Online Appendix of “Managing Inventory and Pricing with
Contextual Robust Optimization”

Appendix A Supplement of Numerical Experiments

Appendix A.1 Parameters Extracted from den Boer (2014)
The coeflicient of the covariates for all ten products is
Al = (16.32 19.57 17.1 17.7 18.04 19.13 18.12 15.88 17.96 17.45).

Here, J = 1, meaning that covariates are not available in this study of den Boer (2014). The

coefficient of price, BY, is formulated as (B + BT)/2, with B detailed below:

-3.01 01 009 019 011 0.16 0.1 0.12 0.06 0.16
0.11 =34 0.04 0.1 0.02 0.12 0.06 0.01 0.01 0.03
0.03 009 -249 018 007 015 0.05 013 015 0.17
0.1 002 01 -237r 0.17 0.03 0.08 0.08 013 0.15
0.04 0.03 0.1 0.11 =222 0.06 0.17 0.1 0.04 0.16
0.16 0.12 0.08 0.09 001 -255 0.15 0.08 0.08 0.11
0.17 005 0.16 009 005 007 -=2.02 0.07 013 0.04
01 002 012 016 0.01 0.01 0.0 =326 0.13 0.18
0.17 0.04 0.03 0.11 0.2 0.2 0.16 0.19 —2.59 0.12
0.02 0.07 014 019 019 009 005 002 018 =237

The error term, €', is assumed to follow a Normal distribution N (0, 2T). The covariance matrix

T is diagonal and has diagonal elements captured by
ol =(5.5646.164747.7929.9526.2),

which is ten times higher than that in den Boer (2014).

Appendix A.2 Empirical Evidence for Case Study

We provide empirical evidence suggesting that the linear demand model is a reasonable and em-

pirically adequate specification for our real-world data analysis.



First, for the following covariance matrix 3 obtained from the real-world data

| 1.00 578 029 020 56.34 086 0.08 15.17 1238 11.98 11.94 |
5.78 3435 166 1.17 326.32 5.00 0.25 87.61 71.51 69.22 68.96
029 166 029 0.06 16.09 025 0.02 4.33 3.54 3.42 3.41
0.20 117 006 0.20 1331 0.16 0.02 3.14 2.57 2.46 2.46
56.34 326.32 16.09 13.31 3582.99 52.43 4.01 857.13 695.38 673.62 668.16
0.86 5.00 025 0.16 5243 086 0.06 13.08 10.64 10.32 10.25 |,
0.08 0.25 0.02 0.02 4.01 0.06 0.08 1.18 0.97 0.94 0.94
15.17 87.61 433 3.14 857.13 13.08 1.18 230.59 188.19 182.23 181.58
12.38 71.51 3.54 257 69538 10.64 0.97 188.19 153.75 148.84 148.41
11.98 69.22 342 246 673.62 10.32 0.94 182.23 148.84 144.26 143.74
11.94 68.96 341 246 668.16 10.25 0.94 181.58 148.41 143.74 143.42

we compute its smallest eigenvalue, which is approximately 0.0016, confirming that the positive

definiteness assumption on X is satisfied.

Next, we estimate the parameters of the linear demand model using constrained least squares
and assess the model’s goodness-of-fit using R? and adjusted R?. The results, reported in Table 3,
show that the R? values range from 0.5894 to 0.9486, with similarly high adjusted R? values. These
results indicate that the linear model explains a substantial proportion of the variation in observed

demand and provides a reasonably good fit to the empirical data.

Product 1 2 3 4
R? 0.9486 0.7398 0.5894 0.9002
Adjusted R? | 0.9482 0.7378 0.5864 0.8994

Table 3. Goodness of linear demand model.

Appendix A.3 Experiments for Potential Negative Demand

Our paper focuses on the linear demand model with additive error that, on the one hand, is widely
adopted across various domains and, on the other hand, remains arguable due to the possibility of
yielding negative demand (that is, some components of v = £(A,u,p) + € may become negative),
particularly when modeling substitution effects. In this appendix, we present additional numerical
experiments using both synthetic and real-world data. The proportion of negative demand resulting
from our optimized pricing decisions is small, if not negligible, demonstrating that the linear demand

model is a suitable choice.



Specifically, in our synthetic data experiments with the baseline setting (N = 6 and S = 40),
for each ¢ € {0.5,1.0,1.5} that controls the random error’s standard deviation, we generate 100
independent instances, and for each instance, we simulate demand for six products across 10,000
realizations of the error term, resulting in 60,000 demand realizations. We then compute the
proportion of negative demand under the optimal pricing decisions in each instance and visualize

in Figure 10 the histogram of these proportions among 100 instances.
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Figure 10. Histogram for proportion of negative demand under different ¢ for CRO and

ETO.

As shown in Figure 10, the proportion of negative demand is nearly zero when ¢ = 0.5, and
increases gradually as ¢ grows. Even when ¢ = 1.5, which corresponds to high residual variance,
the largest proportion of negative demand remains below 15%. Importantly, across all scenarios,
the proportion of negative demand under the CRO model is substantially lower than that under
ET0. Moreover, even when we manually truncate negative demand realizations and re-evaluate the

out-of-sample performance, our CRO model continues to outperform the ETO model. The observed
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Figure 11. Heatmaps for profit improvement (left panel) and standard deviation re-
duction (right panel) of CRO relative to ETO under different (v, §) when negative demand

is truncated to zero.

performance patterns remain consistent across all values of ¢, and we present the representative
results when ¢ = 1.0 in Figure 11, which demonstrates our CRO model still consistently outperforms

ETO when demand is truncated.

In our real-world data experiment using sales records from Burger Cafe, we conducted an out-
of-sample evaluation by applying the optimal decision obtained from the CRO model, and notably,
no negative demand was observed. Based on these results, we conclude that the risk of negative

demand is small and can be neglected in practice.

Appendix A.4 Comparison with Non-Parametric Residual-Based DRO

To assess whether the advantage of CRO over ETO persists when compared with a more flexible,
non-parametric alternative, we conduct a simulation study that compares ETO, CRO, and a non-

parametric benchmark based on random forests, which we denote by RFDRO.

Random forests are among the most widely used non-parametric prediction methods in demand
estimation, as they flexibly capture non-linear relationships without imposing a prespecified func-
tional form. One technical issue merits clarification. Non-parametric estimation generally yields a
black-box demand—price mapping, rendering direct embedding into the pricing and inventory prob-
lem computationally intractable. In contrast, both ETO and CRO rely on a linear demand surrogate,
allowing prices to explicitly enter the optimization problem and preserving tractability via conic

reformulations. Consequently, price discretization in RFDRO is adopted solely to ensure optimization



tractability, rather than reflecting any conceptual difference in the underlying decision problem.

Since exhaustive price enumeration becomes computationally prohibitive in the multiproduct
setting, we confine this comparison to a single-product environment and assume that no contextual
covariates are active beyond the intercept. Given a historical sample, we first train random forests
using the demand—price observations and compute the corresponding out-of-sample residuals. Fol-
lowing the residual-based DRO framework of Kannan et al. (2024), we construct a Wasserstein
ambiguity set centered on the empirical residual distribution. To ensure tractability, we discretize
the feasible price interval [p, p] into a grid of 100 equally spaced candidate prices. For each candi-
date price p, the trained random forests produce a demand prediction, and we solve the associated
residual-based DRO problem to determine the optimal inventory level. The resulting RFDRO is
the price—inventory pair that achieves the highest objective value over the discretized price grid.
Similar to Qi et al. (2022), we observe that regardless of the choice of the Wasserstein radius, the
resulting solution coincides with that of the standard estimate-then-optimize counterpart based on
random forests. For the random forests implementation, we fix the number of trees at 200 and
consider four maximum tree depths—2, 4,8, and 16—reporting the depth that attains the highest
average profit. We evaluate the three approaches with a varying sample size S € {40, 80, 160}.

