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Appendix A: Allocative Recommendation

In this section, we examine the benchmark setting, where users are perfectly informed about the product type
and the platform’s recommendations are purely allocative. Under purely allocative recommendation mode,
users are able to observe the product type i and the platform’s recommendation only controls the product’s
accessibility. When being presented with a recommended product ¢ (with probability U(i,tA)), the user of type
t makes the transaction if and only if the product’s value v! exceeds the outside option w. Thus, the user’s

transaction rate is given by )
/ 1{u<v/}du=nv}, (A1)
0

namely the product value to the user. Accordingly, the user ¢’s expected utility from reporting her type as t
is given by

Ve ttlo)= Y P[i]/o [o(3, ) max {u,v'} + (1 — 0(i,1)) u] du. (A.2)

ie{L,R}
Product 7 is accessible with probability o(i,£?) and the transaction rate is given by v! in (A.1). Thus, the

platform’s problem is

11¢ := max E [m,0(i, 1} )v!

o] subject to (A.2) and (6), for privacy regime k € {U,0, S, N}, (Py)

where the expectation (as well as the following ones) is taken over all product-user type pairs (¢,t). The
platform decides whether to offer a user the access to a product (d =1) or not (d =0) by solving (Py). As
shown in the following theorem (its proof is relegated to the end of the section), we find that in this case,

the privacy regime makes no difference in the platform’s optimal recommender policy.

ProPOSITION A.1 (Optimal allocative policy). Regardless of privacy regime, the platform’s optimal
purely allocative recommender policy adopts the “spam” strategy, i.e., a,‘j(i,tA) =1 for ke {U,O0,S,N}, i€
{L,R} and t€ {,r,n}.

In this benchmark, the platform’s recommendation cannot influence users’ inference about the product type
that is perfectly observable to them. Thus, the transaction rate is independent of the platform’s recommender
policy (and hence the user’s reported type) as shown by (A.1). As a result, the platform does not need to

trade off the recommendation rate for the user’s transaction rate, and can simply maximize all products’



2 Kiiciikgiil, (")zer, and Wang: Recommender Systems under Privacy Protection

recommendation rate to achieve the highest revenue, hence a spam strategy. Yet, such a spam strategy also
benefits the users by offering them full access to both types of products. In fact, the non-personalized nature
of the spam strategy renders the privacy regime completely irrelevant.

The optimal allocative policy sets a meaningful benchmark for the subsequent sections: any deviation from
it when the recommendation mode is no longer only allocative must involve reduction of some recommenda-
tion rates below the maximal level due to the recommendation’s informational role in influencing the user’s
transaction rate.

Proof of Proposition A.1.  Expanding the expectation over all product-user type pairs (¢,t), with respect
to the probability structure given in Table 1, the platform’s problem (P{) can be written as

Jrg{g;i])\avaL o(L,0) + A1 — a)mpvbo(R,0) + (1= Nampv;o(L,7) + (1 — A) (1 — a)mroio(R,7)

subject to (A.2) and (6), for k€ {U,0,S,N}.

Then setting (to the extent the privacy mode permits) o(i,f) = 1 for i € {L,R} and ¢ € {{,r,n} would
maximize the objective function for privacy modes {U,O,S,N}. Such a symmetric policy would induce,
utilizing (4), V™ (t,?: 14 | J) =ym (t,tA: r } O’) =Vm (t,?: n | 0) for both users t € {¢,r}. Correspondingly,
both users ¢ € {¢,r} find it optimal to set £? =t for modes k € {U,0, S}, and set ¢ =n for mode k = N.
Thus, (6) is satisfied. O

Appendix B: Proofs in Section 4

Before presenting the proofs of Section 4, we give supplementary derivations that we utilize both in the main
body of the paper and in the remainder of the Appendix. For the purely informative privacy mode, direct

application of Bayes rule yields

P[i:L|tA,d:1,a} zl—P[i:R|tA,d=1 0]—aU(Lt [ tA,a], and
Pli=L|t,d=0,0] =1-P[i=R|t,d=0,0] =a(1—-0o(L,t))/P[d=0]t,0], (B-1)
where
Pld=1|t,0]=1-P[d=0]|% 0] =ac(L,t)+ (1 - a)o(R,1). (B.2)

Proof of Lemma 1.  First, we expand in (B.3) and (B.4), both users’ utility function (4) and the plat-

form’s objective function (P;"), respectively, for a general message space M:

v (4,t] o) = {ZP [d|7,0] (]E[vf|t,?,d,a]2+1)}

deM

NJM—!

{ZP [|T.0] ([oLP[L|T.d. }+U;(1_P[L;ad,a])]2+1)}

deM

N}M—t

{ZP d’t ( t—vh)? [L|tda} + 205 (vh —ok) [L|£d,a}+(v%)2+1)}
1 (,Ut)2

BERARE

(v}, — vR)?

2

+avh (vl —vh) +

Ev |P[L|Td,0]] (B3)
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and

max A{ZP{d)Za}E[m 0

)
deM

}E[vf

Z,O'i| [(ﬂ'L —7g)P [L

)

Z,Zd,o—}}+(1—A){Zp[smam[m|?,d,o—]1E[v;r,ad,o—]}

deM

& mng{ZP{d

Zd,a] +7TR] [(vi —vh)P [L ’ Zd,a} Jrvg}}

—A){Z Pld|7,0][(my —7r)P[L |7, d,0] +7x] [(UZ—UE)P[Ll?’daUHv%]}

I}

+ (1= Nmav { 1+ (o + fo) + pBoBac [PIL |7, d,01°] }

& max Avaé{l—l—a(p—&—ﬁl)—i—pBlEM [IP’ {L

& max vl —v5)Ex {IP {L

2
o |+ @ N0 - R [PILIR L], (B4)
where 81 =v¢ /vt — 1 and By =} /v — 1.
We now establish the following Claim B.1, whose proof is relegated after the proof of Proposition 1.

CLAM B.1. For a o utilizing a general message space M, E,, {]P’ [Lﬁ:dp]ﬂ € [a?,a]. Further,
En [P[L

only be achieved with a no-disclosure policy.

, ]2} =« can only be achieved with a full-disclosure policy, while E 5, {IP’ [L , ]2} =a? can

Having Claim B.1, we now show that any [, {}P’ [L } t.d, U] 2} = prm € [0?, ] for a general messaging space
M, can be replicated by a policy utilizing binary messaging space d € {0,1}, for any pair of t € {£,r} and
te{¢,r,n}, and hence, by (B.3) and (B.4), achieve the same payoff performance both for the users and the
platform. Let us first rewrite E, [IE” [

, ]2} for a policy utilizing binary messaging space d € {0,1}:

E.[P[L|T.d,0]*| =P[a=1]T.0]P[L|T,d=1,0]" +P[d=0|E0]P[L|Ed=0,0]"

~ 21 (LD
*o(L,1)? N o? [1-o(L,?)] (B3

ao(L, )+( a)o(Rt)  a[l-o(L,H)]+(1-a)[l-0(R,1)]
Now, inputting (O’(L (1, ?1(aa)HM)> to the above equality give us E,4 [IP’ [L |£d, 0}2} = Uag,

which completes the proof. O

Proof of Claim B.1. It is intuitive to think that, user ¢, who is subjected to the utility function (B.3),
would always prefer a more informative policy (bounded above by full-disclosure policy) over a less informa-
tive (bounded below by no-disclosure policy) one. Let us rewrite E []P’ [L|t.d, 0]2} :

o] =Y plalt. o]

deM

EM{[

= > Pld| L0 P[L]T0)* /P [a]i0]
_ Pd| L Eo]"
- Z Pld|L,t,0] +(1—a)P[d|R,t,0]

dEM

(B.6)
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We first show that E,, [IP’ [L |f,d, 0]2} can always be improved if ¢ is not a full-disclosure policy, i.e.,
when there exists a message d, € M that has P [da ‘ L,tA,a] =¢:t>0and P [da ‘ R,f,a] =¢>0. In such a
case, keeping the rest of o the same, splitting d, into two separate messages d, and d,. with P [db ‘ L.1, a] =
g%, P [d, | R,tA,cr] =0, and P [d. ’ L,tA,a] =0,P[d. f R,tA,a] = ¢® would increase E {]P’ [L |tA,d,o']2} . The im-
provement of the separation in [E {]P’ [L | ?,d, 0] 2} can be calculated, utilizing (B.6), as

' (¢7)? L\2 L R LN\2 L R

@ agl+(I—a)gh xa(q,)” +(1-a)g g, —alg,)” =(1-a)g,q, >0.
Iteratively following the separation procedure for any message d, € M that has P [da | L,tja] > 0 and
t, a] >0

P [da ’ R,EO’} > 0, o will become a full-disclosure policy. In other words, any message d with P [
would perfectly indicate product i € {L, R}. In such a policy, (B.6) can be written as
[d’L,tA,U]Q d‘Lto

“ Z d’L,t,o] (1—a)]P’[d|R’t -a Z =q,

dEM deM

where the last equality follows as »,_ P [d { L.1, U] = 1. Hence, for a policy o that is less informative than

, ]2 = « can only be

the full-disclosure policy, we have [E,, [IP’ [L , ]2} < a. Formally, E,, |P [L

2 . .
,0]”| being convex in

achieved via a full-disclosure policy, which is a direct consequence of E,, |P [L
P [L |£ d, a] , and the martingale property.

Next, notice also that, by Jensen’s Inequality, we have E [IP’ [L | tA, d, U} 2] >Epm []P’ [L ‘ ?7 d, 0]]2 . We then
rewrite [E []P’ [L |f, d, a]] as

ZIP’ L|tdo ZIP d‘L,t,a —aZPd’Lta]—a

deM deM deM

En [P[L

which translates into E [P [L | #,d, 0] ] % — 2. We note that E [IP’ [L|t.d,o] 2} = o2 can indeed be achieved
by a no-disclosure (equivalently, no-information) policy, which, for each message d with P [d | f,o] > 0, has
P[d| L,i.0] =P[d| RT,0] = gs> 0, where 3 e, a = 1. Utilizing (B.6), we caleulate Ev [P[L |7,d,0]’]
for such a policy as

2 (%)2
Py ey P DL

deM deM

It is straightforward to see that E,, [IP’ [L , ]2} = a? can only be achieved via a no-disclosure policy,
which is a direct consequence of [ », {]P’ [L | t.d, U] 2} being convex in P [L | t.d, U] , and the martingale prop-
erty. This completes the proof. [

Proof of Proposition 1.  Under unprotected privacy, we have tA{J” =t e {{,r}, by definition. Utilizing (B.4),

we can rewrite the objective function (P;*) for k=U as

N 2
max A\(v) —vh)Ey [IP’ [L ‘ (=1,d, a} ] + (1 =) (v} —vp)Eq {JP’ [L|7=r.d, 0]2} :

N 2
As vt >v% and v} < v}, utilizing Claim B.1, it is optimal for the platform to have E, {IP’ {L ‘ {=1,d, 0] ] =«
and E, |P[L|7=r,d, crﬂ = 2. Hence, again by Claim B.1 and (B.5), the optimal policy is given by

o (L,0) =07 (i,r)=1forie {L,R} and o (R,¢)=0
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Under opt-out privacy protection, the platform’s problem (P;*) for k = O, is a constrained version
of the platform’s problem (P;*) for k = U. Hence, if we are able to show that the platform can have
E, {IP’ {L

. 2
4,d, 0':| ] = and Ey []P’ [L|7d, 0]2} = o2 incentive compatibly, then we reach an optimal solution.
Setting
oy (L0) =03 (i,r)=1forie {L,R} and oF(R,¢)=0,
~ 2 ~ 2
and (6%(L,n),c%5(R,n)) = (1,1), makes, by (B.5), a =E, P [L ) Ezé,d,a} ] =E, [IP’ [L ‘ Kzn,d,a} ] =
a? and o® = E, {]P’ [L|7= r,d,a]z} > E, [IP’ [L|F=n,do]’| = a2 Thus, by (B.3), V" (f,Zzé 06”) >

vm (E,Z:n ’ J’O”) and V™ (r,F=r|o%) =V™(r,F=n|02). Therefore, we have t% =t € {£,r}, and the

optimal policy is given by
ol (i,t) = o7 (i,t) and oZ(i,n)=on(i,r) forie{L,R}, te{lr}.

This completes the proof. [
Proof of Proposition 2.  Under non-disclosure privacy protection, we have tAﬁ =n, by definition. Utilizing

(B.4), we can rewrite the objective function (P;*) for k=N as
max { Al —vh) + (1— \)(v] —vy) L E, [1@ [L|t= n,d,gﬂ .

Thus, utilizing Claim B.1, it is optimal for the platform to have E, {IP’ [L |f: n,d, a} 2} =a? if 8, <0, and
E, {]P’ (L |?: n,d,o] 2} = « otherwise, where By = [A\vf + (1 — A)vi]/[M4 + (1 — A)vy] — 1. Hence, again by
Claim B.1 and (B.5), the optimal policy is given by
17 if ﬂ)\ S Oa
on(L,n)=1 and oR(R,n)=
0, if 5, >0,
Under self-disclosure privacy protection, utilizing the revelation principle and (B.4), we can rewrite the

objective function (P;*) for k=S as

max AvE —v5)Eq []P’ [L

Z,dﬁ} 2} + (1= \)(v] — v3)Ey []P’ [L|7 d,aﬂ
subject to [, [IP’ [L]T=1¢,d, oﬂ Zmax{Ed [P [L|t="r, d,aﬂ E, [P [L|7= n,d,aﬂ}
B [P[L|T=r,d,0]"| = max{E, [P[L|T=t,d,0)"] B, [P[L]|T=nd,0]"]},

where the constraint (6) is reflected in the first and second line of constraints, for user ¢ and r, respec-
tively. The constraints dictate the optimal solution to have E, [IP’ [L | t=10.d, U] 2] =E4 {IP’ [L ’ t=r.d, U] 2] >
E,; {IP’ [L |f: n,d, 0} 2} . Hence, by Claim B.1, the optimal solution must have

~ - o?, if B, <0,
E, {]P’[L|t:€,d,a]2}:lﬁld {P[L{t:r,d,aﬂ: : P
«a, if IBA > 07
Thus, by (B.5), the optimal policy is given by
1a if ﬁk S 07

(L) =1 and o%(R,1)=
Us( ) Us( ) {0’ if By >0,
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under which, by (B.3), V™ (t,tAzf ’ ag”) =ym (t,tA:T ’ ag") =ym (t,tA: n ‘ ag") for t € {¢,r}, and hence, we
have ?g =t € {{,r}. With this result, we ultimately show that restricting the platform to truthful type-
sharing inducing policies is without loss of optimality, as the platform attains the payoff that it generates
under non-disclosure privacy protection. In other words, we prove that the platform could not have earned
a higher profit, utilizing any arbitrary policy which may, in fact, induce mimicking behavior in users. This

completes the proof. [

Appendix C: Proofs in Section 5

In this section, similar to Appendix B, before presenting the proofs of Section 5, we give supplementary
derivations that we utilize in the remainder of the Appendix. We start by introducing a variable transforma-
tion for the platform’s recommender policy and reformulate the platform’s revenue function (under truthful
revelation of the user’s type) accordingly.

REMARK C.1. For brevity, in Appendix C and D, we denote the probability of recommending the product

for each realization of (z,ﬂ as o', as opposed to o (z,ﬂ , given in (1).

LeEmMMA C.1 (Policy variable transformation). For any policy o defined in (1), let

R i - 1—a)oh, ~
xh = 2 and z':= (1 =)ok =, forte{l,r,n}, (C.1)

act 4+ (1—a)ot, act +(1—a)oh

with &t =, =0 for ot =ot, =0. Then, x=: {xfz 0:ic{L,R} andte{l,r, n}} must satisfy

K3

xi(xi + xﬁ;) <a, and (HtA)

@

ah(ah +at)<l—a, forte{l,rn}. (HI_,)
Conversely, for any x satisfying (H') and (H!__), the policy
of =al (z) +2%)/a and o, =2l (a) +28)/(1—a), for Te{l,rn} (C.2)
is well defined and satisfies (C.1).

Proof of Lemma C.1.  First, notice by (C.1) and the definition of z that, zf >0 for all i € {L, R} and t €
{¢,r,n}. Second, for te {¢,r,n}, by (C.1), we have
ot (af er’j;) = aot byg(l) a and x’;(xi er’;;) =(1- a)af; byg(l) 1-—a.
Hence x, which is calculated through (C.1) for any o defined in (1), satisfies (H’) and (H!__). Furthermore,
for any x > 0 satisfying (H’) and (H!__), the policy ¢ defined according to (C.2) is well defined, i.e., satisfies
(1), as

by (ui

lfa)

by (l) S R
€ [0,1] and o} =xzhL(z} +2%)/(1—a) € [0,1], for te{l,r,n}.

oy = (¢ +15)/a

It is also straightforward to see that (C.1) holds for such a policy o constructed through (C.2), completing
the proof. O
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t
Th '

7
Ty

0

Figure C.1  The gray-shaded region represents the feasible set of (xi,x’};) satisfying (Hf:) and (Hf:a), whose

respective boundaries are hyperbolas intersecting at (o,1 — «).

LeEMMA C.2 (Reformulation of platform’s revenue). Under the variable transformation in (C.1), the plat-

form’s expected revenue given the truthful revelation of user’s type (i.e., ffc =t) can be reformulated as
E[molE P! |t,d=1,0]]0]

X (L p) (14 B1) (25)° + 2+ p+ Br)at ot + ()]

=mr[A\h + (1= A\)v) (C.3)
=X [(L49)(1 = 8.) (27)° + 2+ p— Bk + (2)?]
where
’::¢6[01} p::F—L—1>O ﬁlzzﬁ—l>0 and B::l—ﬁe(()l]. (C.4)
b+ (1= — 77 TR ’ v " vl ’

Proof of Lemma C.2.  We first utilize the representations of E [vf

t,tA,d: 1,0] and P ['L | tA,d: 1,0] given
in Section 3, to express the platform’s expected revenue given in (P;**). As mentioned above, the expectation
is taken over all product-user type pairs (i,t), whose randomness is summarized in Table 1. Accordingly, the

platform’s expected revenue, with respect to users’ optimal reported type Z\fc e{l,r,n} for t € {{,r}, can be

expressed as

o N
E [ﬂ'iai’“E [vl | t,t],d=1,0] ’ 0} = (C.5)
L . &
7 2l |:ULaUL +vR(1_a)0R}
A [cerJﬁ"' +(1— Ck)’]TRO'Rk:|

ac+(1—a)op

= =) [Uzaaii + U;?(]' - a)o-;i:|
+(1=X) |:OZ7TLO'L]° Jr(l—a)wRaR"} — —

ao 4+ (1—a)ogd

Therefore, when we condition on tA{C =t for t € {{,r}, this expected revenue takes the following form

E[moE W} |t,d=1,0]]|0]=
[V aot + v (1 —a)oh

[vpaoy +vR(1 = a)og]
act + (1 —a)og

] T '
+ (1 =N |arpo] + (1 —a)mroy] a0t £ (1—a)oh

AMampop + (1 — a)mroy]
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Dividing both sides of the above equation to wz[Av% + (1 — A)vy] we have

E[moiB[v; [t,d=1,0]| 0] /{mr[Avy + (1 = \)vg]}
[vfozoi+’u%(lfa)dﬁ]
1 Aa(l+p)or, + (1 —a)og] act+(l-a)ol,

'L}an’i—&-vg(lf&)o‘%]

= 4 _ s
AV + (1= Ay +(1 =N [a(l4+p)o; + (1 —a)o}] [ aol F—a)o,

a(l+p )0‘Z +(1—a)o’l
| Mo [a(L+ ) + (1 — )y T2k

i+ (L= X05 | (1= Ao, [a(1+ )y + (1 — a)oy] L2k 0)7h]

R ao'zﬁ»(l—a)a%

S [ A0+ )00 + (2 o+ Br)all — )l + (1= ) (0)7] oo + (1= )]
—_— —

)\/

(1= Mg
Mg+ (1= Aok
\—,_/

1-N/
=N [(1+p)(1+B1)(21)* + (24 p+ Br)zgak + (27)?]
+ (=N [(T4p) (1= B,) (@) + (24 p = Bl + (27)*]
where the first equality is established through the definition of p, the third equality through the definitions
of ), 81 and (3,, and the last equality through (C.1), completing the proof. [

+ [(1+p)(1=Br)a*(0)* +(2+p = B.)a(l — @)ooy + (1 —a)*(05)?] /laoy, + (1 — a)oF]

LeEMMA C.3 (Incentive compatibility constraints). Under the variable transformation in (C.1), the user

te {0, 7} finds it better off to report t than to report t € {€,r,n} if and only if the recommender policy satisfies

(1+By)xs + 2% >(1+ Byl + 2k, (ICy)
(1+ 1)l + 25 >(1+ Br)ry + o, (ICY)
(1—8,)af, >(1-B.)ry +a%k, and 1c,)
(1- ﬁr)%‘f'x >(1= B )z + @k (ICY)

Proof of Lemma C.3.  First, we rewrite (5), the utility of user ¢ € {¢,r} from reporting type t, as a

1
tA,a])/ udu
0

response to platform’s recommender policy o, as

1
vma(t,ﬂa):zp[d:lﬁo—]/ max {u,E [v!
0

=Lo|}du+(1-P[d=1

=R ]E['uf ‘ t,?,d:l,o'] ]E[’U,f | t,?,d:l,a] 1
=P[d=1]|t,0]{E[v} :1,0]/ 1du—/ udu +/ udu
0 0 0
2
~ JE [ = 1,0] 1
=Pld=1|t = C.6
[ ’U] 2 2 ( )
Next, utilizing the representations of E [vf =1, a] and P [z | tA, d=1, U] given in Section 3, we express
(C.6) as ,
1| [phect e - a)el]
Ve (tt]o) =< - ——+1,. (C.7)
2 acy +(1—a)ok

If part: Having (IC,) and (IC}) satisfied, we first multiply both of their sides by v%/v/2, take the square
of both sides, and add 1/2 to each side to show:

(1 +51)5EL +xR >(1 JrBl)xL erR
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v > vy >
< {ﬁ[(1+51)$i+$§a]} +§ {2[(1+51)9€L+x3]} +§
1 0t Y 2 1
= f{vaL—i-vaR} +§ {ULajL—‘rUR.'L‘R} —1—5
5 R 2
1 2 £ 3 1— ' 1 e t '] 1— t 1
by (C.1) < Q{ULML;FUR( a)jﬁ} +352 vLaULjFUR( a)f + =,
aop + (1 -a)og act + (1 —a)ot,
vmaeetlo) vma (4] o)

for t € {r,n}. Hence, if (IC,) and (IC}) are satisfied, user ¢ finds it better off to report ¢ than to report
t € {r,n}. Similarly, having (IC,) and (IC") satisfied, we first multiply both of their sides by v}, /v/2, take
the square of both sides, and add 1/2 to each side to show:

- {U;[(lﬂr)z%w}c]} +;>{f/%[(1ﬂr)wi+zﬁ]} v
1
22

{UL‘TL + URITR} +

- N2 1
{sztL +v§x§{} + 5
~ 2
viaot +uR(1—a)oh

2
by (C1) 1 ) viao] +vgp(l—a)og +12
2 ach + (1 —a)oy, 2

act 4+ (1—a)ot,

el Ve (7] o)

for t e {¢,n}. Hence, if (IC,) and (IC?) are satisfied, user r finds it better off to report r than to report
te{t,n}.
Only if part: When user / finds it better off to report ¢ than to report ¢ € {r,n}, by (C

0)oh]’ +1} of]

aol +(1-a)og + (1 —a)oh,

12
t
ORr

.7), we must have

1 [vfacri +oh(1—

2 aot +

Ve () o) = 5

+1

L 4 L _ ~
1 { [ULQUL +UR(1 — ma (E,t | U)

thot + (1~ a)oyl® | (107 + R~

>
act +(1—a)of,  —

a)o
ac}, + (1 - a)ot,
by (C.1) & [U’Lmi—l—vﬁxf{fz{U’Lmi_i_vgx%r

-~ ~ 2
o Rl ae+a]y 2 (o [0 8)af 48]}

s (1462 +25%> (1+61)xL—|—xR,

for £ € {r,n}. Hence, (IC,) and (IC}) are satisfied whenever user ¢ finds it better off to report ¢ than to

report £ € {r,n}. Similarly, when user r finds it better off to report r than to report ¢ € {£,n}, by (C.7), we
must have
1 r r r 1_ r12 1 |:U2040€+’UTR( ) i| N
Y ma (’I’,’I“| 0_) _ [ULaO—L—i_UR( a)aR] +15>= _ _ 41\ =pma (’I‘,t { U)
2 aoy +(1—a)oy 2 aoy, + (1 —a)og

8

[} acy + T (1 — a)oh]? - [vzaJtL +vR(1-

a)o
acy +(1—a)oy act + (1 —a)oh,
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—~ 12
by (C1) & [vpal +vhakl® 2 [vpel + vl
. v o2 . 7,72
o {opl-B)er +aply = {op [(1- B)e] + 23]}
& (1-8)7) + a7 >(1-8,)al +atb,

for # € {¢,n}. Hence, (IC,) and (IC") are satisfied whenever user r finds it better off to report r than to
report ¢ € {r,n}, completing the proof. O

Cram C.1.
Vg* —4afy g o
+ > 2, and decreasing in g >+/a(By +1), and
g Vg® —4af (Br+1)
24+4(1- 1
\/g +4l-a)fh(1+5) + g >2, and decreasing in g > v/a(B, +1).
g VP41 —a)Bi(1+ )
P - 1. Th . . f \/ g2 —4ap g \V4 92+4(1_a)/31(1+[31) g
roof of Claim C e derivative o 5 + o and 5 + N/TeTeEs TRy
with respect to g are given by
— 2 as g>va(B1+1) — — 2
- [4of3:] i =g 0, and [4(1 —a)Bi(1+51)] <0,
9?9 — 4api]Vg? —4apy 92192 +4(1— ) (1+ B1)]\/g® + 4(1 — )1 (1 + A1)
. . . V92 —4aB g V92 +4(1-0)B1(1+461) g
respectively, which establishes that both g + T and 5 + /TR e

are decreasing in g > v/a(f; +1).
For the second part of the proof, notice, for any g > v/a(f; + 1), that both ¥ gz;mﬁl +
Ve ra-o)m (46 g

7 VR +a(1-a)p1 (1461)

g and
\/g2 —4apy

are in the form of k£ + % for k > 0. Then, it is straightforward to see

that
E2+1

1
(k—=12>0 & K +1>2k & 22<:>k+%22,

. ) /9% —4a / a
which establishes that both Y- 94 by 7 94 = > 2 and g?+401 ; )61 (1+61) + g
g°—aapy

> 2, com-
Vo2 +a(1-a)1(1+61)

pleting the proof. O

LEMMA C.4 (Users’ minimum expected utility). Under a policy o with (o7},0%) = (0,0), V™ (t,tA’ O') >
Ve (t,n| o) for all t,t e {€,r}.

