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A Proof of Propositions and Lemmas

A.1 Proof of Lemma 1

Note that the entrepreneur’s optimization problem is:

yi =max  z (ki — 4+ pb;) —p (bi — b;) = ziki + (pzi — )bi + (p — 2:)

which is a linear function of (¢;, b;), then we immediately get the policy functions:

(Oa kz) ) if Z <z
(bl,gz) = (070), leZ < (g,?) .

And the two cutoffs are (z,2) = (p, p/p)-

A.2 Proof of Lemma 2

As z ~ UJ0, 1], equation (7) can be rewritten as:

6 1—z

_r =1,

-6 z

and the asset quality is given by

4

z+

p:
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so we immediately get Z = ¢, then from z = z/pwe get z = ¢ — x = pand p = d)TTX If

¢ > X, the capital market exists, then the previous results holds. If ¢ < x, the market collapses,
and p = 0, p =0.

A.3 Proof of Lemma 3

When the capital market exists, capital of firms with z < z are sold to those with z > z. Capital

of firms with z < z < Z will be used on their own, so the aggregate productivity is:

Z=(F(z2) +1-F(2)) Elz|z > 2] + (F(2) — F(2)) E[z]z < 2 < 7]

Plug in the results of z and z, and we immediately get:

1+ (14 x)max{¢ — x,0}
2 b

and the total capital reallocated is related to p or z.

7 —

A.4 Proof of Lemma 4 and Proposition 1

Note that both the productive firms and lemon firms have log utility, so their saving rates are the

same and are given by /3. For the productive firms, the income in each period is given by:

00+ max = p (0.0 + -2 max e ()~ p00 0} + (1= 9)| &

and with a saving rate (3, the capital stock in the next period is:

K =5 {p(x)+ma><{zi—p(x),0}+%mw{zm(x)—p(x),0}+(1—5)} k.

The analysis for the lemon firms are the same, and the income for lemon firms is [1 — ¢ +

up(x)]x, so the lemon stock in the next period is given by:

&' = B[l =6 + pp(x)]z.

By integrating the individual firms’ decisions we get the aggregate law of motion:

K'(x)=08ZKx) -pr()x+1-0K,
X'(x) = B[l =+ up()]X.

A2



Then by dividing the two we get the one-equation law of motion that captures the dynamic

of the economy:

p(p—xt)+1-0 .
_ - —Xi, ifxi <o
X =T () = q Uiz o
1/2+(1-8) Xt» otherwise.

A.5 Proof of Lemma 5

From the law of motion we know that when x; > ¢ there cannot be any steady state with x* > 0,
so we only consider the case x* < ¢. Then the steady state x* is determined by I'(x*) = x*, that

1S:

plo—x)+1-9 _q
(I+(@—x)A=x))/2+1=6

which can be rearranged as:

pl@—x)+1=6=10+(@—-x)1-x"))/2+1-0=g(x") =0,

where g(x) = x*> — (1 + ¢ —2u)x + 1 — (2u — 1)¢ is a quadratic equation of x*. Note that when

X" = ¢ we have g(¢) = 1 > 0. To ensure that there is a solution for x* we need

(0 +1—20)" =41+ (1 -2u)¢] > 0= (¢ —2u+1)* > 4.

Obviously, there are two cases. In the first case, we have ¢ —2u+1 > 2 or ¢ > 2 — 1. Since
we assume that ¢ > 1 and ¢ < 1, this cannot be the case. As a result, we need ¢ — 2+ 1 < —2,
or ¢ < 2u — 3. In this case, since % < 0, there will be at most one positive solution for y*.

To ensure a solution of 0 < x* < ¢ we just need

9(0) =1-(2p—-1)6 <0,

so that ¢(2u — 1) > 1.

In general, we can show that the derivative of I'(y) on x is given by:

X =5t
p(p—x*)+1-0

soaslongas (2u+ 1)x* > u(20 — 1) +2(1 —6) + 1%5, where

M(x") =1

v 1+¢—2u++/(p—2u+1)2—4
- > ,
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we will get ["(x*) < —1, where the steady state becomes unstable.

