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Appendix A Proofs

A.1 Primitives

Towards proving our main Proposition 4, we first show a series of primitives that hold beyond our
baseline model: in particular, they hold (i) for any finite 7' > 2 periods, (ii) for any ¢' such that
¢' < ¢4, (iii) if firm B sells following a positive or no rating. We use them to prove our main

proposition and extensions.
In the proofs, we use H; to denote histories until ¢.

Lemma 3. If the high-quality firm faces no demand in a given period t, the low-quality firm faces

no demand in period t.

Proof of Lemma 3.

Suppose towards a contradiction that in some period t, h is inactive and [ is active. Then for any
equilibrium price where [ sells in ¢, we have beliefs E[¢Z|p] = ¢'. Because ¢! < ¢*, [ only sells in ¢
if it charges a price below costs, and since ¢! — ¢4 < ¢!, it gets no rating with probability strictly
less than one in any ¢t < T'. This is clearly suboptimal in t = T, so we must have ¢t < T'. Next, we
show that [ earns weakly negative profits for subsequent periods if it gets a positive or a negative
rating in period ¢ < T. To see this, note that if [ sells in ¢ and receives a positive or negative
rating, it is identified as a low-quality firm in period ¢t 4+ 1 and any subsequent period. Thus, since
¢' < ¢, following a history with R; € {1,—1}, firm [ has zero demand and is inactive after any
such histories. But if I earns non-positive profits after R; € {1, —1}, and since it sells below cost
in ¢, it must earn strictly positive profits after R; = 0. But then [ has a profitable deviation to not

selling in t to get R; = 0 with probability one, contradicting that [ is active in period t. O
Lemma 4. If the low-quality firm sells in period t 4+ 1, it must sell in period t.

Proof of Lemma 4.

Towards a contradiction, suppose [ sells in ¢ + 1 but not in ¢.
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First consider the case where h is also inactive in period t. But then beliefs are the same in t + 1

as they were in ¢, contradicting that [ sells in ¢ + 1.

Next, consider the case where h sells in period ¢, setting some price p; with strictly positive prob-
ability. Since h sells, we must have p; > 0. Because the high-quality firm sells, it obtains Ry = 1
with some probability. Since only h gets R; = 1, this rating perfectly identifies h for subsequent
periods. If the low-quality firm does not sell in period t, it receives R; = 0 with probability one.
Thus, observing R; = 0, and since [ has that rating with probability one and h only with probability
strictly less than one, beliefs after R; = 0 in ¢ + 1 must be strictly lower than beliefs in period ¢.
Hence, prices in t + 1 following R; = 0 must be strictly lower than prices the high-quality firm sets

in period t.

We now distinguish two cases. First, if p; is above ¢! then [ has a profitable deviation to set p; in
period t and sell, obtaining R; € {0, —1}. Recalling that p; must be strictly greater than any price
following no rating in period t + 1 if it did not sell, it must be a strictly profitable deviation for the
low-quality firm to set p¢, since it sells at a larger price and, since it did not yet get Ry = —1, has

a larger demand than in ¢ 4 1, contradicting that [ does not sell in .

Second, if p; is below ¢!, then [ has a profitable deviation by starting to set p; in period ¢ and sell.
This deviation induces R; € {1,0}. Again recalling that p; must be strictly greater than any price
following no rating in period ¢+ 1 if it did not sell, it must be a strictly profitable deviation for the
low-quality firm to set p;. Additionally, since R; = 1 perfectly identifies a high-quality firm, [ also

earns strictly larger profits after such histories. This contradicts that [ does not sell in period t.

We conclude that if the low-quality firm sells in period ¢ 4 1 it must sell in period t. O

Corollary 5. If the low-quality firm has positive demand in period t, then the high-quality firm

must have positive demand in all periods up to and including period t.

Proof of Corollary 5.

Suppose the low-quality firm receives demand in period t. From Lemma 4 it also faces demand in
period ¢t — 1. Then from Lemma 3 the high-quality firm faces demand in every period for which
the low-quality does. Hence, it must be that the high-quality firm faces demand in both period ¢

and ¢ — 1. Induction then implies the claim. O

Corollary 6. If the high-quality firm sells in period t, it only obtains a good rating or no rating
with strictly positive probability.

Proof of Corollary 6.

Note that ratings only follow from a sale, and sales require winning the competition against A
which has quality ¢ > 0. This implies that in any period ¢ where a rating could occur for h, we
have E[¢P|H;] > p;. Further, observe that expected quality of firm B is a convex combination of q"
and ¢!, which is weakly less than ¢". Therefore, due to competition with A, it must be that ¢" > p;
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and the high-quality firm obtains a good rating or no rating with strictly positive probability, and

cannot obtain a bad rating. d

Corollary 7. In any history H; where firm B obtains at least one bad rating, consumer beliefs are
the lowest possible, E[qP |Hy] = ¢'.!

Proof of Corollary 7.
By Corollary 6, h cannot receive bad ratings. Hence, for any equilibrium history with a bad rating

the firm is perfectly identified as [. O
Lemma 5. Firm A does not employ a mized strategy in any period t.

Proof of Lemma 5.

If firm A has zero demand after some histories, then by Selection Assumption 2, firm A plays p; =0
with probability 1 following those histories. To see this, note that by Selection Assumption 2, some
consumers are indifferent, so offers with zero demand must be optimal. Prices below cost would be
suboptimal if they would induce sales; prices above costs would be suboptimal if some indifferent
consumers purchased, since consumers are indifferent between both firms, a marginally lower price

would induce a discrete jump in demand. Thus, if A has zero demand, it charges marginal cost.
Next, consider histories after which firm A sells with strictly positive probability.

Note first that firm A cannot charge multiple mass points with strictly positive probability. If
it sells, it must earn strictly positive profits at some of these mass points. Applying standard
Bertrand arguments, either firm B earns strictly positive profits, then either firm can profitably
deviate by shifting probability mass for some of its mass points downwards. Or firm B earns zero
profits and by Selection Assumption 2, consumers must be indifferent between both firms. Then by
Selection Assumptions 2, such offers must be best responses to A’s offers, which is why B sets price
at marginal cost with probability one (by the same argument used in the first paragraph of this
proof). But then firm A cannot be indifferent between multiple mass points and shifts probability

mass away from the least profitable ones. We conclude that A does not have multiple mass points.

We show next that both firm A and firm B cannot mix over intervals. Towards a contradiction,
suppose firm A mixes over an interval of prices. Since firm A mixes over an interval, firm B must
also mix over an interval; otherwise firm A would sell with probability zero (which we ruled out

above), or with probability one (in which case mixing over an interval is clearly suboptimal).

Now take one such price p# > 0. Note that since A must earn weakly positive profits in ¢, and
therefore does not charge prices below cost, such a p?* > 0 must exist whenever A mixes over an
interval. By our Selection Assumption 2, consumers are indifferent between both firms, implying

that all prices of B, p?, must be such that consumers are indifferent between p4 and p?. Thus, all

1For the two-period model, possible equilibrium histories with negative ratings are H; € {{—1}}. For the three period
model, they are H; € {{—1},{1,—-1},{0,—1},{-1,1},{-1,0},{-1,-1}}.
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prices of B must induce the same expected utility with firm B as p? does from firm A. But then
deviating to a marginally smaller price induces a discrete jump in demand for firm A while only
marginally reducing margins. Thus, such a deviation must be strictly profitable, contradicting that

A mixes over an interval. This concludes the proof. ]

Lemma 6. When firm B enters and is high-quality, it sets a unique price, D, conditional on the

history if in period t:

o Good ratings are not beneficial (i.e. conditional on the same history, Ry = 1 leads to lower
future profits than Ry =0); or

o Good ratings are beneficial and (1) holds.

The final period is a special case of obtaining good ratings being not beneficial.

Proof of Lemma 6.

We show that a high-quality firm B sets a unique price in each period conditional on the history.

First, suppose firm h earns zero profits in period ¢. By our Selection Assumption 2, consumers must
be indifferent between h and A and by the same selection assumption, offers with zero demand of
h must be optimal even if some indifferent consumers purchase, implying that h charges a price
at marginal cost (by the same argument we used in the proof of Lemma 5). Thus, if h earns zero

profits, it sets a unique price.

Next, suppose h earns strictly positive profits. Then h must have strictly positive demand for all its
prices. Additionally, by Corollary 6, h gets good and no ratings with strictly positive probability.
By Selection Assumption 2, consumers are ex-ante indifferent between h and A, which is why firm A
must earn zero profits in period ¢; otherwise A could strictly increase profits by marginally reducing
its price. Thus, since A earns zero profits from selling in ¢t and h earns strictly positive profits, our
Selection Assumption 2 implies that h sells with probability one for all prices it charges in period
t.

We now distinguish two cases, whether good ratings are beneficial and raise continuation profits,

or whether they are not beneficial.

Suppose first that good ratings are not beneficial such that obtaining a good rating in period ¢
does not improve the expected continuation payoff. In other words, the sum of expected future
profits conditional on obtaining a good rating in period ¢ is weakly less than the sum of expected
future profits conditional on obtaining no rating in period t. Then, since all prices in ¢ induce
the same demand in ¢, firm A has a profitable deviation and moves all probability mass in ¢ to its
highest price in ¢ from the candidate equilibrium. This strictly raises its current profits and its
future profits, contradicting that A plays a mixed strategy. Therefore, when good ratings are not

beneficial firm A sets a unique price in period t.
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Note the special case of the last period. Since ratings from the last period do not influence any
future decision, following a history of ratings, if the firm sells in the last period, it sets the highest

possible price which induces demand.

Suppose next that, following a history H;, good ratings are beneficial such that obtaining a good
rating in period ¢ improves the expected continuation payoff. In other words, the sum of expected
future profits conditional on obtaining a good rating in period t is strictly larger than the sum of
expected future profits conditional on obtaining no rating in period ¢. Here, we have to consider
that although firm B would receive the same demand at any price over which it mixes in period ¢,
shifting probability from a lower price to a higher price reduces the probability of receiving a good
rating, reducing continuation profits. Therefore, the distribution of effort to leave ratings has to be
sufficiently flat such that the probability of receiving a good rating does not decrease by too much
if the firm shifts probability mass to the higher price. To derive such a condition, note the total
profit of the firm is p + F(¢" — p)m1 ({Hy, Ry = 1}) + (1 — F(¢" — p))ma1 ({Hy, Ry = 0}), where
w1 ({He, Ri}) is the expected continuation profit from obtaining R;. Note w1 ({Hy, Ry = 1}) >
me+1 ({Hy, Ry = 0}) for ratings to be beneficial. Then a marginal price increase raises profits if for

all p € (—q", ¢"), we have

1— f(¢" = p)(mer({Hy, Ry = 1}) — m ({Hy, Ry = 0})) > 0 &

fld" —p) < !

Tee1 ({He, Re = 1}) — w1 ({Hy, Ry = 0}) (1)

Therefore if (1) holds for all prices p € (—q", ¢"), firm h earns strictly larger profits from its larger
candidate equilibrium prices, contradicting that i plays a mixed strategy. The same condition also
implies that if h sets a unique price that satisfies Selection Assumption 2, lowering the price cannot

increase profits.

Therefore, we conclude that a high-quality firm B sets a unique price p;, if in period ¢ good ratings
are not beneficial or (1) holds on the support of f. O
Lemma 7. Suppose firm | enters.

Firm 1 charges the following prices when ratings are beneficial. If p, > ¢', and (2) and (3) hold in
period t:

o Firm [ charges only p, or P, with positive probability in period t.

o Firm charges p, with probability 6; € [0,1], obtaining a bad rating with probability F(p, — q')

and no rating otherwise.

o And p, = ¢' —q? < ¢" with probability 1—6;, obtaining a good rating with probability F(ql _Bt)

and no rating otherwise.
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If p, < ¢* and (1) holds, 5; = 1 and firm | obtains either a good rating with probability F(q' — B,)

or no rating otherwise.

If good ratings are not beneficial, then §; = 1.

Proof of Lemma 7.

Selection Assumption 2 implies that consumers are, in expectation, indifferent between firm A and
B. Hence, the highest price firm [ can set in each period is one that leads to this indifference. This
price is the unique price, p,, from Lemma 6 that also h sets. We start by assuming good ratings
are beneficial in period ¢, showing the low-quality firm B mixes between this price and a unique
lower price in period t. This proof follows in two parts. First, by considering 7, > ¢'. Then we

consider p, < ¢'.

