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A Example for multi-arm bandit

We first remark that our propensity scores in Lemmafor the n units, p;;_;(w), can be fully adaptive. This
now allows us to tackle the common bandit settings, where an agent is typically tasked to maximize reward
and pull the next arm as a function of all the previous treatment assignments (Slivkins, 2019; Sutton and
Barto| 2018). Although the positivity assumption in Assumption [2.1|for time series and panel experiments is
more likely to hold and controlled by the experiment, in adaptive bandit settings Assumption[2.Ijmay not hold
asymptotically if the adaptive algorithm converges to pulling an optimal arm with probability one. Therefore,
this assumption is often a “stricter” assumption for multi-arm bandits as many adaptive algorithms such as
Thompson Sampling (Thompson| [1933; Russo, 2020) make the adaptive probabilities converge to one or
zero. To solve this concern, we recommend practitioners to use a mixture of a uniform explore policy and
an adaptive exploit policy, e.g., assigning an epsilon mixture weight to the uniform explore policy ensures
the propensity scores are bounded. We now show an example of using Lemma[4.2]for a simplified two arm
bandit setting.

Example A.1 (Two Arm Bandit). Suppose for simplicity the two-arm bandit problem, where an agent pulls
either arm A (control) or arm B (treatment). Suppose the rewards under arms A and B have distributions
N(1,1) and N (2, 1), respectively. Consider the following adaptive probabilities for the n™ individual

Yl, -1
Pun_1 (D) = = - , n>10

Yl,n—l + YO,n—l

and p,,_1(0) = 1 = py,_ (1), where Y|, is the sample mean of arm B using the realized samples for
i=12,...,n—1land Y}, is defined similarly. In other words, the agent upweights the arm that produce a
higher mean reward based on the sample means. Lastly, the agent flips a fair coin for the first ten time periods
(exploration period). Figure 7| shows that even under adaptively sampled data, our confidence sequence
tightens to the desired truth. For this case, the agent would likely terminate the experiment at approximately
n = 150 because the reward from arm B is statistically significantly higher than the reward from arm A.

B Proof of Theorem 2.1

E(z, | Fio) = Tt(w(ljlizt—l))

Proof.
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Next, we calculate the closed form expression of Var(Z,,_; | F;_).

{w, =1}y, 1{W,=0}Y,
Var(%tlt—llrt—1)=Var< (W, }t_ {w, }t|7_~._>

pt|t—1(1) P;|,_1(0)
B Py (Dpyg OY, (w5, 1)? s -1 O)pg (DY, (%, . 0)?
Py—1(1)? Pyje—1(0)?
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where the third line follows because Cov(L{W, = 1}, 1{W, = 0} | F,_y) = —py;—1(1)p;,—;(0). Now we
show that

b b
+2Y, Wil DYy, 0)

B
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which would complete the proof because it is straight forward to show that E(6,,_; | F,—1) = o,_;-

Var(Zy,_; | Fry) S oy 1=

B

Proof.

Py Y, 1+ py (DY, 0)?
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2p,|,_1(O)Yt(w‘1’l:’it_1), l)p’“_l(l)Yt(wllﬂ?it—l)’ 0)
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Var(Z,_ | Fiop) =

+

1:(e=1) 1:(t-1y
Pri—1 (1) Pr1-1(0) ’
where the last line follows because (a — b)?> > 0 — a2 + b > 2ab and we let a = p,|,_1(0)Yt(w‘1”:’it_l), 1) and
b= pt|,_1(1)Y,(w(1’l:’it_1),0). O
Lastly, y12|z— , defined in~Assumpti0n can be obtained by replacing Yt(wfl”?i -1y ») with a new “residu-
alized” potential outcome Y,(w‘l’b:it_ b o) 1= Yt(w‘l’b:it_l), *) — Y, Since all the proof is conditioned on the

filtration, the above is equivalent to introducing a constant and therefore we have that

