Appendices for “Sourcing with Demand Updates”
Awi Federgruen Zhe Liu Jiaqi Lu

We organize the appendices into seven sections. Appendices A and B provide proofs for re-
sults in Sections 3 and 4, respectively. Appendix C provides the proofs for supporting lemmas
used in Appendix B. Appendices D, F and G provide supplementary materials for Sections 5 to 7,
respectively. Finally, Appendix H derives bounds for the optimal first-stage order S7.

A Proofs for Section 3

This appendix contains the proofs of all lemmas and propositions in Section 3 in the order of their

appearance.
Proof of Lemma 1. By standard arguments. O

Proof of Proposition 1. Recall that S, the unconstraint maximizer of (6), is the root of f'(51) =0
by Lemma 1. One can easily verify that

x*(51) x*(51)
F1(51) = —c1+ 2 — / Py (x)dx + /_ T HUSyx(x)dx, (A-1)

where x*(S7) is the minimum signal under which a second order needs to be placed, i.e.,
Sy —mo—¥p' (%)

® 7

Ho

x*(51) = (A-2)

by the classic newsvendor solution in the second stage. Also,

H,(S1) = p— (p —co)¥D(S1 — po — upx).

Substitute this expression into (A-1), we get

*

F1(5)= it ert (p e ¥x(x(s0) ~ (p—c) [ ¥o(Si— o~ pi)px(x)x

Since < 0 by Lemma 1, by the implicit function theorem, to show the desired monotonici-

df;lgsl)
1
ties, we only need to show af dg‘jl) >0, af d(; ) >0, % > 0, and % < 0. The last inequality
is obvious since x*(S1) does not depend on ¢;. We now show the first three inequalities. By
straightforward algebra, one gets

df;l(PSl) = ¥x(x*(51)) + (p — c2)9x (x*(51))

dx*(51)
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4 (5)
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=1-¥x(x"(51)) 2 0;

=1—"¥x(x"(51)) + (p — c2)px(x*(51))

dx*(S1)
dC2

dcv _ (p B C2)¢X(X*(Sl))dx;£fl) — (p — Cv)‘YD(Sl — Ko — ‘ugx*(sl))lPX(x*(Sl))dX;(Efl)

x*(Sl)
[ (81— o — i) gx () dx
x*(81) .
= K ¥p(S1 — po — ugx)px(x)dx > 0.

p—¢c
p—Co
tion follows. 0

All second equalities above are due to the fact that ¥x(S1 — po — u§x*(51)) = . The proposi-

Proof of Corollary 1. The upper and lower bounds are clear from Proposition 1 and the main
text. The second order S}(S1, x) obviously follows from the classic newsvendor solution. We now
introduce a few intermediary calculations that will be useful in the later proofs.

With a normal demand distribution, H,(S,) takes the form:

Sy — pp — ujx
= oSt (p = <o) -+ ) — op — o)t (2L, (A-3)

with L(+) the normal loss function, which is decreasing and convex.
Since H,(Sy) is concave, the unconstrained optimizer of (5), denoted by S*(x), solves —cs +
H,(S*(x)) = 0, where, in the normal demand case,

_ _ 4
H.(Sy) = co— (p— o)L’ <52V0Vox>

(%
Sp — ug — udx
=P—@—%@<2flw’> (A-4)
Thus
—C
$°(3) = (o 5) +00 (B2 ) = o+ ) + o (A%

The optimal constraint optimizer of (5), denote by S3(S;, x), is hence S;(S1,x) = S1V §*(x).



Consequently, according to (A-2), the minimum signal x*(S;) under which a second-stage order
needs to be placed, i.e., the value x that solves 5*(x) = Sy, is therefore

S1— po — 0K2

x(5y) = LTI (A-6)
Ko
It follows that
" Sl, if x S x*(Sl),
S5(S1,x) = (A-7)
S*(x), ifx > x*(Sy),
and hence
dsi(Sy, x 1 ifx < x*(S51), i HL(S1) if x < x*(S1),
e = , H(S(5x0) = (A8)
1 0 ifx > x*(51). 2 if x > x*(S1).
Utilizing these expressions to calculate f'(S1), we get
1 S1 — po — ubx x
f'(S1)=—c1+c+ f/ [—cz +p—(p—co)® (1#0”0” ¢(=)dx.
TJ o T
O

In the subsequent analysis, we repeatedly need bounds for the hazard function of the standard
normal distribution, which are not well known.

Lemma 3. Let h(x) := %,x > 0 denote the hazard function of the standard normal distribution.
Then

1
x < h(x §x+\/x2 <m1n{x+1x+ }

The true hazard function as well as the lower and upper bounds are all increasing functions.

The second upper bound is sometimes easier to use.

Proof of Lemma 3. The lower bound is well known. To prove the first upper bound, formula
7.1.13 in Abramowitz and Stegun (1964) reads:

1
x+Vx2+2

Substitute x by t = v/2x and multiply the inequality by 1/+/2 to get

o0
2 2
<e* e "du.

1 et?/2

<
t+VE2+4 V2




Change the integration variable to v = /2u to obtain

q>(t)
e~ 2/2°

[Tt / e 2y — =
t+ \/t2 2° V2 2

ﬂ\

Hence
niey = 20 %(H— VETA).

1— (1)

The second upper bound is, of course, equivalent to the pair of inequalities

X+ VX2H4<2x+2 & V/x2+4<x+2

and
2 2
x+vVx2+4 SZX—{—; s y/x244< x—i—;.
Both inequalities can be verified by squaring both sides of each. O

B Proofs for Section 4

In this appendix, we provide the proofs of Theorems 1 to 4 and Lemma 10 in Section 4.

Proof of Theorem 1. Since f'(S7) = 0 (see Lemma 1), the implicit function theorem allows us to
derive an ordinary differential equation (ODE) for the (unconstrained) initial order 57 with respect

to the uncertainty coefficient of signal a. In particular,

sy of'(S})/om _ i log(po) [} (W’%W) ¢(x/7)dx
doopsesE (M)‘P(x/r)dx

[e°]

(A-9)

Apply the changes of variables y = pu§x and s(po) = S7(po) — po:

as; _, SRy (L) g () dy
- Og ‘MO S —0K S —
dua f_(;lo) 2 (W) ¢ (Ty )dy
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e 2
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, ( T ug's (Vo)’ TOUY ) )y < s(po) UKZ]

2 12,2
o+ Tug® /02+T2y%a

= log uo

= log uolE




¢ <TzH%"‘(Ho—Zo)WZ(S(Ho)—UKz)>

_ log i TZ‘LL%‘XS(‘L[()) T(Tyg Tops A/ o2+ T2 pd"
= 0 _ .
02 + ’L’ZIM%D‘ /o2 + TZ‘M%‘X & 22 (po—20)+02(s(jo) —02)
ToUy \/172 +T2p3%

¢ <72V%“(M020)+02(S(yo)ax2)>
THys(po) g, TOHG B

= log 1o — logp ' ’
02 + T2 02 + 7220 T2 (0 —20)+0%(5(po) —ox2)
m o 23 402

Topy

(A-10)

where f(u,0,vy) is the PDF of normal distribution NV (i, 0?), and y(u, o) ~ N (u,0?).

Introducing zg := o + ok, to the above equation gives us the desired result.

The boundary condition Sj(—o0) = g + k10 is immediate since S} equals the single stage
newsvendor solution when & = —oo. ]

Proof of Theorem 2. (a) To prove this part, we first establish the non-asymptotic expression for S}

below.
St = o+ /o2 + 122 |k +1o /oo , A-11
1= Ho Mo 8o | T (A-11)
where F(-) is defined in Theorem 1. Then we will bound the term log 1o / :o %d@ as po —
o2+t
0.