Proof of Lemma C.4. Note that, by (B.2) and Footnote 10, (¢7,0%) = (0,0) makes P[d=1|n,o] =0 and
E[vf|t,n,d=1,0] =0, respectively. Thus, as P [dz 1 |tA, a} >0 and E [vﬁ

tt,d= 1,0] >0, we have for all
t,te{t,ry, vme (t,ﬂ o) > V™ (t,n|o)=1/2 by (C.6), completing the proof. B

LeEmMA C.5 (Revelation Principle). Solving (P;*), for both k € {O,S}, it is without loss of optimality

for the platform to search among policies o that induce tA?“ =t for allte {¢,r}.

Proof of Lemma C.5. Given any arbitrary policy & as defined by (1), let * = argmax V™¢ (t,tA’ 5) be
?G{Z,r,n}
the optimal type to report for user ¢t € {¢,r}, under 6. We then define policy o as

t

t=5" forte{l,r}andie{L,R}, ando?=0c}=0. (C.8)

g



Kiiciikgiil, (")zer, and Wang: Recommender Systems under Privacy Protection 11

By (C.8) and the fact that t* =t for user t € {¢,r} under o, it is straightforward to see that both & and &
generate the platform same expected profit, calculated by (C.5). In the remainder of the proof, we show user
t € {{,r} finds it optimal to report her type as t under o.

First note that, by (C.8) and (1), o is well-defined. Since #* is the optimal type to report under &, we
have, by (C.8), Ve (t,t|o)=Vme (t, t* &) > Yma (t,ﬂ &) for all t € {£,r} and te {¢,r,n}. Now, notice also
by (C.8) that, for user ¢ we have V™ (¢ £ | o) =V™ (5, o &) and V™ (L,r|o)=V™ (¢,7|5), and for
user 7 we have V™ (r,r | o) =V™ (r,#* | ¢) and V™ (r,f| o) =V™e (r, o
vme(t,t|o)>Vme (t,ﬂ o) for t € {¢,r} and te {¢,r}. Next, by Lemma C.4 we also have (ii) V™ (t,tA‘ o) >
Vma(t.n|o) for all t € {¢,r} and t € {¢,r,n}. Combining (i) and (ii) we immediately have V™ (t,t| o) >
Ve (t,ﬂ o) > V™ (t,n|o) for t € {¢,r} and t e {¢,r,n}. Therefore, under o, user t € {£,r} optimally sets

&) . These immediately imply (i)

f}f“ =t. This completes the proof. B
Proof of Proposition 3. By Lemmas C.1 and C.2, the platform’s problem (P;**) for k =U can be refor-
mulated as

, max (C.3), subject to (H.) and (H! ) for t € {£,r}. (C.9)

zL,z%,zz,z%ZO

Since the objective function (C.3) is separable in (z4,z%), which appears only in the first term of (C.3),
and in (x7},z%), which appears only in the second term of (C.3), (C.9) further reduces to two separate
optimization problems:

max 0(1 +p) (14 54) (:cZL)2 +(2+p+B)ray+ (xf{)Q , subject to (H’) and (H;_,), and (C.10)

£
Ty TR >

max (1+p)(1=B,) (¢])" + (24 p— B.)al o} + (¢})*,  subject to (H) and (H]_,), (C.11)

IZ,(IJ’I‘%ZO

which can be solved individually as shown below.

Solution to (C.10). Notice that the objective function of (C.10) is quadratic in (z%,2%) with all the
coefficients being positive. Thus, it is straightforward to see that, in the optimal benchmark policy, we must
have at least one of (HY) and (HY{_,) binding, as otherwise the objective value could be improved without
violating the constraints (see Figure C.1). For the case when (H{__) is binding, we have x4 € [1 —a, /1 — q]

e

and x§ = 5% — 2§, Substituting this relationship reduces the objective function of (C.10) to
R

2

R R

whose derivative with respect to x% is given by z% [— <(1;,15:))42 204+ p+B1+pB1) +2pB1| <0, a8 25 <V1—a.
Hence, if (H{_,) is binding, we must have (z¢,2%) = (o, 1 — a), which immediately implies (H’) must also
be binding. Thus it suffices to consider only the case when (H’) is binding. Then, we have z¢ € [«,/a] and

@

T = 5 — . Substituting this relationship reduces the objective function of (C.10) to
L

(@ LB ot | S| @t i)+ | S at]

L L
whose derivative with respect to x% is given by 2 [7% +pﬁ1xﬂ , and hence is increasing in z¢, im-
L
plying that its maximum must be achieved at either z¢ = a or z% = \/a. In the former case, we have

(xf,2%) = (a,1 — ), which, by (C.2), corresponds to (¢},0%) = (1,1) and yields an objective value of
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1+ a?pB; in (C.10). In the latter case, we have (2, z%) = (v/a,0), which, by (C.2), corresponds to (o} ,0%) =
(1,0) and yields an objective value of a1+ pf;) in (C.10). Therefore, (67+*(L,¢),o7*(R,¢)) = (1,1) (resp.,
(07 (L,0), 7" (R,€)) = (1,0)) is optimal if 1+a?pBy > a(1+pfh) & afhp <1 (resp., if afyp > 1),
Solution to (C.11). Notice that the objective function of (C.11) is quadratic in (27 ,z%) with all the
coefficients being positive (as 5, < 1). Thus, it is straightforward to see that, in the optimal benchmark
policy, we must have at least one of (H") and (H;_,) binding, as otherwise the objective value could be
improved without violating the constraints (see Figure C.1). For the case when (H?) is binding, we have
x} € la,+/a] and z%, = % — . Substituting this relationship reduces the objective function of (C.11) to

L (BT U RREeS K [ S e e

L

whose derivative with respect to a7 is given by 2 [fpﬂsz — %} < 0. Hence, if (H”) is binding, we must
a7
have (27,2%) = (a,1 — ), which, by (C.2), corresponds to (o},0%) = (1,1). Similarly, for the case when

(H;

11—«

) is binding, we have z% € [1 — a,v/1 —a] and z}, = 1;;:‘ — ;. Substituting this relationship reduces
the objective function of (C.11) to

T [1-«a
|:.,L.r xR:| (1+p)(1=5,)+ % {x

R R

x;;] (24 p—B.) + ()",

(9:3%)3 l—a) iS

binding, we must have (z7,z%) = (a,1 — @), which, by (C.2), corresponds to (¢7,0%) = (1,1). Thus, in either

whose derivative with respect to z’; is given by 2 [—pﬂrxg — (-a) (1+p)(1- ,BT)] < 0. Hence, if (Hy

case, the optimal policy must have (o77*(L,£),o7*(R,¢)) = (1,1). This completes the proof the first part of
the proof.

Next, by Lemma C.5, an optimal policy ¢%* to (P;**) for k= O is given by the solution to

max E[molE vl |t,d=1,0]]|0]
stfbject to Vme(t,t]o)>Vme(t,n|o) for te{l,r}. (C.12)

Clearly, (P;**) for k =U is a relaxation of (C.12) by ignoring its constraint. Therefore, since of* is
the solution to (P;**) for k = U and the objective function of (C.12) only depends on (¢%,c%, 07, 0%),
it suffices to show o2(i,t) = o7p*(i,t) and o5*(i,n) = o2°(i,f) forie {L,R}, t € {f,r} satisfies the
ignored constraint.

Utilizing (C.7), it is straightforward to see that user ¢ will be indifferent between reporting her type as ¢
and n under such scenario, i.e., V™ (£, £ | c%*) =V™ (¢,n | c%*). When aff;p < 1, this is also the case for user
r too, i.e., V™ (r,r|oZe) =V™ (r,n|ol*), because (aga(L,?),aga(R,?)) = (1,1) for each %, by (9). When
af1p > 1, however, the fact that (03(L,?),05%(R,t)) = (1,0) for t € {¢,n} and (63*(L,7),05*(R, 7)) = (1,1)

will make user V™ (r,r | 63%) > V™ (r,n | 03*), because

Ve (rrog®) =V (rn|og®) = e+ vp(1—a)]* —a(vy)® = (1 - o) [(1 - a)(vy)* + 200 v;, — a(v])?]

(1 =) [(1—a)(vp)* + avp (2v; —vp)] >0,

where the inequality follows by the fact that v} > v} . This completes second part of the proof. B
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Proof of Proposition 4. By Lemma C.5, an optimal policy o2'* to (P;"*) for k = O is given by the solution

to
max E[molE vl |t,d=1,0]]|0]

subject to V™a(t,t]| o) >Vme (t,tA‘ a) for te {¢,r}, te {¢,r,n}.
Clearly, (C.12) is a relaxation of (C.13) by ignoring the constraints V™* (¢,¢|o) > V™ ({,r| o) and

(C.13)

Vme(r,r|o) > V™ (r,l|o). Accordingly, in proving Proposition 4, we first point out the parame-
ter regions where o7, characterized in Proposition 3, satisfies V™ ({,£]o%*) > V™ (L,r|of*) and
Vme(r,r|og®) > Vme(r,£|od®), hence, is optimal for (C.13). When afip <1, (6¢3*(L,¢),03*(R,0)) =
(e*(L,r),c5*(R,r)) = (1,1), it is straightforward to see V™ ({,{|ol*) = V™ ({,r|o%*) and
vme(r,r|oh®) = V™ (r,f|o%*) and, hence, the ignored constraints are satisfied. When afip > 1, on
the other hand, (o7*(L,¢),05%(R,?),05%(L,r),05%(R,r)) = (1,0,1,1). In this case V™ (r,r|og®) >
Vme(r,d|op®) is always satisfied as, by (C.7)

Ve (e [og®) =Vme (rd|og®) = [vpa + vp(1 - a)]* — a(vp)?
=(1-a) [(1-a)(vR)* + 200,05 — a(vy )]

=(1-a)[(1-a)(vh)?+av](2vf —v})] >0,
where the inequality follows as v}, > v} . However, V™ (¢,£| og*) > V™ (L,r| o3*) is only satisfied when

V(L Loyt =V (b [og?) = alvr)? = [vpa+vp(l—a))?
=(1—a) [a(vy)? = (1 - @)(vR)* — 200 03] >0

& a(v — v 2 (h)? & afiz 1,

where the last relation follows by dividing both sides to (v%)? and utilizing the definition of 8, given in
Lemma C.2. Thus, we have 02 = o2* = (1,0,1,1,1,0) when af; min{8;, p} > 1. In particular, 8; > p implies
og*=o05".

In the remainder of the proof, we focus on the complementary parametric region, i.e., a8? <1 < afp.

First, utilizing Lemmas C.1-C.3, we reformulate (C.13) into the following optimization problem

IT* = max (C.3), subject to (IC,),(IC}),(IC,),(IC"), (HL) and (H!_) for t € {¢,r,n}, (C.14)

z>0

whose solution, denoted as & = (&%, &%, &7 , &%, &7, 4%) , can be inverted, through (C.2), to identify the optimal
solution to (C.13). Our solution strategy for (C.14) is to first ignore constraints (IC,.), (IC}) and (IC!) (and,

hence, the decision variables z7,x%), and solve its relaxed problem:

max (C.3), subject to (IC,), (H) and (H_,) for t e {¢,r}. (C.15)
zt 2l a” &7, >0
LR PR
Subsequently, we show that the solution to (C.15), together with a constructed (z7,2%), automatically
satisfies the ignored constraints (IC,.), (IC}) and (IC}).

To that end, we reformulate (C.15) into two separate parametrized optimization problems. More specifi-

cally, for a constant g € [g,g] with

g=Vva(fi+1) and g=ap +1, (C.16)
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we define
Fg):= max (14p)(1+B) (5)" + 2+ p+ Bo)afat + (ef) (C.17)
subjLec:;o (1+ 1)zt +2% =g, (H)) and (H;_,),
and
F(g)i= max (14p)(1-5,) (@})" + (@24 p—B)erah + (@h)° (C.18)

subject to  (1+ B1)z} + 2% <g, (H.) and (H]_,),

whose optimal solutions are denoted as (z¢*(g),z% (g)) and (z}*(g), 2% (g)), and characterized by the follow-

ing Lemmas C.6 and C.7, whose proofs are relegated after the proof of Proposition 4, respectively.
LeEMMA C.6. For a given g € [g,9], the optimal solution to (C.17) is given by

9—1/ 92*404B1’ g(B1—1)+(B1+1)\/ 9% —4ap , Zf Br<1orB>1 and 9>,

281 281

(5 ()5 9) = 2 ; (€19
g+ ;ﬁ;‘laﬁl , g(ﬁ171)*(512-;j) g% —4apB; Cif Bi>1 and g=g.
Furthermore, the corresponding optimal objective value for (C.17) is given by
9(ﬂ+ﬂ1)—(P;51)\/ .<]2—40t517 ’Lf ﬂl <1 or ﬁl >1 and 9>,
Fo)=gq . Bl)\/ﬁ = (C.20)
9(p+B1 9;511 9%— 04,817 Zf B >1 andgzg.
LEMMA C.7. Define
A= B=
CETAIEEY A, BirB)o—p) o
(27, (9), 2%, (9)) = (0,9),
- - _ 9(1+251)*\/92+4(1*04)51(1+51) *9+\/92+4(1*04)51(1+51)
(45, (9):h,_ (0)) = ( TR : 35 ,
(C.21)
N - (9—Vg*—4apy g(Br—1)+(B1+1)Vg? —4ap,
(mLG (g)vaa (9)) = 28, ) 28, )
- . _( 9(p=5B,=2B1) glp(Bi+B,)+B,.(p—B)—(p—Br —251)]>
(#2.(9). k. (4) = <2(ﬁ1 +8)(—B1) 261+ B,)(p— ) '
Then, for g € [g,9], the optimal solution to (C.18) is given as follows
P — ﬁr - 261
U sEram-a =" (©22)
hen (27 (0.7 (0) (7, (9), 2%, (9)) if g<g<Vi-a,
t 2* , T —
oI (o, @), (). i VITa<g<a

b < B BB S aB i 1
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e ), gsg< G
then ('CL‘L (9),$R (g))

(2, @)@k, (), if (/2= <<

o < p_ﬁr_QBI 1

I < , C.24
! afr+17 281 +8,)(p—B1) B+l (C:24)
% % (xz* (g)’x%* (g)) ? Zf g < ) < \V 1 40‘i127
then (27'(9),2% (9)) = ) oy B
(2. (9): 7%, (9)) s if (/1% <9<7.
pP— Br B Qﬂl 1
I > , C.25
TR AT PN R (€25)
then (27'(9),25 (9)) = (21,(9),2%,(9)), for g<g<7.
Furthermore, the corresponding optimal objective value for (C.18) is given by
F(g) (C.26)
9% for (27,(9), 2%, (9))
[51(1+P Br—2pBr)— Pﬁr(1+2ﬁ1)} (1—a)(p—B1)(B1+B8r) ( » , )
_ ) 26% (1+51)2 +4/92+4(1—a) 81 (1461) [ (1+p—B,) +0Br (1+261)] o B1(1+81) , for xLlfa(g)7mR1—a ),
527 (91687 — B, + VT —AaBL 8} + pB, ]| + He=tithe), for (27,.(9),7%,(9))
R s e Jor (z3.(9),2%.(9)) -

We utilize Lemmas C.6 and C.7 in establishing the following Lemmas C.8 and C.9, whose proofs are also

relegated after the proof of Proposition 4.

LEMMA C.8. Let g* be the optimal solution to:

max X' F'(g) + (1 — N)F"(g). (C.27)

9€(g,9]
Then, (24 (9),2% (¢°), 23 (9°), 27 (")) solves (C.15).
LemMA C.9. NF(g)+ (1= XN)F"(g) is quasi-convez in g € [g,g]. Thus, g* € {g,g}. In particular,

g =g for ASAYY, and g*=g for A> A

where

v [F(9) - F"(3)]
v [F4(9) = F(9)] + vk [Fr(g) — F(9)]
When g* =g, by Lemmas C.6 and C.7 and Claim C.3, we have (&%,1%,4%,2%) = (0,1 — a,a,1 — ). We

AT = e[o,1].

* 0 AT XT AT x

construct (£7,4%) = (24 ,%%) = (0,1 — ) and show that (xL,a:R,:CL,:rR,xL,xR) =(,1—a,a,1—a,a,1—a)
satisfies the ignored constraints (IC,.), (IC}) and (IC!'), and, hence, is the optimal solution to problem (C.14).
It is straightforward to see that (:ﬁi,ﬁsé) (2h,2%) = (2},2%) = (o, 1 — a) always satisfy (IC,), (IC}) and
(IC™). In this case, by (C.2), we have (6%,6%,67,6%,67,67)=(1,1,1,1,1,1).

When g¢* = g, on the other hand, by Lemmas C.6 and C.7 we have (if,1%,1},4;) =
(Va,0,27%(g), 23 (g)). We construct (&7,4%) = (47,14%) = (v/@,0) and show that (%L,xm;ﬁz,fc;,fﬁz,ﬁ):
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(v, 0,27 (g), 2% (g9), v/, 0) satisfies the ignored constraints (IC,), (IC}) and (IC}'), and, hence, is the opti-
mal solution to problem (C.14). By Claim C.2, we have z’;(g) = (1 + f1)(v/a — 27" (g)). Then, it is easy to
see that both (IC,) and (IC}) hold as

(1= B2 (g) + 2% (9) — Vel = B,) = (27" (g) — Vo) (1 = B,) + 25 (9) = (Va—27(9)) (B + 5,) >0

| ——
>0

It is also straightforward to see that (i7,4%) = (&%,4%) = (V/a,0) always satisfy (IC}). In this case, by
Lemma C.10 and (C.2), we have (6%,6%,67,6%,6%,6%) = (1,0,6%,5%,1,0), where (67,6%) # (1,1). This
completes the proof.

Proof of Lemma C.6. First, for a given g € [g, g], we solve the equality constraint, i.e., x5, = g — (14 1)z,

and (H/) hyperbola, i.e., 25, = 5 — 7, of (C.17) together to calculate their intersection points:
L

9F Vg% —4ap 9(f4 —l)i(61+1)\/92—4a51.

2 F(g) = and z%F(g) = C.28
L (g) 2/81 R (g) Qﬂl ( )
The derivative of 257 (g) for the smaller root, i.e., x5 (g) = &L "2 VZZM, and the bigger root, i.e., 5 (g) =

gtVo?daby is oi 19 1 9 ~
35 , with respect to g is given by TR {1 \/m] <0 and 2ﬁ1 [1 + \/m} > 0, respectively.

Hence, x4 (g) (resp., 25" (g)) decreases (resp., increases) in g.

For 8, <1, by (C.16) and (C.28), we have

Alp 1T Va0 (-1 VBT gm e
26, 26, :(ﬂl’ By )

(=" (9), 2% (9)) =

Thus, as 27" (g) > v/a and 2" (g) increases in g, (i) when B < 1, (277 (g), 2% (g)) fails to satisfy the con-

straints of (C.17) for g € [g,g] (see Figure C.1). By (C.16) and (C.28) we also have

Va |Bi+1=/(Br =12 VaBi+1) | —14+/(5 —1)?
(21 (9), 2% (9) = [ 25, ] [ 2 ] = (Va,0), and

o afi+1—+/(afr—1)? (af1+1)(B1—1)+(B1+1)y/(afy — 1)
(.Z'i (9)735?% (g))_< - 26( . ) a( ! )( ! ) 221 ) ( ! ) ):(0671—06).
1 1
Thus, as 27 (g) decreases in g, (i) when 8, < 1, (z7 (g), x5 (g)) satisfies the constraints of (C.17) for g € [g,7]
(see Figure C.1).
For $; > 1, by (C.16) and (C.28), we have

valp 1+ VETP] VAl +1) [5 -1 - V1]

26, 26, = (Ve 0).

(=27 (9). 2% (9)) =
Thus, as 25" (g) increases in g, (iii) when B; > 1, (z5"(g),2% (g)) satisfies the constraints of (C.17) if and

only if g =g (see Figure C.1). By (C.16) and (C.28) we also have

(2~ (g), %5 (g)) = Va {51 +12—ﬂ1 (B — 1)2] ’ Vva(Bi+1) {ﬁl;ﬂj*‘ m} _ (\é?’\/oj(glj_l)) |
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and

(247 (@). 2% @) =

%, 7 %, Stz

where the latter result follows as we have a? < 1, which implies a3, <1 for 3; > 1. Thus, (iv) when

<a51+1— (@B —1)2 (afi+1)(B1—1)+ (B +1) (a&—l)?)

Bi>1, (x5 (9),2% (g9)) satisfies the constraints of (C.17) for g € [g,7] (see Figure C.1). Then, utilizing the
equality constraint (1+ ()% + 2% = g to represent the objective function of (C.17) as g[z% (1+p) + %],
it is straightforward to see that (v) F**(g), the objective value attained by (z7"(g),z% (9)) = (v/@,0), is

higher than F*~(g), the objective value attained by (7 (g),z% (g)) = (@ m):

B1”’ B1
F'™(g) = (14 61)(1+p) 2a(1+ﬂ1)% =F"(g), asp> 1 > 1.

Lastly, we note that for a given g € [g, 7], utilizing the equality constraint x5 = g — (1+ 1)z}, the objective
function of (C.17) can be expressed as g [(p — 81)z% + g], which is increasing in 2%, as p> ;. Thus, for g €
[9.9], by (i)-(iv), we must have (H’) binding, which, by (v), implies the optimality of (z} (g),z% (g)) (resp.,
(277 (9), 2% (9))), defined in (C.28), when 8; <1 or B; >1 and g > g (resp., when 3; >1 and g =g). Hence,
(27 (9), 2% (g)) is well-defined for g € [g,7], and plugging such (x7*(g), 2% (¢9)) into the objective function of
(

C.17) grants us (C.20). This completes the proof. B

Proof of Lemma C.7. Proving this Lemma we first establish the following claim.

Cram C.2. The solution to (C.18) binds (14 1)z +x7% < g, i.e., (1+P1)2 (g)+25 (9) =g for g € [g,7],
where g and g are defined in (C.16).

Proof of Claim C.2. Notice first that (i) (z7,2%) = (o, 1 — ) makes (1+ 51)a} + 2% =af +1=7, i.e.,
it satisfies (1+ 1)z, 4+ 2% < g constraint of (C.18) only for g =g within our domain of interest [g,g].

Next, we note that the objective function of (C.18) is quadratic in (27 ,2%) with all the coefficients being
positive (as 8, <1). Thus, it is straightforward to see that, in the optimal policy, we must have at least
one of (14 B1)a} + a2, <g, (H:) and (Hj_,) binding, as otherwise the objective value could be improved
without violating the constraints (see Figure C.1). Suppose (1 + 81)x7*(g) + 2’5 (g) < g, then, we must have
either (H?) and (H7_,) binding. For the case when (H') is binding, we have z} € [o, /] and 27}, = % —a.
Substituting this relationship reduces the objective function of (C.18) to

2
(@ 1) ap | & o] @ -8+ | -t
Ty Ty

whose derivative with respect to z7 is given by (ii) 2 [fpﬁrxz - %} < 0. Similarly, for the case when
L

(Hj_,) is binding, we have z% € [1 — a,v/1—a] and =}, = 1;;:‘ — ;. Substituting this relationship reduces
the objective function of (C.18) to

] a2

R R

x;;] 24 p—B) + (@h)?.

(@R)?