5 ob > ob
Y’(w?:it—l)’l)z Y,(w‘l’:it_l),O)z

pt|t—1(1) - P,|t_1(0)

Vi1 = (12)

C Alternative closed-form exact design-based confidence sequence

To derive an alternative exact confidence sequence, we apply the empirical Bernstein inequalities to derive
a design-based confidence sequence (Maurer and Pontil, 2009; |Fan, Grama and Liu, [2015a)).
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Theorem C.1 (Design-based Non-asymptotic Confidence Sequence for the CTE). Suppose { W], Yt}tT=1 are
observed for arbitrary data dependent stopping time T, where Assumptions [2.1/and [2.2] are satisfied. Then,

t
1 R m(m + 1) 2 St—1 /m+ 1 1 1
72%‘“—11[7@(;)* (e (14 5) -5)

forms a valid (1 — &) confidence sequence for the running mean of the contemporaneous average treatment

= obs
effect 7,(w] :(1—1))‘

The proof is provided in the bottom of this Appendix section. The key part of the proof is that we show

t A b
lzj=1 Tjlj-1 "~ Tt(w‘l):iz—l)) Stlt—l m 1
exp + (log ( ) + )

m(m+ 1) m? m+ 1 m+1

forms a supermartingale by applying Fan’s inequality (Fan, Grama and Liul, [2015b) through similar proof
techniques in (Howard et al., 2020). The rest follows from algebraically manipulating the supermartingale
after applying Lemma

We note that the confidence width is of order approximately .S,,_; /¢, which does not shrink asymptoti-
cally (f — oo) to zero unless S;;,_; grows sub-linearly (6, vanishes to zero) or there are stronger assumptions
on the potential outcomes. This issue was recognized in|Howard et al. (2020) who propose a solution under
additional conditions. Therefore, we similarly propose Theorem instead. We still present a simulation
figure using this exact CS Example [C.1]below.

Before stating the proof we quickly show an example and simulation to demonstrate this confidence
sequence.

Example C.1 (Simple Messaging Alerting Treatment). Suppose the same scenario as Example .1|but sim-
plified to a stationary constant treatment effect, i.e., no novelty effect but there is a constant treatment effect
of 0.10 across time. Then, in the notation from Theorem M = 1and m = 1/0.5 = 2. Furthermore,
the the running mean of the CTE is roughly -0.1 at any time #. Although this scenario is largely simplified
to remove any non-stationary, i.e., the user responds exactly the same way to a message alert at any time
t, we present it this way to pedagogically demonstrate the theoretical properties of Theorem The left
and right panels of Figure [8| show the confidence sequence from applying Theorem on one simulated
experimental data in the aforementioned setting for 7" = 500 and T" = 10, 000 time points, respectively. The
left panel shows that the analyst would likely stop at the + = 210%™ time because the confidence sequence
shows a statistically significant negative treatment effect (the first time the red contours do not overlap the
black dotted line), mitigating further harm. However, the right panel shows that the confidence width does
not shrink despite a large T' = 10, 000, illustrating the aforementioned limitations.

We now prove Theorem We build off the proof of Theorem 4 in (Howard et al.,[2020) and apply it
to our specific time series setting. As hinted in Section we will first show that

exp

t A b
zj:l Tjlj-1 "~ Tf(w(l):it—l)) SI|I—1 m 1
= (o () + o)

m(m+ 1) m2 m+ 1 m+ 1

is a non-negative supermartingale with respect to the filtration 7, ,_;. (Fan, Grama and Liu, 2015b) show
that
exp (Ak + k*(A+log(1 — 1)) < 1+ Ak

for k > —1 and 4 € [0, 1) from Fan’s Inequality. We let

Ttlt—1
K= —-",
m
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where k > —1 since |#,,_;| < m for every ¢ by Assumption Therefore, we have

A 2 N
T Tis—
exp <,1 L 1(/1+10g(1 —,1))> <1+ 22
m m
a 2 T obs
AT _ T, (Wi )
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m m
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m

