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1. Proof of Lemma 1

To prove Lemma 1, we first consider the two possible situations where the firm either serves both
type-l and type-h players or serves only type-h players. Our goal is to identify the firm’s optimal
product design (¢) and pricing strategy (p) in each situation, and then compare profits to deduce
the firm’s globally optimal strategy.

1. The firm serves both segments. Because type-h players obtain a greater utility than type-I
players, to induce both segments to buy the product, the firm’s optimal price is such that U, =
0,(q+ A/2—8/2) —p=0. Hence, p=0,(q+ A/2 — 3/2). Next, the firm chooses ¢ to maximize
7(q) =p — ¢?/2. To ensure that the price is non-negative, it must be that ¢ > (8 — \)/2. Solving
the first-order condition, we find that

0, if B<A+26,,

= (11)
EX if B> A+ 20,
Upon plugging ¢ into the expression for the optimal price, we find that
0, (6, — ?) if B<A+26,,
p= (12)

0 if >2X+6;;
It follows that the firm’s profit in scenario 1 is

U= B=2) if g < X 426,
™ = (13)
—L(B22)2 if B> N 426,

2. The firm serves only type-h players. The firm’s price is such that U, =0, (¢+\/2—5/2) —p=
0. Solving the equality, we have p =0, (¢ + A/2 — 3/2). The firm chooses ¢ to maximize 7(q) =
ap — q*/2 subject to ¢ > (8 — A)/2 to ensure that the price is non-negative. The optimal ¢ and the

corresponding p are as follows:

a@h if 6 S /\+ 2a9h,

=9, (14)
52f B> A+ 2ab,;

p= (15)
0 if B> A+ 2ab;

The firm’s profits are given by

abp (@0, =(B=N) 5 B <A+ 200,
) >~ 9

i (16)
_%(@)2 if B> X+2ab,.
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Optimal Strategy. Equations (13) and (16) reveal that to ensure that the firm can earn positive
profits in the market, we need that 8 < 3, where 3 = X +max{6;, a8}, }: in the rest of our analysis,
we assume that this inequality is satisfied. For 8 < 3, one can readily show that if a < g—l, then

h
m > mo. Hence, on this parameter range, the optimal quality and price are given by the equations
(11) and (12). By contrast, if g—; <a <1, then m; <y, and the optimal quality and price are as in
equations (14) and (15). O

Lemma A1l. If the firm strictly prefers to introduce a pay-to-win add-on, then it must be that,
in equilibrium, (d;,d,) = (B, A).

Proof of Lemma A1l. We will first consider a pure-strategy equilibrium and then discuss the
possibility of a mixed equilibrium. Because type-h players’ willingness to pay for the pay-to-win
add-on exceeds that of type-I players, we must have d, = A when the firm introduces the add-on.
Given type-l players’ decision d; € {N, B, A}, there are three possible situations that may happen
in equilibrium: (d;,dy) = (N, A), (d;,dy) = (B, A), or (d;,dn) = (A, A). We will demonstrate that
when players’ optimal decisions are (d;,d;,) = (N, A) or (d;,d,) = (A, A), the firm does not gain any

extra profits from introducing a pay-to-win add-on.

1. (d;,dy,) = (A, A). In this setup, a type-i player’s utility from buying just the base product
(without the add-on) when all other players buy the firm’s product and the add-on is given by
Ui(B|(A,A)) =0, (¢+ A1 —w) — fw) — p. By contrast, if the player buys the add-on too, then
her utility is U;(A[(A, A)) = 6; (¢+ A2 —BL) — p — p,. Individual rationality (IR) and incentive

compatibility (IC) conditions require that the following conditions are met for each player type i.

IR;: Ui(A](4,4))>0, (17)
IC,: Ui(A|(4,A))>Ui(B|(4,4)). (18)

Since 0, < 0, it is easy to see that IR, and IC; imply IR, and IC,, respectively. Further, if
IR, is slack while IC; binds, the firm can increase its profits by decreasing p or ¢q. Hence, it must
be that IR; binds, which implies that p + p, = 6, (q—i—)\% —B%) The IC; condition reduces to
Pa < O(A+ B)(w — %) All price pairs (p,p,) that satisfy IR; and IC; lead to a profit of IT44 =
P+ P, — %qz =0, (q + )\% — B%) — %q2, where the last equality follows from the IR; condition. Now,
notice that IT4 4 is the same as what the firm earns in the benchmark without a pay-to-win add-on
by setting the base product price equal to p =6, (q + )\% —-p %) Therefore, the firm’s optimal profits
in the benchmark are weakly higher than IT,4.

2. (d;,dy) = (N, A). When only type-h players buy the firm’s product and the add-on, a type-i
player’s utility from buying only the product (without the add-on) is given by U;(B|(N,A)) =
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0; (¢+ M1 —w)—Bw) — p. By contrast, if the player buys add-on too, then her utility is
U;(A|(N,A)) =0; (g+ A3 — B3) — p — po. Individual rationality (IR) and incentive compatibility

(IC) conditions require that the following conditions are met for each player type i.

IRy :  Un(A|(N,A)) >0, (19)
IR;:  max{U(A|(N,A)),Ui(B|(N,A))} <0, (20)
IC,: U(A|(N,4)) > Up(B|(N, ). (21)

The firm chooses p and p, to maximize its profits x4 = a(p+ p,) — %qQ subject to the above
inequalities. It is easy to see that IR, implies p+p, < 0),(¢+ A3 — 83 ). Thus, to ensure that IR), and
IC;, are both satisfied while maximizing the revenue a(p+ p,) generated from the high willingness
to pay players, the firm can simply set p, =0 and p=0,(¢+ )\% — ﬂ%) Since 6;, > 0;, with these
prices, type-l players indeed choose not to buy, i.e., the inequality (20) is satisfied. Plugging the
prices into the profit function, we obtain Iy = af),(q+ A5 — 33) — 3¢°. Notice that IIy, is the
same as what the firm earns in the benchmark without a pay-to-win add-on by setting the base
product price equal to p = 6,(q + )\% - 5%) to target only type-h players. Therefore, the firm’s
optimal profits in the benchmark are weakly higher than Iy 4.

3. (di,dp) = (B,A). As we discussed in the main text, the firm sets prices such that U;(B |
(B,A))=0and U,(A|(B,A))=U,(B|(B,A)). This leads to the following pricing expressions:

P =g+ Ma(l ~)+ (1 - a)3) ~ Hlaw+ (1-a)3))
1

Po=0n(B+N)(w— 5)-

The firm maximizes its profit 7(¢,w) = a(p* +p}) + (1 — a)p* — 3¢°, subject to w € [%, 1] and
g+ (a(l-w)+(1—a)l) =B (aw+ (1 —a)i) > 0. The last inequality ensures that type-I players
obtain non-negative utility. We will separately analyze the following two possible cases based on
whether the constraint is non-binding (i.e., ¢+ A(a(l —w) + (1 —®)3) — Blaw + (1 —a)1) > 0) or
binding (i.e., ¢+ A(a(l —w)+ (1 —a)i) — flaw+ (1 —a)i) =0).

Case 1): Let’s first assume that the optimal ¢ and w satisfy ¢+ A(a(1—w)+(1—a)3) — faw +

(1—)1)>0. In this case, 5= = (B + A) (0, — 6;) >0, as 6, > 0, leading to w* = 1. Substituting

w* =1, we obtain 7(q) = 3 (a(B8+ ) (0, —6,) + 6, (X— ) — ¢* +26,q). The profit function 7(g) is
concave in g because g%’; = —1< 0. Applying the first-order condition, we find ¢* = ;. The condition

¢+ Ma(l —w) + (1 - a)b) - Blaw* + (1 —a)l) >0 is satisfied if and only if 8 < 3, where

B — 20;+(1—c) A

e - Choosing ¢* =6, and w* =1, the firm obtains a profit

ﬂ*i93+91(A—5)+a(9h—91)(ﬂ+x)
1 2 °

(22)
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Case 2): Now, let us assume that the constraint is binding, i.e., ¢+ AMa(l —w) + (1 —a)1) —
Blaw+ (1—a)3) =0. Thus, ¢* = —A(a(l —w) + (1 —)3) + faw+ (1 — ) 1). Pluggin this into the
profit function, we obtain 7(w) = 1 (4, (8 +A)(—1+2w) — (=B + B+ A+ aX —2a(8 + N)w)?).

Notice that 7(w) is concave in w since g—” =—a?(8+ \)? <0. Solving the first-order condition, we
find that w* =1 + % Note that w* € (1,1) if and only if 8 < 3, where 3= 291#;171;0‘)/\. When

6 > 20p+(1—a)X

Tia > the constraint w <1 becomes binding, and the firm sets w* = 1. Using ¢* and w*

from Case 2), we obtain the firm’s corresponding profits:

af A)— a)B—(1—a)N)?
) (4 h(ﬁ"r)((l;‘ )B—(1-a)A)?) 1fﬁ<m1{

B,
’]'1'2 = o
0h(0n+(A=P)) ; ;
Shich Al if mm{ﬂ ﬂ}

b 2
<B<

The solutions from Cases 1 and 2 coexist when 8 < B . Comparing 7; and 7y, we find that 77 > 7}
when £ < B , i.e., the global maximizer is the solution in Case 1. When 5 > B, the optimal solution
is characterized in Case 2. To summarize, the firm’s optimal decisions and corresponding profits
are as follows:

e If 0 <8< f, then

07 +0,(A—B)+a () — 91)(/3+)\
2

=0, w'=1 anda*=

o If B <p< min{ﬂN,B}, then

(1+a)B—(1=a)A

gt = w*=1 and 7 = 2B+ ((1+a)[3 (1-a)N)?
2 )

e If min{f3, 3} <8 < 3, then
¢ =0, W=l 2o

* _ 0p(0p—=(8=N)
PIEASY and7r—h"2 ,

20;+(1—a) A 20 +(1—a)X
ey and B =270

As we will demonstrate in the proof of Proposition 1, when (d;,d;,) = (B, A), the firm’s equilib-

where /3’ =

rium profits can indeed be strictly higher than in the benchmark without a pay-to-win add-on. For
future reference, note that the condition 8 < B is equivalent to A > )\ where A = max{w 0}.
Similarly, 8 < ,8 is equivalent to \ > /\, where A = max{%, 0}.