What’s more we can prove that the first order derivation of I" at x* satisfies:

o) @—x)+1-0) (3 - 552 ) -0 (1- 55352 G0 +6) —x—n)

o0 (1 (p—x) +1—6) ’
the numerator is

T (él(iﬁz;l—zi) _“<1+¢¢—_2§<<—2u> G(H@_X_“)
1

1
T 146 -2y—2p {“(¢_X)(2ﬂ+x—1)+(1—5) (5(1+¢)—1+u)] :
¢ (210 — 1) > 1implies that the term in bracket is positive. Hence we just need to show (1 + ¢ — 2y — 2u) <

0 to establish that %jf*) < 0. We note that since ¢ < 1, we have 2y — 1 > 1. Hence

1+ —2y—2u<¢p—2x—1<0.

So as ¢ increases I''(x*) decreases, and when ¢ is so large that ["(x*) < —1, the interior

steady state becomes unstable and there may be endogenous cycles.

A.6 Proof of Proposition 2

LetY (x,p) = Z (x,p) —px = 1/2=p*/2+p—p*(1—0) /20 —px (1 + (1 — ¢)/2¢),a = 1 — 0.
Then

1 /
V(X)Imgxl_ﬁln(Y(xm)Jra)JrﬁV(x),
subject to:
r_ Hp +a Y
Y (x,p) +a
Then we get
ax’xu(Y(x,p)Jra)—%—’;(uvaa)
Op (Y (x,p) +a)’ ’
and
' ppta _X0_Y (up + a)
% Y (x,p)+a O (Y (x,p)+a)’
So FOC is: L v/ o
p reon X
5y ia PV WX)g, =0
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Envelope theorem gives:

sy 1 9Y/ox '
V(X)—my—ﬂJrﬁV(X)

In a steady state, V' (x) = V' (x’) hence

) B 1 8Y/8X 8x’
”X)—my—m/(“ﬁa)'

Substitute into FOC, we get:

'
ox

oY ax’ oy ox'
3 (195 ) +95 3y =0
Hence
oY up+a oY  pup+a ) oy (Y (6p)+a) =25 (up+a)
0 = — (1—p—221% N o S M gr
029( 6Y(X,p)+a+ﬂxax(Y(x,p)+a)2 +53XX (Y (x,p) + a)®
_ a—Y(1—5 pp +a ) oY Bux
op Y (x,p)+a XY (x,p)+a
Now use the fact that
(9_Y_1_ o ﬂ
dp b X 2¢
oy 146
F TS
We have L+ o 1o
1—pop ' — XW> Y (x,p) +a—pB(up+a)) = pwﬁux
1 1
<¢—p—x%¢) Y (x,p) +a—B(up+a)) = ﬁpu%bx
1+ ¢
(¢—p)(Y(x,p)+a—6(up+a))=XT(Y(X,p)+(1—ﬂ)a)

I1+¢ Y (x,p)+(1—-5)a
2 Y(xp)+(1—p5)a—Bup
1+ ¢ Bup
2 (HY(X,p)+(1—ﬁ)(1—5)—ﬁup)

Taking a first-order expansion around the steady state gives rise to the linearized policy function in the

p = ¢—X

»—X

proposition. We derive the linearized policy function in Appendix A.7 below. Using implicit function
theorem, we can show that the law of motion of the state variable x' = I' () features a positive slope at

the steady state, thereby confirming that the planner’s solution does not feature cycles.
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A.7 With Pareto Weight

In the above analysis, we calculated the social planner’s solution when concerning only the wel-
fare of the entrepreneurs. Now consider a more generally setting where the social planner gives
a Pareto weight « to the rent seekers, and 1 — « to the entrepreneurs. The social planner’s max-

imization problem is:

vw%Aj_mm{a—anmu—BXY+@Khﬂmlu—ﬁﬂﬂj%ﬁ}+mm@gmﬁ

P
subject to the two constraints. The first term In[(1 — 5)(Y + a) K| corresponds to welfare of the
producers, where Y = Y (x,p) = Z (x,p) — px and @ = 1 — §. The term In [(1 — 6)%“)(_[(]

denotes the welfare of the rent seekers. Note that the budget constraint of the rent seekers is:

X' —(1-68)X

=p(x)X - C*
; (x)

ppX —Blup+1-6]X+(1-0)X

where X’ = 3 [up + 1 — 6] X so the aggregate consumption of the rent-seekers is C* = .