Consider first the scenario where 7, > ¢! and good ratings are beneficial in period t. When the
low-quality firm sets p;, because p, > ¢' the firm receives a bad rating with probability F (P — ql)
and no rating with probability 1 — F(p, — ¢). If the firm deviates to a price above P, it never
makes a sale and gets no rating with probability 1. If the firm deviates to a price between ¢! and
D, it sells at most with probability one and gets a bad rating with a lower probability. Hence, by
deviating to a lower price it may be possible to increase the continuation payoff. Such a deviation
is not profitable if f is sufficiently flat such that the higher probability of receiving the continuation
payoff is dominated by the lower profits the firm earns in period . In other words, for prices above
¢' at which firm [ sells, the derivative of the total expected profit, p + F(p — ¢")m1 ({Hy, Ry =
—1}) 4+ (1 = F(p — ¢"))mee1({Hg, Ry = 0}), from playing the price p must be positive for all p — ¢!
on the support of f. This holds if for all such prices, we have

1
T ({He, Ry = 0})
(2)

1+ f(p— ¢ )(mer({Hy, Ry = =1}) — mei ({Hy, Ry = 0})) > 06 f(p—¢') <

Where the equivalence follows since by Corollary 7, negative ratings perfectly identify [ and induce
zero continuation profits. If (2) holds for all prices above p— ¢! on the support of f, the low-quality

firm sets , in period ¢ if it sets a price above ¢'.

Next consider when the low-quality firm B may receive a good rating with some positive probability
in period t. For this to occur the firm has to set prices weakly below ¢. Suppose the low-quality
firm B sets more than one such price. This implies that it makes a positive profit at all such
prices. However, if f is sufficiently flat such that an increase in price only changes the probability
of receiving a rating by a small amount, it must be that raising prices in period t is beneficial as
long as firm [ continues to sell. In other words, the firm [ gathers all its probability mass for prices
below ¢! at a mass point. This is true if the derivative of the total expected profit of setting a
p <, p+F(¢ —p)mp({Hy, Ry = 1}) + (1 = F(¢' = p)) w1 ({Hy, Ry = 0}), is positive for all ¢ —p
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on the support of f:

1— f(¢' = p) (w1 ({Hy, Ry = 1}) — m ({Hy, R = 0})) > 0 &

) 1
Ha =)< o1 ({Hy, Ry = 1}) — w1 ({Hy, Ry = 0})

3)

If (3) holds for all ¢' — p on the support of f in period ¢ then the low-quality firm sets a single price
P, below ¢! in period t.

The low-quality mixes over p, and p, in period ¢ such that it is indifferent between the two expected
continuation payoffs. This concludes that if p, > ¢' and good ratings are beneficial in period ¢, a

low-quality firm B mixes between p, and some unique p, below ¢' in period t.

Next consider the scenario where 7, < ¢' and good ratings are beneficial. The same argument in
the previous paragraph implies that [ sets a unique price. In this scenario a low-quality firm B
would receive a good rating with some strictly positive probability. When 7, < ¢!, then at any
price above p, consumers must have beliefs such that deviating to such prices induces no sales. This
rules out any upward deviation by firm B. Moreover, no firm receives bad ratings. However, there
are potential downward deviations from p;, since firm ! can set lower prices and receive more good

ratings. Such a deviation would not be profitable if f is sufficiently flat such that (3) holds.

Next consider the scenario where ratings are not beneficial. Then to prevent receiving good ratings
the low-quality firm trivially plays the highest price at which it is able to sell in period t, playing
P with probability 1.

Finally, because the high-quality firm B never sets p,, then it must be that following any price
p, the low-quality firm is perfectly identified. To make a sale, the firm has to set a price which
provides at least as much utility as firm B, that is to say p, < ¢' —¢*, and because the firm prefers

to set the highest possible price following (3), p, = ¢' — ¢”. This concludes the proof. O

We refer to equations (1), (2) and (3) as sufficiently flat conditions for f.

Lemma 8. If firm B enters, it plays a unique price in period T, which depends on its rating history.

Proof of Lemma 8.

Given the consumer’s information set in the final period, they condition their beliefs only on
historical ratings and current prices. Note first that since there is no future period, future ratings
do not affect profits. Selection Assumption 2 implies that consumers are ex-ante indifferent between
firms A and B. Additionally, one of the firms must earn zero profits. Otherwise, if both firms earn
strictly positive profits, firm A can marginally decrease its price to increase demand by a discrete
amount, strictly increasing profits. By Selection Assumption 2, the firm earning zero profits charges
a price at costs and earns zero profits (using the same argument as in Lemma 5). Thus, if firm

B does not sell, it sets a unique price at marginal cost. If firm B sells, by Selection Assumption
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2, consumers must be indifferent between both firms, and by the above result firm A earns zero
profits, so firm A will set the largest price at which it can sell. This pins down the price of firm
B uniquely. We conclude that firm B sets a unique price in period 7', conditional on its rating
history. O

Corollary 8. Suppose h and | enter. In period t, firm A sets p{* = max{q* — E[qP|H;,p],0}.
A

Firm B sets either py, = max{E[th|Ht,ﬁHt} — g4, 0} and Py, = g — ¢,
Proof of Corollary 8.

First recall from Lemma 7 that Py, = ¢' —q*, for any history H;. Next, consider firm B playing py ,
in each period t. Selection Assumption 2 implies that consumers are ex-ante indifferent between
firms A and B. Additionally, one of the firms must earn zero profits. Otherwise, if both firms
earn strictly positive profits, firm A can marginally decrease its price to increase demand by a
discrete amount, strictly increasing profits. By Selection Assumption 2, the firm earning zero
profits charges a price at costs and earns zero profits (using the same argument as in Lemma 5).
Thus, if £ [qﬂHt,ToHt] > ¢4, firm A charges a price at cost and earns zero profits in that period
and firm B charges by, = ElgP [Hy, Py, ] — ¢ I, instead, E[gP|Hy, py,] < ¢”, then firm B sets the
price py, = 0 and firm A sets the price q¢* — E[qP |Hy, Py, ]. This concludes the proof. O

Lemma 9. Suppose h and l enter. If (1), (2) and (3) hold, first period beliefs are without loss of

generality

74" +(1=7)5*¢" - !

W Vp ifp1 <gq

A A B —)o* ip
Elgi'lpl = ¢" Vp, Elgp'lp] = { 195 Vp > if By > ¢
q vp <4 if b > ¢

Proof of Lemma 9.
Recall that (1), (2) and (3) are conditions such that the high-quality firm B sets a unique price p;
and the low-quality firm B sets either p, or p,- The rest of the proof focuses on period 1.

Since firm A’s quality is common knowledge, its quality is known to be ¢* regardless of price.

Consider the case where B; < ¢. Then firms charge p; with probability one. It is straightforward
to check that for the equilibrium price p;, the above expectations apply Bayes rule. Additionally,
E[qP|p;] is such that consumers believe that firm B provides just as much utility as firm A. At Py
consumers would buy from a low-quality firm B. This holds, since E[¢/| Ql] in expectation provides

h _ * 1
consumers at least as much utility as firm A. Since ¢' < %,

h _ * ol
if E[qP|p] = % Vp. For all other off-equilibrium prices, the above beliefs are consistent

with our selection assumptions and the necessary equilibrium conditions we derived so far, since

consumers buy at both prices

deviations to prices above the equilibrium price induce zero demand. Thus, these off-equilibrium

beliefs are without loss of generality.
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Next, consider the case where B; > ¢'. Recall from Lemma 7 that p, < ¢'. Applying Bayes rule
shows that the beliefs are correct for equilibrium prices p; and p,. For all off-equilibrium prices, the
above beliefs are consistent with our selection assumptions and the necessary equilibrium conditions
we derived so far, since deviations to prices in (]31, q¢') and to prices above p; strictly reduce demand.

Thus, these off-equilibrium beliefs are without loss of generality. O

A.2 Proof of Lemmas 1 and 2

We show a more general result than what we discuss in the main text. Proposition 4 fully character-
izes equilibrium. In particular, we also allow for the case where the pricing strategy of low-quality
newcomers is in pure strategies. But to simplify exposition, we focus on the pure-strategy pricing
equilibria where the low-quality newcomer enters either with probability one or zero. This is the
case if (4) holds. Intuitively, in the pure-strategy equilibrium, low-quality newcomers earn negative
profits in period 1 and positive profits in period 2. The condition ensures that overall profits are
weakly positive. This is the case if ¢ is sufficiently large such that reputation is sufficiently valu-
able. Without this assumption, low-quality newcomers may enter with strictly positive probability

less than one, but our results remain qualitatively unaffected.

As discussed in the main text, we also assume that silence is bad news such that a newcomer who
receives no rating in period 1 does not attract demand in period 2. This is Condition (5), where
§* is pinned down in equilibrium by parameters. As ¢" — p approaches €, the right-hand-side goes
to infinity, and the left-hand-side is bounded away from infinity. If ¢ is sufficiently large, ¢® — B
increases and the condition holds. Thus, also this condition holds for sufficiently large ¢". Below,
we also discuss the case if the condition does not hold. Then, a qualitatively similar equilibrium

exists but the newcomer may also sell after R = 0.

Proposition 4. Suppose the following conditions hold:

YF (g + (1 —7)¢") 4 g
YE(gA + (1 —=7)g") + (1 =) F (g —vg")

v¢" — ¢* + F(q* —vq") [

and

R ) [5°(1 = P(p) + (1 = 8*)(1 = F(q")]
g4 v(1 = F(¢" - p))

Then an equilibrium exists that is unique up to off-path beliefs. There exists a unique § € (0,1) such
that both types of newcomers enter if and only if 6* > §; otherwise, neither enters. If newcomers

enter:
1. Ratings build reputation: E[qQB |R=1] > E[qQB | R=10] > E[qQB | R = —1].
2. Ratings are valuable: p¥ = E[¢8 | R = 1] — ¢* > 0. Firm A sells in period 2 if and only
if R € {—1,0}.
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Furthermore, in period 1:
3. Firm A sets pj! =0 and gets no demand.

4. Firm h charges p = ﬁ — ¢? with probability 1 and receives R € {0,1}.

5. Firm | randomizes over prices in period 1 if

Y(q" — ¢?)

>0 el Pt >

(6)

In that case:

(a) It charges D > 0 with probability §* and receives R € {—1,0}, where §* € (é, 7((1(1_}1;)3;)).

(b) It charges p = —q** < 0 with probability 1 — &* and receives R € {0,1}.
Otherwise, firm 1 sets §* = 1 such that p < 0 and receives R € {0, 1}.
Lemma 1 follows directly from statement 1 and 2 of Proposition 4.

In Lemma 2, the pricing strategy of firm A and firm h follows directly from statements 3 and 4
of Proposition 4; and the pricing strategy of firm [ follows directly from the mixed strategy, where

5* € (9, %), in statements 5(a) and 5(b) in Proposition 4.

We prove Proposition 4 in a series of Lemmas and Corollaries.

To apply the previous Lemmas and Corollaries, it is useful to make the following observations: (i)
In a two-period model H = R, i.e. all relevant histories are period 1 ratings of the newcomer. (ii)
We apply that ¢ = 0 to save on notation. (iii) In a model where firm B sells only following a good
rating, this occurs when E[¢Z|R = 0] < ¢ which implies my(R = 0) = 0. Then (2) always holds.
And (3) evaluates to f(¢' —p) < m. Towards proving the proposition, we establish

further results in the following Lemmas.

Lemma 10. Firm B’s decision to sell in period 1 is independent of its quality realization. Thus,
in period 1, a high-quality firm B sells if and only if a low-quality firm B also sells. If firm B sells
in the second period, it must sell in the first period. Thus, whenever newcomers enter, they sell in

period 1.

Proof of Lemma 10.
First, we know from Corollary 5 that if low-quality firm B sells, a high-quality firm B must also

sell.
We now consider firm B selling only when it is high-quality.

Suppose instead firm B is only selling when it is high-quality. This means E[¢?®|p] = ¢" Vp. The
high-quality firm B receives a good rating with some positive probability at all prices at which it

sells. This allows it to to charge ¢" —¢” > 0 in both periods. But then [ has a profitable deviation
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to enter the market with strictly positive profits in period 1. Hence it cannot be that only the

high-quality firm sells in the market in period 1.