For a given g € [g,g], (i)-(iii) imply that in the case when (H) is binding (resp., in the case when (H7_) is

whose derivative with respect to z7; is given by (iii) 2 [—p/)’rxrR — G I+p)(1- BT)} <0.

binding), z7 (resp., %) could be decreased towards « (resp., towards 1 — «) until we have (14 6;)z] + 2’ =g,
while improving the objective value (see Figure C.1). Therefore, we must have (1+ 31)z7*(g) + 275 (g9) = 9.
]



18 Kiiciikgiil, (")zer, and Wang: Recommender Systems under Privacy Protection

Utilizing Claim C.2, for a given g € [g,g], we first solve (C.18) only subject to (1+ 1)z} + 2% = g. In that

scenario, the platform’s maximization problem becomes

max (B +8,) (B = p)(#1)* +9(p— B = 28)a% +¢°, (C29)
o >0 <0

which is a maximization problem of a concave function in 7. Hence, first order condition on the objective

function of (C.29) grants us with the unconstrained optimal solution, which we define as

. . o 9lp—=PB,—2B1)  gl2(B1+pB,) +(p—B.)(B1—1)]
(22 (9). 5. (9)) = (2(51 TB)-B) 2Bt BB ) |

However, for a given g € [g,9], (#7_(g),2%.(g)) may violate the remaining constraint(s) of (C.18), namely
x>0, (HS) and (Hj_,), i.e., (27 _(g),2%_ (g)) may fall outside the shaded regions of Figure C.2. Utilizing

the concavity of the objective function of (C.29), besides (27} _(g),z%_(g)), we derive the possible types of

optimal (z7*,2%") points:

(v (0). 5 ())=(9(1”51”[\/92+4(1—a)/31(1+/31) —g$¢92+4(1_a)51(1+61)>

Tr,y TRi_q

26:1(14 p1) 7 261
(@ 0 (0) = (1T S SR LRIV 0R ) (.30

(2}, (9), 2%, (9)) = (0,9),

where (.CU}:T L9), 2R (g)) are the intersection points of (1 + ﬂl)xz + 2% = g line and (Hj_,) hyperbola,

hence, are calculated by solving x%, =g — (14 81)x} and z7, = 7 together. Next, (277 (9), 2} (¢9)) are

the intersection points of (1+ f1)x] + % = g line and (H) hyperbola7 hence, are calculated by solving =7 =

(gljr?f) and x} = =% — a7, together. Lastly, (7 (g), 275, (g)) is the intersection point of (14 1)z} + 2% =g
line and the 2, axis, hence, is calculated by solving 27 =0 and 2} = (1 + 7y together.

Notice first that

"L‘;%_lfa (g) — —9— \/g2 +4élﬂl_ a)ﬂl(l +ﬂ1) <0

and, hence, (lea(g),x;;a(g)) violates the mnonnegativity constraint a > 0. Therefore,
(xTLLa (9);x,_. (g)) cannot be an optimal solution to (C.18).
Next, we show that (277 (g),2}" (9)) cannot be an optimal solution to (C.18) as well. In that, see first

_g—\/9%2—4ap

the derivative of 77 (g) for the smaller root, i.e., 7 (g) = 5

with respect to g is given by % [1 — 9] <0 and 5% [ +
’ B1 92 —4ap, 2p1

(9)) decreases (resp., increases) in g.

, and the bigger root, i.e., 277 (g) =

g+4/ g% —4ap
241
r+

Hence, 27 (g) (resp., x}

For 8, <1, by (C.16) and (C.30), we have

et @) — [PV A [ 1o VB (e 1),

——Z—| >0, respectively.
N 4o¢,31:| ’

201 2061 B’ 1

Thus, as z7"(g) > v/a and 27" (g) increases in g, (i) when 8y <1, (21" (g9), 2% (9)) fails to satisfy the con-
straints of (C.18) for g € [g,9] (see Figure C.1). By (C.16) and (C.30) we also have

v [ +1- VB 17 VAl +) [ -1+ VTP
28, ’ 264

(77 (9), 2% (9)) = =(v/a,0), and
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(-3 2 (3)) = (aﬂl +1—2B1<a51 —1? (08 + 1) —1)+2gl+1) (@p —1)2> el
Thus, as x} (g) decreases in g, (ii) when 8y < 1, (2} (9),2% (g)) satisfies the constraints of (C.18) for
g € [g,9] (see Figure C.1).

For $; > 1, by (C.16) and (C.30), we have

[ﬂ1+1+\/ﬂ1—1] a(B+1) [Br-1- VB 17

(a:TLJr(Q) T+(£)) 26, 26,

— (va,0).

Thus, as 71 (g) increases in g, (iii) when 3, > 1, (27" (g), 2% (g)) satisfies the constraints of (C.18) if and

only if g =g (see Figure C.1). By (C.16) and (C.30) we also have

Va |Bi+1- VB —17| Va(gi+1) B -1+ /(8- 17 & s -
(o (g)h=x (9) = [ 261 } [ 21 } :</3f1’\ﬂéll)>’

(5 @), 3 (9)) = 1 , 35

where the latter result follows as we have a7 < 1, which implies a3; <1 for ; > 1. Thus, (iv) when
B > 1, (z} (9),2% (g)) satisfies the constraints of (C.17) for g € [g,g] (see Figure C.1). Then, uti-

_ <aﬁl+1— (@B —1) (apr+1)(Bi—1)+(Bi+1) (aﬁl—U"’)—( 1-a)
25 = (a, a),

lizing Claim C.2 (particularly, (1 4+ S1)a} + 2% = g) to represent the objective function of (C.18) as
[z} (14 p) + 3] [z (1 — B,) + x}] , it is straightforward to see that (v) F"*(g), the objective value attained

by (z77(g9),2% (9)) = (V@,0), is lower than F"~(g), the objective value attained by (27 (g),z}% (9)) =

(f Va(pi-1)

1)
R i ) as we have

pB(L=BY) <BI(BT—1) & Fi1+p(1-B)< (5? +p) (B = Br)

& a(l+p)(1—-B,) < (5 +p) (B2 - B,),
—_———

Fr+(g)

~ B3

Ft=(g)
where the first inequality follows by the fact that §; > 1. Subsequently, (i) and (ii), and (iii)-(v) imply that
(27 (9),2%" (g9)) cannot be an optimal solution to (C.18).

Above analysis establish that, for a given g € [g,7], the optimal solution to (C.18) is given by one of
(27,(9), 2%, (9))- (27 (9), 2% (g)) defined in (C.21). We note that (leia(g),x}}lia (g)), as a function of g,
lies on (Hi_,) (blue thick curve in Figure C.2), hence the subscript 1 — cv. Similarly, (27 _(g),2%,_(g)), as a
function of g, lies on (H7) (red thick curve in Figure C.2), hence the subscript . Lastly, (27 (9),2%,(9)),
as a function of g, lies on 7, axis (black thick line in Figure C.2), hence the subscript 0. Notice further that
the expressions of all the above-mentioned point types are independent of .

In the second part of the proof, for a given g € [g, 7], we characterize the conditions determining which of

the (27, (9), 2%, (9))- (27, (9), 2% (g)) defined in (C.21) is optimal for (C.18). Notice first that the signs of
both 27 _(g) and z%_(g) are independent of g and (27 (g),z%_(g)) follows a linear trajectory in g € [g,9].

When 2(6?;?85(2/&61) = zzz(g) <0, we have z7_(g) <0 for g € [g,9], which corresponds to the condition
expressed in (C.22) (see Figure C.2). When 2(691;_‘;"3(2:37151) = wL;(g) > 61+1, x7 (g) is positive and increasing



20 Kiiciikgiil, (")zer, and Wang: Recommender Systems under Privacy Protection

0

Figure C.2  Feasible region for (C.18), where (C.22)-(C.25) represents their corresponding parameter conditions

expressed in Lemma C.7.

in g € [g,9], and, since z7 (g) > *Fﬁ(lﬂr;l) Va, we have z7 _(g9) > +/a for g € [g,g], which corresponds to
the condition expressed in (C.25) (see Figure C.2). The remaining parameter region, i.e. —Be =28

r ? 2(51+5r)(ﬂ B
"L*T(g) € (0, 611+1)’ has z7 (g) non-decreasing in g € [g,g], and corresponds to z7 (g) € (0,4/a). In this

region, we further analyze which hyperbola (among (H?) and (Hj__)), if any, that the linear trajectory of

@

(xz (9), %, (g)) in g € [g,g] passes through first. In that, it suffices us to compare 27 _(g) to a, as, by Claim
C.2, (1+ p1)z} + 2, =7 line cuts through (z7,2%) = (o,1 — a) (higher black dashed line in Figure C.2).
Thus, 27, (9) = W >« (resp., xy (9)= % < a) implies the linear trajectory of
(z7.(9),2%.(g9)) in g € [g,9] is above (resp., below) the green line of Figure C.2 and, hence, passes through
(H?) (resp., (H7_,)) first, corresponds to the condition expressed in (C.24) (resp., (C.23)).

Cramm C.3. V1 —a<y, 1/w <g and 4“B1 <7 for (C.22), (C.23) and (C.24), respectively.

Proof of Claim C.3. Proof of /1—«a <g: Notice that a?82 + 2a8; +1 > 1 — «, hence, our claim holds.

Proof of 1/% < 7g: Notice that, by (C.23), we have

— By — 251

(,6’1 +5 FRCEES) < abip(Br+B.)+Be(p—B1)] = Bilp— Br — 261]
< (aBr+1D)[p(BL+B.) +Br(p—B1)] = 2(Br+ Br)(p— P1)

(B +1)%[p(B1 + B,) + B (p— B1))?
< (Bu+ B2 (0— Bu)? =

(B +1)2[p(B1 + B.) + Br(p— B1))? W afafy +1)%[p(B1+ B,) + B, (p— B1))?
@ (Br+ B (0 Bu)? Z4L-a)t (51 + B2 (0 — Bu)?

(aﬁl + 1)2[p(61 +Br) +6r(p_ﬁ1)]2

v (C.28) = (BL+B,)*(p— B1)?
Z 4(1 _ a) + (aﬁl + 1)2(p_ Br - 2ﬂ1)[p(61 +Br) +ﬁr(p_ 61)]

(Br+Br)%(p— B1)?

(@1 +1)*[p(Br + B,) + Br(p = Bllp(Br + B,) + B:(p = B1) = (p = B- = 2B)] 41— a)
(Br+B:)%(p— P1)? -

by (C21) & (afi +1)*(B-1)(B+1)>4(1—a)Bi (8 +1),
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hence, our claim holds.

Proof of ffig < 7: Notice that, by (C.24), we have

p_ﬁr_Q/Bl p(ﬁl+/8r)+ﬁr(p_ﬁl):| |: p_ﬂr_Q/Bl
R e T P G- ) PGB G-6)
by (C21) & aBi(1+A)<1-A < A*(1+ap)’<(1-aB)? < %<(1+a61)2,

hence, our claim holds. [

When (C.22) holds, as z7,_(g) <0, we have (z7*(g), 2% (9)) = (27, (9), 7%, (g)), if the intersection point of
(14 B1)at + o’y = g line and x; axis (which occurs at =%, = g, see Figure C.2) falls below the intersection
point of (H{__) hyperbola and %, axis (which occurs at a7, = /1 — a, see Figure C.2). When (C.25) holds,
as 27 _(9) > Va, (27 (9),2%, (g)) falls to the right-side of (H[) hyperbola for all g € [g,g] (see Figure C.2),
therefore, (27*(9), 2% (9)) = (27_(9),7%_(g)). Next, when (C.24) holds, we have x7_(g) >0 and, hence, it is
increasing in g € [g, 7| (see Figure C.2), whereas 27,_(g) is decreasing in g € [g,g] as its derivative with respect

to g is given by ﬁ [1 — ——=2—| <0. Accordingly, we derive the condition for 7 (g) <=} (g):

V92 —4apy

g(p— B, —2P1) L9- Vg2 —4af,
2(61 + B,)(p— B1) 261

o Vg% —4apB; < (b1 +/67')(p_61)_/Bl(p_67'_2/31): pBr+ B1 o g< dovf3y
g (BL+B,)(p—B1) (BL+B,)(p—B1) 1— A%
A

where A>0as p>f;, and A<1 as

Bi(p—B.)>2B8] < (Bi+B.)(p—PB1)>pB.+Bi.
>261

Similarly, when (C.23) holds, we have z7; (g) > 0 and, hence, it is non-decreasing in g € [g,g] (see Fig-

ure C.2), whereas z7, (g) is decreasing in g € [g,g] as its derivative with respect to g is given by

ﬁ \/g2+4(1_9a)ﬁ1(1+61) — 1] <0. Accordingly, we derive the condition for x%, (g) <%, _(g):

gl2(B1 +pBr) + (p— Br)(B1 — 1)] _ 9+ V2 +4(1—a)Bi(145)

2(B1+6,)(p—51) 26
\/92+4(1—a)51(1+/31)>ﬁf(1+p—&)+pﬁr(1+2ﬁ1) o g<\/4(1—a)/31(1+ﬁ1)
g (Br+B:)(p—B1) B2 1 ’

where B > 1, as in this region we have

(L+B1)(p= B, —2B1) <2(B1+B:)(p—B1) & p—B—2B1<PBilp—B,)+ 208,
& Bilp—B)<Bi(2+p—B.)+2p85,
& (Bi+B)p—5) <Bi(L+p—B.)+pB(1+261).
Plugging (z7,(9),2%,(9))- (27, (9),2%, (9)) defined in (C.21) into the objective function of (C.18) grants
us (C.26). This completes the proof. W

Proof of Lemma C.8. Proving this Lemma we first establish, by the following two claims, structural

properties regarding the platform’s optimal recommender policy for problem (C.15).
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Cram C.4. (H!) is binding for the solution to (C.15), i.e., T4 (&% + %) =a.

Proof of Claim C.4. Notice first, that the objective function of (C.15), namely (C.3), is quadratic in
(xf,z%) with all the coefficients being positive. Notice also that (z%,z%) only appears on the left hand
side of (IC,) and all of their coefficients are positive. Thus, it is straightforward to see that, in the optimal
policy, we must have at least one of (HY) and (H{__) binding, as otherwise the objective value could be
improved without violating the constraints (see Figure C.1). For the case when (H{__) is binding, we have

2% €[l—a,v/1—a] and 2§ = 15* — 2%, Substituting this relationship reduces the first line of (C.3) to

R

2
Fm’fa xﬁ%} (1+p)(1+B1) + 2 {lea x%] S

R R

whose derivative with respect to z%, is given by % [— ((1;;))42 2(14p+B1+pBi) +2pB1| <0, as 24 <V/1—a.
Furthermore, substituting the relationship z§, € [1 —a,v/1—a] and zf = 5% — 2, into the left hand side of
(IC,) and taking its derivative with respect to z%, we have —(z%)~?(1 — a)(lR—l— B1) — B1 < 0. Hence, if (H;_,)
is binding, we must have (2% ,1%) = (o, 1 — «), which immediately implies (H!) must also be binding. Thus,
solving (C.15), it suffices for the platform to consider only the case when (H!) is binding. Subsequently, we

have &% € [a,v/a] and 14, = iy -4, 0O
Cram C.5. The solution to (C.15) satisfies (14 (1)1}, + 1% € [g,9], where g and g are defined in (C.16).

Proof of Claim C.5. 1In proving this claim, we make use of Claim C.4 by restricting our search to x4 €
[, v/a] and taking z%, = % — z%, which allow us to denote (1+ ()% + % as g°(z%) = Biat + a(zf) 1.

Accordingly, to prove our claim, we just need to show ¢°(&%) € [g,9] for &} € [o,/a]. Notice first that

g° (x4
798510 =—a(z}) 7+ B, (C.31)
L
hence, g°(x%) is convex in z4.
When ; <1, as a <1, (C.31) is always negative for z% € [, \/a]. Hence, for this case we have
9°(Va) =va(bi +1) <g°(2}) <abr +1=g°(a),
~—_——— ~——
g g

verifying our claim.

When 8; > 1, notice first by (C.31) that argining"(xi) =,/% and, as afff <1, we have , /= € [a,/a].

Since ¢°(a) =af1 +1>Va(B1 +1) =g¢°(Va), ?(L)r this case we have
s [5)= 2/aB, <o) <om 1-g(a)
<g as g1>1 9
In the remainder of the proof, we show g°(i}) > va(f1 +1) =g.

The condition ¢°(«) > ¢°(y/a) immediately implies, since ¢°(z%) is a continuous convex function of x4 €
[, v/, the existence of a unique z%* € (o, /o) such that ¢° (%) = frz7 + a(zf) ™ = Va(B1 +1) = g° (V).
Trivially, such x¢* occurs at \,/;/Ta~ Therefore, for any arbitrary constant ¢ € [2v/af,v/a(B;1 + 1)], we have two
distinct x4 values x; and x5, such that ‘g—? <z <z <y/a and g°(x;) = g°(z2) = c. Note that (i) g°(z)=c¢

2
implies (z%)2B% + (7) = ¢ — 2a8;,. Notice also that, for such x; and x4, substituting the relationship

TL
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x4 =% — % to the objective function of (C.15), namely (C.3), the first line of the objective function can

e
be represented as: )
a
o () | = 200 @) o) (©32)
rL/ by (i)
Thus, as p > (1, (C.32) is maximized by the bigger of the two values of x that make 8;zf + a(z%)7!, ie.,

the left hand side of (IC,), same. Lastly, note that x{ € [%,\/a) can never be optimal for (C.15). This

is because the derivative of (C.32) with respect to x%, which is given by 2 [ﬂlpxi - (z‘ﬁ—z)g}, is positive for
L

Tt = argining" = /% and increasing in z7. Hence, we have g°(i7) > g°(£) =g9°(Va)=Va(p+1)=y,

Verifyingz Lour claim. 0O
Notice that in (C.15) and (C.27), (z%,2%) and (z},2%) are only interacting through (IC,) and g, respec-
tively. Therefore, Claims C.4 and C.5 imply that (x5 (¢g*), 2% (¢*), 27" (9*), 2 (g*)) solves (C.15), as both the
objective functions and set of constraints are identical in (C.15) and (C.27). This completes the proof. B
Proof of Lemma C.9. 1In this proof, we take F*(g) = g(p+ﬁ1)—(p;§11) Vor 4B o all g € [g,9]. We remark
that establishing the quasi-convexity of X' F*(g) + (1 — X )F7(g) for such a scenario immediately implies its

quasi-convexity for F*(g) defined in (C.20). This is because we are only interested in the domain of g € [g, 7]

_ 2_4 C(p— 2_4 -~
and 9(p+B1)+(p—B1)\/ 92 —4ap1 > g(p+B1)—(p—B1)4/9%2—4aB1
2431 2p1

to first analyze the conditions (C.22)-(C.25) in isolation, calculate their respective X' F*(g) + (1 — N)F"(g)

utilizing F*(g) = g(p+51)7(p;§i) VorTdeh and (C.26), and show that for a condition, each particular objective

function segment is quasi-convex in g € [g,7].

, as p> 1. This practice allows us, through Claim C.6,

Cram C.6. Each objective function segment expressed below is quasi-convex in g € [g,g], where g and g
are defined in (C.16).
e When (C.22) holds,

NF(g)+ (1= N)F"(g) =

32 {9V (p+ B1) + (1= N)281] = VgZ —4aBi [N (p - B1)]} if 9<g<V1-a,
NgB1(14+81)2 (p+81) =/ 92 —4aB1 B1 (1481)? (p—B1)] ‘ (C.33)
AT Y 9{B% (1+p—Br—2pBr) —pBr(1+281)} s if V1I—a<g<yg.
! +1/92+4(1-a) 81 (14+B81) {87 (14+p—Br) +pBr (14281)}

e When (C.23) holds,
NFg)+ (1 —=N)F(g) =
2 . —«
2 g [N (o B) + (1= V)2l ls | 4 = AaBiN (B - p) | if g<g < /i,

N [g81(1481)2 (p+81) —/ 92 41 51 (1451)* (p—51)] ESTENCETN)
ST , {83 (14p—Br—20B:)—pBr(14+261)} , if /2EUEA) < g <)
¢ 1 +(1=)") 5 5 B2-1
+1/92+4(1-0) 81 (1+81) {8 (1+p—Br) +0Br (1+261)}

(C.34)
where B is defined in (C.21).
o When (C.24) holds,
NF(g)+ (1= N)F(g) =
g [N B+ (= N g | VP RaBN (B ). i 9 <9</, o)

260 | g+ VaZ—TaB) |81 — Np+ U200 |y og [xp— US| gy [del < g <
where A is defined in (C.21).
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e When (C.25) holds,

NF(g)+ (1= XN)F(9) =

N e L VRN A PR A S O EY R AL

Proof of Claim C.6. We first examine the objective function segment for (z7 (g),2%,(g)), which corre-
sponds to the parameter region of g < g < /1 —a when (C.22) holds, i.e., the first segment of (C.33). Our
strategy for proving the quasi-convexity of this function is to take its first order partial derivative, with

respect to g, and show that this derivative is first negative then positive in g. Such that,

d(first segment of (C.33)) g ) |, Y (Vg —4ab g reo

\ in g, by Claim C.1
hence, our claim is established.
Second, we examine the objective function segments for (x7_(g), 2% (g)), which correspond to the param-

eter regions g < g < g when (C.25) holds, i.e., (C.36), and /222, < g <g when (C.24) holds, i.e., the second

segment of (C.35). Our strategy for proving the quasi-convexity of this function is, again, to take its first
order partial derivative, with respect to g, and show that this derivative is either first negative then positive
in g, or positive. Such that,

9(C.36)  O(second segment of (C.35))

dg Jg
(e, AR R
21 ( g +W) {51 Np+ 3, +2 (8 +XNp—(1 )\)[31

>2and \ in g, by Claim C.1

Now, if g1 — Np+ (1%;)”[3"' <0, then its straightforward to see that this derivative is first negative then
positive in g. If, on the other hand, 8, — N p+ % >0, by Claim C.1 we have the derivative positive,

irrespective of the sign of M'p — %

, establishing our claim.

Third, we examine the objective function segments for (z7  (g),2%, _(g)), which correspond to
the parameter regions of v/1—a < g <g when (C.22) holds, i.e., the second segment of (C.33), and
,/% < g <7g when (C.23) holds, i.e., the second segment of (C.34). Our strategy for proving the
quasi-convexity of this function is, again, to take its first order partial derivative, with respect to g, and
show that this derivative is either first negative then positive in g, or positive, i.e., exhibit single crossing

property. Such that,
O(second segment of (C.33))  O(second segment of (C.34))

dg dg

N B1(14p1)? [2(p+ﬁ1)—< : 92;4% +—==L >(p—[31)}
g \/92*40431
2[8% (p+1)(1—Br) —pBr (1481)?] . (C.37)

28 (1+ f1)? , o YT ———
i ) (=39 +< P H0- @B 0FPY) | g 182 (p+1)(1—B1)+08r (1481)2]

g Vo2 +aa-a)B1 (1+61)
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Now, notice that the second term of (C.37) (the term with a coefficient of 1 — \’) is always positive by Claim
C.1 and the fact that /3, < 1. Therefore, if we also have the first term of (C.37) (the term with a coefficient of
') always positive, then we have the derivative positive, establishing our claim. We, thus, in the remainder
of this proof, focus on and examine the case when the first term of (C.37) is negative. For such analysis, we
utilize the signed-ratio monotonicity property of Quah and Strulovici (2012). The authors, in proposition
1, established that for two functions f and h with single crossing property (maximum of one sign change
over the function domain), 71 f 4+ roh also has single crossing property for any nonnegative scalars r; and
ro, if and only if, —h/f has signed-ratio monotonicity property, i.e., —h/f is monotonically decreasing in its

argument for h <0 and f > 0. Following their convention, we can re-write our (C.37) as follows

d(second segment of (C.33))  d(second segment of (C.34))

dg dg

264 267 (14 f1)?
where
_ Vg'—dab g <P+51>
o) = g Vg2 —4dap, 2 p—bBi
and
Flg) = VIR 40— a)Bi(1+ ) N g 42 <B?(p+1)(1ﬂr)pﬂr(l+61)2>
g V@ +4A0—a)Bi(1+By) Bip+1)(1=B,)+pB(1+51)*)

Accordingly, we have both r; and ry nonnegative as p > ;. Furthermore, by Claim C.1, both h(g) and f(g)
have single crossing property. Therefore, we just need to show that —h(g)/f(g) is monotonically decreasing
in g. For this purpose, we take the first order partial derivative of —h(g)/f(g) with respect to g, and show

: foat : : : — ptB _ B3(p+1))(1-Br)—pBr(14p1)? i
that this derivative d is negative. Denoting as X; = ‘;_—ﬂi >1 and X5 = ﬁ%(p+1)(1—ﬁr)+p5r(1+ﬂi)2 >—1,dis

calculated as

d=

2

2 2
g’ {\/(1—5(17%1)*451‘\/@%5(41%1)}

B (1—0{)(1"’51) +4ﬁ1 +2(Xo+1 g2 a2 14

2+ a=syaFen | T=eyaTen T4

2
2 2 2 2 [2
+ [9 —461} [\/g L | —ax - Dy gy
a a a aV «a
Now, notice that g/« —48; > g?/a— 48, = (81 — 1)? > 0. Therefore, as the first line of d is negative, d < 0
o1=9
when {1 / % — 4/ % - 4ﬂ1] —2(X;—1)4/ %\ / % — 43, <0, establishing our claim. We, thus, in the remainder
2
of this proof, focus on the case when [\ / 9‘1—2 - 1/% - 451] —2(X1 —1)4/ %2\/ % —4p; > 0. In that scenario,

taking (X, X5) = (1,—1) gives us (i) a lower bound on the absolute value of the first line, and (ii) an upper

bound on the second line of d. Accordingly, it only left for us to show the following inequality holds
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for g € [g,9]. Now, let us define as a = \/W +4p; and b= 4/ £ —43;, where both a and b are trivially

increasing in g € [g,g]. Then, we need to show

ala— /a2 — 451> > b?[\/b2 + 4By — b]? = ala — /a? — 4] > b[\/b2 + 45, — b]. (C.38)
\T/ \_26_/

Notice that ala — v/a? —45;] is decreasing in a, since its derivative with respect to a is given by 2a —
2
— 4B, — m [m —(a? —451)1/4] < 0, and b[/b?>+4B; — b] is increasing in b, since

2
\/b2+4ﬁ [(b2+4b61)1/4 - (v +451)1/4} > 0.
Therefore, we can sufficiently evaluate (C.38) at g =g = a1 + 1, as both a and b are increasing in g. Plugging
back the definitions of @ and b into (C.38) we have

92 g2 g2 g2 7 92
1=)1+5) \/<1—a><1+/31> i <1_—1+51 z m\ﬁa

its derivative with respect to b is given by —2b+ /b% +40; +

1 5 5 — —
T a—mara — gV + 41— ) (1+5)] > [ ¢ —4dap; — g°]
1 5 1 — B
= mw* V@41 —a)Bi(1+ 1)) > a[m gl.
For g =g = af; + 1, above inequality takes the following form
1 5 1
Aoy gy @f t1-V(eb+1? +41-a)Bi(1+5)] 2 Jllasy — 1 —afy ~ 1], (C.39)

which leads us to separate the analysis into two cases, a8 > 1 and a8 < 1. When a8, > 1, (C.39) is satisfied

as we have

A1+ (1))l —a)(1+p41) = 0

e a?(af —1)2+41+ B8 —apf)[a?Bi+ (1 —a)(1+51)] > a*(afy —1)* +40>B, (14 B1 — afy)
& [af+1+2(1-a)Bi(1+6)° > (afs +1)° +4(1—a)Bi(1+ 1)

& [a(afi+1)+2(1-a)(1+5)]* = o®[(af +1)* +4(1 - )b (1 +B1)]

alafr+1)+2(1—a)(14 1) < (affy +1)2 4,
a(l—a)(1+B1) S\ TP +m2  T-a)+p)

af+1 B (B +1)2 434 _z

T A=) +5) wla)?(um)”(la)(uﬂl) = T

When af; <1, on the other hand, (C.39) is also satisfied as we have

4(1—a)Br(1+B1)[afr+ (1 —a)p(1+61)] > 0,
& (afr+1)2 +4(afr + 1) (1= a)Bi(1461) +4(1 - a)?B7 (14 51)* > (afyr+1)° +4(1 - a)B1(1+ 1)
& b +14+2(1—a)Bi(1+61)]* > (b +1)* +4(1—a)Bi(1+ 61)

a51+1+2(1—a)ﬂ1(1—|—ﬁ1) > (Olﬁl—f—].)Q + 451
(1—a)(1+51) TV (=P +54)? 0 (I—a)(1+ )

af +1 B (afy +1)? 4,
Ty \/<1—a>2<1+ﬁl>2+<1—a><1+ﬂl> -

_2517
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establishing our claim.
Lastly, we examine the objective function for (z7_(g), 2%, (g)), which corresponds to the parameter regions

of g < g< /5, when (C.24) holds, i.e., the first segment of (C.35), and g < g < \/w when
(C.23) holds, i.e., the first segment of (C.34). Our strategy for proving the quasi-convexity of this function

is, again, to take its first order partial derivative, with respect to g, and show that this derivative is either

first negative then positive in g, or positive. Such that,
O(first segment of (C.35))  I(first segment of (C.34))

g dg

2 |X(p+ 1) + (1= X) 5

2%1 Bilp+B8.)° ]_(vg2—4aﬁl+ g )X(p—

(B1+ 6.0~ B s v ws) R
N\ in g, by Claim C.1

hence, our claim is established. [

Now that we have Claim C.6 established, we next show the global quasi-convexity of N F*(g)+(1—\)F"(g)
in g € [g,9], for the conditions (C.22)-(C.25) with multiple segments, namely (C.22), (C.23) and (C.24).
Note that, for condition (C.25), the quasi-convexity of N'F*(g) + (1 —X)F"(g) in g € [g,7] is automatically
established by Claim C.6.