4. Mized Strategy Equilibrium: We will show that when a pay-to-win add-on is introduced, there
is no equilibrium where type-h and/or type-l players use a mixed strategy. By contraposition,
suppose that such an equilibrium exists. Then, the players must be indifferent between the actions
that have a positive probability of being played according to their mixed strategy. If the players
attach any positive probability to d = N, then the firm can slightly reduce its base price or increase

quality to induce players not to choose d =N with any positive probability—doing so will strictly

benefit the firm. Hence, let us consider a situation where players mix over B and A. One can readily
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show that if type-i players are indifferent between A and B, then type-j players strictly prefer one
over the other, where i,j € {l,h} and i # j. Therefore, there are three possible situations. First,
type-h players mix over A and B, whereas type-I players choose B. Second, type-h players mix
over A and B, whereas type-l players choose N. Third, type-h players choose A, whereas type-l
players mix over A and B.

Let us start by analyzing the first situation: type-h players mix over A and B, whereas type-I
players choose B. To make type-h players indifferent between A and B, it must be that p, =
0,(8+ A)(w—1). Let o), € (0,1) be the probability with which a type-h player chooses A. Then,
by the Law of Large Numbers, the measure of type-h players who will buy the add-on will be
X = aoy,. Note that x € (0,«). The optimal base product price makes type-l players indifferent
between buying the base product and not buying it. Specifically,

p=6ila-+ Mx(1-w) + (1= x)3) ~ Blxw + (1= x)3))

The firm chooses w and ¢ to maximize its profits m = xp, +p — %q2. The analysis is identical to
that in our main model if we replace a with x. Solving the firm’s profit maximization problem, we

find that

6, if0<g<Bl0
g = FRIEERIR i f(x) < 8 < min{5(x), B}
0, if min{B(x),B}<B<p
Pt if 0< 8 <min{B(x), 5}
%Jr% if min{B(x),B} <B<pB

where (x) = W B(x) = W and recall from Lemma 1 that 3= \ + max {6;,a0},}.

Using the product design and pricing decisions above, we derive the firm’s profits:

92 0, (\— 6;,—06 A ] 3
240, ( ﬁ)JF;((h D(B+A) 1f0§5§5(><)7

T () = { AEEN=(09=0=0 ¢ 3(3) < § < min{(x), B},

(B2 it min{3(x), 8} < <.

The function 7* () is continuous in y and one can readily show that g—; >0 at any x € (0,a).
Therefore, the firm is better off when y = «, i.e., when type-h players choose A with certainty
instead of using a mixed strategy. The firm can achieve this by reducing the price of the pay-to-
win add-on by an e, inducing all type-h players to strictly prefer choosing d = A. It follows that
oy, € (0,1) cannot constitute a mixed strategy equilibrium.

Using a similar proof, we can also rule out the two other candidates for a mixed strategy equi-

librium that were mentioned earlier.

O
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2. Proof of Proposition 1
Recall the boundary condition 3 < 3, where 3 = A +max{#;,af,}. From Lemma 1, we know that

the firm’s profits without a pay-to-win add-on are given by
0,(6,—(B—X) ; 0
% Hfo<a< i7

abp (abp—(B=N)) lf ﬂ <a< 1
2 o, ==+
Also recall from Lemma A.1 that selling a pay-to-win add-on may increase the firm’s profits only

when (d;,dy,) = (B, A), in which case the profit 7* of the firm is given by (10) in the main text.

NamQIY7
CENOD 0N < <,
* « — @)B—(1-c)3)? 3 3,8
7 ={ (106,82 (Ute)p=(1ze)¥ ) if 3 < B < min{B, B,

where (3= 72973&;)&» and 3= 729’1(*15:;)0‘”.

To prove, Proposition 1, we need to characterize the parameter conditions under which 7* > 7.

We will separately analyze the following two possible cases: i) 0 < a < 9%’ and ii) g—; <a<l.

Case i) 0<a< g—i. In this case, 78 = W and = \+26,.

e If 3€]0,5], then w*—ﬂB:W>Odue to 6, > 6,.

~ ~ = 2
e If 3 € (3,min{B,B}), then 7* — 78 = —az%h — a(el,\f(zgrel)s) + Gl(elfz(ﬂf’w. One can readily

P*—xB) _ (e41)? B
4

dp?
(m* = 7P) 525 > 0 and (7* —77)| 5_puing3,5) > 0. Concavity of 7* — ¥, together with (7* —77)[,_5 >

is concave. Further, one can show that

show that <0, i.e., the function 7* — 7

0 and (7* — 7TB)|5:mm{[§,5} >0, implies that 7 — 75 > 0 for all 3 < 8 <min{J3, 3}.

e If f € [min{f, 3}, ), then n* — 75 = (Gh_gl)(ehjel_(ﬁ_m 14 Straightforward algebra shows that
7 — 78 >0 if and only if B < 6, + 6, + \. Since B < = A+ 20, < 6, + 6, + ), it follows that
7 — 7B >0 for any 3 € [min{}3, 3}, B).

Case ii): % < a<1. In this case, 8 = w and = A+ 2a0),.

A —a262 462 —B(a(6— e -
o If 3 € [0,8], then 7* — 8 = —*atf-flal ;MHZ) (D% Note that <= B ) =
60— 8,(8;+))—a(abZ+6;xc . .
M > 0. Next, (7" — )]s = WO 2( ALLD >0 if and only if a < ay, where a; =
0;(0;232+402 (0;4+2) )01 . B .
10 (00~ . Since =" > 0, it follows that when o < a1, we have 7* — 78 > 0 for all

262 dB
B €0, ]. Next, consider a; < a <1, where we know that (7* — 7%)|s_o < 0. One can show that

302 +07+020y, (05, +2))+a (07 — 205, (20, +A . . .
(m* =P pep = _ OOt aTOn h2(a+>1>a( £-200(201+3)) <0 if and only if o > ap, where oy € (ay,1) is

4 Note that the interval [min{8, 3}, 3) is non-empty if and only if 3 < 3, which is equivalent to c > 0;;:_(;1 .
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* B
implicitly defined by the equality (7* —7")|,_; =0."" Since d(”digr)

and (7% — 78)|3—0 < 0 when a € [as,1] implies that 7* — 75 < 0 for all 8 € [0, 3]. Finally, when

>0, having (7* —77)|,_3 <0

a € (aq,an), there exists a unique 3, € (O,B) such that 7* — 78 <0 if 8 €[0,8,) and 7* — 78 >0 if

A 252
B € (Ba. B). Solving m* — w7 =0, we find that §, = “H=0IEY.
A nn A « ; a— 2 2(n*—nB
o If € (8,min{B,}), then m* — ¥ = — =i — {etDBH=DA- 4 69, Note that “T ") =
_ (at1)?
4

<0, ie., 7 —7f

is concave. Further, one can show that (7* — WB)ﬁzmm{Bﬁ} > 0. First,
when a < ay, the analysis in the previous paragraph showed that (7* — 7%)] s=3 > 0. Therefore,
concavity and continuity of 7* — ¥, together with (7* —77)[,_5 >0 and (7* —77)5_ 05,5 > 0,
suggest that 7* — 7% >0 for all B € (B,min{B,B}). Second, when as < a <1, we know from the
previous paragraph that (7* — %) s=3 < 0. Concavity and continuity of 7* — w8, together with
(m* = 7P)5p <O and (7" —77) 5_ 05,5 > 0, suggest that there exists a unique 8, € (3,min{3, 5})

such that 7 — 78 <0 if 8 €[B,4,) and 7" — 8 >0 if B € (B, min{B, 3}). Solving 7* — 75 =0, we

find that 8, = 4a6h7a2A72\/(17a)319-tiz)12(a+3)9h+2(a+1))\)Jr/\.

e If § € [min{B, 3}, 3), then 7* — 7B = (1*@9“&9;*9“5“‘), It is easy to see that 7* —w® > 0 if and
only if 8 < afl, 40,4+ . Since 3 < alby, + 0, + A, it follows that 7* — 78 > 0 for all 8 € [min{3, 3}, ).