Q

where the second line follows because i'tz — = 6't2 ., and Theorem 2.1/ and the last line follows because
1 +x < exp(x). We plug A = 1/(m + 1) and because the above is a non-negative quantity. This directly

implies that
t N
ex ijl Tjlji-1~ Tf(wl (- 1))+Sz|z—1 (lo ( m >+ 1 )
P m(m + 1) m2 e\ 1) T

is indeed a non-negative super martingale with respect to ¥y ,_; as desired with initial value less than one.
We apply Lemma [3.1]and have that

Pr<3t $ %P [Zl o |jn(lm :tl(;UI e * S::; <1°g<mn4:1)+ m-1|-1>] z é) s

Pr<5|t : [Z’ 1% "m(lmfl()w‘ o) + S;';z‘l <log<m’zl>+ mL)] Zlog(é)) <a
<3’ Z( jli-1 = T, 1) 2 m(m + 1) log <é> - ZS”H <1°g(mnl1)+ m-1|-1>> <@
Pr (Elt : Z{(fjlj_l — W ) > lm(m+ l)log<é> + Sy (””T“log(l + %) - i)]) <a

Consequently, we have that

1 S
pe(3 1 Bty 2 | " (1) 29 (2 (1 0) - 1) ) <

This gives the one-sided confidence sequence and we can do the same trick and build the same statement
instead for k = —%,,_; /m. Then we get

obs m(m + 1) 1 Shi-1 +1 1 1 .
<3t - Z( jli-1 = Tt(wll?(t_])))z [710g<5>+ ; <m710g<1+;> _E>]> <a.

Taking a« = @/2 and applying the union bound completes the proof.
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D Proof of Theorem 3.2

The above proof shows that
M, :=exp (1A, + B,(4 + log(1 — 1)) (13)

is a super-martingale with initial value 1, where

t A b
2,‘:1 Teje—1 — Tf(wfl):it—l)) St|t—1
A= , B : .
m m2
For any distribution F on (0, 1), we have by Fubini’s theorem that

M, = / M, dF(J)
1€(0,1)

is again another super-martingale with initial value 1. Following the proof of Theorem 2 in (Waudby-Smith
et al., 2022)), we choose the truncated gamma distribution given by
§8e=001-2) (] — pys-1
I'6) = 1I'(5,96)

f()=

for any 6 > 0. Therefore, we have that

1
M, = / exp {AA, + B,(A+1log(1 = D)} f(Ad A

0
§8e=0(1=2) (1 — 3)5-1

I't6) —1'(s,0) da

1
= / exp { A4, + B,(A +log(1 — 1)}
0

1

§%e~? B +5—1
exp{A (A, + B, +46)} (1 — H**~1da

T T©)-1(.0) /o

- 8¢’ 1 F(1,B +5+1,A + B +56)
) -16,8) )\ B +s)7 10" T

where the last line follows from the definition of the Kummer’s confluent hypergeometric function.
Therefore, we have by Lemma [3.1] that

§8e~3 1 1
Pr(3r: Fi(1,B,+6+1,A,+B,+8) >~ ) <a.
r< <r(5)—r(5,5)> <B,+5)1 i By (+Bi+0) a) “

Consequently, a one-sided lower confidence sequence, i.e., a confidence sequence that is bounded from below
but covers up to infinity, can be obtained by a root-finding algorithm to find all

1
{z i) = Vim i) > Fik

where

5%e~0 1
obs .
Vf(TT(wl:(t—l))) = (F(é)—F(&,é)) (Bz +5> 1Fi(1,B,+6+1,A,+ B, +9).