We show next that if firm B sells in period 2, it also sells in period 1. Suppose instead a high-quality
firm B sells only in period 2 and not period 1. Then also firm [ cannot sell in period 1. But then
period 2 is the same as period 1 but without continuation profits, so since both firms did not sell
in period 1, they will not sell in period 2, a contradiction. Similarly, if [ sold only in period 2, then
either h sold in period 1, in which case consumer beliefs about newcomers would be ¢ and also
would deviate and mimic h in period 1, or A did not sell in period 1, in which case both firms B did
not sell in period 1 and the above result implies that h also does not sell in period 2, contradicting

that [ sells in period 2. We conclude that if firm B sells in period 2, it also sells in period 1.

Therefore, we can conclude that if firm B enters, it sells in the first period and its entry decision is
independent of its quality realization. ]
This implies that we cannot have efficient entry - that is there is no situation where all high-quality

firm Bs enter the market and low-quality firm Bs do not.

Lemma 11. If (1), (3) hold, and p > 0, second period beliefs over firm B’s quality are

YF(¢"—p)g" e

T HI-)A-TIFG) ifR=1

Bipl = Y(1-F(q"—p))q o
Ela’ | B =\ s—rrra s a—renrama e Y B=0
0 iFR=—1

where §* is the equilibrium probability with which a low-quality firm B plays D in period 1.

If (1) and (3) hold, and instead p < 0, second period beliefs are

vF(¢"—p)q" f R =
vF(qh—ﬁ)Jr(l—szF(—ﬁ)h tR=1
Bipl _ (1-F(q"-p)) if R =
Ela 1R =\ ser@mnranirem  FR=0
0 if R=—1.

In either case, ratings are informative in equilibrium as E[¢P|R = 1] > E[¢8|R = 0] > E[¢@|R =
-1].

These are the beliefs after both newcomer types enter. After other histories, consumers believe the

quality of newcomers is ¢' in both periods.

Proof of Lemma 11.
We first describe how consumer beliefs are constructed when p > 0, then we show a good rating is
beneficial. Then describe beliefs when p < 0.
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It is immediate to see consumer beliefs result from applying Bayes rule to the pricing strategies
from Lemmas 6 and 7. A high-quality firm always gets good ratings with some positive probability,
this probability depends on the price it sets. Conversely, a low-quality firm B obtains a good rating
with some positive probability only if it sets a negative price (which occurs with probability (1—¢6*)

or if p <0). Otherwise, it obtains no rating.

To see that good ratings induce higher beliefs than no rating, we apply p = —q¢* to the above

expectations and get,

VF(¢" —p)¢" . (1= F(¢" —p))q"
YF(¢" —=p) + (1 =) (1 = 0*)F(¢?4) = ~v(1 = F(¢" —p)) + (1 —)(6*(1 = F(p)) + (1 — 6*)(1 — F(¢*))
& F(¢"—p) - F(¢") > (F(¢" - p)F(p) — F(¢"))5",

We now argue that this always holds. Lemma 7 tells us p is the maximum price that induces demand
for [ if consumers know the firm’s type. This price provides exactly ¢4 utility to consumers. Hence
the firm receives a good rating with probability F (qA). Moreover, to obtain any demand, a firm
h must provide at least expected utility ¢”, which is why the ex-post utility satisfies ¢ —p >
¢” and therefore F(q" —p) > F(¢?). Hence, we know that F(¢" —p) > F(g*). This implies
F(¢"=p)—F(q*) > (F(¢"—p)F(p)—F(q¢*))§* because 6* € (0,1] and F(p) < 1. It is straightforward

to show that no rating induces higher expectations than a bad rating.

When p < 0, firm B sets a single price in period 1. Hence, there is no mixed strategy involved, and
both high- and low-quality firm B would receive good ratings with some positive probability. Note
that because ¢" > 0, obtaining a good rating must be beneficial in equilibrium. It is straightforward

to show that no rating induces higher expectations than a bad rating.

Finally, these beliefs apply if both newcomers enter, i.e. if newcomers sell in period 1. By Lemma

10, all other histories are off the path of play, and we set beliefs to ¢'. ]

Lemma 12. Suppose h and [l enter. Both firms A and B receive some positive demand if and only
if firm A sells in period 2, and firm B sells in period 1 with probability 1. Both firms sell in period

2 after some ratings if (7) holds and 6* > max{0,1 — %}.

Proof of Lemma 12.

Recall that by Lemma 10 the low-quality firm B sells in period 1 if and only if the high-quality
firm B also sells in period 1. Furthermore, by Lemma 10 if firm B sells in period 2, it must sell in
period 1. This implies the high-quality firm B must sell in period 1 for firm B to sell at all. If the
high-quality firm B sells in period 1, the low-quality firm B must also sell in period 1. Hence, firm
B must sell with probability 1 in period 1. This means the only possibility for firm A to sell is in
period 2.

Thus, we need to check (i) under which conditions firm A sells in period 2; and (ii) under which

conditions a high-quality firm B sells in period 2. (i) holds if firm A sells if it faces a rival without
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rating, i.e. that ¢* > E[¢F|R = 0] > E[¢f|R = —1]. Using the expression of E[¢¥|R = 0] and

rearranging, this condition becomes

¢" —q* L A=E" A~ F(p) + (1 - 67)(1 - F(q)))
g4 (1 = F(¢" —p))
q" —q? _ (1= -F(=p)
gt (1 - F(q" —p))

when p > 0 and

when p < 0.

Observing that when p < 0, §* = 1 we can equivalently combine and more generally state that
¢ > E[¢f|R = 0] whenever

¢"—¢" _ (1=7)(@"1=F(p) + (1 =01 = F(gh))

gt (1 - F(¢" —p)) ™)

Finally, (ii) requires that a firm with a good rating R = 1 in period 2 sells when competing against

firm A and earns a positive profit, i.e. if E[¢F|R = 1] > ¢*. Using the expression for the conditional
(¢"—g*)vF(q"—Pp)
a*(1-7)F(q¢?)

0* > max{0,1 — m—(};%‘;@} for firm B to sell in period 2 after a good rating. O

expectation and rearranging leads to §* > 1— . Moreover, because 0* is a probability,

Corollary 9. Good ratings are instrumental (i.e. affect beliefs and outcomes on the path of play)

if and only if a high-quality firm B enters, sells in period 2 and firm B sells in period 1 with
(¢" =4 F(a"-p) }

probability 1. A high-quality firm B sells after a good rating if §* > max{0,1 — =7 FlgA)aA

Proof of Corollary 9.
If a high-quality firm B sells in period 2, we know from Lemma 12 that both high- and low-quality
firm B must have sold in period 1. Then we also know from Lemma 11 that good ratings cause

consumers to positively update beliefs.

In turn, if good ratings are instrumental, a high-quality firm B must sell after a good rating, which

by Lemma 10 implies it sold in 1.

Thus, good ratings are instrumental if and only if a high-quality firm B enters and sells in period

2, which is equivalent to E[¢Z|R = 1] > ¢/, from Lemma 12, 6* > max{0,1 — %}. O

Corollary 10. Suppose h and | enter and p < 0. Then p = v¢" — ¢* < 0 and pf =0, and (4)
implies that firms h and [ attract demand and earn positive total profits at this price and therefore

enter.

Proof of Corollary 10.
This is immediate because Lemmas 6 and 7 show that if firm B sells and p < 0, it always sets p. In
other words, 0* = 1 and consumer beliefs in period 1 about firm B are y¢" (Lemma 9). Therefore

the consumer only buys from firm B if it offers as much surplus as firm A does, p = ~v¢" — ¢*.

39



Because firms compete in a Bertrand fashion, the firm not selling charges price at marginal cost

and the firm selling in period 1 charges a price equal to the expected difference in quality.

Finally, for firm [ to want to sell it must face a positive total profit (across both periods), which is

the case if (4) holds. Since h has a higher probability to get a positive rating and therefore earns

strictly higher profits, the condition implies that A and [ enter for the above prices. O
o h_ A F A 1— _ h
Corollary 11. If p > 0 and q T > (g)(1—) =y, we have p = ﬁ —qt, p = —¢4,

(F(qA)+F(q 1)0

A A
p =0 and 6* € (max{0,1 — q(lfq MF q — } it q 7(1 ). Both newcomer types attract demand and

enter. If qh_qA > ’Y(F{( H)%( Z) ) 18 molated ezther we must have p < 0, or 6* > max{0,1 —
(¢" = )7 F(g" p)

W} is violated and newcomers do not enter.

Proof of Corollary 11.
Note that if p > 0 it must be that firm B prefers to sell in period 1 with probability one. This
occurs if % —¢* >0.

Rearranging leads to
1(¢" —q )
V<
(1—7)q?

Therefore, combined with Corollary 9, we know 6* € (max{0,1 — (4"~ )WF(q — } 7('1

(1-7)F(q
.. . h_ A A _
this is possible only when £ qhq > = Fg(X) ng(qz)— =57

1-7y)q? ))’ and

In this case, firms A and [ sell at p > 0 in period 1 and therefore attract demand and enter.

If p < 0, Corollary 10 implies that B still sells. If 7 > 0 holds, but qhq_AqA > o FZ(XQ%(ZZZTJ)) is

h_ A
violated, either §* < 7((1'1_7#, and therefore we must have p < 0, or ¢* is too small for newcomers

to sell after a good rating so that there is no entry. O

Corollary 12. Suppose h and [ enter. In period 2, firm A sets 74 = p3 = maxz{q* — E[¢¥|R],0}
and firm B sets 78 (R) = p¥ = max{E[¢¥|R] — ¢*,0}.

Proof of Corollary 12.

This follows from Lemma 8. And profits in period 2 are equivalent to the price set in period 2. [

Next, we prove the existence and uniqueness of a mixed strategy.

Given (7) and supposing h and [ enter, we can characterize an equilibrium ¢*, which satisfies the
following: A low-quality firm B must be indifferent between setting p in period 1 and getting no
or negative rating, obtaining a profit of p + 0, and setting p in period 1 and getting a good rating
with some positive probability, obtaining a profit of p 4 F () (E[GP|IR =1] — ¢P).

Lemma 13. Suppose h andl enter, (4), (7), and (1) and (3) hold. If §* > max{0, Ol 0 PG C )]

(1= F(g*)g?
newcomers have strictly positive demand and there exists a unique 0* such that:
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A h_ A
o If m < F(q¢*) andp >0, 6" € (F(th;(,;l}a(q,q), ’Y((lq,,y)(éA))'

. Ifm<F(qA) andp <0, 6" =1,
. Ifsz(qA),(S*:l.

Proof of Lemma 13.
We first characterize the profits that a low-quality firm B would receive if it plays p in period 1,
then its profits when playing p in period 1. We show the former is decreasing in §* while the latter

is increasing. Then, we characterize when §* € (0, 1).

Total profits of the low-quality firm B setting p is p. We know from above that a mixed-strategy

equilibrium requires p > 0. Therefore, the low-quality firm B earns p = ﬁ — ¢ Ttis

immediate to see that this is decreasing in §*.

Total profits of [ setting p is p plus a probability of obtaining a good rating and selling in period 2.

h_=\ h
Therefore, | earns —g? + F(qA)('yF(thﬁ;yf((qu'y)p()quzs*)F(qA) -

see this, an increase in 0* places less emphasis on the firm being low-quality following a good rating.

¢®). This profit is increasing in 6*. To

Additionally, an increase in 6* has an indirect effect of decreasing P, which increases F(¢" — ),

placing a higher emphasis on the firm being high-quality following a good rating.

In mixed-strategy equilibria, low-quality firms must be indifferent between both strategies, which

requires
h h _ =\ ,h
g vF(¢" —DP)g
= F(¢")

+ (1 —7)d* (’YF(qh—ﬁ)Jr(l—'y)(l—6*)F(qA) _qA). (8)

Note that §* > max{0,1 — %} ensures that newcomers with a good rating sell in
period 2. Then, since for all p > 0, firms earn attract strictly positive demand and earn positive

profits.

To see when the solution is interior to 0* € (0, 1), consider 6* = 0. Then, evaluating equation (8), we

h_ h A F(¢"=p)q" Ay _ A F(¢"-p) A
get Tyt = ¢ and F(a) (S i 50 ) = P00 Grap saran — 1)
It is then immediate to see

A)( PYF(qh _Tj)qh A).

h _
¢ > PO O 5 T - Fe)

This always holds since the term in brackets on the right-hand-side is strictly lower that ¢”, and
multiplied by a term that is strictly less than one.

Next, note that by Corollary 11, §* is bound above, i.e. §* < 7((‘1%)?;) Note that % <1if

vq" < ¢#, which we assume throughout. In particular, when 6* = % this implies p = 0 &
ﬁ = ¢*, which can be rearranged to (1 —~)(1 —6*) = qA;]qh. Hence, evaluating (8) at this
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upper bound, a mixed-strategy equilibrium requires that

YF(¢" —p)q" A
v ).

