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Appendix A: Proofs of Results
This section contains proofs of all results in the main paper and the appendices.

Proof of Lemma 1 Let £ € (1/2,1). Conditioning on machine quality, the posterior probability that the

state is w =1 given a positive prediction and a high-quality explanation is

P =Plu=1ls=+,e=h, X =P{X =Ils=+,e=h}

+P{w=1s=+e=~, X =h}P{X =bls=+,e=h}=pn(1-6"")+ 01"
where

0" =P{X =bh|s=+,e=nh}
_ P{s=+,e=A|X=b}P{X =b}
CP{s=+,e=h|X=b}P{X=b}+P{s=+e=R|X=0P{X =1}
_ Ple=R[X=b}P{s=+[X=bh} P{X =b}
C Ple=h|X=h}P{s=+|X=h}P{X=bh}+P{e=R|X=}P{s=+X=0P{X =1}
_ §ub
S Epf+5(1-6)(1-0)

is found by using

P{s=+X=bh}=P{s=+X=hw=1}P{w=1|X=h}+P{s=+X=hw=0}P{w=0|X =h} =y,

P{s=+X=0=P{s=+X=lLw=1}P{w=1X=1[}

1 1 1
+IP’{3:+|X:[,w:O}]P’{w:O|X:[}:§u+§(1—u):§,
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and P{e=7A,s=+|X=h} =P{e=A|X =h}P{s=+|X =h} due to the independence of s and e given z.

In a similar fashion, we have

+t (1_9+€) +ott

=
|

=p(1-07%)
where
+ st el — (1—¢)pb
’ _P{X_h|s_+’e_€}_(1f€)u0+§£(1f9)
0" =P{X =hls=—,e=h)= §A—p)b

EQ=p)b+3(1-8(1-0)

0 =P{X=hls=—,e=t}= 1= -pnb

1= L-p)b+3601-0)

Plugging these in, we obtain

wn (=6 (1—0)+Eub
End+35(1-€)(1-0)
ve sHEA=0)+(1-&uo

T (1)

31900
EQ-Wo+E1-61-0)

- 31 (1-0)

1= -p)o+3£(1-0)

and
P{s=+e=h}=Eud+ (1~ (1-6)
]P{S:+,€:€}:(17£)u9+%f(1*9)
Pls=—e=h}=E(1—p)0+ 5 (1-6)(1-0)
P{s=—e=t}=(1-&)(1-p)0+3£(1-0).
The first order derivative of the posteriors are
O n_ 20p(1-0)(1—p)
23 (06 — & —0+20p8 +1)°

Qlﬁe: —20p(1—-0)(1—p)
¢ (£ +20p— 6¢ — 20p8)*

Oy =20p(1-0)(1—p)
0" T (04€—30+ 200 — 1)
9 ¢ 20p(1—0) (1 —p)

9" T (201 ¢ — 260 — 306 1 208)?

Therefore, u** and p~¢ are increasing while p*¢ and =" are decreasing in &. Furthermore, for & =1/2,

ptr=pttand p" =p~fand for E=1, pt =1, p™" =0and p™ =p~* =1/2.
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Proof of Proposition 2 By definition, complementarity requires

1 1
e n(—0)+pe p(1-0)
Aot = <aep< =
Hle=12 =1 =7 01T (1-0) SRR T A
and
1 1
o -0 st —0)+pb
Hig=1/2 = M _(1_M)0+%(1—9)>M<:>'u> %(1_9)+H0 = ML

We define Iy = (uy, pr) . Note that pg + pr =1 for any A >0 and 6 € (0,1) . Note also that I, is not empty

when pp < py or equivalently, when pp is lower than % which happens when

1
sk (140) 1 1 1 1
— < - -u(l+0)<=(1-0)+ =0
T vou 2 at O <z =050
~ el/* -1

Similarly, for a given p € (0,1) and 6 € (0,1),

. N el/A 1 -1

Similarly,

B B 1 1 -
Therefore, the DM’s judgment and the prediction of a black-box machine in the absence of explainability

are complementary when

rrmmnf (o) (o)}

Proof of Theorem 1 When £ =1/2, we have p < p™" =p~% < p < ptf = ™ < . Furthermore, per

Lemma, 1, as £ increases, ut" increases until 1, u~" decreases until 0, and ¢ decreases until x4 and p=¢
increases until p with ordering p < p < pt <putt < put™ <7 for € >1/2. Then this means that depending
on the parameters, either u™ will first hit the upper belief threshold 7 or =" will hit the lower belief
threshold p first as § increases, where the former happens if and only if p > 0.5. We label this point &.
Similarly, as £ is further increased, the other posterior belief will hit the remaining threshold. We label this
point . Note that the posteriors are symmetric when p = 0.5, and hence = £. For the remaining, we assume
that p > 0.5 and all results hold for p < 0.5 since overreliance and underreliance are symmetric in y around
n=0.5.
Let £ <& Then p < p=" < p~f < p™ <t < 7. Note that overreliance given a positive machine prediction
is
Ela; (0" ) [seqy] =f (W) P{s=+,e=R}+ o (1) P{s=+,e=¢}
=P{s=+4} (o (") P{le=Rls=+}+a} (b)) P{e=C]s=+})
=P{s=+4}a;} (,Lﬁ)
where the latter is due to the linearity of aj on prior belief and

pt=P{w=1s=+}=p""Ple=tls=+}+pP{e==¢|s=+}.
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Note that P{s=+}a} (u™) does not depend on explainability level £. In a similar fashion, overreliance given

a negative machine output can be written as

E[B; (") Lis=—y] =P{s=—}5; (u")

which is also invariant to changes in £. Therefore overreliance, which is the sum of the two, is constant in &
when £ <§.

Now assume that £ <& < £. Then we have n< p < p < ptt <mand pt > since p > 0.5. Now aj is
no longer linear in prior belief. In particular, it is first increasing within (H’ ﬁ) and then decreasing within

the interval [z, 1]. First, let us focus on aj, (1) P{s=+,e="}. Note that
ap (W P{s=+,e=h}=(1-p™)P{s=+,e=H}

—gut+ 5 (1= (1-0)~ (Gu(L-9)(1-0)+ o)

=5 0-0)(1-p)(1-¢)

which is decreasing in £. (Please see Proposition 1 for closed-form expressions for «f and f;.) Then this
means that E o}, (ut¥) [ s—,] is also decreasing since it is constant even when «j, is evaluated when p™ <
7 where «j, is increasing. In a similar manner, when £ > ¢, we have pu < p~f < p** <7 and p™ > and

u < . We focus on

By (W ") P{s=—e=h}=6; (u‘ﬁ)P{SZ—7€=ﬂ}=u‘ﬁp{8=—7e=ﬁ}=%u(l—s‘)(l—@

which is decreasing in £. Note again that E[5; (1) I;s=_;] is constant even when fS; is evaluated at
e (p, ) for £ < & which was decreasing in p and hence increasing in £ since p is decreasing in £. Since
B (n")P{s=—,e=nh} is decreasing for £ > ¢, it follows that E[8; (1 ¥)[s—_;] is also decreasing. This
also means that the rate of decrease is higher for ¢ > ¢ compared to when £<E< £

The same arguments apply to underreliance. However, since false positives and false negatives are reversed
for U (§), the impact of £ is also reversed and U (§) is increasing in €. In a similar fashion, appropriate
reliance, or expected accuracy, is constant in the first interval £ < £ since A} is constant within [u,7i]. More

specifically, it is equal to

el/A

— * SE _
A©=E[4; ()] =
Now, assume that £ > &. Then p™ > Ti. Note that Aj (1) is increasing in p within [f, 1] (see Proposition 1).

Then note that we can write expected accuracy as

1/X h 61/>\
A(é-):7el/k+l+ﬁb{s:+’€:ﬁ} (Ah(/J, )_el/A—Fl)

el/X 1 P P P 1 0 el/A
sV en <2M(1—€)(1— ) +Epl — (5# +§(1—§)(1— )) >
Its first order derivative is

2 61/)‘—’—1

which is linear in 0. For 8 =0, it is equal to

el/>
*lu(lfﬂ)ﬂﬁ* (W;(19)>

1 1 et/
- — _A'_f

S0
ot T e
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5
since p <= 1/A+1 by Lemma 2. For § =1, it is equal to
1
eyt

Since the first order derivative is positive at the extremes, it is always positive due to linearity. Therefore,
accuracy is increasing.

Assume now that £ > ¢. Then p~" < . Accuracy then can be written as

1/A el ah el/> (. —h e/
A(©) = iy + Pl e i) (4 (67) = g ) Pl = —e =) (407 = )

el/A 1/

1/
B B B A e B B h e
_61/A+1+P{s_+,e_fb}(,u —61/A+1>+]P’{5——,e—ﬁ}(1—,u _el/k—i—l)

We have already shown that the second component is decreasing in £&. We focus on the third component. It

is equal to
P{s=—,e=%} (1_M_ﬁ_eli/j—1>
- (sa-mo+30-9a-0) - (Gua-00-0) - (ca-wo+3a-00-0) 5

Its first-order derivative is

(1-wo-50-0)+5u0-0-(a-wo-Ja-0)

el/)\ + 1

/7

which is linear in 0. For § =0, it is equal to
1 1 1
“2apg1 2t
by Lemma 2. For § =1, it is equal to
1
(1—p) r 1
which is always positive. Since the first order derivative is positive at the extremes, it is always positive due

which is always positive since p > p= — /A 1

to linearity. Therefore, underreliance is increasing in ¢ with a higher rate of increase when & > €.
Proof of Corollary 1 Assume that £ =1. In this case, p** =1, p* =0 and u*t* =p ¢ = and
P{s=+, ezﬁ}-u@
P{s=+, e—f}—f(l—G)
P{s=—e=h}=(1-—p)b

