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A Other Relevant Work

Model classes in DRO methods. In Table|7] we summarize the model class of recent distance-
based DRO methods that are considered in literature:

Table 7. Model classes of distance-based DRO methods that are explicitly considered in literature
for classification ML models, where the models are exact reformulation unless specified by “(Apx)”.

Reference ‘ Ambiguity Set Model class

[37] 1-Wasserstein Linear SVM

[91], [19] 1(2)-Wasserstein LR

[92] 1-Wasserstein Kernel SVM, NN (Apx)
[97] p-Wasserstein NN (Apx)

[93] General (OT) Wasserstein Linear SVM, LR
[14], [11] (standard) f-divergence Linear SVM, LR
[56] / |85] / [52] / |33] | TV / CVaR / KL / y?-divergence Linear SVM, LR
[65] CVaR, y?-divergence NN (Apx)

[101] Sinkhorn distance Linear SVM, LR, NN (Apx)
[15] Holistic Robust Linear SVM

[16] Holistic Robust NN (Apx)

[22] OT-Discrepancy Linear SVM

Active Learning. Active learning aims to improve model performance by acquiring a limited
number of labels from the target distribution. See the survey [90] for a detailed reference. The
challenge here is to quantify the value of unlabeled data so that we can select better samples.
Selection criteria of existing approaches include estimated variance [29], influence on the model
performance [68], Shapley value |42l [55], or distance metrics through the importance weighting [27].
Active learning has also been studied under joint distribution shifts and covariate shifts [103, [98].
These works usually assume restricted shift structures between the source and target distributions
where only X-shifts |83 [98] or label shifts [111] occur, which may not hold in tabular data when
Y| X -shifts occur. In contrast, we assume access to labeled target data but impose no restrictions on
the two distributions. Then we integrate an efficient algorithm that identifies the covariate region

suffering the largest Y| X-shifts between two distributions.

Difference with [45]. Compared with the benchmark paper [45], we highlight three major

differences in our work:

1. Datasets and Domains: We focus on tabular datasets instead of the image datasets in [45].

The distribution shift patterns in the tabular datasets are more complicated due to Y| X-shifts
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from unobserved variables. The existence of Y| X-shifts leads to more complex and volatile
algorithmic behavior, as shown in Sections 3.1 and 3.2, whereas the shift patterns in image

datasets are relatively simple since most of them are covariate shifts.

2. Methodologies: In terms of the training procedure, we consider DRO methods since they focus
on worst-case distributions that may incorporate Y| X-shifts, and therefore, are of potential
utility in the tabular data; In contrast, Gulrajani and Lopez-Paz [45] consider various domain
generalization methods that build on neural networks and assume invariance across domains,
and therefore, these methods are best suited to covariate shifts in the image datasets. In terms
of the model classes, Gulrajani and Lopez-Paz [45] limit their analysis to deep networks with 9
methods in all, whereas our benchmark spans 45 methods — including linear models, tree-based
ensembles, and neural networks — to reflect the reality that simpler models often outperform

very deep architectures on tabular data.

3. Results and Insights: By including this broader range of model classes, we can disentangle the
relative impact of algorithmic interventions (such as ambiguity-set design) from model-class
effects. While we corroborate findings in [45] regarding which design components matter most,
our expanded benchmark also uncovers simple, shift-aware interventions — both algorithmic

and data-centric — that yield additional performance gains.

B Details in Section [2

B.1 Details in Section [2.1

DISDE to X-shifts and Y|X-shifts. When facing performance degradation under distribution
shifts, one direct idea is to figure out the reasons why the performance drop. To this end, Cai
et al. [26] propose DIstribution Shift DEcomposition (DISDE) to attribute the total performance
degradation to Y| X-shifts and X-shifts. Specifically, given samples (X,Y") from distributions P and
@, to quantify the discrepancy between Py|x and Qy|x, they first control the marginal distribution
on X by introducing the shared distribution Sx. From that, we can estimate the performance
degradation caused by Y| X-shifts and that caused by X-shifts could also be estimated by comparing
Sx with Px and Qx, respectively. Note that DISDE could be used in image datasets (see Section 4.2
in [26]). The official code for DISDE could be found at https://github.com/namkoong-lab/disde.
We specify the formula of DISDE as follows:

Eq[l(fp(X),Y)] —Epll(fp(X),Y)] = Esy[Rp(X)] —Ep[Rp(X)] (I
+ Esy [Ro(X) — Rp(X)] (IT)
+Eq[Rq(X)] — Esy [Ro(X)], (I1I)
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where R, () := E,[l(fp(X),Y)|X = x| for p = P,Q is denoted as the conditional risks on P and Q.
Sx is the share distribution with support contained in both Px and Qx. Then we see the sum of
the two terms (1) and (I11) as the performance drop attributed to X -shifts and the term (I1I) as the
performance drop attributed to Y| X -shifts. Besides, we also implement DISDE in our released package
named WHYSHIFT, which could be found at https://github.com/namkoong-lab/whyshiftl

Attribution of Performance Drop. We use XGBoost classifier and calculate the decomposition of
performance degradation via DISDE. We calculate the Y| X-shift ratio from the source distribution
P to the target distribution Q:

Esy [Ro(X) — Rp(X)

. : — ]
Y| X-shift ratio = Eqll(fp(X),Y)] —Ep[t(fp(X),Y)]’

where R, (X) and Sx are defined above.

B.2 Details in Section [2.2

In this section, we provide the details of the methods in our benchmark.

B.2.1 Further Details in DRO Methods

Recall we consider the general DRO problem in in Section [3| with the ambiguity set P(d,€).
Here, unless specified, P(d,¢) := {P : d(P, ]3) < €} denotes the ambiguity set around the training
empirical distribution P and d(-,-) is a notion of distance between probability measures.

We describe the DRO methods into three main categories of distances used in DRO models:

Wasserstein, Generalized f-divergence, and mixed distances due to their wide usage.

Wasserstein Distance. In the standard Wasserstein-DRO method [20], we apply d(P, Q) =
We(P,Q), where W, is the Wasserstein distance:

We(Q,P) = WEII}Il(iQD’P) Bz, Zy~r [¢(Z1, Z2)] (B.1)

where the induced cost function inside the distance is given by:
o((X1,Y1), (X2, Y2)) = (X1 — Xo) TA(Xy — Xo).

Unless specified, A is taken as the unit matrix and c(-,-) then becomes squared Euclidean distance.
That is to say, we only allow the perturbation of X but not Y, where Theorem 1 in [20] provides the
corresponding tractable reformulations.

For the Augmented Wasserstein-DRO (Aug.Wass.-DRO) method [92], we still use d(P, Q)
being the Wasserstein distance W, in @ but now we allow the changes in y. More specifically, we
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now set:

c((X1,Y1), (X2, Y2)) = (X1 — X2) TA(X] — Xo) + kY] — Yal,

where k (set as 1) is another hyperparameter to control the change in Y. Note that when k = oo, it
reduces to the previous standard case, where [92]| provides various loss functions to reformulate the
problem.

For the Satisficing Wasserstein-DRO (Satis. Wass.-DRO) method [69], we solve the following

constrained optimization problem, where DRO is set in the constraint counterpart:
maX{HHHE—l/Q, s.t. IE(XQ/)NP[&T(H; (X, V)] <74 eW(P, ﬁ),VP} .

In the formulation above, we do not set € as the hyperparameter but as an optimization goal such
that the minimized worst-case performance is still no worse than some target quantity 7, which is a
new hyperparameter and selected as the multiplication (i.e., the so-called target ratio, > 1) of the
X,Y)Nﬁ[g(é\; (X,Y))] with 8 obtained in the corresponding (2.3).

To solve this optimization problem, we prefix € € [0,100] and compute the corresponding left-hand

best empirical performance with E(

objective value at each binary search to see if it reaches the goal 7 and then reduce the potential

range of € half by half.

Generalized f-divergence. When d is set as the generalized f-divergence (including CVaR), all

dpP
1 ()
For the KL-DRO method [52], we apply f(z) =zlogz — (x — 1);
For the x2-DRO method [33], we apply f(z) = (z — 1)%
For the TV-DRO method [56], we apply f(z) = |x — 1];
In each of the three methods above, the hyperparameter is € as the uncertainty set size.

For the (joint) CVaR-DRO problem [85], we apply f(z) =0 if z € [1,a] and oo otherwise (an
augmented definition of the standard f-DRO problem). Here the hyperparameter « denotes the

distances there can be formulated as follows:

d(P,Q) = Eq

worst-case ratio. And we denote such induced d as the so-called CVaR distance.

Besides these standard (generalized) f-divergence DRO models, we also include DRO models
modeling partial distribution shifts on (X,Y’) based on CVaR metrics. Here, we directly use P(«)
as the ambiguity set where « is the CVaR parameter.

If we only consider the shifts in the marginal distribution X, we formulate the Marginal-CVaR-
DRO model:

P(a) ={Qo : Px = aQo + (1 — a)Q1, for some o > oy and distribution @; and X'}.
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Specifically, we follow the formulation of (27) in [34] to fit the model.
If we consider the shift in the conditional distribution Y| X, we formulate the Conditional-
CVaR-DRO model:

P(a) ={Qo : Pyix = aQo + (1 — a)Q1, for some o > o and distribution @1 and V}.

Specifically, we follow the formulation of Theorem 2 in [87] to fit the model where approximating

afz) =0"x.

Mixed Distances. We include other ambiguity set design P induced by some mixed distances
including Sinkhorn-DRO [101], Holistic-DRO [15] (Theorem 3.4 there), Unified-DRO (with Lo
and Lo, norm corresponding to p = 2,00 norm in their Theorem 5.2) [22]. We follow their initial
github codebases and hyperparameter selection when implementing these methods. We also consider
a class of DORO methods [108], which discards a proportion € of the largest error points in each
iteration to mitigate the outliers in DRO. Specifically in DORO, we consider the ambiguity set as:

P={P:d(P,Q) < fi(1/a),drv(Q,P) < ¢}. (B.2)

Here in DORO, we consider CVaR-DORO and x2-DORO where d in (B.2) is set as CVaR-distance
and x2-divergence respectively, where f4(t) = (t — 1)?/2 when d is x2-divergence and f;(t) = 1 when
d is CVaR distance.

Other DRO Setups. Besides these methods with performance reported in the paper, in our
codebase, we also implement Bayesian-based DRO [94], Parametric DRO [54] where we replace the
reference measure () to be parametric distribution (Gaussian mixture distribution); MMD-DRO [112],
where we set d(P, Q) as the kernel distance with the Gaussian kernel. However, the performance of
these methods shows similar behavior compared with the benchmarks we use, so we do not report

them here.

B.2.2 Further Details in Other Methods

Basic ERM methods. For LR and SVM, we use the standard implementation in scikit-learn [80]
and train them on CPUs. For NN, we implement it via PyTorch [79] and train it on GPUs.

Tree-based ensemble methods. As shown by Gardner et al. |41], several tree-based methods
achieve good performances on tabular datasets. And gradient-boosted trees (e.g., XGB, LGBM,
GBM) are widely considered as the state-of-the-art methods on tabular data. Therefore, we compare
XGB, LGBM, and GBM in this work. Also, we add RF to incorporate the performance of tree
bagging methods. For RF and GBM, we use the standard implementations in scikit-learn [80]. For
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XGB and LGBM, we use the standard implementations in the xgboost packag and the 1ightgbm
packageﬂ All these methods are trained on CPUs. For tree-based ensemble DRO methods, we
directly apply the DRO-kind loss functions to XGBoost and Light GBM by changing the empirical
losses implemented in xgboost.train and lightgbm.train to distributionally robust losses with

CVaR and KL divergences respectively.

Imbalanced learning methods. Recently, some simple data balancing methods [53] have shown
good worst-group performances under distribution shifts. In our benchmark, we implement 4 typical
balancing methods, namely Sub-Sampling Y (SUBY), Reweighting Y (RWY), Sub-Sampling Group
(SUBG), and Reweighting Group (RWG). For these imbalanced learning methods, we use XGB as
the backbone model due to its superiority on tabular data and adjust sample weight or training

procedure accordingly for each of the methods.

Fairness-enhancing methods. Following Ding et al. [31] and Gardner et al. [41], fairness-
enhancing methods have the potential to mitigate the performance degradation under distribution
shifts. In our benchmark, we evaluate the in-processing and post-processing intervention methods.
The in-processing method [7] minimizes the prediction error subject to some fairness constraints,
and in our benchmark, we choose three typical fairness constraints, including demographic parity
(DP), equal opportunity (EO), error parity (EP). And the post-processing method [47] randomizes
the predictions of a fixed classifier to satisfy equalized odds criterion, and we use exponential and

threshold controls in our benchmark. We use the implementations of aif360 [13] and fairlearn [17].