To prove (A-11), we need three steps, described by Lemmas 4 to 6 below (their proofs can be
found in Appendix C). First, in Lemma 4, we characterize the solution to the ODE in Theorem 1
up to one constant. We then bound the last term of the ODE’s solution in Lemma 5, based on

which we find the value of this constant in Lemma 6.

Lemma 4. The solution to ODE (11) is of the form:

©  F(o
Si(a) = po + /0?2 + T2u3* | C +log yo/ (—>d9 , (A-12)
4

where C is a constant independent of « and F(-) is defined in Theorem 1.

Lemma 5. Consider the function F(0) defined in Theorem 1. Then

/o2 2,20
do < F*log %, where F* is a constant independent of x and .

o F(s
(a) logpo [, \/Uzi%yge

o E(9) . B—u .
(b) log o [, Wd@ is Oyo(py ) for fixed o and B as py — 0.
Lemma 6. In (A-12), C = «*.
At this point, we have shown (A-11). Part (a) now follows directly using Lemma 5 (c).

(b) It follows from Theorem 2 (a) that S} (po) = po + 7" + Oy ( ;l/tg ) where tx* is independent
of p9. Note from (A-6) that a critical threshold x*(po) := (S5 (po) — po — oK)/ u§ exists such



that S3(S7(mo),x) = S*(x) if x > x*(po) and S3(Sj(mo), x) = Si(po) if x < x*(po). Indeed
x*(po) = TK* +O(y§ *). We thus have from (A-3)

B GF gy — gyl
—(c2 = co) (o + T 1) + (p — o) (o + ) — o (p — co) L (=1285) 4 O, (1),
if x < x*(p),
—(c2 = co) (1o + #§) + (p — o) (o + ifx) = o(p — o)L (k2) + Oy (1f),
if x > x* (o).
(A-13)
Since L(+) is a decreasing function, 0 < L (M) <L (M) = L(x2) for x < x*(po).
Thus, (A-13) can be simplified to

—285 + Hy(S3) =

— (2 — co) (pto + Tk HG) + (p — o) (pto + H5x) + Opo (b)), if x < x*(po),

— 2S5 + Hy(S5) = ; _
—(c2 = co)(po + pgx) + (p — co) (po + pyx) + Oy (pg),  if x > x*(po)-

Taking expectations over the distribution of X, we get

* x*(po)
Ex[-exS3 + Ha(S3)] = (p — c2)po — (62 — )’ i@ ((”0)) 2 [ ot (X)

T T
_ i/x:’lo)(cz — cv)yogb xdx+ / — Co) 1o ( ) xdx +O;,O(yg)

= —(cp — cp) T U@ (K*)—{-%/ p—co)i (X)XdX—*/ (c2 — p)pod (%) xdx
(= 2o+ 0y 1) ~ { (2~ oo’ [ (120) )|
- Cv)% /Ti:(uo) e < ) xdx + (¢ —p)= / . yogb ( ) xdx}

Since (x*(po) — T(*) = O(yg %), one easily verifies that the expression within curled brackets is
Oyo(ptg). Thus,

Ex[ ¢S5 + Hx(S3)] = (p — ca)po — (c2 — o) TR U@ (k%) — (p — co) T (1) — (c2 — p)Tplep (k%) + Oy (1)
= (p — c2)o — (c2 — Co) TR HED (K*) — (c2 — co) TSP (°) + O (11h).

Finally, by (5) and (6),
F(S1(10)) = (p = c1)o = (c2 — ) T(ic* )t + Opy (1h), (A-14)
and hence
7 = (c2 — o) TP(K") il + Oy (1h)-
]

Proof of Theorem 3. (a) The proof is again based on three steps, provided by Lemmas 7 to 9 below

6



(their proofs can be found in Appendix C). Note that the characterization of 57 in (A-11) (in the
proof of Theorem 2) cannot be used in the & < p regime, because its last term, in this parameter
regime, fails to be bounded. We therefore provide a different characterization of S, derived from
an ODE with respect to j, different from the one in Theorem 1.

Lemma 7. Si(po) = po+ 1/ bzygﬁ + 22 {C + f \/ﬁﬁ 1| for some free parameter C, where

_ (a— pyrbuttpl < )
h2 2[3+T2 2 y)
T (4 — 20) + by 2’3(5*( ) — 20)
Tby“+ﬁ b2 25+T2 20

Ap) =

and zg = y + oxy as defined in Theorem 1.

. x F(p) -
Observe the expression for Sf(y) in Lemma 7 and f " Wdy Note first that the inte
grand is strictly negative since & — B < 0 while all other factors are strictly positive. This means

that H(uo) := f;; \/%d u is an strictly increasing function in p, which because of Propo-

sition 1, must be bounded. (Otherwise, by Lemma 7, S5 (p0) = wy,( ;40) which contradicts Propo-
sition 1.) This limy . H(po) exists and is a finite constant C, (independent of 1). Moreover,
H(po) < Cy for any pp. Let C1 = C + C,. We first show in Lemma 8 that C; = x; > 5. Then, we

show in Lemma 9 that f W dy = Oyo(ﬂo ﬁ), hence C = C; = x3.
T e

Lemma 8. The free parameter in Lemma 7 satisfies C + [ o — W gy =y —0,,(1).

/b2 1u2B 41220 M=K =0

(<) F — . . .
Lemma 9. fﬂo %d‘u = Oy, (1 Py when o < B, where F(y) is defined in Lemma 7.
(b) The result directly follows from the proof of Lemma 8 and Lemma 9. O
Proof of Theorem 4. Consider the ODE of S} w.r.t. g in (A-23) and let « = B:

dsy o
=1+ 281 = ).
d,uO 1o ( 1 ‘1/[())

The solution to the above ODE is S} = o + Apy where A is a constant. We next determine the
value of A. The critical threshold x*(po,A) = A — bk, and S5 = S* = pg + p§x + bufry if x > x*
and S; = Sj if x < x*. From (A-3) we have

655+ Ho(S1) —(e2 = co) (Ho + A) + (p = co) (wo + 1) — bl (p — co)L (252, if x < x* (o, A),
—(202 x\02) =
—(c2 = o) (o + ugx + bpgxa) + (p — co) (o + px) — bp(p — co)L(x2), if x > x*(juo, A).
(A-15)

Taking expectations of (A-15) over the distribution of X, we get

A —bx
Bxl—caS3 + Hy(53)] =(p — calpo = (c2 — colbeapf — (c2 = o)~ b (272



/\—sz

— (2 — o)l ( ) — (2 = o) (A = bra) gy + (€2 — o) (A — b)) @ <A - b"2>

T
~ (P )by /HKZ L (A ; x) >0 (2) dx = (p = co)but L) ® ()‘ _Tb"2>

—00 T T

A —bx
_(P_CZ)VO_(CZ_CU)/\Vg_(CZ_Cv)TVgL< - 2)

~p—catt [ 7L (AE) 1 () dx (p - cougLig® (202

—0 T

Thus, by (5) and (6),

f(ST(.uO)) :(CZ - Cl)‘uo + (Cz — Cl)}\‘ug + (p — CZ),VO — (CZ — CU))\,M?; _ (CZ _ Cv)TVSL (/\ _TbK2>

~ (p— co) b /HKZ . <A ; x) o (5) ax— (p - coopL()® (" _Tb"2>

—00 T

A —bx
=(p—c1)po+ (co — c1)Apug — (c2 — ¢p)THHL ( - 2)

e [ () b (2o - eomercs ()

—00 T T

=(p —c1)po — A(M)ug,

where

T
Foen [0 (455) 2o (2) - coniee (1512,

Calculate the derivatives of A(A):

N =(@-a) - (e (2 p-c) [ e (2E) Tp(D)

T —o0

A(A) =(c1 — o)A+ (c2 — ¢p)TL (/\ — bK2>

and

v =t [ (55 ) e (e

Therefore A(A) is convex, A’(A) an increasing continuous function, with lim, | A'(A) = ¢, —
c2 < 0and limyye A'(A) = ¢1 — ¢y > 0. Thus A’(A) has a unique root A* and it minimizes A(A).
Part (a) and (b) of Theorem 4 hence follow. O

We also prove the next lemma referred to in Section 4.
Lemma 10. (c2 — ¢p)¢p(k*) < (p — co)P(x1).