1
]P’{s:—,e:f}:i(l—ﬁ).
Then overreliance is
1/)\+1 -1 61/)‘7[1 el/>\+1
O =1-p™")P{s=-+, e—fo}+—( /Ai) P{s=+,e=¢}+ 62/571 )P{S:—7e:€}
which simplifies to
1-46
0= .
© 2ex +2
Similarly, underreliance is
U(g):ﬁﬁ(ﬂ+€)ﬂb{s:+ae:€}+a; (/1‘76)]?{8:736:6}
e/ — (e +1)1 et/ +1)—-11 1—6
T TP P e
e?/r —1 2 2/A -1 2 2ex +2

That is, overreliance and underreliance are equal to each other when £ = 1. Since, per Theorem 1, overreliance

is decreasing and underreliance is increasing in &, overreliance is always higher than underreliance.
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Proof of Proposition 3 Assume that pu > 1/2. Per Theorem 1, AO <0, AU >0 and AA > 0. More
specifically, overreliance, underreliance, and accuracy are constant in &, and hence AO =0, AU =0, and
AA=0 for { <£. Note also that
e pth o
§<Eeu <M—m©)\§1/lnm—)\.
Assume that £ <& < £. This means that A<A< Xl for some Xl > \. Then ptt > and < ph<put <
utt <. Note that AO in this case is simply

“+h 1/>\+1 71
AOz((l—/ﬁﬁ)—u (:2/L1) )]P’{sz—he:h}

where 1 — pt" is the false-positive error when ™ > 77 and the second term inside parentheses is the false-
positive error when the DM puts effort, i.e., p < pt <71, since AO =0 when the DM puts effort for all

posteriors. Plugging in the terms, we have

AO—<£u9+;(1—€)(1—9)—<;u(1—€)(1—9)+€u9>>
(r(L=&A-0)+&ub) (e +1) — (Eub+5(1-€) (1-0))

e2/r —1
Its first order derivative with respect to A is
0 o 0 (G0 +50-0—6) (3u(1-8)(1-6)+Epf))
)\ 7(%u(l—f)(1—9)+£u9)(6:2//14:1)—(@94%(1—6)(1—9))
2e2% — 2ue?x — pedx — 26e?x — 20e2x — pex + Quex + ulex
+20pe2X + OuedX + 208X + 2ule®x + pledx — 30ulex — 20ule®x — 30utedx

222 (e2/X —1)°
Note that the denominator is always positive. We focus on the numerator. It is linear in 6. For § =0, we

have

M=

2e2% — 2ue?x — pedx — 26e®% — pex + pex + 2ufes + ufeds = —ex (1-9¢) (u—i—,ue% +2uex — 26%)

which is also linear in u. For = p= it becomes

1
el/A+17

1
A r1C

1 1 1 ol
—ex (1-¢) <€1/)‘+1+61/A+16 X +2

which is negative. For y =T, it becomes

eﬂlf)( : :

1/

el/*—i—le

1/x 91 el/x N 2\ N L
81/A+1+61/,\+1ek+2 X —2ex | =—ex (1-¢&)ex (e)\71><0

which is also negative. Therefore the numerator is negative for § =0 due to linearity in p. Similarly assume

that 8 = 1. Then the numerator becomes
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after simplification which is also negative. Since the numerator is negative for extreme values of 6, it is

2. A0 <0.

negative for all values due to linearity in 6. Thus, Z

In a similar fashion, the change in underreliance is

el/A _MHL (el/’\ + 1)

AU =— 251

P{s=+,e="%}

since B (™) =0 when p** > 7i. Plugging in terms, we obtain

(0 +30-901-0) - (GrA=8A—0)+&ub) (e +1)

AU =— e
whose first order derivative with respect to A is
Oz 0 (b +501-91-0) - (GuL =1 —6)+Eub) (e +1)
O\ O\ 2 ]

2e2% — 2pe2X — pedx — 282X — 20e%% — pex + Ouex + plex + 20uex
+Ouedx +20€e2x + 2ufe?x + pledx — 30ulex — 20usex — 30uledx
2X2 (e2/A —1)°

Since the denominator is positive, we focus on the numerator which is linear in 6. For 6 =0, it becomes
2023 — 2ue®x — Py —26e2X — pex + ple + 2ufe®x + pedx = —ex (1-9 (,u —2e% + pe®x + 2ue%>

which is linear in p. For p = p, it becomes —ex (1-¢) (1 — (ﬁ) < 0 which is negative. For u =7, it becomes
—ex (1-¢) ex (e% — 1) < 0 which is also negative. Since it is negative for both endpoints for p, it is always

positive for § =0 due to its linearity in 6. For § = 1, the numerator becomes

M=

2e2% — 2#62% - ,ue3§ — 2662% —2e2% — ,ue% +,ue% —i—,ufe% +2ue?
+ s 4+ 26€2 4 2uke?> + ufe®x — 3ufer —2ufe®x — 3ucex = —2utex (62% + 1) <0
which is always negative. Since it is negative for both endpoints for 8, it is always negative due to its linearity

in 0. Therefore %AU > (0 and hence underreliance is increasing in .

Finally, the change in accuracy can be written as

14 61/)\ 1 e1/>\ 1
A= (= S Pl =re=n) = (5u(1-0 0= 0) v o) - g (w5 1-001-0))
which is increasing in A since ef/l:jr T=1—+ /§+1 is decreasing in .

Assume now that ¢ > €. This means that A > A;. Then p+* > 7, p=" <p and p < p" < ptt <7 Then,
AO in this case is simply

‘LL+fL (61/)\ + 1) -1 B 61/>\ —,u*ﬁ (el//\ + 1)
AO:<(1_M+fL)_ 62/)\71 P{S:+7€:h}+ I ho_ 62/)\71 P{S:_,e:ﬁ/}-

(1)

We already know that the first term is decreasing in A. Let us focus on the second term, which becomes

VN _ =t (oA 41
(Nﬁ—e p (e Jr))ﬂ"{s:—,e:fb}

e2/r —1

- <1 (1_5)(1_9)> P+ 5(1-91-0) - (3-8 A -0) (1 +1)

§'u e2/r —1
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after plugging in the terms. Its first order derivative with respect to A is

5(el“(f(l—ﬂ)fHé(1—5)(1—9))—(;u(l—g)(l—o)) (emﬂ))
oA e2/x _ 1

ex —0e3% — 22X — puedx — £e3% 4 3% —fex — pex —Eex + Ouex + 30cex
+plex + 20ue?x 4 pedx + 30£e3x + 2ufe®x + pledx —30ulex — 20pufe®x — 30ucedx

- 22 (e2/X — 1) - @

Since the denominator is positive, we again focus on the numerator, which is linear in 8. For § = 0, it becomes

1 1 1
ex —2uex — puedx —¢ge?

=—e> (1-¢) (/Hrue% —é?

>
+
DO
=
®
T
|
—_
~—

(3)
which is linear in £. For € =1, it is zero. Let us evaluate it for the other extreme where & = €. Note that &
can be found by solving 1" = p which is equivalent to u = p for 0 =0. At = p, (3) becomes

1 1 1
e§(1§)< . + — €3 — 2% +2— 3 >—ei(lei)>0
ex+1 ex+1 ex +1

[N

@
>
\

—

which is positive. Therefore, it is always positive for § = 0 due to linearity in £. Similarly, for § = 1, the

numerator in (2) becomes

—ue‘g —563% +e’% —ex —ue% —fe§ —|—ue§ —|—3§e§ +/¢§e%

>

—|—2,u62% +,LL63% —|—3£e3% —|—2,u662% +,LL§€3% - 3u£e% — Qufe% - 3u£e3% = 256% (62% + 1) (1—p)>0

which is always positive. Since the numerator in (2) is positive at extreme values of 6, it is always positive
since it is linear in €. Since the denominator is positive and there is a negative sign at the beginning of (2),
the first order derivative of the second term in (1) is negative. Since we already know that the first term is
also negative, the first order derivative is negative and hence AO is decreasing in A where the rate of increase
is higher for A > Xl.
By the same token, the change in underreliance is
elUA — pth (el//\ + 1)
e2/x —1

H—ﬁ (el//\ + 1) -1
e?/r —1

P{s=—,e=%} (4)

P{s=+,e=n}—

since B (u*") = 0 for p™ > and af (p™") =0 for p=" < p. We already know that the first term is

increasing in A. Hence we focus on the second term which, after plugging in ©=*, becomes

a1 0900+ 1) -~ (€0-p0+3(1-8(1-6)
e2/r —1 e2/r —1

P{s=—e=h}=

whose first order derivative with respect to A is

a(_;u<1—5><1—e>(e1/*+1>—(f(l—u>e+;<1—e><1—9>)>
oA\ e2/r —1

2e2% — 2% — puedx — 2% — 202X — pex + Ouex + plex
+200e2% 4 Oueds + 608> +2ute®x + pfedx — Oulex — 60ule®s — uledx
2X2 (e2/A —1)°

Since the denominator is positive, we focus on the numerator, which is linear in 6. For § =0 it becomes

M=

— uesi — 2¢e?

>

(262% — 2u€? — ,ue% —l—,ufe% + 2/1562% —l—/zfes%) =ex (1-9 (u —2ex —&—,ueQ% + 2ue%>
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which is linear in p. For p = p it becomes

1
ei(1§)< P L ) R ei)ei(1§)<1ei)>0.

e§—|—1 ex +1 ex +1

which is positive. For u =, it becomes

1 1 1
eX1—g) [ -2 —2ed + - 2t o o3 :eZ%(l—g)(e%—1)>o
ex +1 ex +1 ex +1

which is also positive. Since it is positive at both endpoints for p, it is positive for # =0 due to its linearity
in 6. Assume that 8 =1. Then the numerator becomes
2e2% — 2pe2X — pedx — 262X — 2e2% — pex + pex + pfex + 2uex
Fuets +6£e?% +2u8e?X + pged — pges —bule?s — pfe®s =4geX (1—p) >0
which is always positive. Therefore, the numerator is always positive due to linearity in 6, and it is positive
at both endpoints for 6. Therefore, the second term in (4) is also positive. This means that AU is increasing
in A with a higher rate of increase for A > Xl than A < \ < Xl.
Finally, we focus on the expected accuracy. The change in accuracy is
1/X 1/X

e e
el il

_ +h

)P{s:+7e=ﬁ}+(1—u‘ﬂ )P{s:—7e:ﬁ}.