B.2.3 Parameter Search Space

We provide the hyperparameter grids in Table [81 We mainly use the hyperparameter grids proposed
in [41], and restrict the grid size of each method in each setting to 200 due to computational costs.
In each setting, we randomly pick 200 configurations for each algorithm for a fair comparison. For
methods incorporating the underlying model class (e.g., NN2 / NN3 / NN4 / XGB), we choose the
top 10 best configurations for that model class to reduce the search space, making the searched best
configuration represent its best performance more accurately. Moreover, to accelerate the grid search

process, we utilize Ray [66] to run experiments in parallel.

Zhttps://pypi.org/project/xgboost/
3https://pypi.org/project/lightgbm/
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Table 8: Hyperparameter grids for methods in Section [3| used in all experiments. ¢: for methods
with the total grid size above 200, we randomly sample 200 configurations for fair comparisons. For
methods incorporating backbone models (e.g., NN/XGB), we choose top-10 best configurations for
that backbone model to reduce the search space, making the searched best configuration represent
its best performance more accurately.

Model Total Grid Size Hyperparameter Value Range
Basic ERM methods
Learning Rate {1673,3673,5673,1672}
Batch Size {64,128, 256}
NN2/NN3/NN4 324° Hidden Units {16, 32,64}
Dropout Ratio {0,1e71,5e~ 1}
Train Epoch {50, 100, 200}
SVUM 06 l¢] {1e72,1e7 1,1, 1et, 12, 13}
penalty {L1, L2}
Nystroem components {50, 100, 200}
kernel {rbf, sigmoid, polynomial}
Kernel-SVM 324° ’ ’
erne c {1e71,3e71,1,3, 1e!, 3e!, 1e2, 3¢2, 13}
~ {0.01,0.1, 1, scale}
LR 23 {15_3,36_3,56_3,75_3,16_2,
Lo penalty 3e"2,5¢72,...,1.3,1.7,5}
1el,5et, 12, 5e2, 1e3, 5¢3, 1e*}
Tree-Base Ensemble Methods
Num. Estimators {32, 64, 128,256,512}
Max Features {sqrt, log2}
RF 640° Min. Samples Split {2,4,8,16}
Min. Samples Leaf {1,2,4,8}
Cost-Complexity « {0,1e73,1e7 2,171}
Learning Rate {16_2,16_1,5e_1,1}
Num. Estimators {32, 64,128,256}
GBM 1680° Max Depth {2,4,8,16}
Min. Child Samples {1,2,4,8}
Learning Rate {1672,1671,5671,1}
Num. Estimators {64,128, 256, 512}
LGBM 1680° Lo-reg. {0,1e73,1e72,1e7 4,1}
Min. Child Samples {1,2,4,8,16,32,64}
Column Subsample Ratio (tree) {0.5,0.8,1.}
Learning Rate {0.1,0.3,1.0,2.0}
Min. Split Loss {0,0.1,0.5}
Max. Depth {4,6,8}
XGB 1944° Column Subsample Ratio (tree) {0.7,0.9,1}
Column Subsample Ratio (level) {0.7,0.9,1}
Max. Bins {128, 256, 512}
Growth Policy {Depthwise, Loss Guide}
Linear-DRO Methods (Underlying Model Class: SVM)
CVaR-DRO 117 Worst-case Ratio « {1le=%,...,0.01,...,0.99}
Conditional(-CVaR)-DRO 117 Worst-case Ratio « {1674, ...,0.01,...,0.99}
KL-DRO 117 Uncertainty Set Size e {16_4, ...,0.01,...,0.99}
x2-DRO 117 Uncertainty Set Size e {1674, ...,0.01,...,0.99}
TV-DRO 117 Uncertainty Set Size e {le=%,...,0.01,...,0.99}
Wasserstein-DRO 138 Uncertainty Set Size e {1e74, ...,0.01,...,0.99,...,3}
Aug.Wass.-DRO 138 Uncertainty Set Size e {18_4, ...,0.01,...,0.99,...,3}
Worst-case Ratio « {0.1,0.2,...,0.8,0.9}
Marginal(-CVaR)-DRO 162 L {1e72,3¢72,5¢72,0.1,0.3,0.5,1,2,5,10}
» {15, 2}
T t Rati 1.1,...,2.5,3
Satis. Wass.-DRO 112 arget Ratio o, be...258) .
K {le”=,5e¢7%,1e” ~,5e ~,1,5,1e}
Regularizer {15_3,..4,75_2,15_1,...,95_1}
Sinkhorn-DRO 1156° k {2,3,4,5}
A {1e73,...,7e72,1e7 1, ..., 9¢e" 1}

Continued on next page

46



Table 8 — continued from previous page

Model Total Grid Size Hyperparameter Value Range
«a {1e=1,...,9¢" 1}
r {1e™!, ..., 9e7 1}
Holistic-DRO 3969 : R
onstie € {16_3,18_2,16_1,..4,98_1}
e {1e73,1e7 2,171, ..., 9¢7 1}
Distance Type {Lo, Lint}
Unified-DRO 180 Uncertainty Set Size € {1673, ey 9571}
01 {1.001,1.01,1.1,1.5,2,3,5,10, 50,100}

Kernel-DRO Methods (Underlying Model Class: Kernel-SVM)

Worst-case Ratio « {1e™%,...,0.01,...,0.99}
CVaR-DRO 4212° o R
@ Underlying model class Kernel-SVM
KL-DRO 42120 Uncertainty Set Size e {16_4, ...,0.01,...,0.99}
: Underlying model class Kernel-SVM
2_bRO 49120 Uncertainty Set Size e {1674, ...,0.01,...,0.99}
X Underlying model class Kernel-SVM
Uncertainty Set Size ¢ {le™%,...,0.01,...,0.99,...,3}
Wasserstein-DRO 4968° B o T
asserstein Underlying model class Kernel-SVM

Tree-based DRO Methods (Underlying Model Class: LGBM / XGB)

o L e
i S L0
o (Lo jonen
T

NN-DRO Methods (Underlying Model Class: NN)

Worst-case Ratio « {0.01,0.1,0.2,0.3,0.5,1.0}
CVaR-DRO 1620° e e
@ Underlying Model Class NN2/NN3/NN4
2 DRO 1620° Uncertainty Set Size e {0.01,0.1,0.2,0.3,0.5,1.0}
X Underlying Model Class NN2/NN3/NN4
Worst-case Ratio « {0.1,0.2,0.3,0.4,0.5,0.6}
CVaR-DORO 8100° € {0.001,0.01,0.1,0.2,0.3}
Underlying Model Class NN2
Worst-case Ratio « {0.1,0.2,0.3,0.4,0.5,0.6}
x2-DORO 8100 e {0.001,0.01,0.1,0.2,0.3}
Underlying Model Class NN2
Imbalanced Learning Methods
SUBY, RWY 1944° Underlying Model Class XGB
SUBG, RWG 1944° Underlying Model Class XGB
Fairness-Enhancing Methods
Constraint Type {DP, EO, Error Parity}
In- i 1944° T
nrprocessing Underlying Model Class XGB
. Constraint Type {Exp, Threshold}
Post- 1944°
ostrprocessing Underlying Model Class XGB

B.2.4 Training and Validation Details in Section [3

Training. In each setting, we randomly sample 20,000 samples from the source domain for training
and 20,000 samples from the target domain for testing. For US Accident and Taxi datasets, we
only randomly sample 8,000 samples for the source/target domain due to fewer samples involved

in each setting. In settings where the source domain does not have enough samples, we use 80%
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samples from the source domain for training. Experiments of all settings were run on a server using
48 cores from two AMD EPYC 7402 24-Core Processors. NN-DRO methods were trained on GPU,
NVIDIA GeForce RTX 3090, while the other methods were trained only on CPUs. Note that all
experiments are small-scale and could be run efficiently. Besides, during training, we found that the
bi-search in x?-DRO (NN) sometimes failed to converge, and therefore we set the maximal iteration
number to 2500.

Hyperparameter Tuning. Unless specified, we selected the best configuration according to the
performance on 128 samples selected from the target domain, i.e., the so-called out-of-distribution

accuracy, where the validation set is identically distributed (i.d.) with the test set.

Comparison of Evaluation Pipelines. To highlight the suitability of our evaluation pipeline,
we compare it with other alternative evaluation pipelines that utilize source and target data for
basic ERM methods across different model classes, including LR, linear-SVM, XGB, LGBM:

(a) We train each ERM method on all samples from the source domain and tune the best hyper-
parameter of each ERM method based on the highest accuracy on samples from the source

domain (in-distribution accuracy);

(b) We train each ERM method on all samples from the source domain and tune the best hyperpa-
rameter of each ERM method based on the highest accuracy on 128 samples from the target

domain;

(c) We train each ERM method on all samples from the source domain and tune the best hyperpa-
rameter of each ERM method based on the highest accuracy on all samples from the target

domain;
(d) We train each ERM method on 128 samples from the target domain.

where (a), (b), (d) are based on the realistic setting with sufficient samples from the source domain
and 128 samples from the target domain. We rename (b) and (d) as (b)-128 and (d)-128 respectively
and also consider (b)-32 and (b)-64 ((d)-32 and (d)-64 respectively) that use 32 and 64 samples from
the target domain to indicate the robustness of the selection criterion with respect to the number of
samples from the target domain.

We evaluate the model performance on the ACS Income (Setting 1) dataset in Table [9l Rule
(b)—training on the full source dataset and using 128 target samples for hyperparameter selec-
tion—outperforms alternative practical rules that train directly on 128 (or 64, 32) samples or the
method that is validated using samples from the source domain. Moreover, its selected method

performance closely matches that chosen by rule (c¢), which relies on oracle access to target-domain
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Table 9. Accuracy and Radius of ERM methods with different training methods, where the accuracy
and radius are computed averaged over all target domains in the setting.

Method Performance
Accuracy Macro F1-score

Evaluation Approach | LR SVM  XGB  LGBM | LR SVM XGB  LGBM
(a) 77.3+20 T7.0x21 77.7+23 T77.8+21 | 75.6+32 75.4+33 76.2+35 76.2+35
(b)-128 77.2+18  T7.1+19 77.9+28 77.8+27 | 755430 75.543.2 T76.4+40 76.2+39
(b)-64 772418  77.1+20 745435  74.9+29 | 75.5+3.0 754433  72.8+45  73.2+39
(b)-32 772420 77.1+19 73.7+39 T4.3+44 | 755432 754432 72.0451 72.1+53
(¢) 77.6+18 T7.2+19 78.3+25 79.2+20 | 759431 75.54+32 76.5+32 T76.7+2.9
(d)-128 71.8+30 T7l.1x27 72.8+29 73.3+28 | 75.543.0 75.5+32 744440 74.2439
(d)-64 68.7+4.7 66.8+5.1 T70.7436 71.2+32 | 75.543.0 75.4+33 72.8445 73.2439
(d)-32 66.9+49 65.0452 68.8+4.6 68.9x44 | 75.5+£3.2 T75.4=x32 72.0+51 72.1+53

labels. These results validate our proposed learning scenario. In Appendix [C.2, we further compare
every method from Section [2| across all settings against the oracle ERM trained on the full target

dataset, demonstrating that our experimental design is both challenging and practically achievable.

Comparison of DRO Validation Approaches. Furthermore, to highlight the suitability of
our tuning method for DRO approaches, we compare validation approaches in several Wasserstein
and f-divergence-based DRO methods under linear models since there are no other hyperparameter
configurations and the required radii that contain the target distribution are easy to compute there
compared with DRO under hybrid distances.

We compare the following five rules to select the radius in each DRO approach:

(a) We tune the best radius based on the highest accuracy on validation samples from the source

domain;

(b) We tune the best radius based on the highest accuracy on 128 validation samples from the

target domain, which is how we evaluate models in the main body;

(c) We tune the best radius based on the highest accuracy on all (20,000) samples from the target

domain;

(d) We compute the required radius to ensure the target distribution is in the ambiguity set with a

high probability using 128 validation samples from the target domain;

(e) We compute the required radius to ensure the target distribution is in the ambiguity set with a

high probability using all samples from the target domain.

Above, the set of all the possible radii in (a) and (b) are from a fixed grid in Table[8 of Appendix[B.2.3;

and validation approaches (c¢) and (e) are impractical since they require access to all samples from
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the target domain, and are included only for comparison. Then we detail how we set the radius
to ensure the target distribution is in the ambiguity set with a high probability (i.e., the upper

confidence bound principle). We compute the required radius of each method as follows:
e For Wasserstein-DRO, we follow the rule in Section 4 of [64];

e For f-divergence, besides training and validation samples, we assume access to a likelihood
ratio function r((z,y)) = %, which can be computed in advance using all samples from

1 ..
maxse i () Recall training
samples {(Z;,Yi) }icpn) from the source domain P and {(Z;,9;)} je[m) from the target domain Q.

the source and the target domain. For CVaR, we set a =

For other f-divergences (KL-divergence, x2-divergence and TV-Distance), we set the required
radius that contains the true target distribution with probability at least 1 — § by the central

limit theorem approximation:

9 )
2 m

. B Vi 0 ((E0,50)) = Cep £ (@1, 5)) /)2
€= > Fr(@n i) + 2 s
1€[m]
where z. is the normal quantile. We set § = 0.2 in our setting to ensure the target distribution

is in the ambiguity set with 80% probability.