To summarize the above analysis, we found that 7* — 72 > 0 if and only if a € [0, ), or @ € [vy, 1]

and 8 € (31, B8], where

202 a0, —0,(0;+\) .
Ba if a € [o, ) ga@;Li(a+ll)«9ll if a € [ay, asl,
pr= = . (24)
By if v € [, 1] dafp—a /\*2\/(1*a)g);t‘):i;z(aw%)eh+2(a+1))\)+>\ if o€ [an, 1],

Note that the above condition on 8 for the optimality of introducing a pay-to-win add-on can

also be expressed in terms of A. Namely, 5> f3; is equivalent to A > Ay, where

by, (b, — a)B6,—6,% .
)\a if o € [Oll, 042] G 2([;)7—;()19-2_ 50,6, ifae [O[l, 012]7
A= = (25)
A if @ € [ag, 1] B(1+a)+2\1/w if o € o, 1]

3. Proof of Lemma 2
Recall that to ensure positive equilibrium sales, we are focusing on the parameter region with
B < B, where 3= X+ max{6;,a,}. Also recall that the optimal price in the benchmark without
pay-to-win add-on is provided in Lemma 1 and is as follows:

)

15 The existence of the unique az is guaranteed because (7* — |5—p is a concave function of v and (7 —7rB)|ﬁ:B >0

when o= and (7~ —7rB)|5:B <0 when a=1.
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0,6, —552) ifa <L,
On(ad), — 552) if a > gL

Note that the condition 3 < 3 entails that p® > 0.

By (6)-(9), the price of the base product when selling a pay-to-win add-on is given by

0,(6, — LU0 i 0 < B < B,

0 it B<B<B,

where B = W.

To prove Lemma 2, we compare p® and p* separately in the following two possible cases: i)
0<B<pBandii) B<B<pB.

Case i): If f < 3 < j3, then, by (27), we have p* = 0. That is, the firm sells the base product as a
freemium if the players’ sensitivity to losing 3 is high. Therefore, we have p® > p* =0 in this case.

Case ii): If 0< 3 < 3, then, by (27), we have p* = 0,(6, — W)

1. Ifa< g—;, then p? =6,(6, — 252) by (26). Since 0 < a <1, it is easy to see that p* < p”.

2. If a> 6‘%’ then p? = 6),(af), — £52) by (26). Further, a € [9%’1) implies that af), — 22 >

0, — w The last inequality, together with 8, > 0;, imply that p* < pZ.

To summarize, we showed that p* < p®. Further, when B < B < B, we have p* =0 . This fin-

ishes the proof of Lemma 2. Note that the condition 5 > B is equivalent to A < ;\, where \ =

max{%ﬁ}. O

4. Proof of Proposition 2

From Lemma 1 we know that without a pay-to-win add-on, the firm provides quality ¢”, where

¢ =max{0,,a0,} (28)

With a pay-to-win add-on, the firm’s optimal quality choice is given by (8):

0 if0<B<B,
¢ = W jfﬁ<ﬁ<min{ﬁ~,5}, (29)
0, if min{B,B}S5<B
where 3= %%;)a))‘ and = %71;)(1))\'

To prove Proposition 2, we compare ¢” and ¢* separately in the following three possible cases:
i) 0<B<B,ii) B< B <min{f, 3} and iii) min{8, 3} < 8 < B.

Case i): If0< B < A, then, by (29), we have ¢* = 6,. Using (28), it is easy to see that ¢® > ¢*.



Harutyunyan and Koca (2025) Pricing and Design of Pay-to-Win Add-Ons

10

Case ii): If < 8 <min{B, 3}, then, by (29), we have ¢* = w If ¢ =0, (ie., a< (;%)’

2a0p+(1—a)

then ¢* > ¢® because 8> 6. If ¢% = ab), (ie., o> g—;), then ¢* > ¢” if and only if 3 > ey

where W <min{3, 3}.

Case 4ii): If min{J3, 3} < 8 < B, then ¢* =6, by (29). Since 6, > 6, and o € (0,1), it follows that
q*>q5.

Define By = maX{B, W} The above analysis proves that if the players’ sensitivity to
losing is high (3 > f35), then in equilibrium, the firm chooses a higher product quality when selling a
pay-to-win add-on than when the firm does not sell the add-on, i.e., ¢* > ¢®. However, if sensitivity
to losing is low (8 < 3;), then the firm chooses a weakly lower quality: ¢* < q®. Note that the

condition 8> f3, is equivalent to A < Ay, where Ay = min{J\, %f“gh} O

5. Proof of Proposition 3
See the proof of Lemma A1l where we characterize w*. Defining 3 = min{B, 3} finishes the proof.

0.

6. Proof of Proposition 4
Before we proceed to the proof, recall that to ensure positive equilibrium sales, our analysis focuses
on 3 < f3, where 8= X+ max{f,,af,}. To prove the proposition, we will first obtain the player
surplus in the benchmark scenario without a pay-to-win add-on and in the main setting with a
pay-to-win add-on. Subsequently, we will compare the player surpluses in these two scenarios.
Without a Pay-to-Win Add-on: The utility of a type-i player from purchasing the product is
given by UP = 0;(¢® + ;X — 13) — p®. Player surplus is defined as PS* = aUP + (1 — a)UP. The
equilibrium ¢® and p® are provided in Lemma 1. One can readily show that the player surplus in

the benchmark case can be described as follows:

a(0h —0)(0+252) ifa< ot
PSP = (30)
0 if > o

With a Pay-to-Win Add-on: Recall that, in equilibrium, (d;,d;,) = (B, A). The players’ equilib-
rium utilities are as follows: U7 =6, (¢" + A (a(1 —w*) + (1 —)1) — B (aw* + (1 —a)3)) —p* and
Ur=0h(q¢"+ A (a3 + (1 —a)w*) = B (as + (1 —a)(1 —w*))) — (p* +p;). The equilibrium ¢*, w*, p*
and p* are characterized in the proof of Lemma Al. One can readily show that

b — 0,) (6, + C=RF ) i 0< S < B

PS* = (31)
0 if << B,
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H_ 20i+(1—a)X

where (= ’(IT
Comparing Benchmark with Pay-to- Win Add-on. First, for a > (Ti and 0 < 8 < f3, it is easy to see
that PS* = PS® = 0. Second, for a < 9%’ we have PS* < PS® because M < % Finally,
for o > ngL and 0 < 3 < 3 (or equivalently, A > )), we have PS* = «(0), — 6,)(6, + M) >

PSE =0. Defining 3, :B and Ay =\ completes the proof. O

7. Proof of Proposition 5
We will first prove that the region where 7* — 7% > 0 expands as ) increases. Equivalently, we can

show that the region where 7* — 72 < 0 shrinks as )\ increases. Define Ar = 7* — 7%, Recall from
0 (01224462 (,+X)) -0, 1
267 :

Proposition 1 that A7 <0 if and only if oy < a <1 and 8 < 31, where a; =
0,(267+2;)

207 \/0,(467 (\+6,)+226;)

Second, we can show that ‘9’81 < 0. To see this, recall from the proof of Proposition 1 that

First, note that aal = 202 >0, i.e., the interval (ay,1) shrinks as A increases.

. o202 +ab A —6,(8;+)) .
Ba if @ € [y, az] W if a € [ay, as),
Br = =
By if a € [ag, 1] 400, —a?A~24/(1=a)aby (a(a+3)0;,+2(a+1)A)+A
(a+1)?

if a € [, 1],
where the cutoff «, is implicitly defined by the equality (7x*

07 +07+020), (0, +2))+a (07 =207, (20,+)))
- 2(a+1)

(- 8ﬂ1 — _l-a(q_ 200p
o < 0. On the interval (as,1), we have el \/(1a)aHh(2(a+1))\+u(a+3)9h)> <

0, where the inequality follows because 2af), < /(1 —a)ab, (2(a+1)A+a(a+3)6,) for any

= sy =

=0. On the interval (a;,as), one can readily show that aﬁl =

a € (ag,1). Tt follows that as A increases, the interval (0,3;) shrinks, making the region where

m* — 78 < 0 smaller.

Next, let us show that as /3 increases, the region where 7* — 7% < 0 shrinks. As we mentioned
0 (01224462 (0,4+3)) -6,
is

above, 7 — % < 0 if and only if oy < a <1 and 3 < f8;. Note that a; = 02
h

not a function of 5. Further, because f; is an increasing function of « (i.e., % > 0), it follows that
B < B is equivalent to o> (B;)71(B). Since 22 > 0, the Inverse Function Theorem implies that
%{1 > 0. Hence, as 3 increases, the interval ((8;)"'(83),1) becomes smaller, shrinking the region

where the inequality 7* — 7 < 0 holds.

Finally, we will prove that when the firm introduces a pay-to-win add-on, its profits are non-
monotone in players’ sensitivity to losing, 8. Recall that the firm’s profits are given by the equa-

tion (10) in the main text. That is,
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(0.2 +0,(A=B)+a(0r—0)(B+N) . 5
5 if0<p<B,
7 ={ (400, (BN~ ((1+a)-(1-a)N)?) .. 5 3
( 3 ) if < B <min{B, 5},
e if min{3,3} <8< B
It is easy to see that %L; > 0. Let us show that 7* is non-monotone in 3. Before we proceed, note

*

that 7* is continuous and quasi-concave as a function of 3.6 Therefore, 7* is single-peaked.

When

gjel < a <1, 7* is increasing on the interval [0, ﬁ) because 25 = MQHO‘)Q‘) > 0. Further,

O, oB

on the interval (rrlirl~{ﬂ~7ﬁ_},ﬁ_)7 m* is decreasing in 3 because % = —%’l < 0. Since 7* is single

peaked, it follows that there exists a unique fs € [B,min{@ﬁ_}] such that % >0 when (3 < f5 and
* M 77* —Oé2 «

%LB < 0 when 8 > f5. Solving 867 =0, we find that 85 = %. O

8. Analysis with customization of matching probabilities

In the benchmark without a pay-to-win add-on, changing the matching probabilities does not affect
the firm’s profits, given that all players are equally likely to win against each other. Thus, the
equilibrium outcome is the same as in our main model.