Again, we already know that the first term is increasing in A. Let us focus on the second term. It becomes

(ca-morya-g0-0)-(a-90-0)- 55 (ca-worja-0a-0)
whose first order derivative with respect to A is
éi((ﬂl—m9+;0—£ﬂ1—@>—(;uﬂ—ﬁﬂl—W)—eiyil(ﬂl—m9+éﬁ—fﬂl—®>>

eX (0+& 308 +20p — 1)
2A2e2X 4+ 4X2ex + 2)2

()

Since the denominator is positive, we focus on the numerator, which is linear in 8. For 6§ =0, it becomes

—e> (1—¢) <0 and hence (with the minus sign at the beginning) (5) is positive. For § =1, it becomes
eX (14+&—3¢+2u6—1)=—-26(1—p) <0

which is also negative. Due to linearity in 0, the (5) is always positive. Therefore AA is increasing in A with

a higher rate of increase for \ > Xl than A < \ < Xl.

Proof of Theorem 2 Expected cognitive cost can be rewritten as

CE)=Ch (u™)P{s=+e=h}+C; (u*)P{s=+e=t}

+C (i P{s=—e=h}+C; () P{s=—e=} =E[H (1)) — ¢ (N) (6)
where . B
T ={ ) St
and

1 el/k

_ /X I _
¢ (A) =log (e + 1) Nel/A +1
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and
H(p)=—pnp—(1-p)n(l—p).

Note that only E[H (1°¢)] depends on . Assume now that & < § where all posteriors are in between y and
7. Then E[H (p*¢)] = E[H (p*¢)]. The first order derivative of the first term in E[H (p*¢)] is

(
= (e ) ) Plo=tie =)+ (%) P s == 1)

i (LN (L e\ prom e H () LBl — o h
=In( — " {s=+,e=h}+H (n )d? {s=+,e=h}

() (st e (- 30-n)
The second-order derivative is
it (" (55) s gn—gm) 70 (0-30-0)
- (i () G za=au9)
n() (o) (o-fo-n) oo
_( )( Wl— )(1-0) )(1 pf (1= ) (1-6) )
1—u+ﬁu+ﬁ (cud+1(1—€)(1—0))° ) \28ud+5(1-8)(1—0)

1n(1_“ ) (ut (1 u)(1—9))(u9—%(1—9))
p) 2 (guf i (1-6) (1)’

o\ (o (1 - (-0)
+(Mﬁ) (! 9)>1 ( pt ><2(€u9+§(15)(19))2>

1 1 (6 (1= pr) (1))
A= p)pt (euo+ 1 (1-€)(1-0)°

That is H(/L+ﬁ)P{S:+,€:ﬁ/} is concave in £. In a similar fashion, the first-order derivative of
H(pm)P{s=+,e=t}is

a

d§

d +e oy d

= d—gH(u ) | P{s=+,e=¢t}+H (u )d—IP’{s:+,e:€}

:ln(1;f€+€> <;€ +€>P{s—+e—€}+H( )€P{s:+,e:€}

(AL w0 (A -0) N
B ( ptt )( 2((1—§)u9+;§(1—9))>+H(“ )< no 5 9)>'

The second-order derivative is

A (oY (Lm0 (—0) N
dt (l ( e >< 2((1—§)u9+§§(1_9))>+H(“+)( no 9)>>

(H (ut*)P{s=+,e=¢})
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11

d ., 1
( (1- u*f u“) (d +>< (1- f() i)g - )))
d< 1o (1 —p) ) d
,N de (1—&)po+1 g (1- 9 dé
1 wh (1—p)( 1 w)(1—10)
u*" pte ( 2((1—&)ub+ 2 5 0)2 (2 u9+ 361 - 9)))
I ) (—pb+3(1-9))
Hn( pwt )( ((1 g)u9+(g 1-0))° )

et o\ m (Y (L w0 (1-0)
+< u9+2(1 9))1 ( e )( 2 (1— &) b 15(1_9))2)

R (46 (1= 1) (1-0))°
I g 3
AL =p)t (- b+ 1e(1-9))
Thus H (pt*)P{s=+,e=¢} is also concave in &. Similarly, the first order derivative of
H(p™")P{s=—,e=h}is
a4
dg

-Hn

+ u@—f— ) —H (u*")

1
2

(H(p")P{s=—,e=Hh})

(e ﬁ))P{s——e Bh+H (1) P ls=—e=h)

—ln< — ( —ﬂ)P{s——,ezﬁ}JrH(u—ﬁ)dIP{s=—,e=ﬁ}

d 1—p"\ (1 po (1 —p)(1-9) (1= p)o—=(1-
&€ <1< P )( 2(E(l—u)9+é(1—€)(1—9))>+H(M (w50 ”))
N TLLESIEE:

¢ pt 2(€(1-p)0+35(1-6(1-90)

Lt d (1 (- (-6) o o Nd
# (i >d£< 2(5(1u)9+§(1§)(19))>+<(1 905 1=0) G ()

:(_ 1 ) 1 pf (1= p) (1-0)

T=pu )\ 2((1-po+11-€)(1-0)°
T(f(1=p) (1=0) (L—p)b—3

2 ((Q-po+ia-9a-o

)

1 1—pu* 1 uf

(1u)92(10)>1n( D > 75(5(1 )

1 1 (6 (1= ) (1-6))° “0
AA=p ™M™ (c(1—p)o+1(1-6)(1-0)°

Thus H (") P{s=—,e="#} is also concave. Finally, the first order derivative of H (u=*)P{s=—,e=¢}

is

e (H () Pls=—c=£)
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(G ) ) Plsm—em b B () P (s = e =0}

=In ]-_llff i —t s=—. e— _¢ i S—— o—
- ( p’ ><de“ >P{ o= O H () GePle=me=6)
NI po (1—p) (1-0) o 1.

B ( ' )2((1—5>(1—u>9+;5(1—9))+H(“ )< =m0 9))'

The second-order derivative is

A (L po(1—p)(1-9) o 4 1,
dg (l ( pt >2((1—5)(1—u)9+;5(1—9))+H(“ )( (-me+sa 9)>>

(dlnlu'f)l p0 (1—p) (1-6)
s p=t ) 2((1-A—p)o+56(1-0)

1—ptd (1 we(-w-0) o Nd
the d&( 2 (0 5)(1—u>9+;5(1—9))>+( (1m0 50-0)) Zel ()

( 1 ) 1 pb (1—p) (1-0) 1 pb (1—p) (1-96)
A=p ) \2(1=)(A—p)o+1ie(1-0)") 2(1- X —pu)o+3£(1-0))
1—p (1 (~(=po+35(1-0)) )
(o (1—p)(1—6 5
pt <2(u Lot (1= -p)o+56(1-0)
(1 T o\ m (= (L pf (1—p) (1-96)
+( (1-—pb+501 9))1 ( = )<2((1_5)(1_@“;5(1_9))2)

L (W6 (1 - 1) (1 0))?
A1 =p ) (1—)A—p) o+ Le(1-6))°
which means that H (u=“)P{s=—,e=¢} is also concave. This shows that all terms in E,[H (u*°)] are

—t

—In

concave.

Assume that p > 0.5. For § € [€, £] utt is outside of the search interval whose contributing term will be
H (pt") = (X\) P{s=+,e="n} which is linear in . Similarly, for £ > &, p=" is also outside of the search
interval whose contributing term H (1) = ¢ (A\) P{s=—,e="#} is linear in . This means that in both of
these cases, C (&) is also strictly concave in &.

Assuming that all posteriors are within the search interval, the first-order derivatives of the four terms in

the expected cognitive effort function are

d o _ _ _ 1—p*™ N1 pf(1—p)(1-0) f 1
e (1) (o= =) =i (8 ) i T+ ) (=3 0-0)

d(H(NH)IP{S:—F,e:f}):—ln(l_u )1 po(1—p)(1—6)
0

d¢ pte ) 2((1=&ub+ 1 (1-0))
8 () (w3 01-0))

o Prse e i) = (LAY L pf (1= p1) (1—0)
dg(H(“ JP{s=—e=h})=—1 ( o )2(5(1u)9+§(1§)(10))

1) (~a-mo+ 3 a-0)

A ey (L1 (- p) (1 -0)
ag H ) Pls=—e=t}) =1 ( P >2(<1s><1u>9+;s<19>)

CH (i) <_<1_M>e+;(1_e)).
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Note that at £ =1/2, we have
R 21(1—0) + po
ph+ 3 (1—0)

—h ot %H(lie)
N () R Y )

and

IP’{s:—I—,e:fo}:P{s:—&-,e:ﬁ}:u@—i—%(l—ﬁ)
Pls=—e=h}=P{s=—e=¢} =10+ (10

Then, we also have

%(H(u+ﬁ)P{s:+,e:ﬁ}):—%(H(M“)P{sz—&-,e:f})
and
D H (") Pls=—e=h)) =% (H () P{s=—e=¢
L ()P o= o= h)) =~ (1 (1) Pls= e =6)).
Then this means that at £ =1/2, we have
d_
d—gIE[H( )] =0.

Since E[H (p°°)] is strictly concave, £ = 1/2 is the maximizer of E,.[H (1*¢)] and it is decreasing for £ € [1/2,€),

i.e., when all posteriors are in the search interval.

€

Assume now that & > €. In this case, we only have put? and ;¢ within the search range since both pt?

¢

and pu~° approach to p as £ 1 1. Furthermore, at £ =1, we have

P{s=+,e=¢}=P{s=—,e=¢}==(1-9).