Linear data-generating process. Data are generated from the same linear demand model em-
ployed in the main simulation study (Section 4.1). All methods are evaluated under the true linear
demand process, using identical performance metrics and testing protocol to ensure comparability.

The comparison between CRO and RFDRO across all sample sizes is presented in Figure 12.

MNL data-generating process. Both ETO and CRO are implemented based on a fitted linear
demand surrogate, while RFDRO is trained on the same demand—price sample and incorporated into
the discretized residual-based DRO framework. All methods are evaluated under the true MNL

demand process using a common testing protocol. The results are presented in Figure 13.

Two observations are particularly noteworthy. First, RFDRO exhibits steadily improving perfor-
mance as the sample size increases under both data-generating processes. This trend is consistent
with the nature of random forests, which offer substantial flexibility in capturing complex demand

relationships but typically require sufficiently large samples to realize their predictive advantages.

Second, under the linear data-generating process, RFDRO underperforms ETO for all sample sizes
when v = 0 and # = 0, confirming that additional non-parametric flexibility provides no benefit
when the demand model is correctly specified as linear. In contrast, under the MNL data-generating
process, once the sample size reaches S = 160, the percentage profit improvement of CRO relative
to RFDRO becomes negative. This indicates that RFDRO outperforms both ETO and CRO when the

true demand relationship is non-linear and the available data are sufficiently abundant.
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Figure 12. Heatmaps for profit improvement (left panel) and standard deviation reduc-

tion (right panel) of CRO relative to RFDRO under different (v, 8) and linear data-generating

process: S = 40 (first row), S = 80 (second row), and S = 160 (third row).
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Figure 13. Heatmaps for profit improvement (left panel) and standard deviation reduc-
tion (right panel) of CRO relative to RFDRO under different (y,6) and MNL data-generating
process: S = 40 (first row), S = 80 (second row), and S = 160 (third row).



Overall, these findings suggest that while non-parametric estimation can be advantageous under
structural misspecification in large-data regimes, CRO with a linear surrogate maintains a clear
performance advantage when data are limited—precisely the regime that motivates and underpins

our framework.

Appendix B Proofs

Proof of Lemma 1. Given that a € (1,2), to show Ep« [exp(|€|$)] < oo, it suffices to show
Ep« [exp(|€]$) - 1{| €] = 1}] < 00, where 1{|€] o = 1} = 1 if €] = 1 and 0 otherwise. Lemma 22
of Kannan et al. (2024) implies that

Ep- [exp(|[€]2)] < Ep-

N
exp (Z I@“)] — Bz [exp(Jé]) ]

=1

where we denote 5 =1+ a/2 € (3/2,2). Hence, it suffices to show Ep« [ (Heﬂﬁ)]
25-1) 1\ 5
. ~ 1Bk N 2 a7l— 1
We claim that for any k& > 2, Ep» [HGHB ] <5 <4ﬁkzo N 3 ee) . Consequently, the

Fubini-Tonelli theorem, the equality

» Z els"
Ep- |exp([€]5)| = Ee | > |

x>
Il
—_

and the ratio test collectively imply the desired result Ep- [exp(”éHg)] < oo as long as for ¢ =
N garl—268=0 1 & . . .
5 (46k0 N ] ee> /k!, it holds limy_,o t41/tx < 1. Indeed, we note that since 8 < 2,

B(k+1) B
2(B-1) —_— (ﬁ 1) 5
- <4ﬂ(k+ Do?N'"" eé> 2k (45021\/1‘ e%) 2 N
— — 2(B— = — —=
0 Tk 0 <4Bk02N17 (ﬂB e%) 3 (k—i— 1)! 0 (k-i— 1) P}

. -\ Bk N o nrl—2E-D 1 g .
It remains to show Ep« [HGHg ] <5 (4Bka N B ee) for any k > 2. To this end, we

first show
. N t?
P*[|€ls = t] <5 exp —8 . S
o

Let K be a 1-cover of the unit norm ball {¢p € RY | || s < 1}, whose cardinality is known to
B—1
satisfy |[K| < 5V (see lemma 5.7 in Wainwright, 2019). Note that

l€ls = e {p'e < max {7 e} + €] p/2.

<1

_B_
B—1



For any @ € K and t > 0, Assumption 1 implies that

t2 t2
P*[¢pT€>t| <exp <—> <exp| ———+—
[ ] 20243 202N

2(8-1)
B

where the second inequality is due to |12 < N'~ V1) € K. Combining these two inequalities

with the union bound, we obtain

* [ = t2
P*[|€lg = t] <P* {max {pTe) > t/Q] N exp ( —2(/3 5 )
yek 8o2N*

It now follows that for any k > 2

8

02N

2(8-1)\ 5
=5N<802N1_ B )2'821{:‘[ e~ uﬂ2 —du
0

_26-n) N\5F [ Bk z
<5V (802]\[1 B eE) ? (2>
206-1) &
— 5V (4Bko?N'" et ) ?
where for the last inequality, we use (3k/2)% (%) < el/¢ and SSO e~tu's ~ldu < (Bk/2)Pk/2, O

Proof of Proposition 1. To ease our presentation, we denote

. . u () .
V:(ﬁlv'”aﬁS)ERNxs7U:<< 1))"'7( S))ER(J+N)XS)E:(éh"'aéS)ERNXS’

D1 Ds

Under these notations, ¥ = §~1 . UUT and the uncertainty set can be represented as

W) = {A eQ ‘ Vir(A = A)S(A - A)T) < ’y} - {A eQ||(A-A)UJZ < 725} :

where | - ||p is the Frobenius norm for matrices, i.e., |A|r = \/ZiE[M] 2lje[N] a?j.

By the definition of A and the fact that A* € {2, we have

2 Hﬁs —K(Aaﬁ&ﬁs)\\% < 2 H{)S _K(A*7ﬁsvﬁs)||%a
se[S] se[9]

which, by noting that @, = £(A*, G, Ps) + €s and £(A — A*, Gy, ps) = £(A, Gy, Ps) — L(A*, G, Ps),



can be rewritten as
D es — LA — A g, po) 3 < D] €3
se[9] se(S]
= DA - AP |3 <2 ) eJL(A — A g, Py)
se[S] se[S]
— tr(A—AHUUT(A-A"T) <2 tr((A - A*)UET)

~

— [|(A-A"UJZ <2 tr((A - A*)UET)

L e 2-tr((A — A*)UET
— [(A—-A"U|r < (E N )A )
|(A = A*)U|p

Here, the first equivalence follows from expanding the squares on both sides and canceling out the

common terms |€és]2, s € [S], the second equivalence results from reshaping the expressions into
matrices, and the final step involves dividing both sides by [[(A—A*)U||p, assuming |(A—A*)U|p >
0 (otherwise, we have A = A* so that A* € W(7) trivially holds). We then obtain the following
upper bounds:
. o 2 o 2
(A= ANU2 <4-tr (M*)UET> <4- max S tr <(A_A*)UET)
[(A = AUl AW() [(A = A*)U]p

<4 max {tr(ED)?}

" Detm(U1), |Dfp=1
— 4. max {tr(EIID)?}

ID[rp=1
—4-|OET|Z
—4-tr(EIIET).

Here, for the first equality, I = UT (UUT)~1U is the projection matrix onto Im(UT)—the range
space of UT, the second equality is because | - ||p is self-dual, and the third equality follows from
I12 = II. That is to say,

. N 1

4-tr(EIIET) €428 — tr(A—A)ZA-A")T) = 5 (A — ANU|2 < 52,

implying g
PY[A* ¢ W(7)] < P° {tr(EHET) > 74] .