When (C.22) holds, we first outline the necessary conditions in order to have two objective function seg-

ments of (C.33) active, for g € [g,g]. For that, it must be the case that g < /1 —a < g? <1 — «, otherwise the
global quasi-convexity is trivially established, as each objective value segment is shown to be quasi-convex
in g by Claim C.6. Now, recall that we have a31p > 1. Hence, when 8; <1, we have p <28, + 6, <2+, <3
and, therefore, a > af; >1/p > 1/3, which implies
2 2
= 2 >1>1—a.
g =afi+2ab+ a >1> «
>2/3  =21/3
Therefore, in order to have the two objective function segments of (C.33) active, we must have (i) 81 > 1 and
g=+/a(f1+1) <v1—a, where the latter brings us the condition (ii) a < m
with af1p > 1, imply condition (iii) p > 8; + % + 2. Also, (C.22) condition 3; > p_zﬁr together with (iii),

Condition (ii), together

imply

>3 by (i)

= (iv) 8>3 261+ 8- > p.

>
~~
by (i) and the
fact that g,.<1

Then, our strategy for proving the global quasi-convexity in this case is to, first, take the first order partial
derivative of the second segment of (C.33) with respect to g:
O(second segment of (C.33))
dg

= (C.40)

NBi(1+B1)? [2(P+51) - (m + \/92940431) (P—ﬂl)}

g9
g 263 (p+1) (1= Br) —pBr (1451)?]

263 (1 + B1)? / v
+(1 - ) +< g2+4(1—a)51(1+31)+ g )[ﬁ%(ﬂ"’l)(lﬁr)+p,37-(l+ﬂ1)2] )

g Vo2 +a-e)sy (1481
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and then, show that its positive at the switching point between two segments, g = v/1 — «. It is straightforward
to see that, in (C.40), the second term that has a coefficient of (1 — X’) is positive, irrespective of g, as by
Claim C.1 and the fact that 8, <1. Next, as p > 1, by Claim C.1, it suffices us to show that the first line
of (C.40) is positive at g = g = \/a(B1 + 1), which is equivalent to showing that
2(P+51>>\/04(51+1)2—40431 va(fr+1) _Bi—1 Bi+1
= + — +
p— 5 Vva(pi+1) VaBi+1)2—4ap, B+l pi—1
& (p+B)BI-1)2(p-A)B+1) & Bi=p,

which follows by (iv). Therefore, when (C.22) holds, we have \'F*(g) + (1 —\)F"(g) quasi-convex in g € [g,7].
When (C.23) holds, our strategy for proving the global quasi-convexity is to, first, take the first order

partial derivatives of both segments of (C.34) with respect to g:

0(C.34) g
9 2ﬂ1 1 + 51)

V92 —4aBy g
2(p+pB1)— < 9 \/92140(‘31 (p—5B1) for g < g < 4(1—&)51(14»131)
) 9= \/ B2_1 )

181 (1481) (p+ 612
+A=X) e GA)

NB1(1481)% | 2(p+B1)— | ~ "2;4“’31 +——L (p—51)
: \/92*40431

283 (p+1) (1-B,)—pBr (1461)?] , for |f2U=eB il < g <G

g2+4(1—a) By (1+
( g> H ﬁ1)+ £ (82 (p+1)(1=B7)+pBr (1+51)7]
V92 +4(1-0)81 (1481)

N B1(1+81)2

(1- /\)

and then, show that these two partial derivatives are equal at the switching point between two segments, g =

« —a \V —a
y/ 2008 (045) )ﬂl(Hﬁl) . Notice that, for g = |/ 23=01(1+6) };51(11*51) , we have ( oot ; o148y W 4 —— | =
g —a 1 1

B+2 _ 8 (Hzglfg)&ffrg;“wl) T 61(145?—;?)2)::;211251)' Hence, as the first lines of both segments are equal to
each other, it suffices for us to show

Bi(L+B)(p+ B.)

BB BIE g2+ 1)(1 - B,) - pBulL+ B2+ (B + ) (o — Bu)

B
(B1+Br)(p—51)
(B (p+1)(1 = B.) + pBr(1+ 61)°)

(BL+B:)(p—B1)
& BA+B)%p+8.)° = [Bi(p+1)(1—=B.)+pBe(1+51)* + (B +B.) (p— B)]

—4pB.(1+B1)*(B1+ B,)(p = B1)
& (1+B)%[B(p+B:)* +4pB. (B + B,)(p— B1)] = [B(p+1)(1=B.) +pBe(1+ 1) + (Br+ B.) (p — Bu))?
= Bf(p_ﬁr)2+4p5'r(pﬁl+pﬁr_Blﬁ'r) = [Bl(p_ﬁr)+2pﬁr]2v

_|_

which trivially follows after straightforward algebraic manipulation. Therefore, when (C.23) holds, we have
NF(g)+(1—=X)F"(g) quasi-convex in g € [g,7].
When (C.24) holds, our strategy for proving the global quasi-convexity is to, first, take the first order

partial derivatives of both segments of (C.35) with respect to g:

2|:)\/(p+51)+(17>‘/)2(6€$+ﬁ;1261)}
0(C85) _ o )\ -(¥5 e e
g \/g2—4aﬁ1

V9% —4aby 1o (1=2)pBr ’ 7\ pBr 4ap =
! +\/92i4a31> [617)\ R ]+2[ﬂ1+)\ p—(1-2 )pﬁil] , for 5<9<7,

dg B 2/,
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and then, show that these two partial derivatives are equal at the switching point between two segments,

g=1/2225 Notice that, for 2281 we have | Y 9*—doby | g = A+ L. Hence, it suffices for us
_A2" g — A2 g \/927404&1 A b

to show

/ ’ Bl(p'"ﬁr)Q 1 ’
XA =G - T {‘”A} N

A+i] [ﬁ1+(1x')”ﬂ +2 {51 (1X)pﬁr]

|: 61 ﬁl
(p+B.)? 208, 5 _ [ pﬂr] [ 1]
G- TE 2T e "”A
(p+8)" [ pﬂr] _ [ _pﬁr} [ pﬁr}
G- 'Tw] TN mltall e
(p+8)*  Bi+pb {5%/}&] _ 2B —pb) | (Bt B)p=5) {6f+pﬁr]
Br+B)p—FB1)  (Bi+B)p—0B) L A B3 BE + pB, ek
5%(p+5r)2_(612+p6r>2 _ 2 _
(ﬂ1+5r)(P*ﬂ1) - 2(51 pﬂr)+(51 +ﬂ'r)(p ﬁl)a

which trivially follows after straightforward algebraic manipulation. Notice that we use the definition of

A= (mfﬁfi)*(ﬁm in establishing the third relation above. Subsequently, when (C.24) holds, we have X' F*(g) +

(1—=X)F"(g) quasi-convex in g € [g,g]. With this result, for all conditions (C.22)-(C.25), the quasi-convexity
of NF*(g)+ (1= X)F"(g) in g € [g,9] is established, hence, g* € {g,7}.

Now that we have g¢* € {g,9}, by Lemma C.8, the solution to (C.15) is given by
(24 @),2% (8), 27 (9), 75 () (resp., (24 (9),2% (9), 77 (9), 27 (9))) i NF¥(g) + (1 — X)F'(g) < NF'(g) +
(1= XN)F"(g) (resp., if NF(g) + (1 — XN)F"(g) > NF*(g) + (1 — N)F"(g)). Accordingly, the platform’s
optimal strategy is determined by:

NF'(g)+ (1= N)F"(g) SN F'(g) + (1 - N)F"(g)
& Flg)-F@sN[F(9)-F(9+F(9)—F ()
F(g) - F"(9)

© NEEG g P - Fr@

Vg [Fr( ) — ]
by (C4) & s oL [Fé(y) — F‘(g)] I:FT(Q) Fr(g)] . (C.41)

Ama

S

We note that A7 € [0, 1], as F"(g) is non-decreasing in g € [g,g] and, by (C.20), F*(g) — F*(g) = (1 —a)(1 —

afB1p) <0,as a <1 and af;p > 1. The former condition is straightforward to see as, in (C.18), coeflicients of

the decision variables are non-negative in the inequality constraint regarding g. This completes the proof.

LEMMA C.10 (Characterization of 5} and ).

(67,:0%,) 5 for (C.22) and & < 5y
ot ot 48
(67 .67) = (O’Llia,O‘Rlia) , for (C.22) and o> W, and, for (C.23) and o> m,
(67.,6%.), for (C.23) and a < (64-1)(3%’ and, for (C.24) and 1— A%< ﬁ,
(5’2a,5'1r{a) , for (C.24) and 1 — A% > > & Jﬁrl)g, and, for (C.25),
(C.42)
where
~T ~r a(/Bl +]~)2
(e1,072) = (0,220,
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(&T 5 )_ afr+D)+40-)h  alfi+3) -2

Fame? T ) 4o (B +1) 20(B1+1) )"

(67,50, ) = (81 +1)%[p(B1 + Br) + Br(p = )]
N 2(81+ B.)(p—B1)]?

@008, = (1, 2=

)

<pﬂr2ﬂ1, a[p(51+ﬂr)+6r(/1—_il) (pﬂTQBl)])

1—
and A and B are defined as in (C.21).

Proof of Lemma C.10. As A > A\, by Lemma C.9, we have g* = g, hence, by Lemmas C.7 and C.8,

(4% ,4%) is given as follows

xLo(g) xRO 9) for (C.22) and g <v1-a,
(xLl )Tk, (g )) for (C.22) and g > v/1 — «, and, for (C.23) and g > ,/w
(&1, #%) (:c 7.(9),2% (g ), for (C.23) and g </ AA-)f (U+5) aml(Hﬁl) , and, for (C.24) and g < ,/f“ﬁg,
(x5 (9),2%.(9)), for (C.24) and g > /%2, and, for (C.25).
(C.43)
First notice that, as g = /a(f; + 1), we have
1
<+1-— o <-—
e} o> (B1+ 1)2 1
A1 —a)pi(1+6) 46,
s < d C.44
e (c)
40‘51 2 < 4ﬁ1
< & 1-A'sS ———
I=Vi—a RS
Next, by (C.2), we derive (57%,5%) utilizing (27 ,2%).
When (i}, 4%) = (27, (9), ¥, (g)), notice first, by (C.21), that
T, (9)=0, and T'h, (9)= Va(Bi+1)>0. (C.45)

Then, utilizing (C.45), let us define 67 and o7, as

z” x” + xh 1)2
=0, and op = hy (9)( Llo(_ﬂ)a o (9) :O‘(flfa) <1,

where the inequality follows as, by (C.43) and (C.44), we have a <
(C.2), establishes the first line of (C.42).
When (&7 ,47%) = (xLl a(g),xgl_a(g)), notice first, by (C.21), that

o _ 1,(9) (71, (9) + Tk, (9)

m for this case. This result, by

Va(Bi+1)268+1) —a(Bi +1)2+4(1 —a)Bi (B + 1)
268:(B1+1)
where the inequality follows as, by (C.43), we have a >

vy, (g9)= >0, (C.46)

m for this case. Next, again by (C.21), we

have

—Va(B +1) +/a(Bi +1)2 +4(1—a)Bi (61 +1)
2B:(B1+1)
where the inequality follows trivially as o € (0,1). Then, utilizing (C.46) and (C.47), let us define 67 and

Tp,_ (9)= >0, (C.47)

~T
OR,_. as

w9 (25, @)+ (9)

(07

=T

Li—a



Kiiciikgiil, Ozer, and ‘Wang: Recommender Systems under Privacy Protection 31

_ [\/&(ﬂl +1)(281+1) = VaB 1> +4(1—a)Bi (B, + 1)

261 (f1+1)
o Va(Bi+1)+/a(Br+ 1) +4(1—a)Bi (B +1)
20(B1 +1)
_ JaBitD+4(1-a)Bi | a(Bi+3) -2
‘\/ RG+) @+ (49
@ (e, @ ek, ()
TRi-a = 11—«
_ [ =VaBi+ 1)+ Va(Bi +1)2 +4(1 - )5 (B + 1)
2(1—a)
VaBi+1)++v/a(Br+1)2+4(1—a)Bi (1 + 1)
2(p1+1)

4(1-a)Bi(B1+1)
Notice that the inequality in C.48 follows as we have
aff<l & a(fi-1)<l-a & al-a)(F—1)<(1-a)
e 2B+ 12 +Hda(l—a)Bi (B +1) < (B +1)2 +4a(l —a)(By + 1) +4(1 — a)?
& V2B +1)2 +4a(1 - a)Bi (B +1) <a(fr+1)+2(1-a)
& 2081 (B1+1)? —4(1 = @)B1 (81 +1) + 261 (b1 + D)Var/a(Bi +1)2 +4(1 — )1 (61 + 1) < 4ap (61 +1)°
- lﬁ(m + 120 +1) ~VaB + 1P+ 41 —a)Bi (B 1)

261(B1+1)
. [aB )+ VeGP a0 wB G | _,
This result, by (C.2), establishes the second line of (C.42).
When (£7,4%) = (27, (g9), 2% (g)), notice first, by (C.21), that
vaBi+1)(p— B —2p)
2" (g) = >0, C.50
i.9) 2(81+ B.)(p—B1) ( )
where the inequality follows as, by (C.43) (particularly, (C.23) and (C.24)), we have % >0 for
this case. Next, again by (C.21), we have
1 B —(p—B.—2

7 ()= Va(Bi+ 1)[p(Br+ B,) +Br(p—Bi) — (p— Br —261)] >0, (C.51)

e 2(B1+ Br)(p—B1)
where the inequality follows as, by (C.21), p(81+ 8,) + B.(p—B1) — (p— B — 2B1) = (Bﬁ’&‘)(”ﬁ:ﬁl)(B_l) > 0.
Then, utilizing (C.50) and (C.51), let us define 57 and 57}, as

o, = i = 10511 820 — B2 <1, (C.52)
7R (9) (27 (9) + 7R (9))
ORr, = o

— a(ﬂl + 1>2[p(ﬂ1 +6r> +Br(p_ 51)][p(51 +5'r) +ﬁ'r(p_ 61) - (p_ Br - 261)]
A1 =) (B +B.)*(p— B1)?

<1. (C.53)
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Notice that for this case to occur, by (C.43) and (C.44), we must either have (i) m <a<

(61-‘,-1)(;%7 or (ll) o< m and (61 —+ 1)2(1 —AQ) < 4/81 Therefore, the inequality in (052)

follows as, for (i), by (C.21), we have

p—Br—20 < 43
p(Br+Br)+B(p—P1)  (Bi+1)(B*>—1)+45
B1(B1+1)%(p— B, — 281)p(Br + B.) + B.(p— Bl p(Br + B,) + Br(p — 1) — (p— B — 251)]
(Br+B:)*(p— Br)?
<4 [p(B1+Br) + Br(p—B1) — (p— B — 2B1)],

— (51+57-)(f;;151)(3*1) >0

and, for (ii), again by (C.21), we have

Br(Br+1)*(p— Br —281)p(Br + B:) + B (p — B1)] <4B1(Br+ B.)* (p— B1)*.

The inequality in (C.53) also follows as, for (i), by (C.21), we have

a(By+1)(B?—1) <4B,(1 —a)
aBi(B1+1)2[p(B1 + B,) + Br(p = B [p(B1 + B,) + Br(p— B1) — (p— B, — 251)]
(Br+B:)%(p— P1)?

< 4B1(1 —a),

and, for (ii), by (C.52), we have

(Br+1)%(p = Br = 281)[p(Br + B,) + B, (p — B1))]
4(B1+ Br)%(p— B1)?
(Br+1)%(p =B —2B)[p(B1 + B,) + Br(p = )]
4(B1+Br)2(p— B1)?
a(B1+1)%(p =B = 2B)[p(B1 + B,) + Br(p = B1)]
4(B1 + B )% (p—B1)?
(B +1)%[p(Br 4 B,) + B (p — B1)]? a(Bi +1)*(p = Br —2B1)[p(Br + B,) + Br(p — B1)]

= <l—a+

A(Br+8:)*(p— Br)? 4B+ B)*(p— B1)? ’
where the last inequality follows by the fact that a < m. This result, by (C.2), establishes the
third line of (C.42).

When (£7,4%) = (27 (g), 2% (g)), notice first, by (C.21), that

(l1-a)<l—a«a

<l—a+

Va(fr+)—va(d-p1) _ f 1
21, (9) =19 Va1 vae -1 _ \g for . i 1 (C.54)
26, =% for fi>1,
Va(Bi1+1)(B1—1)+Va(B1+1)(1-51) =0 f 1
o (9) = 20 52 or fu< (C.55)
Ro \J VaBr+D (B - +va(Bi+1)(B1-1) _ Vea(Bi-1) for B >1
26, B L==

Then, utilizing (C.54) and (C.55), let us define 57 and &3, as

s a0 (@5, (@) +75,(9))

=1, and
« o l—«

e z (9) (27, (9) + 2% (9)) [0, . for f1 <1
Ra — - 0¢(51*1)’ for By > 1.

11—
Notice that, for 8; > 1, we have 0 <& <1, where the strict inequality follows by the fact that afi < 1.
This result, by (C.2), establishes the last line of (C.42). B
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Proof of Corollary 1. To maintain consistency with the rest of the appendix, in this proof, we use (5, =
—Bo=1—v7 /vy. We first define &, for 5.+ 25 < p, as
. o—Br—28 : p(1-p1)-28 _
G { mln{ﬂ(ﬁ1+m)+/3r(;—/31) ’ 1} , it fr € (2((p—/31)1)+[31+11’p 251)
p(1-B1)—25
L i B < 5Gsotmt
By Proposition 4 we have (¢2*(L,r),02*(R,r)) = (6% ,6%), where &7 and &%, defined in Lemma C.10.

If part: When 3, € (%,pf 2B1) , by Lemma C.7, we have

p— Br - 2/81 1
< . C.56
20+ ) (B Biil (C.56)
which, together with (C.56), imply that

0<

p—Br—281 a p—Br—=2B1
Then, as a < S 30—y, We have 5hm < 523505

(C.24) holds. Therefore, by Lemma C.10, we have

v e 42 48
(o7, = { (7o) for 1 S By
(Jza,aga), for 1-A (ﬁ1+11)2,

where &5, < &7 immediately follows, again by Lemma C.10, for 1 — A% > > 54f11)2 For 1 — A? < W, as

p—Br—261
O < ¥ E) e (A We have

alp(Br+ Br) + Br(p—B1)] —alp— B, —261) < (1 —)(p— B, —251)

N O‘[ (51 +ﬁr)+ﬂr(1__i1)_(p_ﬁr_251)] <p_ﬂ'r_2ﬂ17

which, by Lemma C.10, establishes ¢} < 77 .

When 3, < %, on the other hand, we have 2(B1+[;:;(2f151) > 5 +17 hence, (C.25) holds. Therefore,

by Lemma C.10, we have (67,5%) = (O'L N ) which immediately establishes ¢ < 7.

Only if part: When 6% < &7, by Lemma C.10, we either have (57,5%) = (67.,6%.) or (67,6%) =

(67..6%. ). For (67,6%) = (&7 ,6%. ), by Lemma C.10, we must either have

p1-B)—28 > pB= a4
ne (o) st M G (©9
p(1—51) =26
or &Sﬂwﬂg+m+r (C.58)
For (67,0%) = (62*,612*) , again by Lemma C.10, 6% < &} implies
p(1—=PB1) =26, > p—Br—2B d1-A%> 458,
e (sl i a TP ) T A G (O
Therefore, by (C.57)-(C.59), when 5%, < J7}, we must either have
pL—P1) =281 ) p—Br—25 2y 46
e (st aat? ) o<t a5 M A G
or B < p(1— 1) —2p

T2p—PB1)+ B+
This completes the proof. B
Proof of Proposition 5. By Lemmas C.1 and C.2, the platform’s problem (P;**) for k= N can be refor-

mulated as

max (C.3), subject to (H.) and (H!__) fort=n

z7,a% >0
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whose objective function can further be refined to

7T

It is then straightforward to see that at least one of (H’) and (H!__) must be binding at the optimal

solution, as coefficients of all terms of (C.60) are positive. For the case when (H!__) is binding, we have we

have 27 € [1 —a,v/1—a and 2} = 152 — 7. Substituting this relationship reduces the objective function of
R

(C.60) to

2
5| AW a) +1- B [ | VG ) 424 - 8]+ )

n
% R

whose derivative with respect to 27 is given by =7 [ U221+ p) N (B + B.) + 1= B+ 20 [N (Br + B,) — ﬁr]} ,

GO
which is negative when X' (81 + 5,) — 8- <0. When X (81 + 5,.) — B, > 0, rewriting the derivative as
1—a)?_ ., 1—a)? , 1—a)?
o |- OS24 8 +1- 8120028 o+ 80 - 6 |1- E25F] |

we see that it is also negative, as 27 < /1 — a. Thus, the derivative is negative. Hence, if (H{A_a) is binding,
we must have (27, 27) = (a, 1 — ), which implies (H’) must also be binding. Thus it suffices to consider only
the case when (H') is binding. Then, we have 27 € [a, \/a] and z7, = % — a}. Substituting this relationship
reduces the objective function of (C.60) to
2
(P N+ 541 B ot | 5 = at | W+ 8+ 24 B+ | 5= at]
whose derivative with respect to z7 is given by 2{pz} [N —(1—=X)B,]}, and hence, it is either in-
creasing or decreasing in z7, implying that its maximum must be achieved at either 27 = a or
2} = y/a. In the former case, we have (z7,z7%) = (a,1 — a), and yields an objective value of 1 +
a2pN(Br+B) = Be] + a[N(Bi+8.) +1+p—3,] in (C.60). In the latter case, we have (z7,2%) = (v/«,0),
which yields an objective value of a[1+ XN (81 + 5,)(1+p) + (1 — 5,)(1 + p)] in (C.60). Therefore, (z7,x7%) =
(,1 — @) (resp., (z7,2%) = (v/@,0)) is optimal if (1 — «){ap[-NB1+ (1 —=X)5,]} >0 (resp., if (1 —
a){ap[-Np1+ (1—=XN)B,]} < 0). Plugging in the definitions of A,5; and fS,, the condition becomes:
(x7,2%) = (o, 1 — @) (resp., (x},2%) = (vV/,0)) is optimal if apBy <1 (resp., if apfBy > 1). We know, by
(C.2), (27,27%) = (a,1 — @) corresponds to (o5*(L,n),on*(R,n)) = (1,1) and (z%,z%) = (y/a,0) corresponds
to (ome(L,n),ocw*(R,n)) = (1,0), which completes the first part of the proof.
Next, we show A < A% implies apBy <1 for aff <1 < apB;. In that, we first denote as A\? the A € [0,1]

value that equates 8y = O%p. Utilizing the definitions of 8y, ; and 3,, we have

Vo vg — ap(vp — vg) _ 1
C vp—ap(vp —vR) Fap(vy —vh) —vh 14 YR (epBi-D)
ij? (1+apBr)

Next, utilizing (C.41), we rewrite A% as

1

142 [Fr@-re]

v [Fr(9)-Fr(9)]

ma __
Mg =
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As noted in the proof of Proposition 4, F*(g) — F*(g) = (1 —a)(1 — afip) and F"(g) = (1 — afB,)(1 + ap), as
(7, a%) = (a,1 — a) is the only feasible point that satisfies both (H) and (H!__) when g =g. Thus, A7

can be written as
1

7
vh (1—a)(apBr—1)
1 + v;'% (l—aﬂr)(1+o‘p)_FT(g)

ma __
Agt =

Then, notice that it suffices for us to show A7* < A?_ in order to establish the claim of: A < A7® implies
apfy <1 for af? <1< apf;. Thus, in the remainder of the proof, we aim to show A7* <\ which, utilizing
the derivations above, can be represented as a1+ p)(1 — 3,) < F"(g). We now show that this inequality
holds for all four distinct functional forms of F"(g).