Let us now analyze the firm’s optimal matching strategy when it introduces a pay-to-win addon.
Similar to our main model, the firm sells the add-on to type- h players, whereas type- [ players
buy the base product. Recall that m is the probability with which a player who owns the add-on
is matched against another player owning the add-on. We will characterize the optimal m*, as well
as the optimal pricing and product design decisions of the firm.

If type- h players buy the pay-to-win add-on, then a type- h player is matched against another
type- h player with probability m € [0, 1]. Because the measure of type- h players is «, it follows that
the measure of type- h players who are matched against each other is am. Hence, a(1 —m) measure
of type- h players is matched against a(1 —m) type-l players. The remaining 1 —a— «a(1—m) type-
[ players are matched against each other. Using these measures of player combinations matched
against each other, we can derive the ex-ante probability of a given match occurring. First, from
the perspective of a type-h player, the probability of being matched against another type- h player
is given by m, whereas the probability of matching against a type- [ player is 1 —m. Second, from

the perspective of a type-I player, the probability of being matched with a type- h player is given

a(l—m)
l-a

by a(l—m)

—.—, and with the remaining probability 1 —

the type-l player is matched against

another type- [ player. Notice that when m = «, the match probabilities are the same as in our

16 Quasi-concavity can be proved in two steps. First, we can show that 7* is piecewise concave on each of the three
intervals over which the function is defined. Second, at each of the two kink points (i.e., 3 and min{B,B})7 we can
show that if the left derivative is negative, then the right derivative is also negative. It follows that the function is
quasi-concave.
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main model. Thus, m = « represents the situation where each player is equally likely to be matched
with any other player. Also note that to ensure 1 — % > 0,m must satisfy m >2— i whenever
o> % In words, when the fraction of type-h players is greater than the fraction of type- [ players,
m cannot be too low: some type- h players will have to be matched against each other.

We now proceed to solving the firm’s profit maximization problem. Given game design decisions

¢,w and m, and players’ purchase decisions (d;,d;) = (B, A), a player who does not have the pay-

to-win add-on has an ex-ante chance of winning pyin = (1 —w)*—"= (1= m) +1(1- %) By contrast,
if the player has the add-on, then their ex-ante winning probability is p); = 2m+w(1 —m).

The firm’s prices will need to satisfy the players’ individual-rationality and incentivecompatibility

constraints. Namely,

Un(A|(B,A)) 2 Un(B|(B,A))
Un(A|(B,A)) =0
UlB|(B7 )) U(A|(B’A))
Ui(B|(B,A)) =0

A

VA
where  Uy(A| (B, A)) = 0i(q+ Al —B(1=ptie )~ (p+p)  and  Ui(B|(B.A)) =bi(q+
(Apwin — B (1 = pwin )) — p- One can readily show that the optimal prices are such that U;(B
(B,A))=0and U,(A|(B,A))=U,(B|(B,A)). Solving these, we find that

o O24(1— ) — B A+ 28— mB— mA— 21— m)(B + \)w)
pe= 2(1—a)

. (1=m)0r(B+N)(2w—1)

“ 2(1-a)

The firm chooses ¢,w and m to maximize m = p** + ap;* — 1¢?, subject to ¢ > 0,1 <w <
1, max {O, 2 — i} <m <1, and ¢+ Apwin — B (1 — pwin ) > 0. The last inequality ensures that prices
are non-negative. We will separately analyze the two possible cases, ¢+ Apxy— B (1 —py) >0 and
g+ Apn — B (1 = pn) =0, characterizing the solution and corresponding existence conditions. Then,

we will compare the solutions to determine the global maximizer.

_ (= m)a(9h LOICEZIIES

—Q

Case 1) ¢+ Apy — B(1—py) > 0. One can readily show that 2=

0. Hence, w™ = 1. Next, solving §= = 0, we find that ¢** = 6,. Finally, 6—m|(w:17q:61) -

7% < 0, which implies that m** = maX{O,Q - i} The corresponding profits are given
2

by m= 9’(A_BHZHQ([;%ZQ“_GZ(9’+2m when 0 < a < % and ™= w when % <a<l1l.It

remains to verify that ¢**,w** and m** satisfy ¢+ Apy — B (1 — pn) > 0. Straightforward
algebra shows that the inequality is satisfied if and only if 8 < max{6;,20; + A — 2 (6; + A\)}. One

can verify that the second-order conditions are satisfied.
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Case 2) ¢+ A\pnx — B (1 — py) =0. Solving the equality and plugging in the expression for py,

_ B=A—aB2—m)+mar+2(1-m)a(B+N)w
- 2(1—a)

we find ¢** . Upon plugging ¢** into the profit function = and

maximizing with respect to m and w, we obtain the optimal m** and w** :

o If 0 < 8 <max{6,20,+ X —2a (0, + )}, then w** =1 and m** = max{0,2— i}, yielding a

—B2 A=A +4(1—a) (0, + 7)) +28(A—2a(A—(1—a)6),))
8(1—a)? .

e If max{0,,20, +\—2a (0, +)\)} < B < B, then any pair (w**,m**) is a solution such that

wx _ (2—m)af—pB+2(1—a)0p+(1—ma) 1 sk B—20)(1—a)—A(1—2a) . _
W= A—m)a(B+N) , max{0,2— 1} <m* < EEBY: , with a correspond

On(Op—B+N)
5 .

profit of =

ing profit of m =

Let us now characterize the globally optimal solution. When 8 < max {6,260, + A — 2« (6;+ M)},
we need to compare the profits from the two cases to determine the global maximizer. One can
readily show that the solution from Case 1) dominates. When 8 > max{6;,26, + A— 2a (6, + \)},
the solution is as in Case 2). To summarize, the firm’s profit-maximizing strategy and corresponding

profits are as follows:

. 1 if 0 < 8 <max {6,260, + X —2a (6, + \)}
w == —m**)aB— —a —_m**a —
(: ) iuﬁjnii)a()zfj)(l ) if max{0;,,20, +X—2a(0,+\)}<B<p
. max {0,2— 1} if 0 < B <max{6,,20, + A —2a (0, + )}
"= e [max {0,2-11}, ﬂf%h(i?glj\?(l*?a)] if max {0,260, +X—2a (0, +N)}<B<B
q** —
91 1f0<6<max{91,291+)\—2a(91+)\)}
min {5, B;@fg*} if max {6,260, + A — 20 (6, + \)} < 8 < max {0, 20, + X — 2a (6, + \)}
0, if max {60,260, +X—2a (0, +N)}<B<p

o [ max {el (6, — B), L2010+ (1-2002) } if 0 < 8 <max {6,206, + A — 2a (6, + \)}
0 if max{6;,20,+X—2a (0, +\)}<B<p

p:* — 200 7 2(1—a) -
InA=B26y) if max{6,,20, +X—2a (0, +\)}<B<p

2

{min ZACARDY 9”(5“)} if 0 < 8 <max {6,260, + X —2a (6, + )}

—ﬁ2“H—‘“—1+‘1>‘*<9;(;rj33)225(*—2a((—1+“>"h+”) if0<a<3and 20+ X —2a (0 +\) < B <20, +X—2a (0n +N)

2
9nA+8) =67 if l<a<land 6, <B<0y

iy
min { AO=FE0) L0000 0220 SOL2OIEOA i 0 < § < mmax {01,201 + A — 20 (61 + X))}
2 —
EnOntr=p) if max {0,20, +A—2a(0h + N} <B<f
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8.1. Proof of Proposition 6
Recall that without matching, when the firm introduces a pay-to-win add-on, the firm’s profits are

as follows:

0,246, ( A—B)+a(0),—0 A . A
1”40, ( B)+2(h D(B+N) if0<pB<g8,

2 ~ ~ =
T = 4a6h(ﬁ+/\>*((lga)ﬁ*(lfa)/\) if < B < min{ﬂ,ﬁ},

W if min{B,B}§B<B.

First note that 5 > max {6),,260, + A — 2 (6, + \)}, where recall that § = 29”1&71;&)/\. From the
expressions of 7* and 7**, it is easy to notice that when 3 > B, we have ©* = 7**. Thus, for 3 > B,
its ability to design players’ matching probabilities does not increase the firm’s profits. Hence,
m = a—which corresponds to the situation where each player is equally likely to be matched with
any other player—is optimal. Defining 8¢ = B finishes the proof of the first part of the proposition.
Note that the condition 8 < g is equivalent to A > \g, where Ag = max{%,o}.

Second, for 5 < (B, we see that n* # 7**. The firm cannot obtain lower profits than =*
because it always has the option of setting m = « and obtaining #*. Thus, it must be that
7 < 7 when 8 < . Let us examine m*. When 0 < 8 < max {0,206, + A —2a(0, +\)}, we
have m** = max {0,2 — 1 }; one can easily show that max{0,2— 1} <« for any o € (0,1). When

max{6,,20, + A —2a (0, + \)} < 8 < B, any m*™* € [maX{O,Q -1 ,5_29"%?;‘1;;\(1_2“)] can be
(27771**)aﬂ7ﬂ+2(1fa)9h+<1fm**a)/\
2(1—m**)a(B+N)

optimal with a corresponding choice of w** = . One can readily show

B—20p(1—a)—A(1—2a
that Sy

) < o for any < B Hence, m*™ < a. This proves the second part of the
proposition.