N |

Then, the first-order derivative of E[H (1°¢)] at £ =1 is

dié (H (1) P{s=+,e=¢}),_, +d% (H (1) Pls=—e=¢}),_,

+ ¢ ((N) C%]P’{s:Jr,e:ﬁ}Jrcp()\)C%]P’{s:f,e:ﬁ}

:—ln(l_ )pﬂ(l— )—H(,u)(pﬂ—;(l—e))-i-ln( . )uﬂ(l— 1)
1) (~a-mo+3a-0)

<u91 Ha-p8-51-0)
H (1) — 9 (V) (1 - 20) .

Since H (1) > ¢ (A\) (as p is in the search interval), the first-order derivative of E[H (u*¢)] at £ =1 is positive
(resp. negative) when 6 < 0.5 (resp. 6 > 0.5). This means that in the last region, i.e., & € [£, 1], the expected
cognitive effort is increasing in & if # < 0.5, and either decreasing or unimodal in £ when 6 > 0.5 due to strict

concavity.
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Proof of Proposition 4 Note that at A =0, both belief thresholds are at the extremes, and the DM
always processes information as it is free. As A increases, @ and p start to move towards 0.5. This means
that there exists a threshold A; such that for all A < Ay, all posterior beliefs are in the search region [H’ ﬁ} .
Assume that A < A;. Then,

AC=C(§) - Cre=A > P{s,e} (H(u) = N) = > P{s}(H )~ eN)

(s,e)e{+,—}x{h,t} se{+,—}

= S PlsedHu)- Y P{s}Hu)|. (7)

(s,e)€{+,—}x {f,t} se{+,—}
Note that
P{— A} H (0") +P{— €} H (u*) SP{s=—} H (u")

due to Jensen’s inequality since
Pl{e=n|s=—}H (u")+P{e=¢|s=—}H (u ) <H(u)
and H is concave. Similarly,
P{+ A}YH (") +P{+, ¢} H (u*°) <P{s=+} H (u").

This means that (7), ie., AC, is negative and linearly decreasing. Assume g > 0.5. Then A; precisely
corresponds to the information cost level where ™ = . Furthermore, there exists another threshold Ay > \;
such that p=* = . (Due to the symmetry of cognitive effort with respect to y, for 1 < 0.5, only the order
changes, and the rest of the analysis stays same). Assume that A; < A < 3. Then

AC=A > P{s,e}(H(u)—oN\)— Y P{s}(Hu)—p ()
(s,e)e{(+.0).(=h),(—,€)} se{+,-}
=X > P{s,e} H ()= > P{s}H (") | +P{+ A} Ap(\).
(s,e)e{(+.0).(=h),(—.,€)} se{+,-}
The first-order derivative is
0 0
JAC= Y Pl HE) - Y PIMHE) PR SN0,

(s,e)€{(4:6),(=:1), (=€)} se{+,—}
A (X) is increasing in A and 2 Ap (A) > 0. In addition,

) P{s,c} H(uw)— Y. B{s}H(u")<0.

(Sve)6{(+7€)7(_’ﬂ)1(_7€)} se{+,—}
For A > X5, we have
0 0
JAC= Y Pl HE) Y P H () + B LA B R)) A ().
(s,e)e{(+:¢),(—,€)} se{+,—}
where

Yoo Plse}H(ue)— Y P{s}H(u)<0.

(s,)€{(+:0),(—.6)} se{+,-}
This means that there exists a threshold X& such that for A > Xg, AC >0 and is increasing in A. Note that it

is still possible that Xg can be higher than the natural bound X imposed by complementarity per Proposition

(2).
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Proof of Theorem 3 Assume p > 1/2. We first investigate the extreme cognitive load scenario. Assume

that At X. Then £ 1/2 (i.e., the first interval in Theorem 1 vanishes) and pt* =7 which gives

su(1—=0)+pud  e'/? e 1
0+L(1-6) e/r+1 N a+o) \’
b+ 5 ( ) e/t + In ((1i9)(17u))

+h

ptt=ne

=

To analyze the behavior of the second interval with respect to £, we look at the first-order derivative of the
cognitive effort function. When A1 A, the cognitive effort implied by the posterior ut" also vanishes. Let us
look at its derivative at £ =1/2. We have
0
o2 (1#) = p () P{s=+.e= 1)

(1= (1) (1-96) . )
_ln( pth )2§u0+;(1_5)(1_9)+(f1(#+)—tp(k)) (u9—2(1—9))

— N\ ph(1—p) (16 0
:ln(lﬂfﬁ )Muél+§u()1(l—9))+(H(”+ )= (V) (MG—;(1—9)>. (8)

Note that since p > 0.5 by assumption, we have y™ > 0.5 and hence the term inside the log term is less

than 1. Therefore, the first term in (8) is negative. The second term equals to zero as H (ut") — ¢ (A) =0
since ut" =7 by assumption. Then (8) is negative for A = X. Note that at £ = 1/2, the first order derivative
of the cognitive effort function is 0 and since it is concave, £ = 1/2 is the maximizer in the first region (see
the Proof of Theorem 2). Therefore, it must be that
%X (HE) e WPy
{s.eye({+. 1 {-R}A{-.t})

Hence, the expected cognitive effort is increasing when & | 1/2 and A1 .

Next, we show that C' (§) is continuous in A. Note that p*¢, H (p*¢) and P {s,e} are all constant in A. The
only term in C'(§) that depends on A is the residual uncertainty function ¢ (X) and the endpoints p and 7.

1 el

It is easy to show that ¢ (A) is continuous as In (el/A + 1)7 5 and ﬁ are all continuous for A > 0. Hence

¢ (A) is also continuous. We need to check that C (§) is continuous at the endpoints. Note that

A
uu@Aln(M) .
- M

-1
At)\zln(lf—“) , we have
I
1 en(5) 1 1—p
p(A)=In () 1) - — — 1n1n(> 1—u
()=t ) () L)a-w
©w

=-—Inp—In(1-p)Q—p)+n(p)(d-p)=—php—In(1l—p)(1—p) =Hu).

Hence as A = In (1’7“>_1, v (A) — H (n) and Cy () — 0. Similarly, one can easily show this for the other
endpoint 7. This shows that C} (u*)P{s,e} and in turn C (&) is continuous in A. Note that since C (&) is
continuous in A, and is increasing in ¢ as € | 1/2, there must be a threshold A, such that the cognitive effort
is higher compared to the benchmark C,,. = C (£ =1/2) for A > \,,.

Additionally, let I, = [fi;,1 — fi¢] in Proposition 2 for fi; € (%,0.5). Then note that A+ X\ < u | i, or

AT A& utl—7, for p>0.5 and pu < 0.5 respectively. We can similarly show that C (£) is continuous in
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. First, the posterior functions p*¢ are all continuous in p for p € (0,1) and 6 € (0,1) as they are divisions
of two linear functions and their denominators are nonzero. Furthermore, the entropy function H () is
continuous in p € (0,1) since it is the sum of two continuous functions. More specifically, both —plogu
and — (1 —p)log (1 —p) are products of a linear function and the log function which is also continuous.
It is known that a function of a continuous function is also continuous, hence H (u°¢) is continuous for
(s,e) € {(+,=) x (R,€)}. Since p(A) is linear in pu, A (H (u**) — ¢ (N)) is continuous in the search interval,
i.e., when p < p <fi. Outside of the search interval, it is zero. Therefore, as before, we just need to check the

endpoints. As p — p, we have

1 1 1 1
H(H):_el/*—kllnel/*—kl - (1_ el/A+1>ln (1_ el/A—&-l)
1 el/k

Xel/A—Fl :SD(A)

=In(e'*+1) -

and hence H (p) — ¢ (X\) — 0. Similarly, it is easy to show that A (H (fz) — ¢ (\)) — 0 since H is symmetric
around 0.5 and 7z = 1 — . This shows that max {\ (H (#°°) — ¢ ())),0} is continuous since 1*¢ is continuous.
As P{s,e} is linear in p for (s,e) € {(+,—) x (h,€)}, >, max{\(H (u**) —¢(A)),0} is also continuous
which shows that C'(§) is continuous in p. This means that there must exists a threshold py such that for
<y and p>1— 1y, expected cognitive effort C' (£) is higher than the benchmark C,. = C (£ =1/2) since
C' is continuous in p and increasing in £ as £ ] 1/2.

For 11 =0.5, g:é and C'(§) is decreasing in £ for £ < . Furthermore, it is increasing in £ for £ > £ when
6 <1/2 per Theorem 2. This means that for A > Xu, there exists a threshold for explainability level € > £ =£
such that AC >0 for £ € {f, 1].

LEMMA A.1. For 0 <~% <A™ < 0.5, there exists a unique threshold &; € (0,1) such that p*"* = p** and

wl=p" when £ =&, pt < putt oand p¢ < pt when € < & and ptt > utt and pf > pt otherwise.
Further, u™* > pu=¢ for e € {h,€} and p*" and p=° are increasing in & while =" and p** are decreasing in

E Foré=1, ut=pu"C=p.
Proof of Lemma A.1 To find 6*¢, we first need to compute P{s,e|z}. Given X = 0§, we have
P{s=+,e=h|X=hl=P{s=+le=A, X =hw=11Ple=A|X =hw=1}P{w=1|X =h}
+P{s=+le=h, X =hw=0}P{e=A|X=hw=0}P{w=0/X =5}
=(1=9")En+7"e(1—p)

=¢[(1=7")p+y" A= w)].