It remains to investigate the right-hand side probability, i.e., the concentration of tr(EHET).

Let € = (é1;--- ; €g) be the NS-dimensional vectorization of E (i.e., ii.d. samples of the sub-
Gaussian random vector € ~ P* with a variance proxy ¢?) and “®” denote the Kronecker product
of matrices, yielding

tr(BIIE") = £ (T Iy)E.

10



Note that for any ¥ = (31, ,1g) € RV,

Eps[exp(yp'€)] = | | Epslexp (v, &)1 < || exp ([sl30%/2) = exp (|0130°/2) .

se[9] se(S]

2

implying that é is also sub-Gaussian with a variance proxy ¢°. Because the matrix IT ® Iy is

positive semidefinite, theorem 2.1 of Hsu et al. (2012) has established

pS [éT(n®1N)é > o2 (tr(I @ Iy) + 20/t (@ Iy)2)y + 2| ® INW)] <e ™V Wy 0.

We calculate that tr(TT ® Iy) = tr(IDtr(Iy) = (J + N)N, tr(MI ® Iy)?) = tr(II2 @ Iy) =
tr(I1%)tr(Iy) = (J + N)N, and [IT® Iy| = |II| = 1 by noticing tr(IT) = tr((UUT)~1UUT) =
tr(I;+n) = J + N and the eigenvalue of the projection matrix IT is either 0 or 1. Then, the above

inequality can be simplified to
pS [éT(H@)IN)é > 02((J + N)N +24/(J + N)Nv + w)] <e? V=0
— PS [tr(EHET) > 02((J + N)N + 2y/(J + N)N¢ + w)] <e? V>0

For any § € (0,1), let ¢ = log(1/d) and 5 = \/1202((J+N)SN+10g(1/5)) that satisfy

2S

=2l

o2((J + N)N 4+ 24/(J + N)Nv + 2¢) < 36%((J + N)N + 1)) =

9

|

we then have

P {tr(EHET) > ’715] < P[tr(EIIET) > 0%((J + N)N +24/(J + N)Nop + 2¢)] < e ¥ = 6,

concluding the proof. O

Proof of Theorem 1. We focus on the case where A # A, since the alternative case is trivial.
For any u € U and p € P, let Q*(A*, u, p) be probability distribution shifted from P* by £(A*, u, p),
that is, £(A*,u,p)+ € ~ Q*(A*, u, p); and similarly, let QA (A, u, p) be the probability distribution
shifted from Pp by £(A, u,p).

If d(Q*(A*,u,p),Qa(A,u,p)) < 0 for some A € W(v), then for any (p,q) € P x Q, we have

EIP* [71-(&7 A*,U,p, q)] = ]EIP* [pT(E(A*, u,p) + é) - gT(’e(A*v U,p) +€— q)+ - ch]

=Eg(a+up[P'0 - 9" (0 —q)" —c'q]
> min min E pTﬁ—gTﬂ—q+—ch
AeW(7) QeM(RN):d(Q,Qa(A,u,p))<b ol ( ) |

= mi in  Ep[p' (£(A ) —g' (L(A e—q)T —c'
Al min plp' (b(A,u,p) +€) —g (£(A,u,p)+€—q)" —c q]

i E e, A .
AeW('yI)I,l%P’IéF(A,G) P [7T(€, , U, P, q)]
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Since the optimal solution (p', ') of CRO satisfies

]EP* [ﬂ-(év A*au)pTaqT)] min ]EIP [ﬂ-(év A7uapTaqT)] = Z(’Yag)a

=
AeW(v),PeF(A,0)

it thus suffices to prove that with probability at least 1—49, we have d(Q*(A*, u,p), Qa (A, u,p)) < 0

for some A € W(v) and @ as specified in the theorem. To this end, we specifically construct

~

A*—A

which satisfies A € W(y) as \/tr((A —AN)X(A—A)T) =~. We also note that

d(Q*(A*,u,p), Qa(A, u, p))
triangle inequahty RN d(Q*(A*v uap)7 QA* (A*7 uap)) + d(QA* (A*7 uap)v QA(Aa U,p))
= d(P*, Pa+) + d(Qas (A*, 4, p), Qa(A, u, p))
definition of d(,-) -+ < d(P*,Pa-) + S Y [€(A*,u,p) + éars — £(A,u,p) —én |
se[S]
triangle inequality - < d(P*, Pas) + [£(A* — A, u,p)| + S71 Y (At — A ag,pl)] (8
s€[S]
Cauchy’s inequality --- < d(P*,Pp+) + |[€(A* — A, u,p)| + [S~! Z [E(A* — A, 1, Ps) |
se[S]
< d(B*Pa) + A /tr(A* — A)S(A* — A)T) - (1+ [(w.p) 1)
< d(P* Pas) + /(A" — A)S(A7 — A)T) - (14 max | (w,p)| 51 )
peP

where we use, in the second inequality, the definition of Wasserstein distance, and in the second-

to-last inequality, the fact that |Aa| < 4/tr(AZAT)VaTE"1a for any matrix A, vector a and

positive definite 3.

Proposition 1 shows that with probability at least 1 — g, A* € W(®), implying that with
probability at least 1 — g, it holds that

V(A = A)S(A —A)T) <5 .

Proposition 2, scaling k1 by a factor of two, shows that with probability at least 1 — g, it holds

that P* € F(A*,0), or equivalently, d(P*,Po+) < 0.
Applying the union bound and using the fact (8), it then follows that with probability at least
1—4,
A(Q (A% w.p). Qa (A u,p) < 0+ (5 =) - (max | (. p) |51 +1) =0,

concluding the proof. O
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Proof of Proposition 3. Under Assumption 2, there exists an event G; with P[G1] = 1 such that

for every w € Gy, there exist a finite index S;(w) and a constant o(w) > 0 satisfying
omin(Ts) = o(w) VS = Si(w). (9)

By applying Proposition 1 with confidence level g = 1/52%, we have

2
PS[A*GWSWS)]%_% with ,_YS_\/12U ((J+NS)N+2logS)_

Since >\&_; S72 < o0, the Borel-Cantelli lemma (see theorem 2.18 of Kallenberg 1997) yields an
event Go with P[Gs] = 1 such that for every w € Gs, there is some S(w) > 0 satisfying

A" e Ws(7s) VS = So(w). (10)
For any w € G; n Ga and S = max{S;(w), Sa(w)}, (9) and (10) imply

b
(w)

A * A *\/ A * A * A * 1 —
[As — A*[f = tr((As — A")(As — A")T) < tr((As — AM)Zs(As — A")T) < o) Y5

19
19

Because 75 — 0, we have

0< liéninf |As — A*|r < limsup |[Ag — A*|p < lim sup yg = 0
—00

1
S—0 \/Q(W) S—o0

for every w € Gy N Ga. Since P[G1 N Ga] = 1, we obtain [Ag — A*|[p £ 0.

Moreover, for any w € G1 N G2 and S > max{S;(w), S2(w)}, (9) implies that the matrix Xg is
positive definite, and hence | - |4 is a norm. Fix any A € Wg(5s). Since (10) gives A* € Ws(¥s)
for all sufficiently large S, the triangle inequality for | - |54 yields

|A = Az < |A — As|z, + [As - A'|ss < 27s.