Proof of Lemma 10. Since ¢ > ¢, from (4), it suffices to show 2=%¢(x*) < E=2¢(x;). Recall that

c1—Cy c1—Co




Kt =1 <M> and i = &1 (’P”), from which we get

C2—Cy pP—Cy

C2—Cp 1 p—=¢Co 1
c1—c 1—=®(k*) c1—cy 1—D(kq)

P(x*) P(x1)
o) < T—o(r)

equality holds since the hazard function of the standard normal distribution, ; ¢<(1>)( - 1s an increas-

Therefore, proving 2—2¢(x*) < %4}(1{1) is equivalent to proving ; This in-

ing function, and «* < x;. O

C Proofs for Lemmas in Appendix B

In this appendix, we provide the proofs for Lemmas 4 to 9 appearing in Appendix B.

Proof of Lemma 4. We first verify that for some constant C independent of a:

s(a) = S1(a) — po = C\/m —log po\/ 0% + T2 / de. (A-16)

o2 + T2 29

Compute its derivative with respect to a:

ds(a) _ T°pg"log po 2 42 F(a)

- @ F(0)
¢ —logyo/ 9 4| —log o 2 W)
da 02 + T2l ( —° L Jo? + 122 ) 02 + T2p2%

3% lo s(a .
_ Ty log o () ~log ioF(a)
\/Uz+rzyza \/02+szga

= log po (W—?(@),

o2+ 1243

which is identical to (11). Note that (A-16) can be rewritten as

s(a) = (/o2 + T2u3" [Clogyo/ ———td0| + /0% + T2 2”‘10gy0/ — 6.

0'2—|—T2 260 0-2_|_-£-2 26

£(6)
e

df < oo.

The statement follows by letting C := C — log o [, d0, a constant independent of «,

£(6)
/0'2+T2]4(2)6
~ _ —6
We first show that there exists a 6* such that A(0) > M for 6 < 0*. Asf | —oo, no

information is obtained in the second stage, and it is therefore optimal to procure everything in

where it remains to be shown that f jooo

the first stage. Thus,

glilffc}o[sl(f)) —z0] = (po +x10) — (po + 120) = (x1 — K2)0,



where k] —xy = &1 (%) — o (5 ?) > 0. Note that

lim A(f) = lim

61 —oco 61 —oo 9 20 61 —co 0 0

T2u3’ (o — 20) + 0*(S7 —z0) _ fim [_ngz N oK) —K2) . 050 (k1 — 12)
Tous\/ 0% + T2ug v Tho THo

Hence there exists a 6* such that for all § < 6%, A(B) > M.
£(0)

In view of Lemma 5 (whose proof is independent of this), it suffices to show that [* \/ﬁd 0 <
T+ T Uy

co. By Lemma 5, for f small enough, A( ) is bounded from below by a positive function that is

proportional to p5?, and therefore £ 9(A©) 2¢(A(6)) is bounded from above by an integrable

P(A(0)
i ~ F (6)
function. The same therefore applies to Wk O

Proof of Lemma 5. By Proposition 1, pg — S; < —«*y/0? + t2u3*. Thus, po — S} + oxx < 0Ky —

k* /0% 4+ T2u2% and for 6 > a:

N

_ 4 * v * 2
_A(e)_KZ—i_TTyZG(‘uO_Sl +0—K2)SK2+T27}420[0—K2—K 0’2+T2y00€]

0 0
0—2+T2y2a
<Ko+ — g lolra| + [K*[1/ 02 x| U:x « -
Pl Ty Ty
ol | b2 P s o) L o 2
< x4+ 2;”2“—{—’ |T}10 1+T§K2+ 2 +|K|T}l“ +§
b2 K b [ 2 2 b2
<K+ yo 5 ’2‘+|K*’ Ho 1+—<|2|+ ’2’ |*|— 1+—
T T
=:%Kp, > 0.
Note that A
E(9) < O—M. (A-17)
D(A(9))

If A(8) >0,

If A() <0,
P(A0) _  ¢(=A(H)) L/ 5 2 1/ —
S(A0) ~ T oA <5 (—A(e) + \/A(9)2+4) <3 (;c2+ \/x§+4), (A-18)

where the first inequality follows from Lemma 3, and the second inequality from the upper bound

of the standard normal hazard rate being increasing on the positive half line.
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Since either A(8) > 0or A() <0,

E(6) Samax{\/z,; <x2+\/;<§j>} = %(7 <K2+\/K%j>.

This equality follows from the function to its left being increasing in %, and equal to 1 > v/2/7
forx, = 0.

Note that K, = |xa| + % o + ¥ 24 /1 + %, a constant independent of jg and &, so that F(6)
is bounded by ¢ F*, where F* is a constant independent of o and «.

To bound the integral, apply the transformation of variables: x = /02 + 12u3%. Then

1 1 1
o | o= [T a1 |
© o Jo? + 12udf VR X — o o \/m X—0 x40

\ o2+ st + o
_ 1 1 log 0
\ o2+ T2t — o

20 x+(r o2t 20

1, o+ Tugto

~ o8 T
Thus
o p \ 02+ T2 + o
log yo/ ﬂde < F*log . 0 .
o2 4 220 THo

Withy := A , the log-factor can be written as log [1 +y+(V1+y?— 1)} . Since the Taylor expan-

23

51onof\/1+y =3y — 3t + Lo+ ,andthatofthelog(1+z):z—é ———+
we have that

log[l+y+(y/1+y>-1)]=0(y) asylO,

withy = O(yg_“) when 1y — oo (since f < «). A
Asymptotic behavior when po — co0. log f;o — L0 g9 goes to zero as O(‘u(()’8 7“)), Mo —

Vo2
0. O

Proof of Lemma 6. In this proof, all O, (1) terms represent functions that are bounded in «.
It follows from Lemma 4 that

F(#
St(a) = po+ /0% + T2u3* C+logyo/ £®) 29d9

02 + T2

Hence,

Si(a) = po + Cy/02 + 12u3% + Oy (1), as a 1 oo,

11



since by Lemma 5, F(6) < F* for all § > «, and f \/m 9 < f°° m’ g — W which
implies
X, —0
o2 + 2% / 0 < L 02 4 722
o2+ Tz 20 Tlog o

F'\/T2+02uy®™ /2 £ 02
oo (EVTHT  Ga)ing  (A-19)
Tlog po Tlog 1o

It follows that S} (a) = po + Aug + F(a) for some —co < A < oo independent of a and F(a) a

bounded function, i.e., \I:’ (a)| < F**, for some constant F** independent of «.
Note from (A-6) that a critical threshold x*(a, A) exists such that S; = S*(x) if x > x*(a,A)
and S5 = S; if x < x*(a, A). Indeed x* (2, A) = A + gy “[F () — okz]. We thus have from (A-3)

— 255 + Hx(S3)
_ {—(cz — co) A + (p — co)ux — o(p — co)L () — (e — o) (o + F(@)) + (p — co)pio, i x < 2 (w, ),

—(c2— co) x4+ (p — co) i — 0(p — o) L(k2) — (e2 — o) (o + o%2) + (p — eo)pio, ifx > ¥*(a, ).
(A-20)

The terms —(c2 — ¢y)(po + F(a)) + (p — co)po and —(ca — ¢5)(po + 0%2) + (p — ¢o) o are both
bounded in a and independent of x, where |F(a)| < F** (F** is independent of ).