A F A
e P FL =Ty

Recall that F' is uniform such that F'(x) = x/e. Then we can replace F to obtain

h h

vq"q
q* < F(q™)( g —q%).

Then recall that the terms in the bracket are the second period profits of firm B conditional on a

good rating which must be positive when firm B enters. Therefore,

must hold in an interior solution. Otherwise, if this condition is violated, [ prefers to set 6* = 1.

A2

We now show that when (7) holds, p > 0 and W < F(g*) holds such that there is an
F(g*) F(g¢*)

interior solution, we must have 6* > T ) T F) Evaluating (8) at §* = Fa ) TFah Ve show
that the left-hand side is greater than the right-hand side:
h F h _ =\, h
74 > P(gh 1F(q" —P)g A

x (") . —q
Y+ (1= ) Pt YE(g" = P) + (1 = )1 = g Fa?)

v¢"(F(q™) + F(¢" = p))(1 — F(¢") > —¢"F(¢")(vF(¢" = p) + F(¢™))

which is always true. Recall that the left-hand side is decreasing in ¢* and the right-hand side

A
increasing. Therefore, it must be that 6* > %-

F(g*) v(g"—q*)
F(¢g"=p)+F(¢?*)’ (1—7)¢”

Since F' is uniform, we can rewrite this as 7

Next, we show that the interval where §* € (
Fa)  _ 2d"—g?)
F(¢"-p)+F(q?) ~ (1-v)e* "~
qA
q"+q
if ¢ is sufficiently large.

) can exist. This is the case if

q* v(¢"—q*)
—pte? T (=)t

© < U= g it (¢™)? < v(¢")?, and therefore the range can exist

To see existence, note, T=7)¢A

Next, if (7) holds but p < 0, from Lemma 7 we know firm B plays P regardless of its type. In other

words, the low-quality firm B never mixes and §* = 1.

A
Next, if % > F(g?), then low-quality firm strictly prefers to mimic prices and we get
0* =1.

Finally, we have already shown above that in the mixed-strategy equilibrium, newcomers sell and
therefore enter. If 6* = 1, (4) ensures that newcomers attract strictly positive demand and enter.

Thus, newcomers enter with probability one. This concludes the proof. O
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We can now use the above results to prove each statement in Proposition 4 .

Proof of Proposition 4.

Suppose (4), (7), and (1) and (3) hold. It remains to show that there exists a unique ¢ € (0,1)
such that newcomers enter if and only if 0* > §. We know already from Lemma 10 that either both
types of newcomers enter or none. By our Selection Assumption 1, newcomers enter whenever an
equilibrium exists where they enter. By Lemma 13, they enter if 6* > max{0,1 — %},

i.e. if newcomers with a good rating sell in period 2. Clearly, if they do not sell after a good rating,

(=g qu —p)}

they never sell. Thus, they enter if and only if 6* > max{0,1 — =7 FlaA) A

To see that § > 0, note that for §* = 0, 1 — m# > 0 if and only if ¢* > ~¢", which

holds by assumption. Thus, the condition is violated for ¢* = 0, implying no entry and § > O.
Next, we know from (4) that even [ earns weakly positive profits and attracts demand for 6* = 1.
Since h must earn strictly larger profits than [, both types enter, implying that § < 1. Finally,

note that the left-hand-side of 0* > max{0,1 — %} strictly increases in 0*, while the

right-hand-side decreases in 0*, implying that  is unique.

Next, note that Lemma 13 shows that conditional on entry, strategies are unique up to off-path

beliefs. Additionally, Selection Assumption 1 implies that the same holds conditional on no entry.
We can now prove each statement about the newcomer entry in turn:

o Statement 1 follows directly from Lemma 11.

o Statement 2 follows directly from Corollary 9.

o Statement 3 follows directly from Corollaries 10 and 11.

o Statement 4 follows directly from Corollaries 8 and 6 and Lemma 9.

e The conditions in statement 5 follow from Lemma 13 together with our result that newcomers

firms enter if and only if §* > 9.

e The prices in statement 5 follow from Corollary 11 and the ratings of the low-quality firm

from Lemma 7.

e The equilibrium level of §* and its support comes from Lemma 13 and our result that new-

comers firms enter if and only if §* > 4.

This concludes the proof. O

A.3 Remaining proofs for the main text.

Proof of Proposition 1.
We define the informativeness of ratings as a good rating being able to identify high-quality firms.

This way, a good rating becomes more informative if E[g5’|R = 1] increases in 6* when §* > §. To
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see this is true, first consider the case where p > 0 then

YF(¢" —p)q"

YE(q" = p) + (1 = ~)(1 = 0*)F(¢*)

Elgf|R=1] =

then note an increase in §* decreases 7 which means vF(¢" — p) increases. Hence, the expectation

increases in 0* and good ratings become more informative.

Suppose instead p < 0, i.e. that 0* is sufficiently large, and consider the more general beliefs where

the low-quality firm may choose to mix between p and p, then we have

YF(¢" —p)g"

Elgf|R=1] = VF(@" =) + (1—) [0*F(jp]) + (1 — 6%)F(¢A)]’

h

Observe that F(¢) > F(|p|) because —(ﬁ - <¢te0< 5 which is always

vq"
+(1—7)
true. Further, because p decreases in §*, then it must be that any increase in ¢* reduces 6*F(|p|) +
(1 —6*)F(g*) and increases F(q" —p). Therefore, E[¢¥|R = 1] is increasing in 6*. Overall, good

ratings become more informative in 0*. O

Proof of Proposition 3.
To show this, recall that the indifference condition for the low-quality firm must hold in a mixed-

strategy equilibrium, define

h Fla" — )"
Go_ Fg 1F(¢" —P)g

A
oy ey e ey ey 5 v S

Then applying the uniform distribution, G becomes

h h

A

" gt 1(¢" = P)g
Y+ (1 =7)0* & [y(g"=D)+ (1 —7)(1—%)¢"

We know from the proof of Lemma 13 that G is strictly decreasing in *. Next, we consider the

derivative of G with respect to €, which is clearly strictly increasing. Then, using the implicit-

* a—g
function Theorem, it follows that % = —-$& > 0. This concludes the proof. O
a6*

Proof of Corollary 1.
First, we show that J is independent of €. We know from the proof of Proposition 4 that (i)

d € (0,1), and (ii) that newcomers enter if and only if 6* > max{0,1 — W}. Thus, ¢
%, where also p = ﬁg)é — ¢*. Using that on its
T

support, F(x) = Z, it follows that ¢ is independent of €.

e’

is implicitly defined by § = 1 —

Second, we know from Proposition 3 that % > (0. Together with our results of Proposition 4 that

newcomers enter if and only if 0* > §, and since 9 is independent of €, this implies that newcomers
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enter if and only if € is above some constant (which has to be strictly positive since we focus on €

where newcomers get no rating with strictly positive probability). The result follows. ]
Proof of Corollary 2.
We start by showing the results on profits.

First suppose 6* < §. From Proposition 4 we know firm B is inactive and equivalently makes the
profit 7% = 0. Hence, firm A charges monopoly prices, allowing it to extract the full surplus from

consumers, ¢4, in each period, making a total profit of 74 = 2¢*.

Now suppose 6* > §. Firm B sells and its expected profit is
[P+ Fd" = p)m(R=1)] + (1 =) [0"p— (1= 6" + (1 = 5 F(gM)ma(R =1)],

where mo represents firm B’s period 2 profit following the rating R = 1. Then substituting p and
T (R == 1),
1" (1+ F(q" =) = ¢* [1+7F(¢" =) + (1 —7)(1 = ") F(¢™)] .

Note that p is decreasing in ¢*, which means F (qh — P) is increasing in ¢*. Then increases in 6*
increases YF(q" — p)(¢" — ¢*) and decreases (1 — v)(1 — 6*)F(q*). Therefore, for increases in 6*,

the expected profits of firm B is increasing.

Firm A’s expected profits are

A= F(d" =B) + 1 =) [0 = F@) + (1 - 51 = Fg")]| [¢* - Ble'| R = 0]] +
(1= F(p) [¢" - Elay IR = 1],

and substituting the expectations from Lemma 11, we get

V(1= F(d" = p)(a" = ") + (1 =) [1 = Fla")(1 - )] ¢,

h

Observing that an increase in 6* decreases P, it must be that v(1 — F(¢" — p))(¢* — ¢") becomes

larger (since ¢ — ¢" < 0), and also (1 — F(g*)(1 — 6*)) becomes larger. Therefore the profits of

firm A increase in 0*.

Note that firm A’s profits are strictly below monopoly level when firm B sells.

20" > /(1= F(d" =p)(" = ") + (1 =) [1 = F¢H(1 = 5| ¢* &
1 +yF(" —p) + (1 =) (1 =) F(¢") > —y(1 - F(¢" - D))"
which is always true.

Therefore the profits of firm A are first flat, then discontinuously decreases in 6* as firm B begins to

sell, and then increasing but remains strictly lower than when it was a monopolist. This concludes
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the proof.
We now show the results on consumer surplus.

First suppose §* > §. To derive consumer surplus, note that total surplus is
"+ [F" = B)d" + (1= F(¢" = P)a*| + (1 =) [5"¢* + (1 = ") (1 = F(g*))g"] .

Then consumer surplus is given by total surplus minus the expected profits of A and B. Rearranging

leads to the consumer surplus

¢+ [YP(" = P) + (1= 7)1 =) F(gh)] ¢* + (1 = F(¢" — P))e".

We can further simplify this to

¢ +7¢" +7F (" —p)(q* — ")+ (1 —9)(1 - ) F(q*)g™

A

Note that an increase in 6* leads to a decrease in p. Thus, since (¢4 — ¢") < 0, it is immediate to

see that consumers are worse off when 6* increases.

Suppose now that §* < 4. Then firm B does not enter and firm A is a monopolist. This way firm

A is able to extract all surplus and consumer surplus is zero. ]

Proof of Corollary 3.
Suppose 6* > ¢ and consider an increase in € such that there is a first order stochastic dominant

shift in the uniform rating cost distribution.

We first show the effect of a change in € on 78, recall from the previous corollary that the profit
_ 9P 95*
function is vq" (14 q}%p) . Then its derivative w.r.t. € is —yq { S 4 BT | Since the first

B

term in squared brackets is positive and the second one negative, the effect on 7° is ambiguous.

l

We next look at the effect on 7'. Recall that the low-quality firm B is indifferent between the

payoff from setting p and p. Hence, it suffices to show that the profits 4 is decreasing

v+(1 "/) -4

in €. Notice that the derivative is —% %56* < 0.
We now look at the effect on 7. Observe that the profits of the high-quality firm B is

w4 4D 1(¢" —P)g B
N = R Gy G ey B

We can see that the term in squared brackets increases in € since it increases d*. But a larger e

also decreases the probability that h gets a rating < p Thus, the overall effect is ambiguous.

We now argue that a change in € has an ambiguous effect on consumer surplus. To see this, observe

46



that consumer surplus, using the term from the proof of Corollary 2, is
¢ +¢" +vF(" =D)(¢! = d") + (1 =) (1= 6)F(gh)g™

Then recall from Proposition 3 that % > 0 and from above note gg % < 0. Then the first and

second terms are constant in €. In the third term, ¢" — P increase in €, but F(¢" — p) decreases
in €, so the effect is ambiguous. In the final term, an increase in € decreases 1 — §* and F(qA).

Therefore, any increase in € can have an ambiguous effect on consumer surplus.

Finally, we show € has an ambiguous effect on 74. To see this, consider firm A’s profit

Y1 —=F("=p)(a* — ")+ (1= y)[0*+ (1 —6)1 - F(¢*))]g?

Again apply that % > 0 and aa%% < 0. Then we know the first term increases in ¢" — 7, but
€ has a direct negative effect in F, so the overall effect is ambiguous. The second term becomes
more positive as 0* increases, but also via the direct effect of € on F (qA). Hence, the overall effect

is ambiguous. O

Proof of Corollary 4.
By Corollary 1, newcomers enter if and only if € is sufficiently large. Additionally, by Corollary 2

consumer surplus is zero without entry and strictly positive with entry, the result follows. O

Appendix B Extensions

B.1 Selling after no rating

In the base model we focus on the scenario where firm B does not sell after receiving no rating.
We establish two results. First, we show that a qualitatively identical equilibrium arises. Second,

we show that our comparative statics of % are also robust, that is % > 0.