Since we focus on problems with distribution shifts where a large number of samples are available
from the source domain, the radius selection principles for problems without distribution shifts and
limited training samples are no longer suitable [37, [19]. Therefore, we only compare the proper
validation approaches under distribution shifts.

We report the selected radius and corresponding accuracy of each validation approach in Table
across settings with more than 10 target domains (i.e., Settings 1, 2, 4, 5). Unsurprisingly, the
validation approach (c) achieves the highest accuracy across each setting. Compared with that, our
proposed rule (b) yields a comparable accuracy and similar radius across each setting, indicating
the stability of using 128 target samples to select the radius with the highest accuracy. In contrast,
the validation approach (d) based on the upper confidence bound principle usually selects overly
large radii, which explains its underperformance. Even when full access to samples from the target
domain is granted in the approach (e), the overestimation issue persists. This is because choosing
the radius to contain the true distribution for worst-case performance guarantees may yield an overly
large ambiguity set and thus be overly conservative, particularly in the presence of distribution shifts.
Finally, the in-sample validation approach (a) consistently leads to poor accuracy, underscoring the

importance of incorporating samples from the target domain in the validation procedure.
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Table 10. Accuracy and Radius of Linear DRO with different validation rules, where the accuracy
and radius are computed averaged over all target domains in the setting and boldfaced values in each
setting denote the one with the highest accuracy and corresponding radius.

Accuracy

Radius

Setting / Tuning Approach | (a)

(b)

(¢)

(d)

(e [ (@

(b)

()

(d)

(e)

KL-DRO

76.8
73.3
75.7
72.6

S e O

77.9
74.1
76.6
72.9

78.3
74.6
77.1
73.0

76.7
73.2
75.0
68.9

76.7
73.2
75.1
69.0

0.060
0.220
0.310
0.002

0.730
0.197
0.289
0.016

0.782
0.268
0.403
0.016

3.265
0.669
0.634
6.217

2.773
0.411
0.512
5.023

CVaR-DRO

75.8
73.3
74.4
72.9

Tl DN

78.2
74.5
76.9
73.5

79.1
75.4
77.9
73.9

7.2
1.7
73.6
68.8

77.1
60.6
74.0
68.8

0.010
0.310
0.120
0.390

0.087
0.166
0.172
0.342

0.121
0.178
0.225
0.319

0.228
0.174
0.149
0.127

0.142
0.035
0.132
0.066

x2-divergence-DRO

76.8
73.4
75.8
2.7

Tl DN

77.9
74.6
76.8
72.8

78.2
75.0
77.3
73.2

7.2
73.4
75.2
68.5

7.3
73.4
75.2
68.5

0.040
0.780
1.200
0.005

0.954
0.635
0.826
0.485

1.049
0.739
0.862
0.229

5.501
1.492
1.486
8.933

5.319
1.583
1.412
8.859

TV-DRO

76.3
73.1
75.2
72.6

T DN

78.0
74.2
76.1
73.4

78.8
74.9
76.6
73.6

73.0
73.2
72.4
68.4

72.5
73.1
2.7
68.2

0.860
0.840
0.001
0.006

0.426
0.624
0.458
0.193

0.401
0.586
0.467
0.221

0.585
0.418
0.451
0.875

0.539
0.404
0.439
0.816

Wasserstein-DRO

7.3
73.2
75.3
72.3

T DN =~

78.5
73.8
75.4
73.0

79.0
74.0
75.6
73.5

65.2
2.7
70.1
57.1

65.2
2.7
70.1
57.1

0.000
0.000
0.001
0.001

0.203
0.016
0.001
0.010

0.200
0.013
0.000
0.016

7.558
6.466
5.054
6.651

4.927
6.466
3.628
5.047

C Details in Section [3

C.1 Detailed Results of 10 Settings in Table

In the main body, due to space limitations, we only visualize the target performances of different

methods. Here we provide the detailed results of all algorithms on the 10 selected pairs in Table

For each method, we select the top-10 configurations according to the validation set from the

corresponding target domain in each setting and report the mean accuracy (or macro Fl-score) as
well as the standard deviation in Table [11] (or Table |12|respectively) with respect to both i.d. and

0.0.d. (out-of-distribution, i.e., the corresponding target) data.
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Analysis. Based on results in Tables [11] and [12] we provide a more detailed analysis compared to

our main body.

e Different methods do not exhibit consistent rankings over different distribution shift patterns.
The results show that the algorithmic rankings across different settings are quite different.
And even the rankings of algorithms within the same method class vary a lot. This further

demonstrates the complexity of Y| X-shifts.

e Tree-based ensemble methods show competitive performances but do not significantly eliminate
the generalization error between source and target data, characterized by the difference between
0.0.d. and i.d. method performance. However, the performance degradation between source

and target is still large.

e Imbalance methods and fairness methods show similar performance with the base model class
(XGBoost). We find these methods do not have a significant improvement over the basic model
class (XGBoost). This is because they are not designed specifically for tree-based ensemble
methods.

Additionally, we report the oracle accuracy (Macro F1-Score) of each method across all target
domains in each setting in Table [14] and Table where we select the best configuration for each
method according to the target performance. The observed phenomena are consistent with our

previous findings.
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Table 13. Performance of methods across all 172 source-target pairs.

The table presents the

algorithmic ranking and accuracy for each method over all pairs. The min, max, mean, standard
deviation, and median of these metrics are computed across all pairs.

Category Method Rank Accuracy
Min Max Mean Std Median Mean Std Median
LR 5 44 28.58  8.20 30 74.86 5.99  75.78
SVM 7 45 29.68 8.58 32 74.86 5.71 75.56
Basic Kernel-SVM 2 44 31.13 12.64 36 75.04 594  75.78
Methods NN2 1 43 18.63 8.88 17 76.56 5.09  77.19
NN3 1 43 23.22 12.58 26 76.19 5.61 77.03
NN4 3 43 27.23 12.50 34 75.84 5.77  76.54
Treo-based RF 1 39 14.56  8.59 15 76.51 5.21 76.74
Ensemble XGB 1 44 15.05 11.40 12 76.70 5.09  76.56
Methods GBM 1 35 9.53 7.89 6 76.95 493 77.15
LGBM 1 29 8.80 6.55 8 77.23  4.97  77.45
KL-DRO 3 45 29.47 7.66 30 74.98 5.48  75.55
CVaR-DRO 1 40 23.44  8.65 23 75.39 5.26  75.89
x2-DRO 5 45 26.11  8.35 27 75.18 5.40  75.82
TV-DRO 4 43 31.14 8.07 32 74.86 5.51 75.38
Wasserstein-DRO 11 43 33.63 6.07 35 74.66 5.95 75.70
Linear-DRO Aug. Wass.-DRO 2 40 25.45  9.02 25 75.98 5.06 76.30
Methods Satis. Wass.-DRO 13 45 41.88 5.16 43 72.45 7.05 73.77
(base: SVM) Sinkhorn-DRO 2 44 25.60 12.29 29 75.49 5.37  76.46
Unified-DRO(L2) 14 45 35.91 5.86 37 74.44 591 75.33
Unified-DRO(Liys) 4 45 34.95 7.06 36 74.46 5.89  75.52
Marginal-DRO 2 45 24.03 9.58 24 75.46 5.08  76.15
Conditional-DRO 1 45 20.77 8.82 20 76.10 5.36  76.32
Holistic-DRO 2 45 31.49 10.17 34 74.52  5.95 75.64
NN2-CVaR-DRO 1 38 16.51 11.29 13 76.89 5.29  77.28
NN2-x2-DRO 1 36 15.17 9.87 12 76.87 5.25  77.38
NN-DRO NN2-CVaR-DORO 2 40 21.84 8.79 21 76.34 5.01 76.95
Methods NN2-x2-DORO 2 45 31.12 11.74 34 74.86 5.66  75.41
(base: NN) NN3-CVaR-DRO 1 41 18.76 11.84 14 76.74 5.70 77.14
’ NN3-x2-DRO 1 40 18.09 12.47 14 76.69 5.67 77.22
NN4-CVaR-DRO 1 42 23.99 12.85 22 76.12 5.45 76.25
NN4-x2-DRO 1 45 21.92 14.94 20 76.01 5.78  76.61
Tree-DRO XGB-CVaR-DRO 1 41 16.48 10.17 15 76.81 5.21 77.31
Methods XGB-KL-DRO 1 44 17.24 11.83 16 76.98 550 @ 77.79
(base: XGB/LGBM) LGBM-CVaR-DRO 1 45 17.95 13.59 14 76.63 5.33  76.55
LGBM-KL-DRO 1 43 16.99 11.88 15 76.91 5.33  77.48
Kernel-y2.-DRO 1 36 16.40 8.16 18 76.17 4.97  76.39
Kernel-DRO
Methods Kernel-CVaR-DRO 1 42 18.08 8.29 19 76.12 496  76.41
(base: Kernel) Kernel-KL-DRO 1 35 17.15 8.61 17 76.15 4.89  76.32
Kernel-Wasserstein-DRO 1 44 24.91  8.62 26 75.59 5.65 76.07
Imbalanced SUBY 1 45 33.69 14.43 42 75.40 5.27  74.50
Learning RWY 1 45 31.42 16.44 40 75.72 5.43  75.02
& Fairness SUBG 1 44 14.49 10.93 10 76.92 5.55 76.70
Methods RWG . 1 45 14.69 11.62 10 76.90 5.37  76.63
(base: XGB) In-processing 1 42 13.19 11.57 8 76.48 4.65 76.54
Post-processing 1 43 19.19 14.01 13 76.14 4.66  76.08
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C.2 Detailed Results of Feasibility in 10 Settings

We evaluate each method’s feasibility across all 10 settings by averaging over its performance on
all target domains. Specifically, for a setting with T' target distributions {Q;}¢c[r), we define the
feasibility of model f as:

1 3 0.5 — Eq, [£(f(X),Y)] -
T o 0.5 — minF minge 7 Eqg, [((f(X),Y)]
Figure [11 presents these feasibility scores for each method. As before, in Sections [3.3 and we
find that DRO shows limited improvements and the DRO performance is strongly correlated with its
base model. For brevity, we show only the relative feasibility analog of Figure [4] since the rescaling
does not affect the conclusions of Findings 1 and 2 (Sections and .
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Figure 11. Overall performances (reported as the feasibility metric) of all methods on the target
data in our 10 settings in Table|l. Here we calculate the average feasibility value among multiple
target domains in each setting. Note that for Settings 3, 5 and 9, we do not include fairness-enhancing
methods since there are no sensitive attributes.

C.3 Detailed Results of Controlled Shift Settings

We construct a distribution shift instance with controlled perturbations, i.e., by perturbing features

and labels from the original database. We focus on the ACS Income dataset in Setting 1 and set

o8



both the source and target domains as data from California while constructing the target domains
by perturbing features and (or) labels of the original ACS Income dataset. Denote x = (zxr, x¢),
where x s denotes the numerical feature and x¢ denotes the categorical feature. We generate each

perturbed row of target domains following [58]. More specifically, we allow:

o feature shifts: For each numerical feature z;,j € AV, in the target domain, we perturb z; with
xj + €;, where €; ~ N(0, Var[z;]/10); for each categorical feature ¢ € C, in the target domain,
we perturb z; with Zy € domain(X,) with P(Z; = zy) = 0.9 and P(Zy = u) = Idomai?lw

for u € domain(Xy)\{z,}. We perturb each sample independently.
e label shifts: We flip the output of each sample with probability 0.2.

By including at least one shift from the feature or label, we create a “feature perturbation” setting

with the following four target domains:
0. No shifts;

1. Only label shifts;

2. Only feature shifts;

3. Both feature and label shifts.

For each target domain, we follow our evaluation pipeline in Section [2] i.e., tune each method
based on 128 samples from the target domain, and report results in Table [I6. Across all four
domains, variants of Wasserstein-DRO (Wasserstein-DRO and Unified-DRO) enjoy relatively good
performance, often outperforming the base model since such shifts are captured in corresponding
ambiguity sets. When the shifts are severe (e.g., Scenarios 2 or 3), then Unified-DRO achieves better
than basic ERM methods across all model classes. This indicates that existing DRO captures such

synthetic shifts.

Table 16. Results under the synthetic dataset with 4 target domains, where we run each method
with its top-10 configurations (according to the target performance and report its mean and standard
deviation. We boldface the best target performance within each class of methods in each domain.