Since L(-) is a decreasing function, 0 < L (M) < L <ST_”(+”SX> = L(xp) for x <
x*(a,A). Thus, the last three terms in both cases in (A-20) can be bounded by a function O(1)
which is independent of x, and (A-20) can be simplified to

—(c2 = co)Apg + (p — co)ppx + O(1), if x < x*(po, A),

—0S5+H (S*) =
? . {(czcv)yg‘x+(pcv)y6‘x+0(1), if x > x*(po, A).

Taking expectations over the distribution of X, we get

; : (A 1) '
Ex[—c283 + Hx(S3)] = —(c2 — co) A ((T)> o [ o (3) xax
e — ap (X 1 _ ap (X
T /X*W)(CZ colpp () 2+ 2 /,C*(M)(P co) g (%) wdx+0(1)

——ca-eom® (2) + 1 [ (p— oo (£) wtr— 1 [“lca- piutp (£) v+ o)

T.J-

—{(c2—co)msa [q’ <x*(i/A)> - (i)}

b [T o () xaxr - [T i (2) i),

T T

since (x*(a,A) —A) = O(p, "), one easily verifies that the expression within curled brackets is

12



O(1). Thus,

Bxl—eaSi + Hy(53)] = —(c2 — el (1) = (= oyt () = (ca = pyre 3 ) +001)
= —(c2 — o) Aug® <

(5)
2) (- come (3) 0.

Then
F(817(a)) = M(A)ug +0(1), (A-21)

where

M(A) = (c2 —c1)A — (c2 — ¢ )AD </T\> —(c2 — o)t (i) :

By taking its second derivative, M(A) is a strictly concave function and achieves its global
maximum at the unique root 7x* = 7d~ (C2 o) of the equation A’(A) = 0.
Thus, the choice of A = T«* is optimal, and Si(a) = po + T uf + O(1). O

Proof of Lemma 7. We first derive the ODE of S] w.r.t. po.

sy 9f'(57) /9o

_ _9f(57)/9po
dno  af (5;)/3S;

_p—co | 6D (L apg x)o(po) + 0" (o) (S§ — po — pGx) (ST —po—pfx x
~ o(po)T Uoo 7 (po) ¢< 7 (po) )¢( Vx]

p—co (YO (S]—po—ppx X
/Lf(uo)*r/oo 4)( (ko) )(P(T)dx}

N M:*(Sl) <1 " Ul(yoiiii)_ oy <Ho 102(;!0) - U(VZ)/(lgOg)(uo)> o log(m)x) ’ (W> ’ (

(1) (ST — o — ugx x
/ Voo 1 o(ho) )e(3) dx}
14 o' (o) (ST — po) N ( «  d(po) ) dsy
o (po) pologpo  o(po)logpo) du
B(S] — po) =P dSy

=1+ . A-22
Ho polog po du (A2
Plugging i in 21 from (11), we can rewrite (A-22) as
asi _ ., B ety (2 —P)topg ™" 9(AGn))
d > 28 . o (81 = po) — > " D(A(n))’ (A-23)
Ho buy” + st bzyoﬁ + 2 Ho
where
2,20 bZ S* _
Apg) = 210 (110 — 20) + bu (S5 (o) 20) (A24)

“+ﬁ /b2y +T2 2

13



In fact, one can verify that the solution to this ODE is

% 2 o F
S1(po) = po + bz#oﬁ + 72" | C+ /yo 1722;;1)22%‘1}4
PP+ TU

7

where C is a free parameter independent of y, and

_ (a—p)tbptP 1 g(A())
F(V) - bz;uZﬁ_'_TZ‘uZa CD(A(V)).

O

Proof of Lemma 8. From Lemma 7 and the above argument we know that the optimal first-stage
order when & < B must be S} (o) = po + /\yg + Ouo(ﬂg ) for some A. The critical threshold is
x*(po,A) = (A — bxz)yg_“ + 0;,0(;45_“), and S5(S(po),x) = po + uix + bngz if x > x* and
S5(S7 (o), x) = Si(mo) if x < x*. From (A-3) we have

SF g — X "
— (2 — co) (o + AMph) + (p — co)po — bpb (p — o)L (W) Fou (b)), ifx < x*(uo, ),

7C25>2k +HX(S§) = B B be_yo oy B
—(c2 = eo) (o + brgrz) + (p = co)po = bug (p — co) L | Z=25™ | +0ug(p), - if x> 37 (o, A)-
g
(A-25)
Now we show that [EL (W) = L(%) A L(x2) + 0y, (1). From the expression of S, we have
* w A . B—u B—u
L <52 — Uy — y0x> _ L (F +0u,(1) + oyo(l)x> ifx <(A—=Dbro)py 4 0u(pg ),
byg L(xy) ifx > (A— sz);tg_“ + om(]/tg_“),
L (% +0u,(1) + oyo(l)x> ifx < (A— sz)yg_“ + om(yg_“),

= 0L (3 404 (1) + 0 (1))
(L) = L (§ + 00 (1) + 04 (1)x) ) if x> (A= bra)uf ™" + 0 (),

_ {L(Kz) + (L (% +ou (D) + 05 (%) = Llka) ) ifx < (A= bra) " + 04 (),
L(x2) ifx > (A— sz)ygﬂx + oyo(ygfa),

Therefore

S5 — po — pix A
EL <2"ﬁ”0> — EL (b +0p(1) +oﬂ0(1)x>

bug
0 A 1 X
L — L[ - 1 1 —¢p|—)d
+/(Ahxz>u§“+0uo(ﬂ0“) < (2) <b 00 (1) + 0po )x>) T(P (T) *
B

(A—br2)py " +ouy (") A 1
:L(K2)+Lm T e <L <b+0ﬂo(1)+ouo(1)x) _L(KZ)) ?(P(f-) dx.

14



Let U ~ N(0,1), independent of X. Note that since L(y) = Ey[U —y]*,

.
ExL <2 + 04 (1) + 0#0(1)X> = ExEy [U - % — 0y (1) = Oﬂo(l)X] :

For any realization of U and X, we have

[u _ ;\r — [0,0(1) 4 0y (1)X] < [u- % — 0,(1) — OHO(l)Xr - {LI— ﬂ - 100 (1) + 0, (1) X,

which implies that
A A " A
L 3 +0uy(1) + 04 (D)X | =By |U — 7 0uy(1) =04 (1)X| =1L 3 +0u,(1) 4+ 04 (1) X,
(A-27)

and hence
A A
ExL (b + 0 (1) + om(l)x> =L (b> + 04 (1). (A-28)

If % = Kp, then

L (2 +0,(1) + oyo(l)x> — L(k2) = L (12 + 0psy (1) + 04y (1)) — L(x2)
= Eu[U — 12 — 04y (1) — 04y (1)x]" — Ey[U — 2] "
= 0y (1) 404, (1)x,

since — |04, (1) + 0, (1)x| < [U — K2 — 04y (1) — 04 (1)x] T — [U — 2]t < 0y (1) + 0440 (1)x|. By
(A_26)/

