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A Verification Procedure
Let us outline our detailed methodology for verifying approximate equilibria in continuous multi-stage games. We
start with some technical preliminaries and proceed with presenting the verification procedure formally.

A.1 Preliminaries
In Definition 1, we defined a multi-stage game with continuous signals and actions. In what follows, we summarize
some additional assumptions required for bounding the error of our verifier.

Throughout, we assume the game to have perfect recall. This means that players remember all the information they
received, and in particular, their actions. This assumption greatly simplifies theory and is usually made in literature
(Myerson and Reny, 2020).

Definition A.1 (Perfect recall). Let Γ = (N , T, S,A, p, σ, u) be a multi-stage game. It is said to have perfect recall if
for all it ∈ L and r > t, there are measurable functions Ψ : Sir → Sit and ψ : Sir → Ait such that Ψ(σir(a<r)) =
σit(a<t) and ψ(σir(a<r)) = ait, for all a ∈ A.

Under perfect recall, one can extract all of i’s actions and received signals up to that point from a signal sir ∈
Sir. That is, there exist functions ψirt : Sir → Ait and Ψirt : Sir → Sit such that ψirt(σir(a<r)) = ait and
Ψirt(σir(a<r)) = σit(a<t) for all a<r = (a·1, · · · , a·r−1) ∈ A<r. Denote with ψir = (ψir1, ψir2, . . . , ψirr−1) and
Ψir = (Ψir1,Ψir2, . . . ,Ψirr−1) the corresponding mappings from Sir into Ai<r and from Sir into Si<r respectively.

Later on, we are interested in two restrictions of the strategy spaces and their intersection. The first restriction
allows only pure strategies, i.e., strategies that map onto Dirac measures for a given signal, which we denote by

Σp
it := {β ∈ Σit | β(sit) = δa for sit ∈ Sit and a ∈ Ait} . (1)

We can identify this with the set of measurable functions from signals to actions. With slight abuse of notation, we
denote both sets by Σp

it and note where it does not become clear from context. We set Σp
i =×t∈T

Σp
it.

For verification, we are interested in whether one can achieve the same best-response utility by restricting the space
of a single agent to pure strategies. This is often satisfied under mild assumptions. For example, it is satisfied in most
Bayesian games (Milgrom and Weber, 1985; Hosoya and Yu, 2022). Furthermore, it can often be guaranteed to be
viable whenever a pure strategy equilibrium exists (Horst, 2005; Reny, 2011).

The second restriction is to consider the set of Lipschitz continuous functions, which we denote by

ΣLip
it = {βit ∈ Σit | βit : Sit → ∆(Ait) is Lipschitz continuous in dW } , (2)

where dW denotes the Wasserstein distance (Definition E.1). We set ΣLip
i =×t∈T

ΣLip
it . Note that common func-

tion approximators for distributional strategies, such as neural networks, fall into the space of Lipschitz continuous
strategies.

Finally, we consider the intersection of pure and Lipschitz continuous strategies, which we denote by ΣLip, p
it :=

ΣLip
it ∩ Σp

it, and ΣLip, p
i :=×t∈T

ΣLip, p
it .
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For a given β·t, one can define a probability distribution from stage t to t + 1. Let B ⊂ A·t be measurable and
a<t ∈ A<t, then the mapping Pt defines a transition probability from A<t into the set of measurable subsets of A·t
by

Pt(B | a<t, β·t) = pt(B0t | a<t)
∏
i∈N

βit(Bit |σit(a<t)), (3)

where βit(Bit |σit(a<t)) is the probability that player i takes actions from Bit when receiving the signal σit(a<t).
The players need to reason about several stages. Therefore, we inductively define probabilities that describe events
from the beginning up to a certain stage.

Let P<1({∅}|β) = 1, and for all t ∈ T and measurable B ⊂ A<t+1, define the rollout measure up to stage t under
strategy profile β as

P<t+1(B|β) =
∫
A<t

Pt ({a·t : (a<t, a·t) ∈ B} | a<t, β·t) dP<t (a<t |β) . (4)

Intuitively speaking, this defines the probability of an intermediate history B up to stage t to occur when all players
act according to β. The probability measure P ( · |β) := P<T+1( · |β) denotes the probability measure over outcomes
induced by the strategy profile β.

Finally, player i’s ex-ante utility is defined as the expected utility over all possible outcomes of the game and is
given by

ũi (β) =

∫
A
ui(a)dP (a |β). (5)

In the game’s interim stages, the individual agent reasons about what action to take after receiving a signal. To
describe this optimization problem, we introduce the conditional probabilities and utilities to describe the expected
utility given a certain signal and strategies. Let β ∈ Σ be a strategy profile, it ∈ L, and Z ⊂ Sit measurable, then
define

Pit(Z |β) = P<t(σ
−1
it (Z) | b) = P<t({a<t : σit(a<t) ∈ Z} |β), (6)

to be the probability that player i’s stage t signal is in Z under strategy profile β. Consequently, for any it ∈ L and
measurable Z ⊂ Sit such that Pit(Z|β) > 0, we define, with a slight abuse of notation, the conditional probabilities
as

P<t(B |Z, β) = P<t(B ∩ σ−1
it (Z) |β)/Pit(Z|β) ∀B ⊂ A<t measurable, (7)

and

P (B |Z, β) = P ({a ∈ B : σit(a<t) ∈ Z} |β)/Pit(Z|β) ∀B ⊂ A measurable. (8)

With all of this, the conditional expected utilities for a measurable Z ⊂ Sit are defined as

ũi(β |Z) =
∫
A
ui(a)dP (a |Z, β). (9)

A.2 Construction
This section gives a formal construction of the verification algorithm. For the reader’s convenience, we repeat some
explanations from the main body here. The verification procedure of an agent’s learned strategy consists of two main
parts. First, the strategy space must be discretized such that the search space is reduced to a finite size, and the number
of simulations must be set such that the expected utilities (across nature and the opponents’ action probabilities) can
be approximated via sampling. Second, the deployment of all possible strategies is simulated, and the best-performing
strategy with the highest utility is compared to the utility of the actual strategy.

A.2.1 Finite precision step-functions

For every it ∈ L and D ∈ N there exists a finite number of disjoint grid cells that consist of a product of half-open
intervals, partitioning Sit. We denote these grid cells by Ck

it, where 1 ≤ k ≤ GD
Sit

and GD
Sit

∈ N is the number of grid
cells. Finally, let the tuple Git =

(
SD
it,AD

it, Cit,D
)

denote the signal and action space discretization for it ∈ L.
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We define the set of step functions with precision D for it ∈ L by

ΣD
it (Git) :=

sit 7→
GD

Sit∑
k=1

χCk
it
(sit)a

k
it

∣∣∣∣∣ akit ∈ AD
it

 , (10)

and ΣD
i (Gi) =×t∈T

ΣD
it (Git). Any grid so that ΣD

it can approximate any pure Lipschitz continuous function well for
sufficiently high D (Lemma E.4) can be used. In the following, we restrict ourselves to the regular grid and show that
it satisfies this property. Therefore, we drop the discretization and write ΣD

i instead of ΣD
i (Git). For any given finite

precision D ∈ N, we make the discretization error (Equation 7).