An upper confidence sequence can be obtained in a similar way by using the mirror trick and replacing
r,(w?’fi t—l)) with 1 — T,(w‘f’fit_ 1)). Furthermore, this confidence sequence does not solve the issue where it
requires the analyst to know M and p,,;, before the experiment. Additionally, this confidence sequence does
not have a closed-form expression, thus it requires a root-solving algorithm to build the confidence sequence.
However, (Waudby-Smith et al.,[2022) show that this provably has an asymptotic rate of O(4/ B, log(B,)/1),

which does solve the issue related to the order of the confidence sequence width.
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E Proof of Theorem 4.1

The proof proceeds in three steps. We note that this proof leverages the proof of Theorem 2.3 in (Waudby-
Smith et al.,|2021) but extended to our setting.

Step 1: Building martingale using Gaussian distribution Recently, (Ramdas et al., 2020) shows that
all sequential tests must have an explicit or implicit construction of a non-negative martingale. Although
one of the major advantages of an asymptotic confidence sequences is that it avoids explicitly constructing
a martingale, the proof still relies on constructing a martingale with the asymptotic Gaussian distribution.
Consequently, the first step of the proof builds a martingale from a sequence of iid standard Gaussian random
variables.

Let (Z,);2, be a sequence of iid standard Gaussian random variable. We note that

M,(}) —exp(Z(/l 12— Ao 1/2)>

is a non-negative martingale starting at one for any 4 € R with respect to the canonical ﬁltration (Robbins,
1970). For algebraic simplicity, we also define L, := 23-:1 0jj-1Z; and O' == Z} 1 ]|J - Moreover, for
any probability distribution F(4) on R, we also have the mixture,

M, (A)dF(4)
A€ER

is again a non-negative martingale with initial value one (Robbins, [1970). In particular, we consider the
probability distribution function f(4;0, #%) for the Gaussian distribution with mean zero and variance 7> as
the mixing distribution. The resulting martingale is

M, := M,(A) f(4;0,7%)d A
AeR

/ AL, — exp ( 5 ) dA

2m1 2n
A1+ t*6?)

<2Lt 2" d

-2+ tnzaz) +2An*L,
dA

—a(/12+ =22
/ exp| ————4— |da,
\/27m

where a = tn*67 + 1 and b = #* L,. Completing the square, we have that the integrand is:

—a(A2 + 22} (_(,1 _ b/a)2> ( B2 )
€X _— = €X — | €X — .
P 2n? P 2n?/a P 2an?

’U
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Putting the expression back into M, we have that,

M,

b2
_ 1 /eXp<—(/1—b/a)2>df"p(W>
\2zn*/a i 2n*/a \Va

2,y 2
(X1 %j1-1Z))
=ex < j=1 Y ! (t&tzn2 + 1)_1/2,

2006 % + 1)

where the last line follows because the first part of the first line is one and we plug back in the definition of
a and b.
Since M, is a non-negative martingale with initial value one, we can use Lemma|3.1]to claim that

21622 + 1)log< \ 157 + 1) (14)
o

Z 1 - a,
12’12

Pr(Vi> 1,M, <1/a)>1—a

=Pr|Vvt>1, <

t
1
7 2 %jl-1%j
j=1

where the last line follows from taking the logarithm and simple algebraic manipulation.

Step 2: Strong Approximation via Martingale Sequence Differences We first define the estimation error
as

RN obs
U, = Tt|t—1 - Tt(wli(t—l))'

By Theorem 2.1} {u,} is a martingale difference sequence with respect to F,_;. Similar to the proof of Step 2
of (Waudby-Smith et al.|[2021]), we also use the strong approximation theorem presented in (Strassen, |1967).
In particular, we require Equation (159) in Theorem 4.4 of Strassen’s paper (further details in Lemma A.3
of (Waudby-Smith et al.,|2021)) for our strong approximation theorem. However, our proof is different than
that in Step 2 of (Waudby-Smith et al.,|[2021) for the following reason.