Note that if firm B does not sell only following a negative rating, this means E[¢¥|R = —1] =0 <
¢ < E[¢5'|R = 0].

Proposition 5. Suppose the following condition holds:

" —q* o (A=A = F(p)) + (1 = 67)(1 ~ F(q))]
g (1 - F(q¢" - p)) '

Then in equilibrium both newcomers enter:
1. Ratings build reputation: E[qQB |R=1] > E[qQB | R=0] > E[QQB | R =—1].

2. Ratings are valuable: pY(R=1)=FE[¢¥ |R=1]—-q¢* >0 and p§(R=0)=E[¢} | R=
0] — ¢4 > 0. If R=—1, firm A sells in period 2.
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Furthermore, in period 1:
3. Firm A sets pj =0 and faces no demand.
4. Firm h charges p = W(Wiﬁ — ¢? with probability 1 and receives R € {0,1}.

1—y)

5. Firm | randomizes over prices in period 1 if g"~24%) > 0 and (11) hold. In that case:

2(1-7)g?
(a) It charges p > 0 with probability 0* and receives R € {—1,0}, where §* € (é, 72(({—_5)(1;7))'

(b) It charges p = —q* < 0 with probability 1 — 6* and receives R € {0,1}.
Otherwise, firm 1 sets §* = 1 such that p < 0 and receives R € {0, 1}.
Finally, if (12) holds, this equilibrium is unique up to off-path beliefs.

(12) is a technical condition. It ensures that if the mixed-strategy equilibrium is played, it is unique.

Otherwise, there might be multiple 6* € (0,1) that induce a mixed-strategy equilibrium.

Recall that our results from Appendix A.1 still apply here, i.e. Lemmas 3 to 9 and Corollary 5 to
8 hold also for the two-period model in which the firm B sells after receiving no rating in period
1. We proceed by establishing Lemmas and Corollaries as we did towards the proof of Proposition
4.

Lemma 14. Suppose both types of newcomer enter. If (1), (2) and (3) hold, and p > 0, second

period beliefs over firm B’s quality are

vF(¢"-p)q" P
TP TR=1

Bl = Y(1-F(¢"—P))q P
Bla') =\ sorrmram iy rasaorem =0
0 ifR=—1

where §* is the equilibrium probability with which a low-quality firm B plays D in period 1.

If (1), (2) and (3) hold, and instead p < 0, second period beliefs are

YF(¢"—p)g" e _

-9+ if =1

By _ Y(1-F(¢"—p))q , _

Elg] S F@ A FGy =0
0 if R=—1.

In either case, ratings are beneficial in equilibrium as E[¢F|R = 1] > E[¢¥|R = 0] > E[¢@|R = —1].

If not both types of newcomers enter, consumers believe the quality of newcomers is ¢'.

Proof of Lemma 14.

Suppose that both newcomer types enter.
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When p > 0, the argument for the case with R = 1 follows directly from Lemma 11. When p < 0,
the proofs for R =1 and R = 0 follow directly from Lemma 11.

What remains to show is consumer beliefs when p > 0 for R = 0 and R = —1, and when p < 0 for
R=-1

Suppose first p > 0. Then when R = 0, Corollary 6 and 7 show that both high and low-quality firms
can get no rating. This occurs if prices are set sufficiently low but with some probability 1—F(¢® —p)
consumers face a high cost of rating and do not want to rate or in the case of the low-quality firm
setting a sufficiently high price with some probability 1 — F'(p) consumers face a high cost of ratings

b =\ R
and do not want to rate. Therefore, E[gP|R = 0] = 'y(lfF(thﬁ)H(lZEyl)[65(({17F}(71)5))()1+(176*)(17F(qA))}‘

Whenever R = —1, Corollary 7 shows only low-quality firms may receive bad ratings. In other
words, high-quality firms receive bad ratings with probability 0, and R = —1 clearly identifies
low-quality firms. Therefore, for any p, E[¢¥|R = —1] = 0.

Finally, to show that ratings are beneficial, we have to show E[¢|R = 1] > E[¢¥|R = 0] >
E[¢P|R = —1]. The second inequality is immediately satisfied. To see the first inequality, consider
first p > 0:

YF(¢" —p)q"

YE(¢" =p) + (1 = )(1 = 6*)F(¢*)

- (1= F(¢" —p)q"
(1 = F(¢" —p)) + (1 —[e*(1 - F(p)

5 F(¢" —p)(1 = F(p)) + (1 = 6")(

q
)+ (1=0%)(1 = F(g))]
F(¢" —p) - F(g")) > 0.

This inequality always holds because F(-) € [0,1], 6* € [0,1], ¢" — P > ¢ imply that F(¢" —p) >
F(g*). Consider next p < 0:

YF(¢" - p)¢" - (1= F(¢" = p)q"
YE(¢" —p)+ (A —=7)F(p)) = (1 = F(¢" = p)) + (1 =~)(1 - F(|p]))
(1—F(p))F(¢" - p)¢" > (1= F(¢" - p))F(Ip)¢"
Fl¢"=p) _1-F(¢"—p)
F(lpl) 1— F(|p|)

This inequality always holds as qh >0—>1> F(qh —P) > F([p|) > 0. Hence, F 1(Vq(}|;)ﬁ) > 1>
1—F(q"-p)
1-F(pl) -

Finally, for the off-equilibrium case after not both types of newcomers enter, consumers believe the
quality of newcomers is ¢!. By Corollary 5, histories where only the low-quality newcomer enters
are off-path. Similarly, if only the high-quality firm enters, beliefs about newcomers are ¢" and the
newcomer sells at ¢" — ¢# in each period. But then [ has an incentive to deviate and enter and

charge ¢" — ¢ in period 1. O
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Lemma 15. Firm B’s decision to sell in period 1 is independent of its quality realization. Thus,
in period 1, a high-quality firm B sells if and only if a low-quality firm B sells. If firm B sells in

the second period, it must also sell in the first period.

Proof of Lemma 15.
First, we know from Corollary 5 that if low-quality firm B sells, a high-quality firm B must also

sell.
We now consider firm B selling only when it is high-quality.

Suppose instead firm B only sells when it is high-quality. This means E [qB Ip] = ¢" Vp. The high-
quality firm B receives a positive rating with some positive probability at all prices at which it
sells. This allows it to get a continuation profit of ¢" — ¢ > 0 in period 2. But then there is a
profitable deviation from a low-quality firm B to enter the market with positive prices in period 1.

Hence it cannot be that only the high-quality firm sells in the market in period 1.

Suppose instead a high-quality firm B chooses to enter the market only in period 2 and not period
1. Then it faces the same payoffs as entering in the first period, while forgoing to continuation
profits it may get from entering the market in period 1. Thus, h has a profitable deviation to enter

in period 1.

Therefore, we can conclude that if firm B enters, it enters the market in the first period and its

entry decision is independent of its quality realization. O

Lemma 16. Suppose h and | enter. Both firms receive some positive demand only if firm A sells
in period 2, and firm B sells in period 1 with probability 1. Firm A sells in period 2 if and only if
P > 0 (such that consumers give negative ratings) and firm B sells in period 2 if (9) holds.

Proof of Lemma 16.
The proof takes two parts. First, proving that if firm B enters, it sells in period 1 with probability
1 and firm A only sells in period 2. Second, we derive the conditions for firm A to sell in period 2

and firm B with no rating to sell in period 2.

To show the first statement, recall that by Lemma 15 the low-quality firm B sells in period 1 if
and only if the high-quality firm B sells in period 1. Furthermore, by Lemma 15 if firm B sells in
period 2, it must also sell in period 1 if it enters. This implies the high-quality firm B must sell in
period 1 if it enters. If the high-quality firm B sells in period 1, the low-quality firm B must also
sell in period 1. Hence, firm B must sell with probability 1 in period 1 if it enters. This means the

only possibility for firm A to sell is in period 2.

Thus, we need to check (i) firm A sells in period 2, (ii) firm B sells in period 2 if it has no rating.
To show (i) is immediate as ¢ > 0 implies that firm A sells if and only if firm B gets a negative

rating. Note firm B only gets negative ratings if p > 0.
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To check for (ii) to hold,

(1 - F(¢" —p))¢" S

(1 = F(¢" —p)) + (1 = 7)[6*(1 = F(p)) + (1 = 6*)(1 — F(¢?))]

q"—q* - (1-y)[6* Q= F(p) + (1—0%)(1 - F(¢"))]
g4 (1 — F(¢" —p))

=

(9)
O

Corollary 13. Suppose h and [ enter. Ratings are instrumental (i.e. affect beliefs and outcomes)
if and only if a high-quality firm B sells in period 2 and firm B sells in period 1 with probability 1.
A high-quality firm B sells in period 2 if (9) holds.

Proof of Corollary 13.

If a high-quality firm B sells in period 2, we know from Lemma 16 that both high- and low-quality
firm B must have sold in period 1. Then we also know from Lemma 14 that ratings change consumer
beliefs.

In turn, if ratings are instrumental, a high-quality firm B must sell in period 1, which requires that

it sells in period 2.

Thus, ratings are instrumental if and only if a high-quality firm B sells in period 2, which holds if
E[¢P|R = 1] > ¢, i.e. if (9) is satisfied. O

Lemma 17. Suppose (4) and (9) hold, as well as (1), (2) and (3). Then

1. If p > 0 and (11) hold, there exists a mized strategies where §* € (0, A’Z(;Ih(_iq:))).

2. If p > 0 and (11) hold, (12) is a sufficient condition for a unique mized strategy exists where
x 7(¢"—2¢%)
6* € (0, m)~

3. If p > 0 holds and (11) is violated, then there exists a unique §* = 1.

4. If p <0, then newcomers sell in period 1 and 6* = 1.

Proof of Lemma 17.
We first characterize the total profits that a low-quality firm B would receive if it plays p in period
1. Then its total profits when playing p in period 1. We then find the conditions for an interior

solution 0* € (0, 1) exists, and when such a solution is unique.

We now characterize the profits the low-quality firm B would receive if it plays p. When the firm
does so, it receives a profit of p in the first period, and with probability F'(p) a bad rating and with
complementary probability (1 — F(p)) no rating. This leaves the firm with a continuation profit of
0 with probability F(p) and me(R = 0) with probability (1 — F'(p)). Note that the firm is able to

sell at a strictly positive price with strictly positive probability and therefore enters.
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We next characterize the profits the low-quality firm B would receive if it plays p. When the
firm does so, it receives a profit of p in the first period, and with probability F(—p) = F (%) it
receives a good rating and with complementary probability (1 — F(g)) it receives no rating. Hence
leaving the firm with a continuation profit of mo(R = 1) with probability F(¢?) and m(R = 0)
with probability (1 — F(¢?)).

Recall from Lemma 7 that 0* = 1 if p < 0. Additionally, note that by (4), [ gets strictly positive
demand if it only sells after a positive rating, so this condition implies it also gets strictly positive
demand if it sells after a positive and no rating. This proves statement 4. Hence, for the remainder

of the proof we focus on the situation where p > 0.

Note the following 3 conditions must be satisfied for an interior solution 6* € (0, 1) to exist: (i) At
any 0* € (0,1), the low-quality firm B has to be indifferent between setting p obtaining either no
or bad ratings, and setting p obtaining either good or no ratings. (ii) At 6* = 0, the benefit from
setting p must be strictly larger than the benefit of setting p. (iii) At 6* = 1, the benefit of setting
p must be strictly larger than the benefit of setting p.

Thus, for an interior solution, (i) implies the following equation must hold:
p+ (1= F@)m(R=0)=p+Fg")m(R=1)+ (1 - F(¢"))m(R = 0)

& p— F(p)m(R=0)=p+ F(¢")m(R=1) — F(¢")m(R = 0)

h
?I%3Wﬁ+wmﬂ—F@WMR:m—FWWMR:D=& (10)

defining the LHS of (10) as K. Where

o (1 - F(¢" - p))q" A
=0 = TR )+ - - F@) + (=)= FgD)]  ©
m(R=1)= 1P~ P —q.