Third, from the proof of Proposition 1 we know that the cutoff 5; for introducing a pay-to-win
add-on satisfies 8; < 3. As we argued above, for any 8 < 8¢ = 8, the firm’s profits with matching
are higher than without matching, i.e., 7** > 7*. Therefore, the equality 7** > 7 is satisfied on a
larger parameter region than the inequality 7 > 7%.

Fourth, we can see that with matching, the base product is sold at zero price when g >

20;+(1—a)

max {60;,20, + A — 2a (0, + \) }, whereas without matching, the price is zero when 5 > B= Tra

Because 3 > max {01,260, + X\ — 2 (6, + M)}, it follows that with matching, freemium pricing is opti-
mal on a larger parameter region than without matching. Turning to the quality, recall that without

matching,

0, if0<p<p
¢ = IR B <5 < min, 5}

0, if min{f,3} <B<p
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As mentioned earlier, max {6;,260, + XA — 2a (6, + A\)} <  and max {6,260, + A — 2a (6, + \)} < 3.
When § < max{6;,20, + A —2a (0, + \)}, we have ¢* = ¢** = 0;, and when S > min{B,B}, we have
¢* = ¢ =0,. When max {0,260, + A — 2 (0, + \)} < 3 < B, we have ¢** =6, > w =q*.
Further, for 3 < 8 < max{0),,20), + X —2a (6, + )}, one can easily show that % > % > 0. Since
q** = q* when = B, the inequality % > % > (0 implies that ¢** > ¢*. This finishes the proof of
Proposition 6. O

9. Analysis of negative pricing
We solve the firm’s profit optimization problem by removing non-negativity constraints on prices.
Note that the benchmark analysis remains unchanged because the firm must charge a non-negative
base price to ensure non-negative profits in the scenario without a pay-to-win add-on. Hence, let
us analyze the firm’s decisions when it introduces the add-on. Similar to the main model, selling a
pay-to-win add-on can lead to strictly higher profits only when the firm sells the add-on to type-h
players while selling the base game to both type-h and type-l players, i.e., (d;,dy) = (B, A).
Denote f(w) =Aa(l —w)+ (1 —a)i) — B (aw+ (1 —a)3). Then, for i € {I,h}, we have U;(B |
(B, A)) =0i(q+ f(w)) —p and Ui(A| (B, A)) =0:(¢+ f(w) + (B+A)(w = 3)) = (p+pa). To ensure
that (d;,d;,) = (B, A), the firm’s prices must satisfy the following inequalities:

U(B|(B,A))>0
U(B[(B,A)) > Ul(A|(B,A)),
Un(A| (B, A4)) =0,
Un(A| (B, A)) = Un(B| (B, A)),

The firm’s optimal ¢ and w will satisfy one of the following three cases: ¢ + f(w) >0, ¢ +
f(w)=0, or ¢+ f(w) <0. We will characterize the optimal solution in each of these cases and the
corresponding existence conditions. Whenever the existence conditions coincide, we will compare
the corresponding profits to determine the global optimum.

Case 1: When ¢ + f(w) > 0, the firm’s optimal prices are such that U;(B | (B,A4)) =0 and
Un(A|(B,A))=Un(B|(B,A)). Solving these equations, we find that

* 5 1
pr=01(q+ f(w)) and p;, =0u(B+N)(w~-3).
Note that p* > 0 since ¢ + f(w) > 0. The firm chooses ¢ and w to maximize its profits m(q,w) =
a(p*+p;,)+(1—a)p* — 1¢* subject to w € [3,1] and ¢ > max{—f(w),0}. Solving the firm’s profit
maximization problem, we find that

qrzelv UJ;ZI,
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and the corresponding profits are

o 07 + 6\ = B) + a0 — 0)(B+ )
te 2

We need to verify that ¢f and wj satisfy the constraint ¢ > max{—f(w),0}. Straightforward

algebra shows the constraint holds if and only if

5 200+ (1 —a)A
p<b= 1+a '

Case 2: When g+ f(w) =0, the condition U;(B | (B, A)) > 0 implies that p5 = 0. Similar to Case 1
above, the add-on’s price is given by p;, = 0,(8+\) (w - %) Solving the firm’s profit maximization
problem at the product design stage, we find:

{(H“)ﬂ(l“)’\ if B< min{B B}
q; — 2 ) )

0, if min{g,3} <B<p.
e 1 ifﬂ<m~in{ﬂ~,5},
P+ i minB, By <B<B.

where 3 = 720’1(*15:;)0‘)’\.

Plugging in the optimal design decisions, the firm’s profit is given by:

400, (B+N)—[(1+a)B—(1—a)\]? - < (7 7B
A ) [(8 )B—=(1—c)A] 7 lfﬂ<m1n{ﬂ,ﬁ},

On(Op+(A—58 i in{3, 3
W’ if min{3,3} <B<p.

One can readily verify that the constraint ¢+ f(w) =0 is satisfied by ¢; and wj.

Case 8: When g+ f(w) <0, ¢ and w need to satisfy ¢+ f(w) + (8 + A) > 0 because otherwise, the
firm will not be able to earn any positive profits. Also note that ¢+ f(w) < 0 implies that type-h
players obtain a lower utility from buying the base product (without an add-on) than type-I players,
ie, U(B]|(B,A)) >U,(B|(B,A)). In view of this, one can show that the optimal prices will be
determined by the following two equalities: U;(B | (B, A)) =0 and U,(A | (B, A))=0. Solving the

equations, we find that

pi="0(q+ f(w)),
oy =000+ F(@) + (34 )~ 5)) ~ b1 (g + ()

Solving the firm’s profit maximization problem, we obtain the optimal quality and add-on power:

¢ =ab,+(1-a)f, w;=1L.
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One can show that given ¢; and w}, the inequality ¢+ f(w) + (8+ \) > 0 holds for any 3 < 3.
Further, ¢+ f(w) < 0 is satisfied if and only if

_ 2(aly + (1 —a)0) + (1 —a)A
1+a ’

Upon plugging ¢; and wj into the profit function, we obtain

. 20((0}1 —91)(91 +A) +01(—B+91 —F)\) —a2(9h — 91)(ﬁ —Hh +91 +)\)
3 = .

2

Global Optimum: Note that /3 < 37, and thus the solutions from Cases 1 and 2 coexist when
b < B, while the solutions from Case 2 and Case 3 coexist when 8 > ;. Comparing 7} and 75, we
find that 77 > 75 when < B. Similarly, comparing 75 and 7}, we find that 75 > 7} when 5 > f3;.
To summarize the above analysis, the firm’s globally optimal product design decisions and cor-

responding profits are as follows.

° If0§ﬁ<3,then:

X —a)\)— a " " " v 02 40,(A=B)+a(6y,—0;)(B+A
pr= A a N Bta) = 10,(B+N), ¢ =0, wi=1, =T ER)

e Iff<p< min{3;, 3}, then:

_ w0y =BtY)  w (te)s-(a)
2

Kk *
p*=0, p,=-"=——= w

s e = A0 (BN ((te)s-(1-a)))?
i 8 M

e If min{f;, 3} < B < B, then:

b= (B +a)—A(1—a) —2(afp+(1—0)0))+6;) b= (B6,+20,0,—207+20, A\—0 A= (0),—0)) (B—205,+20,+1) )
= 2 3 a 2 )

2
G=ab,+(1—-a)f, w'=1 == 20(9h*91)(91+*)+91(*5+912>\)*0¢ (On—01)(B—0p+0,+X)

where (3 = 20ti=2) By = 2 tU-0)0PTU=)A “5ng 3=\ + max{0;,ad,}.

(i+a) (i+a)
Recall  that  the  players’ equilibrium  utilities are as  follows: Uy =
0 (¢ + A (a(l—w)+(1-a)i) =B (aw* + (1—)})) - p* and Uy =

On (" + X (a2 +(1—a)w) = B(as+(1—a)(1—w"))) = (p*+p;). With the equilibrium ¢*, w*, p*

and p; are characterized above, one can then show that

a0y — 0,)(6, + L= UE8) i 0 < B < B
PS* =

0 if 6<8<5,
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9.1. Proof of Proposition 7
The first part of the Proposition directly follows from our characterization of the optimal prices
above. Namely, when > 37, we have p* <0.

Turning to the second part of the Proposition, recall that when the firm is constrained to set

non-negative prices, the optimal quality and add-on power are given by
0, if0<p<p

g = W lel 4 3 o g < min{3, 3},

Qh lf mln{BaB}§6<B7
1 if 0 < 8 <min{j, 3},

5 —|— 292’;([§i/\A if mln{ﬁ B} <pB<B,

Since f; < B, one can readily show that with negative prices, quality is weakly lower, whereas
add-on power is weakly greater than when prices are non-negative.

Finally, as to the last part of the Proposition, the firm is obviously better off when it gains more
pricing flexibility than when it is constrained to setting only non-negative prices. Next, recall that

with non-negative pricing, player surplus is given by

(O — 0,)(6, + T=227 ) §f 0 < § < .
PS* =
0 if <pB<B,
It is easy to see that the above expression is exactly the same as when the firm has a flexibility

to set negative prices. Hence, player surplus does not change.