A.2.2 Backward induction over finite precision step functions

For every finite precision D, there are finitely many elements in ΣD
i , which can be translated into finitely many decision

points for player i. That is, we can build a finite game or decision tree representing all possible step functions from
ΣD

i . We perform a backward induction scheme on this finite decision tree to get the maximal ex-ante utility from any
step function.

To achieve this, we define player i’s counterfactual conditional utility as the conditional utility for taking a specific
action given a certain signal, excluding player i’s influence of reaching this signal. This is similar to formulations
of counterfactual reach probabilities and utilities from literature in finite games (Zinkevich et al., 2007). Before the
counterfactual conditional utilities can be formally defined, we need to introduce some other objects first.

We exclude player i’s influence of reaching a certain signal grid cell Ck
it ⊂ Sit by considering a strategy that

deterministically plays to reach Ck
it. That is possible because, without loss of generality, one can assume that there

exists a unique sequence of grid actions aC
k
it

i<t ∈ AD
i<t that need to be taken for every grid cell Ck

it. To see this, note
that due to perfect recall, agent i’s actions taken prior to stage t can be extracted from every signal sit. Due to our
construction, this is a unique sequence for every grid cell Ck

it if, for example, each action space Air gets appended
to the signaling space in the following stage Sir+1. Therefore, for every Ck

it, there exist sit ∈ Ck
it and ai<t ∈ AD

i<t

such that ψit(sit) = ai<t. At the same time, there exists no s′it ∈ Ck
it such that ψit(s

′
it) ̸= ai<t and ψit(s

′
it) ∈ AD

i<t.

Therefore, we define functions ψD
it(C

k
it) = a

Ck
it

i<t that map a grid cell to its unique history of grid actions.
Given a finite precision step function strategy βi ∈ ΣD

i , we can now construct a strategy for player i that plays to
reach Ck

it (adapting stages 1, . . . , t− 1), takes a certain action in stage t, and remains the same for stages t+1, . . . , T .
More specifically, let it ∈ L, β = (βi, β−i) be a strategy profile with βi ∈ ΣD

i and β−i ∈ Σ−i, and akit ∈ AD
it. Then

we define a function (βi)
Ck

it,a
k
it =

(
(βi1)

Ck
it,a

k
it , . . . , (βiT )

Ck
it,a

k
it

)
that is playing to reach Ck

it in the following way:

(βir)
Ck

it,a
k
it = βir for r > t,

(βit)
Ck

it,a
k
it (sit) =

{
akit for sit ∈ Ck

it,

βit(sit) for sit ∈ Sit \ Ck
it,

(βi<t)
Ck

it,a
k
it (Ψit(sit)) =

{
ψD
it(C

k
it) for sit ∈ Ck

it,

βi<t (Ψit(sit)) for sit ∈ Sit \ Ck
it,

The counterfactual conditional utilities for precision D are then defined as

ũc, D
i

(
β |Ck

it, a
k
it

)
= ũi

(
(βi)

Ck
it,a

k
it , β−i |Ck

it

)
, (11)

where ũi( · | · ) is the conditional utility defined in Equation 9. Note that ũc, D
i is independent of βi<t ∈ ΣD

i<t, as only
histories conditioned on observing signals from Ck

it are considered. All actions that may be taken off paths that lead
to this set of signals do not matter. Therefore, we write ũc, D

i

(
βi>t, β−i |Ck

it, a
k
it

)
instead of ũc, D

i

(
β |Ck

it, a
k
it

)
, where

βi>t = (βit+1, . . . , βiT ), to emphasize this independence.
We are now ready to define a best response over the finite strategy set ΣD

i via backward induction. For a given
opponent strategy profile β−i, we inductively define a step function βD,∗

i ∈ ΣD
i . For the last stage siT ∈ SiT , define

βD,∗
iT (siT ) = argmax

aiT∈AD
iT

ũc, D
i

(
β−i |Ck

iT , aiT
)
, (12)
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where Ck
iT is the unique set such that siT ∈ Ck

iT . For preceding stages t < T , we define

βD,∗
it (sit) = argmax

ait∈AD
it

ũc, D
i

(
βD,∗
i>t, β−i |Ck

it, ait

)
, (13)

again with sit ∈ Ck
it. Note that the argmaxait∈AD

it
is non-empty, as the utility functions are bounded, and there are

only finitely many values to consider. If there is more than one element in the argmaxait∈AD
it

, then we simply choose
one discrete action for a whole grid cell Ck

it. This backward induction procedure gives us a best-response over the set
ΣD

i (Lemma E.2).

A.2.3 Monte-Carlo integration for conditional utilities

The backward induction procedure above assumes that the conditional expected utilities from Equations 12 and 13 can
be evaluated, which is, in general, impossible. It would require having access to the expectations of the conditional
utilities (Equation 9) for which there may be no closed-form solutions. Therefore, we employ Monte-Carlo approx-
imation to estimate βD,∗

i and its ex-ante utility. We separate the approximation into a simulation and an aggregation
phase.

We start with the simulation phase by sampling a single initial game state, and the players receive their respective
signals s · 1. We collect the opponent actions a−i1 according to β−i1. For player i, we register into which grid cell
Ck

i1 the signal si1 belongs and increase the cell’s counter (aka. visitation count), which we denote by M(Ck
i1). Then,

we simulate the transition to the next stage for every possible action ai1 ∈ AD
i1, multiplying the number of simulated

games by a factor of |AD
i1|. We proceed in this pattern; for each simulation, collect the opponent actions according

to β−it, register the corresponding grid cell Ck
it for player i’s signal sit, increase a respective counter M(Ck

it), and
simulate the state transition for every possible action ait ∈ AD

it multiplying the number of simulated games by a factor
of |AD

it|.1 After T stages, there are
∏

t∈T | AD
it| complete histories a, for which the utility ui(a) is evaluated. This

procedure is performed for MIS ∈ N initial states, resulting in a total of MTot =MIS ·
∏

t∈T | AD
it| simulated histories

and evaluated utilities, concluding the simulation phase. We denote the set of all simulated histories by AMIS .
After performing MTot simulations, the aggregation phase starts. Depending on which subsets of AMIS are chosen,

we get samples from different distributions. For example, let βi ∈ ΣD
i arbitrary. Consider the rollout procedure above

with a single initial state. Then, as we explore every discrete action, there exists a simulated history al that is consistent
with βi. That is, alit = βi(σit(a

l
<t)) for 1 ≤ t ≤ T . Due to construction, we have that al ∼ P ( · |βi, β−i). Therefore,

for every initial state, we get at least one sample for every possible βi ∈ ΣD
i .

To perform the backward induction procedure as described above, we want to sample from conditional measures
as well. So, for a grid cell Ck

it ⊂ Sit and discretized action akit ∈ AD
it, let βi ∈ ΣD

i such that βi = (βi)
Ck

it,a
k
it . That is,

βi is playing to reach Ck
it and then plays akit. The above procedure allows us to sample al ∼ P ( · |βi, β−i). Suppose

Pit(C
k
it |βi, β−i) > 0 and we only consider those ãl with σit(ãl<t) ∈ Ck

it, then ãl ∼ P ( · |Ck
it, (βi, β−i)). The set of

simulated histories ãl for grid cell Ck
it, discrete action ait ∈ AD

it, and step functions βD
i>t ∈ ΣD

>t is given by

A
(
βD
i>t, C

k
it, ait;MIS

)
:=
{
al ∈ AMIS

∣∣σit(al<t) ∈ Ck
it, a

l
it = ait,

βD
it+m

(
σit+m−1

(
al<t+m

))
= alit+m for 1 ≤ m ≤ T − t

}
.

