB 2H o -
ﬁ@WaH +§ﬁW%H> + (pa®a" +pB°a") log <

- - _ ~B H+pBBBH
B _H BHY pa o >
(pata+ P o (paWaH+p5W6H

> pa®log <aW> + pBBlog <g\::>

Here, the first inequality is implied by the definition of pB. The second and third inequalities follow

pata +pB°p" ) ~0

paadt+ppv B
pa°a" + pp° "

p@WdH + pIBWﬂH )

(paat + pBBEa") log <

) + (pa®a" 4+ pB° ") log (

from the first inequality and the fact that the KL-divergence for the better machine is positive.
Thus, we need to analyze how ¢ balances these two terms with opposing signs. In particular,

a sufficiently high e ensures that the positive term dominates the negative and hence EB[R;] > 0

which implies b, =25 1. Similarly, a sufficiently low e implies the opposite. These thresholds over €

depend on p. Consider the following break-even point of ¢ such that E8[R,;] = 0.
pa®log ( ) +pp®log (BB)
aBaHL58BBH aBaHL5388H
(paa + pa%AM) log (LG 20 ) + (paa + pB%6") log ( 29e e

If p<p® and € =B, then EB[R;] =0 and hence the log-likelihood ratio process L; and the DM’s

BA

(83)

3

belief b, oscillates (as in the case of Theorem 2 for p =p®). On the other hand, p < p® and & < &®
(e > €B) imply b, =>3 0 (and respectively b, == 1). This break-even point ® is in (0,1) for p < p®.
Next, we consider I' = W. The same arguments with opposing signs and thresholds p¥ and &%

follow where

pa'V log < ) +pp%V log (ﬁw)
_ R aBaH15383H n_ _ aBaH158B8H \
(paPar + P 3¥) log (L2 ) + (paPar + P A") log (Ll )

The break-even point €V is in (0,1) for p < p".

WA

€ (84)
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Main Set-up. Indeed, the pairs of p and € generate the cases that are analogous to Theorems 3-
4. This is because, the DM always (regardless the value of ¢) correctly learns the machine’s type
I" in the no-interaction benchmark. Yet, the belief might wrongly converge to zero or one in the
no-overriding benchmark as discussed in the first two steps of this proof.

Note that, the DM’s decision rule in the main set-up in equation (6), and that of equation (15)
are the same, specifically, P(©, =A|S}' =s", S}' =", b,_;) >r. Thus, Lemma 1 characterizes the
DM’s decision rule again.

Overall, when the machine is better, the DM correctly learns the machine’s type in the main set-
up if p and e values imply that the belief at the no-overriding benchmark converges to 1. Otherwise
(more specifically p < p® and € <&®), the DM’s belief is recurrent and oscillates as in the proof of
Theorem 3.

Similarly, when the machine is worse, the DM correctly learns the machine’s type in the main
set-up if p and e values are p < p" or € > " such that the belief at the no-overriding benchmark
converges to zero or oscillates. Otherwise (more specifically p > p" and ¢ < &), the DM’s belief in

the main set-up converges to a Bernoulli random variable as in the proof of Theorem 4. Q.E.D.
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