Combining this with (9), we obtain

. 1 . 1
sup [A—A|p<,s/—= - sup [A—-A¥|ss <y/— 275 — 0.
AeWs(3s) a(w)  Aews(3s) o(w)
Together with the eventual membership A* € Wg(7g) from (10), this proves that Wg(%g) shrinks
to the singleton {A*}. Since P[G1 n G2] = 1, the above claims hold almost surely. O

Proof of Theorem 2. Denote (* = Ep+[7(€, A", u, p*, q*)] and (g = Ep«[7(€, A™, u,pg,q;)], and
let Zg = Z(~s,0s) be the optimal value of CRO with S samples. Since (p*, g*) solves TRUE,

Cs<C" ¥S=1. (11)
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On the other hand, by applying Theorem 1 with confidence level §g = 1/52, we have

1
PS[Cs>ZS]>1—§ VS > 1.

Since Y&, S72 < o0, the Borel-Cantelli lemma (see theorem 2.18 of Kallenberg 1997) implies that
there exists an event G; with P[G1] = 1 such that for any w € G, there exists S7(w) > 0 satisfying

(s =Zs VS =5 (w). (12)

Thus, to prove (g —=> ¢*, it suffices to show that lién inf Zg > ¢* almost surely because it would
—00
imply that

¢* <liminf Zg < liminf (g < limsup (g < ¢*
S—w S—0 S—00

holds almost surely.

To this end, we first note that, because 75 — 0 and fg — 0 as S — 00, parameters vg and g
shrink to zero, provided that the factor multiplying 5 —+s remains bounded. Under Assumption 2,
(9) implies that on an event Gy with P[Gs] = 1, such that for any w € Gs, there exists Sa(w) > 0
and o(w) > 0 satisfying

Omin(Xs) = a(w) VS = Sa(w).

Hence, for any w € Go and S = Ss(w),

1

o(w)  hax |(w,p)|2-

1 <
max I, Pllsg <4 7

which further implies that
fs < M(w)7s + 0s, (13)

- L. i i
where M(w) =1+ 4 | 5@ max |(u,p)|2 is finite.
Next, by applying Proposition 1 with g = 1/5? and by the Borel-Cantelli lemma, there exists
an event Gs with P[G3] = 1 such that for any w € Gs, there exists S3(w) > 0 satisfying

A" e Ws(7s) VS = S3(w).
Therefore, fix w € Ga N G3, for any A € Ws(vys) and S = max{Saz(w), S3(w)}, we have
|A = A'[sg < |A = As|sg +[As — A'lng < 75 + 75 < 27s. (14)

Finally, by applying Proposition 2 with §s = 1/5? to the empirical residual distribution Px.
Since quozl S~2 < oo, another application of the Borel-Cantelli lemma yields an event G4 with

P[G4] = 1 such that for any w € Gy, there exists Sy(w) > 0 satisfying
d(P*,Pp+) < fg VS > Sa(w). (15)
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Before concluding (g == ¢* by consolidating the above claims, for notation convenience we

further define ¢, q(v) =p'v—g' (v —q)* —c'q. For any v,v' € RY and any (p,q) € P x Q,

|2p.a(v) = opqa(@)| < Ipl2 v = v'2 + [gl2 (v — @) — (v — )" |2
< (Ipl2 + lgl2) [v = '],

where the last inequality uses the fact that the mapping v ~ (v — q)* is 1-Lipschitz. Let L =
maxpep ([Pl + [g]2) < .

Fix any w € Ga n Gz N Gy, any S > max{S2(w), S3(w), S4(w)}, and choose any pair (A,P) €
Ws(vs) x F(A,0s), consider

Q* b(A U, p) +E E~ P
Qna : E(A’up)-l— € ~Pp
Q:L(A,u,p*)+€ €~P

Exactly as in the proof of Theorem 1, using the triangle inequality for the Wasserstein distance,

the definition of Pa, and the inequality |Aals < 1/tr(ATZgAT),/aT =5 a, we have

d(Q*, Q) < d(P*,Pp+) + d(Qax,Qa) + d(Qa, Q)

<d(P",Par) + (1+ ma (2, )21 )/ tr((A* — A)Ss(A* — A)T) + 6.

Combining this bound with (13), (14), and (15), we obtain
d(Q*,Q) < 0s + M(w) - 275 + 05 < 205 + 3M (w)7s

Since ppx g+ is L-Lipschitz, the Kantorovich-Rubinstein inequality (see, e.g., theorem 5 of Kuhn
et al. 2019) implies

E]P’[ﬂ'(é? A?“’?p*:q*)] :EQ[SOP*H*(%)] EQ*[QOP ,q* ( )] L d(@ @)

=("—L-d(Q",Q)
¢*—L- (205 + 3M(w)7s).

A\

Because the above bound holds for every (A,P) € Wg(vs) x F(A,0g), we conclude that
Zs = min Ep[n(€, A, u,p*,q*)] = * — L - (205 + 3M (w)7s) (16)

AeWs(vs), PeF(A0s)

for any w € Go N Gz N Gy and S = max{S2(w), S3(w), Sa(w)}.
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Fix w e G1 n Gy n Gz n Gy and any S > max{S)(w), S2(w), S3(w), Sa(w)}, then (11), (12), and
(16) imply that
¢*—L-(20s +3M(w)7s) < Zs < (s < (™.

Because M (w) < o0, 55 — 0 and g — 0, we obtain

liminf (g > ¢*,  limsup(s < (™.
S—wo S—o

Therefore, we have Slim (s = ¢* on the event G; N Go N G3 N G4. Since this event has probability
—00

one, we can conclude (g =25 (*. O
Proof of Proposition 4. Note that
max min Ep |7 (€, A, u, p, =  max min min  Ep|7(€, A, u,p,q)]|.
R i Berag T POl = B0 D) peine P LT P4

The inner minimization problem can be equivalently written as

min f Z Tr(e?Aau)pv Q)dQ(€7éA,S)
ecR

Q N sels]
S, f > lle— éns[dQle,en ) < 6
GERN SE[S]
1
f dQ(e, ép) = — Vs e [9]
eeRN S
Q(': ) = 07

whose dual is given by

|

1
max < 6k + min g Z {W(es,A,u,p,q)f/iHesféA,s

k<0 eseRN se[5]
1 . .
= Ii]g(}){ Ok + g = EISI;]%I}V {7T<ES7 A7 u,p, q) - HHGS - GA,SH}
se

Hence, the inner minimization problem can be replaced with its dual. Combining this dual formu-
lation with the outer maximization and minimization problems yields the equivalent reformulation

of CRO shown in (4). O

Proof of Proposition 5. From the proof of Proposition 4, the CRO model is equivalent to

-

1 R
max min max {0k + — min {7‘((65, A u,p,q) —K|es —€ns
(p,q)€PxQ AeW(y) K<O S <[] €seRN
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By the minimax theorem, the above problem has the following lower bound:

}} (17)

Introducing Ag € W(7), s € [S] such that Ay = A, for s =2,..., 5, problem (17) becomes

)}

i {0n+ 5 D) iy {n(en A upa) — rles —énd
max min K — min (€ u — K||€s — EA
(P.@)EPXxQ AW (y) S €.eRN s, AU, p,q S ,8
w<0 s€[S]

max Ok +  min 1 min (ﬂ(es, Ag,u,p,q) — K|€s — €n,
(p,@)ePxQ Ap=AseW(y) S eseRN >
k<0 s=2,..., S SE[S]

By Lagrange relaxation, we have

1

max 0k + min max — min (7‘(’6 A, u — kles — € +D -A) .

(P.@)sPxQ { AseW() ¥ D=0 S 2 L (e Ao w.p, @) — e — énsl) s
k<0 selS] 418 s€[S]

Applying the minimax theorem again then yields the following lower bound:

L7
max Ok + —-e't
S

s.t. ts < m(€s, As,u, D, q) — Kll€s — €A, 5| T Ds e Ay VA, e W(7), €5 € RN, s e [9]
Y. D.=0 (18)

s€[S]
D, € RVx(J+N) Vs e [S]

(p,@)eP x Q, k<0, teR".