10. Analysis of limited add-on supply and Proof of Lemma 3

First, we will use the notation d; = AP when player i’s strategy is to buy the pay-to-win add-on if
it is available and buy only the base product if the add-on is unavailable. Similarly, d; = A shows
that the player chooses not to purchase the base product if the add-on is not available. Second, we
assume that a player can simultaneously purchase both the base product and the add-on. Thus,
a player can make an informed purchase decision knowing about the availability of the add-on at
the time of purchasing the base product.!”

Using a similar argument as in the proof of Lemma Al, we can show that selling a pay-to-win
add-on with limited supply can be profitable only when a fraction of players buy the base product
171f players do not observe add-on availability at the time of purchasing the base product but can return the base

product for a refund (if they are unable to purchase the pay-to-win add-on), then the results would be similar to the
simultaneous purchase model that we analyze.
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but not the add-on. Thus, if the firm prefer to introduce a pay-to-win add-on with limited supply,
then the firm’s pricing and product design decisions must be such that some players prefer to buy
the base product without buying the add-on. There are three possible scenarios that can happen in
equilibrium: (d;,dy,) = (N, A?), (di,dy) = (B, A), and (d;,d;,) = (B, AP). We analyze each of these
scenarios.

1: (d;,dy) = (N, AP), i.e., type-l players do not buy the base product, whereas all type-h players
buy it and x of them also buy the add-on. A type-h player who is unable to buy the add-on will face
an opponent who has the add-on with probability X. Therefore, the player’s utility from buying
the base product is Uy (B | (N,A®)) =0, (¢+ A (2(1—w)+ (1-2)1) =B (R2w+(1-%)1)) —p. By
contrast, a type-h player who obtains the pay-to-win add-on receives a utility of U, (A | (N, A?)) =
O (q+ A (X2 +(1—2)w) =B (X3+(1-2)(1-w))) — (p+pa). The firm’s optimal prices will sat-
isfy U,(B| (N,AP)) =0 and U,(A| (N,AP)) =U,(B | (N, AP)). Solving these equalities, we find
that

(B+A)x(1—2w)

0
P=5 20—+t )

v = 0n(8+ X)),

The firm maximizes its profit m(q,w,x) = ap* + xp: — %QQ, and plugging the prices into the
profit function, we obtain 7*(w,q, x) = 2abh(2¢ — B+ X) — 0,(8 + A\)x(2w — 1) — %. Notice that
W < 0, hence the firm sets w* = 1/2. Plugging in w* = %, the profit function simplifies to
T = ab, (q—l—)\% 75%) — %q2, which is the profit that the firm can earn without introducing a
pay-to-win add-on and selling its base product to type-h players at a price p =6, (q+ )\% - ﬁ%)
Therefore, introducing a pay-to-win add-on with limited supply does not benefit the firm.

2: (dy,dy,) = (B, A), i.e., type-l players buy the base product, whereas a type-h player buys the
base product only if the player is able to also purchase the add-on. Note that a type-h player has
a higher willingness to pay than a type-l player. Therefore, if a type-I player optimally chooses
d; = B, then choosing d;, = N is suboptimal for a type-h player. Hence, d;, = A cannot happen in
equilibrium because the player is better off by choosing the strategy d;, = A® or d;, = B.

3: (dy,dy) = (B,AP), ie., all players buy the base product and x type-h players also
buy the pay-to-win add-on. A type-i player who buys the base product but not the add-
on receives a utility U;(B | (B,A®)) = 6, (¢+A(x(1—w)+(1—x)3) - Blxw+ (1—x3)) — p.
Those type-h players who obtain the pay-to-win add-on receive a utility U,(A | (B, A?)) =
O (q+ x5+ (1= x)w) = B(x3 + (1 = x)(1 —w))) = (p+pa)- The firm’s optimal prices will satisfy
U/(B|(B,A?))=0and U,(A|(B,A?))=U,(B| (B, A?)). Solving these equalities, we find that

P =0+ A1~ )+ (1= X)3) ~ Bl + (1= X)3))
1

Po=0n(B+A)(w— 5)-
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For a given x, the firm chooses ¢ and w to maximize its profits m = xp, +p— %qz. The analysis
is identical to that in our main model if we replace o with . Solving the firm’s profit maximization

problem, we find that

0, if 0< 8 <B(x),
q" = GREE20Y i B(y) < B < min{B(x), B}, (33)
O if min{8(x), 3} <8< 5,
1 if 0 < 8 < min{B(x), 5},
o (34)

L 2 it min{f(y), B} < B < 5,

where B(x) = W and B(x) = W and recall from Lemma 1 that 3 = A +max{6;,ad)}.

Using the product design and pricing decisions above, we obtain the corresponding profits:

92+9 A—PB)+x(0;, —0 +A 3 3
EHOA-D OB < B < (),

™) = | ORI GIN t f(y) < 5 < min{(x). 5}, (35)

20, 5=2) if min{3(x). 7} < 5 < 5.
The function 7(x) is continuous in x, and one can readily show that g—; >0 at any x € (0,«).'
Thus, the firm optimally sets x = a. Now, recall that in our main model, in equilibrium, o measure
of players buy the pay-to-win add-on. Hence, x = « suggests that the firm does not gain by limiting
the availability of the pay-to-win add-on.
Combining the three cases of the above analysis shows that the firm does not benefit from

limiting the supply of a pay-to-win add-on. O

11. Analysis of player heterogeneity in terms of competition
sensitivity

Let us assume that players have a similar sensitivity to price, i.e., §; = 8, =6, and normalize § = 1.
Further, players are heterogeneous in their sensitivities to winning and losing. Namely, a fraction ~y
of players experiences a utility gain (loss) of A\(8) when they win (lose)—we will call these players
type-he. The remaining players are more sensitive to competition, experiencing a utility gain (loss)
of Ae(Bc), where 0 < ¢ < 1; we will refer to these players as type-lc. Similar to our main model, we
assume that 3 < 8= XA+ max{6;,a0,} = A+ 1, which helps ensure that, in equilibrium, the firm

18 For the first condition, 0 < 8 < B(x), we have g—” = W > 0.And, for the second condition, 3(x) < 8 <

min{,é(x),B}7 we have also g—; = (B+A)(29h7/3<41+>‘)+£%17><)> > 0.
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can have positive sales and earn strictly positive profits. The remaining assumptions are the same
as in our main model.

Benchmark without a pay-to-win add-on. The firm will either sell the base product to both
segments or only one of the segments. Notice that when 8 < A, type-hc players have a higher
willingness to pay for the game than type-lc players, whereas when 8 > A, the opposite is true.

The analysis is straightforward. We find that the globally optimal decisions, corresponding profits
and player surplus are as follows:

. szl—@,qul if and only if either 0<’y§f%+%\/m and B <\, or *%Jr
%\/m <vy<1land \— % < B < A. The firm serves both segments. The corresponding

5
profits and player surplus are

p_1oeB=N) e (1-0h(A-8)

2 2
o pf = =2 B — o if and only if —2 + IVA+4e A+ M2 <y<1land 0<B<A— % The

firm serves only type-hc players. The profits and player surplus are

™

— A
° pB:W’qulifand only ifeither0<'y§1—cand)\<ﬂ<>\+1(_2;(1711),or l—c<y<1

and A < B < B. The firm serves both segments. The corresponding profits and player surplus are

p_0=BEN Loy (1-001-2)(F-
2 2
. szl—fy_@quzl—yifand only if 0 <y <1—c and )\—i—l(fxz% <pB<p.

The firm serves only type-lc players. The corresponding profits and player surplus are

B — (1= =y=c(B=]N) PSB—0
5 , .

Analysis with a pay-to-win add-on. Clearly, type-h players have a higher willingness to pay for

the add-on. Hence, to profitably sell the pay-to-win add-on, the firm will sell the base product
to type- | players, whereas the type- h players will buy the base product and the add-on. The

following conditions must be satisfied:

IR, : Un(A[(B,A)) 20
IC: Ui(B|(B,4)) > Ui(A| (B, A))
IR : Ui(B|(B,4))>0

Note that we can potentially have a situation where a type-hc player obtains a lower utility

from choosing B than what a type-lc player would obtain. This feature of the model significantly
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complicates the analysis, giving rise to many cases that we had to analyze. Specifically, depending
on the values of ¢ and w, the optimal prices p and p, could fall into one of the following situations:
i) IR; and IC;,, bind, or i) IR; and IR, bind, or #ii) IR, and IC; bind. The number of the cases
is further enhanced based on whether we have a freemium scenario (p =0) or not (p > 0). After
separately analyzing each possible case and characterizing its existence conditions, we compare
the profits across cases to determine the globally optimal pricing and product design decisions, p*,
pi,q* and w*. They are as follows:

op*:l—w,pa ﬁ“‘ ,¢* =1 and w* =1 if and only if 0 < 8 < 2=

1+'y :
The corresponding profits and player surplus are given by

oo 1B+ — e+ + (Z1+7)A) pow A=)y (A=7)A- 61 +7))

2 ’ B 2
. p* —1— C(B(1+’Y)—(1—’Y)/\)7p: — Cﬁ(1+”/)+2>\—C(21—"/))\—"/(ﬁ+/\)7q* =1 and w* =1 if and Ol’lly if /\11’1//\ <
£ < min { 2A— ”, ij(ﬁlw”, B } The corresponding profits and player surplus are given by
1=y (24N + (14 9)(BA+Y) + (147N Hen
= 5 ,PS*=0
— CHNB+HN) ﬁ+>\) _ 22—
=14\ -5 D= ,¢*=1and w*=11if and only if 0 <A< ? and =2 <8<

o p*
{2+2)‘ AA 3 } The corresponding profits and player surplus are given by

. ;Jr)\_ (0(1—7)27)(5+/\)7P5* _ (1—6)(1—7)(2ﬁ’y—(2—7)/\)

o pt = O,pf; _ c/3(1+’y)+2/\+c(271+7))\*"/(/3+>\)’q* _

2, .2 _ . _ = A2 0n2 _
A<%amd w<5<mm{y’5}, or)\>% and m<5<

c(1+7) c(147)
2 _
min { 272(11?&12)(177»‘, B } The corresponding profits and player surplus are given by

(B +H(=141)N)
2 )

w* =1 if and only if I <

o B+ (224N H4 (B ) + (14 9)A) = B+ ) + (=1 +7)A)?