The original Theorem 4.4 in (Strassen, |1967) is stated for martingales difference sequence of the form
ED, | o(Dy,...,D,_y)) =0, where D; := (W,,Y;) is the data at time i. Although our martingale is of the
form E(f(D,) | 6(Dy, ..., D,_;)) = 0, where f(.) is the function that maps the data to %,,_; — T,(w‘l’lz’it_l)).
These slight differences can complicate the original proof or Strassen’s Theorem 4.4 depending on the func-
tion f(.). Regardless, we can still apply Theorem 4.4 by defining a larger filtration 7, := o(uy,us, ..., 4,)
and apply Strassen’s theorem directly to a MDS of the form E(u, | F,_,). Note our estimand do not change
even if conditioning on a larger filtration because we are in the design-based framework (hence these causal
estimands are fixed regardless of what random quantity one conditions on). Regardless, this step is just a trick
to apply Strassen’s theorem faithfully. Specifically, we can still write this proof with respect to the original
filtration o(Dy, ..., D,_;) since u, is still a MDS with respect to this smaller filtration (once we have gotten
the strong approximation we can apply the same trick as outlined below).

The remaining conditions are identical and we omit the uniform integrability condition in Equation (138)
of (Strassen, [1967) since it holds trivially under our bounded potential outcome for Assumption [2.2|and our
strong positivity in Assumption Lastly, although this theorem uses the actual variance (not an upper
bound), using an upper bound only makes the confidence sequence width strictly wider and hence the validity
still holds.

Finally, utilizing Theorem 4.4 Equation (159) in (Strassen, |1967), we have that

! 8378 10g(§t|t—1)

t

1 1 1t—1

?Zuj=?20'j|j_12j+o - a.s., (15)
j=1 j=1
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Combining Equation and Equation implies that with probability at least (1 — a),

‘ 2 o 1522 + 1 $37 1og(S,,_1)
1 2(t0-t n + 1) tn [lt_] g tt—1
Vi > 1, 7;ui‘< e log p, +o| ——| (16)
Using Assumption[4.1] we have that
1< 2622 +1) (157 +1
7 Z Tjlj-1 £ 252 log o (17
j=1

forms an (1 — @)—asymptotic confidence sequence for ft(w‘l”:"zt_l)), where we used Assumption lﬂ so that

the V,/V, =%, 1 holds where V, is the non-asymptotic confidence width in Equation (with the little o
term) and V; is defined in Equation (without the little o term).

Step 3: Using empirical variance Unfortunately, the confidence sequence in Equation (17) can not be
directly used because &, is based off the true variance and hence not obtainable from the data. The last step
is to replace Equation (17)) with our estimated variance 612 =S/t

2
t

2(t6t2n2 + 1)10g< \/1612;72 +1 >

t
P
=R 2 o

a.s.
More precisely, we now show that if we further have 6-— 6-t2, then we have

obs

forms a (1 — a)-asymptotic confidence sequence for 7,(w?" 1)

), giving us the desired result. For complete-

a.s.
ness, we replicate this part of the proof under our setting. First we rewrite the assumption of 63 — c‘rf as

&2 — 57 = 0(6?). Then Equation gives us

2_
216202 + 1) <\/t53n2 +1 )
[0

t2’,,2 - 12712 o

2(1(67 + o(6H)N? + 1)log < \/ 167 + oG + 1 )

162 + o(G2)n* + 1 162 + o(GH)n* + 1
= log
\ 252
16202 + o(162) + 11 <t&t2712 +o(t52) + 1 >
og

B \ 252
16202 + 1 I 16202 + o(15%) + 1
= \ (7 + O(Gl /t) log o2 .

a?

a2
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Focusing on the second logarithmic term, we have

162n% + 0(167) + 1
og " = log
[1+ 0(1)]>

<t0' ;1
log<
(tO' n )
+ log(1 + o(1))
&in* +1
1og<’—2> + o(1),
a

where the last line follows because log(1 + x) = x + o(1) for |x| < 1. Returning back to the main expression
we have

_ =22 - -
2(t62n2 + 1) \iorns+1 16202 + 1 16202 + 1
1 log i =\ ’2—2+0(V,/t2) log ’”—2 +o(1)
n o

+ o(t02)>

2n? a

6202 + 1 1522 + 1
= ! log[ — +o(V,/12) + o(V, log V,/12) + o(V, /12)
\ 252 o?
> +o(V,logV,/t?)