Defining uncertainty sets £s(7y), s € [S], we can equivalently represent model (18) as

max Ok +S '-e't

s.t. ts < 7"'(657 A, u,p, Q) — Kps + Dg o Ay V(A87 €s, ¢s) € 58(7)7 SE [S]

2 D, =0
se[S]
D, € RVX(J+N) Vs e [S]

(p,@)eP x Q, k<0, teR,

Finally, applying the enhanced affine recourse adaptation (6) to approximate (€(As, u,p)+€s—q)™
then yields the CRO model. The lower bound Z(~, 0) = Z(~, 6) follows straightforwardly. O

Proof of Proposition 6. When v = 0, W(v) = {A}. Hence, for each s € [S], the affine function
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ys € L degenerates to ys € L. Letting Dy = 0 for all s € [S], the CRO model now becomes

[ max p (A, u,p)—cq+0k+5 et 1
st. ts<ples— gTys(Gs; ¢s) — Ks V(es, ) € E,, s€[S]
2(0,0) — ys(€s,0s) = L(A,u,p) + €5 — q V(es, ds) € E,, s € [S] |
Ys(€s,05) = 0 V(es, ¢s) € E,, s €[]
yse L Vs e [S]
i (p,@) P xQ, teRY k<O |

which is exactly the RBO model. Suppose § = 0 further, we must have é€; = €, _ for each s € [S].
Note that the optimal value of the ETO model is

[ max p A up) —cq+S et |
st ts < pTéAs — gy, Vs € [S]
2(0,0) — ys?E(A,u,p)—i—EAs—q Vs e [S] 19)
ys =0 Vs e [5]
ys € RV Vs e [9]
I (p,q)eP x Q, teR®

We next show that for any feasible solution (p, g, t,9s) of problem (19), one can construct a
feasible solution of RBO that achieves the same objective value, thus establishing Z(0,0) = Z(0,0).
To this end, we construct the following solution: p = p, ¢ = ¢, t = t, k = —(|p[+« + g'e) and
Ys(€s, ds) = Ys + ¢pse. Then for any (e, ¢5) € £, we can easily verify that ys(es, ¢s) = 0,

~

Ys(€, 0s) — (L(A, u,p) + €, — q) = §s + ¢s€ — (L(A, u,p) + €, — q)
>elles — €5 | —(es— €4 ,)
> elles — €5 Joo — (€s— €5 ) =0,
and
ts—(ples — g ys(es,05) —wds) <PTéz , —9'Ys — (P €s — g ys(es, bs) — Kbs)
=T (4, — &) + 9 dse + Ko,
< [plsgs + g7 ¢pse + ko < 0.

Additionally, the objective value of the RBO model is

p LA up) —c'q+b+S5" et = f)Tf(A, u,p)—c' g+S1-e't,

which is exactly the objective value of problem (19). Hence, we can conclude the proof. ]
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Appendix C SDP Reformulation of CRO

Proof of Theorem 3. We show that the CRO model is equivalent to the semidefinite program:

1 PN A n
max Z (ﬁzas — gy’ + (AUA + BUB) R, - 7\/5773) —c'q+0k

se[S]
st. as=p—Yi'g Vs € [S]
gy —pu’ + ] + R (UM —D2I =0 Vs € [S]
9" +ap] +R(UHT-DF p | dsels]
p' 1

lews]ls < =k — g ys, |Rs|e < s Vs e [S]

0, + (el ) T0s — VS + (AUA + BUB) e Rl +¢, =0 Vn e [N], se[S]

al,=Y'e, —e, Vn e [N], se[9]

al,al + Ri’n(fJA)T =e,(yt —u)T Vn e [N], se[9]

al, Pl +RL(UP)T —Ql, =e.(y? —p)T ¥n e [N], s e [S]

|l < s Vn e [N], s € [S]

IR lF <73, Vne[N], se[S] (20)

90, + (@2,) o, —n2, WS +R2, « (AUA + BUP) > 0 Vne[N], se[S]

ag’n =Ye, Vn e [N], s€[9]

al, il +R2,(0MT = eu(y)T Vn e [N], s€[S]

ol Pl + R0 - Q2 =en(y)’ n e [N], s€[S]

|l < Ysm vn e [N], s€[S]

IRZ Il <73, Vn e [N], s€[S]

Z D;=0, (p,q)ePxQ, k<0

se[S]

Yyl eRN, yAeR/, yBeRY Yie RVXN 4yl e RN Vs e [9]

D, e RNVXU+N) R, e RV*S a, e RN, n, e R, Vs e [S]
ineSY RL eRV*S al eRN nl eRy Vn e [N], se[S]
2,€SN,R2 eRV*S a2 eRN 52 eRy ¥n e [N], s e [9].

Here, we use | - ||« as the dual norm of norm | - |.
Given each s € [S], let us first consider the following problem,
L mn P (L(As,u,p) + €) — g ys(€s, Ay, By, ) — kps + Dy o A (21)
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Recall the definition of &(7), A = (A,B), £ = 1. UUT, and

D1 ps

In what follows, we directly use A and B and denote UA = (@1, By, . .., 0g) € RI*S, UB =

(P1, P2, - .., Ds) € RV*S. We now can express problem (21) as

min p'(Ayu+Bsp+€;) — g (Y + Ayl + Boy? + Yies + d5y)) —rgs + D o A, + D« By
st [es — s + Astis + Bsps|| < ¢s
(A, — A)UA + (B, - B)UR|p < /S
-B, >0
A, e RV B, e RVN ¢, e RN, ¢, e Ry,
whose dual can be derived as follows:
max ¥} a; — gy + (AUA + BUB) « R, — /S,
st. as=p— Yng
g(yM)" —pu’ + ai] + Ry(UA)T —D =0
gy —pp" + ap] +R(UP)T —Q,-DP =0
les|s <~k —gTys
IRs[F < ns

Qs e SY, Ry e RV*S o e RN, e R,

Here, the only non-linear constraint g(y2)" — pp" + asp] + RS(IAIB)T — Q; — DB = 0 can be

eliminated by Schur complement using Qg € Sﬂy :

gyP)" + op! + Ry(UB)T —DE p N4
N+L
p' 1

Now, let us consider the following batch of constraints:
ys(A57B5a €s, (255) >Asu+Bsptes—q VY (A57 B;, €, ¢s) € 58(7)7 Ss€ [S]
Given any n € [N] and s € [S], the associated constraint can be written as

: T A B 1 0
(AsyBsaleijléls)egs(’Y) en (AS(yS B U) + BS(yS - p) + (Yges - 68) + ¢sy5) > _qn - y87n'
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For the left-hand side problem of this inequality, we can express it as
min e, (As(ys —u) + By(y? —p) + (Y§ — Des + yi6s)
les — s + Astis + Bsps| < s
I(Ay — A)U? + (B, - B)UB | < 1/S (22)
-B; >0
A, e RV B, e RV*XN e, e RN, ¢, € Ry
The dual of problem (22) is as follows:

max o] al, —yVSnl, + (AUA + BUB). R{,

st. ol n= YETen — ey
il + R, (UM =en(yd —w)'
as,nps + Ré,n(UB) in - en(ys p)T

| nlls < s
HRi,nHF < n;,n
LaeSY,RL, eRVS al RN, gl eR,.

s,n

Similarly, for the batch of constraints
ys<A57 B87 €s, ¢5) =20 V (A87B8> €s, ¢s) € 58(’7)7 S € [S]’
given n € [N], s € [S], the corresponding left-hand side problem is

min e, (Asys + Bsys +Yies + ysgbs)
les — s + Agtis + Byps| < ¢
|(As = A)U* + (B, - B)UP|r <1/S
-B; >0
A, e RV*J B, e RVN e, eRy, ¢s€Ry.
We can derive its dual problem as
max ¥ a?, —yv/Sn? n + (AUA + BUB). RZ,
st. a?, = YETen

2
a2, il +R2, (U7 =e,(y)"
o?,p] +R2,(UF)T - Q2, = en(vP)"
a2 ull« < ws,

IRZ,.|p <nZ,

2 N R2 NxS 2 N 2
n€5), R, eR , o, €RYmg e Ry
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Therefore, we can finally obtain problem (20) as a reformulation of the CRO model. O

Appendix D Details for The G-CRO Model

In this appendix, we show that for the out-of-sample performance of any solution (p', g') € P x Q,
the G-CRO model provides a (1 —d)-confident lower bound as specified in the form (2). Subsequently,

in Appendix D.2, we establish conditions under which G-CRO admits a tractable lower bound.