S* _ o (A*sz)]/lgiaﬂ’OyO(]igia) A 1
EL <2;‘;€WC> — L) + /%O (L <b +04,(1) +om(1)x> - L(K2)> 9 (3)dx
Oy ( gia) 1
— () + [ (o) +0(D3) 0 (5) dx
= L(x2) + 0y (1) (A-29)

If 2 > x,, then by (A-27),

oo A 1 X
L — L — 1 1 — ~)d
/(A—bkz)uﬁ“wuo(ﬂg“) < (r2) <b 00 (1) + 0p0 )x)> ? <T> g
S A 1 X
- Lika) =L 2) =04 (1) — 04 (1)) = (X) d
(A=bra) uE 4o (™) ( (r2) <b> (1) = O )) ? (T> *

15



N <L(K2) -t <2>> (1) = /(:O—bxz)yg“wyo(ﬂg“) (200 (1) + 00 (1)) %4) <¥> A

= Oﬂo(l)'

Thus, combining with (A-26) and (A-28), we get

S5 — g — ulx A
EL <2P‘0BP‘0> — EL <b + 040 (1) +oy0(1)x)

bug
[ <L(K)—L<A+o (1) +o (1)x>>14)(x)dx
Abro)ftou (i) \ p o Ho P\7

A
=L <b> + 0y (1). (A-30)

Similarly, if % < Ky, we obtain

* o
EL (W) = L(x2) + 0y (1). (A-31)
Ho

Combining (A-29), (A-30) and (A-31), since L(-) is a decreasing function, we conclude that

gL [ S2-Ho—mx) _ (A A L(K2) + 04 (1).
buh ’

Now, taking expectations of (A-25) over the distribution of X, we get

(p—c2)pto — AMca — co)pth —b(p — o)L (2) b + 04 (uh), if 2 > 2

Ex[—c255 + Hx(S5)] = b
(p — 2o — bra(ca — co)ph — b(p — co)L(K2)pthy + 04 (uh), if 2 < 2.

Moreover, by (5) and (6),
F(Si(10)) = (p— c1)o — MOAYEE + 0,0 (F),

where

M(A) = —(c2—c1)A+ (2 —co)A+b(p— o)L (§), ifA > bry
—(c2 —c1)A 4 (2 — cv)bka + b(p — cp)L(k2), if A < bxy.

Calculate the derivative of M(A):

M(A) = —cot+c1— (p—co)(1—D(3)), if A > by
—cy + 1, if A< bxk,.

16



Observe that M(A) is convex, with its unique minimizer at A* = bxy > bk, and

M(A") = (p = co)bg(r1).
O

Proof of Lemma 9. From Lemma 8, C + [

F(w) —
Ho /bzyzﬁJrszz.xdlu =K

— 0y,(1). The integrand of the

integral can be written as

Fi)  _ (a— Byttt p(A(n)
P e S(A()

Since k1 > K, then for pu sufficiently large, A(p) in Lemma 7 is strictly positive, since § > «

and Sj(p) —zo = 1/ bzyéﬁ + 23 (k1 — 049 (1)) — biyg > 0. Thus, the second factor of the above

integrand 0 < i((i((z )))) < % = /%, where the inequality follows from ¢(-) being decreasing,
and ®(-) being increasing on the positive half line. Moreover, the first factor of the integrand is
O, (u*F~1). It then follows that the integral is O, ‘ug_ﬁ ), an exponentially decreasing function.

O

D Proofs for Section 5

We prove Proposition 2 in this appendix.

Proof of Proposition 2.  (a) Suppose a < B. By the proof of Theorem 3 (b), we have the expected
profit gap under the policy OPT-, like that of the optimal policy, as

7O (4o) = (p — co)bp (k1) pth + O (1), (A-32)

since the proof of Theorem 3 (b) shows that (A-32) holds for any policy for which S;(po) =
Ho + by ptg + O(ufy), including our policy OPT- as well as the optimal policy OPT. Thus,
7OPT (ug) — 7t (uo) = O(u*). This difference being nonnegative is immediate from the fact
that OPT- is a heuristic as opposed to the optimal strategy. The case « > B is analogous.

When « = §, the heuristic policy OPT- becomes exact.

(b) When « < B, OPT- and NV+ are identical, hence the result follows from part (a). When
« > B, note that by Theorem 2 (b) and its proof, we have

ANV (o) = M(tiy ) + O(uy),
where

M(tKy) = p= (;f)_(cclv_ 2

K1 4 (2 — €0) TP (K1) -

17



(©)

Therefore

NV+ (

Ho) — 70 (o) = <<P —c2)(c1 — co)

)t (e = )T (9() = 0()) ) 5 +O()

and

TV (o) (o) __(p-e)a—coa pla) Opg (1)-

7T (o) (p—co)(ca —co)p(x*) — (k")
When a = B, by the proof of Theorem 4 (b), we know that

7_[NV+(;M0) = A (, /bz + T2K1) yg’

where A(-) is defined in (13). Also,

7 (po) = AA") g

where A* is defined in (12). Therefore, we have

NV+(‘M0) ™ (o) = (A (qu) - A()\*)> 1o

and
NV+ - A (VB2 + T2y
() ) _ AV TER)
7 (o) A(A*)
When a < B, we compare (A-32) with the single-stage problem where the second-stage order

is forced to be zero. In this case, the optimal first-stage order reduces to the newsvendor

solution S; = pg + K14/ bzyéﬁ + 72u3* in Proposition 1, which is positive for yq sufficiently
large since a € [0,1). The resulting expected profit

fNV(,MO) — _Clsnv+]E Hx(snv)

= (p—co)o+ (o — co)xabp§ — byl (p — co)ExL (11 = Tp5 * + O (115 "))
= (p —c1)po + (co — c1)K1bpbh — bub (p — co)Lx1) + Oy (1)

= (p — c1)po + (co — c1)ibpb — byl (p — co)p (k1) + (c1 — co)rrbph + Oy (1)
= (p — c1)po — b (p — co) (k1) + Oy (1)

since L(Kl) = (P(K1> — K1 — Klq)(Kl) = 47(1(1) — K1 % Also

F*(1o) = fOT (1o) = (p — c1)o + (co — p)bp(1)uh + Oy (1)

18



Therefore the profit gap 7N (uo) = (p — c1)mo — NV (po) = byg(p — co)Pp(x1) + O (15),
and hence, by Theorem 3 (b),

TNV (o) — 7 (o) = Oy, (1§),

and

™V (o) — 1 (o)

7T (po)

- OVO (1 ) .
When a > B, the expected profit under the NV strategy is

N (no) = —e151° + ExHx(S7°)

2B 2,20 113
K1y b2y + T2t — ugx
= (p—c1)po + (co — c1)K1THG —bﬂg(P—Cv)IExL ( L s s + Oy ( 9

Ho
byh

® X —K1T 5 1 x
= (p— eyt (eo — e —bif(p —eo) [ TP () + O i)

= (p—c1)pto + (co — c1)ra TS — (p — co) THS (P(K1) — K1 + K1 (x1)) + Opy (15

& o c1 —C
= (p—c1)po + (co — c1)rrTpg — (p — co) THY <<P(K1) — K- ;_ C”) + Oy (15)

= (p—c1)o — (p — co) TP i1 ) + Oy (1h).
Therefore the profit gap
Y (4o) = (p — co) T (k1) s + Oy ()

and hence

™Y (o) — 7" (po) = ((p — co)pl1c1) — (€2 — €o)p(*)) Taf + Oy (1h)
and

() 7 () | (pmedpler) gy

7 (o) (c2 = co)p(x¥)

When a = B, the resulting profit gap

NV (19) = (p — co) VIR + T2H8L (1) + (1 — o)1 VB2 + T2y
= (p — co) VB2 + T2 (i1 ) il

Also recall that
7T (o) = A(A)ug
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where A* and A(+) are defined in (12) and (13), respectively. Therefore

N (o) — 7 (o) = ((p = ca) VI +720(k1) — AAY) )

and

ANVpg — 7 (o) _

(p = co) VU2 + 29 (x1)

7T (o)

E Supplementary Materials for Section 2

We provide supplementary materials, namely Figures A-1 and A-2, for Section 2.
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Figure A-1: Forecast adjustment and demand noise vs initial forecast: Boogie Boards (& > f)

F Supplementary Materials for Section 6

We provide supplementary materials, namely Tables A-1 and A-2, for Section 6.