Case 1: F"(g) for (27 (g),2%,(g))- Here, by (C.26), we have F"(g) = a(B1 + 1)%. The condition a(1 +
p)(1=B,) <a(Bi+1)> & p— B, — 281 < Bf + pB, holds, as for (27 (g), 27, (g)) to be optimal, by (C.22), we
must have p— 3, —25; <0.

Case 2: F"(g) for (z7_(g),2% (g)). Here, by (C.26), we have F"(g) = a(1+p)(1—S,) if B, <1, and
Fr(g) = a/(B1)2 {1 +p) (1 —B,) + (2+p—B,.)(B? = 1)+ (B2 = 1)} if B > 1. The condition a(1 + p)(1 —
B,) < F"(g) immediately holds for $; < 1. For 81 > 1, the condition (57 — 1)(1+ p)(1 — B,) < (87 —
1) [1+ p— B, + B?] trivially holds, as 5, > 1.

Case 3: F'(g) for (a7 (g9),2% (9)). Here, by (C.26), we have F"(g9) = (B + 1)%(p +
8,07/ [(Br + B,)(p— 61)] - The condition a(1+ p)(1 — 6,) < F"(g) & 4B + B.)(p — Bu)(1 + p)(1 — B,) <
(Br+1)%(p+B.)> = 0 < [(By+ B (p+ B,) + (1= B,) (261 + B, — p)]” holds.

Case 4: F"(g) for (leia (g),xglia(g» . Here, by (C.26), the condition a(1+ p)(1—j,) < F"(g) becomes

aff(1451)(1+p)(1=B.) +2(1 = a)Bi(p— B1)(Br + B,) + (1 + B7) pf;

<Va(l+B)Va(l+ 1) +4(1—a)b: [BE(1+p)(1—B.)+ 1+ B1)*pB.]

(p—B1)(B1L+B,) (p—B1)(B1L+B,)
Bi(L+p)(1=B,)+(1+ B BE(1+p)(1—=B,)+ (14 1)%pB,

<2a(1+B1)

x 2(1—a)51[ )2pﬁj2+a(l+ﬁl)[

261(p— £1)*(B1 + Br)?
(L+80) [BE(L+p)(L=B,) + (14 51)?pB 1 {2[B7 (1 + p) (1 = B,) + (1 + B1)2pB,] — (p— B1)(Br + B,)}

< —. .
< (C.61)

Next, notice that in order for (mzlia(g)w;lia (g)) to be optimal, either constraints of (C.23) and (C.24)

must be satisfied. Thus, we now show that (C.61) condition holds for (C.23) and (C.24), separetely.
Case 4.1: F"(g) for (zzlia(g),xglia (g)) and (C.23) holds. Here, we have (i) a > (pf1) ' < o/(1—

a) > (pBr— 1)~ and (ii) (p—B1) < (B1+ B,). By (i), to establish (C.61), it suffices for us to show

(p—B1)(Br+B.) {2B1(pBr — 1) (p— B1)(Br + Br) + (1 + B1) [B(L+ p)(1 = B,) + (1 + B1)*pB.] }

<2(1+51) [B2(L+p) (1= B,) + (1+B1)%08,]) .
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Now, by (ii), substituting the left hand side (p — 81)’s with (81 + §,)’s, to establish (C.61), it suffices for us

to show

281(Br+ B) (pBr — 1) <2(B1 +B,)%(pB1 — 1) [B (1 +p)(1 = B.) + (14 B1)*pB.]
+2B.(p—B1)(1+ B1)(Br + B.) [B7(L+p) (1= B,) + (1 + B1)*pB,] -

Disregarding the right hand side non-negative second term, it suffices for us to show S (8 + 8,)? < B2(1 +
p)(1—=B,.)+ (14 B1)%pB,. As, p> By, we can substitute the right hand side (1+ p) with (1+ 3;), and see
that 81 (81 + B,)% < B2(1+ p)(1— B,) + (1+ B1)2pB, 0 < By (1 — B,) (B + ) holds.

Case 4.2: F"(g) for (le,a(ﬂ)vﬁzl,a (g)) and (C.24) holds. Here, on top of (i), by (C.24) we also
have (iii) o/(1— ) > [p—201 — 5]/ [(L+ p)(B1 + B) — (1 — B.)(p— B1)] - Thus, when the right hand side of
(i) is greater than the right hand side of (iii), we have the added condition of (iv) (51 4+ 8.)(p+ pf1) — (p—
B1)(pp1 — B,) > 0; when, on the other hand, the right hand side of (i) is smaller than the right hand side of
(iii), we have the added condition of (v) (81 + B.)(p+ pB1) — (p— B1)(pB1 — B:) <O0.

We first investigate the case where (iv) holds. By (i), to establish (C.61), it suffices for us to show

2B1(p— B1)*(B1+B,)2(pBr — 1) < (14 B1) [BE (1 + p)(1 = B,) + (1 + B1)* pB. ]
x {281 [(1+p) (B +B,) = (p = B1) (L= B,)] + (p— B1)(Br + Br) } -

Disregarding the right hand side non-negative second term, it suffices for us to show (p — 81)%(B1 +
B2 (pBr — 1) < (1 + B1) [BT(L+p) (1= B.) + (1 + B1)*pB.] [(1+ p)(Br + B-) — (p— B1)(1 = B,)] . Substituting
the right hand side (1 + p) with p, it suffices for us to show (p — 31)%(81 + B.)%(pB1 — 1) < p(1 +
B0) [B1(B1 4+ B.) + (1 BB (14 p) (81 + B) — (p— Br)(1— 5,)] . Substituting the right hand side (14 5,)
with (B, + By), it suffices for us to show (p— B1)2(p — 1) < p(1+61) [(1+9)(Ba +B,) — (o= B)(1 - 6,)] &
—(p = B1)(pB1r — 1)(B1 + Br) < (14 p) [(Br+ B:)(p+pB1) — (p— B1)(pB1 — Br)], which is satisfied, as p >
B1,pB1 > 1 and (iv) holds.
We lastly investigate the case where (v) holds. By (iii), to establish (C.61), it suffices for us to show

2B1(p— B1)*(Br+ B [(L+p)(Br+ B-) — (p— 1) (1 = 5,)]
<(1+B1)[p—2B1—B,] [ﬁf(l"‘p)(l_ﬁr)+(1+51)2P5r]
x {261 [(1+p)(Br+ ) — (p=B1) A= B)] +(p—P1)(Br+ Br)} -

Disregarding the right hand side non-negative second term, it suffices for us to show (p — 31)2(81 + 3,)% <
(1+81)[p—281—B]18(1+p)(1—B,)+ (1+ B1)?pB,] . Substituting the right hand side (1+ p) with p, it
suffices for us to show (p — £1)*(B1 + B.)* < p(1 4 B1)[p — 261 — ;] [B1(B1 + B) + (14 B1)5,] . Substituting
the right hand side (1+ ;) with (8, + 1), it suffices for us to show (p— 81)> < p(1+ B1)[p— 261 — B.] &
0<(p—p1)(pB1+P1)— (B1+B.)(p+pBi), which is satisfied, as 3; > —3, and (v) holds. This completes the
proof. W



Kiiciikgiil, (")zer, and Wang: Recommender Systems under Privacy Protection 37

Appendix D: Proofs in Sections 6 and 7

Proof of Proposition 6. We first rewrite both II7* and II7**, given in (P;*) and (P;*), respectively. Namely

[71',;040{ +mr(l— a)af;} [vfaag + (1 — a)af;}
Ty =

act +(1—a)ot,

) [ﬂ'LOéD - a{] +7r(l1—a)[l— aﬁﬂ [U‘La[l - ag] +oh(1—a)[l - ag]

afl = of] + (1 - a)[l - of]

(- [rrao] + (1 —a)oy] [viao] +vE(1—a)og]
ao} + (1 —a)ot,

[ﬂLa[l —or|+mr(1—a)[l - ag]] [vza[l —or]+vR(l1—a)l— 0'2”
”1 ‘A){ all— 7]+ (1 — )l — o) } (b1
and

[ﬂ'Laag +mr(l— oz)aj';} [vfaa{ + (1 — a)af;}
Iy =

act + (1 —a)ot,

- { [rrao] +mr(1—a)oy] [viao] +vR(1—a)oy] } . (D.2)

ao; + (1 —a)ot,

It is straightforward to see that I, > I/, > T}, > I, for j € {m,ma}, by design. The first two inequalities
are established as both (P;™) and (P;**) for k= U are relaxations of (P;*) and (P*) for k= O, and both
(P) and (P;*) for k = O are relaxations of (P;*) and (P;**) for k = S, respectively. The last inequality
is established as any feasible solution to (P;*) and (P;**) for k= N is also a feasible solution to (P;") and
(Pre) for k=S, respectively.

Utilizing (D.1) and (D.2), we further have IT}, = [T/, for j € {m,ma}, by Propositions 1 and 3, respectively.
Utilizing (D.1), we have ITg =II%, by Proposition 2. It is also straightforward to see that IIZ* > II7 if and
only if a8 <1< aBip, by Proposition 4, as (P;"*) for k=0 is a relaxation of (P;"*) for k=9, and o3* is
infeasible for (P;**) for k=S in this parameter range.

Lastly, II > II%* always hold as, by (P;") for k € {O, S}, utilizing (D.1) and Propositions 1 and 2, we have

Hm_Hm:{)\a(l—a)(ﬂL—WR)(vf—v§)>0, for 8, <0,
o (1—=XNa(l —a)(r, —7mg) (W) —v;) >0, for By>0,
which completes the proof. B
Proof of Proposition 7. Utilizing (D.1) and (D.2), for privacy regimes k € {U, O}, by Propositions 1 and
2, we have
B — { Aol —a)(mp, —mr)(vy —vg) >0, for apf <1,
r r A1 — a)mrvy >0, for apB >1,
and again utilizing (D.1) and (D.2), for privacy regimes k = N, by Propositions 2 and 5, we have
0, for B\ <0,apfy <1,
Iy —T7e =< a(l—a)(r, — mr)[Mh + (1= Avg]By >0, for By >0,apBy <1,
(1—a)mr[Mg + (1= X)vg] >0, for By >0,apBy >1,
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which completes the proof of the first statement of Proposition 7.
We examine the last statement of Proposition 7 in four cases, enumerated from S1 to S4.
Case S1: When f; > p and % < 1. Here, we have apf; > 1 and Sy <0. Utilizing (D.1) and
R L

(D.2), by Propositions 2 and 4, we have
T 102 = (1 — @) {ap(1 = A)(of — ) — Au}
(as By <0) > (1—a)mrA{ap(v —vg) — vk}
= (1 —a)mp\vy {apB — 1}

(as apfy >1) >0.

A —vh)

£ £
Case S2: When 61 > P and _Aop—vp) > 1. Here, we have Oépﬁl > =N (o —v7)
R L

(lfk)('u%fvz)
(D.1) and (D.2), by Propositions 2 and 4, we have

> 1 and 8, > 0. Utilizing

I3° — 15 = (1 - a)mr {ap(L - A) () — v7) — Avl )

A(vy, — Vi)

(1—)\)(1)13—“2)) > (1—a)mrA { (v —vR)/B1—vi}

(as Oépﬁ1 >
= (1—a)mpA(vh —v%) =0.

Case S3: When ; < p and Lﬁ*)” < 1. Here, we have a3 > 1 and (3, > 0. Utilizing (D.1) and

(1*)\)(1}%va

(D.2), by Propositions 2 and 4, we have
Iz — T2 = A(1 - a)ol(apBs — 1)
(as 1 <p) >A(l—a)vp(apy—1)
(as aff >1) >0.

£ e e L
Case S4: When 3, < p and —>2="8)__ < 1 Here, we have af?2 > 20L-vr) 1 and 8, > 0. Utilizing
(1 )‘)('”R 'UL) (1 )\)(’UR ’UL)

(D.1) and (D.2), by Propositions 2 and 4, we have
Mg — 107 = (1 — ) {ap(1 — \) (o — vf) — M}

(as anlh > A(vL, = vk)

R LY (AT

=(1—a)mrA(vh —v%) =0,

which completes the proof. B
Proof of Proposition 8. We first rewrite both US* and US;**, given in (12), as

US™ =AV™ (z,?’ o)+ (1= V" (7o)

_ 12 _ 2
\ [vfaaf; + (1 — a)af%} [via[l —of]+vh(1—a)[l— Uf{]]
=— = = + = = +1
2 acy + (1 —a)og all —oi]+ (1 -a)[l —of]
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n 1-X { [vzaai +uR(1— oz)a?R]2 [vza[l —or]+vn(l—a)[l— 02]}2 N 1}

2 aoh +(1—a)oy a[l —o7]+(1—a)[l —of]

and

USre =\vme (e, 7 \ a) F =NV (r,F| o)

=— = 1 = =
et ach +(1—a)oy

_ 12
A [U‘L@Gi—!—vg(l—a)af{] 1—)\ [viaoi—l—vg(l—a)o;r
2 aot +(1—a)oh, 2

- 1}, (D.4)

For convenience, in the remainder of this proof and the proof of Proposition 9, we drop the 1’s at the end of
both surplus functions (D.3) and (D.4), and multiply both (D.3) and (D.4) by 2.

Having (D.3) and (D.4), it is straightforward to see, by Propositions 1 and 3, that US?, = US), for j €
{m,ma}, and by Proposition 2, that UST =US7y.

Next, utilizing (D.3), by Propositions 1 and 2, it is easy to see that USZ > USZ" if and only if 5, <0 as

USs _UST = { Aa(l—a) (vt —v§)? >0, for B, <0,
—(1=XN)a(l —a)(v; +vR)* <0, for B, >0.

For a8y min{f1, p} > 1, utilizing (D.4), by Proposition 4, we immediately have USZ* = US7*. In the same

region, again by (D.4) and Proposition 4, we have
USTe _USTe — { AL = @)(vh)* (@B = 1) >0, for apB <1,
1-N1—-a)(vp)*(1—aB,) >0, for apfy>1,

where the strict inequalities follow as af8; min{8;, p} > 1 and 3, < 1. Hence, we have also established USZ* >
UST*. Hence, together with USH* = U S5, we have shown USH* =UST* > USy® for affy min{fy, p} > 1.

Lastly, we show, for a7 <1< af;p and A > A&, we have USH* > USZ if 03*(R,r) < o5*(L,r). In that,
we resort back to the methodology and parameter transformation we devised for Appendix C, established
particularly through (C.1) and (C.2). When o37 < 1 < af3,p, by Proposition 4, we have o2'* # o, Under
such scenario, we have ¢%* = (1,0,1,1,1,0) (which, by (C.1), is equivalent to z = (v/,0,a,1 — o, /@, 0))
regardless of A, whereas, when A\ < A7 g% = (1,1,1,1,1,1) (which, by (C.1), is equivalent to & = (c,1 —
a,a,1 —a,a,1 —a)) and, when A > \%*, by Proposition 4, 02 = (1,0,57%,5%,1,0), (which, by (C.1) and
Lemmas C.7 and C.10, is equivalent to & = (v/a, 0,27 (9), 2% (9), vV, 0)). We re-write (D.4) with the aid of
Lemma C.1 as

USpe =M2{aL(1+ 1) + i} + (1= N)/2{z} (1 - B.) +xp} +1/2. (D.5)

For A > A\7*, we focus on the case where %, < 7. By Corollary 1 (using 8, =—0y =1— v} /v}), 65 <5}
corresponds to 5, +26; < p and a < &, where
: p—Br—28 : p(1-B1)—2p1 _
G { mm{p(ﬁl+67-)+6r(lpfm) ' 1} , if B € (2((p61)+51+1’p 261)
. p(1—B1)—281
L, i Br < 3G st
Hence, by (C.43) and (C.44), we have

(a:z*(g),x}”%* (g)), for (C.24) and g < dafy
zy (9),2% (g)), for (C.24) and g > (/2225 and, for (C.25).

—~
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Then, by Lemma C.7 and Claim C.2, (27 ,%%) lie on the dashed line below the red shaded area in Figure

C.2. By solving i, = (1;")9’52 and &%, = (y/a—17)(B81 + 1) together for this line, we have (i) 7] > %ﬁgl)

Utilizing (D.5) we calculate the welfare difference between the policies o2 and o3 :

USg* —USg*=(1=X)/2[1=B,)(@], — a) + &} — (1 - )]

by Claim C.2 = (1-)/2 [(a—&})(81 +5,) + (1 — va) (VaBy — 1)] . (D.6)
Now, notice that we also have

(1=Va)(1-aB,) (Vap —1) <0
<0 as api<l

o a8+ (- VaWas -1 < YD 5 1)

by (i) = a(Bi+8,)+(1-Va)(Vap —1) <iy (b +B),
hence, the expression given in (D.6)< 0. This completes the proof. B

Cramm D.1. For aff <1< aBp and X > X2, the self-disclosure protection may lower the user surplus,

te., UST*<USH*, even if c3*(R,r) > o (L,r).

Proof of Claim D.1. To establish Claim D.1 and, equivalently, Footnote 13, we utilize, again, the method-
ology and parameter transformation we devised for Appendix C, established particularly through (C.1) and

(C.2). We focus on the case where ¢% > 7, and (using 8, = —fy = 1 — v} /v}) utilize as sufficient conditions

2
. . . /48, - .
() p— B, =20 and (i) & <min { (61+1)2+1v [ 2 +(B12J;1)2 (GitD) . Under these conditions we have, by

Lemma C.10, (63,6%) = (67,,05h,) = (O, D‘(%ZDQ) and, hence, 03*(R,r) > o5*(L, 7).

Notice that here, we have

2

& Va<

Zﬁr 2Br

B+l 4B+ (B +1)2 Bi+117 (B +1)?
& Vavh o< 18, < [\/a broga| T A <t

& af+Va(Bi+1)<l & (1-X)/2[aB.+Va(Bi+1)—1] <0
& (1-N/2[-a(1-8)+Va(fi+1)—(1-a)] <0
by (i)-(ii), (C.21) and (C.43) & (1—-X)/2[(1-4,) (z},(9) —a) + R (9) — (1 —a)] <0,

a<[ 1B+ (B + 12— (B +1) BBt 1P~ (B +1)

which, by (D.6), establishes that USZ* < US5*, where we used (&},47%) = (a7 (g),#%, (g)) in the last
inequality. This completes the proof. B
Proof of Proposition 9. For privacy regime k € {U, O}, utilizing (D.3) and (D.4), by Propositions 1 and

3, we have
Aa(l—a) (v —v)? >0, for app <1,

usy—-usye =
g * { A1 —a)(vh)? >0, for apB; > 1,



Kiiciikgiil, Ozer, and ‘Wang: Recommender Systems under Privacy Protection 41

establishing USy* > US* for k € {U,O}. For k= N, again utilizing (D.3) and (D.4), by Propositions 2 and

5, we have
0, for 5/\ S O7apﬂ>\ S 17
USy —USK* = a(l—a){A(vy —v)* + (1= A)(vp —vR)?} >0, for By>0,ap6y <1,
(1 =) {A(vR)* + (1 = A)(v)?} >0, for By >0,apB) > 1,

establishing USy > US7*. Hence, together with US[* > USy* for k € {U,0}, we have established US}* >
UsSye for ke {U,O,N}.
The last statement of Proposition 9 follows from (D.3) and (D.4), and Propositions 2 and 4. As such, for the
vf —vt m ma
o ey, we have o = (1,1,1,1,1,1) and 0% = (1,0,1,1,1,0),

which, by (D.3) and (D.4), immediately implies

parameter range a8 min{S3;,p} > 1>

UST* —UST = A1 —a)(vh)?*(aB?—1)>0.

This completes the proof. B

Appendix E: Proofs in Section 8

LEMMA E.1 (Point type sequence of 67 in p=7,/mr —1). For a < [(B1+1)2+1]"", &7 point type

changes from &; to & and then to &; , as p increases; for o> [(B1+1)2+ 1]71 , 07 point type changes from

1o ?

ol to ¢} and then to & , as p increases, where expressions of corresponding 67 point types are given in

—q ia?

Lemma C.10. Furthermore, both &7, for i € {L, R}, are continuous irrespective of the active point type. In

particular,

,
iy

e change from & to & occurs when \/o(f +1) =4/ %, under which 67, _ =47 ,

e change from &} to o] occurs either when p = W >0, or when Ja(B1+1) =,/ ffﬁg, under

e change from &7 to &7 occurs when p =20, + B,, under which 67 =&
70 Tx ) 20

which 6] =467 .
. a

Proof of Lemma E.1. In proving this lemma, we use Lemmas C.7 and C.10, to utilize the connection
between 57 and &7 for i € {L, R}, and the 10 claims that we establish below.

Claim 1: is increasing in p. In establishing this claim, it suffices for us to take the first

p—Br—2B1
2(B1+8r)(p—B1)
order partial derivative of %, with respect to p, and show that this derivative is positive. Such that,
p—Br—2pB1
() 1 (=g

ap Tp-5)  (p-H)? o fr+ 5> 0.

BE+pBr :
Bt (o € [0, 1], hence, it suffices for us to
Bi+pBr

2
show that % is decreasing in p. In that, we take the first order partial derivative of == with respect

Claim 2: ,/ ffilz is decreasing in p. We know that A =

to p, and show that this derivative is negative. Such that,

B3+pBr
9 ( p—B1

ap ) = /BT(pi 51)71 - (pi ﬂl)z(ﬂf +p6r) X 751(51 +6r) <0.
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B3 (1+p—Br)+pBr(1+281) :
128 d L2 > 1, hence, it

Claim 3: % is increasing in p. We know that B = BB (=B
BL(tp=pr)teBr(14281) decreasing in p. In that, we take the first order partial

suffices for us to show that )
2
Bi(te=Pr)tebr(14281) with respect to p, and show that this derivative is negative. Such that,

derivative of =51
P ﬂf(1+p*/3r)7+p/3r(1+251) 9 149 2(1 — 1+2
( 5 )5 o) B m PICL L) o u(82 + it Br) <.

Claim 4: For p =28, + 3,, 1/% < +va(f; +1) if and only if v/1—a <+ /a(f; +1). For

p =201+ B,, we have

A ( N N1 PN it B2

Accordingly,
\/4(1—@)51(1+51) <\/&(51+1)<:>4(1—0é)61 <a(61+1)(B2—1)<:>\/m< \/a(ﬂl‘f'l)

B2-1
Claim 5: For p= 72531:;2::;‘52? >0, \/74(1702517(11*'61) > a(B; +1). For p= 72?122::3515? >0 and B=
2
B te=fr)teBr(14201) 1 the inequality \/% > y/a(B1 +1) can be written as

(B1+Br)(p—B1)
a(fi+1)(B-1)(B+1)<4(1 — )by
& a(Bi+1)?[B.(p—Br) +p(Br+ B+ p) (B + B,) — (1= B.)(p = B)] <4(1 — ) (B + 5,)*(p — Br)?
& afi<l,

& da(l-a)(Bi+1)%(B+5,)* <4l —a)(1+ap)* (B +B,)?

which follows from Proposition 4.
281 tBr—abifr > () —ffig > ya(fy + 1). For p = 72?2?::;5;? >0 and A =

Claim 6: For p = =p2—=0m
2 . . a 1
% € [0,1], the inequality /2255 > \/a(5; + 1) can be written as

(Br+1)2(1-A)(1+A) <4
(Br+1)2[(p—B1) — (BL+ B,)] [Br-(p— Br) + p(Br + B,)] <4(BL + B.)* (p— B1)?