It holds that
∣∣A (βD

i>t, C
k
it, ait;MIS

)∣∣ = M(Ck
it) for any ait ∈ AD

it and βD
i>t ∈ ΣD

>t. That is, we get a valid sample
from P ( · |Ck

it, ((βi>t)
Ck

it,a
k
it , β−i)) whenever a simulation falls into Ck

it for every discrete action akit. We define the
estimated counterfactual conditional utility by

ûc, D
i

(
βD
i>t, β−i

∣∣At

(
βD
i>t, C

k
it, ait;MIS

))
:=

1

M(Ck
it)

M(Ck
it)∑

l=1

ui
(
al
)
, (14)

for βD
i>t ∈ ΣD

i>t, ait ∈ AD
it, grid cell Ck

it, and al ∈ A
(
βD
i>t, C

k
it, ait;MIS

)
. If M(Ck

it) = 0, we set the value to zero.
This approximates the counterfactual conditional utility from Equation 12. We use these to construct a step function

βD,MIS
i ∈ ΣD

i according to the backward induction procedure from Equations 12 and 13. From this, using the relation
between the counterfactual conditional and ex-ante utilities (see Lemma E.1), we get an estimated best response utility
over the simulations AMIS which we define by

ûver, D
i (β−i |AMIS) :=

GD
Si1∑

k=1

M(Ck
i1)∑

j M(Cj
i1)
ûc, D
i

(
βD,MIS
i>1 , β−i

∣∣A1

(
βD,MIS
i>1 , Ck

i1, β
D,MIS
i1 (Ck

i1);MIS

))
. (15)

1One can decrease this branching factor sometimes using game-specific knowledge. For example, if an agent loses in the first stage of the
signaling contest, he or she may no longer bid in the second stage.
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In the limit, the approximation recovers the maximum utility and best response over the set of step function ΣD
i

(see Lemma E.3). The simulation error εMIS (Equation 8) denotes the discrepancy between ex-ante utilities of the best
finite-precision step function evaluated analytically and approximated over the dataset AMIS .

Finally, let β ∈ Σ be a strategy profile. Then, we simulate MIS complete histories from P (· |β), and collect them
into a data setBMIS . Using Equation 4, we obtain an estimation of the expected utility, which we denote by ûi(β|BMIS).
The final estimation of our verification procedure for the utility loss over pure Lipschitz continuous strategies is then
given by

ℓver(β) := ûver, D
i (β−i |AMIS)− ûi(β|BMIS). (16)

B Hyperparameters
We employ common hyperparameters for our experiments, utilizing fully connected neural networks with two hidden
layers, each consisting of 64 nodes, and employing SeLU activations on the inner nodes (Klambauer et al., 2017). The
weights and biases of these networks determine the parameters θi. All experiments were conducted on a single Nvidia
GeForce 2080Ti GPU with 11 gigabytes of RAM, accommodating a parallel simulation of 20, 000 environments. We
employed the ADAM optimizer. We tuned the learning rate and the initial log-standard deviation for the individual
settings. We used a learning rate of 8 × 10−6 for all experiments in the sequential auction and a learning rate of
5 × 10−5 for all experiments of the Bertrand competition. We set the initial log-standard deviation for the sequential
auction and Bertrand competition to −3.0 for all experiments. For the elimination contest, we used the same learning
rate and initial log-standard deviation as in the sequential auction environment as default. However, we made the
following adaptations for the individual settings. We set the initial log-standard deviation in the standard setting where
the winning bids are published to −2.0 for REINFORCE. We set the learning rate with risk-averse contestants for
PPO to 6 × 10−6. Finally, we set the learning rate to 1 × 10−5 and the initial log-standard deviation to −2.0 for
the REINFORCE algorithm in the setting with asymmetric contestants. All remaining parameters are set to the default
values used in the framework by Raffin et al. (2021).

For our verification procedure, we employ a discretization parameter of D = 6 and an initial number of simulations
MIS = 223 as default. We increase the discretization to D = 8 in the Stackelberg Bertrand competition and reduce it
to D = 4 for the four-stage Sequential Auction so that the information set tree fits onto a single GPU.

The code is available at Github.

C Analytical Equilibrium Strategies
We report some of the known equilibrium strategies from literature here.

C.1 Elimination Contest
Zhang (2008) specifies the equilibrium strategies for the considered two-stage elimination contest with risk-neutral
bidders via the solution of an abstract integral. By choosing a special case with uniform prior distributions, we can
solve the related integrals. The equilibrium strategies are provided in the following proposition.

Proposition C.1 (Zhang (2008)). Consider a four-bidder two stage-contest, where bidders privately learn their valu-
ations v = (v1, v2, v3, v4) for the prize, which are independently and uniformly distributed on the interval [1.0, 1.5].
Let i be some bidder, and denote with j the first round’s winner of the other group. Then there exists a separating
equilibrium for both information cases, which is given by the following.

1. Assuming the true valuations are revealed after the first stage, i.e., σi2(a·1) = vj , we have the following sym-
metric equilibrium:

βi1(vi) = WE(vi) and βi2(vi, vj) =
v2i vj

(vi + vj)
2 .

2. Assuming the winning bids of the other group are revealed after the first stage, i.e., σi2(a·1) = a1j , we have the
following equilibrium:

βi1(vi) = WE(vi) + SE(vi)

βi2(vi, aj1) =
v2i β

−1
i1 (aj1)(

vi + β−1
i1 (aj1)

)2
5
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where the functions WE and SE are defined as follows:

WE(vi) = 27 log

(
vi +

3

2

)
− 17 vi

2
−

43 log
(
5
2

)
4

+
7 v2i
2

− 2 v3i − 4 log (vi + 1)
(
v4i − 1

)
+ 4 log

(
vi +

3

2

) (
v4i −

81

16

)
+ 7

SE(1) = 0

SE(vi) = 17 log (5)− 8 log (vi + 1)− 9 log

(
vi +

3

2

)
− 17 log (2)− 16 vi + 8 v2i log (vi + 1)

+ 16 v3i log (vi + 1)− 16 v4i log (vi + 1)− 8 v2i log

(
vi +

3

2

)
− 16 v3i log

(
vi +

3

2

)
+ 16 v4i log

(
vi +

3

2

)
− 135

2 vi + 3
+ 18 v2i − 8 v3i + 33 for vi ∈ (1, 1.5].

C.2 Stackelberg Bertrand Competition
The analytically derived equilibrium strategy for the Stackelberg Bertrand competition by Arozamena and Weinschel-
baum (2009) is given in the following proposition.

Proposition C.2 (Arozamena and Weinschelbaum (2009)). Consider a two-firm Stackelberg-Bertrand competition as
described in Section 6.4.1. Then for every measurable function f : R → R such that f(x) > x, an equilibrium is
given as follows:

β−1
11 (p1) = p1 −

Q(p1)(1− F (p1))

Q(p1)F ′(p1)−Q′(p1)(1− F (p1))
=

4p31 − 27p21 − 24p1 + 20

3p21 − 18p1 − 12
,

β22(c2, p1) =

{
min{p1, pM (c2)}, for p1 ≥ c2,

f(b1), else,

where pM (c2) = maxp2 Q(p2)(p2 − c2) = 5 + c2
2 denotes the monopoly price, and β−1

11 is the leader’s inverse
equilibrium strategy.