Linear-DRO methods Basic Methods
Domain | Metric | Wasserstein-DRO  Unified-DRO-Ly KL-DRO x2-DRO SVM LR XGB NN2
0 Accuracy 80.6+0.1 80.6+0.0 80.6+0.0 80.5+0.1 | 80.7+0.0 80.7+0.2 80.4+0.6 80.1+0.5
F1-score 79.8+0.1 79.9+0.0 79.840.0  79.8+0.2 | 80.0+0.0 79.9+02 79.7+0.6 79.5+0.5
1 Accuracy 79.9+0.0 79.9+0.0 79.6+0.0  79.7+0.0 | 79.9+0.0 79.6+0.0 80.1+0.7 79.2+0.1
F1l-score 79.0+0.0 79.1+0.0 78.7+0.0  78.8+0.0 | 79.0+0.0 78.8+0.0 79.2+0.8 78.5+0.2
2 Accuracy 78.6+0.1 78.9+0.0 78.4+0.0  78.4+0.0 | 78.3+02 78.2+00 T78.7+1.0 77.0+038
F1l-score 77.6+0.1 77.9+0.1 77.3+0.0  77.4+x00 | 77.2+02 T77.1x00 77.5+12 76.2+038
3 Accuracy 77.040.0 T7.7+0.1 76.2+0.0  76.4+0.0 | 76.4+02 76.4+02 77.0+0.8 74.6+0.3
F1l-score 75.540.1 76.4+0.1 74.8+0.1  74.9+0.0 | 75.0+02 T74.9+02 75.5+1.0 73.6+05
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C.4 Difference between Shift Settings in [C.3 and Settings in Table

Besides the difference in the selection criterion, we emphasize that the shifts constructed in Ap-
pendix @ are inherently easier to address. Specifically, for each setting (including both the setting
in Appendix and our spatiotemporal shifts studied in Table [1, where we only choose Settings
1,2,4,5 since there are more than 10 domains in each setting), and for each domain — whether target
domains and source domains, we fit a logistic regression model on the data in that domain and
obtain the corresponding coefficient vector. This yields a collection {H(j )}jeg over all domains S
for each setting. We then perform principal component analysis (PCA) on these coefficients and
compute the proportion of variance explained by the first k components, for k =1,2,...,5.

We present the results in Figure [12, where we also compare another “bootstrap” setting over
the ACS Income dataset while bootstrapping the training data. Unsurprisingly, the coefficients in
the “bootstrap” setting retain substantial variance even when reduced to one or two components.
Interestingly, the coefficients in the setting from Appendix exhibit similar variance explained,
approximately 10% higher than our constructed shifts, namely, the “income” setting and related
settings such as “accident”. For the same “income” setting (Setting 1 and the setting in Appendix,
we also compute the covariance matrix of {6()} ¢ for each setting and find that the largest eigenvalue
in Setting 1 is significantly larger than that in the synthetic setting (0.6 > 0.1). This highlights the
greater difficulty of learning under our constructed shifts compared to the setting in Appendix [C.3|

with controlled perturbations.

100%
UE—
el
g
3 90% 1
o
»%
=
Q
Q
= .
income
= 80%+
< pubcov
> —e— mobility
—e— accident
—+— synthetic (income)
—*— bootstrap (income)
70%

1 2 3 4 5
Component Number

Figure 12. Variance explained by components across different settings, where “income”, “pubcov”,
by ENAA

“mobility”, “accident” correspond to Settings 1, 4, 2, 5 in Table [I| and “synthetic (income)” correspond
to the setting in Appendix
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D Details in Section 4]

D.1 Definitions of Variables

Here in Table we provide the exact definitions of each variable in the linear regression used in

Section and further augmented variables that will be used in Appendix [D.3]

Table 17: Definition of independent variables used in (4.1]) of Section

Type Name Definition
Model LGBM A dummy variable that takes value one if the underlying
Class model class of the method is Light GBM
Xijs NN-2 A dummy variable that takes value one if the underlying
model class of the method is the neural network with 2 layers
NN-3 A dummy variable that takes value one if the underlying
model class of the method is the neural network with 3 layers
NN-4 A dummy variable that takes value one if the underlying
model class of the method is the neural network with 4 layers
Kernel A dummy variable that takes value one if the underlying
model class of the method is the Kernel method
Ambiguity Wasserstein A dummy variable that takes value one if the method belongs
Set to DRO and uses Wasserstein-type metric
Dj st Chi-squared A dummy variable that takes value one if the method belongs
to DRO and uses y2-divergence metric
Kullback-Leibler A dummy variable that takes value one if the method belongs
to DRO and uses KL-divergence metric
Total Variation A dummy variable that takes value one if the method belongs
to DRO and uses TV-distance metric
OT-Discrepancy A dummy variable that takes value one if the method belongs
to DRO and uses the optimal transport-discrepancy with
conditional moment constraints
Radius The rescaled ambiguity size if the method belongs to DRO
and equal to zero if the method does not belong to DRO
Shift Y| X-ratio The Y| X-shift percentage calculated by DISDE from the
Pattern Z; ; source domain to the target domain
Validation Worst-case A dummy variable that takes value one if the best configura-
Type V; ; tion is obtained by maximizing the accuracy on target data

Average-case

from the worst-performing target domain

A dummy variable that takes value one if the best configura-
tion is obtained by maximizing the accuracy on target data
across all target domains, averaged on each target domain
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Table 18: Additional (Interaction) Variables in Appendix [D.3]

Name

Definition

Radius?

The square of the rescaled ambiguity size if the method
belongs to DRO methods and zero if the method does not
belong to DRO

LGBM-Radius

NN2-Radius

NN3-Radius

NN4-Radius

Kernel-Radius

An interaction variable that takes value to be the robustness
radius if the underlying model class of the method is Light-
GBM

An interaction variable that takes value to be the robustness
radius if the underlying model class of the method is the
neural network with 2 layers

An interaction variable that takes value to be the robustness
radius if the underlying model class of the method is the
neural network with 3 layers

An interaction variable that takes value to be the robustness
radius if the underlying model class of the method is the
neural network with 4 layers

An interaction variable that takes value to be the robustness
radius if the underlying model class of the method is kernel-
SVM

LGBM-Y| X -ratio

NN2-Y| X -ratio

NN3-Y|X-ratio

NN4-Y'| X-ratio

Kernel-Y'| X-ratio

An interaction variable that takes value to be the Y|X-shift
percentage if the underlying model class of the method is
Light GBM

An interaction variable that takes value to be the Y|X-shift
percentage if the underlying model class of the method is the
neural network with 2 layers

An interaction variable that takes value to be the Y|X-shift
percentage if the underlying model class of the method is the
neural network with 3 layers

An interaction variable that takes value to be the Y|X-shift
percentage if the underlying model class of the method is the
neural network with 4 layers

An interaction variable that takes value to be the Y|X-shift
percentage if the underlying model class of the method is

Kernel SVM

D.2 Scaling of Ambiguity Size

We discuss the choice of rescaled ambiguity size across different DRO methods in Section[4.1] Note that
we consider (squared) Wasserstein Distance and OT-Discrepancy metric (i.e. the distance proposed
in Unified-DRO [22]), TV, CVaR, KL-divergence, x2-divergence in the linear regression. Denote
their original ambiguity size hyperparameter in the method training as €was, €ot; €tv, Qcvar, €kl, €42

and the rescaled standard one as €45/, €0t/ €0’ s €cvar' > LI’ €2
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The unsquared Wasserstein Distance, OT Discrepancy metric, and TV distance already form a
distance notion, so we do not distinguish the difference between them. Since we use the squared
Wasserstein Distance in the DRO formulation, we set €,,s = y/€was in the variable “Radius” the
linear regression model. And €,y = €4, €4y = €ty-

For the KL and y2-divergence, although x?, K L does not form a distance, we can symmetrize these
two divergences such that the augmented version becomes a distance. For example, dgr, (P,Q) =
KL(P,Q)+ KL(Q, P). We do not distinguish the important sizes between KL-divergence and the
reversed version. Therefore, we set ey = 2€y, €2 = 2e2.

For the CVaR metric, denote Do (P]|Q) = esssup %. Then the uncertainty region becomes the

distribution set that CVaR operates on. That is,

P = {P[DOO(PHﬁ) < logi} = {P!there exists @, B € [a, 1],s.t. P= BP+ (1— B)Q} )

Therefore, we take €.pq» = log

Qcvar

D.3 Linear Regression Results for Other Settings

We include linear regression results with respect to Best Config and Worst Domain in other settings
in Table [19] where similar patterns hold as in Section

D.4 Fine-grained Comparison between the Model Class and the Choice of the
Ambiguity Set

In this subsection, we conduct a fine-grained comparison of accuracy improvements resulting from
incremental changes in model class versus algorithmic design of the ambiguity set.

We examine accuracy variations across different methods that involve two types of interventions:

e Model class changes: Increasing incremental model complexity from linear models to neural
networks with the number of hidden layers in {2, 3,4}, and to Light GBM with the number of
base estimators in {64, 128,256}.

e DRO ambiguity set designs: Incorporating distributional robustness beyond standard ERM
training, through x2-DRO and CVaR-DRO in NNs, and KL-DRO and CVaR-DRO in LGBM,
using the optimal ambiguity size that maximizes the accuracy in each corresponding target
domain. We limit our comparison to these DRO variants with optimal radii, as they are the
formulations supported for the respective model classes in our implementation and yield the

best accuracies among the considered methods.
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Table 19. Regression results on
other settings besides in Table

algorithmic design components on the method performance in all

Dependent variable: Target accuracy

Best Config

Worst Domain

Variable Name Setting 3~ Setting 4  Setting 2 Setting 6  Setting 3 ~ Setting 5  Setting 1 Setting 6
LGBM —0.0234** —0.0189*** 0.0025*** 0.0224***  —0.0435*** 0.0142*** 0.0054* 0.0061***
Model (.0039) (.0017) (.0006) (.0034) (.0049) (.0030) (.0029) (.0014)
Class NN2 —0.0108"** —0.0105*** 0.0039*** 0.0122***  —0.0934*** 0.0540***  —0.0221*** —0.0288***
(.0040) (.0018) (.0006) (.0034) (.0057) (.0038) (.0036) (.0023)
NN3 —0.0097**  —0.0249*** 0.0022*** 0.0112***  —0.1868"*** 0.0516*** —0.0175"** —0.0201***
(.0042) (.0018) (.0006) (.0034) (.0057) (.0038) (.0037) (.0025)
NN4 —0.0215***  —0.0367*** —0.0005 0.0070**  —0.1839*** 0.0573***  —0.0158*** —0.0248***
(.0044) (.0019) (.0006) (.0035) (.0059) (.0037) (.0036) (.0030)
Kernel —0.0165*** —0.0101*** —0.0015*** —0.0063** —0.0789*** 0.0098***  —0.0058**  —0.0010
(.0033) (.0016) (.0005) (.0030) (.0049) (.0030) (.0029) (.0015)
L Wasserstein 0.0016 0.0046**  —0.0005 0.0051 —0.0382***  —0.0140** 0.0000 —0.0070**
Ambiguity (.0043) (.0020) (.0006) (.0037) (.0064) (.0064) (.0050) (.0030)
Set Chi-squared —0.0006 0.0005 0.0015*** 0.0075*** 0.0053 0.0040* 0.0159*** 0.0103***
(.0029) (.0014) (.0004) (.0024) (.0037) (.0023) (.0023) (.0014)
Kullback-Leibler ~ —0.0015 0.0047***  —0.0031*** —0.0002 0.0188***  —0.0255"** —0.0006 0.0011
(.0037) (.0015) (.0005) (.0035) (.0043) (.0027) (.0025) (.0013)
Total Variation —0.0067 —0.0098***  —0.0030*** 0.0032 —0.0727*  —0.0410"** —0.0291*** —0.0026
(.0059) (.0026) (.0008) (.0051) (.0091) (.0055) (.0053) (.0025)
OT-Discrepancy —0.0039 —0.0046* —0.0015* —0.0055 —0.0040 —0.0126** 0.0220***  —0.0073***
(.0059) (.0024) (.0009) (.0050) (.0084) (.0052) (.0048) (.0024)
Radius 0.0001 0.0005 0.0000 0.0051***  —0.0213*** —0.0101*** —0.0048*** —0.0030***
(.0028) (.0016) (.0004) (.0011) (.0013) (.0009) (.0009) (.0004)
Shift Y| X-ratio 0.1976*** —0.1218*** —0.0052*** 0.1967*** - - - -
Pattern (.0019) (0.0007) (.0001) (.0010)
Ca . Worst-case 0.0114**  —0.0229*** —0.0002 —0.0018 - - - -
Validation
Type (.0026) (.0011) (.0004) (.0022)
Average-case 0.0134***  0.0028***  0.0015***  0.0012 - - - -
(.0026) (.0011) (.0004) (.0022)
Fixed Setting No No No No No No No No
Effect Domain Yes Yes Yes Yes No No No No
N 287 3671 3671 287 5056 4500 4321 3352
Overall 5 1isted R 0.878 0.841 0.929 0.868 0.356 0.251 0.053 0.135
Notes. ***** and * show statistical significance at the 1%, 5%, and 10% levels using two-tailed tests, respectively.
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Neural Network Analysis. In Figure[13, we report the accuracy gains comparing these two
interventions across all distribution shift pairs. Panels (a)(d) in Figure [L3 show that when the
baseline is a linear model (e.g., SVM), changing the model class to NN2 yields larger accuracy
improvements than imposing DRO on the linear model. However, when the base model class is
already a neural network, the DRO effect becomes relatively more significant, as shown in panels
(0)(c)(e)(f)-

We further corroborate these patterns in Figure which aggregates accuracy differences across
all settings as well as representative configurations (Settings 1 and 5), and shows that model class
upgrades dominate accuracy gains for linear baselines, while DRO effects remain secondary and

model-dependent for neural networks.