- PS* =0
. o 207 —de(=14)7+P (=B42°4+0) 11—y e 2294 2ev+e2(B(—147)+ (14N
o p = 0,p = Sl ( gy (LS i g
2 2 2
only if A > X227 and either 0 <y <1—c and 2_2(1_6’;)(71167)(1_7))‘ <B<pB,orl—c<vy<1and

272(170)'y+(:2(17'y)/\
2(14+7)

< [ < min {w + A, B} The corresponding profits and player surplus
are given by
o (=9 =2¢(=14 )7+ (=B+7+ )

= PS*=0
T 2¢2 ’
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24
* * A (B=X —2 A . .
e p" =0,p; = g(g_j,q = ;(([f_y;,w = % if and only if 1 — ¢ < v <1 and either
242 (1= (1—c . _ ~ 2
el <\ < i and 0GOS 4y < g < min{ 252 8}, or A > —E and
w + A < 8 < min { 3(11;21 + A6 } The corresponding profits and player surplus are
given by

0=y =B NB=N Lo

8(1—1)*
op*zOpZ:M,q*:—)\—l-%z(ﬁw,w*zl if and only if 1 — ¢ <~ <1 and either

'y 24+2X—cA—7 A\ : 2cv+(2—c—y)(=1+c+y)N 7 7 22—\
A< andfv<ﬁ<mm{ Cirete) ,ﬂ}, or T <A< and == <pB<

2cv+(2—c—7)(=1+c+y)A
mm{ (—THetn) ()

2
1+ ety

, /3’} The corresponding profits and player surplus are given by

(1—=c)(L=7)(By+(=24+7)N)

BN (e (B -2

PS* =
2 8 ’ 2
. w _ c(2ey=B(=14+cty)+(=1+c+VN) « _ ey * _ 2c7+B(2—c—y)(1—c=y)=(1=c=v)(ctPA
*p _0’p¢1_ 2(—14c+7)2 4= —14c+vy? W= 2(1—c—v)2(B+N) if and
ly if 1 1 and either A < —2— and 29+E—cn(liei) A> L
only if 1 — ¢ <y <1 and either <Wa Trerier) <B<B, or A> - e~
and 2<11 +:+;’ + A < B < B. The corresponding profits and player surplus are given by m* =
ev(ey=B(=1tcty)+(=1+cty)N) PS*— (1=0)c(1=y) 2(=14+)y+B(=1+cty) = (=1+ct)A)
2(1—c—v)? o 2(1—c—~)2

Without going into the cumbersome technical details of the analysis, below we outline our key
findings about the impact of a pay-to-win add-on in terms of profitability and player surplus, as
well as firm’s decision on pricing and product design.

Profits. Comparing 7* and 72, one can show that the firm is better off by introducing a pay-to-

wiligdde1s i.e., EquitibiiumPrefitsRigote (o) aphdallit Hoitr 4e8)t Rafic Mo WofitA' dd-On

[
A

19 The figure is obtained using the following numerical values: A =1,y =0.6,c=0.3.
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Notice from Figure 5 that similar to our main model, 7* is non-monotone in 3; that is, upon
introducing a pay-to-win add-on, the firm’s profits may increase when § increases. One can also
readily show that profits are monotone increasing in .

Next, Figure 6 illustrates the profits as a function of the fraction of type-hc players, .20

Figure 6 Equilibrium Profits as a Function of ~

T
A

v

We can see above that 7* is non-monotone in v and starts to decline once the fraction of typehc
players becomes too high. The intuition is similar to that in our main model. Specifically, if v is
high, then selling a pay-to-win add-on creates a strong negative externality for type-lc players,
making it more difficult/costlier for the firm to maintain these players. Additionally, when a large
fraction of players obtains the pay-to-win add-on, the extra surplus created by the add-on is small
relative to when the add-on is not sold-this limits the amount of extra profits that the firm can
obtain from each type-hc player. However, unlike our main model, where 72 may sometimes exceed
7* at large values of «, in the current extension, we see that 7* > w8. This is intuitive. Given that
type-lc players’ price sensitivity is as low as that of type-hc players, base price tends to be high,
giving the firm more room for price reductions to compensate type-lc players’ utility loss (due to
not having the pay-to-win add-on). Further, type-lc players’ low price-sensitivity translates into
high willingness to pay for base quality, which means that a small increase in quality can result in
a substantial utility improvement for type-lc players. Thus, the firm can maintain type-lc players
more easily than when they have high sensitivity to price (as in the main model), making it more

attractive for the firm to introduce a pay-to-win add-on.?!

20 Figure XYZ is obtained using the following numerical values: A=1,3=0.8, ¢=0.3.

21 Note that if the introduction of the add-on entails positive fixed costs, then we obtain a similar no-pay-to-win-add-
on region as in our main model, but the size of the region will be smaller.
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Prices. We find that, akin to our main model, the introduction of the pay-to-win add-on can
lower the price of the base product, and as we can see from the expressions of p* above, the base
product becomes a freemium when ( is high. This is consistent with our main model.

Base quality. Similar to our main model (Proposition 2), the introduction of the pay-to-win
add-on can lead to an increase in the quality of the base product when players’ sensitivity to losing
is high. However, we no longer find that quality can decrease when players’ sensitivity to losing is
low. The reason is that in the current extension, type-lc players’ willingness to pay for a marginal
increase in quality is as high as that of type-hc players, which gives the firm more incentives to
provide high quality.

Power of pay-to-win add-on. Our characterization of the optimal w* above reveals that when
players’ sensitivity to losing is high, the firm may decide to limit the power of the add-on, choosing
w* < 1. This result is consistent with our main model (Proposition 3).

Player surplus. Recall that in our main model, we find that the introduction of a pay-to-win
add-on can increase player surplus (Proposition 4). We find a similar result in this extension.
Specifically, in the benchmark without a pay-to-win add-on, when —% + %\/m <y <
land 0< <A — 1772, player surplus PS® is zero. By contrast, with a pay-to-win add-on, if

y—c
A=A  _ (1—0)v((A=7)A=B(1+7)) _A ,\/7
0< B <%, then PS* = 1 22> 0. Hence, when —5 4+ 2v/4+4cA+ A2 <y <1 and
8 < min {)\ — 12 aem } we have PS* > PS5.

In sum, our analysis of the alternative setting-where players i ) have a similar sensitivity to price,
and 7 ) are heterogeneous in their sensitivity to winning and losing-reveals that our key insights
related to pricing, base quality, pay-to-win add-on design and profitability continue to hold. A new
insight is that when all players have a similar price-sensitivity, the firm has more incentives to
introduce a pay-to-win add-on because it is easier to compensate type-lc players’ utility loss due

to not owning the pay-to-win add-on.

12. Robustness check with 5> \
In this section, we will demonstrate that our main results can continue to hold if we restrict the
parameter space by imposing that 8 > \. Specifically, let us assume that A = 0. Because 5 > 0, the
requirement that 5 > A is readily satisfied. In what comes next, we will show that our results from
section 4 are robust.

Profitability. In the benchmark without a pay-to-win add-on, given any 0 < 8 < 3 = max{6;, af},},
the firm’s profits are given by

0,(6,—8) ; 13

B 5 1f0§oz§6h,
abp (aby—p)) lf ﬂ <a< 1

2 0, = ="

When the firm introduces a pay-to-win add-on, its profits are
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02 —6,8+a(6;,—6;)8 . A
1 l 2( h li ) lf 0 S 6 S ﬁ;
7F = { 4abpp— ((1+u)5) if B <B< min{B’BL

) D) if min{B, B} <pB<pB.
where ﬁ (1+ 5 and B (fi’;).
Comparing 7* and 72, we find that 7* > 7Z if and only if « < a; = g—; ora>ay and B; < B < 3,
where
292 42
B = zzi?zi—z&wl(l—a)(aw) ?f @l
7 if o € [, 1],

and a; € (ay,1) is the solution to the equation (7% —7%)|,_; = 5(=67 + ab(—ab), + %)) =0.
Hence, our finding in Proposition 1 continues to hold.

Next, let us show that our results from Proposition 5 continue to exist. Because 3, is an increasing
function of «, the inequality 8 < Bl is equivalent to o> (8;) " (8). Since % > 0, the Inverse Func-
tion Theorem implies that 61) ">o. Hence, as 8 increases, the interval ((8;)7'(3),1) becomes

smaller, shrinking the region Where the inequality 7* — 7% < 0 holds. Consequently, the first part

of Proposition 5 continues to apply. Moreover, given that 7* is quasi-concave and attains a unique

2a6p,

Tra)? the second part of Proposition 5 remains valid as well.

maximum at 8= 5 =

Pricing. In the benchmark, base price is given by
L [00-2) ezl
9}1 (Oéeh — g) if v Z 99; .
With a pay-to-in add-on, base price is given by
= 00— 55 i 0<B<B,
0 i p<p<p,

where (3 = (12& 7 Comparing p? and p*, it is easy to show that p* < p?. Moreover, when 3 < 3 < j3,

it follows that p* = 0. Therefore, the conclusions of Lemma 2 continue to hold.