The leader’s equilibrium strategy β11 is guaranteed to be invertible in the above setting, so we recover it by
numerically inverting β−1

11 from above.

D Stackelberg Betrand Competition under Risk Aversion
We also study the Stackelberg Bertrand model with risk-averse firms. Wambach (1999) examines how incomplete
information and risk aversion affect price-setting behavior in a simultaneous Bertrand competition model. He demon-
strates that contrary to the Bertrand paradox, risk-averse firms can sustain prices above the competitive level even as
the number of firms increases due to the potential losses associated with cost uncertainty. Ma and Li (2014) examine
a supply chain consisting of two manufacturers and a common retailer. The manufacturers first interact in a Bertrand
competition, acting as leaders, whereas the retailer reacts to their prices as a follower. They study gradient dynamics
of price setting under uncertain demand and risk aversion, finding that the level of risk aversion greatly influences the
system’s stability. None of the above settings incorporate a Stackelberg interaction and incomplete information under
risk aversion. While risk-averse behavior has been extensively studied in the literature, we are unaware of a known
equilibrium strategy for our setting.

The results are summarized in Table 1 and show a very small estimated utility loss for all settings. Figure 1 shows
the leader’s strategy for two different levels of risk aversion, where the left plot displays the strategy for risk parameter
ρ = 0.5 and the right for ρ = 2.0. Contrary to the prediction made by Wambach (1999), higher levels of risk aversion
lead to lower prices and, therefore, higher competition. The follower’s strategy aligns with expectations by slightly
underbidding the leader’s price whenever her cost is sufficiently low.

For a risk parameter of ρ = 2.0, the exponential nature of CARA risk aversion results in utilities on the order of
−1014 for the initialized bidding strategies. This scale of rewards is known to cause issues for learning algorithms.
Therefore, we performed an additional normalization step of the rewards for the PPO algorithm. Our REINFORCE
implementation normalizes rewards by default.
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Table 1: Approximated utility losses of the Bertrand competition with risk-averse bidders. There is no analytical
equilibrium available for comparison. We report the estimated utility loss ℓver with its standard deviations over ten
runs. The reward was normalized for the runs indicated with (∗).

risk ρ agent metric REINFORCE PPO

0.5 leader ℓest 0.0001 (0.0001) 0.0003 (0.0002)
follower ℓest -0.0058 (0.0007) -0.0048 (0.0021)

1.0 leader ℓest 0.0001 (0.0001) 0.0001 (0.0001)
follower ℓest 0.0007 (0.0013) -0.0013 (0.0014)

2.0 leader ℓest 0.0000 (0.0000) 0.0001 (0.0001)(∗)
follower ℓest 0.0052 (0.0011) -0.0014 (0.0008)(∗)

(a) risk ρ = 0.5 (b) risk ρ = 2.0

Figure 1: REINFORCE-based learned strategies of the leader in the Stackelberg Bertrand competition with risk-averse
firms.

7



E Proof of Verifier Convergence Theorem
Before stating the proof of the main theorem, we show several auxiliary results.

Lemma E.1. Let Γ = (N , T, S,A, p, σ, u) be a multi-stage game under Assumption 1, β−i ∈ Σ−i, and βi ∈ ΣD
i for

D ∈ N. For a grid cell Ck
it ⊂ Sit that Ck

it is reachable under β−i and akit ∈ AD
it, consider J ⊂ {1, . . . , GSit+1} such

that Cj
it+1 is reachable from Ck

it by taking akit under β−i, i.e., Pit+1

(
Cj

it+1| (βi)
Ck

it,a
k
it , β−i

)
> 0, then there is the

following relationship between the conditional probabilities from stage t+ 1 to stage t:

Pit

(
Ck

it| (βi)
Ck

it,a
k
it , β−i

)
· ũc, D

i

(
βi, β−i|Ck

it, a
k
it

)
=
∑
j∈J

Pit+1

(
Cj

it+1| (βi)
Cj

it+1,βi(C
j
it+1) , β−i

)
· ũc, D

i

(
βi, β−i|Cj

it+1, βi(C
j
it+1)

)
In particular, it holds that

ũi(βi, β−i) =

GD
Si1∑

k=1

Pi1

(
Ck

i1|βi, β−i

)
· ũc, D

i

(
βi, β−i |Ck

i1, βi(C
k
i1)
)
.

So, choosing akit = βi(C
k
it) for every t, we can calculate player i’s ex-ante utility ũi(βi, β−i) by iteratively summing

up the conditional probabilities.

Proof. The second statement follows directly from the first by seeing that GSD
i1

= 1, as there is only a single signal
that can be received in stage t = 1.

For the first statement, note that due to construction and perfect recall, it holds that (βi)
Ck

it,a
k
it = (βi)

Cj
it+1,βi(C

j
it+1)

for all j ∈ J . We then have∑
j∈J

Pit+1

(
Cj

it+1| (βi)
Cj

it+1,βi(C
j
it+1) , β−i

)
· ũc, D

i

(
βi, β−i|Cj

it+1, βi(C
j
it+1)

)
(17)

=
∑
j∈J

Pit+1

(
Cj

it+1| (βi)
Cj

it+1,βi(C
j
it+1) , β−i

)
·
∫
A
ui(a)dP

(
a|Cj

it+1, (βi)
Cj

it+1,βi(C
j
it+1) , β−i

)
(18)

=
∑
j∈J

∫
{a∈A|σit+1(a<t+1∈Cj

it+1)}
ui(a)dP

(
a| (βi)C

j
it+1,βi(C

j
it+1) , β−i

)
(19)

=
∑
j∈J

∫
{a∈A|σit+1(a<t+1∈Cj

it+1)}
ui(a)dP

(
a| (βi)C

k
it,a

k
it , β−i

)
(20)

=

∫
{a∈A|σit+1(a<t+1∈

⋃
j∈J Cj

it+1)}
ui(a)dP

(
a| (βi)C

k
it,a

k
it , β−i

)
(21)

= Pit

(
Ck

it| (βi)
Ck

it,a
k
it , β−i

)
· ũi
(
(βi)

Ck
it,a

k
it , β−i|Ck

it

)
(22)

= Pit

(
Ck

it| (βi)
Ck

it,a
k
it , β−i

)
· ũc, D

i

(
βi, β−i|Ck

it, a
k
it

)
, (23)

where we used the definitions of the counterfactual conditional utilities and the conditional measures in Equations 18
and 19. Finally, we used that theCj

it+1’s are disjoint andPit

(
Ck

it| (βi)
Ck

it,a
k
it , β−i

)
=
∑

j∈J Pit+1

(
Cj

it+1| (βi)
Ck

it,a
k
it , β−i

)
in Equations 21 and 22 respectively.

The following lemma establishes that the constructed step function βD,∗
i defined in Equations 12 and 13 maximizes

the ex-ante utility over the finite precision step functions from ΣD
i .