(1 - B)%MX_K . Note that here we still find that the value function is log-linear in K, so that

VP(x, K) = v(x) + bIln K, where b is a constant to be determined. Using this guess-and-verify
we can rewite the social planner’s value function as (note that here we drop the maximization

symbol):

wp+a

v(x)+bIn K =max(l —a)In(Y +a) + (1 —a)an+aln( X) +alnK
P

+ Bu(x) + BbIn (B(Y +a)) + b In K +1In (1 — f)
Note that we can drop all the constant terms. By comparing coefficients we get that b = ﬁ
and that v(y) satisfies:

p

o(x) = max(l—a)ln(Y +a)+aln|(wp+a)x] + =7l +a) + fu(x)

_ 1 pp +a /
- mgxl_ﬁln(Y+a)+aln(Y+ax)+ﬁv(x)

= max In(Y +a) +alny + Bv(x)

1
p 1—0
The first order condition is:
1 1 Y «aoy
T-3Ytadp X 0p

Envelope theorem gives:

/ /a/
+ B (X)a_i
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, 1 1 Y ady LOX I 1 0Y aody ox'
s - - 7 = 1 - =&
v = 1—,8Y—|—a8x+x 8X+BU(X)8X:>U(X) [1—5Y+a8x+x’0x]/( 53){)
So that the first order condition around the steady state y = X’ is
1 1 9Y a0 o[ 1 1 aY ady 8x’>
— — == — — +—= 1-82) =0
1—6Y—i—a(9p+x’8p+ dp [1—5Y+CL3X+X/ X]/( ﬁax
1 1 Y ady oY’ oY’ 1 1 9Y  «aoy
- oy ZA N (12 g2 - oo ZEA
(1—5Y+a8p+x’8p)( /Bax>+53p 1—5Y+G8X+X/8X !

' _ ppta dY upta ' (Y+a)—f(up+ ) .
Note that oy = Yia ~ Xoy (vra)y? and o = X e , S0 we get:

11
1=-5Y

oY Bup—l—a Y pp+a Y M(Y+a)—%—§(ﬂp+a)-

p X(‘?X (Y +a)? 8XX (Y +a)?

p(Y +a) = G (up +a) |
(Y +a)?

«
— | X

which can be simplified to

{ < _5ﬂp+a) i }+O‘M(Y+a)_%(up+a)

—B XY +a pp +a
0

_{1_a(1_6)_6ﬂp+a]+6lfﬁﬂ+ (1—B)Y+a20

op Y +a Y +a an uwp + a

oy _ 1 1+¢ Y 1+¢
Wherea—p—l—p(b —XWand o = P

p 149 1+ a 14+¢ Bux Yta _
(1_5—XW) [1_a(1_6)_ﬁy—ﬂ} —pgﬁ‘F (1_5),&]9—1—@_0

1+¢ up + a 14+¢ Bup Y+a
(0-p= 2500 [1-ati-p - 522 - M g - )2 22—

_ _ﬂ Bup agu(l — B)(Y +a)?/(pup + a)
=0 (” A—atad)Y +a —ﬁ(up+a)>+(1 “a+aB)(Y +a) - B(up+a)

(A1)

Note that if & = 0, then the problem comes back to our baseline case.

We first consider the steady state:
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(¢ p—ﬂx> (- B)(1—a) LT0 O

2 2 up +a

+agu(l - ) =0

1+¢ Hp
@-p1-0-) - 0 1= p-a)+ 5L

a} +agu(l — ) =0

pp ap
P gb_—x{ (1- 5 (1= up+a] —a’
_1-oa(l- ) 149 B pp
I—a 2 X[“(l—ma—ampm]

Next we linearize (A1).