YE(¢" =) + (1 =) (1 = §*)F(¢*)

Then (ii) means K > 0 at 6* = 0 is required for an interior solution. Note that at * = 0,

p= ﬁ _ qA — qh — qA. Then, evaluated at 6* =0

b A VF(q*)q" A
K=¢"~F )(’YF(CIA) (1 —)Feh) )
_ AV h
+ (F(qA) _ F(qh o qA))( ’7(1 F(q ))q A)

YA —FlgM) + A -1 - Fgh) *
=¢"— F(¢")(v¢" — ¢*) + (F(¢*) = F(¢" — ¢*))(vd" — ¢*)
=¢" — F(¢" — ¢*)(v¢" — ¢*),

because F(-) € (0,1) and ¢" > v¢" > 0, when evaluated at §* = 0, K > 0.
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Then (iii) means K < 0 at 6 = 1 is required for an interior solution. Note that at 6* = 1,

D= ’th — qA. Then, evaluated at 0* = 1

7(1 — F(qh — T)))qh A) (11)

K=+ (P = PO =g —py+ - a—roy 7)<

is required for an interior solution. This implies F(5) > F(g*) is a necessary condition for an interior
solution. Note that since pdecreases in §*, (11) implies that F(p) > F(q?) for all 6* € (0, 1].
Hence two conditions are required for an interior solution: p > 0 and (11)= F(p) > F(¢?).

To show that the interior solution is unique, it suffices to show that K is decreasing in §*.

OK 00 pig?mE=1 i) O p—0) - 2B =0 (5 g,
o _ _Al-me" _,
05*  (y+ (=78
Om(R=1) _ F(a")y(1-1d")(F(¢" —p) — (1= 5)f(¢" —P)gf) _
o6 (YF(g" = p) + (1 = )(1 = 6*)F(g?))? ’
Oma(R=0) _ (1 =7)¢"gE (" (L= F(p) + (1 - ")(1 = F(¢*) f(¢" — )
do* (v(1 = F(¢" =p)) + (1 =[6*(1 = F(p)) + (1 — 6*)(1 — F(g"))])?

V(1 =9)¢"(5*f(B) 5 + F() — F(¢*)(1 = F(¢" - p))

TR D)+ 1 DB - F @) + (1071~ Fg))E

Recall that (11) is required for an interior solution, which implies F(p) > F(q%) for all 6* € (0,1].
Then % > 0 is a sufficient but not necessary condition for gg < 0. Rewriting this sufficient
condition,

87T2(R: 0)
LA S
95 >0&

~ ~ 22 ((1 - F(¢g")f(¢" —P) + (1 — F(¢" —5))5*f(P))
F _F A 9o -
P =) = 1= F(¢"—p) — f(¢" —p) &o"

> 0. (12)

h_o9, A
y(g"—2¢") >

Finally, because (11) implies F(p) > F(¢?), then it must be that 7 > ¢*, which means 53 (0—)

5.

With these conditions, we may now show the statements in the Lemma.

Statement 1. If p > 0 and (11) holds, then there exists solutions to (10) such that all solutions are
o 7(¢"—2¢%)

interior, 6* € (0, W).

Statement 2. A sufficient condition for these interior solutions to be unique is (12).

Statement 3. If p > 0 and (11) is violated, then there exists a unique 6* = 1.

Statement 4. If p < 0 there exists a unique §* = 1.
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Proof of Proposition 5.

Suppose (4) and (9) hold, as well as (1), (2) and (3).

Note first that by Lemma 17, (4) and (9) imply that newcomers always have strictly positive
demand. Together with our Selection Assumption 1, this implies newcomers enter with probability

one.
Statement 1 follows directly from Lemma 14.

Statement 2 follows directly from Corollary 8.

Statement 3 follows directly from Corollary 13 and Lemma 5.
Statement 4 follows directly from Lemma 9, Corollary 6 and 8
The conditions in statement 5 follow from Lemma 17.

The prices in statement 5 follow from the proof of Lemma 17 and the ratings of the low-quality

firm from Lemma 7.

The equilibrium level of 6* and its support follow from Lemma 17.

B.1.1 Comparative statics

Again, we focus on mixed-strategy equilibria. We also impose (12) to ensure it is unique. If the
mixed-strategy equilibrium is not unique, then we cannot ensure that changes in parameters induce

a jump to another mixed-strategy equilibrium.

Corollary 14. % > 0.

Proof of Corollary 14.

We apply the uniform distribution to (10), which leads to
A

A =
prgt+ L2 = pWQ(Rzo)—%WQ(Rzl):()‘

Now, we calculate the total derivative with respect to € as

v1-)¢"%  ¢* ¢ [Om2(R=0) 9m(R=1)] 98"
- e —1)— 4 _
- T mE=)-m(R=0)]+=Z 96+ 95+ 5z
[ 5 06" p} Om(R=0)05"p _
26" 0c 25+ oee
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Rearranging leads to

06* | op WQ(R:O)] Omy(R=0)¢g —p Om(R=1)¢" ¢ —p q*
1 — — — = = —_
de [85* [ e + 96* e 9o* e e? m2(F =10) e? m2(R
Recall from the proof of Lemma 17 that 88671 = —% <0, % > 0, and by (12) also
Oma(R=0) >0
a6* :

Observe that the right side of this equation is negative. Applying (2), 1— w > 0 and because

€ (0 qu))) by the proof of Lemma 17, in mixed-strategy equilibria we must have ¢ —p < 0.

7 2¢4(1
Therefore (%z {1 - @} <0, Wq —P < 0 and %% > 0, which implies the term in
the large squared brackets is negative. Hence, 2 87 > 0. O

B.2 Three-period model

We extend our main model and allow for three periods. To start, we explain how we change the

main model.

We introduce notation to keep track of histories, denoting Hl; a history of the game until period
t, where a history is characterized by the historic ratings until and not including ¢. To simplify
notation, we may suppress the subscript . We may also use histories as subscripts to clarify
arguments, i.e. Dy 1y is the large newcomer price in period 3 for a history with By =0 and Ry =1,
or Pyoy is the large newcomer price in period 2 for a history with By = 0. Throughout, we denote

() as the history in period 1 when the game begins.

Entry. The newcomer B chooses to enter/exit in each period 1 and 2 and they do so if and only
if their subsequent demand is non-zero. Due to this assumption, this extension also captures the

possibility of exit better than our baseline model.

Low-quality newcomers enter with probability 1 or 0. We also have to adjust Condition (4) to
this setting and replace it with Conditions (17) and (18). The first one ensures that low-quality
newcomers enter with probability 1 or 0 in period 1, and the second one ensures this for period
2.

Silence is bad news. We extend Condition (5) to this setting in the following way. We focus
on equilibria where firm B sells in period 2 and 3 if and only if it has a history of exclusively
good ratings. Again, this is in line with evidence we discuss in the main text that silence is bad
news. In other words, firm B only sells if H; € {0,{1},{1,1}}. A sufficient condition is that
max{E[¢?|{1,0}], E[¢¥|{0}]} < ¢*. T.e. if the newcomer does not sell after a history of one good
and no rating, and not after a history of no rating, they also do not sell after other histories that
involve no rating or a negative rating, since expectations must be lower in such histories. Intuitively,

this is satisfied if ¢" is sufficiently large, since then the high-quality firm is unlikely to receive no
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rating, lowering expectations for every history with no rating.

Other conditions and restrictions. The conditions that the PDF of F' is sufficiently flat are the
same as in the proof of Proposition 4. Also the equilibrium-selection assumptions are the same as

in the main text. We also continue to assume vqg" < ¢*.

Proposition 6. If f is sufficiently flat (i.e. (1), (2) and (3) hold), max{E[¢}|{1,0}], E[¢¥|{0}]} <
q?, and (17) and (18) hold. There exists an equilibrium that is unique up to off-path beliefs. In
this equilibrium, there exist unique values oy € (0,1) and 0q) € (0,1) such that the following holds.
Both types of newcomer B enter in period 1 if and only if 65 > dy; otherwise none enters. Both
types of newcomer B enter in period 2 if and only if o5 > 0y and 5;1} > 1y hold; otherwise none

enters in period 2.
Furthermore, if the newcomer enters in period t:

1. Ratings build reputation: Fort > 1, E[¢P|{H;_1, Ry = 1}] > E[¢P|{H;_1, R = 0}] >

ElqP|{H;_1, Ry = —1}], where the inequalities are strict if H;_1 only includes positive ratings.

2. Ratings are valuable: py, = E[¢P|Hs]—q¢* > 0 if Hy only contains positive ratings, and for
t <3, we have pg, = ElqP|[Hy, pr,] — ¢ > 0 if H; only contains positive ratings. Otherwise,
pu, = 0 and firm A sells in period t.

Furthermore, in period t < 3 for any history H; = {0, {1}}:
3. Firm A sets p{ =0 and faces no demand.
4. Firm h charges py, = E[qﬂHt,ToHt] — ¢ with probability 1 and receives Ry € {0,1}.
5. Firm [ either charges a mized-strategy equilibrium such that:
(a) It charges py, > 0 with probability é5, and receives Ry € {—1,0}, where of;, € (&, 1].
(b) It charges Py, = —q? < 0 with probability 1 — o1, and receives Ry € {0,1}.

Otherwise, if this mized-strategy equilibrium does not exist, firm | sets oy, = 1 such that

Pu, < 0 and receives either By =1 or Ry = 0.

Towards proving this proposition, we will show a range of lemmas and corollaries that follow along
the lines of the proof of Proposition 4. Recall that Lemmas 3 to 9 and Corollary 5 to 8 hold also
for the three period model.

Lemma 18. Given max{E[¢?|{1,0}], E[¢F|{0}]} < ¢* such that firm B sells if and only if H =
{0, {1},{1,1}}
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The period 2 beliefs if both types of newcomers enter in period 1 and 2 are

Elg} |Hi, ps] =
TETE E ) Jor Hy = {0}, Vp2 = Pyoy Py <0
I e RG] JorE = Oh Ve =Py 77 >0
T e ) Jor By = {1}, Vp2 =Py Py <0
mqhfmﬁfff};?g”f?sgwg}F(qA) Jor By = {1}, Vp2 =Py Py > 0

0 otherwise.

And the period 3 beliefs, if both types of newcomers entered in period 1 and 2, are

E[QSB‘H27P3] =

YF(¢"—Pg)(1-F(¢" —P13))q"
YF(q"=Po) (1=F(¢"—P13))+(1—7) F([Bp|) 1~ F([p{13 1))

fOT HQ = {170}7 VPB pr(bap{l} <0
YF(q"—Pg) (1-F(¢"—P(1}))q"
YE(g"—Ppy)(1=F(q"—P13))+(1—)(1-85) F(¢*) 1-F ([p(131))

for Hy = {1,0}, Vp3 Zfﬁ@ >0, ﬁ{l} <0

YF(¢"—Pg)(1-F(¢"—P(1}))q"
(o) (1= F (@) A=) F ([Bol) |87, (1= F By ) +(1-07,) ) (1= Fa) |
fOT' ]H[2 - {170}7 vp3 Zfﬁ@ S 07 T){l} > 0
YF(q"—Pp) (1-F(¢" —P13))d"
(o) (1=F ("~ ay)+ 1= (=0 F(a*) |37, (1= F(ppay)+ (-7, ) (1= F(a)

for Hy = {1,0}, Vp3 if py,Pg1y > 0

YF(q"—By) F(¢"—P11y)d"
YF(g"~Pg) F (a"—B13) +A-=F([Bo) F (1B(13 1)

fO’f’ H2 == {17 1}; va Zfﬁ@vﬁ{l} S 0
YF(q"—Py) F(q"—P11)4"
YF(q"=Pg) F(¢"—P13)+(1—7)(1—65) F(¢*) F([pg13])

fOT“ Hy = {1, 1}, Vpg Zfﬁ@ > O, ]7{1} <0
YF(q"—Py) F (4" —P13)q"
VF(q"=pp) F(¢"—p(1y)+(1-7F(py) (1-07,3) F(g?)

fOT H2 = {17 1}; Vpg lfﬁ@ < O: T){l} >0
YF(q"—Py) F (4" —P113)q"
VF(q"=pp) F(q" —p(1y)+(1—7)(1=05) F(a*) (1-07,,) F(g?)

for Hy = {1,1}, Vp3 if Py, Py1y > 0
0 fOT’ Hy = {1, —1}, Vp3

E[QQB |H, po] otherwise.

where &y is the mized strategy in the first period, oy, is the mized strategy in the period t following
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a history Hy. And py, and Py, are the prices following a history H.

After histories where not both types of newcomers enter, beliefs are ¢ = 0.

Proof of Lemma 18.

We now explain how we apply Bayes Rule to construct the above beliefs.

Recall from Corollary 8 that Py, = —qA.

Corollary 7 implies that for any history which includes —1, consumer beliefs are ¢'. Such histories
are H = {{—1},{1,-1},{0,—1},{-1,1},{-1,0}, {—1,—1}}.