Lemma E.2. For a given multi-stage game Γ = (N , T, S,A, p, σ, u), under Assumption 1, opponent strategies β−i ∈
Σ−i, and precision parameter D ∈ N, it holds that

ũi

(
βD,∗
i , β−i

)
= sup

β′
i∈ΣD

i

ũi (β
′
i, β−i) .
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Proof. First, note the following property for conditional probabilities. For βi, β′
i ∈ ΣD

i and any grid cell Ck
it ⊂ Sk

it, it
holds that

Pit

(
Ck

it| (βi)
Ck

it,βi(C
k
it) , β−i

)
= Pit

(
Ck

it| (β′
i)

Ck
it,β

′
i(C

k
it) , β−i

)
. (24)

That is due to two reasons. First, the conditional probabilities of stage t only depend on the strategies prior to stage t.
Second, a discrete strategy (βi)

Ck
it,ait conditioned on grid cell Ck

it is independent of βi<t.
Next, we show that for all it ∈ L, βi ∈ ΣD

i , and 1 ≤ k ≤ GSit the following holds

ũc, D
i

(
βi, β−i|Ck

it, βi(C
k
it)
)
≤ ũc, D

i

(
βD,∗
i , β−i|Ck

it, β
D,∗
i (Ck

it)
)
. (25)

We perform a proof by induction. Let k ∈ {1, . . . GSiT
}, then it holds that

ũc, D
i

(
βi, β−i|Ck

iT , βi(C
k
iT )
)
≤ max

aiT∈AD
iT

ũc, D
i

(
βi, β−i|Ck

iT , aiT
)

= ũc, D
i

(
βD,∗
i , β−i|Ck

iT , β
D,∗
i (Ck

iT )
)
.

This can be seen directly as for any Ck
it, the counterfactual conditional utility is independent of βi<t. Suppose Equa-

tion 25 holds for t+ 1, . . . , T . Let k ∈ {1, . . . , GSit
} and ait ∈ AD

it. Denote with Jait ⊂
{
1, . . . , GSit+1

}
the subset

of reachable grid cells from cell Ck
it by taking action ait. Then we get by Lemma E.1

Pit

(
Ck

it| (βi)
Ck

it,βi(C
k
it) , β−i

)
· ũc, D

i

(
βi, β−i|Ck

it, βi(C
k
it)
)

=
∑

j∈Jβi(C
k
it

)

Pit+1

(
Cj

it+1| (βi)
Cj

it+1,βi(C
j
it+1) , β−i

)
· ũc, D

i

(
βi, β−i|Cj

it+1, βi(C
j
it+1)

)
≤ max

ait∈AD
it

∑
j∈Jait

Pit+1

(
Cj

it+1| (βi)
Cj

it+1,βi(C
j
it+1) , β−i

)
· ũc, D

i

(
βi, β−i|Cj

it+1, βi(C
j
it+1)

)
(IS)
≤ max

ait∈AD
it

∑
j∈Jait

Pit+1

(
Cj

it+1| (βi)
Cj

it+1,βi(C
j
it+1) , β−i

)
· ũc, D

i

(
βD,∗
i , β−i|Cj

it+1, β
D,∗
i (Cj

it+1)
)

(*)
=

∑
j∈Jβ

D,∗
i

(Ck
it

)

Pit+1

(
Cj

it+1|
(
βD,∗
i

)Cj
it+1,β

D,∗
i (Cj

it+1)

, β−i

)
· ũc, D

i

(
βD,∗
i , β−i|Cj

it+1, β
D,∗
i (Cj

it+1)
)

= Pit

(
Ck

it|
(
βD,∗
i

)Ck
it,β

D,∗
i (Ck

it)

, β−i

)
· ũc, D

i

(
βD,∗
i , β−i|Ck

it, β
D,∗
i (Ck

it)
)
,

where (IS) denotes the induction step. Furthermore, we used Equation 24 and the definition of βD,∗
it from Equation 13

in step (*). By applying Equation 24 again, we get the statement from Equation 25. Finally, by applying Lemma E.1,
we get the statement.

The next lemma shows that the simulation error for a dataset AMIS goes to zero as the number of simulations
increases.

Lemma E.3. Let Γ = (N , T, S,A, p, σ, u) be a multi-stage game, β−i ∈ Σ−i, assuming Assumptions 1 and 2 hold,
D ∈ N, and AMIS with a number of MIS ∈ N initial simulations. It holds that

lim
MIS→∞

εMIS = 0 almost surely.

Proof. Let Ck
it ⊂ Sit be reachable, i.e., Pit(C

k
it |β′

i, β−i) > 0 for some β′
i ∈ ΣD

i , and akit ∈ AD
it and βi ∈ ΣD

i be
arbitrary. Then it follows that M(Ck

it) → ∞ for MIS → ∞. That is, for any reachable Ck
it, we sample infinitely often

from the conditional counterfactual measure P ( · |Ck
it, (βi)

Ck
it,a

k
it , β−i). Furthermore, it holds that

ũc, D
i (βi, β−i |Ck

it, a
k
it) ≤

∫
A
|ui(a)| dP (a |Ck

it, (βi)
Ck

it,a
k
it , β−i) ≤ ||ui||∞ <∞.

Finally, as al ∈ A
(
βi>t, C

k
it, a

k
it;MIS

)
is distributed according to P ( · |Ck

it, (βi)
Ck

it,a
k
it , β−i), Kolmogorov’s law of

large numbers holds and

lim
MIS→∞

ûc, D
i

(
βi>t, β−i|A

(
βi>t, C

k
it, a

k
it;MIS

))
= ũc, D

i

(
βi, β−i|Ck

it, a
k
it

)
almost surely.
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In particular, it holds that

lim
MIS→∞

ûc, D
i

(
β−i|A

(
Ck

iT , β
D,MIS
i (Ck

iT );MIS

))
= ũc, D

i

(
βi, β−i|Ck

iT , β
D,∗
i (Ck

iT )
)

almost surely,

as the utility is independent from the choice of the argmax in Equation 12. Therefore, following the backward induc-
tion procedure from Equation 13, we get

lim
MIS→∞

ûc, D
i

(
βD,MIS
i>t , β−i|A

(
βD,MIS
i>t , Ck

it, β
D,MIS
i>t (Ck

it);MIS

))
= ũc, D

i

(
βD,∗
i , β−i|Ck

it, β
D,∗
i (Ck

it)
)

a. s.

Finally, we get

lim
MIS→∞

ûver, D
i (β−i |AMIS) = ũi

(
βD,∗
i , β−i

)
= sup

β′
i∈ΣD

i

ũi (β
′
i, β−i) almost surely,

where we used Lemma E.1 for the first, and Lemma E.2 for the second equation. This gives us the desired statement.

Next, we show that any pure Lipschitz continuous strategy can be approximated arbitrarily well in the infinity
norm ∥ · ∥∞ for a sufficiently high discretization D.

Lemma E.4. Let Γ = (N , T, S,A, p, σ, u) be a multi-stage game, where Assumption 1 holds. Let Git = (SD
it,AD

it, Cit,D)
be the discretization that results from a regular grid of 2D points along each dimension of Sit and Ait. Then for every
pure Lipschitz continuous strategy βit ∈ ΣLip, p

it there exists a sequence
{
βD
it

}
D∈N with βD

it ∈ ΣD
it (Git) such that

lim
D→∞

∣∣∣∣βit − βD
it

∣∣∣∣
∞ = 0.

Proof. Let βit ∈ ΣLip, p
it . Then there exists an L > 0 such that for s, s′ ∈ Sit it holds that

dW (βit(s), βit(s
′)) = ||βit(s)− βit(s

′)||∞ ≤ L · ||s− s′|| .