_ 16202 + 110g 16202 + 1
\ 252 o?
15202 + 1 152502 + 1
= \ tﬂrﬂ 10g< t " +o(y/V,logV:/0),

where the last line follows because v/a + b < \/Z+ \/3 for a, b > 0. This formally shows how our confidence
sequence in Theorem [4.1]is a valid (1 — a)—asymptotic confidence sequence for y, with approximation rate
o(y/V;logV,/t) given that our variance estlmator is strongly consistent.

However, Theorem.only tells us that 6 0' is conditionally unbiased for 62 To establish the consistency
result, we again use a version of strong law of large numbers for martingale sequence difference. We denote
U, = 6'12 - 6't2 and U, is a martingale sequence difference with respect to the filtration 7,_;. Our goal is to
show that U, — 0 almost surely. First, we define U, := Z§=1 U, /i. This quantity is bounded, a martingale-
sequence difference, and also converges almost-surely because U, satisfies the desired uniform integrability
by Assumption Finally applying Kronecker’s Lemma on U, we get that U, — 0 almost surely.

F Optimizing and choosing 7 parameter

In this section, we show in detail how an analyst can choose # to optimize the confidence sequence width for
a desired specific time #*. The derivations are nearly identical to those presented in (Waudby-Smith et al.,
2021), but we repeat them here for completeness.

Our confidence width presented in all the theorems have the following structure

2(tn? + 1) (\/tnz + 1>
o

127]2

B,(a) :=

2
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where we have omitted the variance terms and instead substituted each 6; = 1 since we want 5 to be data-

independent Then,
argmin B,(a) = _ /argmin f(x),
n>0 x>0

where f(x) := Bt 110g<l‘x+ ! ) , X i= ;12.
2x a?

Furthermore, lim, _,, f(x) = lim,_, ., f(x) and thus if we can find the critical point by finding a solution for
df /0x = 0, then this must be the unique minimum.
Therefore, we have that

0x 2x2

0
af _ 1 Og<tx+1>+ 1
Setting the above to zero, we obtain
—a?exp(l) = —(tx + Dexp(—(tx + 1)).

Therefore, we have that the solution is —(tx + 1) = W_l(—azexp(l)), where W_, is the lower branch of the
Lambert W function. The solution only exists if

—a?exp(1) > —exp(1),

or equivalently if @ < 1, which is always true for any « € [0, 1]. Therefore, we have that

—W_,(—a? 1)-1
argmin B,(a) = —1(zatexp(l) .
n>0 r

8Consequently, we are not formally optimizing # for the actual confidence width, but # can still be conceptually interpreted as
minimizing the confidence sequence width at a desired time #* (See Appendix C.3 in (Waudby-Smith et al.,2021)) for more details).
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Two Arm Bandit: Reward Mean Difference

-2

Time

Figure 7: Two Arm Bandit (Example E). The red contours show the lower and upper confidence sequence as the agent pulls each
arm adaptively at & = 0.05 using Lemma@. The horizontal red dotted line represent the true mean difference of the rewards and
the black horizontal dotted line represents the zero (null) line.

Message Alerting: CTE (T = 500) Message Alerting: CTE (T = 10000)
1.0 1.0
0.5 0.5
00T i — OO R e
-05 -0.5
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Figure 8: Online Experimentation (Example . The red contours show the lower and upper confidence sequence as units enter
in the experiment at @ = 0.05 using Theorem The left and right panel show the confidence sequences for T = 500, 10000
units, respectively. The horizontal red dotted line represent the true treatment effect of 7, = 0.1 and the black horizontal dotted line
represents the zero (null) line.
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