We focus on the histories where firm B does not sell following no rating. In other words, following
no rating, any subsequent beliefs must be the same as the previous period. Hence, following H; = 0,
it must be that beliefs are unchanged (for Hy = {{0,1},{0,0},{0,—1}}).

In any equilibrium where py, <0, Lemma 7 shows that 5, = 1.

We now construct beliefs for Hy = {{0},{1}}. Suppose py < 0, then §; = 1 such that low-quality
firms may only get no rating or a good rating. If the low-quality firm gets Ry = 1, it does so with
probability F(|pg|). High-quality firms get a good rating with probability F(¢" —py). Low-quality
firms only play p;;y with some probability 5?{*1}, otherwise they play p ay

If, instead, the low-quality firm gets Ry = 0, it does so with complementary probability 1 —
F(|pg|). Likewise, the high-quality firm gets By = 0 with complementary probability 1— F(¢" —py).
Following R; = 0, low-quality firms only play Pioy with some probability 5}:0}, or they play p (0
with probability 1 — 6>{"0}.

Suppose instead that py > 0, then J; € (0,1). From Lemmas 6 and 7, high-quality firm B plays py
with probability 1, obtaining a good rating with probability F(¢" — py). Low-quality firm B mixes
between py and Py with probabilities d; and 1 — j, respectively. The low-quality firm may only
obtain Ry = 1 with probability F(q4) if it plays py> which it does with probability 1 — dj.

Consider instead when firms get the rating R; = 0. The high-quality firm gets this rating with
probability (1 — F(¢" —py)), and [ with probability [5;;(1 — F(py)) + (1 =651 — F(qA))]

This characterizes all period 2 beliefs.

We now characterize beliefs in period 3 following Hy = {1,1}. If prices are py > 0 and pgyy < 0.
Firm h gets these ratings with probability F(¢" — pg)F(¢" —Pp1y), and [ if it charges a low price in
period 1 an draws sufficiently low rating effort, i.e. (1 — 56)F(qA)F(]ﬁ{l}|).

If Py, Py < 0, then the high-quality firm obtains a sequence of good ratings with probability
F(q¢" —py) - F(q" — Pg1y), and the low-quality firm sets the price py, with probability 1 in each
period and obtains a sequence of good ratings with probability F/(|py|) - F(|pg1;1)-
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If pp < 0 and pygyy > 0 such that dp = 1. Then the high-quality firm obtains a sequence of good
ratings with probability F(¢" — py) - F(¢" — Pg1y), and the low-quality firm sets the price py in
the first period, obtaining Ry = 1 with probability F'(|py|) and in the second period sets p ) with
probability (1 — 6?1}) and obtains a good rating with probability F(q%).

If py > 0 and pgyy > 0. Then the high-quality firm obtains a sequence of good ratings with
probability F(¢" —py) - F(¢" — 17{1}), and the low-quality firm sets the price p, with probability
(1 —6p) in the first period, obtaining Ry = 1 with probability F' (¢”) and in the second period sets

Py with probability (1 — ’{“1}) and obtains a good rating with probability F(¢?).

Next, we characterize beliefs in the in period 3 following H = {1,0}. If py > 0 and ppy <0, firm A
gets these ratings with probability F(¢" — pg)(1 — F(g" — Pg1y))- Firm I sets a low price in period
1, leading to (1 — 63)F(q)(1 — F([py ).

If Pg:Pp1y < 0, then the high-quality firm obtains a good rating in the first period with probability
F(g" —py) and no rating in the second period with probability (1 — F(q" —Pq1y))- The low-quality
firm sets the price py, with probability 1 in both periods, obtaining a good rating in period 1 with
probability F'(|py|) and no rating in period 2 with probability (1 — F'(|pg3]))-

If pp < 0 and pgyy > 0 such that dp = 1. Then the high-quality firm obtains a good rating in
the first period with probability F(q" — Dp) and no rating in the second period with probability
(1— F(¢" - Pg1y))- The low-quality firm sets the price py in the first period with probability 1,
obtaining R = 1 with probability F(|pg|). In the second period, the low-quality firm sets p o with
probability (1 — 5}‘1}) and obtains no rating with probability (1 — F(¢). Additionally, it sets the
price pgyy with probability 6’{"1} and obtains no rating with probability (1 — F(pyq3))-

It py > 0 and pgyy > 0, the high-quality firm obtains a good rating in the first period with probability
F(q" —Py) and no rating in the second period with probability (1 — F(g" —17{1})). The low-quality
firm sets the price p;, with probability (1—9;) in the first period, obtaining Ry = 1 with probability
F(¢?) and in the second period sets Py with probability (1 — 62‘1}) and obtains no rating with
probability (1 — F(g4)). Additionally, it sets the price P13 > 0 with probability 51‘1} and obtains
no rating with probability (1 — F(p(3)).

If not both newcomers enter either in period 1 or 2, these histories are off-equilibrium and we set
beliefs to ¢!. By Corollary 5, histories where only the low-quality newcomer enters are off-path.
Similarly, if only the high-quality firm enters, beliefs about newcomers are ¢" and the newcomer
sells at ¢" — ¢# in each subsequent period. But then [ has an incentive to deviate and enter and

A

charge ¢" — ¢ in the period where they enter, a contradiction. We conclude that histories after

which not both types enter are off-equilibrium.

This characterizes consumer beliefs in every period following every history H given firm B sells

only after a history where both types of newcomers enter and sell only after positive ratings.

We now find the condition where firm B does not sell in any history following at least a single
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instance of no rating or a bad rating. To do so, we find the most optimistic history following at
least a single instance of no rating or a bad rating. Then we find the condition for which that belief
is worse than ¢4—such that consumers prefer to purchase from firm A instead of firm B following

this history.

To find the most optimistic history, note that any such history cannot include R; = —1. Following
any history with R, = —1, beliefs are ¢/ = 0 which are the most pessimistic beliefs possible. Next,
note that the histories H; = {{0,0},{0,1}} are off-path as firm B does not sell following H; = {0}.
We fix these beliefs equal ¢! = 0. Moreover, since there are no sales on the path-of-play following

{0}, this implies that Pio} = 0, which implies (51‘0} = 1. Given these statements, we know the

— Proy
most optimistic beliefs following a history which includes no rating or a bad rating must be either

{0} or {1,0}. Thus, max{E[¢?|{1,0}], E[¢F|{0}]} < ¢* implies that if both newcomers enter, they
sell only after histories with no ratings if max{E[¢¥|{1,0}], E[¢¥|{0}]} < ¢* holds. O

Lemma 19. Suppose max{FE[¢}|{1,0}], E[¢Z|{0}]} < ¢ holds and f is sufficiently flat such that
(1), (2) and (3) hold. Then for all Hy on the path of play, there exists a unique &g, such that in
period 3, firms charge p3 = max{E[¢¥|H,] — ¢*,0}. Additionally, for all H; on the path of play.

1. If py > 0 and (14) hold, then o5 € (0,1).
2. If by >0, (14), Py1y > 0 and (13) hold, then 01y € (0,1).
3. If pp > 0 and (14) hold, and either (13) is violated or gy < 0, then 0y = 1.

4- If py < 0, then 65 = 1, and the low-quality firm B oblains good ratings with some positive
probability.

5. If py <0, then pryy > 0 and (13) holds, then 67, € (0,1).
6. If py <0, and either (13) is violated or Py <0, then 5?1} =1.
For all other histories, newcomers charge a price at marginal cost.

There exist parameters where entry does or does not occur. Indeed, if ¢* — ¢", newcomers will not
sell even after a positive rating, implying that newcomers never enter. However, if ¢" is sufficiently

large, reputation becomes increasingly valuable so that newcomers sell after a good rating and enter.

Proof of Lemma 19.
We proceed as follows. We start by looking at the low-quality firm B’s strategy in the third period,
then in the second period, and finally in the first period.

In the third period, our Selection Assumption 2 implies that a low-quality firm B sets the highest
possible positive price at which it would sell. This is because the third period is the terminal period
and there is no continuation reputation effect that the firm needs to consider. Hence, to maximize

profits it sets the highest price at which it sells with probability 1, given this price is positive.
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In the second period, by Lemma 18, max{FE[¢¥|{1,0}], E[¢¥|{0}]} < ¢** implies that a low-quality
firm B only sells if it has a history of H; = {1}. By Lemma 7, when the low-quality firm B sells, it
mixes between pgy and Py If the low-quality firm sets the price py;y = E[q2B|{1},ﬁ{1}] —q4 >0,
it makes the expected profits of py;y + 0. The firm makes no continuation profit since we focus on
the scenario where the firm B sells if it only has a history of good ratings. If the low-quality firm B
sets pyyy = —q¢*, it makes the expected profits of Pyt F(¢M)(E[¢8]{1,1}] — ¢*) as it only sells if
it obtains a good rating in period 3 with probability F' (qA). Hence, 5?1} makes the firm indifferent
between these two choices. To find the unique 5?1}, we first show that the continuation profits after
setting pyyy is strictly decreasing in (5’{k1} and the continuation profits after setting Py is strictly
increasing in 5?1}. Then we show that when 5?1} = 0, the continuation profits after setting py;) is
strictly greater than setting p ay which implies that 5?1} > 0. Finally, we fix (5"{‘1} =1 and find the

conditions for which an interior solution exists, failing which 63‘1} =1.

To see that the continuation profits after pyyy is strictly decreasing in 5?1}, note the derivative of
the continuation profits is
V(" = py) (1 — ) (1 = ) F(g*)g"

TOF@ —p) + =)A= o) FgMor,)”

To see that the continuation profits after p 1y are strictly increasing in 5’{1}, note first that p 0=

—q*, and second, for the case Dy > 0, the expectation term in period 3 is

YF(q" —pp) F(¢" — ppay)d"
VF (" = Dp)F(¢" — Byay) + (1 =) (1 = 05)F(q*) (1 — 671,)F(q?)

Since by the previous argument, pyyy decreases in 6?1}, this expression strictly increases in 51‘1}.

Similarly, for the case py < 0, the expectation term in period 3 is

V(" —p) F(¢" — ppay)d”
VF (" = pg) F(a" — Byay) + (1 = 1) F([pg]) (1 — 0,3) F(g)’

which is strictly increasing for the same reason.

Then let 5’{k1} = 0, the continuation profits after py;y becomes ¢" — ¢* and, for Py > 0, the con-
YF(q"—Pg) F(a" —P(1y)d" qA}

. . A A
tinuation profits after Py becomes —q¢* + F(q*) T T s FaF @)

This is strictly smaller than ¢ — ¢, since

YF(q" —pp) F(¢" — ppay)d" 4
YF(¢" — Do) F(@" — pay) + (L — )L — 6) F(¢)F(¢F) ~*

YE(q" —pp) F(¢" — ppay)d” B A]
V(@ = P F(d" —ppay) + (1 — ) (1= 05 F(aMF(gh) T |

" —q* >

> F(q*)
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The argument for py < 0 follows directly from the same steps.

YF(¢"—pp)d" _
YE(gh—Py)+(1—~)(1-6;)F(g4)

¢4 and the continuation profits after Py for py > 0, become —¢*+ F (qA) {qh — qA] Then if

Finally, let 5}:1} = 1. Then the continuation profits after p;;, becomes

the continuation profits after pyyy is still larger than the continuation profits after p 1y We have

(5]51} = 1. The interior solution exists if and only if

VF(q" — pp)q"
YF(g" —pp) + (1 — fy(g(l — 56)F(q,4) —q¢* < —¢*+ F(qA) [qh _ qA}
YF(q" — Dy)g"
vah—my+u—7&y_%ﬂqA)<+F@ﬂ@h—f5
F(¢" —py)d"
YE(q" —pg) + (1 — fy?(l — 55 F () < F(q™)(q" — q™). (13)

Following the same argument for py < 0 shows that the same condition applies to this case.
We now turn our attention to period 1.

In the first period the low-quality firm B sets py with strictly positive probability and obtains a

continuation profit of ﬁ — ¢?. Otherwise, it may set p, and make a continuation profit of
; p
h_ = \.h
A A VF(¢" — Pp)a A
—q" + F(q”)( ’ —-q")

V(" —pg) + (- )1 - 5 F (a5,

Note that firm [ only sets Py with strictly positive probability if py > 0.