Product design decisions. In the benchmark, the equilibrium quality level is given by

¢ =max {6;,a0,.}

In contrast, when the firm sells a pay-to-win add-on, the equilibrium quality is given by
0 if0<B<p,

¢ =1 T8 if < B <min{B, B},
0, if min{B,ﬂ_} <p<p.
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A comparison of ¢® and ¢* reveals that ¢* > ¢ when 8 > 3, where 8, = max{%, 21?;? }. Hence,

Proposition 2 continues to hold.

Next, turning to the power of the pay-to-win add-on, in equilibrium, we have

.1 if 0< 8 <min{f, 3},
w* = 8 e 13 2 2
%—I—% if min{p,8} <B<p.
where 3 = (f_ﬁ’; 5- Thus, when players exhibit strong sensitivity to losing (8 > f3), the firm may find

it optimal to limit the power of the add-on by choosing w* < 1. This proves Proposition 3.
Player surplus. In the benchmark without a pay-to-win add-on, the player’s surplus from game

is:
: (4
PoB a(0n—0)(6:—5) ifa<g,
0 if o> L.

On the other hand, when the firm offers a pay-to-win add-on, the player’s surplus is given by

Ps*:{a(eh_el)<el_(1+2a)ﬁ> lfOASﬂSB:’
0 it 5<B<B,

where B = (12&1)' Clearly, when o > g—; and g < B, we have PS* > PS®, which confirms our finding
in Proposition 4.
To summarize, the above analysis shows that our main results continue to hold when we impose

the constraint 8 > A on the parameter space.

13. Robustness check with g= A\
In this section, we demonstrate that our main results in Section 4 continue to hold when players
have a similar sensitivity to winning and losing, i.e., = \. Define c== \.
Profitability. In the benchmark without a pay-to-win add-on, the firm earns
% ifO<a<f,

292
02 .

a0y lf%éagl,
h

2
By contrast, upon introducing a pay-to-win add-on, the firm’s profits from selling the add-on to

type-h players and selling the base product to both type-h and type-l players are given by

t9l2+2ac(9h76’l)

: if0<e<é,
2
mt = B Bedlf o< e <,
2
% if ¢>é.

Comparing 7* and 772, we find that 7* > 7 if and only if @ < a; = 2L or a > oy and ¢ > ¢
0 )

where
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2p2 2
a0, —0 .
h l Q Q Q
2a(0p,—0;) if E[ 1 2]’

1= —a2)02
IO it o € Ja, 1],

«
\/29h*9z\/971
6p :

Hence, our finding in Proposition 1 about the profitability of introducing a pay-to-win add-on

and oy =

continues to hold.

Pricing. Without a pay-to-win add-on, the base price is given by

2 0
o = 0; 1f(;§a§ﬁ,
af} if f<a<l.

With a pay-to-win add-on, the firm charges

. )00 —ac) if0<c<e,
o if ¢>é,

where ¢ = %
One can easily show that p* < p®. Further, p* =0 when ¢ > é. Hence, our findings in Lemma 2
continue to hold.

Product design decisions. In the benchmark case, the equilibrium quality levels is

o 0, ifogagg—i,
aby, ifg—’llgagl.

When the firm sells a pay-to-win add-on, the equilibrium quality and add-on strength decisions

are
0, if0o<c<e . -
. . - . 1 if 0<ce<e,
=< ac ifé<e<e, w'= o . N
’ i jfe>¢
0, if c>¢, 2 2ac -
Here, ¢ = % and ¢ =

Comparing ¢* and ¢?, it is easy to see that if ¢ is above a threshold, then ¢* > ¢®. However, if ¢
is low, then ¢* < ¢®. These results are consistent with our findings in Proposition 2.

Next, turning to the power of the pay-to-win add-on w*, we can see that when c is large, the
firm limits the power of the add-on, choosing w* < 1. This confirms our result in Proposition 3.

Player surplus. Without a pay-to-win add-on, the players’ surplus from the game is:
. )
PSB: 06(0;1—01)01 if a< %Tll,
0 if o> é.

By contrast, when the firm sells a pay-to-win add-on, the players’ surplus is given by
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30

PS* a0, —0,)(0, + ac) %fOSiJSé,
0 if e>é.

Clearly, when a > g—; and ¢ < ¢, we have PS* > PSB: this is consistent with our finding in
Proposition 4.

Effect of c. First, let us show that as c increases, the region where it is optimal to introduce
a pay-to-win add-on (i.e., 7* — 72 > 0) expands. Conversely, we can show that the region where

7 — w8 < 0 shrinks as ¢ increases. Recall that 7* — 7% < 0 if and only if a; < @ <1 and ¢ < ¢4,

where:
2n2 2
a“f7 —6 .
h l
¢ — ) 200 if a € [ay, as),
0p++/(1—a2)6? .
———" ifac [, 1],
. 0 /205, —0,1/0,
with a; = i and as = T\F.

Because ¢ increases with « (i.e., % > 0), the inequality 7* — 7% < 0 corresponds to a > (¢;) 7 (e).

d(ep) ™t

22— > 0. Hence, as c increases, the inequality o> (¢1)7"(c) is

By the Inverse Function Theorem,
satisfied for a smaller range of parameters. This confirms our finding in the first part of Proposition
5.

Second, let us show that 7* can be non-monotone as a function of c¢. For a given ¢ € [0,¢),
ot

eie < a< 1. Further, for c€ (¢,¢), we have - = —%" < 0. Since
l c

an* _ abfp—(1+a)b;
G = =5+ >0 as long as i

*

7* is continuous and quasi-concave in ¢, it is single-peaked. All of the above suggests that there
exists a unique ¢z € [¢, min{¢, ¢}] where 7* peaks. Solving % =0, we find c5 = ﬁr—ha Hence, the
firm’s profits increase with c¢ for ¢ < ¢5 and decrease for ¢ > c5. These results are consistent with

our findings in the second part of Proposition 5.

14. Discussion of Anderson and Dana (2009)

We will check whether the necessary condition for the optimality of selling a product line identified
in [AD] (Anderson and Dana 2009) holds in our setting. Specifically, [AD] show that in the tradi-
tional product line setting, a necessary condition for selling both high- and low-quality products is
that the incremental surplus from higher quality (as a percentage) is increasing in consumer type.
That is, Yelam—cu=Valap)ter ~ Vilam)—cn-ViGL)teL where the variables ¢ and ¢, denote the high

Vp(arn)—crL Vilap)—cL

and low qualities of the products, and cy and ¢, are their respective marginal costs. V;(q) is defined

as type-i consumer’s valuation of a product that has quality ¢, where i € {I,h} and V,(q) > Vi(q).
Turning to our setting, the base product plus the pay-to-win add-on (A) is the “high-quality”

option, whereas the base product without the add-on (B) is the “low-quality” option. Using similar
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notation as in [AD], define V;(d|d;,ds) = 6;(¢ + Apwin — B(1 — pwin)) as the value that a type-i
player obtains from choosing d € { B, A}, where d; and d;, indicate the remaining type-l and type-h
players’ decisions, respectively.

When the firm sells the pay-to-win add-on, we know that in equilibrium, d; = B and d;, = A.
Hence, when evaluating the percentage increase in a type-i player’s surplus from buying the high-
quality option, we will assume that all other players choose (d;,d;) = (B, A). Also, note that in
our digital setting, products have zero marginal cost. Therefore, the percentage increase in surplus

of a single type-h player (of mass zero) from buying the add-on is given by Va(AIB.A)—V, (BIB.A)

Vi, (BB, A)
(Cw—=1)(B+N) . Vi(A|B,A)-V,(B|B,A) __ (Cw—=1)(B+N) .
SeTalA TN (120 T Similarly, for a type-l player, - VZ(B‘BfA) = SralA N 20) AT Notice

that the two expressions are equal to each other, which implies that the necessary condition in
[AD] is not satisfied.??

To see the intuition, note that in [AD], the firm’s alternative to selling both high- and low-quality
products is to sell only the high-quality product. The necessary condition in [AD] is obtained by
imposing that the profits from selling both products exceed the profits from a) selling only the
high-quality product to type-h consumers, and b) selling only the high-quality product to both
type-h and type-l consumers. Unlike [AD], in our setting, the high-quality product’s value is driven
by the number of consumers who buy the low-quality product. If no one buys the low-quality
product, then the high-quality one does not provide any additional value on top of the low-quality
product. Therefore, if the firm chooses not to sell a product line (i.e., introduce the add-on), the
firm’s alternative is to sell only the low-quality product (rather than the high-quality product as
in [AD]). For this reason, in our setting, the firm has a stronger incentive to sell a product line
than in [AD] and doing so can be optimal even if the necessary condition identified in [AD] does

not hold.

22 When calculating the percentage change in surplus, we assumed that each player carries zero weight so that a single
player’s decision d does not influence overall win-loss probabilities. As an alternative approach, we also computed the
change in surplus when all consumers of type-i buy the high-quality version (i.e., base product plus add-on) instead
of the low-quality one (i.e., base product only). Again, we found that the necessary condition in [AD] may not be
satisfied when the firm prefers to introduce the pay-to-win add-on.