54
& da(Bi+ DB+ B)2 <4(l+aB)*(Bi+58)" & api<l,
which follows from Proposition 4.
a8 and (C.24) holds, 57 = 7. We first show that this scenario can

Claim 7: When /a(8, +1) =/ 1255

only be realized for 8, > 1, as when

Vag =220 o a1 e =410 - A0 )
& ABL+B)(p—B)* =B+ 1) [(p—Br) — (Bu+ BB (p— Br) + p(Br + B,)]

S [(Bi+B)B+p)—(p—B1)(BT =B [(Bi+8)(1+p)—(p—B1)(1—5,)] =0
>0, by (C.24)
Bi+p  p—P Bi+p  1+p ,
T BB T Bth ~ BB 1-p5 gi>1 & />l

by (C.24)

Next, notice that /a(8; +1) = ffig can be written as

Va(pi+1)= \ 146%2 S a(fi+1)’ = fob & g*(1-A%) =4apy & g* —dafy = (gA)* & /g2 — dapy = gA.

T 1— A2
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Plugging this into the expressions of & (g) and &} (g), for i € {L, R}, given in (C.21) of Lemma C.7, it is
straightforward to see the equivalence of Z7 and %7, and hence, ¢7 and &7,.

Claim 8: When p= W >0, 7 =057. We first show that this scenario can only be realized for

By <1, as B, <1, which makes the numerator of p = 28148-=515: 280480 —P1 5y

1-B1-2Br 1-p1-2B,
into the expressions of & and &7 , for i € {L, R}, given in Lemma C.10, it is straightforward to see the

positive. Next, plugging p =

equivalence ¢7 and 7.
Claim 9: When a(8;+1) = ,/% and (C.23) holds, 57__, =¢7. Notice that v/a(8; +1) =

,/% can be written as

\/a(,elﬂ)\/4(1?251(1%1)@04(61“)24(12)2[31(1”1)

&g*(B*-1) :4(1—04)&(1—1—51)@\/g2+4(1—04)51(1+61):QB-

Plugging this into the expressions of & (g) and Z (g), for i € {L, R}, given in (C.21) of Lemma C.7, it is
straightforward to see the equivalence of 2]__ and %7, and hence, 57__ and 7.

Claim 10: When p =23, + 3, 65 = J}. Plugging p= 23, + 3, into the expressions of 5} and 5] , for
i€ {L, R}, given in Lemma C.10, it is straightforward to see the equivalence &{, and &7.

To bring all our findings together, we now present the following summary. Claim 1 ensures that the
conditions (C.22), (C.23), (C.24), and (C.25) hold one after the other, in numeric order, as p increases. Claim
2 and 3 establish the monotonicity of point types in p for conditions (C.24) and (C.23), respectively. Claim
4 establishes that we cannot have ¢ and &7__ in varying p, for any possible combination of the remaining
model elements. Claims 5 and 6 establish that &7 will always be the active point type, when p is at the
boundary of the conditions of (C.23) and (C.24). Lastly, Claims 7 to 10 establish the continuity of &7, for
i € {L, R}, when there is a point type switch between the conditions of (C.22) to (C.23) and (C.24) to (C.25),
and within the conditions of (C.23) and (C.24). O

LEMMA E.2 (Monotonicity of II}** in both 7, and 7g). The platform’s revenue function II7** (7, ) for

ke{U,0,S N}, given in (P;**), is increasing in both m;, and wg.

Proof of Lemma E.2. First, to expand the definition of transaction rates given in (16), we express user
t’s expected value of the product type, under o}**, upon receiving a signal d =1
viao(L,t) + vh(1 —a)of*(R,t)
O[O'Zm(L7t)—|—(1—O[)O',Ta(R,t) ’
for k€ {U,0,S,N} and t € {{,r}. We can then rewrite (16) as
viao(L,0) + v (1 — a)of (R, )
ao (L, 4) + (1 — a)ome(R, L)

e 1 - viaoy(L,r) +vg(l —a)op*(R,r)
FA= N (o =mu/me = 1) e T aope (@)
k ’ k ’

E [} |t t,d=1,00% =

trivt(i|lp=mp/mr—1)=Xo* (i,¢ | p=mr /7R — 1)

(E.1)

for k € {U,0,5,N} and i € {L, R}, which allows us to write the platform’s revenue function II;** (7w, 7g),

given in (P;**), as

H’IZLG(’]TL,’/TR) = OéT('LtT'ZLa (L | P = ’/TL/’/TR - 1) + (1 - Cl)’/TRtT'ZLa (R | p= 7TL/’/TR - ].) (E2)
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for k€ {U,0,S,N}.

We reformulate the platform’s problem given in (P;"*), including the revenue function (E.2), in Lemmas
C.1-C.3, highlighting the corresponding feasible decision variable domain in Figure C.1. Notice then, by
Theorem 9.14 of Sundaram (1996), that the platform’s revenue function given in (E.2) is continuous in its
model parameters 7, and 7.

It is now straightforward to see that (E.2) for k € {U,0,S,N} is increasing in both 7, and mp when
trie (i p=my/mr —1) for i € {L, R}, or equivalently, o7 (i,t) for i € {L, R} and ¢ € {¢,r}, do not contain
the terms 7;, and 7. Propositions 3 and 5 imply immediately that this is indeed the case for k € {U, O, N}.
For k =S, Proposition 4 and Lemma C.10 together imply that tr}** (i | p=7./mr — 1) for i € {L, R} contain
the terms of 7, and 75 only when (o2*(L,r),08*(R,r)) = (6},6%) = (67, .6%.)-

We thus focus on the scenario for k = S where varying 7, and 7 induce (o%*(L,7),07%(R,7)) =
(O'L,O'R) (O'L N ), and show that the respective segment of the revenue function (E.2) is increasing in
both 7, and 7. Recall that under the variable transformation in (C.1), and with the brevity of denoting
the probability of recommending the product for each realization of (i,t) as of, as opposed to o (i,t), the

platform’s expected revenue (E.2) can be reformulated as in (C.3):

11§ (e, mr) = Tr[AvR + (1 — A)vg] [(1“’)(”&)( L)’ <2+p+51)xLxR+(xg>2}
S Ly"R R R R [1+p )(l‘L) +(2—|—p—57)x2x%+($%)2i|7
¢ r N1+ p)zs + 25 [(1+ B1)xb + 24
:WR[/\UR‘f‘(l—/\)’UR]{ +([1(_)\f)))[ 1—|—p)m]2[(+m?1“2] [)(1_6r)112+$?2] (ES)

Notice next, by Proposition 4, that when (o%*(L,7),05%(R,7)) = (5} _,56%.), it must be the case that
(c7(L,0),02*(R,{)) = (1,0), which, by (C.1), corresponds to (zf,z%) = (v/a,0). The expressions for z7
and z%, when (o2*(L,7),0%*(R,r)) = (57 .,5%,) are also given in the proof of Lemma C.10 by (C.50) and
(C.51), respectively. All combined, (E.3) takes the following form:

T2 (my, ) = mal ot + (1= A3l (1+ B1)a {m -y g oG } S

Our strategy for proving the platform’s revenue function (E.4) is increasing in 7, is to take its first order

partial derivative, with respect to 7, and show that this derivative is positive. Such that,

oEA) |, [WL—WR(l—ﬁr)]Q [ —mr(1—5,)]

T PR RN L o )
RV [ —7Rr(1—B,)] _[WL—WR(l— ]
= (4 B)) {2 [ m<1+/31>1}
:>\/+ (p—’_ﬂr) (p 57‘ 261) > 0’

(p=51)  (p—B1)
where the last inequality follows as, by Proposition 4, (C.23) and (C.24) (last two conditions are necessary
for (o3(L,r),08*(R.r)) = (57..6%.)), p> b1 and p— B, — 26, > 0.

Our strategy for proving the platform’s revenue function (E.4) is increasing in 75 is to take its first order

partial derivative, with respect to mg, and show that this derivative is positive. In that, as both 7z and all
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the terms of (E.4) are nonnegative, it suffices for us to only focus on the part inside the curly brackets. Such

that,

[ ( ) o1 q oy mR(1 =B
[7TL—7TR(1+51)21+51) 2(1 ﬁr)[ﬂ'L—ﬂ'R(l—Fﬁl)]
[ﬂ'L - 7TR(1 _ﬂ'r) { [7TL - 7TR(1 - B’r)]

[
(

m, —mr(l+Bi) [WLWR(1+51)](1+ﬂ1)—2(1_ﬂT)}
o (1481) [ms, = 7a(L = B)] = 21 = B,) [rs, — 71+ 5]

=mr[(L+51)(p+B:) —2(1—B,)(p—B1)]
< p(B1+B,)+Br(p—B1) —(p—Br—261) = (B1+ B,)(p—B1)(B—1)/81 >0,

where the last inequality follows as, by Proposition 4, p > 8; and B > 1, completing the proof. [

LEMMA E.3 (Monotonicity of tri** (i| p) in p=my/mr —1). For each k€ {U,0,5,N}, the total transac-
tion rate for each product i € {L, R}, tri* (i|p), as given by (16) is non-decreasing (resp., non-increasing)
in p for product i = L (resp., i = R). Moreover, for each k € {U,0,S,N} and any p, the total transac-
tion rate for product L is always greater than or equal to the total transaction rate for product R, i.e.,

tri (L | p) = tri** (R p).

Proof of Lemma E.3.  First, we rewrite the transaction rates of both types of vendors, given in (16) and
(E.1), with the brevity of denoting the probability of recommending the product for each realization of (i,t)

as of, as opposed to o (i,t), and under the variable transformation in (C.1):

tri (L p=mp/mp—1) = é { Mk (B + (1) +af2k] + (1= Moy [(1-8,)(27)* +2pa%] }

try (R|p=mp/mr—1) = B { Mg [(B1+ Doy + (25)?] + (1= Nog [(1-B)2p2y + (25)*] }

(1-a)
(E.5)
for k€ {U,0,S,N}. We note that, when calculating trn® (i | p=n./mr — 1), we take zf =z? for i € {L, R}
and ¢t € {{,r}.

Notice next, by Propositions 3-5, for k € {U,O,N} and when af? > 1 for k =S, that, keeping other
modeling elements the same, there exists a threshold in p on which the optimal policy turn from
(o (L, £),00*(R, L), 00*(L,r),o0*(R,r)) = (1,1,1,1) to either (o7*(L,£), 07 *(R, L), 00*(L,r),07*(R,r)) =
(1,0,1,1) or (o7**(L,0),07*(R,¢),00*(L,r),o*(R,r)) = (1,0,1,0). We now write the corresponding trans-
action rates of both type of vendors, given in (E.5), under these three potential policies. When
the optimal policy for a given p is (o7*(L,¢),07*(R,¢),07*(L,r),0*(R,r)) = (1,1,1,1), by (C.1),

(xe(L,0), (R, 0), z*(L,r), z7*(R,7)) = (a, 1 — v, 0, 1 — ), then the transaction rates are given as follows
trp (R) =try* (L) = X [avy, + (1 — a)vg] + (1= A) [av] + (1 — a)vp].

When the optimal policy for a given p is (o7**(L,£),07*(R,£),00*(L,r),00*(R,r)) = (1,0,1,1), by (C.1),
(xpe(L,0), (R, 0), z*(L,7), z7*(R,7)) = (v/a,0,a,1 — @), then the transaction rates are given as follows

tri* (R) = (1—=\) [av] + (1 —a)vy] and  try* (L) = Avh + (1 — X) [av] + (1 — a)vy].
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When the optimal policy for a given p is (o7**(L,£),07*(R,{),07(L,r),07*(R,r)) = (1,0,1,0), by (C.1),
(xre(L,0), x (R, L), (L, r), x**(R,r)) = (v, 0,1/, 0), then the transaction rates are given as follows

tri*(R)=0 and try* (L) = A\vi + (1 —A)vj.

It is then straightforward to see that ¢r7**(R) is non-increasing in p as A|avi + (1 —a)vg] + (1 —
A) [avy 4+ (1 — a)vy] > max {(1 — A) [av] + (1 — a)vy],0}. We also have tri*® (L) non-decreasing in p as
Aavt + (1 —a)vl] + (1 = N) [av] + (1 —a)vy] < Mf + (1 — N) [av] + (1 —a)vy] (because v > v%) and
Aavy + (1 —a)vg] + (1 - A) [av] + (1 — a)vy] < Avf + (1 — A)vj (because for this case to occur, per Propo-
sition 5, we must have 8, > (ap)~' > 0, implying A(vf —v%) > (1 — N\) (v}, —v})). This completes the proof
for k € {U,0,N} and when af? >1 for k= 5.

We now exclusively focus on the case of k =S and af? < 1. By Proposition 4 and the fact
that AZ® is decreasing in p (per Proposition 11), there also exists in this case a threshold in
p on which the optimal policy turn from (og*(L,¢),09%(R,{),02*(L,r),059*(R,7)) = (1,1,1,1) to
(o2 (L,0),05*(R,{),08*(L,r),c%*(R,r)) = (1,0,5%,5%). Unlike the above mentioned scenario for the
case of k € {U,O,N} and when afi > 1 for k = S, here, the recommendation rates of the policy ob-
served for sufficiently large values of p, ie., (o9*(L,£),02%(R,L),00*(L,r),05*(R,r)) = (1,0,67,5%),
also subject to change with p, hence the transaction rates of both types of vendors. Thus, in the re-
mainder of the proof, we first establish the monotonicity of transaction rates in p within the param-
eter region where (05*(L,{),08*(R,{),08*(L,r),0%*(R,r)) = (1,0,6%,5%) is optimal, and then estab-
lish that the monotonicity is preserved at the threshold value of p, on which the optimal policy turn
from (o2*(L,£),08*(R,{),05*(L,r),00*(R,r)) = (1,1,1,1) to (c5*(L,¢),02*(R,0),00*(L,r),00"(R,T)) =
(1,0,6%,6%).

Notice Proposition 4 and Lemma C.10 together imply that ¢r%3® (i | p=m/mr —1) for i € {L, R} contain
the terms of 7, and 75 only when (o2*(L,r),08*(R,r)) = (67,6%) = (67, ,5%, ). For other functional forms
in Lemma C.10, it is straightforward to see the monotonicity of transaction rates in p. We thus focus on
the scenario where (o3*(L,r),07*(R,r)) = (67,6%) = (67_,5%.). By (C.1), (c2*(L,{),0%(R,{)) = (1,0)
corresponds to (z%,2%) = (y/,0). The expressions for 2} and 2% when (o%*(L,r),05*(R,r)) = (6% _,6%.)

are also given in the proof of Lemma C.10 by (C.50) and (C.51), respectively. All combined, we have

trg* (R p)oc (B, —1)(p+B:)(p—B1) "'+ (Br+B) A+ p)(p+B8.)(p—B1) 2 (E.6)
and
trg (L] p) o< (p— B —2B1)(p+B.)(p—B1) > (E.7)

Our strategy for proving (E.6) is decreasing in p is to take its first order partial derivative, with respect to
p, and show that this derivative is negative. Such that,
I(E.6)
dp

Similarly, our strategy for proving (E.7) is increasing in p is to take its first order partial derivative, with

=1 =8:)p=51) = (p+B) A+ 1) = (14 p)(Pr+ B;) = =2(B1 + 5,)(1 + p) <O.

respect to p, and show that this derivative is positive. Such that,
O(E.7)
dp

=(p+B.)p—DB1)+(p—B.—2B1)(p—P1) —2(p— Br —2B1)(p+ B,) =2(B1 + B,) > 0.
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This establishes the monotonicity of transaction rates in p within the parameter region where
(o2 (L,0),00*(R,0),00*(L,r),c%*(R,r)) = (1,0,6%,5%) is optimal.

Lastly, we establish that the monotonicity of transaction rates in p is preserved at the threshold value
of p, on which the optimal policy turn from (o5*(L,{),05*(R,£),05*(L,r),c0*(R,7)) = (1,1,1,1) to
(o2 (L,0),05*(R,{),08*(L,r),0c0*(R,r)) = (1,0,67,5%) . In that, we analyze four distinct functional forms

of (67,6%), given in Lemma C.10, in isolation. In particular, we will show that
trg® (Rl p,og" =(1,1,1,1)) —trg* (R | p,og" = (1,0,61,6%)) = 0, (E.8)

at the p value that induces a policy switch, outlined in Proposition 4. This result will immediately imply, by
Lemma E.2 and (E.2), that tr@* (L |p,o5*=(1,1,1,1)) —trz* (L | p,o5*=(1,0,57,5%)) <O0.

Case 1: 03"* = (1,0,67 ,6%,). By Lemma C.10 and Lemma C.1, (z},2%, 27, 2%) = (v/@,0,0,\/a(f +1)).
The relevant parameter conditions for this case to arise, again by Lemma C.10, are (i) p < 8, + 261, (ii)
a(f1+1)2<1—a, and

a(fi+1)? = (1—ap,)(1+ap)

() AZXE e X M= aBip) +alBi+ 17 - (1—aB )1 +ap)

Notice, by (E.5), (E.8) becomes

N + 1)+ (1= A)j [1 = B, — a(fi +17(1 - a) "] 20
& Na[(l-a)(Bi+B)+(Bi+1)?*] >aBfi+1)>—(1—a)(1—apB,)

Then, by (iii), it suffices for us to show

al(l=a)(Bi+B,)+ (B +1)?] [a(Br+1)* = (1—aB,)(1+ap)]
<la(B+1)?—(1—a)1—apb,)] [(1—a)(l—afip)+a(f+1)>—(1—af.)(1+ap)]
& (B +1)2(1+p) <(1-af)[(1-a)(abip—1)+(afs +1)(1+ap)]

< afi(fr+1)<1l-af,

which holds as
aBi(Bi+1)<a(Bi+1)P<l-a<l-af,,

where the second inequality follows from (ii), and third inequality follows from £, < 1.

Case 2: 03 =(1,0,67_,0%.). By Lemma C.10 and Lemma C.1, (z},2%) = (V,0) 7 = Va(B1 +1)(p—
Br—281)/12(81+ B,)(p = B1)], and ' = Va (B + 1)[p(B1 + B:) + B (p— Br) = (p = Br — 281)]/[2(B1 + B-) (p —
B1)]. The relevant parameter conditions for this case to arise, again by Lemma C.10, are (i) (p—£1)(1 —af,) <
(B1+ B,)(L+ap), (i) aff <1<apfip, and (i)

a(BL+1)2(p+B.)? — 4B+ B.)(p— B1)(1 — aB.) (1 + ap)
4B+ B,)(p = B)[(1 =) (1 = afip) — (1 = aB.) (1 +ap)| + a(Br +1)2(p + 5,)?

Notice, by (E.5), (E.8) becomes

A>ATY & N>

a(Bi+1)? (p+5,) [A+p)(Bi+ ) =(1=B)(p =Bl |
(1-a) A(Br+Br)(p = Br)? -

Mg (B + 1)+ (1= Mg |1 —af, —
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A —4(1 =)A= aB) (B +B8:)(p—B1)* +a(Bi +1)*(p+ B,) [(1+p) (B + Br) — (1= B.)(p— )]

= >

=X A1 =) (@B +1)(Br+ Br)(p = Br)?
Then, by (iii), it suffices for us to show

(Br+1D)(p+ ) { (B + 1) (p = Bi)(p+ ;) + (afrp = D) [(1+p)(Br+ B:) = (1= B,) (p = )]}
<4(Bi+B)A—aB)(L+p)(p—B1)*  (B9)

To show (E.9) holds, we split our analysis into further two scenarios: when (C.23) holds, and when (C.24)
holds.

Case 2.1: 03* =(1,0,67_,0%, ) and (C.23) holds. Note that for (C.23) to be satisfied, it must be the case
that
a(Bi+1)%(B* 1) <41 -a)Bi(fr+1) <
OO {15 (o B+ p(81+ B = (o= B = 280) [Bulp— ) + (81 + 8]} <48y +B,) (= )
(1 _ a)(ﬁl —’—BT) T T ka T ka T
Then, to establish (E.9), it suffices for us to show

S a(IBI + 1)(1 - aﬁr) [ﬁr(p - 61) +p(51 + ﬁr)} [Br(p - /81) + p(ﬁl +ﬁr) - (p - Br - 261)}

We also know, for (C.23) to be satisfied, it must be the case that «[8,(p — 81) + p(B1 + 5,)] = (p— B, — 251),

hence, to establish (E.9), it suffices for us to show
(L=a)(Br+B,)(p+B:) < (A =aB,) [B:-(p— B1) + p(B1+B) — (0= By — 251)]
& (p=F)(A—apB) < (B +5)(1+ap)
which, by (C.23), holds.
Case 2.2: 03* =(1,0,67 ,0%, ) and (C.24) holds. Note that for (C.24) to be satisfied, it must be the case
that
a(fr+1)*(1- A%) <4ap,
(BL+1)° 2
{[(p=B1) = (B + BI[Br(p = Br) + p(Br + Bo)]} <4(Br + B,)(p = B1)

(ﬁl + /3’7‘)
Then, to establish (E.9), it suffices for us to show

(B1+8.)(p+B.) [(p = B1)(@Bi B, +1) + (Bi + B,) (Bip — 1)]
<(Br+1)A—aB,) [B(p—B1)? +(p— B1) (B + B.)(p = Br) — p(Br + 5,)?]
< AalB(p=B1)+p(Br+B:)] = (o= Br = 2B1)} {B1 [B:(p— B1) + p(Br + Br)] + Br(p — B — 281)} <0
& (p=F)A-aB,)> (B +8)(1+ap)
which, by (C.24), holds.

Case 3: o%* = (1,0,67_,6% ). By Lemma C.10 and Lemma C.1, for gy < 1, (zf,z%,27,2%) =

(Va,0,4/a,0), and for 8y > 1, (24,2%, 27, 2%) = (Va,0,v/a/B1,/a(B? —1)/B1). The relevant parameter

condition for this case to arise, by Proposition 4, is a8? <1 < afp.
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Notice, for f; < 1, by (E.5), that tr2® (R | p,05*) =0, and hence, (E.8) is satisfied. For 8; > 1, again by
(E.5), (E.8) becomes

Mg (aBy+1) + (1= Mg [1 —af, —a(Bf = 1)(8; = B,)(1—a)'B7*] 20
& NA-a)fi(ap+1)+ 1= N) (B —aB)(1—apf) >0

which holds as «, 8, <1, $; > 1 and o3? < 1.

Case 4: 03 = (1,0,57, G, ). To show that (E.8) holds for the p value that induces a policy switch,
outlined in Proposition 4, from og* = (1,1,1,1) to og* = (1,0,67, _,0%, ), we provide the following chain
of arguments. Suppose for a (p,\) pair the policy turns from og** = (1,1,1,1) to 0d* = (1,0,67, _,0%, ).
We know, by Lemma E.1, that there exists a p’ > p which turn &, point type to & point type,
where we have (6’217Q(p’),6§1w (p’)) = (67.(p"),6%,(p")), which implies, by Lemma C.1 and (E.5), that
tre (R ‘ ore = (1,0,6217(}(;)’),6;{17&(,0’))) =tr7* (R|ow*=(1,0,6% (p'),6%. (p'))). Moreover, by (E.5)
and the proof of Lemma C.10, we know that

trze (R|oze = (1,007, (0),05,_(0))) =tr2* (R |02 = (10,67, (¢).5%,_.())
=trg* (R|og (1,0,67,(0).6%.(0))) -

We also know that, by Proposition 11, A%*(p) > A7*(p’) and, hence, A > A7“(p) > A\%*(p'). Consequently, as
we have shown in Case 2 that (E.8) holds for 47 point type for any such (p’,A) pair, it also holds for 57
point type for any such (p, \) pair. This completes the proof. O

Proof of Proposition 10.  We prove this proposition by establishing the following three claims.

Claim 1: tr7* (L) > tr* (R) for k € {U,0O, S, N}. First, to expand the definition of transaction rates given

in (13), we express user t’s expected value of the product type, under o}*, upon receiving a signal d :

vt ac?(L,D)+vh (1—a)e (R,T) o

Laa%(L,i)«l»(f—a)o‘L” (%,a ’ for d= 1’

vza(l—o'gl(L,Q)Jrv}z(l—a)(l—o”k”(R,D) _
w(—ep (L +(—a)(1—op(r)  for d=0,

for k€ {U,0,S,N} and t € {¢,r}. Using (13) and the results of Propositions 1 and 2, we can then calculate
triv (@) for k€ {U,0,5,N} and i € {L, R}, respectively, as follows:
AMavt + (1 —a)vh]+ (1= A) [av] + (1 — a)vy], for k€ {S,N} and 8, <0,
tri* (L) = ¢ \v§ + (1= X\)vy, for ke {S,N} and 8, >0, (E.10)
At + (1= X) [av] + (1 —a)vy], for ke{U,0},

E [vf | t,{f\,d,crzn] =

and
AMavt + (1 —a)vg]+ (1= N) [av] + (1 — a)vy], for ke {S,N} and B, <0,
tri'(R) = g+ (1= Moy, for ke {S,N} and 3, >0, (E.11)
v+ (1= [av] + (1 — a)vy], for ke{U,O0}.
It is then straightforward to see ¢rj* (L) > tr{* (R) as, for k € {S, N} and S, <0 we have tr7" (L) =tr{ (R),
for k € {S, N} and B, > 0 we have tri* (L) —try* (R) = A(vf —v%) 4+ (1= (v] —vh) = Br[Mvs+ (1= X)vy] >0,
and for k € {U,0} we have tr* (L) — tr7 (R) = Mvi —v%) > 0. This establishes the claim.