In a similar manner, we have

P{s=+,e=tle=1}=(1-&) [(1-7") p+7" (1—p)]
P{s=—e=hle=1}=E[y"u+(1-7") (1 —p)]

Pls=—e=tle=1}=1-& [u+(1-9)1-p)].
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When X =1, we have

P{s=+,e=h|X=}=P{s=—e=h|X =} =-(1-¢)

P{3:+7e:€‘X:[}:P{S:—,6:€|X [}—

N’"“l\')\»—A

since S and E are conditionally independent given X =[. Then we can write

O =P{X=Is=+,e=nh}
P{s—+,e=h|X=P{X=1)

T P{s=+,e=h|X=bh}P{X=b}+P{s=+,e=A|X = P{X =1}

_ 0 [(1—~") p+~" (1 —p)]
OE[(1 =AM A" (1= )]+ (1—0) 5 (1 &)

In a similar manner, we obtain

o+ — 0(1=&) (1= ) p+" 1—p)]
0(1-=[A=7)p+"(1- )]+( —0) 3¢
oot _ 0 [y nt (1=9") (1= p)]
0 [yrp+ (1 —9") (L= )]+ (1—0) 3 (1-¢)
gre_ 009 [+ (1-9) (1 —p)]
0(1= N p+ A=) 1=+ (1-0)3¢
Plugging these in, we can characterize the posterior beliefs as
00—t (=036
01 =) " (1= p)]+(1—0) 5 (1-¢)
ve_ 0(1-8) (1—9")p+(1-0)5¢n
M =
0(1=E[A=~)p+r (1—w]+(1-0)3¢
= 07" n+(1-0)5(1—-&p
0 [y p+ (1 —~") (1= )]+ (1-0) 3 (1-¢€)
[t = 01— p+(1-0) 5
0(1-u+1-2)1-p]+1-0)3¢
Taking the first order derivatives, we obtain
Ao 2p(1-0) (1) (1-2")
d¢ (06 — & — 0+ 2906 + 200€ — 4y 0ué 4 1)°
d 20u(1-0)(1—p) (1-29)
ac" (€4 2700+ 200 — 0 — A7¢0p — 27006 — 201€ + 470 0pg)?
d 29u(1—9)(1—u)(1—2’yﬁ)
de" (0 + & — 306 + 27M0€ + 200 — 4" Opé — 1)
d _, 2611(1—6) (1 — p) (1 - 2B)
ah

which shows the monotonicity of posteriors with respect to &.
Note that at £ =1/2,

PR Gk VA Gl )L 1Y
(1= )+ A—w]+(1-6)3
L Gk, VA S Gl VTR
O[(1 =" ) p+~" (1 —p)]+(1-0)3

+h

>0
(20 + € — 270 — 201 — 30 + 4y Op + 2vE0E + 20uE — 470 Opé)®

17
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since y* > ~¢. Similarly, at £ =1/2,

= 07"+ (1= 0) 54
Oy p+(1—~") (1= w]+(1-0)3
- 0+ (1—-0)5p o
Oy p+(1=7)1-p]+(1-0)3
In contrast, at £ =1, ( h)
O(1—~")pu
+h_ > =yt
S (R VRS ) R
and
_ 07" 1 _
/L: < = f.
: O+ (L—ym) (1—p) HF

Since posteriors are monotone, there must be an explainability level where ™ = p¢ and p=* = pu=°.

Proof of Proposition 5 Overreliance is

O(¢) =P{s=+}Ela (u*7) |s = +] + P{s = —}E[B (n~") |s = —].

When § <&, all posterior beliefs are in the search interval and therefore false-positive and false-negative

functions o and B are linear in posterior belief. Then overreliance becomes

0(€) =P{s = +}a(Blut7|s = +]) + P{s = ~} BE[uls = -])
=Pls=+}a(p") +P{s=-}8(u")

Posterior belief u™ can be computed as

Pl 1lee o1 Pls=Flw=1}p
pt=Plw=1ls=+}= P

[0 ")+ 10+ 5(1-06)

- P{s=+} a

where

P{is=+w=1}=P{s=+|w=1,X =h}P{X =hlw=1}
+P{s=+w=1,X=P{X =lw=1}
= [E(’ygf’yﬁ)+1f'ye]9+%(l—0).

Similarly, we have

P{s=—|w=1}
P{s=-}

i D LA 1 Ul)

- P{s=—} -

po=Pow=1s=-}= p

Then

O ) ilordae) sy
0(¢) = Fl=t) . P{s—+}
e2/x —1
(b 101
1/x [ —(x'—")]e+30 9)M(€1/A+1)

P{s=—} _
+ 62/)‘ _ 1 ]P){S - _}
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Taking the first order derivative with respect to &, we obtain

d 2(y" =) b — ot
dié-o(g): 1 — el/A
o2 (V" =) = (v —9") (1 —2p)
1—el/A
NV
=615 <0
where
dP{s=-} d
b = (et =04 5a-0))
d
s (et =M +1-2904 sa-0)) a-p)

This means that overreliance decreases in & when all posteriors are in the search interval and v* >~ (i.e.,
when there is a negative (resp. positive) relation between accuracy and explainability) since d%O(f) <0.
Overreliance is constant when 7* =~¢, same as in our baseline model.

Assume now that p > 0.5 and " > 7. Then £ > £ Note that the false-positive function « is linearly
increasing when pt"* < i, and linearly decreasing when p™* > 7i. Therefore, overreliance starts to decrease in
¢ with a higher rate when & > £ since p™" increases in £ per Lemma A.1. In a similar manner, when p~" < p,
false-negative function A is linearly increasing in u~"*. However, since u~* decreases in £ as per Lemma A.1,
overreliance starts to decrease with a higher rate as £ increases. Therefore, O (£) is concave decreasing. The
same logic applies when p < 0.5, as posteriors are symmetric around 0.5, as well as for the underreliance, as
functions « and § are also symmetric around 1/2.

For accuracy O(§) =E[A (u5F)], we use a similar approach. Note that when all posteriors are within the
search region, the accuracy function is linear and constant, and hence its expectation, such that
1/2
B[4 ()] = A (B 1)) = AGn) = 55—
Assuming again p > 1/2, when p*"* > 7, accuracy function is increasing for p™ which is also increasing in
&. Therefore, accuracy increases. Similarly, when p~* < 14, accuracy function is decreasing in ™ which is

also decreasing in €. Therefore, accuracy starts to increase at a higher rate.

Proof of Proposition 6 Assume that { <§ and all posteriors are within the search interval. We take the
second-order derivative of each term of C'(§) =E[Cy (u57)] =E[H (157)] —p (N\) =32, . P{s,e} H (u*°) —
@ (A). For s=+ and e =, we have

%P{s=+,e=fb}H(u+ﬁ)= <9((1—’yﬁ)u—|—’yﬁ(l—,u)) —(1—0);)]1(;[“9”)
N 30 (1=0)(1—p) (1-29") hl(l—u”b)
0 (L= A" (L= p) +(1—-0) 5 (1-¢€) pth
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Taking the second-order derivative, we obtain

(6=t =) - =05 ) (
.

L—pt\ d o

+1]a(lxt*ﬁ)d 30 (1—0)(1—p) (1-29")

pth ) dEOE (1 =) p+A" (1—p)+(1-0) 5 (1-¢)
N 30 (1-0)(1—p) (1-29") pt (d +ﬁ>
06 (1 =) pt+" (1 =p) +(1=0)5 (1 =& 1—pth \dg  pth

which gives

m(l—wﬁ);eu(le><1u><12A>(0<<1A>u+A<1 w)—(1-0)%)

pt (011 =" p " (1= )] +(1—0) L (1-€))°

_ln<1—u+ﬁ>;euu—e)(l—u)(l—m)(e(( A p+A(l—p)—(1-0)1)
pt (Be(1—A)p+AQ—p)+1-0)L1-¢)

- (20(1—0)(1—p) (1-24))° 1

(BE (L") ity (1= )] + (1= 0) 5 (L—€) pr" (1= p)

since the first two terms cancel each other. This means that the term P{s=+,e=#}H (™) is concave

<0

when g is within the search interval. The concavity of the other terms can be shown similarly. Since all
terms are concave, E[H (15)] and hence C () is concave in £ as ¢ (A) is constant. This is also the case
when one or more of the posteriors go out of the search range as £ increases, since their contribution to the
expected cognitive effort will be zero. Therefore, C (£) is piecewise concave in at most three regions.

We show that C' is unimodal in the first interval. Observe that E[pu5"] = u for all £ < . Since H is
strictly concave, the behavior of E[H (uF)] with respect to £ is completely determined by the variance of
. In particular, the higher the variance of p*%, the lower the expectation E[H (15%)] and hence C (§) =
A(E[H (pF)] — ¢ (N)). Since C (&) is strictly concave, we show that at £ =1/2, variance of the posteriors
are in decreasing in & which shows that C is increasing at £ = 1/2. Variance of the posteriors can be written

as

Var (u®F) = Y P{s,e}(u—p)*.

s,ee{+,—}x{h,t}

Assume that s = 4. After some algebra, the first-order derivative of the P{s=+,e=#%} (;ﬁﬁ — u)Q term

e (%

reduces to

(L= u+y" (1 u))+(1—9);(1—§)>
05 (1-ura-0ia-9u  \
(1 p+y (- +(1-01a-¢ "
(9,&(1— p) (1—24" ))
T (0= gt (L= )+ (1—0) L (1-¢))°

((9((1—7ﬁ)u+7ﬁ(1—u))—(1—9) ;>§+1—9)

Similarly, the first order derivative of P{s=+,e=¢} (u*’ — u)2 is

0
o

(600 (=t (1= m) +(1-0) 5¢)
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6(1—-€) (1=7") p+(1-6) 3eu _MQ
01— (1= )p+v" (1—p)+(1-0)3¢
:< (1= (Bu(1—p) (1-21))" )
(O =8 (A=) 4t (1= p)+(1-0) 28)°
((-oa=9n+ra-my+a-03)a-g-a-9).
Evaluating these at £ =1/2, and summing up, we obtain
(O (1= p) (1=29"))" ) nop l _
TEetyeorsersyid ( GUSESISERUSTRSURUE) RXCRT)
B (O (1= p) (1—29%))° ) Y COr_ N (1 L _
(w((l_WMW(1_M))+(1_9)é)z ((eta=29urra-m-a-03)+a-0)
<0
which is negative since 7* > ~¢. One can show the same result for the last two terms for s = — using the

same approach. This shows that the variance of posteriors decreases in £ at £ =1/2. Consequently, C (§) is
increasing in £. Since C (§) is strictly concave for £ < ¢, there must be a threshold EA (possibly equal to §)
such that cognitive effort is increasing in £ for & < EA Assume for instance that { = 1. Then all posteriors
are in the search range for all explainability values £. At the other extreme, £ = 1, note that the derivative
of the first term vanishes, and since the derivative of the second term is positive, the sum is positive. This
is also valid for the variance terms for s = —. This means that the variance of posteriors is increasing in &,
and consequently, C (£) is decreasing in £ at £ = 1. Since C is strictly concave in this case in £ € (1/2,1), C

is strictly unimodal. Therefore, there always exists a non-empty interval for £ such that AC (&) is positive.