@ —— ﬂ (1 + ﬁ,up* )
ox 2 - a1 A)w +a)
C1ag  BrBO =)= A +a) = B [(1-a+aB)P - 5]
2 T= (=P (up T a

)2 BY

aou(1 - 5t E K g )+ a) [(1- @t aB) 3~ 2]

(1 —a)(1 = B)(up* + a) (1 —a)?(1 = B)*(up* + a)?

@:_ﬂ<1+ Bup* )_1+¢X* B op
ox 2 (1 —a)(1 = B)(up* +a) 2 7 (I—a)(1—=B)(up* +a)dx
1+¢ , Bup* oy . dp

2 N (1= a)(1—B2(wp + a)? [(1 o aﬁ) ox ﬁuﬁx]

adu (25y ap) appu [(1 —a+af)gt — /BM@}

(- o) +a) \"ox  "ox (1—a2(1—B)(wp + a)
where % = Ygg—i +YiwithYy = —p+1—2p(1 —¢)/20 — x(1+(1—0¢)/2¢), V1 =
—p(1+ (1 —¢)/2¢), define

_|_

=_1to. Bu N agy’
T2 T (=) =8)(uprta) (1= a)(upt+a)
qott ¢x* Bup* B adp
2 7 (1=a)*(1=6)*(pup*+a)?* (1 —a)*)(1—p)(up*+a)
T_ 2a0p

(1 —a)(up* + a)

Then the above equation can be simplified to:
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@:_1+¢(1+ Bup* )_:01?
ox 2 (1= a)(1 = B)(up* +a)

\_4&
op dp op
IT (1 — Yo—+Y | — Bpu— T(Ys— +Y]
+ {( (x+aﬂ)(2ax+ 1) ﬁu@xl—i_ (28X+ 1)

which gives:

dp A

Jdx B

where

*

1+¢ Bup

AT (1+(1—04)(1—5)(up*+a)

) -l -a+as) 1)1,
B=1+EZ—-[II(1-a+apf)+T]Ys+1I5u

B General Characterization

B.1 Non-Zero Minimum Productivity Level

We have so far used the uniform distribution [0, 1] and production function y; = z;k; to make
sense of the key mechanism of the paper. Now we generalize the analysis by assuming 2,,;, > 0
and y; = Az;k;, where A is an aggregate productivity shock. In this scenario, the market-clearing
condition for the lemon asset (6) may have two solutions. To distinguish the two solutions, we
assume that the net demand of lemon assets (which is characterized in Lemma 6) is mazimized
at 2z*,and 2™ = 2**(z*; ¢) is an implicit function of z* which is defined in equation (7).Then we
have lim,«_,, . 2™ (2*; ¢) = Zmax. Equation (6) can be rewritten as net demand and net supply

of lemon assets, which is summarized in the following lemma.

Lemma 1. If the market exists, there always exist multiple equilibria to z, which satisfies

D(z) =x (A2)
where the net demand of lemon assets is given by
¢ _
D(é)Eﬂ[l—F(z)]—F(é)a (A3)

and Z is an implicit function of z from equation (7).

Proof. Note that the capital market clear condition is given by:
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Figure A.1. D (z) = x
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Then we immediately get the equation (A3). Then from the asset quality condition:

__F(@
F(z) +x’

and that Z = z/p, we can write Z as a function of z. U

Comments: If there were no adverse selection, i.e.,, Y = 0, and thus Z = 2. In that case,

equation (A3) can be further written as

iy @ ¢
D(z)—1_¢ 1+1_¢ F(z)>D(2),
and the cutoff in equilibrium is determined by D* (z) = 0. That is, z = 2** (¢) = F~! (¢).

We consider Pareto-dominant equilibrium, and thus z € (z*, 2**) C (2Zmin, Zmax ), Where
=arg max D(2)=D'(x).
2€(Zmin,z**)
We can prove that 2 strictly increases with .