As Ait and Sit are compact, there exists a K > 0 such that ||a− a′||∞ ≤ K and ||s− s′||∞ ≤ K for all a, a′ ∈ Ait

and s, s′ ∈ Sit. Then, for every a ∈ Ait and s ∈ Sit, there exist ã ∈ AD
it and s̃ ∈ SD

it such that ||a− ã||∞ ≤ K2−D

and ||s− s̃||∞ ≤ K2−D.
Remember that

(
Ck

it

)
1≤k≤G

SD
it

partitions Sit. Let s ∈ Ck
it, then there is a unique sk ∈ SD

it ∩ Ck
it. Define

βD
it(s) = argmin

aDk
it ∈AD

it

∣∣∣∣akit − βit(s
k)
∣∣∣∣
∞ for s ∈ Ck

it, 1 ≤ k ≤ GD
Sit
.

Then βD
it ∈ ΣD

it for every D ∈ N. Finally, we get for all s ∈ Sit that∣∣∣∣βit(s)− βD
it(s

k)
∣∣∣∣
∞ ≤

∣∣∣∣βit(s)− βit(s
k)
∣∣∣∣
∞ +

∣∣∣∣βit(sk)− βD
it(s

k)
∣∣∣∣
∞

≤ L
∣∣∣∣s− sk

∣∣∣∣+K2−D ≤ K · (1 + L)2−D.

As K and L are constants, and 2−D → 0 for D → ∞, we get the statement.

We now turn to translate a close approximation of a strategy βi by a step function β′
i into closeness of the outcome

distribution in the Wasserstein distance. For completeness, we restate some well-known results about the Wasserstein
distance.

Definition E.1 (Wasserstein distance). (Villani, 2009, p.93) Let (X, d) be a Polish metric space. For any probability
measures µ, ν on X , the (1-)Wasserstein distance between µ and ν is defined by

dW (µ, ν) = inf
π∈Π(µ,ν)

∫
X

d(x, y)dπ(x, y),

where Π(µ, ν) denotes the space of couplings between µ and ν. That is π ∈ Π(µ, ν) is a probability measure on
X ×X , such that

∫
X
π(x, y)dy = µ(x) and

∫
X
π(x, y)dx = ν(x).
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In our applications, we always assume the metric d to be induced by some norm || · ||. As we consider finite-
dimensional spaces by Assumption 1, the norm’s choice is irrelevant.

The following lemma is a central result in optimal transport. It establishes a connection between the Wasserstein
distance of two measures µ and ν and the difference of Lipschitz continuous functions measured by µ and ν. We use
this relation frequently to establish upper bounds among outcome distributions under different strategies.

Lemma E.5 (Kantorovich–Rubinstein duality). (Villani, 2009, p.59) Let (X, d) be a Polish metric space. For any
probability measures µ, ν on X , and K > 0, there holds the following equality

dW (µ, ν) =
1

K
sup

||f ||Lip≤K

{∫
fdµ−

∫
fdν

}
,

where || · ||Lip denotes the Lipschitz norm.

The following theorem states that the Wasserstein distance metrizises weak convergence on the space of outcome
distributions. This is central to establish our main result as it states that the outcome distribution’s convergence in the
Wasserstein distance means that the ex-ante utilities converge as well.

Theorem E.1 (Metrization of weak convergence). (Villani, 2009, p.96) Let (X, d) be a Polish metric space and
(µk)k∈N is a sequence of measures in P (X), and µ ∈ P (X), then the following two statements are equivalent

1. dW (µk, µ) → 0

2. For all bounded continuous functions f : X → R, one has∫
fdµk →

∫
fdµ.

Using Theorem E.1, it suffices to show that closeness to a Lipschitz continuous strategy translates to a small
Wasserstein distance of the outcome distribution. More specifically, we show in Lemma E.10 that under Assumptions 1
and 2, for every βi ∈ ΣLip, p

i there exists a sequence
(
βD
i

)
D∈N with βD

i ∈ ΣD
i such that dW

(
P ( · |βi, β−i) , P ( · |βD

i , β−i)
)
→

0. We show several technical auxiliary lemmas first to establish this result. These intermediate results give relations
among the Wasserstein distance with product measures (Lemma E.6), under different strategies in a specific stage
(Lemma E.7), and under different strategies up to a specific stage (Lemmas E.8 and E.9).

Lemma E.6. Let µ1, ν1 and µ2, ν2 be measures on Rn and Rm respectively. Define the product measures µ := µ1⊗µ2,
ν := ν1 ⊗ ν2. Then the following inequality holds

dW (µ, ν) ≤ dW (µ1, ν1) + dW (µ2, ν2)

Proof. By Theorem 4.1 of (Villani, 2009, p.43), there exist optimal couplings π1, π2 for µ1, ν1 and µ2, ν2 respectively,
such that

dW (µ1, ν1) =

∫
Rn×Rn

dRn(x1, x2)dπ1(x1, x2) , dW (µ2, ν2) =

∫
Rm×Rm

dRm(y1, y2)dπ2(y1, y2).

Then π := π1 ⊗ π2 is the trivial coupling for µ and ν, which can be readily checked by∫
Rn×Rm

π(x1, x2, y1, y2)d(x1, y1) =

∫
Rn

π1(x1, x2)dx1

∫
Rm

π2(y1, y2)dy1 = ν1(x2)ν2(y2),∫
Rn×Rm

π(x1, x2, y1, y2)d(x2, y2) =

∫
Rn

π1(x1, x2)dx2

∫
Rm

π2(y1, y2)dy2 = µ1(x1)µ2(y1).

Therefore, we get

dW (µ, ν) ≤
∫
Rn+m×Rn+m

dRn+m(x1, y1, x2, y2)dπ(x1, x2, y1, y2)

≤
∫
Rn+m×Rn+m

dRn(x1, y1) + dRm(x2, y2)dπ(x1, x2, y1, y2)

=

∫
Rn×Rn

dRn(x1, y1)dπ1(x1, y1) +

∫
Rm×Rm

dRm(x2, y2)dπ2(x2, y2)

= dW (µ1, ν1) + dW (µ2, ν2)
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Lemma E.7. Let βit, β′
it ∈ Σp

it, β−it ∈ Σ−it and β<t ∈ Σ<t. Under Assumption 1, it holds that

dW (P<t+1 ( · | (βi<t, βit) , (β−i<t, β−it)) , P<t+1 ( · | (βi<t, β
′
it) , (β−i<t, β−it))) ≤ ||βit − β′

it||∞.