This pattern indicates that DRO interventions yield significant improvements when applied across
incremental changes within the neural network model class. However, this finding must be interpreted
carefully: while DRO applied to NN2 shows substantial relative gains, neural network-based methods
overall achieve lower absolute accuracy in our problem setup, indicating that neural networks are
not well-suited to our semi-synthetic shifts. Consequently, despite the apparent effectiveness of DRO
within the neural network family, these methods do not achieve the best overall performance due to
the inherent limitations of the neural network model class for our problems. This interpretation is
further supported by panels (g) and (k) in Figure 13| which demonstrate that transitioning from NN2
to Light GBM produces substantially larger accuracy gains than any DRO intervention, highlighting
the primacy of model class selection over robustness design when models are mismatched to the

problem structure.

LightGBM Analysis. To better isolate the effects of fine-grained model class changes from
ambiguity set design, we conduct additional experiments focusing on interventions of Light GBM,
which proves to be a better model class with high accuracy in Section We represent fine-
grained model class changes by controlling the number of base estimators and tuning over other
hyperparameters.

As shown in all panels of Figure [15, when using a well-suited model class like LightGBM,
regardless of the specific base model class, fine-grained changes in model complexity consistently
outperform the effects of DRO ambiguity set design. The aggregated results in Figure [16 further
support this finding. Across all settings, incorporating distributional robustness does not even

provide improvements when the base model class is Light GBM.

Summary. Our analysis suggests that when the model class is appropriately suitable to the

problem (e.g., LightGBM in our case), incremental improvements in model complexity tend to
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Figure 13. Scatter plot comparing accuracy gains from interventions across distribution pairs and
settings. The horizontal axis shows the accuracy improvement from model-class changes, while
the vertical axis shows the accuracy improvement from DRO ambiguity set designs. Each point
corresponds to one source—target pair. The difference between the two interventions (vertical minus

horizontal) is reported within each panel. Superscripts

* ok

;. and *** indicate statistical significance at
the 1%, 5%, and 10% levels, respectively, based on one-sided tests of the null hypothesis that the
accuracy gain from model-class changes exceeds that from DRO ambiguity design.

provide larger accuracy gains than distributional robustness interventions. We acknowledge the

limitations of this empirical analysis and leave further theoretical quantification of the trade-offs

between fine-grained model class selection and robustness design as future work.
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B model class B +chi2-dro B +cvar-dro

Acc Difference (1%)
Acc Difference (1%)
Acc Difference (1%)

Linear NN2 NN3 Linear NN2 NN3 Linear NN2 NN3
(SVM) (SVM) (SVM)

(a) All settings (b) Setting 1 (c) Setting 5

Figure 14. Average accuracy gains (and the standard deviations) from increasing model class (linear
to neural networks varying the number of layers versus DRO ambiguity set design among all domains
in each setting. Here, “+model class” denotes incremental increases in model complexity (e.g., linear
to NN2, NN2 to NN3, NN3 to NN4). Each bar group corresponds to a fixed base model class.

D.5 (Non-)Linear Regression Results for Ablation Studies

We consider the interaction effects of model class and shift patterns, and the nonlinear effects of the
radius in the ambiguity set in the linear regression and provide results in Tables @ and @
We provide full definitions of variables in Table |17 and include three categories of variables: Radius?
as the nonlinear effect of the radius in the ambiguity set, interaction terms between the model class
and shift patterns, and interaction terms between the model class and robustness radius in Table
We also change the dependent variable to the performance gap in while keeping all these
independent variables in Table [L7 to understand the effects of robust models against distribution
shifts and report results in Table

Nonlinear effects of the radius and interaction effects of the model class and radius. In
Tables |20, and we introduce the nonlinear effect of the radius in the ambiguity set and interaction
effects between model class and radius. This enlarges the coefficient size of the nonlinear and linear
components in all settings. When aggregating all settings, the coefficient size of the radius for linear
models (“Radius”) is significantly positive in Table [20] compared with the negative coefficient size of
the radius for nonlinear models (“Radius” + “XX-Radius”). This has two implications: (i) Adding
robustness does not improve performance for nonlinear models; (ii) For linear models, it may provide
slight improvements when the optimal ambiguity radius is not large. Taking into account the scaled
size (with Radius <0.5 in general DRO models and Radius <0.1 in Wasserstein DRO observed from
the data), the ultimate aggregated performance improvement is approximately 0.005, which is still
smaller than the improvement attributable to the model class. Therefore, the relative improvement

incorporating DRO for linear models is not large compared to changing the model class.
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Table 20. Regression results on algorithmic design components (Best Config, incorporating nonlinear
effects of the radius and additional interaction effects between the model class and robustness radius,
between the model class and shift patterns) on the method performance

Dependent variable: Accuracy

Variable Name All Setting 1 Setting 2 Setting 3 Setting 4 Setting 5 Setting 6
LGBM 0.0102***  0.0169*** 0.0101*** —0.0162** —0.0103*** 0.0567*** 0.0313***
Model (.0022) (.0016) (.0009) (.0077) (.0027) (.0072) (.0057)
Class NN2 0.0157*  0.0140"*  0.0050***  0.0051 0.0055**  0.0725"*  0.0299***
(.0020) (.0016) (.0008) (.0074) (.0027) (.0067) (.0057)
NN3 0.0131%*  0.0119*** 0.0000 0.0135* —0.0044 0.0761*** 0.0273***
(.0022) (.0016) (.0009) (.0072) (.0028) (.0067) (.0057)
NN4 0.0088***  0.0149*** —0.0027*** 0.0227***  —0.0067** 0.0803*** 0.0271%**
(.0025) (.0017) (.0009) (.0079) (.0029) (.0081) (.0062)
Kernel 0.0025 0.0012 —0.0041***  0.0029 —0.0207**  0.0426"* —0.0206***
(.0018) (.0014) (.0006) (.0062) (.0022) (.0055) (.0050)
L Wasserstein 0.0058***  0.0020** 0.0024*** 0.0078* 0.0160*** —0.0086 0.0216***
Ambiguity )
(.0019) (.0008) (.0007) (.0041) (.0018) (.0060) (.0033)
Set Chi-squared 0.0006 0.0015** 0.0032***  —0.0006 —0.0105*** —0.0027 0.0139***
(.0013) (.0008) (.0006) (.0048) (.0016) (.0075) (.0031)
Kullback-Leibler 0.0003 0.0021*** 0.0040*** 0.0013 0.0008 —0.0095* —0.0011
(.0015) (.0008) (.0007) (.0046) (.0019) (.0052) (.0030)
Total Variation —0.0054** —0.0006 —0.0027*** —0.0024 —0.0153*** —0.0034 0.0043
(.0024) (.0010) (.0009) (.0058) (.0027) (.0118) (.0045)
OT-Discrepancy —0.0008 —0.0020"*  —0.0002 0.0004 —0.0026 —0.0058 0.0029
(.0024) (.0010) (.0009) (.0058) (.0030) (.0081) (.0045)
Radius 0.0124**  0.0033 —0.0147***  —0.0005 0.0153**  —0.0221 0.0254***
(.0021) (.0024) (.0014) (.0109) (.0077) (.0473) (.0053)
Radius2 —0.0011 —0.0001 0.0175*** 0.0048 0.0004 0.0224 —0.0137***
(.0007) (.0020) (.0011) (.0081) (.0059) (.0493) (.0012)
LGBM-Radius —0.0111** 0.0014 —0.0292** —0.0163** —0.0238*** —0.0186 —0.0077
(.0026) (.0015) (.0021) (.0079) (.0040) (.0128) (.0057)
NN2-Radius —0.0355"** —0.1920 —0.0049 —0.0164 —0.0478**  0.9804 —0.0753***
(.0061) (.1233) (.0100) (.0107) (.0052) (.1164) (.0173)
NN3-Radius —0.0309***  0.1406 0.0109*** —0.6364 —0.0499*** 0.1362 —0.0513***
(.0048) (.1233) (.0017) (.7382) (.0053) (.1255) (.0173)
NN4-Radius —0.0314*** —0.0041 0.0196*** —0.6235**  —0.1044*** 0.0109 —0.0906***
(.0091) (.0063) (.0034) (.7382) (.0113) (.0354) (.0257)
Kernel-Radius —0.0028  —0.0017 0.0079***  0.0182 0.0818***  —0.0043 0.0587***
(.0027) (.0011) (.0013) (.0112) (.0059) (.0253) (.0069)
Shift Y| X -ratio —0.0038***  0.0689*** —0.0056*** 0.2029*** 0.2029***  —0.0056*** 0.1958***
Pattern (.0004) (.0014) (.0002) (.0024) (.0012) (.0004) (.0013)
LGBM-Y| X-ratio 0.0001  —0.0030 0.0016™*  0.0050 0.0123***  0.0008 0.0085
(.0007) (.0019) (.0003) (.0075) (.0030) (.0007) (.0085)
NN2-Y| X-ratio —0.0010  —0.0030 0.0006™  —0.0118 0.0100**  0.0008 —0.0106
(.0007) (.0019) (.0003) (.0075) (.0030) (.0007) (.0085)
NN3-Y| X-ratio —0.0012* —0.0026 0.0004 —0.0234*** 0.0063** 0.0009 —0.0121
(.0007) (.0019) (.0003) (.0075) (.0030) (.0007) (.0085)
NN4-Y| X-ratio —0.0013* —0.0033* 0.0009***  —0.0406*** 0.0097*** 0.0009 —0.0120
(.0007) (.0019) (.0003) (.0075) (.0030) (.0007) (.0085)
Kernel-Y|X-ratio —0.0008 0.0016 0.0002 —0.0324*** —0.0037 0.0004 —0.0091
(.0006) (.0016) (.0002) (.0064) (.0025) (.0006) (.0072)
. Worst-case —0.0056™**  0.0050*** —0.0002 0.0114*** —0.0229*** —0.0067** —0.0018
Validation
Tvoe (.0010) (.0004) (.0003) (.0023) (.0009) (.0033) (.0017)
P Average-case 0.0054**  0.0078***  0.0015***  0.0134*** 0.0028***  0.0202***  0.0012
(.0010) (.0004) (.0003) (.0023) (.0009) (.0033) (.0017)
Fixed Setting Yes No 68 No No No No No
Effect Domain No Yes Yes Yes Yes Yes Yes
N 12527 3671 3671 287 3671 935 287
Overall ) yiusted R 0.196 0.775 0.937 0.903 0.873 0.776 0.921

Notes. ***** and * show statistical significance at the 1%, 5%, and 10% levels using two-tailed tests, respectively.