Proof of Proposition 7 Given s =4, ™ increases and pt¢ decreases in ¢ per Lemma 1. Furthermore,
Eg [15%] = pf for all £ >1/2. This means that although the means of posteriors 4™ and p stay constant,
their variability increases as they move away from each other. Since H is strictly concave, Eg [H (uT2|S = +)]
decreases in €. Same argument is valid for s = — and hence the expectation A\ Eg [(H (¢%) —Eg [H (15%)])]

increases in &. Since p¥ =p at £=1/2, C.(1/2) =
LEMMA A.2. A(&) —C(§) is increasing in §.

Proof of Lemma A.2 Let V) (u) = Af (1) — C; () and V (&) = A(€) — C(&). We first show that V}*
is convex in [0,1]. Assume that p < p. Then, V' (u) = 1 — p, which is linearly decreasing in p. Assume

that p € (u,72) . Then A (u) = ef/li:il which is constant in p, and since C; (1) = A (H (1) — ¢ ())) is strictly

concave (due to H being strictly concave), V;* (1) is strictly convex. Finally, when p> % , V* (1) = g which
is linearly increasing. To show convexity in [0,1], we should check the derivative of V, at y and fi. Assume

€ (%) . Then the first order derivative of V; is —AH' (p) = —AIn((1—p) /p). At, = p, the first-order

derivative becomes

1_51/’1\+1 1
—ePHL . Alnet =-1

el/A41

—Aln
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which is the same as the derivative of 1 — u. Since V;* (i) is strictly convex in (Hv ﬂ) , the derivative will
increase until p = where it will be equal to 1, which is also the derivative of p (i.e., V;* (1) when p > ).

Therefore V;* (p) is convex in [0,1]. We write the expected value as
V) =E[Vy ()] =P{S=+}E[V; (u™")IS=+] +P{S=—}E[V} (v ") |S=—].

Note that u™™ increases and pt¢ decreases in € per Lemma 1. In other words, as ¢ increases, posteriors move
away from their mean E [5F|S = +] = u™ which is constant in €. Since the variability of mean-preserving
posteriors g™ and p increases and V;* is convex, the expectation E[V;* (u7#)|S = +] increases. This also

applies to E [V;* (™) |S = —]. Since the weights P{S = s} are constant in &, V (&) increases in &.
Proof of Proposition 8 V, () is decreasing in A, and V, (1/2) is constant. Assume that A, =\, p>1/2
and £ <. Then,
Ce(O+C O =AE[H (n°)] —E[H (0" +E[H (1°")] =2 (V)
=AE[H (1)) - (N) =C(1/2)
which is constant in £&. Note that A (£) = A(1/2) =e'/*/ (e!/* +1). Therefore, V. (€) = V (1/2) and hence
AV, (§) =0. Assume now that £ <& <& Then, AV, (£) can be written as
AV (§) =A(§) —A(1/2) = C (&) +C(1/2) = C. (&)

o (5 - ) o0)

el/A+1
The first term is positive. We show that the second term is negative. Taking the first-order derivative of the
second term with respect to &, we obtain

9 sn, 9 1
o ! )

0 1—pth 0
= (e (o0 gt = (10 () ) o

The second term is positive per Lemma 1. As ¢ increases, u™" increases, and hence the log term is negative and

decreasing. The highest possible value for the log term is In ((1 — z) /7z) since we assumed § < ¢ < €. Plugging
inpg=e'/*/(e**+1), we obtain In ((1— ") /u*") = —1/X. Note that A =1 violates our complementarity
assumptions. To see this, note that

w0+ (1=0)p el/?

T wrii—e) M anta

(u9+ % (1 —9)u> (e'*+1) <e'/? (u9+ % (1 —9))

p(1+8) <!/,

(1—p)(1-90)
At A=1, p can be at most e/ (e + 1) . Plugging this in, we have
7 (1+0) 1+6

(1_;—1)(1_0) <e<:}m<1
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which is not correct. Therefore, A should be less than 1, 1 —1/A <0 and hence AV, () < 0. One can show
that this holds for &€ > € as well.

Note that at A, =0, AV, (§)=A(§) —C(§) —A(1/2)+C(1/2) > 0 since the expected value A (&) — C (§)
is increasing in £ Lemma A.2. At A\, = A, we showed that AV, (£) <0. Since V, (&) is decreasing in A., there
must exists a threshold \* (£) on A, such that AV, (§) =0. Equating V, () and V. (1/2), we have

A(§) —C (&) —C(§) =A(1/2) - C(1/2) = C.(1/2)
A~ C &)~ MEs [(H (1) ~Ex [H (s5)])] = A(1/2) ~C (12
which gives
(€)= A -C(§)—(A(1/2)-C(1/2))
‘ Es [(H (1) —Eg [H (u57)])]

Note that the numerator is always positive as A(§) — C(§) increases in & per Lemma A.2 and

Es [(H (¢°) —Eg [H (1°%)])] > 0 due to the concavity of H, u°¥ being mean-preserving and having increasing
variance in &.

To find how this threshold changes with respect to £, we use the implicit function theorem. We have

) oN () | 0
%AVE(OW:AZ(O ¢ +3/\e

AVe () x.=rz 6 =0

which gives )
X (&) _ oAV @pae

CIE INACINE
Note that
0

DAV, =B [(H (%) ~ B [# (59)])] <0
since Eg [(H (%) —Eg [H (1°F)])] > 0 due to Jensen’s inequality as H is strictly concave. Furthermore,

0 0

I _ *) *\ * <

aEA‘/:i 6§ (A(£7)\e) C(£7>\e) C& (67)\6))70

since at £ =1/2, AV is increasing as V, (§) is increasing and C, (§) = 0. Consequently when AV =0, the
derivative is nonincreasing. Therefore, %ﬁ:c) <0.

Proof of Proposition 9 Per Proposition 8, when A, < A*, AV, >0 and hence O, (§) =0 (£),U. (§) =U (&)
and A, (&) = A (&) as the DM uses machine’s explanation but the extra effort of eliciting it does not affect the
DM’s reliance behavior (as overreliance, underreliance, and accuracy do not depend on A.). When A, > A7, the
DM does not elicit machine’s explanation, and hence O, (§) =0 (1/2), U, (§) =U (1/2) and A. (§) = A(1/2).
As X! is decreasing on & per Proposition 8, there exists a threshold £* altering the DM’s decision on eliciting

the machine’s explanation. To show how this threshold changes with A., assume that § <. Then,

el/A
Ve(€)= 7 + A0 () = AR [H ()] = AE[H (*) — H ()]
el/A
= 7 AP AR ()] = A+ ) B [E ()]

The only term that depends on £ is E[H (u*¢)] which is decreasing in £ as E [u*¢] = p, the variability of p®¢
increases in { and H is a concave function. Therefore, V, (£) is increasing in { when ¢ < &. Using the implicit

function theorem, we have
o¢* 0
3 —AV(£5M)=0

9 '
2BV (€A 5+ 51

23
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which gives

g AV(ELA)

N ZAV(EA)

Note that
0
O AV = B [(H () — B [11(455)])] <0
since Eg [(H (%) —Eg [H (1°F)])] > 0 due to Jensen’s inequality as H is strictly concave. Furthermore,
0 0
— —_ *) *\ _ * <
FEAV = 5 (A€ =C(E) = C.(€) <0

since at £ =1/2, AV, is increasing as V, (£) is increasing and C, (£) = 0. Consequently when AV, =0, the

. . . . . E* (N
derivative is nonincreasing. Therefore, % <0.
.

Proof of Proposition 10 Assume that § <&§ . Then AC, (§) =C. (§) +C (&) —C(1/2) =C. (§) + AC (€)
since C,(1/2) = 0. Note that Theorem 3 continues to hold as C,(§) > 0 for any & > 1/2. Therefore, the
existence of an interval I, C (1/2,1] for explainability £ is guaranteed within which AC, (§) > 0.

Proof of Proposition 11 Per Proposition 2, we assume that for 4 =1/2, p* <7 and p~ > p as both the
thresholds and the posteriors for { =1/2 are symmetric around p = 1/2. Note that p~ < p for p=p <1/2.
Since p~ is decreasing in p, there must be an interval for p within (Ev 1/2) such that p~ < p and p* € (H'ﬁ) .
Assume now that p < 1/2. Then note that ;4 decreases and p increases in A. Since they are symmetric around
p=1/2, for 4 <1/2, as A increases, the lower threshold p will intersect p~ first. Therefore, there must exist
a threshold A, (which is higher than the complementarity threshold \ as we violate complementarity), such
that 4~ <p and pt € (pn) for A< A <A,

Proof of Proposition 12 When p~ = p=° < p for £ € [1/2,1] and e € {#,€}, overreliance is O (§) =
E o (utF)[{s=+} + Br (1) I{s=—;] where only the first term inside the expectation varies with §. This
means that as explainability £ increases, only u* will intersect the belief threshold 7z as ™™ converges to 1 as
§ approaches 1. As before, we label £ such that ut® =T Note that for £ < £, both ut* and pt? are within the
search interval and since o is linear, E[of, (%) [{s=11] = o, (E[ptPlis=4,]) = o, (u) which is constant
in& For {>¢& p™ >mand o (ut") =1—pt". Since pt* increases in &, aj, (1) decreases in &. Similarly,
since pt* decreases in € and o, (u*") increases in p™, g (u™") decreases in . Since both o (") and
o (,UH) decrease in &, their expectation also decreases. Hence, O (§) decreases in £. Since 3; and A} are
linear in belief within the search region, U (§) and A (£) are also constant in § when £ <¢&. However, the
affects are reversed for £ > ¢. For " > 1, underreliance term P{+,%} 85 (1) =0 and P{+, 2} A}, (u™)
increases in . On the other hand, P{+,£} B; (1) decreases and P{+,€} A} (u*) is constant in p™.
Therefore, U (§) and A (&) are increasing in § when & > €.