Proof. We start with showing the following step first

dW (Pt ( · | a<t, βit, β−it) , Pt ( · | a<t, β
′
it, β−it)) ≤ ||βit − β′

it||∞ for all a<t ∈ A<t. (26)

Let a<t ∈ A<t be arbitrary. Then note first that as βit, β′
it are pure strategies, βit( · |σit(a<t)) and β′

it( · |σit(a<t))
are Dirac-measures. Therefore, we can use the well-known fact that the Wasserstein distance between these is simply
the distance between the points with positive measure (see Example 6.3 in (Villani, 2009, p.94)), i.e.,

dW (βit( · |σit(a<t)), β
′
it( · |σit(a<t))) = ||βit(σit(a<t))− β′

it(σit(a<t))||∞ ≤ ||βit − β′
it||∞ ,

where we abused notation and treated βit, β′
it once as mapping to Dirac-measures and once as mapping to elements in

Ait. By Assumption 1, Pt is a product measure on Rm for some m ∈ N. Therefore, one can use Lemma E.6 and get

dW (Pt ( · | a<t, βit, β−it) , Pt ( · | a<t, β
′
it, β−it))

≤ dW (βit( · |σit(a<t)), β
′
it( · |σit(a<t))) ≤ ||βit − β′

it||∞ ,

which shows Equation 26. Consequently, we get

dW (P<t+1 ( · | (βi<t, βit) , (β−i<t, β−it)) , P<t+1 ( · | (βi<t, β
′
it) , (β−i<t, β−it)))

= sup
||f ||Lip≤1

∫
A<t

∫
A·t

f (a<t, a·t) dPt (a·t | a<t, βit, β−it)

−
∫
A·t

f (a<t, a·t) dPt (a·t | a<t, β
′
it, β−it) dP<t (a<t |β<t)

(E.5)

≤
∫
A<t

dW (Pt ( · | a<t, βit, β−it) , Pt ( · | a<t, β
′
it, β−it)) dP<t (a<t |β<t)

Equ.(26)

≤
∫
A<t

||βit − β′
it||∞dP<t (a<t |β<t) = ||βit − β′

it||∞.

Lemma E.8. Let (X, dX), (Y, dY ) be metric Polish spaces, f : X × Y → R be a Kf -Lipschitz continuous function
and µ( · |x) be a measure on Y for every x ∈ X . Furthermore, the mapping x 7→ µ( · |x) is Kµ-Lipschitz continuous
with respect to the Wasserstein distance dW . Then it holds that

gf : X → R, x 7→
∫
Y

f(x, y)dµ(y|x) is (Kf +KfKµ)− Lipschitz.

Proof. Let x, x′ ∈ X , then

|gf (x)− gf (x
′)| =

∣∣∣∣∫
Y

f(x, y)dµ(y|x)−
∫
Y

f(x′, y)dµ(y|x′)
∣∣∣∣

≤
∣∣∣∣∫

Y

f(x, y)− f(x′, y)dµ(y|x)
∣∣∣∣+ ∣∣∣∣∫

Y

f(x′, y)dµ(y|x)−
∫
Y

f(x′, y)dµ(y|x′)
∣∣∣∣

≤
∫
Y

Kf · dX×Y

(
(x, y)

T
, (x′, y)

T
)
dµ(y|x) + sup

||g||Lip≤Kf

∣∣∣∣∫
Y

g(y)dµ(y|x)−
∫
Y

g(y)dµ(y|x′)
∣∣∣∣

(E.5)
= Kf

∫
Y

dX(x, x′)dµ(y|x) +Kf · dW (µ ( · |x) , µ ( · |x′))

= Kf (dX(x, x′) + dW (µ ( · |x) , µ ( · |x′)))
≤ Kf (dX(x, x′) + LµdX(x, x′)) = (Kf +KfKµ) dX(x, x′).

Lemma E.9. Let Assumptions 1 and 2 hold, and let β<t, β
′
<t ∈ Σ<t and β·t ∈ ΣLip

·t . Then, there exists K > 0 such
that

dW (P<t+1 ( · |β<t, β·t) , P<t+1 ( · |β′
<t, β·t)) ≤ K · dW (P<t ( · |β<t) , P<t ( · |β′

<t))
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Proof. By Assumption 2, there exist constants Kσit > 0 for it ∈ L, such that σit is Kσit -Lipschitz continuous in
A<t. Also, denote with K0t nature’s Lipschitz constant with respect to dW in stage t. Similarly, as β·t ∈ ΣLip

·t , there
exist constants Kβit

> 0 such that βit ( · | sit) is Kβit
-Lipschitz with respect to the Wasserstein distance. Overall, we

get for it ∈ L, a<t, a
′
<t ∈ A<t

dW (βit ( · |σit(a<t)) , βit ( · |σit(a′<t))) ≤ Kβit
Kσit

· ||a<t − a′<t|| .

Denote Kt := K0t +
∑

i∈N Kβit
Kσit

. Then we get that the mapping a<t 7→ Pt ( · | a<t, β · t) is Kt-Lipschitz
continuous with respect to dW , which can be seen by

dW (Pt ( · | a<t, β · t) , Pt ( · | a′<t, β · t))

(E.6)

≤ dW (p0t ( · | a<t) , p0t ( · | a′<t)) +
∑
i∈N

dW (βit ( · |σit(a<t)) , βit ( · |σit(a′<t)))

≤

(
K0t +

∑
i∈N

Kβit
Kσit

)
· ||a<t − a′<t||∞ ,

for all a<t, a
′
<t ∈ A<t. Let f : A<t+1 → R be 1-Lipschitz continuous. Then, we get by Lemma E.8, that the function

gf (a<t) :=
∫
A<t

f(a<t, a · t)dPt (a · t | a<t, β · t) is (1 +Kt)-Lipschitz continuous. With this, we get

dW (P<t+1 ( · |β<t, β·t) , P<t+1 ( · |β′
<t, β·t))

(E.5)
= sup

||f ||Lip≤1

∫
A<t+1

f(a<t+1)P<t+1 (a<t+1 |β<t, β·t)−
∫
A<t+1

f(a<t+1)P<t+1 (a<t+1 |β′
<t, β·t)

= sup
||f ||Lip≤1

∫
A<t

gf (a<t)P<t (a<t |β<t)−
∫
A<t

gf (a<t)P<t (a<t |β′
<t)

(E.8)

≤ sup
||g||Lip≤1+Kt

∫
A<t

g(a<t)P<t (a<t |β<t)−
∫
A<t

g(a<t)P<t (a<t |β′
<t)

(E.5)
= (1 +Kt) · dW (P<t ( · |β<t) , P<t ( · |β′

<t)) ,

which shows the statement.

Lemma E.10. Let Γ = (N , T, S,A, p, σ, u) be a multi-stage game, where Assumptions 1 and 2 hold. For strategies
β−i ∈ ΣLip

−i , βi ∈ ΣLip, p
i and ϵ > 0, there exists a δ > 0 such that for all β′

i ∈ Σp
i with ||βi − β′

i||∞ < δ, it holds that

dW (P ( · |βi, β−i) , P ( · |β′
i, β−i)) < ϵ.

Proof. Let ϵ > 0, β−i ∈ ΣLip
−i , βi ∈ ΣLip, p

i , and β′
i ∈ Σp

i . Then we get

dW (P ( · |βi, β−i) , P ( · |β′
i, β−i))

(△-inequ.)
≤

T∑
t=1

dW (P ( · | (β′
i<t, βit, βi>t) , β−i) , P ( · | (β′

i<t, β
′
it, βi>t) , β−i))

(E.9)

≤
T∑

t=1

(∏
v>t

Kv

)
· dW (P<t+1 ( · | (β′

i<t, βit) , β−i) , P<t+1 ( · | (β′
i<t, β

′
it) , β−i))

(E.7)

≤
T∑

t=1

K>t ||βit − β′
it||∞ ,

where K>t =
∏T

v=t+1Kv with Kt := K0t +
∑

i∈N KβitKσit (see proof of Lemma E.9) for all 1 ≤ t ≤ T . By
choosing δ < maxt∈T

ϵ
K>t·T , we get the statement.