G Supplementary Materials for Section 7

We provide supplementary materials for the two extensions in Sections 7.1 and 7.2.
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Figure A-2: Forecast adjustment and demand noise vs initial forecast: Outdoor Tableware (& < f)

G.1 The Distribution-Free Approach in Section 7.1

In this appendix, we prove Proposition 3 and present the simplified ODE for determining the

optimal first-stage order in (3) when the signal distribution is uniform.

Proof of Proposition 3. We first solve the second-stage problem (15). By the definition of H,(S;)
(see the base model), for any distribution ¥p_ € Gy, the minimand in (15) can be written as

h(Sa,x) := =252 + Hx(S2)
= pEmin{Dy, S2} + cuE(Sy — D)™ — 25,
= (p —co)(po + pox) — [(ca — c0)Sa + (p — ¢o)E(Dx — S2) 7]

2 T o e g
>(p_C”)(V0+Vgx)_{(Cz—cv)52+(r7—cv)\/a+(52 & VO;) B2 ”ox)}

=: fl(Sz, x),

where the third line follows from ED, = uo + ujx and the inequality follows from Lemma 1 in
Gallego and Moon (1993), itself a straightforward application of the Cauchy-Schwarz inequality.
Moreover, for any S,, from Lemma 2 in Gallego and Moon (1993), there exists a distribution ¥p, €
Gy such that h(S,, x) = h(Sy, x). This means that the maximand in (15) is just /1(S,, x). It can be

verified that /1(Sy, x) is strictly concave in S, and hence has a unique unconstrained maximizer

S () « 1l Jp—a  |Jo-o
S*(x) = (po + pox) + oxs, wherexg—zl — P—Czl'

see (5) in Gallego and Moon (1993). Thus, the solution to (15) can be obtained by S;(S1,x) =
S1V§* (x).
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x=p=0 x=p=1 our model

Product line T % gap T % gap Tt

BOARD GAMES 27729  25.07  259.69 0.81 257.69
BEACH ACCESSORIES 1028  19.68 8.56 217 8.14
BEACH TOWELS 3726  15.05 68.37 66.86 31.95
BEACHTOYS 7485 15.11 66.24 297 62.41
ACTION FIGURES 168.31 2044 553.56  264.60 139.17
BOOGIE BOARDS 1417  26.15 11.50 3.60 10.63
DIE CAST 46.13 5.61 25036  439.90 43.89
GLOW 27.68 256 105.07 228.76 26.95
GOGGLES 2571 2792 34.48 44.24 19.73
OTHER GAMES 569.76 ~ 33.71  480.94 7.98 445.37
OUTDOOR LIGHTING 18.32 2.07 47.67  105.97 17.85
OUTDOOR TABLEWARE 1324 17.34 14.99 18.31 11.12
PLANT KITS 47.60 6.79 55.18 14.35 43.71
POOL TOYS 61.81 3210 263.33 351.96 46.24
PUZZLES 5488  34.70 68.05 51.74 40.67
SEASONAL PLUSH 160.13 0.08 1291.12  628.83 159.99
SQUISHMALLOWS 1642.66  21.63 1394.35 2.51 1354.68
TOY GUNS 55.12 9.76  634.00 1149.13 50.19
TRADING CARDS 66.60 5217  48.53 12.20 42.42
WATER PLAY 39.65  39.82 82.81 112.08 29.36

Table A-1: Model comparison (“% gap” is with respect to our model)

Now we solve the first-stage problem. Similar to Lemma 1, one can verify that f(-) is concave.
Consider the root of f(S1) = 0. Define

we get

. S1, ifx <x*(51),
S5 (S1,x) = { -

One can verify that

fl(S1)=cr—c1 - ‘;EX{( —¢)55(S1, X)

_CU

V00 o 0 ($5(81X) o~ 150 }
2

=cp—c1 — (CZ —c )IEXdSE(SLX) o P - C'U]EX g;(slfx) — Ho — V%x -1 dg;(sllx)
) 451 2 \/ 2+ (85(51, X) — po — pigx)? 451
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NV NV+ OPT- OPT

Product line ™V %gap ANV' %gap AT %gap w*

BOARD GAMES 26772 1271  261.27 471  261.27 471  257.69
BEACH ACCESSORIES 10.74  30.40 9.16 1197 8.45 2.64 8.14
BEACH TOWELS 38.39  20.38 34.41 7.79 34.41 7.79 31.95
BEACHTOYS 72.03 8.70 66.04 3.15 62.71 1.12 62.41
ACTION FIGURES 162.68 16.14 148.03 6.05 148.86 710  139.17
BOOGIE BOARDS 14.48  33.51 1216 1327 10.96 1.94 10.63
DIE CAST 47.48 9.07  45.16 3.23 45.16 3.23 43.89
GLOW 3287 23.12 29.06 8.13 29.06 8.13 26.95
GOGGLES 2556  27.58 22,02 10.78 20.60 3.80 19.73
OTHER GAMES 555.81 2891  477.92 9.03 477.92 9.03 44537
OUTDOOR LIGHTING 21.07  19.77 18.91 6.23 18.91 6.23 17.85
OUTDOOR TABLEWARE 14.03  31.10 1226 12.27 1226 12.27 11.12
PLANT KITS 47.70 7.50 45.13 2.62 44.68 1.19 43.71
POOL TOYS 65.72  44.95 53.94 17.57 53.94 17.57 46.24
PUZZLES 5239  27.63 45.27 1081 42.80 5.38 40.67
SEASONAL PLUSH 166.07 424 16171 118 16171 118  159.99
SQUISHMALLOWS 1619.93  19.86 1424.93 5.18 1424.93 5.18 1354.68
TOY GUNS 60.66  20.77 54.20 7.96 53.37 6.34 50.19
TRADING CARDS 63.76  45.54 50.78  17.88 42.42 0.01 42.42
WATER PLAY 39.22  37.45 33.27 14.94 33.27 14.94 29.36

Table A-2: Performance of heuristic policies (gray rows have & > f3; “% gap” is with respect to 77*)

x*(51) _ — up — u®
—o-a [ f@-a) e B | I | gy (xga
- 2\ (51— po— )2

where 1x(-) denotes the PDF of the distribution of X. Change the integration variable to z =

Sl — Ho — ‘MDO‘X, i.e.,
_S1—wmo—z dx

' W odz 0
and let
o p—Co z _ :202—cv—p p—=Co z
R(z):=cp—cp+ 5 [ iz 1] 5 +— i
Then 1 S
~ R — —Z
Fisn=c—a- [ REpx (1”0) dz. (A-33)
Ko Joxs Ho

We thus obtain the following ODE for S} that solves f'(S;) = O:

dgf _ af;}(fl)
do af(_;(sl)