Appendix D.1 Performance Guarantees and Optimality
We make the common assumption about the residual distribution.

Assumption 3. There ezist some a > 1 and K > 0 such that Ep« [exp (||€]¥)] < K < c0.

We use the following assumption to characterize a finite-sample confidence region of the es-
timated parameter, thereby allowing the prediction model (7) in G-CRO to extend beyond linear

models.

Assumption 4. For any ¢ € (0,1), it holds that

PY[A* e W(v)] =1 -6 for some 5 = O <<log(51’/6)>y> with v > 0.

Moreover, there exists a constant L > 0 such that
HE(A, uap) - K(A*,u,p)H <L- p(A - A*> VA € Qa ue Z/{, pbe P.

We have the following generalized finite-sample performance guarantees.

Theorem 4. Suppose N # 2, and Assumptions 3 and 4 hold. Then there exist constants k1,ke > 0
depending on P* only through o, K, and N such that for any w € U and § € (0, 1), with probability
at least 1 — &, the optimal value Z(~y,0) of the G-CRO model with

(%>min{l/N,l/2} ; 2 %M
v€[0,7%] and 0= (v —7)-2L o f5) )\ /0 : gt 0
(W) if § < reluld)

is a lower bound of the out-of-sample performance of the optimal solution (p',q") of G-CRO. That
18,

PS[ B [7(&, A", p',q)] = 2(7,0)] = 16
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Proof of Theorem 4. We use the same notations and arguments as in the proof of Theorem 1.
It suffices to prove that with probability at least 1 — §, we have d(Q*(A*,u,p), Qa (A, u,p)) < 0

for some A € W() and 6 as specified in the theorem. To this end, we construct

A=A+~

)

p(A*—A)

~

which satisfies A € W(y) as p(A — A) = ~. Equipped with Assumption 4, we can establish
d(@*(A*v uap)a QA(A’ ’u,p)) < d(]P)*v PA*) +2L- p(A* - A) (23)

Assumption 4 implies that p(A* — A) < v, — v with probability at least 1 — g. Proposition 2 shows
that under Assumption 3, d(IP*,P5+) < 6 with probability at least 1 — %. Applying the union bound

and using (23) then completes the proof. O

Based on the finite-sample performance guarantee, we can further establish the asymptotic
optimality of the G-CRO model under additional assumptions that the norm used to construct
the parameter uncertainty set is sample-independent and that the reward function 7 is uniformly

Lipschitz continuous with respect to the uncertain input parameter.

Assumption 5. The norm p used in the G-CRO model is sample-independent. Moreover, for | - |

used in the Wasserstein distance d(-,-), there exists a finite constant Ly > 0 such that
7(p,q,v) = 7(p,q, V)| < Lr - [o —0'| V¥(p,q)eP x Q, v,v' €V

Theorem 5. Suppose N # 2, and Assumptions 3, 4, and 5 hold. Fiz any covariate uw € U. For

each sample size S, set 6g = S™2, and choose a size V,5 satisfying Assumption 4 at confidence

level s and a radius Os as in Theorem J evaluated at §s such that V,8 = (’)((logs)y) and g — 0.
Define Ws(y) = {A € Q| p(As — A) <~} and Fs(A,0) = {P e M(Z) | d(P,Pa) < 0}. Consider
the optimal solution (p:rg, qg) of the G-CRO with Ws(~vs) and Fg(A,8s) for some vs € [0, v« 5] and
0s = 2L(vs,5 —vs) + Os, where L is the Lipschitz constant in Assumption 4. Let (p*,q*) be the

optimal solution of the true contextual stochastic optimization problem. It holds that
Ep-[7(€, A", w, pl, 4})] “= Bz [7(€, A", u,p",q")].

Proof of Theorem 5. The proof is similar to the proof of Theorem 2. For completeness, we

include the details below.

First, we define the true optimal value and the out-of-sample value of the G-CRO solution by
¢ =B [7(&, A" u,p",q")] and (s = Epe [m(E A" u,pfal)|.
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Let Zg be the optimal value of G-CRO with (vyg,6s). Since (p*, q*) is optimal for the true problem,
(s <" VS=1. (24)

On the other hand, Theorem 4, applied with confidence level 6 = S™2, gives P°[(s = Zg] = 1—-S~2.
Since >.&_; S72 < 0, the Borel-Cantelli lemma yields an event G; with P[Gi] = 1 such that for

any w € G, there exists Sy (w) > 0 satisfying
(s = Zs VS =S1(w). (25)

Therefore, it remains to prove that liminfg_,o, Zg = ¢* almost surely.

By Assumption 4 with g = S72, PY[A* € Ws(v4.5)] = 1 — S72. The Borel-Cantelli lemma
then gives an event Go with P[G2] = 1 such that, for any w € G, there exists So(w) > 0 satisfying

A € Ws(yes) VS > Sh(w). (26)

Similarly, the Borel-Cantelli lemma and Theorem 4 with dg = S~2 imply an event G with P[G3] = 1

such that, for any w € Gs, there exists S3(w) > 0 satisfying
d(P*,Pp+) <05 VS = S3(w). (27)

Fix any w € GonGs and any S > max{S3(w), S3(w)}, we have (26) and (27). For any A € Wg(vs)
and any P € Fg(A,0g), by the triangle inequality for the fixed norm p, we have

p(A* — A) < p(A* — Ag) + p(As — A) < Yu5 + 75

Let Q*(A*, u, p*) be the distribution of £(A*, u, p*)+ € under € ~ P*, QA (A, u, p*) be the distribu-
tion of £(A, u, p*)+ € under € ~ Py, and Q be the distribution of £(A, u,p*)+ € under € ~ P. Using
the same shifted-distribution comparison as in the proof of Theorem 4, followed by the definition

of Fs(A,0g), we obtain

d(Q*(A*u’U')p*)aQ) < d(P*v]PA*) +2L- p(A* - A) + 0s
<Os+2L - (a5 +75) + 2L (a5 — 75) + s
=205 + 4L - Vi, S -

As v — 7(p*, q*,v) is Ly-Lipschitz (Assumption 5), the Kantorovich—Rubinstein inequality implies
Ep[r(€, A, u,p", q")] = Eq[7(p", q",v)]
> Eg« (A up) [7(P", ", )] — Lr - d(Q" (A", u, p*), Q)

> (" — L (205 + 4Ly 5),
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which holds uniformly for all A € Wg(vys) and P € Fg(A, 0g). Consequently, we obtain

Zs = i Ep[r(€, A, u,p*,q*)] = C* — Lp - (205 + 4L, 5). 28
5 AEWS(’ySlsI,l]%DIEI‘Fs(A,@S) IP[T‘-(E u,p.,q )] C: ™ ( S 7*75) ( )

Finally, on the event G; n G2 n G3, equations (24), (25), and (28) imply that, for any S >
max{S; (w), S2(w), S3(w)}, we have (* — Ly - (205 + 4Lvs.5) < Zs < (s < ¢*. Because 7, s — 0 and

fs — 0, it holds that

liminf g > ¢* and limsup(s < (.
S—0 S—00

Therefore, (s — ¢* on G; N Ga N Gs. Since P[G1 N Ga n G3] = 1, we have (g LN ¢*. O

Appendix D.2 Tractable Approximation

First of all, by the same argument as in Proposition 4, we can reformulate the G-CRO model as

Z(v,0) = plhax o Ag\i}r(ly) max {0/@ +571 ) min (m(es, A, u,p,q) — kles — éA,s||)}~

Next, by the same argument as in Proposition 5, we have the following lower bound:
max Ok + S !-e't

st ts < (€5, As,u,p,q) — K|€s — €A, 5|+ Dse Ay VA;eW(7),e5€ E,s€[S]
Y D,=0
se[S]
(p,q) e P x Q, k<0, te R, D, e RVXU+N) vyse[9]

Indeed, such a lower bound is exact if for any (€,u,p,q) € ExU x P x Q, w(e, A, u,p, q) is convex
in A € W(~). This is the case when considering a multiproduct pricing problem without inventory,

where the reward function, expressed as
7T(€7 A'7 u7p7 q) = pT(E(A’ u’ p) + e)?

is actually affine in A.