Table 21. Regression results on algorithmic design components (Worst Domain, incorporating
nonlinear effects of the radius and additional interaction effects between the model class and shift
patterns) on the method performance

Dependent variable: Accuracy

Variable Name All Setting 1 Setting 2 Setting 3 Setting 4  Setting 5 Setting 6
LGBM 0.0004 0.0034 0.0059**  —0.0311*** —0.0120"*  0.0241***  0.0151***
Model
(.0017) (.0034) (.0025) (.0057) (.0021) (.0036) (.0016)
Class NN2 0.0022  —0.0068 0.0077*  —0.0509%** —0.0117**  0.0634** —0.0130***
(.0023) (.0042) (.0041) (.0066) (.0035) (.0044) (.0026)
NN3 —0.0253**  0.0004 0.0064  —0.1512** —0.0299**  0.0586*** —0.0003
(.0023) (.0043) (.0050) (.0066) (.0038) (.0045) (.0029)
NN4 —0.0242*** —0.0090**  —0.0304*** —0.1480*** —0.0600***  0.0591*** —0.0097***
(.0024) (.0042) (.0054) (.0071) (.0046) (.0044) (.0037)
Kernel —0.0244** —0.0113*** —0.0065** —0.0856*** —0.0346***  0.0018 0.0003
(.0018) (.0034) (.0026) (.0057) (.0020) (.0035) (.0017)
. Wasserstein —0.0161***  0.0029 0.0019  —0.0342*** —0.0196*** —0.0035  —0.0025
Ambiguity . .
(.0027) (.0049) (.0064) (.0063) (.0038) (.0063) (.0029)
Set Chi-squared 0.0099***  0.0174***  0.0133**  0.0034 0.0001 0.0074***  0.0108***
(.0013) (.0023) (.0022) (.0037) (.0017) (.0023) (.0014)
Kullback-Leibler ~ 0.0016  —0.0056**  0.0012 0.0182***  0.0026*  —0.0134™*  0.0014
(.0014) (.0027) (.0020) (.0046) (.0016) (.0028) (.0014)
Total Variation ~ —0.0305** —0.0304** —0.0087** —0.0650*** —0.0400*** —0.0365"*  0.0011
(.0027) (.0052) (.0036) (.0089) (.0032) (.0054) (.0025)
OT-Discrepancy  —0.0021 0.0212** —0.0043 0.0053  —0.0304*** —0.0083  —0.0014
(.0025) (.0048) (.0034) (.0084) (.0029) (.0053) (.0024)
Radius 0.0011  —0.0018 0.0054*** —0.0153***  0.0299*** —0.0108***  0.0076***
(.0013) (.0026) (.0018) (.0041) (.0015) (.0027) (.0013)
Radius2 —0.0006*** —0.0007** —0.0006**  0.0011** —0.0031***  0.0000  —0.0012***
(.0002) (.0004) (.0003) (.0005) (.0002) (.0004) (.0002)
LGBM-Radius ~ —0.0167***  0.0096*** —0.0127"* —0.0161** —0.0363"** —0.0345"* —0.0154***
(.0016) (.0032) (.0021) (.0053) (.0018) (.0034) (.0015)
NN2-Radius —0.0410"* —0.0721*** —0.0391*** —0.0474** —0.0193** —0.0229*"* —(.0290***
(.0017) (.0074) (.0022) (.0040) (.0021) (.0064) (.0027)
NN3-Radius —0.0548"*** —0.0883*** —0.0428*** —0.0389*** —0.0112*** —0.0179** —0.0357***
(.0019) (.0076) (.0029) (.0040) (.0029) (.0081) (.0031)
NN4-Radius —0.0995"* —0.0522*** —0.0541** —0.0893***  0.0132 0.0004  —0.0696***
(.0055) (.0114) (.0154) (.0118) (.0104) (.0100) (.0175)
Kernel-Radius 0.0019**  0.0055*** —0.0078***  0.0099*** —0.0054***  0.0103*** —0.0014
(.0009) (.0018) (.0013) (.0031) (.0011) (.0019) (.0009)
Fixed Setting No No No No No No No
Effect Domain No No No No No No No
N 23776 4321 3212 5056 3330 4500 3352
Overall -\ jisted B2 0.483 0.113 0.267 0.410 0.340 0.291 0.205

Notes. ***** and * show statistical significance at the 1%, 5%, and 10% levels using two-tailed tests, respectively.
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Figure 15. Scatter plot comparing accuracy gains from interventions across distribution pairs and
settings. The horizontal axis shows the accuracy improvement from model-class changes, while
the vertical axis shows the accuracy improvement from DRO ambiguity set designs. Each point
corresponds to one source-target pair. The difference between the two interventions (vertical minus
horizontal) is reported within each panel. Superscripts *,**, and *** indicate statistical significance at
the 1%, 5%, and 10% levels, respectively, based on one-sided tests of the null hypothesis that the
accuracy gain from model-class changes exceeds that from DRO ambiguity design.

For the nonlinear effects of the radius in the ambiguity set, the coefficients of the quadratic

and linear components usually have opposite signs. When plugging the usual choices of the model

configuration (with Radius < 0.5) and the optimal radius from the coefficient, the effects on the

model accuracy are still relatively small across all settings. For specific settings, the approximated
largest effect of the radius on the accuracy is (—0.014Radius? 4 0.025Radius)max = 0.004 in Setting
6 in Table which is still dominated by the effect of the model class in that setting.

Subgroup regression per model class. In Table[22] we run one regression for methods under

each model class and report the coefficients of the ambiguity set and other controlled variables.

We observe that for most competitive model classes, e.g., linear, Light GBM, NN2, introducing the

distributionally robust counterpart does not yield substantial performance gains. The only notable
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Table 22. Regression results on algorithmic design components (Best Config) on the method
performance for each model class across all six settings

Dependent variable: Accuracy

Variable Name Linear LGBM Kernel NN2
o Wasserstein —0.0030 - 0.0086**
Ambiguity
(.0028) (.0037)
Set Chi-squared —0.0003 - 0.0080*** 0.0013
(.0025) (.0028) (.0026)
Kullback-Leibler —0.0013 —0.0076*** 0.0107** -
(.0026) (.0028) (.0025)
Total Variation  —0.0065"** - - -
(.0026)
OT-Discrepancy  —0.0040 - - -
(.0026)
Radius 0.0015 —0.0023 0.0076***—0.0229***
(.0030) (.0018) (.0022) (.0058)
Shift Y| X-ratio —0.0049***—0.0038***—0.0046***—0.0041***
Pattern (.0004) (.0005) (.0004) (.0005)
- Worst-case —0.0007 —0.0198***—0.0008 —0.0016
Validation
Type (.0020) (.0028) (.0024) (.0027)
Average-case 0.0008 0.0036 0.0058**  0.0097***
(.0019) (.0030) (.0024) (.0028)
Fixed Setting Yes Yes Yes Yes
Effect Domain No No No No
N 3654 1566 2610 1566
Overall ) jiusted R? 0174 0271 0178  0.28%
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Figure 16. Average accuracy gains (and the standard deviations) from increasing model class (linear
to Light GBM varying the number of base estimators versus DRO ambiguity set design among all
domains in each setting. Here, “+model class” denotes incremental increases in model complexity
(e.g., linear to LightGBM with 64 estimators, Light GBM with 64 estimators to 128 estimators). Each
bar group corresponds to a fixed base model class.

exception is the kernel-DRO methods, which demonstrate significant improvements over the ERM
counterparts (i.e., Kernel-SVM) when averaged across target domains. However, this improvement is
partly attributable to the increased variability introduced by the random projections used in kernel
methods, and the relatively poor performance of Kernel-SVM compared to linear and tree-based
ensemble models. In fact, the gains from switching model classes are generally much larger than

those obtained by adding robustness within a given class.

Interaction effects of model class and shift patterns. For interaction effects of the model
class and shift patterns, we do not observe significantly consistent coefficients among different settings
and the coefficient sizes for them are too small (smaller than ~ 0.01). This means that when the
Y| X-shift is larger, no particular model class (e.g., Light GBM or NN or linear model class) suffers a
larger performance drop. We observe similar coefficient sizes when we consider the interaction effects

of the ambiguity set and shift patterns. This aligns with previous empirical findings in Section (3.2

Setting the dependent variable to the performance gap. In Tables[23|and we investigate
how DRO models can mitigate the performance gap under natural distribution shifts by isolating
the effects of the model class on the target model performance. The coefficient of the tree-based
ensemble is negative, which is expected, as vanilla tree-based ensembles do not provide reliable
improvements under distribution shifts. However, the coefficient sizes across various ambiguity set
designs, including different distance types and radii, are not consistently larger than those of the
neural network models in both the overall and most specific settings. This suggests that DRO models

fail to sufficiently mitigate performance gaps.

72



Table 23. Regression results on algorithmic design components (Best Config, incorporating nonlinear
effects of the radius and additional interaction effects between the model class and shift patterns) on
the performance gap, i.e, target accuracy - source accuracy.

Dependent variable: Performance gap

Variable Name All Setting 1 Setting 2 Setting 3 Setting 4  Setting 5 Setting 6
LGBM —0.0165**  0.0057*** —0.0212*** —0.0425*** —0.0452*** —0.0201*** —0.0027
Model (.0021) (.0015) (.0009) (.0082) (.0025) (.0072) (.0037)
Class NN2 0.0064**  0.0050**  0.0045*** —0.0109  —0.0021 0.0213**  0.0099***
(.0020) (.0015) (.0008) (.0080) (.0025) (.0067) (.0037)
NN3 0.0025 0.0016 0.0032***  —0.0090 —0.0087***  0.0174***  0.0098***
(.0021) (.0015) (.0009) (.0077) (.0025) (.0067) (.0037)
NN4 0.0034 0.0056*** 0.0018* —0.0006 —0.0040 0.0189** 0.0105***
(.0024) (.0016) (.0010) (.0085) (.0027) (.0082) (.0040)
Kernel —0.0017 —0.0003 0.0048*** 0.0044 —0.0191*** 0.0104* —0.0046
(.0017) (.0013) (.0007) (.0067) (.0020) (.0055) (.0032)
L Wasserstein 0.0007 —0.0030***  —0.0048*** —0.0107** 0.0051*** —0.0086 0.0059***
Ambiguity
(.0018) (.0008) (.0007) (.0044) (.0016) (.0060) (.0021)
Set Chi-squared 0.0001 0.0039***  —0.0075*** 0.0003 —0.0022 —0.0011 0.0034*
(.0013) (.0008) (.0006) (.0052) (.0015) (.0076) (.0019)
Kullback-Leibler 0.0015 0.0058***  —0.0071***  0.0007 0.0001 —0.0069 —0.0027
(.0014) (.0007) (.0007) (.0049) (.0017) (.0052) (.0019)
Total Variation —0.0031 —0.0026*** 0.0000 —0.0002 —0.0058** 0.0002 0.0004
(.0023) (.0010) (.0010) (.0062) (.0025) (.0118) (.0029)
OT-Discrepancy 0.0040* 0.0018* —0.0013 —0.0007 0.0100*** —0.0034 0.0024
(.0023) (.0010) (.0009) (.0062) (.0027) (.0081) (.0028)
Radius 0.0004 —0.0063*** 0.0123*** —0.0091 —0.0067 —0.0283 0.0056*
(.0021) (.0023) (.0014) (.0117) (.0071) (.0475) (.0034)
Radius2 0.0011 0.0037**  —0.0199***  0.0086 0.0042 0.0226 —0.0029***
(.0007) (.0019) (.0012) (.0087) (.0054) (.0495) (.0007)
LGBM-Radius 0.0024 0.0088*** 0.0382***  —0.0096 0.0014 —0.0086 —0.0038
(.0025) (.0014) (.0022) (.0084) (.0037) (.0129) (.0036)
NN2-Radius —0.0118** —0.6542*** 0.0652*** —0.0092 —0.0181*** 0.0714 —0.0205*
(.0060) (.1183) (.0103) (.0115) (.0048) (.1214) (.0110)
NN3-Radius —0.0084* —0.0834 0.0083***  0.4106 —0.0266***  0.1396 0.0000
(.0047) (.1183) (.0018) (.7917) (.0049) (.1260) (.0110)
NN4-Radius —0.0133 —0.0058 0.0435*** —0.5412* —0.0908*** 0.0176 0.0144
(.0089) (.0061) (.0035) (.7917) (.0104) (.0356) (.0163)
Kernel-Radius —0.0061** —0.0072*** —0.0041*** —0.0194 0.0282***  —0.0007 0.0129***
(.0027) (.0011) (.0014) (.0120) (.0054) (.0254) (.0044)
Shift Y| X-ratio —0.0046*** —0.0290*** —0.0074*** —0.0726*** —0.1681*** —0.0059*** 0.0145***
Pattern (.0004) (0.0013) (.0002) (.0026) (0.0007) (.0004) (.0008)
LGBM-Y| X-ratio 0.0016** —0.0030* 0.0016*** 0.0050 0.0124*** 0.0008 0.0085
(.0007) (.0018) (.0003) (.0081) (.0027) (.0007) (.0054)
NN2-Y|X-ratio 0.0001  —0.0030* 0.0006**  —0.0118 0.0100***  0.0008 —0.0106*
(.0007) (.0018) (.0003) (.0081) (.0027) (.0007) (.0054)
NN3-Y| X-ratio 0.0001  —0.0026 0.0004 —0.0234***  0.0063** 0.0009 —0.0121**
(.0007) (.0018) (.0003) (.0081) (.0027) (.0007) (.0054)
NN4-Y| X-ratio 0.0001 —0.0033* 0.0009***  —0.0406*** 0.0097*** 0.0009 —0.0120**
(.0007) (.0018) (.0003) (.0081) (.0027) (.0007) (.0054)
Kernel-Y|X-ratio —0.0001 0.0016 0.0002 —0.0324***  —0.0037 0.0004 —0.0091**
(.0006) (.0015) (.0002) (.0069) (.0023) (.0006) (.0046)
1. Worst-case —0.0056***  0.0050*** —0.0002 0.0114*** —0.0228*** —0.0067** —0.0018*
Validation
Tvoe (.0010) (.0004) (.0004) (.0024) (.0009) (.0033) (.0011)
yp Average-case 0.0054***  0.0078*** 0.0015*** 0.0134*** 0.0029*** 0.0202*** 0.0012
(.0010) (.0004) (.0004) (.0024) (.0009) (.0033) (.0011)
Fixed Setting Yes No 73N0 No No No No
Effect Domain No Yes Yes Yes Yes Yes Yes
N 12527 3671 3671 287 3671 935 287
Overall A jjusted R? 0.241 0.792 0.935 0.896 0.890 0.748 0.963

Notes. ***** and * show statistical significance at the 1%, 5%, and 10% levels using two-tailed tests, respectively.