51
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 —ublogpio | [ R(2)x (252 ) dz+ & [ RE2)k (
N fast )l (51 o~ Z) dz

The boundary condition can be obtained by solving f'(S1) = 0 when & = —o0

Sl;f%‘)*z) (S1 — o — z)dz}

O
We now simplify the ODE in Proposition 3 when the signal X follows a uniform distribution
Assume X is uniform on the interval [—v, v] with density {x(x) = 5. Rewrite (A-33) as
= 1 o0
f (Sl) =C)—C — = R(Z)lpx(x)dz (A-34)
]/lo JOK3
Note that

z—51+
—0<x<v <= —vgﬂ

Z <v <= S1—p—ovuy <z<5
Ho
The ODE takes three different forms depending on the location of Sy

(@) S1 — po +ovuy < oxz: In this case, as the entire support of X € [—v,0] = z < 0xk3, ie., for
z € (ox3,00), the corresponding x ¢ [—v,v] and therefore x(x) = 0. On this half line,

f'(S1) = ¢z — c1. Since a and pg do not appear in this equation, S} is a constant in & and g
(b) St —po—ouy < oxkz < 51—

— Mo + vpg-

o + vug: In this case, the relevant range for z, where the
corresponding value of X € [—v,9],is z € [0k3, S1 — po + vufy]. We have

. 1 S1—po+oug
f'(S1)=cr—c1— /

R(z)dz
o L (2)
2
o 2o p(Si—potopy—0K3) p—co \/‘72+ (S1—po+opg)” - \/m
2 2 20 2 20 '
The ODE now becomes
) 2co ZCU*l’ (51’7]’1070"(3) _ \/m 0'2+0'2K§ (Sl—;¢0+vyg)
a5 o (51) . pITT 2uo 2 2\Jo24 (S1-po+ous)?
T af’( )~ B 2oy _p__ S ket '
51 4ugo

4ugo \/02+(517y0+v;48)2
(c) ox3 < S1 —

to — vpg: In this case,

1 S1—po+oug
f (51)—02—01—i/

on z)dz

S1—po—oug

200 —Cp— p p—cv\/02+(51—H0+Uﬂg)2—\/024'(51—#0—”?’3)2
-eTa- 2 T2 i) '
Ho<v
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So the ODE now becomes

2 2
o2+ (S1—potops) = o2+ (51— o —om) S1—po+opd Sy —po—opd
~ a"/ S e — —
dasy fa(le) 1 20 2\/(72+(51*}10+‘0;lg)2 2\/02+(517yofv;46‘)2
—_— — = 10 a .
TGRS TR SET=
35,

Zygv\/¢72+(51 fngrvyg)z a Zygv\/UZJr(Slfyofvyg)z

In our numerical investigations, we have found the distribution-free approach in Proposition 3
to generate values of S} that are quite close to S which is obtained when the distribution of Dy is
known to be normal. As an example, Figure A-3 compares the 5} and S values obtained under the
distribution-free approach and under the normal distribution (of D) assumption, respectively, for
instances with ¢ = 3,c, = 1,p = 6,9 = 5,0 = 2 and X ~ U(—3,3). We do this for three values
of c; < ¢ = 3. The figures show that the first stage orders 51‘ and S} under different approaches
are indeed close.

14 14 14
12 12 — Normal demand 12
10 — Normal demand 10 Distribution-free demand 10

8 Distribution-free demand 8 8
6 6 6 — Normal demand
4 4 4 Distribution-free demand
2 2 2
a a a
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

@25=c1>(c2+¢c)/2:x* <0 MB)2=c1=(c2+¢y)/2:x* =0 (@15=c1<(ca+¢y)/2:x*>0

Figure A-3: S} (a) and S;(a) under uniform signal (c, = 1,c2 =3,p = 6,119 = 5,0 = 2,0 = 3)

G.2 The Capacitated Model in Section 7.2
In this appendix, we prove Proposition 4 and Lemma 2 in Section 7.2.

Proof of Proposition 4. By standard arguments, e.g., Theorem 1 in Fisher and Raman (1996), the
objective function f(S;) in (16) continues to be concave, with maximizer SAik+ A Cy where f'(5}) =
0. Following similar arguments as in the uncapacitated case (see Corollary 1), we get the second-
stage unique maximizer being S5 (S, x) = (S*(x) V S1) A (S1 + C2), where (as in the uncapacitated
case)

§*(x) = (po + pox) + ox2.

Thus,
Sq if x < x*(51),

§§(51,x) = S*(x) if x*(Sl) <x < X*(Sl + Cz),
S1+C ifx>x*(S1+Co),
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where

x*(51) = (S1— po — o%2)/ iy
Also, 5% is the unique root of

21

(S1—po—0K2) /Ul _ o
P =60 =—atatt [T ek oo () g/ nx

o

1 /> 51+C2—‘M0—‘MSX):|
_,_,/ {—c—i— —(p—c <I>< x/T)dx
T J(S1+Co—po—0%k2)/ 1 2ty (pme) i )

o

As before, we derive an ODE for $% () by applying the implicit function theorem to this equation:

dS;  9G(Sy,a)/oa
da — 9G(S1,4)/351" (A-35)

In evaluating the above partial derivatives, while applying the Leibniz integral rule, the following

identities allow for significant simplifications. Note that the integrand of the first integral at the
integral’s upper bound is proportional to

_CZ+P_(P—CU)CD(K2):—C2+P—(p—cv);):zz =0.

Similarly, the integrand of the second integral at the integral’s lower bound equals 0, as well. This
implies that

[

o 51+C2—]10—]/£6‘x>
+ / dx b,
¥*(814+C2) ¢ < v ¢(X/T) *
0G(S,a)  1p—c (S Sy — o — pdx
ST T o /700 ¢ o Plx/T)dx

© Sl—I—Cz—yo—ny)
+/ ( dx 3.
x*(Sl+C2)¢ " ¢(x/T)dx

Thus, using (A-35) we obtain the desired ODE in Proposition 4. The boundary condition is obvious
from the solution of f/(S1) = 0 when & = —co.

« _ x*(S1) _ X
8G<8502,a) _ Khlogop Ucv{/w Vo (51 o Vox> o/ )i

O
Proof of Lemma 2.  (a) Write the integral as

_ (eran/p? A8 2 42

/ e e Tdx = 1 e 208740 /C x¢ <AB + 5x> dx
V2 V27 B

—0oQ
A2 1

= T g (0 (G rec) + e (B ec) b
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since [ x¢(a+ bx)dx = — % (¢p(a+ bx) + adP(a+ bx)).

(b)

C/t

[ otatBagte/idx = [ g(a+ Brygly)ay

—00 —0o0

S — cp( A >+¢<C B2r2+1+Am>
B2r2+ 1" \VB2tZ+1 T B2 +1)’
since [ ¢(x)p(a+ bx)dx = }¢(a/t)P(tx + ab/t) with t = 1+ b2 see Patel and Read
(1996). 0

H Bounds for S}

In this appendix, we derive two sets of analytical bounds for S; when both D and X are normal
distributions. Without loss of generality, we confine ourselves to the case where ¢ is a constant;
thatis, p = 0.

First, Proposition 1 and Lemmas 4 to 6 imply the following bounds (since F* > 0.)

\/ 02+ T2ud + o
LBy := po + 1"\ /02 + T2u3* < ST < po + (/02 + T2ud" =: UB;.
(A-36)

TH
Note that the non-constant term within the parentheses above is a monotonically decreasing func-

k" 4+ F*log

tion of g since F* > 0 is independent of « and o and

\ o2+ st + o o2 o
= log o2 T /

14
THy

log

a function that decreases to 0 as o grows to co.
An alternative set of bounds is provided by Theorem 5 below.