Proof of Proposition 13 Assume g~ =pu~ < p for £ >1/2, p <1/2 and pt € (ﬁ,ﬁ). Then the
DM’s expected cognitive cost as a function of explainability £ is C (§) =P{S =+}E[Cy (uT)|S = +] since
Cy (k™) =0. Let £ be such that g™ =7. Assume that £ <& and hence both p™ and p** are in the search
interval. Note that u" increases and pt? decreases in ¢ and they move away from their mean ut which is
constant in &. Since their variability increases in ¢ and C; is strictly concave, E [C} (uT#|S =+)] decreases

in €. Assume now that A is sufficiently high such that pu** = u™* = for £ = 1/2. At this point C'(£) =0
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and as ¢ is increased, the cognitive effort increases (as C' is nonnegative) and hence AC (§) > 0. Since C' is
continuous in £ and A\ and piecewise concave in &, there must exist an interval I where the cognitive effort

is positive for a sufficiently high information cost A\ value.

LEMMA A.3. Given u,A and 6, we have

L—p if W<,
A (n)=q (L=p) (L —ps) +Hsps if p€ (py, 1)
% ifu>n
Cr () = A(H (1) — o5 (1) if € (B, Bs)
n it 0 otherwise
0 if < g Iz if < g
=3 U=7ps ifne (upis)  Bi=1 7 (Q—ps) ifne (um)
I if 1> T 0 if 10> T
where
_ K l—p
Ps =158 " olir 1
and
@5 (1, A) =psH (115) — (1 —ps) H(p,)
and 5/\ 5/A
1—e~ _ 1a L—e”
Hazel/x_e—a/A and Maze/ el/A — e=8/X"

Proof of Lemma A.3 Using Theorem 1 in Matéjka and McKay (2015), the DM’s conditional probability

of choosing a =y given w =1 and w =0 can be written as

1/
Py
P = =1V ==
{a=ylw } pyel/A+1—p,
P{a=ylw=0}= Py

Dyt (1 _py) e’/
where p, =P{a =y} is the DM’s unconditional probability of choosing y. Then p, should satisfy the consis-
tency condition
Py + p pel
py+(1_py) e’/ pyel//\"_l_py

py=(1-p)

Solving this for p,, we obtain

pooo l-p
l—e 3
which should be within the interval [0,1]. Then ps <0 gives < s and ps; > 1 gives pu > fis. Therefore, the

Ps= ex —1

optimal choice probability is characterized as

0 if,ugﬁé
D, =1 Ps iqu(g(;%)
1 if u>m,

The belief thresholds correspond to the DM’s optimal posterior beliefs given their choice, such that iy =
P{w=1la=y} and p, =P{w=1[a=n}. Then the DM’s decision accuracy is P{w=1la=y}P{a=y} +
P{w=0la=n}P{a=n} which is 7izp} + fis (L —p}). In a similar manner, the DM’s expected cognitive
cost is A (H (1) — (p;H (ms)+(1—p;) H (Hg))) where the second term inside the parentheses is the DM’s
expected posterior entropy. Lastly, the DM’s false-positive error is P{w=0,a=y} = (1 —ﬁé)p; and false-

negative error is P{w=1,a=n} =Y (1 *pZ) .
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Proof of Proposition 14 Assume that £ <&. Then all posteriors p*¢ are within the search interval. Since
aj, and f3; are linear in belief (as both fi; and p 5 are constant and ps is linear in belief ), overreliance becomes
O)=;E[(p™) Liseiy ]+ BrE[(0 ") [is=—y | =E o, (wT) Lis—iy + B5 (™) I{s=—;] which is constant in &.
Same argument is valid for underreliance and accuracy. Assume now that { <¢§ < ¢ and p™ > fi5. Then
as before, E B (u1=7)I(s=_,] is constant. On the other hand, E[oj (u7)[(s=py] = P{+, A} (1 —p**) +
P{+,€} o (u*") . As € increases, 1 — ™ and o, (u*) decreases since pt" increases and p** decreases and
o is an increasing function. Therefore, overreliance decreases. This is reversed for underreliance as functions
o and f; are switched. For accuracy, note that the first-order derivative of (1 _Ha) (1—ps) + fisps (i-e.,
accuracy when g is in the search interval) with respect to p can be found as

1—6
l1—e=x

(=) "

Note that (9) is positive when & > 1, negative when é < 1 and 0 when § =1 (our base case). For p > i,

accuracy becomes p whose derivative is 1. Note that at pu =T, (9) is less than 1, for any 6 > 0. Therefore,
the rate of increase in accuracy with respect to belief ;1 is always higher when u > 7i5. Since for £ < ¢,
expected accuracy with respect to machine signals is constant, when & > £, ™" will be higher than 7z; and the
corresponding accuracy term starts to increase at a higher rate which also increases the expected accuracy.
This is also the case for € > ¢ where p~" becomes less than the lower threshold By The corresponding
accuracy term will then be 1 — =" which is also increasing in ¢. This means that the expected accuracy will
increase at a higher rate with respect to £ when £ > . In a similar manner, when u < Ky Br (,u*f”) =p"

which is decreasing in §. Therefore, overreliance starts to decrease at a higher rate when § > £. As before,

the same argument is valid for underreliance, and it increases at a higher rate.

Proof of Proposition 15 Note that regarding the expected cognitive cost function, the only change from
the base model is the expected posterior entropy terms given by ¢s (1, A) = psH (fi5) + (1 — ps) H(p,) which
now depends on p for § # 1 linearly. Assume that all posteriors are in the search range. We already know that
E[H (u5F)] is concave in €. As @5 is linear in p, E[ps (157, N)] = s (E[15F], ) = @5 (4, A) . Therefore, the
cognitive effort function in the first interval is still concave for any § > 0. Furthermore, as in our base model,
the derivative of A (E[H (u5%)] — s (1, X)) at € =1/2 is equal to 0 since the derivative of the first term is
zero (see the proof of Theorem 2), and the second term is constant. Furthermore, as in the base model, there
exists a threshold A; on information cost (one of the new complementarity conditions) beyond which one of
the posteriors when § = 1/2 fall out of the search range (u 5 7). The reason is that as A increases, posteriors

se

1%¢ remain constant while M, increases and Ti; decreases. Assume now that A1 \s. Then the first threshold

£ on explainability approaches to 1/2 and the first interval [1 / 2,@ vanishes. Assume that pt"* crosses the
upper threshold fi; first as § 1&. Taking the first order derivative of the corresponding term, we have

SR (H (57) = 25 (7))
= (H (1) — 05 (1" \)) (%IPH—,?L} L {4, h) a% (H () — o5 (™ N)

=P g (8 (57) = g0 (7)) (10)
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as the first term vanishes since H (/ﬁfb) T s (,u”b, )\) as § 7§ and hence w4 1. Note also that the cognitive
effort H (ut") — s (™, \) associated with ™ decreases as £ increases and p ™ converges to is. Therefore,
(10) is negative. Since at £ = 1/2, the first order derivative of the cognitive effort function is 0 and it is
concave, £ =1/2 is the maximizer in the first interval. Therefore, it must be that the sum of the other terms
P{s,e} (H (°¢) — ps (¢, \)) at & =1/2 is positive. Therefore, the cognitive effort is increasing as £ | 1/2
and A1 ), as in our base model. Due to the continuity of C (£) in &€ and A, there must exist a threshold on
information cost A beyond which there exists an interval on explainability such that the cognitive effort is

higher relative to the no-explanation benchmark (i.e., AC > 0).
LEMMA A.4. O, > U, >0 for n#0.5 and O, =U,, >0 for pn=0.5

Proof of Lemma A .4
By the complementarity assumption, we have u € (H’ﬁ)' Assume that p > 0.5. Then, per Proposition 1,
we have o, (1) > 85 (p) . Furthermore, P{S=+}=pf+1(1-0)>(1—p)0++(1—0)=P{S=—}. Then
note that

(@ (1) = B () PAS = +} > (e, (1) = 55 () P{S = =}

which implies that

Op=P{S=+}aj () +P{S=—-}5; ()
>P{S=+}8;(n)+ P{S=—}aj () P{S=—}=U,.

The same result holds for p < 0.5 as o} (1) < B; (u) and P{S=+} < P{S=—}. Since o} (1) =6} () and
P{S=+}=P{S=-} for u=0.5, we have O, =U,.

Proof of Corollary B.1

Per Corollary 1, O(§) > U(§) for £ € 10.5,1) with O(1) = U(1), and per Theorem 1, O(£) is nonincreasing
and U (£) is nondecreasing. Since O, > U,, per Lemma A .4 and both O, and U, are constant in £, there must
exist a threshold for £ such that when ¢ is higher than it, O(§) — O, > U(§) — U,,.

Appendix B: Model Clarifications and Further Analysis

B.1. An Illustration of the Decision Task

Figure B.1 is adapted from the maze experiments in Vasconcelos et al. (2023) where the DM aims to identify
the correct exit towards which there is an uninterrupted path from the starting point. In this example, the
two possible exits, labeled as A and B, form the action set a € {y,n}, which is identical to the states of the
world w € {1,0}. The DM does not have a priori information about the correct exit and thus y=1/2. The
more complex the maze, the more difficult it is to elicit information about possible paths, and hence the
higher information cost A. In this setup, the machine prediction is either A or B, which corresponds to s =+
and s = —, respectively.