Table 24. Regression results on algorithmic design components (Worst Domain, incorporating
nonlinear effects of the radius and additional interaction effects between the model class and shift
patterns) on the performance gap, i.e., target accuracy - source accuracy.

Dependent variable: Performance gap

Variable Name All Setting 1 Setting 2 Setting 3 Setting 4 Setting 5 Setting 6
LGBM —0.0134**  0.0123"*  0.0193** —0.0413*** —0.0302"** —0.0343**  0.0017
Model )
(.0012) (.0021) (.0012) (.0030) (.0034) (.0026) (.0012)
Class NN2 0.0056™* —0.0130***  0.0341*** —0.0063* 0.0252***  0.0169**  0.0020
(.0015) (.0027) (.0020) (.0035) (.0058) (.0033) (.0019)
NN3 —0.0153** —0.0051* 0.0292%**  —0.06477* —0.0127**  0.0073**  0.0011
(.0015) (.0027) (.0024) (.0035) (.0063) (.0034) (.0021)
NN4 —0.0120** —0.0066**  0.0107*** —0.0668"* —0.0313**  0.0097*** —0.0024
(.0016) (.0027) (.0027) (.0038) (.0076) (.0032) (.0027)
Kernel —0.0126** —0.0022 0.0086** —0.0442"* —0.0392** —0.0034 0.0040***
(.0012) (.0021) (.0012) (.0031) (.0033) (.0026) (.0013)
. Wasserstein —0.0112**  0.0162** —0.0049  —0.0171** —0.0391**  0.0016  —0.0124***
Ambiguity .
(.0018) (.0031) (.0031) (.0033) (.0063) (.0047) (.0021)
Set Chi-squared —0.0036*  0.0054**  0.0046*** —0.0143"** —0.0189**  0.0025  —0.0020*
(.0009) (.0014) (.0011) (.0020) (.0028) (.0017) (.0010)
Kullback-Leibler —0.0030*** —0.0101***  0.0068***  0.0003  —0.0074*** —0.0099***  0.0000
(.0009) (.0017) (.0010) (.0025) (.0026) (.0021) (.0010)
Total Variation ~ —0.0129%**  0.0006  —0.0055*** —0.0099** —0.0369*** —0.0212*** —0.0005
(.0018) (.0033) (.0017) (.0048) (.0053) (.0041) (.0018)
OT-Discrepancy —0.0057***  0.0173*** —0.0042"* —0.0043  —0.0328*** —0.0039  —0.0017
(.0017) (.0030) (.0017) (.0045) (.0048) (.0039) (.0017)
Radius 0.0002  —0.0059***  0.0073™* —0.0060**  0.0240*** —0.0085"*  0.0019**
(.0009) (.0017) (.0009) (.0022) (.0025) (.0020) (.0009)
Radius2 0.0000 0.0005**  —0.0009**  0.0005  —0.0021***  0.0002  —0.0003***
(.0001) (.0002) (.0001) (.0003) (.0003) (.0003) (.0001)
LGBM-Radius ~ —0.0008 0.0288**  0.0063**  0.0076*** —0.0241*** —0.0268*** —0.0055***
(.0011) (.0020) (.0010) (.0028) (.0029) (.0025) (.0011)
NN2-Radius 0.0125** —0.0246** —0.0074***  0.0111***  0.0165**  0.0060 0.0147***
(.0011) (.0047) (.0011) (.0022) (.0034) (.0047) (.0020)
NN3-Radius 0.0177* —0.0313*** —0.0096***  0.0308***  0.0295"*  0.0055 0.0116***
(.0012) (.0048) (.0014) (.0022) (.0048) (.0060) (.0023)
NN4-Radius —0.0086** —0.0131* 0.0207***  0.0074 0.0656**  0.0115 0.0799***
(.0037) (.0072) (.0075) (.0063) (.0171) (.0074) (.0128)
Kernel-Radius 0.0018**  0.0020* 0.0024*** —0.0013  —0.0002 0.0077***  0.0041**
(.0006) (.0012) (.0006) (.0017) (.0017) (.0014) (.0006)
Fixed Setting Yes No No No No No No
Effect Domain No No No No No No No
N 23776 4321 3212 5056 3330 4500 3352
Overall -\ 45 sted B2 0.755 0.208 0.338 0.239 0.304 0.328 0.111

Notes. ***** and * show statistical significance at the 1%, 5%, and 10% levels using two-tailed tests, respectively.
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Nonlinear regression to identify critical components Due to the limited fitting power of the
linear equation, we generalize the linear equation in each setting to a nonlinear model for a
better explanation and subsequent attribution results. More specifically, following the same notation
as (4.1]), we estimate the following equation via fitting a random forest regressor (default setup as

scikit-learn with 10 estimators using 80% of all data points to avoid overfitting):
Accuracy; j s = f(Xijss Digists Zigs Vigs tis T5) + Tl js.t (D.1)

We do not incorporate interaction terms between algorithmic design since f(-) is a nonlinear function
that implicitly takes them into account in its specification.

In particular, to quantify the contribution of each algorithmic design component, i.e., model class,
validation procedure, and ambiguity-set configuration, we compute the average marginal performance
gain over the baseline linear SVM where all design flags are set to zero across the default configuration
set C of that baseline linear SVM. In particular, for each variable v € V := {X j s, Di j s, Zij, Vij},
for the regression fitted in a given setting, we compute its sensitivity (attribution) result A(v)

averaged over c¢ € C as follows:

. Z (f (Xijss Dijsits Zijs Vigs this Tj) et ey — f(Xig,ss Dijisits Zig Vigs iy T5)e)
(D.2)
where e, is the unit vector with 1 in the v-th coordinate. This metric corresponds to a form of local
sensitivity analysis in [9]. We report the attribution results in Table 25| with A = 1 (Specifically, we
compute the sensitivity value of the “Radius” parameter as maxae.2,0.4,...,13 A(v; A) since it is a
continuous variable). Note that the random forest regressor produces an R? exceeding 0.8 across all
settings, implying its adequacy to explain algorithmic behavior. Despite that, our main results in
fitting remain valid, where the effect of the model class still dominates that of the ambiguity

set design.

D.6 Training Details in Section 4.2

We detail how we compute the worst-case distribution of DRO methods under the Linear-SVM

based on f-divergence and Wasserstein distances as follows.

e For f-divergence-DRO, recall the training samples {(x;, ¥;) }ic[n), We denote the loss for each

sample by £, (i) = ﬁtr(]?(xi), y;) and solve the optimization problem as follows:
. 1
max Z pibr (i), s.t. — Z f(npi) <e
ze[n] 16[71}

where A, = {p € R} |}

icin] Pi = 1}. This is a linear optimization problem over a convex
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Table 25. Attribution results of random forest regression on algorithmic design components on the
method performance compared with Linear ERM method configurations following (D.2)) in the Best
Config design, with boldfaced values denoting the largest value in each category.

Variable Name All Setting 1 Setting 2 Setting 3 Setting 4 Setting 5 Setting 6

LGBM 0.0061  0.0082  0.0073  -0.0153  -0.0099  0.0490  0.0244

Model NN2 0.0085 0.0073 00045  -0.0065 -0.0044  0.0688  0.0078
Class NN3 0.0032  0.0062  -0.0002 -0.0039 -0.0154  0.0735  0.0048
NN4 0.0037  0.0085  -0.0023  -0.0133  -0.0150  0.0702  0.0018

Kernel -0.0140  -0.0012  -0.0072  -0.0209  -0.0527  0.0515  -0.0450

. Wasserstein -0.0003  -0.0006  -0.0006  0.0006  -0.0010  0.0006  -0.0052
Ambiguity Chi-square 0.0006 0.0024  0.0004  -0.0004  -0.0005  0.0018  0.0013
Set Kullback-Leibler | 0.0000  -0.0006  -0.0006  -0.0002  0.0006  -0.0008  -0.0003
Total Variation | -0.0010  -0.0019  -0.0009  -0.0019  -0.0019  -0.0013  -0.0001
OT-Discrepancy | -0.0005 -0.0001  -0.0006  -0.0002  -0.0003  -0.0000  -0.0083

Radius 0.0030 0.0014  0.0012 0.0060 0.0038  0.0003  0.0042

Shift Pattern Y[ X-ratio 0.0155 0.0339 0.0294 -0.0199 -0.0155 0.0530 0.0141
Validation Worst-case -0.0004 0.0007 -0.0001 0.0024 -0.0020 -0.0030 0.0004
Type Average-case 0.0012 0.0035 0.0006 0.0020 -0.0002 0.0024 0.0003
Overall Out-of-sample R% | 0.929 0.864 0.957 0.936 0.934 0.922 0.939

feasible set.

e For Wasserstein-DRO, we solve the optimization problem from Theorem 20 (ii) in [92] with

v = % This is a linear optimization problem.

For each optimization problem, we solve it via the interior-point algorithm by calling the MOSEK
solver to obtain the worst-case distributions.

Then we demonstrate the experimental settings in Section where we focus on Setting 1 with
ACS Income dataset and choose CA as the source domain. We sample 20,000 data points from ACS
Income (domain: CA), and obtain the worst-case empirical distribution of DRO, denoted by P*.
For the other 50 target domains, we sample 20,000 points from each domain (denoted by {@t}te[SO])~
Note that if the number of samples in one domain is less than 40,000, we randomly sample half of
the samples from that domain.

For the optimal in-distribution accuracy for each model under the worst-case distribution P* in
(4.3), we calculate its performance via 4-fold validation. For the 50 target domains {@t}te[50}7 we
calculate the optimal in-distribution accuracy for each model in the same way (via 4-fold validation).
For the transfer accuracy in , we fit models (LR, RF, LGBM, XGB) on P* and test them on

{Q:}ies0), respectively.

D.7 More Results in Section 4.2

For the worst-case distribution analysis in Section [4.2] we provide results with more basic model classes
in Figures and [19] Here in each figure, similar to Figure [6, the first bar represents the transfer
accuracies from the training distribution P to each of the 50 target domains ({TAcc(P, @t)}te[g)o]),
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and the rest three bars represent the transfer accuracy from the worst-case distribution P* to 50

target domains ({TACC(ﬁ*, @t)}te[SO])- The model classes F used here include LR, RF, LGBM, and
XGB respectively.

©  Worst Domain Acc o Worst Domain Acc o Worst Domain Acc o Worst Domain Acc

Daasdiias 2 INass S QQQ?

Radius: 0 0.05 0.1 0.2 Radius: 0 0.05 0.1 0.2 Radius: 0 0.05 0.1 0.2 Radius: 0 0.05

(a) LR (b) RF (c) LGBM (d) XGB

Figure 17. Transfer accuracy (4.4) on ACS Income (Setting 1) for different model classes F with
respect to the worst-case distribution of KL-DRO.

©  Worst Domain Acc o Worst Domain Acc o Worst Domain Acc o Worst Domain Acc
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Radius: 0 0.001 0.005 0.0 Radius: 0 0.001 0.005 0.0 Radius: 0 0.001 0.005 0.0 Radius: 0 0.001 0.005 0.01

(a) LR (c) LGBM (d) XGB

Figure 18. Transfer accuracy ( on ACS Income (Setting 1) for different model classes F with
respect to the worst-case distribution of Wasserstein-DRO.
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(c) LGBM (d) XGB

Figure 19. Transfer accuracy on ACS Pub.Cov (Setting 4) for different model classes F with
respect to the worst-case distribution of KL-DRO.

E Details in Section [5.1

E.1 Feature Attributions in Section [5.1

To quantify the shift in feature importance between the source and target domains, we compute
Shapley value attributions for each feature using the SHAP framework. Specifically, we train two
predictive models (each using a linear SVM) separately on the source data (Xirain, Yirain) and the
target data (Xiest, Ytest), and use shap.Explainer to obtain SHAP values for each feature of each
individual in both domains |71]. We then average the SHAP values over all instances within each

domain to obtain per-feature mean attributions. Finally, we compute the differences between the
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mean SHAP values in the source and target domains, resulting in a vector of feature-level attribution
shifts. This vector highlights which features contribute differently to predictions across the two

domains and thus helps identify critical components affected by distribution shifts.

E.2 Additional Results in other Settings besides Sections |5.1.1| and [5.1.2)

In each setting, we select the top-K features, where K € {1,2,3,4,5} is chosen adaptively based
on the number of features whose importance exceeds that of the remaining features by at least a

threshold of 0.01.

Table 26: Index of Z selected in each setting
Setting | 1 2 3 5 6

Shifted Z | {2} {12} {34} {1,15,19,23,35} {1,2,3,13,27}

Subsequently, we provide algorithmic intervention results that incorporate shift patterns in
Table [26 for other settings, as shown in Tables 27 and [28. Across all five settings, the results
remain valid. For settings where Y |X-shifts dominate, incorporating such Y| X-shift patterns leads
to a more refined ambiguity set and (usually) improved model accuracy for the Marginal-DRO
and Conditional-DRO methods, especially when there is substantial room for improvement in the
base model class, i.e., higher accuracy and macro F1 scores for some tree-based ensemble method
compared with SVM. For example, Marginal-DRO in Settings 1 and 5, and Conditional-DRO in
Setting 1.