Proposition 1. The market exists iff x < X, where X is determined by

X= max D(z)=D(z"), (A4)

Ze(zminvz**)
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Figure A.2. Law of motion on x;
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Notes: Law of motion on x; under different levels of ¢.

with X increasing with ¢. Then the asset quality and asset price are respectively given by
F(z) ; C
T IX<X
0, fx>x
Az, ifx <X
p = :
0, ifx>x

Proposition 2. The law of motion of x; is characterized as below.

Sh Cifxve <X
XtJrl — ®t (Xt) — t_ (Xt) th =~ Et
O, (x¢), ifxe>X;

where X is defined in equation (A4), and {©; (x:),0; (x:)} are defined as

+ _ wpt+ (-9
07 (x) = A7 -t
o () =

AE (2) + (1—0) "

Paradox of credit expansion: In the static environment, a higher ¢ always strengthen the
risk capacity. The bright side of the market as insurance increases. The dark side is adverse
selection and cream skimming. With a credit expansion, the high-productivity firms can borrow
more to produce more, which in turn makes it more profitable for the lemon firms to transform

capital to lemon, and the asset quality tends to decrease.

All



B.2 Unbounded Distribution of Productivity

In the baseline model, we restrict our analysis on bounded uniform distribution. In this section,
we extend our model to analyze the results when the productivity z follows a log normal distri-
bution LN (v,0) with CDF F'(z) and support (0, 00). In this case, in equilibrium we still have two
cutoffs for productivity, z = p and Z = p/p such that firms with z; < z will refer to lend out their
capital stock (I; = k;and b; = 0), while firms with z; > Z will choose to borrow from the capital
market ([; = 0 and b; = %bk‘i). In equilibrium, the credit market clearing condition implies that:

- FE) = F() 4

1—¢ -

and the two cutoffs has the relationship:

6 1-FG) _F)
1—-¢ =z z

% =z % In Figure A.3, we show the supply and demand functions that define the

equilibrium on the credit market. In the Figure, the black solid line denotes the supply of credit
%M, and the three green lines denotes the demand functions 1=F() with different levels of

z z

where z =

X- In this case, we find that there may be two equilibrium levels of z given any level of x. As
X increases, the demand function moves downwards, the high level equilibrium of z goes down,
and the low level one goes up. In this part of analysis, we focus on the higher level steady state
since it is Pareto dominant. Note that when Y is high enough, x > Y, the supply and demand

functions may not intersect with each other, and the credit market may collapse.

Given the credit market equilibrium outcome, we follow the same procedure to characterize
the aggregate outcome. By independence of productivity draws, the aggregate outputis Y = ZK

where

F
Z=(01-F2)E(zlz>2)+F(2)E(z|z > 2) = /zdF(z) + % /zdF(z)
z - %) Jz
The dynamic optimization problems of the agents remain unchanged. From the above analy-

sis, we can get the following results:

Proposition 3. The credit market remains when x; < X, where Yis defined as:

e {52 0] )
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Figure A.3. Equilibrium on the Credit Market
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and the law of motion of x; is characterized as below.

@:_<Xt)7 letSX

Xt+1 = Ot (xt) = ~ . S
o 0 {675 (xe), ifxe>X

where { O] (x:),0; (x:)} are defined as

+ pp + (1 —9)
07 (x) 7t a-9"
o- _ 1-9¢
W = gora-ar
where:
Z=01-F(2)E(z|z>2)+ F(z)E(z|]z > 2) = /zdF(z) + % /zdF(z).

In Figure A.4, we compare the law of motions of y; under different levels of ¢. We find that in
this case, as ¢ increases, the positive steady state of x; can turn from stable to unstable, which is

consistent with the results in the baseline model and implies that determinant cycles may occur.

B.3 Labor Input in Production

In the baseline model, we assume that capital is the only input in production, and here we show
a model extension with labor as an input. There are three types of agents: entrepreneurs, rent-

seekers and workers. The first two types of agents owns productive and non-productive firms
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Figure A.4. Law of motion of y;
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respectively and make their own saving and production decisions, while workers just provide
labor for production and are hand-to-mouth.