Theorem 5 (Bounds for S7).

14
7 <UB, = HW{ +{ 2t (28)]

2
+pto+aa1c2+yo+m<2 [ < )]
OTUS o
14 ®
+ 1z <~/ ]/lo ) 1/ +1tan~! 21Ho +tan~! <%>
Ho UK2 \/ K302 + T o 7

C(y)?

£ SIB, [ 2 1 2,20 / 2
S1 >LBs Ho + /0% + T ug { { ey 2} 02+y ———=5-dy
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max{yo. T} gipy? + o (o + oky — Sy)
+ / , 2 1 12\3/2 dy o 0,
™ oy(o? +y?)

= 2
where C(y) = 70K2y2+y‘12/(:21;:207”2), and yo the unique root of \/szne* = C (y). These integrals can

be obtained in closed form.

Proof. To prove the upper bound UB;, we need to bound

A C)) e Topg  ¢(A(9))
/:x de_/,x 02+T20y%9¢(14(9))d9'

By Lemma 3 and the proof of Lemma 5, i((ﬁ((?))) <K+ %2, where Ky = 13 + 0'(jio + 0r2) T 2y >

We first apply a change of variables y = tuf. Note that dy = ylog yod6 = d6 = ylgg W Thus,

/oo FO) 49 @ /Oo ! |:(K+(T( + o)y 2) + L }d
o Jorw gk fuy 2+ 2O IR T g e + o)y 2] Y

_ v /°° {szz + o (po + oK) e } ay
log po y2 (0?2 +y?) (02 + y2) (k292 + 0 (o + 0%2))

_ 0 )rr 1 (TH #o+m<z/°° 11
1og],t0{(7 [2 fan ( o )] L - (yz 2+ o2 dy
oo 2
y
+ /[ d
iy (02 +y?) (r2y> + 0 (po + 0%2)) y}
— e [7‘[ —tan~! <T]46‘)] + ,uo—i-tsz + Hot 7% [7‘[ —tan~! <T‘ug)]
logup | o |2 o OTUY o 2 log
14 ®
() e (2 e ()]
Ho K2 K2 K%‘72+‘7K2M0 o

To prove the lower bound LB,: If A(8) > 0,

THG

FO)  _  Toug - o

, A-37
02 + 22 T 02+ T ~ V2r(0? + t2uf) ( )

since 0 < ®(A(8)) < 1and e™* > 1 — x where this last inequality is applied with x = @. Since
e* is a decreasing function, a further lower bound can be obtained by replacing A(6) by an upper
n _ Ty’ (0x2)+0%(S1—po—0K2)
bound A(f) = O e
change of variables y = tuf = dy = ylog pod6,

, where S is given in Proposition 1. Applying the same

E(9) o
ao >
02 + 12420 V27r(log po) (0% + y?)
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and -
- _ —szz—i—(?'(sl — Ho —(71(2)

BN

Note that the second term translates into a fourth-degree polynomial divided by a sixth-degree

polynomial function and is therefore integrable in closed form. (Note that S; is a function of a by
Proposition 1, and not of 6.)
If A(8) <0,
A 0 A 0 A 0
o) b eCA0) A Al
fo? 4 1220 o2+ T?uf’ 1— (—A(0)) 02 + T2 o2 + T2

since 1 — ®(x) < ¢(x)/x for x > 0. Apply the same transformation of variables y = tu§ = dy =
ylog pod6,

A

E(6) 10> o xoy* + o (po + oxky — S1)

T G NS

Note that both [ Wdy and [ (auiiz)wy are analytically integrable:

dy.

/ Y g 1 / _dy 1 \/(72 +y% — g 1
@+ T T A P+y)Py 20 S e A
(This can be verified by applying the change of variables z = /0?2 + y2.)

Thus, since A(#) < 0 or A(0) > 0, by the combination of (A-37) and (A-38),

0 9 . _7 N
o2 + T2 29 log Ho Ja o2+ TZ:”O
log po Jeug oty
where C(y) := Z(G) = —oay e Giopo-r) oy, analyze for which regions of y the minimum is

oy/2+12

achieved by the first or second term, let xq be the unique root of the equation —1—e~7

_ 2 — —
\/Ee X

(xo = —0.37). Also since C(y) is a decreasing function of y, there exists at most one root yo of the
equation C(y) = xp, and by (A-39),

v ° $(C(y)) max{yo T} —C(y)
/ 2 dezlo {/ sy 02+ 2dy+/ﬂ o2 + 24y
[ s+ TZ 29 g :uo max{yo,Tpto} y THy y

o 1 /°° 1— M p max{yo, 715} oicoy? + 02 (po + oky — S) p
= Tog o | v2r Jmatvorisy 212 0 Jug oy (02 +y?)>2 '
Both terms have been shown to be integrable. ]
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Figure A-4: S;(a) with upper and lower bounds (c, =1,c, =3,p =6, =5,0 =2, 71 =1)
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Figure A-5: S; (o) with upper and lower bounds (c, = 1,60 =3,p=6,0 =2,7=1)

None of the two upper bounds dominates throughout the parameter space which is why we
recommend computing both and determining the maximum of the two values. The first upper
bound UB; has the advantage of employing the tighter upper bound for the hazard function of
the standard normal distribution, see Lemma 3. The second upper bound UB; has the advantage
of allowing for a tighter upper bound of the function F(-) than by a simple constant F*.

Figure A-4 shows that the combined upper bound UB = min{UB;, UB,} is quite accurate, in
particular for values of & > 0.5. As a varies, we have observed that the simpler upper bound
UBy, see (A-36), is best beyond a certain threshold value of a. This threshold is also generally in
the proximity of & = 0.5. Figure A-4 displays this for three instances which vary in terms of the

assumed value of cy, the initial per-unit procurement price, corresponding with * < 0 (Figure A-4
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(a)), * = 0 (Figure A-4 (b)) and x* > 0 (Figure A-4 (c)).

These results are confirmed by Figure A-5, where we display the bounds (and the exact value
of 57) as a function of the mean p, again for the three sets of cost and price parameters (which
vary only in terms of c;) used above. These correspond with the cases x* < 0,x* = 0 and x* > 0
in the left, middle and right panel, respectively. Figure A-5 consists of nine plots, with the upper
(middle, lower) panel corresponding with « = 0.5 (x = 1, « = 1.5) respectively.

When a« = 0.5, the second upper bound is uniformly the tighter bound. When & = 1 or
a = 1.5, the first upper bound is the tighter one—and indeed very tight—except for very low
values of . These results are fully consistent with our observations regarding Figure A-4. When
x = 1.5 > 1and «* < 0, S] quickly becomes increasingly negative, so that the optimal initial
order S;" = 0. Under these parameter settings, it is optimal to defer the entire procurement to
the second stage. Note that in the chosen instances when «* < 0, x* = —0.67 > —1 so that, as
shown in Theorem 2 (a), S7 continues to be asymptotically linearly increasing. This pattern for
« = 1 would be reversed only when the initial price c; is extremely close to c; = 3, namely when
c1 > 2.68 so that x* < —1.

As far as the lower bounds are concerned, we only display the simpler lower bound LB; =
Ho + k* /0% + T2 y(z)"‘, see (A-36), as it is very accurate by itself. LB, > LBy, as an even better lower
bound, is even more accurate. Displaying LB,, in addition to LBy, would clutter most plots as the

different graphs sit on top of each other for most cases.
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