Finally, we can invoke the enhanced affine recourse adaptation to obtain a robust optimization
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problem as follows:

max Ok + S !-e
s.t. s < dTys(As> €s, ¢s) - /‘Jqﬁs + Dy Ay V(Asv €s, QZ)S) € 58(7)7 S€E [S]
Wys(A&fsa ¢s) < h(687A87u7p7 Q) V(ASa €s, Qbs) € 53(7)7 S€ [S]

Tt

Z(’Yae) = Z D.-0 ) (M)
se[S]
D, e RVXU+N) e L Vs e [S]

(p,q) ePxQ, teR k<0

where for each s € [S], the uncertainty set £(7y) is represented as
Es(7) = {(As, €5,05) e W(7) x ExR | €5 — 05 + £(A, U5, Ps) | < @5}

Note that the G-CRO model involves only robust linear constraints with convex uncertainty sets

Es(v). Moreover, because each component of h is concave in (p,q) for any (As,€s, ¢5) € Es(7),
the G-CRO model is a convex optimization problem that, if conic representable using second-order
cones, power cones, positive-semidefinite cones, and exponential cones, can be efficiently solved by
off-the-shelf solvers such as COPT (Ge et al., 2023) and MOSEK (ApS, 2019).

Appendix E Contextual Robust Satisficing Models

This appendix revisits the multiproduct inventory and pricing problem through the lens of contex-
tual robust satisficing. In the first part, we directly adopt the modeling framework and approx-
imation strategy in Sim et al. (2025), wherein uncertainty is modeled on the random demand o
and recourse decisions are defined as affine functions of the demand realization. This would result
in a non-convex problem with bilinear terms that cannot be efficiently solved. In contrast, the
second part adopts our modeling framework, which captures ambiguity in the random residual €,
and applies our approximation strategy based on the enhanced affine recourse adaptation. This

then yields a tractable approximation that can be efficiently solved as a semidefinite program.

Appendix E.1 The Contextual Robust Satisficing Model of Sim et al. (2025)

We first present a residual-based robust satisficing model as follows:

min s
kr=| st. 7—Ep[n(d,u,p,q)] < k-d(P,Py) VPe M(2) |. (29)
(p,Q)EPX Q756R+
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Here, 7 is a specified target profit, m(v,u,p,q) = p'v —g' (v — q)* — c'q is the profit function,
Z is the support for demand v, and Pp is the empirical distribution over S predicted demand
according to historical samples, i.e., (A, B, u,p,s) = 05+ A(u—1us) + B(p—ps) for each s € [S].

Sim et al. (2025) propose the following contextual robust satisficing model,

min 6
st. 7—Ep[r(0,u,p,q)] < k- (d(P,Pa) + 0T(A,B)) VPe M(Z), B<0 (30)
(paQ) EP X Q,9€R+,

to account for parameter uncertainty. Here, 7 is another target specified by the retailer, and

T(A,B) is the estimation distance metric, defined as

TAB)= ¢ ) (A~ A, + (B~ B)pila

s€[S]

Problem (30) can be equivalently reformulated as the following robust optimization problem,

min 6

1
st. < Z (m(vs,u,p, q) + £1|vs — V(A,B,u,p,s)|) + 05T (A, B)
se[S] (31)

VB <0, vs€ Z, se[9]

|

(p,q) e P xQ,0eR,.

Similar to the CRO model, problem (31) is also a two-stage optimization problem that needs
to be approximated. Sim et al. (2025) consider the conventional affine recourse adaptation that
approximates the recourse decision y, € RV as an affine function of the demand v and the auxiliary

variable ¢g. That is, ys(-) € £ with
L= {y RY xR > RY ‘ y(v,¢) = y° + Y% + y'¢ for some y°,y' € RY and YV GRNXN}.

Subsequently, Sim et al. (2025) propose a conservatively approximated formulation as follows:

min 6
st. T+ ch < % 2 (pTUs - gTys(U$ ¢s) + @77) V(Ua ('USa ¢s)se[5]) € 2(07p>
se[S]
ys(’vsv Qbs) = Vs —q v('v& QSS) € Z_s(p), S€E [S] (32)
ys<vsv¢s) =0 V(US,¢5) € Zs(p), S € [S]
ys€ L Vs € [S]

(p,q) ePxQ,0eRy,
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where
n€R, (vs,05) € Z(p) Vs e [S]
1> 3 (o~ b, ~ Alu— i) - B(p — p.)]) +6T(A, B)

Z_’(G,p) = 9 (77, (’US, ¢S)SE[S]) SE[S] r
77 = /19/5 Z] ¢S
for some A € RY*/ and —B >0 )

\

for some fixed ¥ such that ¥ > 6 and

Zs(p) = {(vs»¢s) € ZxR | ¢S > H'vs _ﬁs - A(u_ﬁs) _B(p_ﬁs)”}'

Here, 0 is some constant that satisfies |d(P,P;) — d(P,PA)| < 6-T(A,B).
To reformulate the approximation (32), we first consider the following problem arising from the
the first collection of constraints in (32):
o1 *
min & Z (pTvs -g' (y2 + Yv, + y;gi)s)) + KN
se[S]
1 . R N Ay n S50
st. n= g Z (Hvs —A(u—1,) —B(p—ps) — 05|+ 0| (A — A)us + (B — B)png)

s€[S]
bs = |vs — A(u — 1) — B(p — ps) — 0| Vs e [S]
0
n——=—5 2 ¢s=0,B=<0
V'S s
pseRy, vy e RN Vs e [S]

neRy, AeRNXJ,

whose dual can be derived as

) X X . .
max 3 Z ( — gTy(s) + aST’[Js + ,@J(Aﬁ's + Bps)+ t, (’f’s + A(u—1s) + B(p — ﬁs)))
se[S]
1
s.t. g Z (as(u - ﬁS)T - Bsﬁz) =0
€[]

% Z (Ofs(p_]as)T - BsﬁsT) >0

a,+t,=p—Y!'g Vs e [9]
laslls < v, [[s]s < ps Vs € [S]
1Bs]2 < 0 Vs e [9]
—53 +ps < —g'yl Vs e [S]

7+5\"/‘7:—a g 56R+
ps € Ry, ag, By, tse RY Vs e [S].
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Then for each product n € [N] and any s € [S], note that the constraint

e;ll'(yg + Y v, + y;‘%) = e;zr(vs —q) V(vs,9s) € Zs(p)
arising from the second collection can be equivalently reformulated as
min e, (You, + 4,65 — vs) > —e, (3! + q).
(’US7¢S)EZS(p)

For the left-hand-side problem,

min eZ(YZvS + ylos — vs)

st ¢s = |dy|
ds = v, — A(u— i) — B(p — ps) — s
ve,ds e RN, ¢, e Ry,

we can also obtain its dual problem as

max r}L’ST(A(u —us) +B(p—ps) + 'E)s)
st [l < eqys

r}w = Y};Ten —e,

rl eRVN.