An entrepreneur ¢ enters each period with initial productive asset stock £;, draw an iid pro-
ductivity z; ~ F and then decide whether to participate in the credit market to borrow or lend.
The productive firms’ production function is given by:

y; = A(zik;)*n; =,

1

where A = A(Z K)'~“denotes the aggregate productivity level, Z denotes the aggregate capital
allocation efficiency which will be defined later, and K denotes the aggregate productive capital
stock. Here we follow Romer (1986) to assume that there is a learning-by-doing effect in the
productive sector, and the strength of such effect is determined by the effective capital stock,
Z K. Assume that the wage rate is W, the intra-temporal optimal labor hiring problem of the
productive firms is given by:

1ma Wn; = m = RZZICZ,

m; = max A(z;k;)n,

ng

19 . . . .
where R = « (I_Wa) «~! A%. The credit market remains the same as in the baseline model, where

the pooling capital price is given by p. If a productive firm with capital stock k; borrows b; from
and lend /; on the credit market, its net return will be Rz;(k; — I; + pb;) — p(b; — ;). In this case,
it is obvious to show that the productive firm’s decision to participate in the credit market still

follows a threshold policy:
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Lemma 2. A productive firm’s decision to participate in the credit market depends on two cutoffs
(z,2) = (p,p/p), such that
(0, k), ifz; <z
(b, 0;) = (0,0), ifz €(z72)
<%ki, o) if 2, >z
and the cutoff productivity level z is determined by z = p/ R.

By aggregating the decision of individual productive firms, we can solve for the equilibrium

output and equilibrium capital price:

Proposition 4. The aggregate output is given by:

Y = A(ZK)*N'"* = AZK,

where we normalize the aggregate labor supply to N = 1 and the equilibrium capital allocation
efficiency Z is defined as:

Z=(01-F2)E[z|lz>2]+F(2)E[z]z > 7],

when the credit market is functioning, and Z = E(z) when the credit market freezes. In equilib-

rium, the capital return satisfies R = % = «A and capital price equals p = zR = aAz.

From the above analysis, we find that when labor is used in production and there is a scale
effect in final production, we can still rewrite the final output as a linear function of the aggregate
effective capital stock, which is analogous to our baseline model except for that not all output is
taken by the productive firms. Since we assume that the workers are hand-to-mouth, and that
the intertemporal optimization problems are the same for entrepreneurs and rent-seekers as in

the baseline model, we can get the following result about the equilibrium dynamics:

Proposition 5. Aggregate capital evolves according to:

K'(x) = BlaAZ(x) —px)x +1—0] K,

X'(x) = Bluwx)+1-4X,

and the equilibrium dynamics of the ratio between lemon asset and productive asset Y = % is
given by:
/ pp(x) +1 -0
X = X (A5)
aAZ(x) —p(X)x +1—4¢
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Figure A.5. Law of motion of y;
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To characterize the equilibrium, we assume that z ~ U[0, 1] as in the baseline model. In this

case, the credit market clearing condition is given by:

¢ 1-F(E) Fl) _ . _ . _
=% E = =1=z=0.

z
z+x

satisfies p = aA(¢ — x). For the credit market to remain functioning, we need p > 0 so that

Since p =

N

we can directly see that in equilibrium z = ¢ — x such that capital price

X < ¢. In the meantime, under uniform distribution, the equilibrium capital allocation efficiency

is given by:

14 (14 x)max{¢ — x,0}
5 .

In Figure A.5, we show the law-of-motion of y; with different levels of ¢. Similar to our

Z:

baseline mode, as ¢ increases, the positive steady state of x may turn from stable to unstable, and

potential cycles can occur.

C Transition Paths with Cycles
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Figure A.6. Transition dynamics of a 2-cycles
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Figure A.7. Transition path of a 3-cycle
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Figure A.8. Transition dynamics under chaos
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Figure A.9. Transition dynamics in a 4-cycle
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