Table 27. Results (Accuracy) of 5 other pairs in Section where we run each method with its
top-10 configurations (according to the in-distribution accuracy) and report its mean accuracy and
standard deviation. We boldface the best target performance within each class of methods in each
setting.

Dataset Setting 1 Setting 2 Setting 3 Setting 5 Setting 6
Shift Pattern Y|X dominates Y|X dominates Y|X dominates Y|X more X more
Source — Target Pair CA—PR MS—HI NYC—BOG CA—OR  2010—2017
SVM 72.840.0 71.2+0.1 75.640.1 77.2+0.1 68.7+0.1
Basic LR 73.5+0.5 70.7+0.5 74.940.2 77.040.2 68.5+0.2
Methods RF 76.0+0.8 T1.7+0.4 73.2+40.2 67.9+0.3 70.7+0.4
XGB 69.8+1.1 66.1+0.5 71.4+08 66.840.2 68.8+1.5
LGBM 75.7+3.9 67.6+1.1 72.8+2.9 67.1+1.2 69.2+1.1
Wasserstein-DRO 74.2+2.4 71.3+0.1 75.3+0.1 76.8+0.3 67.8+0.0
. Wasserstein-DRO-Int 72.8+1.3 71.2+0.2 75.4+40.1 76.0+0.1 67.8+0.0
Linear-DRO .
Methods Marg?nal-DRO 70.0+25 70.840.5 76.1+0.1 71.1+1.8 69.0+0.5
(base: SVM) Marginal-DRO-Int 75.1+0.4 69.9+0.6 76.2+0.6 76.8+1.7 69.2+0.4
Conditional-DRO 73.2+0.2 70.8+0.2 76.0+0.1 76.0+0.2 69.0+0.0
Conditional-DRO-Int 75.7+0.0 70.5+0.1 76.0+0.0 74.1+0.0 68.940.0
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Table 28. Results (Macro F1 Score) of 5 other pairs in Section where we run each method with
its top-10 configurations (according to the in-distribution accuracy) and report its mean accuracy and
standard deviation. We boldface the best target performance within each class of methods in each
setting.

Dataset Setting 1 Setting 2 Setting 3 Setting 5 Setting 6
Shift Pattern Y|X dominates Y|X dominates Y |X dominates Y|X more X more
Source — Target Pair CA—PR MS—HI NYC—BOG CA—OR  2010—2017
SVM 60.740.0 52.9+0.5 75.6+0.1 60.9+0.1 59.8+0.2
Basic LR 61.34+0.4 53.8+0.3 74.840.2 59.441.2 58.8+0.3
Methods RF 62.0-+0.6 51.0+0.8 73.140.2 59.840.3 64.6+1.0
XGB 57.9+1.0 52.540.5 71.340.8 60.440.4 64.7+0.9
LGBM 62.4+2.7 53.2+0.4 72.6+3.0 59.7+1.2 65.1+0.7
Wasserstein-DRO 60.6+0.8 51.9+0.0 75.340.1 59.6+1.7 58.840.0
. Wasserstein-DRO-Int 60.7+0.9 51.9+0.1 75.3+0.1 61.7+0.1 58.8+0.0
Linear-DRO .
Methods Marg?nal—DRO 60.9+0.5 51.7+0.4 71.2+1.9 62.6+0.5 58.6+1.7
(base: SVM) Marginal-DRO-Int 61.0+0.4 52.2+11 76.1+0.3 62.8+0.2 59.6+3.1
Conditional-DRO 58.6+1.8 53.2+0.5 76.1+0.1 62.4+0.9 62.2+1.3
Conditional-DRO-Int 62.2+0.3 52.7+1.1 73.0+0.6 61.140.3 61.6+1.6

E.3 Additional Results in Section [5.1.3

Our prompt to Gemini-2.5-Pro is as follows:

Given the ACS Income dataset https://fairlearn.org/main/user_guide/datasets/acs_
income.html, and the following set of one-hot encoded binary features: ... (mention feature
names), each feature is a binary indicator, encoded via one-hot encoding. Suppose I train
a predictive model using data only from California and aim to generalize its predictions for
income to the other 50 states and Puerto Rico (PR). Which of the above features are most
likely to exhibit significant distributional shifts between California and the other states/PR?
Can you provide a list of all features as a dictionary, with keys being the feature and values

being the weight?

Afterwards, we rescale the vector Arym by multiplying its components by a constant so that

their sum equals the original feature dimensionality d.

F Details in Section [5.2

F.1 Further Discussions for Algorithm

In this part, we provide a more detailed introduction of our proposed Algorithm

Choices of Sx. First, we construct a shared distribution Sx over X whose support is contained

in that of both Px and Qx. We choose a specific shared distribution Sx over X whose support is
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contained in that of Px and Qx (following [26]).

px(7)gx ()
X ) + ax(@) (1)

Ideally, the chosen shared distribution would exhibit a higher density when both Px and ) x densities
are high, and a lower density when either of the two possesses a low density. This strategy effectively
allows regions of shared density to be more pronounced., which leads to the formulation of .
Furthermore, we discuss different choices of Sx to provide more intuitions. As demonstrated in [26],

we can use many forms of the shared distribution. For example, we could choose the following form:

sx () o< min{px (), ¢x ()}, (F.2)

which guarantees that the support of Sx is contained in that of both Px and ()x. Another choice is:

px(z) QX(x)} > e,

px(z) + qx(z) if min { ax (@) px (@)

sx(x)
0 otherwise,

for some € > 0. This form of Sx defines shared samples as those with high likelihood ratios. Notably,
for all the three forms of Sy, if Px = Qx, then Sx = Px = Qx. And when px(z) > gx(x) or

px(x) < gx(z), (F.1) and (F.2) become similar. In our Algorithm (I} we use the form of (F.1)),

and Cai et al. |26] observe that in practice the qualitative conclusions are not very sensitive to the

specific choice of shared distribution.

Intuitions behind Algorithm Since we do not have access to samples from the shared

distribution Sy, we reweight samples from Px and @) x using the likelihood ratios:

=X x) qx—(x) an X T) X PX—(»T)
bx ) px(x) + gx(x) d qX( ) PX(J?H—qX(m)' (F.3)

Then we define & as the proportion of the pooled data that comes from the distribution Q:

. ng . - .
a=—>— and 7a(z)=P(X from X =1x),
e () = P(X from Qx|X =)

where 7t(x) denotes the probability of a sample to come from Qx. Using Bayes’ rule, we have:

(z) = IP)(X = :1:|X' from QX)IP’(X from Qx) _ aq(x)
) Plw) ag(x) + (1 — a)p(x)’
T At (- &)
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Noting that the ratio 7(z) can be modeled as the probability that an input = came from Px vs Qx,
we train a binary “domain” classifier to estimate the ratios. (The “domain” classifier can be any
black-box method, and we use XGBoost throughout).

Then the likelihood ratios that we care about could be reformulated as:

% x) o PX(SS 1 and %(1‘) o qu();)(x) 1’
ax(@) T ax(@) T
which gives that:
sx r(x) Sx 1—7(x)
—(x) x — — — and —(x) x — — — .
ox " X T80 + all = #(@)) o ) T @) + 6l = 7(2)

After obtaining the likelihood ratios %(x) and %(l’), we could do an apples-to-apples comparison:

we estimate Pyx and Qy|x over the shared distribution Sy (using XGBoost F):

fr = xgmin {ESX Bl (000, V11| = B 8 (100, 1) S () } |

. ds
fq = argmin {Esx Eqlt (), Y)IX]| = ot ((X),1) 55 (X)] } .

Then, for any threshold b € [0,1], {x € X : |fp(z) — fo(z)| > b} suggests a region that may suffer

model performance degradation due to Y| X-shifts.

F.2 Alternative Approach of Identifying Covariate Region

In Algorithm [I] we propose a simple way to identify the covariate region to explain the cause of
Y| X-shifts. And the identified region could be used to guide the collecting process of target data,
which could help to further reduce the effects of performance degradation. However, in practice,
when the amount of target samples is quite small, it is difficult to train the fg only with target
samples accurately.

Following this idea, we propose a sample-efficient alternative for identifying covariate regions in
Algorithm [2] which does not need fq to fit Qy|x on the target distribution. Since the training data
is enough, it is feasible to fit fp on the shared distribution Sx as:

fp = argminEp b (f(X), V)] . (F.4)

feF dPx

Then for ng samples from target distribution @, we could use a prediction model h(z) to approximate
|Y — fp(X)| on the shared distribution (by reweighting density ratio f}g—’;). Note that this method
does not need to train fg on target samples, but the quality of the density ratio dSx/dPx and the
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Algorithm 2: Sample-Efficient Alternative for Identifying Regions

Input: Source samples {(z]',y!")}icpnp) = P and target samples {(@,y)}jepngl = Q-

Model discrepancy threshold b.
1 Estimate 7(x) ~ P(X ~ Q4| X = x) by training a classifier on the source and target samples.
2 Calculate density ratios w,(7(x), &) according to Equation and for p= P, Q.
3 Fit the prediction model fp according to Equation (F.4), where we set F as XGBoost; (only
fit fp here)
4 Fit a model h(z) to predict |fp(z) — y| using target samples {(x?,y?)}je[m] with the

A QN A
N B e o0 )
weight A Skelng) wQF(e})).8)

Output: Region R = {x € X' : h(x) > b}.

,Vj € [ngl.

prediction model h(x) still depend on the target samples.

F.3 Other Results
F.3.1 Analysis of Decision Tree

In Algorithm |1} we use a shallow decision tree h(x) to approximate y = |fp(z) — fo(x)| on the
shared distribution Sy to find the covariate region with highest discrepancy. In our decision tree,
we use the squared error as the splitting criterion. And below we demonstrate that this criterion is
equivalent to maximizing the discrepancy between two children nodes.

Suppose there are N samples with outcomes {yi}z‘e[N] belonging to tree node fa, and these
samples are split into two children nodes s1, so, where the node s1, s9 denote the set of sample indices

in the two children nodes respectively. The squared error criterion to split fa into s; and sg is:

min {5(317 89) 1= % < > i)+ (i - MY,2)2) }, (F.5)

1ES1 1€52
where
N N
L Zi:1 yi]—{iesl} L Zi:1 y’il{iESQ}
py, = IR Ly e i T E) (F.6)
Zi:1 1{1'651} Z¢:1 1{z‘652}

denote the mean values of the outcome Y with samples in children nodes s; and so. Denote the

distribution of the outcome Y follows the empirical distribution over the N samples {y;}icn]-
Simplifying (F.5), we have:

E(sl, 82) = P(Y € sl)Varsl (Y) + P(Y € SQ)V&I'S2 (Y) = ES[Val"(Y|S)], (F?)

where Varg(Y') denotes the variance of the outcome variable Y in node s, S = {s1, s2} is the variable
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representing the children nodes. Therefore, given that Vary,(Y')(:= Varg(E[Y|S]) + Eg[Var(Y'|5)])
is constant, the minimal Eg[Var(Y'|S)] corresponds with the largest Varg(E[Y|S]), which maximizes

the discrepancy of the outcome between two children nodes.

F.3.2 Details of Data-centric Interventions

In Section [5.2.2] we propose two potential data-centric interventions to mitigate the performance
degradation. In this section, we introduce in detail the intervention of collecting specific data from

the target.

Experiment setup. We focus on the income prediction task using the ACS Income dataset.
Consider a practical scenario where the training set consists of 20,000 samples from California (CA)
and the trained model was deployed in Puerto Rico (PR) in trial. After the trial deployment in
PR, we got a small amount of samples from PR with labels and observed performance degradation.

Under this setting, we investigate the effect of non-algorithmic interventions.

Collect specific data from the target. We first identify the regions with high discrepancy
between source and target. Note that the sample size of the target state is small compared to
the training samples. Then for basic ERM and tree-based ensemble methods like LR, NN, RF,
Light GBM and XGB, we compare the performances of:

e original setting (only 20,000 samples from the source);
e original setting with N additional random samples drawn from the whole target state;

e original setting with N additional random samples drawn from the covariate region of the

target domains.

In this experiment, we first select the best configuration of each method according to the %.i.d
validation set in the original setting (only samples from CA), and fix it for the other two interventions.
We vary N as 100, 200, 300 and the results are shown in Figure From Figure incorporating
data from the identified covariate region leads to a stable improvement on typical algorithms even for
small target sample sizes. However, we observe that Light GBM and XGBoost would easily overfit
fo on the target data, and we use random forest under this setup as an alternative. It is worth
investigating approaches to find covariate regions effectively under small /imbalanced sample sizes
in the future. The approach mentioned here is a simple way of non-algorithmic and explainable

interventions and we hope it could inspire further research in this direction.
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