n,s

In other words, the constraint

en(Ye + Yivs +yios) = e, (vs —q)  V(vs,05) € Z4(p)
can be equivalently reformulated as

T/ 4 ~ -~ ~ ~
rrlb,s (A(u - us) + B(p - ps) + 'Us) = —61(1/2 + Q)
[rsls < ey,

1 _ wyoT
Ths= Y, €, —é€,

T € RV,
We can also reformulate the constraint
erTz(yg + Y v, + y;‘bs) >0 V(vs,¢s) € Zs(p)

arising from the third collection, in a similar manner.
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Now we can conclude that the approximation (32) can be equivalently reformulated as the

following deterministic optimization problem:

min 6
st g 62[5] (—9"yl+alo, + Bl (Ad, + Bp,) + t] (6,+ A(u—1,) + B(p-5,)) =7 +clq
&2 (i)~ gal) =0
se[S]
& 2 (o)~ B.p]) = 0
se[S]
a,+t,=p-Y.'g Vs e [S]
los[« <, Vs e [S]
1852 < ~0 Vs e [S]
sl < cﬁ, -9'y; Vs e [S]
v+ <KL (33)
eyl +rl  (Alu—a,) +B(p—ps) +0,) > —elq Vne[N], se[S]
Irh sl < enys Vne [N], se[S]
Ths =Yl le, —e, Vn e [N], s e [S]
el y? + r%ysT (A(u — 1) + B(p — ps) + v,) =0, Vn e [N], s e [S]
[rhsls < eqys Vn e [N], se[S]
Th= YU e, Vn e [N], s [5]
Tpyss s € RY ¥ne [N], se[S]
as, B, ts, y0, ys e RV, YU e RV Vs e [S]

(P,g)eP xQ,0,v, deRy

It is evident that even reformulation (33)—the approximation of problem (30) via affine recourse
adaptation—involves some bilinear terms such as t;r]f%(p —ps) and as(p — Ps) " in both the objec-
tive and constraints, making it a non-convex optimization problem that is challenging to solve to
optimality. We also remark that even when adopting the residual € as the source of the uncertainty,

similar bilinear terms persist due to the corresponding decision-dependent uncertainty set:

Zs(p) = {(657¢8) eRY xR | ¢s = [€s — b5 + Au + BpH}
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Appendix E.2 Our Contextual Robust Satisficing Model

Modeling the random residual € as the underlying uncertainty, the corresponding residual-based

robust satisficing model becomes

min kK
Rr=| st 17— Ep[r(€,A,u,p,q)] <k-dP,PL) YPe MRY) |,
(p,g) e P xQ,keRy

+_cTq.

The above model can be equivalently reformulated as the following robust optimization problem:

where the profit function is (e, A,u,p,q) = p' (&(A,u,p) +€) —g' (£(A,u,p) + € — q)

min &

ki=| st T=91 % [w(es A u,p,q) +rns] <O V(e ns) €&y, s € [S]
s€[S]

(p,q) P x Q, keRy

)

where & = {(es,ns) e RN x Ry : s > |€s — €Al
Corresponding to problem (30), we propose a contextual robust satisficing model considering

parameter uncertainty as follows:
min 6
st. 17— Ep[n(p,q,&u,A)] < k- (dP,Pa) +0|A —Alp) VPe M(RY), AecQ  (CRS)
(p7q) GP X Q7 96R+7

which can be equivalently reformulated as the following robust optimization problem:

min 0

st STH Y (T (€A u,p) + €5 — q)T —p (LA, u,p) + €5) — K} - €5 — énsl)
se[S] <34)
—ki[A=Alp-0<—cTq—7 Ve,eRY, AeQ, se[S]

(p,q)EPX Q7 96R+7

Using similar techniques as in approaching CRO via CRO (with our proposed approximation
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strategy based on the enhanced affine recourse adaptation), problem (34) can be approximated by

min 6

st. St -Sez[;g] (P (E(A,u,p) + €5) — g ys(As, €5, s, Us)
+rY - ¢s+ Dy Ay + k3t - 0) =g+, V(As, €, 05, 05) € &, s€[5]
Ye(Ass o, b0, ) > Asu+ Bop e, — q, V(A s butb) € &, se 5] B9
Ys(As, €5, @5, ¥s) = 0, V(As, €5, s, 1s) € Es, 5 € [S]
Disels) Ds =0

(p,q)epx Q7 06R+7

where

Es = {(A3a657n5a¢s) e x RY x Ry xRy:ns = Hes - éAs,s

Approximation (35) can be further reformulated as a semidefinite program (see, e.g., Theorem 3).

Appendix F The Lost-Sales Model

When the emergency cost g is replaced by the price p, our multiproduct inventory and pricing
problem becomes the lost-sales model, which is equivalent to the multiproduct newsvendor problem

with pricing decisions. In this case, the profit function is expressed as:

mrs(€s, A, u, p,q) = p' (B(A,u,p) + €5) —p' (€(A,u,p) +es—q)" —c'q.

Using the same approximation and reformulation techniques as for the CRO model, we can approach

the contextual robust lost-sales model

max m Ep [WLS(Q A, u,p, Q)]

n
(P,@)EPxQ AeW(v),PeF(A,09)
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via the following lower bound:

max S7!- Z (i;;ras —p'y? + (AUA + BUB)+R, — ’y\/gns) —c'q+0k

se[S]
st. as=p—Y{'p Vs e [9]
p(yMT —pu’ + asa] + RS(IAJ'A)T -DA=0 Vs e [S]
p(?) +owp] + R(UP)T-DP p\ oels]
p' 1
los)ls < =k =Tyl |Rslr < ns Vs e [S]
Y, + (al,) 8 —nl,yVS + (AUA + BUP) e RL, + ¢, >0 ¥n e [N], s e [S]
a;n = Y;Ten — e, ag’n = YgTen Vn e [N], se [9]
al,af + Ry, (UM =en(y —u)T Vne[N], se[S5]
a;nﬁ; + R;n(IAJB)T -Q;, = e (y? —p)T Vn € [N], se[S]
lognlls < Yams IReLlF < m5p ¥ne[N], se[s]  (36)
¥, + (a2,) o, —n2,7V/S + R2, « (AUA + BUP) > 0 Vn e [N], se[S]
Vn e [N], se[95]
a2, al +R2,(UMT = e, (y)" Vne [N], s€[S]
o?,p) +R2,(UP)T —Q2, = en(y?)’ Vne[N], se[S5]
|l < Ysms IRZ,IF <02, Vne[N], se[S5]
Z D;=0, (p,g)ePxQ, k<0
se[S]
Yyl eRY, yAeR/ yB e RV, YEe RVV yle RV Vs e [S]
D, e RVXU+N) R e RN*S a, e RN, n,e Ry Vs e [9]
lneSY, Rl eRN*S ol eRN pl eR, Vn e [N], se[9]
2,eSN,R2 eRNV*S a2 eRN, n2, eR, vn e [N], se[9].

Here, the bilinear terms (e.g., p 42, Y p, p(y™)", p(y2)T, and pTy!) render problem (36) a
challenging-to-solve bilinear optimization problem. It’s common to restrict prices to a discrete set
(i.e., a price ladder) so that the problem can be reformulated as a mixed-integer conic program
with binary variables and big-M constraints. This formulation is solvable when the discrete set of
possible prices is of moderate size or the number of products is relatively small. For our numerical
experiment in the single-product setting, we discretize the price p into the set [0,0.02,0.04, ..., 1.5p],
and for each fixed candidate price, we solve problem (36). The price yielding the highest objective

value is then selected as the optimal price.
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