Following Vasconcelos et al. (2023), the machine’s explanation takes the form of visually highlighting a
path to the machine’s prediction A or B. Figure B.2 depicts a case where explainability is perfect (£ =1)
and the machine indicates that A is the correct exit. A high-quality explanation (e = #) perfectly signals
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A
B
ISR
E_‘ _|
Start Start
(a) Easy task (low \) (b) Complex task (high \)
Figure B.1 lllustration of a decision task with different complexity levels (Adapted from the maze experiments
depicted in Vasconcelos et al. 2023)
A A
B B
Start Start
(a) e=t (b)ye=¢
Figure B.2  lllustration of explanations with high explainability (£ 1 1) when the machine predicts exit A (s =+)

that the prediction is accurate by highlighting the correct path from the start to the exit (Figure B.2a). In
contrast, a low-quality explanation (e =¢) clearly indicates that the underlying rationale for the prediction
is not sound, and hence that the machine is of low quality (Figure B.2b). It is worth noting that even though
the machine is of low quality, the prediction can still be accurate. (In this example, the machine selects the
exit with the longest Euclidean distance to the starting point; and since there is a priori no reason for the

correct exit to be more distant to the starting point, the probability that the prediction is correct is 1/2,
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which exactly corresponds to machine’s type X = [ in our setup). In this example, a non-perfect level of
explainability (1/2 < £ < 1) would be a partial path from the prediction back towards the start of the maze,
but not quite reaching it.

Since the DM learns both the true state of the world w and the machine’s prediction quality X simulta-
neously, the DM needs to exert more effort to identify the correct gate when e =¢, as it is relatively easier
to infer that the prediction is poor (X =1). Conversely, when e = i, more effort is needed to verify that the
machine is accurate (X =§), though less effort may be needed to identify the correct gate. Nonetheless, as
the information cost A is uniform across these scenarios, our framework endogenously aggregates both types
of effort without distinction.

In §6.2, we extend our model to a scenario where it is cognitively costly for the DM to understand the
explanation signal E, where the information cost A, reflects the difficulty of processing explanations. For
example, in the maze-solving task illustrated in Figure B.2a, while a low A, corresponds to highlighting the
exit paths, a high A, would correspond written exit instructions such as “down, left, down, left, up, right, up,
right, down, right, up, right, down, left, down, right, down, left, up, right, down, right, down, left, down”,

which are more cognitively demanding.

B.2. Incorporating Counterfactuals in Reliance Metrics

We define the counterfactual benchmarks for overreliance and underreliance as the probability of errors the

DM would have made in the absence of the machine. Specifically, we define

On =E[oj (1)is=+y + Bh (1)Igs=—y] (11)

and
Un =E[B; (1) lis=1y + ap (1) lis=—y]. (12)

We then define the net overreliance and net underreliance as O(§) — O, and U (§) — U, respectively, capturing
the additional errors attributable to the use of the machine. The following result is analogous to Corollary
1 and characterizes the relationship between net overreliance and net underreliance under these alternative

specifications.

COROLLARY B.1. There exists a threshold &, € (0.5,1] such that O(§) — Oy, > U(§) — Uy, for £ <&, and
0(&) — 0, <U(&) —U, otherwise.

Corollary B.1 shows that, contrary to Corollary 1, net overreliance is not always higher than net overre-
liance, especially when the explainability level £ is sufficiently high. This result is driven by the fact that the
counterfactual benchmark for overreliance is higher than that for underreliance (see Lemma A.4 in Appendix
A). Intuitively, when acting without the machine, the DM is more likely to make errors aligned with their
prior belief—more false positives (resp. negatives) when p > 0.5 (resp. u < 0.5). Moreover, the machine would
also be more likely to generate signals consistent with the DM’s prior, leading to a higher counterfactual error
rate for overreliance than for underreliance, as overreliance requires the DM to conform to the machine’s

prediction, while underreliance requires the DM to negate it.
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Figure B.3  Effect of explainability & on over(under)-reliance and accuracy (1 =0.65,A=0.5, 6 =0.5, 4" =0.1,
¢
~" =0).

B.3. Further Results for §6.1

Figure B.3 illustrates the impact of explainability £ on the DM’s reliance behavior when there is a negative
explainability-accuracy tradeoff.

In this section, we further present a numerical analysis on the impact of the gap between " and ¢ on the
DM’s reliance behavior as well as cognitive effort (in §6.1). For simplicity, we assume that v =0 (such that
a high-quality machine is accurate as in our baseline model when e = ¢) and solely vary 7"*. As changing +"*
impacts the DM’s reliance when & =1/2, we consider how AO(§), AU(§), AA(E), and AC(&) change with

respect to v* for a given & value. Figure B.4 illustrates these effects.
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Figure B.4 Effect of 4" on reliance behavior and cognitive effort (r=0.65,A=0.5, 6=0.5, £=0.9).

In particular, we observe that AO(¢) is negative concave and piecewise linear in at most three regions in
4. Furthermore, there exists a threshold 5 (possibly degenerate) such that AO(€) is increasing for 4" < &"
and decreases otherwise. This implies that the effects of explainability on reducing overreliance might be
limited for moderate levels of v". Similarly, AU(&) is positive and convex in v* and is minimized for a
moderate value of v*. Accuracy, on the other hand, is convex decreasing and is equal to zero for sufficiently
high values of v*. This implies that as the negative correlation between explainability and accuracy increases
(i.e., as ¥ increases), accuracy improvements brought about by explainability diminish. Finally, we observe
that cognitive effort (relative to the no-explanation benchmark) is also non-monotonic, but increases in "

when " is sufficiently high.
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B.4. Further Results for §6.2

Figure B.5 below illustrates the impact of explainability on the DM’s reliance behavior when processing

machine explanations are costly, as outlined in §6.2.
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Figure B.5  Effect of explainability £ on over(under)-reliance and accuracy (1 =0.65,A=0.5, 6 =0.5, A\ = 0.4).

In this section, we further extend our model by introducing an additional cognitive cost associated with
processing the machine’s signals, including its predictions. This cost is assumed to be asymmetric with
respect to the explanation signal. Specifically, the DM incurs a cost when updating their belief from p to p*
only when the explanation indicates high machine quality (i.e., e=#). As illustrated in Figure B.2, the DM
can more readily conclude that the machine is uninformative when e = ¢, without expending much cognitive
effort. In contrast, when e = #, the DM may need to exert additional effort to interpret and make sense of
the explanation provided by the machine.

As in §6.2, we adopt an entropic cost structure and assume that the marginal cost of processing machine
signals is lower than the marginal cost of assessing the task itself, denoted by A, < A. The expected cognitive

cost from this belief update is then given by:
C.(&) =\ (H (1) —E[H (u™*) [E=h]).
where ), increases with the cognitive difficulty of interpreting the machine’s signals when e ="#.
PROPOSITION B.1. For any A, € (0, ], C;(§) is increasing in &.

Proposition B.1 shows that the cognitive cost of interpreting machine signals grows with explainability
as higher explainability leads to more informative (and thus more polarizing) updates to the DM’s belief,
thereby increasing the uncertainty reduction and the associated cost.

This added cognitive burden may lead the DM to forgo the machine entirely. Let V() = A(§) — C(§) —
C, (&) denote the expected value from using the machine and processing its signals, and V*(u) = A} (u) —
Cr(u) the expected value from relying solely on prior beliefs. The DM then solves: max {V;* (1), V; (€)}.
Since V;* (1) is constant in & and V,(€) decreases in A, (as C(§) increases), there exists a threshold A* < A
such that when A, > A\*, the DM strictly prefers to ignore the machine for any & € [1/2,1].
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Figure B.6 Effect of explainability £ on over(under)-reliance and accuracy when the DM selectively exerts

effort (1 =0.25,A=0.5, §=0.5).

B.5. [Illustration of the Reliance Behavior Results in §6.3

Figure B.6 illustrates the impact of explainability when the DM selectively exerts effort when s =+.

B.6. Visualization of the Parameter Regions for Cognitive Effort Results

In §6, we extend one of our main results that explainability may increase the DM’s cognitive effort along
several dimensions. Specifically, Propositions 6, 10, 13, and 15 extend Theorem 3 to settings featuring,
respectively, an explainability-accuracy trade-off, costly explanation processing, selective effort by the DM,
and asymmetric payoffs. More specifically, all of these results identify sufficient conditions under which there
exists a range of explainability levels £ for which explainability increases cognitive effort relative to the no-
explanation benchmark (i.e., £ = 1/2). Figure B.7 illustrates these parameter regions in the two-dimensional
& — X space and contrasts them with the baseline model. In all figures, the range of the information cost A
shown on the y-axis corresponds to the complementarity conditions specified in Proposition 2 for the baseline
case, and to the analogous parameter bounds for the extensions.

Figure B.7a illustrates that, in the presence of a negative explainability-accuracy tradeoff (e.g., v* = 0.1
and 7% = 0), cognitive effort is guaranteed to increase over a range of explainability levels regardless of the
information cost A. In contrast, in the baseline model, this increase is guaranteed only when ) is sufficiently
large. The latter is also the case when processing explanations requires extra cognitive effort (e.g., A\, =0.2),
as Figure B.7D illustrates.

In §6.3, we study a selective effort regime in which the DM processes machine explanations only when
the machine provides a positive prediction (i.e., s = +). Because we assume p~ < u, this puts the analysis
outside of the complementarity regime we consider in our baseline model, as specified in Proposition 11.
Consequently, Figure B.7c is partitioned into two mutually exclusive regions, [0, A\] and [\, )], corresponding
to the parameter regions in which our baseline and extension settings apply, respectively. As also established
in Proposition 13, the existence of explainability levels for which cognitive effort is increased is guaranteed
when the information cost A\ is sufficiently high in both settings.

Finally, Figure B.7d illustrates these regions for our baseline setting as well as our extension scenario where

making a false-negative error is costlier than a false-positive one (e.g., § = 1.25). Consistent with Proposition
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15, when A is sufficiently large, there exists a parameter region for explainability for which cognitive effort

is higher than in the no-explanation benchmark.
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