Claim 2: 7% =7g. First, we rewrite the objective function of the platform given in (14)

H’rkn (7TL, ’/TR) = O[’/TLtTZl (L) + (1 - a)’]TRtTZL (R) 5 (E12)
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which, as ¢r}* (i) is independent of (71, 7r), indicates the platform would aim to increase 7, and 7 as much

as possible, while satisfying
(ﬁL - 7TL) t’l";cn (L) Z (ﬁL - 7TR) t?"};n (R) 5 (E13)

Next, we establish the claim using proof by contradiction. Suppose 7 < Tr. We examine this scenario in
two cases: (i) When (E.14) is strict, and (ii) when (E.14) holds with an equality. On one hand, if (E.14) is

strict, then there must exist an € € (0, 7z — 7f] which satisfies
(Tr—mR)tri (R) —e> (Tr —mr) try (L) .

If that is the case, however, 7%’ := 7% + ¢ would also satisfy (E.14) while improving both (E.13) and (E.12).
Hence, this contradicts with the optimality of 7% < Tg. On the other hand, if (E.14) holds with an equality, as
tr (L) > tri* (R) and 7 < T, we must have 77" € [, Tx). If that is the case, however, it is straightforward
to see that the pair of (77, 7%’) = (Tr,Tr) would immediately satisfy (E.13) and (E.14) while improving
(E.12), as (E.12) increases in both 7, and mg. Hence, this contradicts with the optimality of 77 < Tg, and
correspondingly, establishes the claim.

Claim 3: (E.13) must be binding under (77*,7%). We show in Claim 2 that 7} = 7r and that
(7, mr) = (Tr,7r) is always a feasible solution for (14). For any m; > 7g, it is straightforward to see
(E.14) would continue to hold. Thus, as left hand side of (E.13) is decreasing in 7, (T, —7g)try (L) >
(T —=7R)tr" (R) and (7, —7p)try (L) =0 < (T —7Tgr) try (R), in maximizing (E.12), the platform must

choose 77" which binds (E.13), i.e., we must have
(Tp—mp)try (L) = (T —Tr) try (R),

which can be expressed as

tri* (R)
tri (L)
This establishes the claim and, taken together with Claim 2, (E.10) and (E.11), completes the proof of

for ke {U,O0,S,N}. (E.15)

7721 :%L — (ﬁL _%R)

proposition. [

Proof of Proposition 11. The first statement of Proposition 11 immediately follows from Propositions 1
and 2. For recommendation mode ma, the impact of p on o;** is also straightforward to see, on one hand,
for k € {U,0, N}, utilizing Propositions 3 and 5. On the other hand, in order to be able to state that o2
uses less of the spam strategy as p increases, it suffices for us to show, whenever defined, A%* (given in

Proposition 4) is decreasing in p. Utilizing (C.41), let us first rewrite A7 as
1

vt [FU@)-Fi9)] |
1+ VR [Fri9)-Fr(@)]

As noted in the proof of Proposition 4, F*(g) — F*(g) = (1 —a)(1 —afip) and F"(g) = (1 —afB,)(1+ ap), as
(7, %) = (a,1 — a) is the only feasible point that satisfies both (HZ) and (H!__) when g =g. Thus, A7

ma __
Mg =

can be written as
1
NG = . E.16
S vh__(-a)(-aBip) (E16)
vg F"(g)f(lfaﬁ,‘)(l-i-ap)




Kiiciikgiil, (")zer, and Wang: Recommender Systems under Privacy Protection 51

As afip > 1, in order to show A%* is decreasing in p, it suffices for us to show the ratio F* := (1 —
afip)/ [Fr(g) — (1 —aB,)(1+ap)] is increasing in p. We now show that F* is increasing in p by taking its
partial derivative, d, := 9(F*)/0(p), and showing that d, > 0 for all four distinct functional forms of " (g)
given in (C.26), corresponding to distinct point types. This would suffice as we have shown, in Lemma E.1,
that both 67 (and, hence, &7), for i € {L, R}, are continuous irrespective of the active point type.

Case 1: F"(g) for (a7 (g), 7, (g)). Here, by (C.26), we have F"(g) = o(f81 + 1)2, which makes

_ —aBi[a(B +1) = (1+ap)(1— aB,)] — a(aB, —1)(1 - abip)
’ [(B1+1)2 = (L+ap)(1 - ap,)]’

x(1+8) [1-aff —api—af,]=1-a—a(pi+1)* +a(2+ B — 5,) 20,

d

where the last inequality follows by 3, < 1 and by (C.22) of Lemma C.7. Accordingly, in order for
(z7,(9); 27, (g)) to be optimal, we must have 1 —a > a(B; +1)2.

Case 2.1: F"(g) for (27 _(g),x%,(g)) and B; < 1. Here, by (C.26), we have F"(g) — (1 — af,)(1+ ap) =
—(1—=a)(1+ appB,), which makes

o Z0Pr[=1—apB ]+ ab,(1-abip)  albitB) _

! [—1—apB,]* [—1—apB,]?
Case 2.2: F"(g) for (z7_(g),z%_(g)) and 8; > 1. Here, by (C.26), we have F"(g) — (1 —af,)(14+ ap) =
—(1-aB?)Br2(8 +apB,), which makes

o ZOPL B — v Faf(1=abip) __alBi+A)

(B2 —apB,]” (52 — apB,)”

g ' s T i 2 M
Case 3: F"(g) for (27 _(g),2%._(g)). Here, by (C.26), we have F"(g) = a(B; + 1)24(51(4’;;7%, which

d

dp

makes

dyoc 4B+ B)(1—aB)(p—B1)* = (Bi+1)(p+B,) {(p— 1)1+ i) + (B + B.) (aprip—1)} . (E.17)

Notice from Lemma C.7, in order for (z7_(g),z%,(g)) to be optimal, either (C.23) or (C.24) condition must
hold. We now separate our analysis into further 2 scenarios where (C.23) and (C.24) holds, respectively.
Case 3.1: F"(g) for (27 _(g),2%, (g9)) and (C.23) holds. Notice first, by (E.17), that showing d, >0

is equivalent to showing

q< B+ B8,)(p= 1) = (B +5) B+ D(p+B)(p=B1) = (b +5,)]
T AB(B1+ B2 (p = B1)? + BBy 4 Br) (B + 1) (p+ BB (p = B1) + p(Br + B:)]

Notice next, as (C.23) holds, we must have (i)

(E.18)

a> (p_ﬁl)_(ﬁl+6r)
~ Belp—B) +p(Bi+B,)]

and in order for (z}_(g),2%._(g)) to be optimal, we also must have (ii)

4(1—a)Bi (14 p)
(B—1)(B+1)

a(f+1)2 <

A(BL+B,)*(p— Br)?
(Bi+B:)2(p = B1)? + (Br +1)*[B-(p = B1) + p(Br + B)I[(L 4+ p) (Br+ B,) — (1= B.)(p = B1)]

&S a<
— 4
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_ B3(+p—Br)+pBr(14281)
where B = S = o

Case 3.1 to be feasible, we need to have (iii)

(p=P1) = (BL+5)
/Br(p_ 61) +p(ﬁl +Br)

<
4

, as defined in Lemma C.7. Straightforwardly, by (i) and (ii), in order for

4(61 + Br)z(p — 61)2
(Bi+B:)2(p = B1)* + (Br + 1)*[B-(p = B1) + p(Br + B)I[(L+ p) (Br + B,) — (1= B.) (p = B1)]
& (Bi+1)2[(p=B1) = B+ BB(p = Br) + p(Bi + B)] S 4(Br + B.)(p — B1)*.

Now, by (ii), in order to establish (E.18), it suffices for us to show

0< [4(B +B.)%(p— 1)) (1 - B,)

2 > (BB, (p—B1) 41 +8.)][(1+0) (B18:)~(1—8,) (o—p1)]
+4(B1 +5,)"(p — B1) (51+1){ L1481 o~ 1) (814 81) + (51 B 41 (5-B1)] }

— B+ 1B+ B:)(p+ Bo)lp— 2681 = BollBr(p— Br) + p(Br + B+ p) (Br + B.) — (1= B.) (p— B1)]-

By (iii), the above inequality holds, as

O §4(ﬂ1 + /Br)2(p - /81)2(1 - /67“)

(B14+1)[Br(p—B1)+p(B1+8)][(14p) (B1+Br)—(1=Br) (p—B1)]
+(61+1){ LBt (o B (BLo- (14 80) (BB A D (o B)] }

& 0<(1-5,) {4(51 +5r)2(P_ 51)2 —(B1+ 1)2[(P_ B1) = (B4 B:)]Br(p— Br) + p( b1 +5r)}} )

which establishes d, > 0 for this case.
Case 3.2: F"(g) for (27 _(g),2%.(g)) and (C.24) holds. Notice first, by (C.24), we must have (iv)

(p—ﬁl)(l 70‘57‘) Z (1 +04P)(ﬂ1 +/B7‘)7

and in order for (27 (g),2%, (g)) to be optimal, we also must have (v)

daf
A Y
Bt S AT
e 4(51 +ﬁT)2(p_51)2 > (51 + 1)2[(/)_ Bl) - (ﬂl +ﬁT)MﬁT(p_ 51) +P(61 “l‘ﬁr)]a
where A= (mf%j%’ as defined in Lemma C.7. Now, by (v), in order to establish d, >0, given in (E.17),

it suffices for us to show

(Br+8:)(p+B) {(p = 1) (1 +ap1 ) + (B + Br)(abrp — 1)}
< (1 =aB)(Bi+1){B(p—B1)* = p(Br +B.)* +(p =B )p = B)(Br + B,) }
& (Bi+B)(p=B){B(Br+ D1 +ap) = (1—aB.)(Bip—B)}
<(p—B1)*B-(BL+ 1)1 —aB) = (Br+ B,)* (1 +ap)(Bip — B)
& 0<[(p= BB B+ 1)+ (Br+8:)(Brp = D][(p = B1)(1 — afy) = (1 +ap) (P + 5],

which holds as both terms on the right hand side are non-negative in the above inequality. The first term is

non-negative, as we have af81p > 1= f1p> 1= [1p> G,; and the second term is non-negative by (iv).



Kiiciikgiil, (")zer, and Wang: Recommender Systems under Privacy Protection 53

Case 4: F"(g) for (leia(g),xglia(g)). Here, by (C.26), we have

F(g)—(1—apB,)(1+ap)

op2 2 (1—a)(aB?-1)[p[82 (1-26,) B (1+261)]+67 (1-5,)]
= @61+ 51) ){+[g\/g2+4(1—a),81(1+B1)—9\/g2+4(1—a)61(1+51)] [plB3+6- (142801483 (1-5,)] [ 7

where g =/a(B1 +1) <afy +1=7. This makes

dyx-apt(1- g {(L-(as 1+ g/ + a0 - )n1+50] b,

where

= (1—a)(08? — 1) [8(1—28,) ~ 8,(1+28)]
oy a0 @A)~y a0 a1 50 [+ 5,1 +20)

denotes the coefficient of p in [F"(g) — (1 —af,)(1+ ap)| . Now, we know the first term of d, is positive,
as afff < 1. Thus, if ¢, <0, we immediately have d, > 0. If, on the other hand, ¢, > 0, then we have
[F"(g) — (1—aB,)(1+ap)] <0, and increasing in p. As (1 — aB1p) <0 and decreasing in p, we also have
(1—apip)/ [F"(g9) — (1 — aB,)(1+ ap)] is increasing in p. This completes the proof.

Proof of tr{*® (i | p) is non-decreasing (resp., non-increasing) in p for product ¢ = L (resp., i = R) is provided
in Lemma E.3 W

Proof of Proposition 12. To maintain consistency with the rest of the appendix, in this proof, we use

B, =—0o=1—v} /vy. First, we rewrite the objective function of the platform given in (17)
Iy (rp,mg) =anptri® (L p=n./mr— 1)+ (1 — a)mptry* (R |p=my/7r — 1), (E.19)

which, by Lemma E.2, indicates the platform would aim to increase 7, and 7z as much as possible, while

satisfying

(T —mp)tr® (L] p) = (T —7r) tri* (R p), (E.20)

(TR —mr) tri’ (R| p) = (T — 7o) tri"* (L | p). (E21)

Notice that it is without loss of optimality for us to restrict our search to (7, 7r) pairs that satisfy 7, > 7g.
This is due to, again by Lemma E.2, any (7, 7z) pair with 7;, < 7z be suboptimal to the pair of (7, 7r) =
(mr,mr). In that, we utilize the fact that any (7.,7r) pair with 7, = 7w satisfies both (E.20) and (E.21),
which is established by the equivalence of tr;** (L | p=0) and trj** (R | p=0), given in (E.5), by Propositions
3 and 5 and (C.1). Consequently, as mp* <Tg, we then must have n7** > Tg. Thus, (E.21) will always be
satisfied under (7*,75*), as by (E.5), tri** (R | p=my/mr — 1) >0 for any p.

Notice next, that (E.20) must be binding under (77, 7%*). We know that (7, 7r) = (Tr,Tr) is always
a feasible solution for (E.19). For an arbitrary mr and 7 > g, it is straightforward to see (E.21) would
continue to hold. As tr7* (R | p) is non-increasing and tr;** (L | p) is non-decreasing in p, for any m, < 7y,
we know, by Lemma E.2, that we can improve (E.19) with a small enough increase in 7y, when (E.20) is

not binding. As mg <7r < Tz, the platform can only attain 7, =7, if tr** (R|p=my/7mr —1) =0, which
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immediately implies (E.20) is binding as well. Hence, in maximizing (E.19), the platform must choose 77

which binds (E.20), i.e., we must have
(70— ) g (L | p=rmy g —1) = (7, = ) 7 (R| p=m e = 1),

which can be expressed as

tri® (R p=mp*/m" = 1)
try (L| p=mpe/mg® —1)

for ke {U,O,N}. (E.22)

Tt =T — (T —mR*)

We also note that 7%* =7Tr. To demonstrate, we use proof by contradiction. Suppose 73* < Tr. We
examine this scenario in two cases: When (E.21) is strict, and when (E.21) holds with an equality. Regardless
of the case, when 7* < T, we must have (i) 7, > 7%, as any pair of (7, 7x) values that are both strictly
below T would be dominated by (7, 7z) = (Tr,7r). On one hand, if (E.21) holds with an equality, as
trire (L] p) > trp* (R|p) and 73 < T, we must have 77" € [17*,7r). If that is the case, however, it is
straightforward to see that the pair of (77", 7%*) = (Tr,Tr) would immediately satisfy (E.20) and (E.21)
while improving (E.19), as (E.19) increases in both 7, and 7. Hence, this contradicts with the optimality

of 7% <Tg. On the other hand, if (E.21) is strict, then there must exist an € € (0,7g — 7%*] which satisfies
(Fr— )t (R | p) — € > (7 — ) 6 (L] ).

If that is the case, however, 7% := 72 4 € would, as tr;** (R | p) is non-increasing and try** (L | p) is non-
decreasing in p, also satisfy (E.21) while improving both (E.20) and (E.19). Improvement in (E.19) follows
directly from Lemma E.2. To see the improvement in (E.20) notice first that, by (E.20) and (i), we must
have tr* (L | p) > tr* (R | p) . With the aid of (E.5), Propositions 3 and 5 illustrate that for k € {U,O, N},
there exists a cutoff p(k) value such that for all p > (k) we have trj* (L | p) =tri** (L] p) and tr* (R| p) =
tri** (R | p). Thus, a small enough e that will keep p=m/77* — 1> p(k) will also improve (E.20), which
contradicts with the optimality of 7%* < 7. This completes the proof of the first part of Proposition 12.
For proving the second part of Proposition 12, notice first, by Propositions 3-5, for k €
{U,O,N}, the optimal policies will either be (o7**(L,£),07*(R,£),00*(L,r),07*(R,r)) = (1,1,1,1)
which, by (C.1), correspond to (z*(L,¢),z7*(R,0),x*(L,r),z7*(R,7)) = (0,1 — a,a,1 — a),
or be (op(L,f),00(R,L),00(L,r),op*(R,r)) = (1,0,1,1) which, by (C.1), correspond to
(xpe(L,0), (R, 0), z*(L,7), 27*(R,7)) = (Va,0,a,1 — ), or be (op*(L,n),on*(R,n)) = (1,0) which,
by (C.1), correspond to (zy*(L,n),z%*(R,n)) = (v/«,0). Using Propositions 3-5 and (E.5), we can then
calculate try" (i |p=m./Tr—1) for k€ {U,O,N} and i € {L, R}, respectively, as follows:
MWHBL+ 1)+ (1= Nvr(1—5,), for k=N and af\p>1,
try (L) =< Wh(Bi+1)+ (1 —NvRp(l—ap,), for ke{U,0} and afip>1,

Ah(aB + 1)+ (1= XN)vR(l—af,), for ke{U,0} and aBip<1, and k=N and af,p <1,
(E.23)

and
0, for k=N and af\p>1,
trir® (R) = ¢ (1 =Avg(1—ap,), for ke{U,0} and af1p>1,

b (af +1)+ (1= X)vh(1—af,), for ke{U,0} and afBip<1, and k=N and af,p<1.
(E.24)
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Correspondingly, by plugging (E.23) and (E.24) into (E.22), we have

T, for k=N and af\p>1,
7Pt = T, — (T —7r) (1 —vg), for k€ {U,0} and af1p>1, (E.25)
Tr, for k€ {U,0} and af1p<1, and k=N and af\p <1,
Ao (B1+1)

where vy = € (0,1). Then, as 7p* =7g, (18) follows immediately from Lemma E.2

Mg (B1+1)+(1=A) v (1—aB;)
and the definition of p, by capturing the p inside (E.25) as p = 7"*/73® — 1. This completes the proof. [
Proof of Proposition 13. To maintain consistency with the rest of the appendix, in this proof, we use

B, =—Bo=1—v7 /vy. First, we rewrite the objective function of the platform given in (17)
g (rp,mg) =anptre® (Ll p=n./mr—1)+ (1 —a)mptri® (R|p=my/7r— 1), (E.26)

which, by Lemma E.2, indicates the platform would aim to increase m; and 7z as much as possible, while

satisfying

(T —mp)trg® (L] p) = (T —7r) trg® (R p), (E.27)

(Fr—mR) 2 (R| p) = (7 —m0) 12 (L] p). (E.28)

Notice that it is without loss of optimality for us to restrict our search to (7., 7r) pairs that satisfy m, >
mr. This is due to, again by Lemma E.2, any (7.,7x) pair with 7, < 7z be suboptimal to the pair of
(7, mr) = (TR, Tr). In that, we utilize the fact that any (7, 7g) pair with 7, = 7y satisfies both (E.27) and
(E.28), which is established by the equivalence of tr%* (L |p=0) and trg* (R |p=0), given in (E.5), by 4
and (C.1). Consequently, as my* <7Tg, we then must have 77"* > 7. Thus, (E.28) will always be satisfied
under (77, 77), as by (E.5), trg* (R|p=mn./mr—1) >0 for any p.

Notice next, that (E.27) must be binding under (77, 7%*). We know that (7, 7r) = (Tr,Tr) is always
a feasible solution for (E.26). For an arbitrary ny and 7, > Ty, it is straightforward to see (E.28) would
continue to hold. As tr%* (R | p) is non-increasing and tr7® (L | p) is non-decreasing in p, for any m, <7y,
we know, by Lemma E.2, that we can improve (E.26) with a small enough increase in 75, when (E.27) is
not binding. As mr <7r < Tz, the platform can only attain 7, =7, if tr§* (R|p=my/mr —1) =0, which
immediately implies (E.27) is binding as well. Hence, in maximizing (E.26), the platform must choose {7

which binds (E.27), i.e., we must have
(Tp —mp ) rg® (L] p=mp/mg® = 1) = (T =7z ) trg* (R p=m /75" = 1).

This completes the proof of the first part of Proposition 13.
For proving the second part of Proposition 13, notice first, that 1 > 8; + 283, implies 8; < 1, and af\p > 1
implies af8,p > 1, as 8, < (1. Notice also that
Avg + (1= Ny o s vp(aBp+1)
A(vg, —vg) + (L= A) (v, — vk) vip(afip— 1)+ vp(efp+1)
where the last inequality follows from (E.16) as F"(g) = a(1+p)(1 — 3,) for 3, < 1. The conditions stated

afp>1 < ap> < A>AT(p)

in Proposition 13 also induce

ﬁ_Br_2ﬂ1 > 1
(Br+B)(p=PB1) ~ B+l

P> 201+ B, = P1Br) /(1 =P —28,) & 5
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By Proposition 4, Lemma C.7 and Lemma E.2, that the optimal policy has (1,0,57_,&% ) which, by (C.1),
corresponds to (\/a, 0,27 _, x%a) . This is because, by Lemma E.2, the platform aims to increase both 7 and
mr as much as possible and, as established by Claim 1 of the proof of Lemma E.1, the conditions (C.22),
(C.23), (C.24), and (C.25) hold one after the other, in numeric order, as p increases. From the proof of Lemma
C.10, by (C.54) and (C.55) in particular, we know that (27 2% ) = (v/a,0) for 81 <1, which, by (C.1),
corresponds to (0] 0% )= (1,0). Then, plugging (z%,z%, z7,2%) = (v,0,/@,0) into (E.5) will result in
trg® (R|p=7./Tr — 1) =0, which, by simultaneously satisfying (E.20) and (E.21), allows the platform to
set both profit margins to their respective upper bounds, i.e., 77** =7, and 7F* = Tx. In other words,
conditions presented in Proposition 13 ensures the feasibility of n7** =7, and 7} =7 g, for the platform’s

problem (E.26). This completes the proof. O

Appendix F: Sufficiency of Binary Messages under Informative-Allocative
Recommendation Mode

In this section, we allow the platform to decide whether to make a product accessible to the user and, if
accessible, to use arbitrary number of messages to recommend the product. More specifically, we still use
d =0 (as in Section 5) to denote the platform’s decision of making the product not accessible to the user.
When the platform decides to make the product accessible (d # 0), we allow the message d to be drawn from a
general message space M % 0 of arbitrary cardinality. Altogether, the platform can choose d € {0} UM = M.
We will use superscript mma in the remaining section to denote the informative-allocative recommendation
mode with this general message space. The informative-allocative recommendation mode in our base model
(Section 5) essentially corresponds to M = {1} and M = {0,1}.

The platform’s recommender policy o specifies the probability of sending message d € M for each realiza-

tion of (i,ﬂ:

o(dli,t):=P[d

i,tA,U] €[0,1], for each te {¢,r,n} and i € {L, R} and d € M. (F.1)

As in Section 3, user t € {{,r} expects her utility from choosing privacy setting t to be

ymma (tﬂ?’U)EZP[d}aa]/ max{u,E[vf

1
deM 0

1
t7tA,d,o]}du+]P’[d:0|aa]/ udu. (F.2)
0

Thus, given the platform’s recommender policy o under each privacy regime k € {U,0,S, N}, the user of
type t chooses her optimal privacy setting by maximizing her expected utility:
e ¢ arg max Ve (Lﬂ o). (F.3)
el
In anticipation of the user’s privacy setting in (F.3), the platform estimates and maximizes its expected

revenue by designing an optimal recommender policy:

H;nma ‘= max E [ZdEM WiU(d|i,%\Zlma)E I:’Uzt

o

t,tpme,d,o] | o], subject to (F.2) and (F.3), (F.4)

for privacy regime k € {U,O,S,N}.
In the following lemma (whose proof is relegated to Section F.1), we first show that it is sufficient for the

platform to consider recommender policies with |[M|=2.
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LeEMMA F.1 (Sufficiency of binary messages). It is without loss of generality to restrict the message space

M to be binary, say M ={-1,1}.

Lemma F.1 essentially shows that it suffices to augment our informative-allocative recommendation mode
in Section 5 by at most one additional message (when the product is made accessible by the user). As a

result, it allows us to reduce the user’s expected utility in (F.2) to

1 1
mea(t,ﬂg): Z }P’[dﬁ\,a]/o max{u,E[vf|t,tA,d,a}}du—|—P[d:O|tA,a]/0 udu (F.5)

de{-1,1}

and the platform’s problem in (F.4) to
7™ = max E [zde vy mo(dli, T E [of | £, 5me, d, o] ‘ a} . subject to (F.5) and (F.3), (Prme)

for privacy regime k € {U,O, S, N}. The corresponding optimal policy is denoted as o}*™.

As a key result, the following proposition (whose proof is also relegated to Section F.1) further demonstrates
that for k € {U, O, N}, the optimal policy o7"™* always makes the product accessible by users, thus eliminating
the usage of d = 0. Per Lemma 1, a binary message space M = {—1, 1} suffices, establishing the equivalence of
(Preme) to (Py*). Namely, the optimal informative-allocative recommender policy o}*™* proves to be purely

informative, equivalent to o} for k € {U,0,N}.

ProPOSITION F.1 (Equivalence of o™ to oy for k € {U,O,N}). Under privacy protection modes k €
{U,0,N}, the optimal policy o™ (0]i,t) =0 and o™ (1)i,t) =1 — o™ (=1]i,t) = 07" (i, 1) for all t €
{¢,r,n} and i € {L, R}.

Proposition F.1 shows that under the three privacy protection modes k € {U,O, N}, if the platform could
recommend a product with (at least two) different messages (e.g., display different banners), then the platform
has no incentive to hide the product from the users. Indeed, under the three privacy protection modes
k € {U,0, N}, the platform does not face the need to screen the user’s type t; the challenge faced by the
platform is to convey the product type i to the users. As a result, the platform prefers to use the costless
recommendation messages M to signal the product type rather than resorting to d = 0 which inflicts revenue
loss on the platform.