With the established results, we can finally give the proof of our main result.
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E.1 Proof of Theorem 1
We repeat the theorem for the reader’s convenience.

Theorem E.2. Let Γ = (N , T, S,A, p, σ, u) be a multi-stage game, where Assumptions 1 and 2 hold, and that the
utility function ui is continuous. Further, let β−i ∈ ΣLip

−i , βi ∈ Σi, and AMIS and BMIS be simulated data sets with
initial simulation size MIS ∈ N as described in Section A.2.3. Then, we have

lim
D→∞

εD ≤ 0 and lim
MIS→∞

εMIS = 0 almost surely.

Furthermore, we receive an upper bound on the utility loss over pure Lipschitz continuous strategies for the strategy
profile β = (βi, β−i) by

lim
D→∞

lim
MIS→∞

ℓver
i (β) = lim

D→∞
lim

MIS→∞
ûver, D
i (β−i |AMIS)− ûi(β |BMIS)

≥ sup
β′
i∈ΣLip, p

i

ũi(β
′
i, β−i)− ũi(β) = ℓ̃Lip, p

i (β) a. s.

Proof. By Lemma E.3, we have almost sure convergence of limMIS→∞ εMIS = 0. To finish the first statement, it
remains to show limD→∞ εD ≤ 0.

Let ϵ > 0 and β̄i ∈ ΣLip, p
i such that supβ′

i∈ΣLip, p
i

ũi (β
′
i, β−i)− ũi

(
β̄i, β−i

)
≤ ϵ. Then, by Lemma E.4, there exists

a sequence
{
βD
i

}
D∈N with βD

i ∈ ΣD
i such that

lim
D→∞

∣∣∣∣β̄i − βD
i

∣∣∣∣
∞ = 0.

By Lemma E.10, we further get

lim
D→∞

dW
(
P
(
· | β̄i, β−i

)
, P
(
· |βD

i , β−i

))
= 0.

The utility functions ui are bounded and continuous by assumption. Therefore, we can use Theorem E.1 and get

lim
D→∞

ũi
(
βD
i , β−i

)
= lim

D→∞

∫
A
ui(a)dP

(
a |βD

i , β−i

)
= ũi

(
β̄i, β−i

)
.

As this holds for every ϵ > 0, we get for ΣSF
i :=

⋃
D∈N ΣD

i

sup
β′
i∈ΣLip, p

i

ũi (β
′
i, β−i) ≤ sup

βSF
i ∈ΣSF

i

ũi
(
βSF
i , β−i

)
,

finishing the first statement. For the second statement, note that due to the boundedness of ui, we can use Kolmogorov’s
law of large numbers and get

lim
MIS→∞

ûi(β |BMIS) = ũi(β). (27)

Furthermore, we get that

∣∣∣ℓver
i (β)− ℓ̃Lip, p

i (β)
∣∣∣ = ∣∣∣∣∣ûver, D

i (β−i |AMIS)− ûi(β |BMIS)− sup
β′
i∈ΣLip, p

i

ũi(β
′
i, β−i) + ũi(β)

∣∣∣∣∣
≤

∣∣∣∣∣ûver, D
i (β−i |AMIS)− sup

β′
i∈ΣD

i

ũi(β
′
i, β−i)

∣∣∣∣∣+
∣∣∣∣∣ supβ′

i∈ΣD
i

ũi(β
′
i, β−i)− sup

β′
i∈ΣLip, p

i

ũi(β
′
i, β−i)

∣∣∣∣∣
+ |ûi(β |BMIS)− ũi(β)|
= εD + εMIS + |ûi(β |BMIS)− ũi(β)| .

From the first statement and using the relation of Equation 27, we get

lim
D→∞

lim
MIS→∞

∣∣∣ℓver
i (β)− ℓ̃Lip, p

i (β)
∣∣∣ ≥ 0,

finishing the statement.
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F Additional Related Work: Convergence Results to Equilibrium
The literature on convergence in games is vast and rapidly growing. Here, we state some central results from this field,
with a focus on policy gradient algorithms and continuous multi-stage games. For a broader discussion, refer to the
survey articles by Yang and Wang (2020) and Zhang et al. (2021).

In games with finitely many states and actions, some algorithms are guaranteed to converge to equilibrium in
specific game classes. The time-average policies of no-regret algorithms converge to the set of coarse correlated equi-
libria (Blum and Mansour, 2007). In two-player zero-sum games, this implies that the time-average policies converge
to the set of Nash equilibria. Hennes et al. (2020) show that a popular policy gradient algorithm, where the policy is
tabular and parametrized by a softmax function, satisfies the no-regret property. Other MARL variants with this prop-
erty include neural fictitious play (Heinrich and Silver, 2016) and neural replicator dynamics (Hennes et al., 2020).
Additionally, some approaches use a meta-game solver, where RL agents learn best-responses in an inner loop to com-
pute best-responses against an average of previous policies (Lanctot et al., 2017; McAleer et al., 2022). These works
consider convergence in average policy. Some algorithms also achieve last-iterate convergence in two-player zero-sum
games with finitely many states and actions (Lockhart et al., 2019; Farina et al., 2022).

Another game class learnable by MARL algorithms is Markov potential games (Marden, 2012; Macua et al., 2018,
april; Leonardos et al., 2022, april). Leonardos et al. (2022, april) provide convergence guarantees to Nash equilibrium
policies for independent policy gradient algorithms. Ding et al. (2022, july) extend these results to independent policy
gradient methods with function approximation, offering sharper convergence rates.

For general-sum stochastic games, convergence remains elusive. Giannou et al. (2022) describe properties of Nash
equilibrium policies in finite Markov games, such as strictness and second-order stationarity that ensure policy gradient
algorithms in self-play converge to NE with high probability.

Convergence guarantees in multi-stage games with continuous signals and actions are even rarer. Zhang et al.
(2019, december) show that policy gradient algorithms in self-play converge to NE in two-player zero-sum quadratic
games. However, finding the NE of zero-sum Markov games generally becomes a nonconvex-nonconcave saddle-
point problem (Mazumdar et al., 2019; Bu et al., 2019; Chasnov et al., 2020). This inherent difficulty persists even
in the simplest linear quadratic setting with linear function approximation (Bu et al., 2019; Chasnov et al., 2020).
Consequently, most convergence results are local, addressing behavior around local NE points (Mescheder et al., 2017,
december; Daskalakis and Panageas, 2018, december; Mertikopoulos et al., 2019, may). Moreover, policy gradient
updates in MARL often fail to converge to local NEs due to non-convergent behaviors such as limit cycling (Mescheder
et al., 2017, december; Daskalakis and Panageas, 2018, december; Mertikopoulos et al., 2019, may) or the existence
of non-Nash stable limit points (Mazumdar et al., 2019).

While some results about Markov potential games apply to games with continuous states (Leonardos et al., 2022,
april; Ding et al., 2022, july), we know of no formal extension of potential games to games with multiple stages and
continuous actions or imperfect information.

In summary, the above results are either restricted to games with finitely many states and actions, two-player
zero-sum, or Markov potential games. The class of games we consider, namely, multi-stage games with continuous
signals and actions, does not fall into any of these categories. Therefore, to the best of our knowledge, no convergence
guarantees directly apply to our setting.
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