Applying the same procedure, we show that the continuation profits after py is strictly decreasing
in d; and the continuation profits after Py is strictly increasing, implying that any d; is unique.
Then allowing d; = 0 we show that the continuation profits after setting py is strictly greater than
setting p,, which tells us d; > 0. We then let ;5 = 1 and find the conditions for which an interior

solution exists, failing which d; = 1.

To see the continuation profits after py is strictly decreasing in dy, note the derivative of the

continuation profits is
=y
(v + (1 =7)d5)?

To see the continuation profits after py Is strictly increasing in Jj, note that by the previous

argument, py decreases in dj, implying that these continuation profits strictly increase in .

Then for 5 = 0, the continuation profit from py becomes ¢" — ¢, and the continuation profit from

A A YF(¢"—Pg)q" A . . . .
Py becomes —q¢* + F'(q )(WF(qh*§@)+(1*V)F(qA)5?1} q”'). The continuation profits after a high price
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are strictly larger, since

ho A YE(q" — Dy)q" A
J— > J—
T TSR ) + L FNT,
h = h
> F(qA) ’YF((] p@)q A)'

PG =70 + - Fao,

Finally, for 65 = 1, the continuation profits after py is vq", and the continuation profits from Py
becomes —q” + F(q”)(¢" — ¢®*). Then if the continuation profits after pj is still larger than the

continuation profits after Py we have d;5 = 1. The interior solution exists if and only if

v¢" = ¢* < —¢* + F(¢*)(¢" — ¢*)
v¢" < F(q*)(¢" — ¢*). (14)

We now address each of the statements in Lemma 19 in turn.

Statement 1. If py > 0 and (14) hold, then there exists a unique solution which is interior in
period 1, ¢; € (0,1).

Statement 2. If, in addition to Statement 1, py;3 > 0 and (13) hold, then there exists a unique

solution which is interior in period 2, 67, € (0,1).

Statement 3. If, in addition to Statement 1 we have pgy < 0, then Lemma 7 implies 5?1} =1
And if, in addition to Statement 1, (13) is violated, then 0y = 1.

Statement 4. If py < 0, Lemma 7 implies 5 = 1. Additionally, because py < 0, the low-quality

firm B obtains good ratings with some positive probability.

Statement 5. If, in addition to Statement 4, Py >0 and (13) holds, then there exists a unique

solution which is interior in period 2, d7;, € (0,1).

Statement 6. If, in addition to Statement 4, Py1y < 0 then by Lemma 7, we have 5?1} =1. And
if, in addition to Statement 4, (13) is violated, then 5?1} =1.

These statements describe dfy, after histories that occur in equilibrium with strictly positive prob-

ability and shows they are unique up to off-path-beliefs.

All other histories occur with probability zero on the path of play, so we set newcomer prices to

marginal cost.

This concludes the proof. ]

Lemma 20. After any history Hy, a high-quality firm B sells if and only if a low-quality firm B
sells. If firm B sells in any period t + 1, it also sells in period t.
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Suppose (17) and (18) hold. Then there exist unique values dy € (0,1) and d¢1y € (0,1) such that
the following holds. Both types of newcomer B enter in period 1 if and only if 6y > dy; otherwise
none enters. Both types of newcomer B enter in period 2 if and only if 65 > 8y and 6?1} > 01y

hold; otherwise none enters in period 2.

Proof of Lemma 20.
First, we know from Corollary 5 that if low-quality firm B sells, a high-quality firm B must also

sell.

We now show that if h enters, then also [ enters. Towards a contradiction, suppose only firm h
enters. Then E[¢?|p;] = ¢"Vp;. For any rating, newcomers are identified as h, which allows the
firm to always get the profit of ¢" — ¢ in each period. But then [ has a profitable deviation to
enter the market with positive prices ¢" — ¢? in period ¢, contradicting that [ does not enter. We

conclude that after any history, h enters if and only if [ enters.

Suppose instead the high-quality firm B chooses to enter the market in some period ¢ but not the
period t—1. Then it faces the same payoffs as entering in ¢ — 1 as it is unable to build its reputation.
Thus if the high-quality firm chooses to enter the market in a period ¢ rather than ¢t — 1, it forgoes
the additional continuation profit it could make from a good reputation. Therefore, it must be that

if the high-quality firm chooses to sell at all, it must sell in period 1.

Since, if the high-quality firm B sells at all it sells in period 1 and the low-quality firm B chooses
to sell if the high-quality firm is selling, then it must be that if firm B enters the market it enters

in the first period and this decision is independent of its quality realization.

We now check for the conditions which ensure firm B sells after a history of good ratings. In other
words, firm B has to be able to sell following a good rating, E[qP |Hy, ps] > ¢ for H; € {{1},{1,1}}.
Suppose to the contrary that E[¢P|Hy, pi] < ¢* for some H; € {{1},{1,1}}. Then it must be that
firm B does not sell in period ¢. This means there is no incentive for the low-quality firm B to
harvest ratings and set the low price in period ¢ — 1. Hence oy, = 1 and firm B becomes inactive
in period t. Therefore, firm B sells after a good rating if E[¢P|Hy, ps] > ¢ for Hy € {{1},{1,1}}.

We now derive more precise conditions for selling, conditional on entry, for these separate histories.

We start with H; = {{1}} Rearranging E[¢P|{1},p:] > ¢*, implies that

Elg5|{1},p2) > ¢* &
YF(q" = pp)(d" — ¢) > (1 —y)(1 = 65)87, F (™) g (15)

where the left-hand side is strictly increasing in d; and, since by Lemma 19 6?1} > 0, the right-hand
side strictly decreasing in dj. Therefore, if dj; is sufficiently large, firm B sells after H; = {{1}}.
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Next, consider H; = {1,1}. Firm B sells if

El¢¥{1,1},p3] > ¢* &
YE(q" = Po)F(¢" —Puyp)(d" — ) > (1 =) (1 = 65)F(¢*)*(1 — 87yy)g” (16)

where the left-hand side is strictly increasing in 5]{1} and the right-hand side strictly decreasing if
6y < 1. If 65 = 1, the right had side is zero, and the condition always holds. Therefore, conditional
on entry, firm B sells in period 3 if 5?1} is sufficiently large.

We now characterize entry decisions in period 1 and 2. We start with period 1. Note that if py > 0,
then newcomers charge strictly positive prices in period 1 with probability d; > 0, implying they
earn strictly positive profits. If py < 0, we know from Lemma 7 that §; = 1 such that py < 0. Then
the following condition implies that firm [ sells with strictly positive probability and earns strictly

positive profits:

h_ A A h vE(g* + (1= v)d")d" A
— ¢+ F(¢" - — '+
) [VF((IA A= Nd) + A= NFg" =g
VF(q" —Dp)F(¢" —P1y)d" A

F(Ipgyl) >0, (17)

YE(d" = P F(d" —pgay) + (1 — (oD F(Pyl)

This is the profits when both py < 0 and pyyy < 0. Clearly, since h must earn weakly larger profits,
this implies that also h sells with strictly positive probability. We conclude that if (15) holds, both
types of firm B have strictly positive demand in period 1 and therefore enter. Since they clearly
do not enter if this condition is violated, and since by our above arguments, it holds with equality
for a unique 0y € (0, 1), we conclude that there exists a unique dy € (0,1) such that all types of

newcomers enter in period 1 if and only if 5(}'; > 0p-

We continue with period 2. Note that if Py > 0, then newcomers charge strictly positive prices
in period 1 with probability 5?1} > 0, implying they earn strictly positive profits. If Py <0, we
know from Lemma 7 that 5?1} = 1 such that pyyy < 0. Then the following condition implies that
firm [ sells with strictly positive probability and earns strictly positive profits:

VF(q" —pp) F(¢" —P1y)d" "

Bl {th vl = ¢ + FWP) | S50 R =)+ A= oD FGn) ¢ |~

(18)

Firm B can only sell if it obtained a positive rating in period 1. Then firm [ sells despite a negative
price in period 2 if this condition holds. Thus, since firm h earns weakly larger profits, also firm h

sells.

We conclude that if (17) and (18) hold, both types of newcomers enter in period 2 if and only if
(15) and (16) hold. Since they clearly do not enter in period 2 if (16) is violated, and since by our
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above arguments, it holds with equality for a unique d4, € (0,1), we conclude that there exists a
unique & 1y € (0,1) such that all types of newcomers enter in period 2 if and only if 0y = dp and

Finally, by our Selection Assumption 1, the equilibria with entry are played whenever they exist.

This concludes the proof. O

Proof of Proposition 6.

First, note that the claims on entry follow directly from Lemma 20.

Statement 1: Suppose max{E[¢?|{1,0}], E[¢F|{0}]} < ¢*. Then Lemma 18 shows that E[¢?|{H;_1, R; =
~1}] = ¢ = 0 and E[¢P|{H;_1,R; = 0}] € (0,¢"). Next, from Lemma 20 we know that
ElgP|Hy,pi] > ¢* for Hy = {{1},{1,1}} whenever firm B enters. Therefore, we know that
El¢P|{H;_1, Ry = 1}] > ¢! > E[¢P|{H;_1, Ry = 0}]. This shows that E[¢?|{H,_1,R; = 1}] >
El¢P|{H;—1, Ry = 0}] > E[¢P|{H;_1, Ry = —1}] if the history H;_; includes only positive rat-
ings. Now recall that if the history includes negative or no rating, then there is no sales and no

updating. Hence, obtaining a rating in the period ¢ does not change consumer expectations and
Elg’{Hi—1, Ry = 1}] = E[¢f |{Hi—1, Ry = 0}] = Elgf’ {H;—1, Ry = —1}].

Statement 2: max{E[¢F|{1,0}], E[¢¥|{0}]} < ¢ implies that firm B does not sell if it receives
either no or negative ratings. By Lemma 20, newcomers enter after a history of positive ratings.

Then Lemma 19 characterized the prices in the statement.

Statement 3: Follows directly from Lemmas 19 and 20. Lemma 20 characterized which histories

induce positive demand, and Lemma 19 characterizes the prices.
Statement 4: Comes directly from Corollary 6.

Statement 5: The strategies are characterized in Lemma 19. The price levels set by the firm B is

follows from Corollary 8.

B.3 Comparative statics

As before, we focus on mixed-strategy equilibria for our comparative statics. Our arguments in
if Flahd"—¢?)
h
vq

Lemma 19 imply that such equilibria indeed exist for some parameters, i.e. is

sufficiently large.
Corollary 15. Consider an increase in €. In each period, the low-quality firms harvest ratings

d8%
(1}
BE > 0.

6%
more, w2 >0 and

Proof of Corollary 15.

In period 2, in equilibrium, the low-quality firm B is indifferent between the profit it obtains from
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setting pyyy and Py This means

v(a" —Py)d" _ ﬁ( ¥(¢" —Py)(d" — Py — g
A" =Po) + (L= )T =0)d7,a" ~ & 2@ — )@ — By + (L= - )T — o702 1

Then for a given §j, it is immediate that setting a higher o7 i decreases the left side of this equation

and changes in € only affects this equation through 467 e

V(4" —Py) (" —Py1y)d" _
Y(q"=Pp)(¢"—P1y)+(1-7)(1=65)(1-07,,)(¢?)?

¢? is increasing in 8% e Further, fixing (5’{1}, increases in € leads to a decrease in the probability of

On the right side, from Lemma 19 we know that the payoff

v(a"—Pp)(¢"—P(1y)d" A
Y@ —Po) (@ 1y +(A-N(A—05)(1-07,,) @2 — 1 -

obtaining the period 3 payoff

Taken together, this means that following an increase in €, the direct effect is the right side of
the equation decreases because the probability of obtaining a period 3 payoff decreases. Hence,
to compensate for this decrease and restore indifference, an increase in 5?1} is required as this

simultaneously decreases the left side of the equation and increases the period 3 payoff in the right

side of the equation. Therefore, it follows that — °0) > 0.

We now turn our attention to the first period. In equilibrium, the low-quality firm is indifferent

between the profit it obtains from setting py and Py This means

vq"

1 o)
YHA=NG e =) (- =55,

—dq

Observe here that the left side of the equation is decreasing in §; and that changes in € affects the
left side of the equation only through d;. On the right side of the equation, increases in € have a
direct effect of reducing the probability of obtaining a continuation payoff. Note that the size of

the continuation payoff is increasing in 4.

Hence, considering an increase in €, the direct effect leads to a decrease to the right side of the
equation. To restore indifference, an increase in dj; decreases the left side of the equation and
simultaneously increases the probability of the continuation payoff following a good rating (the
terms in brackets on the right side of the equation). Therefore, to restore equilibrium, it must be

*

that 22 > 0, 0
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