However, under the self-disclosure protection mode k = S, the platform is also burdened by the need to
screen the user’s type t in addition to signaling the product type i to the users. In this case, we demon-
strate, through comprehensive numerical studies, that it may be optimal for the platform to strategically
withhold the product from the user’s access (i.e., d =0 with positive probability), causing similar distortions
(e.g., algorithmic discrimination) as shown in Section 5. In comparison with Figure 1, we combine rec-
ommendation rates o™ (—1|i,t) and o7"™*(1]i,t) into o7"™*(i,t) := o™ (—1|i,t) + o™*(1]i, 1) and hence
o™ (0]i,t) = 1 — o™ (i, 1) for each t € {¢,r,n}, i € {L,R} and k € {O,S}. Proposition F.1 immediately
implies that ag“”a(1|i,tA) =1 for all (z,ﬂ Figure F.1 shows the parametric regions where the optimal recom-
mender policy under the self-disclosure mode exhibits a downward distortion from that under the opt-out
model, i.e., ag”m“(1|i,?) < agma(l\i,tA) =1 with the inequality being strict for some (z,ﬂ Namely, algorith-

mic discrimination persists under the augmented message space: the platform strategically withholds the



58 Kiiciikgiil, 6zer, and Wang: Recommender Systems under Privacy Protection

ogme = opme = (1,1,1,1)]

=0 i A=1

O

Figure F.1 Distortions of policy 0™ from policy o5™" with
o = (g™ (L, L), o™ (R, L), o (L, ), o (R, 7)) and o™ (4, 1) := o™ (< 1]i,2) 4+ o™ (1], 1) for
k € {0, S}. Parametric regions marked in blue dots and green crosshatches represent no (c3™* =o3™*) and
downward (o3 < o3™?) distortions, respectively, where the inequality is strict (6" (4,t) Z o™ (3,t)) for

some (i,t).

product’s access from users. However, different from our results in Section 5, such a downward distortion
may now also apply to the more valuable user ¢, and only their less preferred products (product R for user
¢ and product L for user r) are withheld from each user type.

Finally, we numerically evaluate the gap of the platform’s optimal revenue between our base model ITZ*
given by (P;**) and the augmented message space ITF™? given by (P;*™*) under the self-disclosure protection
regime. Specifically, we compute the optimality gap ratio (II3™* —II®?*)/II#™® by fixing the upper-bounds
of p and B to {2.5,5,10,20}, with increments for both parameters of 0.125, 0.25, 0.5 and 1, respectively,
while varying a, A’ and 3, (where 8, = —fp) from 0.1 to 0.9, all with a 0.1 increment. Thus, the total number
of instances for each upper-bound pair of p and 5; is 19 X 19 x 9 x 9 x 9 = 263,169. While the platform
necessarily earns higher revenue with the augmented space than in our base model, Table F.1 shows that
the optimal informative-allocative policy in our base model generally performs nearly as well as the one with

the augmented message space.
F.1. Proofs in Section F

Proof of Lemma F.1. First, we rewrite in (F.6) and (F.7), both users’ utility function (F.2) and the
platform’s objective function (F.4), respectively, for a general message space M:

1
Ve (4] o) = Z]P’ / max {u,E [v] ]/ udu
0

deM

]}du—HP[ =
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Table F.1 Summary statistics of the optimality gap between the optimal informative-allocative policy and

optimal general recommendation policy (IIT™ — I1%") /II¥™ across 263,169 instances of (p, 51, 8-, a, \').

p7ﬁ1<2~5 p761<5 p361<10 ,0751<20
Average 4.06% 5.42% 4.24% 2.31%
Standard deviation 4.26% 5.63% 5.14% 3.80%
Minimum 0% 0% 0% 0.01%
Maximum 26.15% 32.27% 32.27% 31.76%
> 10% 10.54% 17.44% 12.67% 5.17%
Proportion of instances with gap > 15% 2.95% 7.77% 5.42% 2.27%
>20% 0.47% 3.14% 2.17% 0.89%
=S Pld|To]E[v|t,Edo]’ +P[d=0]F0] /2

=S "Pld|To] {viP[L|Td,o] +vh (1-P[L|Td,o])} +P[d=0|t0] /2

:(va)Q(l—P[dzo|£a})+2v;(v;—v;) (a—P[d=0|t,0] P[L|t,d=0,0])

+P[d=0]F0] /2+ (v —vk)?* Y P[d|f0] P[L|Ed,0]’

deM

= 200, (v}, — vle) + (vh)? + [1/2— (v})” — 20} (v}, —vip) P [d=0 y L,aa]

+(1—0a) [1/2= W) P[d=0| R 0] + (v}, —vt)* S P [d L|t.do]” (F.6)
deM
and
myme =R | > mo(dli,t7™)E [v} | t,57™,d, 0] 01
deM

Lo (7TL —7g)P [L ’ 0.d, O':| +7TR) ((fué —vh)P [

—A){Z P[dm(f]((m—m)IP[Lmd,onR)((vz—v;w[uadmw;)}

deM

|
o
=~
S
9
|

1—a)mrviP [d:O ‘ R,Za]

2
IP’[L’ ,d,a}
0|L a)mpvRP[d=0|R,7,0

{ —a[mrvy + (1, — TRV P [d
P
(m = 78) (V) — vh) Caend P [d

—a[rrvy + (mp, —7R)VR]P[d=0]
+(1=X) { (i — TR) (0], — 03) Yoo Pld| o0

for each 7 € {,r,n}, i€ {L,R} and k € {U,0,S, N}, where we utilized

P[d=0|t,0]P[L|t,d=0,0]+ > P[d|t,0]P[L|t,d,0]=a and P[d=

deM deM
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i.e., martingale and total probability conditions, respectively. Notice in both (F.6) and (F.7), for a general
message space M and a recommender policy o, where o(d = 0, 7) is given for each ¢ {¢,r,n} and i € {L, R},
the key quantity that determines V™™ (¢, | o) and II"* can be written as

> P[d to]* /p[d|,0]

P[L|Tdo]*=> P[d|Lto] P[L

deM deM
~ 42
P|d|L,t,o
=a’ )" _Pld } —. (F.8)
2= aP[d| Li,0] +(1—a)P[d] R.7,0]
We now establish the following Claim F.1, whose proof is relegated after the proof of Lemma F.1.
Cram F.1. For a o wutilizing a general message space M, ZdeM P [ A, } P [L , ]2 €

[a2(1—0(d=0|L7)),a(1-0(d=0]|L,D)]. Further, YumPld|To]P[L|Ed o] =
« (1 —0 (dz 0 | L,ﬂ) can be achieved with a full-disclosure policy, while ), , P [d | t, a} P [L | t.d, 0} g
a? (1 —0 (d =0 | L,a) can be achieved with a no-disclosure policy.

Having Claim F.1, we now show that for any arbitrary policy o, utilizing a general messaging space
M, EdeM]P’[d tA,U]P[LUA,d,U]Q:uM € [a2 (l—o(dzO | L,ﬂ) ,a(l—a(d:O’L,ﬂ)] can be replicated
by a policy & utilizing binary messaging space {—1,1}, for any pair of t € {£,7} and t € {¢,r,n}, and

hence, by (F.6) and (F.7), achieve the same payoff performance both for the users and the platform. That
is, of course, achieved by conditioning on (E(O\L,?),E(O|R,f)) = (O’(O|L,%\),0(O|R,2\)). Let us first rewrite
S Pld | t, c|P[L | t.d, o] ? for policy & utilizing binary messaging space {—1,1}:
3 Pld|ta)P[L|tdo] =P[d=1|E5]P[L|fd=1,0] +P[d=—1|{7|P[L|fd=~1,5]"
de{—-1,1}
a?5(1|L,)? a2 [1 =5 (0|L,1) —7(1]L,7)]”

a(1-7(012,9) [o(1-7(0IZ,8) ~ ]

Now, inputting (5(1|L,tA),E(1|R,tA)) = (1—U(O|L,tA), ) to the above equality

(I—a)urm
give us Zde{—l,l}P[ A,*]IP’[ ,*] = =D gem P [ ]IP[ , ]2,WhiCh completes the proof.
O
Proof of Claim F.1.  We first show that »,_ . P [ t, ] P [L , ]2 can always be improved if o, un-

der message space M, is not a full-disclosure policy, i.e., when there exists a message d, € M that has

P [da | L,{f\,a] =¢->0and P [da | R,tA,o] =¢% > 0. In such a case, keeping the rest of o the same, split-

ting d, into two separate messages d, and d. with P [db | L,%\, J] = qa LP [db | R, t, 0] =0, and P [d | L, 1, 0] =

0,P [dc

SaemP[d]E 0] P
' (¢2)? L\2 L R L\2 L R
E—mﬁxa(qa) +(1-a)gq, —alq,)" =(1-a)g, g, >0.

Iteratively following the separation procedure for any message d, € M that has P [da ’ L,tA,U] > 0 and

, ] = ¢ would increase ZdEM P [d | tA,a] P [L } ?,d7 a] . The improvement of the separation in

, ]2 can be calculated, utilizing (F.8), as

P[d, | R.t,0] >0, o will become a full-disclosure policy. In other words, any message d € M with P [d | #,0] >
0 would perfectly indicate product i € {L, R}. In such a policy, (F.8) can be written as
P[d|L,7 0] d|Lta]

S P[d|L.to] +(1—a)P [d| R,3,0] —at )

dEM deM
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[

_az

deM

Z]P’d|t0 L|tda}

’ deM

:a—P[d:o|£a]P[L|£d:0,a]

~P[d=0|L,t,0]P[L|t,0c]=a(1-P[d=0]|L,t0]).

Next, we show that > aem P [ , ]2 can always be decreased if o, under message space M,

to] P
is not a no-disclosure policy. In that, we show, when there exists two distinct messages d,,d. € M that have
Pldy |L,t,0] =qf >0and P[d.| R,t,0] =¢% >0, >, P[d|t,0]P]
bining these two messages into one, say message d,, that has P [da | L,tA, cr] =q¢l+qF>0and P [da | R,%\, a]

o]’

2
, ] can be decreased by com-

a4+ ¢ > 0, keeping rest of o the same. The decrease of the combination in Y i P [d | tA,U] P [L

can be calculated, utilizing (F.8), as

(g +4¢2)%) I U
algh +qb)+(1—a)(¢f+4qF) agf+(1—-a)gf  agk+(1—a)gk

o —{qf [ag" + (1 - )g¥] — " [agk + (1 - )gf]}* <0.

ITteratively following the combination procedure for any messages d;,d. € M that have P [db | L,t, a] =qf >0
and P [dc f R,tA,a] =¢* > 0, o will become a no-disclosure policy, under M, which can be implemented by
using only a singleton. In other words, a message d € M would indicate no further inferential value on

product type ¢ € {L, R}. In such a policy, (F.8) can be written as
Pld|L.t0]” , ~
— = Pld|L,t,

“ Z d|Lta] (1-a)P[d| R,t,0] “ Z 4] d

deM deM

tA,d,U]

—O‘Z

deM

ZP |to

deM

L|t 0}
=a(a—P[d=0|t,0]P[L|t,d=0,0])
=a(a—P[d=0|L,t,o]P[L|t0])=a?(1-P[d=0|L,t,0]).

This completes the proof. [
Proof of Proposition F.1. First, we expand in (F.9) and (F.10), both users’ utility function (F.5) and the

platform’s objective function (P;*™*), respectively:

ymme (1.7 o)
=R 1 R 1
-y P[d|t,a]/ max {w,E [o! [ £,5,d,0] Y dut B [d=0]|F, ]/ el
de{-1,1} 0 0
1
:P[d:uaa}/ max {w,E [v! [t,5d=1,0]} du
0
1
+P[d=-— t, ]/ max {u,E [v] ,d=—-1,0]}du
0

+(1_P[d:1|ao—}_p[d:_uaa])/ludu
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~

—Pld=1|%0|E[v}|t,h,d=1,0]" 24+ P[d=—1|E0|E[v} |t,5;d=—1,0]" /2+1/2

k3

1 [ [pao(IL,D) +vh(1 —a)o(1|R,B)]” s [v} ao(—1|L, 1) + v4(1 — a)o(—1|R, )] ol o
2 ao(1|L, 1) + (1 —a)o(1|R,?) ac(—1|L,t) + (1 — a)o(—1|R,t) .

and

aoc(1|L,t)+(1—a)o(1|R,£)

avt o(=1|L,0)+(1—a)vho(—1|R,L)
+[arpo(=1|L,0) + (1 — a)mro(—1|R, £)] gag_lle(l_Q);_§W>

mme — ) { [O”TLO-(HL’K) + (1 - Oz)7rRa'(1|R7£)] 2vio(IL.O+(1-a)po(11R.0)

aoc(1|L,r)+(1—a)o(1|R,r) (F.10)

avio(—1|L,r)+(1-a)viro(—1|R,r
+lampo(—1|L,r) + (1= a)mpo (—1| R, )] “Lo 0t CHLD

day s e i)

where we utilized the representations of E [vf , ] and P [z |tA,d, U] given in Section 3. Note also that,

in line with (F.1), for any feasible policy o we have
o(1]i,t) + o(—1/i,t) + o(0]i, ) <1, for each t € {¢,7,n} and i € {L, R}. (F.11)

Next, similar to our strategy in Appendix C (particularly with that of Lemma C.1), we introduce a variable
transformation for solving the platform’s problem in (P;*™*). Such that, for any policy o defined in (F.1),
and for each t € {£,7,n} and d € {1,0,—1} we let

2(d|L,1) = ao(d|L. 1) and z(d|R,1) = (1~ a)o(d|R.) . (F12)
Vao(dL.D) + (1 - a)o(d|R.) Vao(d\L.D) + (1 - a)o(d|R,D)
with  z(d|L,t) = «(d|Rjt) = 0 for o(dL,t) = o(dRt) = 0. Then, =z =:
{x(d\i,?) >0:i€{L,R}and tc{{,r,n} and d € {1,0,—1}} must satisfy
2(d|L,7) [2(d|L,F) + 2(d|R,D)] <a, and (H")
(d|R,D) [2(d|L,D) +x(d\R,m <1—a, forie{,rn}andde{1,0,—1}. (H._.)

Conversely, for any = satisfying (H.) and (H;__), the policy

o(d|L,t) == x(d|L,t) [x(d|L,t) + 2(d|R,?)] /a and o(d|R,t) := 2(d|R,t) [x(d|L,t) +2(d|R,?)] /(1 — )
(F.13)
is well defined and satisfies (F.12). Mathematical breakdown of the above variable transformation is identical
to the one provided in the proof of Lemma C.1 and, hence, omitted here for brevity. Similarly, all our results
in Lemmas C.2-C.5 about the informative-allocative recommendation mode in our base model extend and
apply equally to the general setting of this section. We conclude the proof of this proposition by studying the
below three cases, each is exclusively dedicated to a different privacy protection mode k € {U,O, N}. In each
of the cases we establish that o*™(0|i, ) = 0, which immediately imply the two display message probabilities
are complementary to each other (07" (1[i,1) =1 —o"™*(—1i,t) for each i € {L, R} and € {¢,r,n}), hence,
establishing the equivalence of (P"™*) to (P;").
Case 1: k =U. By Equations (F.9)-(F.13), the platform’s problem (P;*™*) for k=U can be reformulated
as
(1+p)(1+B1) [(a: 1L,0)° + (x(~1|L, 5)2}
max ' +(2 +p+61) [(z(1] L, £) ( (1|R 0+ (2(=1]L, £) (x(=1|R, 0)]
O @O0 + @-1IR 0
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(14 p)(1 = B.) | @(1IL,1)? + (2(=1]L,7)?]
+(1=X)8 +2+p=B) [@AIL) (@ <1|R )+ (@(=1IL,7) (e(-1|R,7)]
+ @R + (@(-1R)’]

subject to (HA) and (H 0 ) forde{1,0,—1}, i€ {L,R} and t € {¢,r}, (F.14)
where
'=¢€[0,1}, p=@—1>0, Blzﬁ—l>0 and ﬁrzl—ﬁe(o,u.
Mg+ (1= Aok TR v vh
Suppose, o77™*(0]i,t) = € > 0, for an i € {L, R} and t € {£,r}. Then it must be the case that o7 (1|i, ) +
o™ (—1i,1) <1 — e which, by (F.13), translates to

w(1)i,8) [x(1) L, 1) + 2(1|R,1)] +a(=1[i,t) [¢(—1]|L,?) + 2(~1|R,D)] < (1 — )P [i] < P[i].

Which implies both z(1|4,1) [33(1|L,f) + 33(1|R,f)] < P[i] and z(—1i,t) [m(—l\L,tA) —l—x(—1|R,tA)] <P[i] , mak-
ing both (ﬁz) and (Fi_a) constraints slack. However, this contradicts with the optimality of oj;™* as both
the objective function in (F.14) and z(d|i,1) [z(d|L, D) +x(d\R,%\)] are increasing in z(d|i,t) for d € {1,—1},
i€{L,R} and t € {£,7}. Thus, it must be the case that o7?™*(0}i,t) =

Case 2: k= 0. By Equations (F.9)-(F.13), the platform’s problem (P;*™*) for k = O can be reformulated
as

(14 p)(1+B1) [(x 1L, 6% + (z(~1|L, eﬂ
z(gﬁ%ﬁok' +2+p+60) [(z(1L, £) (x (1|R )+ (2(=1[L, 0) (z(=1[ R, 0)]
+[@(11R,0 + (2(-1]R.0°]
(14 0)(1 = B.) [(@(UL, ) + (2(=1] L7

+ (A=) +24+p—5)[(z(Q|L,r) (x(1|R,r) + (z(—=1|L,7) (z(—1|R,7)]
(e(1R.1)* + (2(~1|R,r)?]

subject to (Fi) and (Fi_a) for d € {1,0,—1}, i€ {L,R} and t € {£, 7},
(14 B2 (UL, ) + (1R O + [(1+ B1)a (1] L,0) + 2(=1|R, )]
> [(1+ B0z (1[L,n) + (1R, n)]* + [(1+ B1)z(=1|L,n) + a(=1|R,n)]",
and [(1—8,)z(1|L,7) 4+ z(1|R,r)]* +[(1 - B,)x(=1|L,7) + z(-1|R,r)]
>[(1—-8,)x(1|L,n) +z(1|R,n))* + [(1 — 8,)x(=1|L,n) + z(=1|R,n)]> for t € {¢,r}. (F.15)
Clearly, (P;»*) for k=U (i.e., problem (F.14)) is a relaxation of (P;"*) for k=0 (i.e., problem (F.15)),
not considering the last two sets of constraints. In (F.15)), by setting both sets of x(d|i,n) =0 for d €
{1,0,—1} and i € {L, R}, we allow the platform to attain the expected revenue extracted in (F.14). Hence,
by (F.13), without loss of optimality, we have o™ (d|i,n) =0 for d € {1,0,—1} and i € {L, R}. Thus, the

problem reduces to (F.14) which, by the proof of Case 1 above, immediately implies it must be the case that
omme(0]i,1) = 0.
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Case 3: k= N. By Equations (F.9)-(F.13), the platform’s problem (P;*™*) for k = N can be reformulated
as
(1+p)(1+B) [(@(1]L,n)* + (a(-1]L,n)?]
dax AT +24p+ ) (@A) (2(1R,n) + (2(=11L,n) (#(- 1], n)]
T @R+ (-1 R )]

(14 p)(1 = 8) [@(1[Z,)? + (2(~1|L,n)?]
+(1=X)q +@2+p—B) [@AILn) (@(UR,n) + (@(1]L,n) (a(~1] R, )
+ | @R ) + (@(-1R.0)?]

subject to (H.) and (H,_,) for d€ {1,0,—1} and i € {L, R}. (F.16)
Suppose, aw™*(0li,n) =€ > 0, for an ¢ € {L,R}. Then it must be the case that o™*(1|i,n) +
onme(—1li,n) <1—e which, by (F.13), translates to

z(1)i,n) [x(1|L,n) + (1| R, n)] + x(=1|i,n) [z(=1]|L,n) + z(=1|R,n)] < (1 — )P [i] < P[q].

Which implies b?th x(l\z,?) [x(1|L,n) +z(1|R,n)] < P[i] and z(—1|i,n)[x(—1|L,n)+z(—1|R,n)] < P[],

making both (H ;) and (H,__) constraints slack. However, this contradicts with the optimality of o™
as both the objective function in (F.16) and z(d|i,n) [x(d|L,n)+ z(d|R,n)] are increasing in z(d|i,n) for
de{l,—1} and i € {L,R}. Thus, it must be the case that o%™*(0]z,n) = 0. This completes the proof of

proposition. U

Appendix G: Motivating Examples from Practice
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!. ...

. i Here's how we use
| ® cookies

To give you the best experience, we
tailor our site to show the most relevant

9 .
' You’re in COI‘ItI‘OI H content and bring helpful offers to you.
Ads on X are what keep our service free. To help improve { You can update your preferences at any time, at
which ones you see, without increasing the number of the bottom of any page. Learn more about how
them, you can let X use information from our partners to 1 your data is used in our cookie policy.
better tailor ads to you on X as well as on other websites |
and apps. Why we use your data:
1 « To personalise your experience
£ * To bring you the most relevant content

Turn on personalized ads ¥ * To show the most useful ads
* To help report any issues with our site
Keep less relevant ads §
' Accept

I
‘ Manage ’

(a) X (b) Economist.com
Figure G.1 X (formerly Twitter) and the Economist’s communication to users about how personal information
affects personalization and what may change if the user restricts such use. The interface makes explicit that
privacy choices can alter what is shown and how content is targeted, consistent with viewing a platform’s
recommender policy as specifying whether and how often to recommend items conditional on observed/reported
preferences. This figure is intended as a practice-motivating example for the Introduction where we interpret
privacy-policy statements as the platform committing to and communicating aspects of its recommender policy.
This practice also makes the privacy choice salient and motivates our modeling choice of having private

preferences as a user-controlled decision over whether/how to disclose to the platform.
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Amazon Basics Amazon Home Pharmacy Household, Health & Baby Care  Livestreams Amazon Business ~ Today's Deals

Your Profile

Your profile preferences help us personalize recommendations for you.

Clothing & Shoes ‘ Size, fit and price

About you
Preferred department v
Height & weight v
Age group v

Department preferences
Share preferences for each department to get improved recommendations when you shop there.

Women's Men's

Fit attributes v
Shoes v
Style size v
Price v

Interests | Activities and hobbies

Suggested interests Based on your Amazon activity and popular interests. Select to get personalized recommendations

+ Cleaning =+ Interior Design + Storage & Organization + Pets + Skin Care

+ Party Planning + Hair Care & Styling + Makeup + Women's Style + Gardening

Figure G.2 Amazon'’s self-disclosure interface that allows users, in full extent, to enter, edit, and remove
preference/interest information used for personalization. The screenshot illustrates a self-disclosure mechanism in
which the user can disclose her preference to the platform not necessarily truthfully by curating what
type/preferences she appears as, and thereby shape what the platform learns and uses for recommendations. This
connects to, and motivates our opt-out and self-disclosure benchmarks and the interpretation of user-facing

settings as mechanisms that shape what the platform observes or learns about preferences.
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You can change the types of ads you see from Google when
you adjust your interests, age and gender or opt-out of ads
based on your interests. Please note that you will still see
ads after opting out — they'll just be less relevant. [& Learn
more about Google ads

[} Manage your ad settings

Personalized ads Oon -

Control the info used for ads

Simply turn off info you don't want used to personalize your ads.

Your Google Account info

These details are used to personalize ads based on info you've shared or that's been guessed. Manage in your Google
Account

o

& =) @

Gender Age Language
Male 25-34 years 2 languages

Categories used to show you ads

You may see ads meant for people in these categories, which are based on your Google activity. You can get ads for a
different category, or turn off anything you don’t want used.

Q? On © On ‘@l On @ On m

Relationships Household Income Education Industry Employer 5

Make ads more relevant to you A

>

Single High income Advanced degree Education Large employ

Figure G.3  Google’s communication to users about how personal information affects personalization and what

may change if the user restricts such use. The interface makes explicit that privacy choices can alter what is

shown and how content is targeted, consistent with viewing a platform’s recommender policy as specifying

whether and how often to recommend items conditional on observed/reported preferences. This figure is intended

as a practice-motivating example for the Introduction where we interpret privacy-policy statements as the

platform committing to and communicating aspects of its recommender policy.
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& Household Income < Education

sl,

Education is used to show you ads
Household income is used to show you ads You can choose which category you want to get ads for, or turn off the overall category.

You can choose which category you want to get ads for, or turn off the overall category.

Use education to show ads ®

Use household income to show ads o
Get ads meant for people in this category:

Get ads meant for people in this category: O
High school diploma

@ Highincome Verify (O Attending college
(O Moderately high income () Bachelor's degree
(O Average or lower income @ Advanced degree Verify

Figure G.4  Google's self-disclosure interface that allows users to enter, edit, and remove inferred
preference/interest categories used for personalization (reachable from the Google Account page shown in Figure
G.3). The screenshot illustrates a self-disclosure mechanism in which the user can disclose her preference to the
platform not necessarily truthfully by curating what type/preferences she appears as, as well as an option to cease
personalized ads entirely. This figure is intended to justify our modeling selection of intermediate privacy regimes

between unprotected privacy and non-disclosure protection, i.e., the opt-out protection (choosing whether to
share one’s true preference) and the self-disclosure protection (choosing what preference signal to provide,

potentially strategically).





