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Appendix A: Additional Proofs
A.1. Notation and preliminaries

For summations, if a < b, then we take the convention that Zf’:a x; = 0. We use zero-based matrix indexing. Let &; be
the vector with its k-th entry (zero-based indexing) 1 and other entries 0. Let 1 be the vector with all entries equal to
1. For a matrix A, let ||Al[,,, be the operator norm of matrix A.

Let v = (vg, ..., vk) be the initial distribution of the queue length process. Let

—Ao(p)  Ao(p)
uo —up)-p A4(p)
0(p) = Hu —A2(p) = a2(p) (1
TR
be the transition rate matrix (a.k.a. generator) of the continuous-time Markov chain corresponding to the queue
length process. Throughout the section, we assume that A;(p) > 0 for any p >0 and £k =0,1,...,K — 1. Let n(p)
be the steady-state probabilities. Let D z(p) be the diagonal matrix with entries Dz ; ;(p) = ymi(p). Let O(p) =
D z(p)Q( p)D\_/IE( p). By properties of the steady-state probabilities, we have that O(p) is a symmetric matrix. Let
O(p)=U(p)D(p)U(p)T be the eigen-decomposition of Q(p), where U(p) is an orthogonal matrix and D(p) is a

diagonal matrix. With this, we can express Q(p) as
Q(p) =D (PQ(P)D yz(p) = D (P)U(P)D(p)U(p) "Dz (p) =U(p)D(p)U (p). 2)

where U(p) =D (p)U(p).

The continuous-time Markov chain is clearly irreducible, and thus by Perron—Frobenius theorem, Q(p) has a zero
eigenvalue, and the rest of the eigenvalues are negative. Without loss of generality, we assume D (p) = 0. Let 0% (p)
be the group inverse of Q(p), i.e.,

Q" (p) =U(p)D*(PU~ (p), 3)

where Dg’o(p) =0 and Di’k(p) = Dlz,lk(p) for k >0.!

Corresponding to the zero eigenvalue, the right eigenvector of Q(p) is 1, and the left eigenvector is 7(p). Thus we
can decompose U (p) into two parts: U(p) = (T, U>(p)), where U (p) is a (K + 1) x K matrix. We can do the same for
Ul (p):U(p) = (ﬁ(p),UZ‘l(p))T, where U; ! (p) is a (K + 1) x K matrix.

For a matrix M, we write ME(M) = max; ; |M,- j| as the maximum of the absolute values of the entries of M. For
any @ > ME(Q(p)), let P(p,a) =1+ Q(p)/a. By construction, P(p, @) is a stochastic matrix with nonnegative entries

and P(p, a/)i) =1. By (2), we can also write

P(p,a)=U(p) (1+ éD(p)) U(p). 4)

! Note another way of defining O is by setting 0% (p) = —(177 — Q)~! (I - 17). The two ways are equivalent.
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Again, by Perron—Frobenius theorem, we have that Dy x(p)/a + 1 >0, and hence |D K.k ( p)| <a.

For a fixed price pg and price perturbation ¢, let

ao(po,fo)= sup  ME(Q(p))=  sup  max|Q;(p)|. )
PELPo—240,po+4o] pelpo—20.po+éo] '/
Furthermore, let
Bo(po, o) = inf min|Dy x(p)| - (6)

pPelpo—<40.po+éo] k=1

Note that Bo(po, o) > 0 since |Dk,k (p)| >0 for any k > 1 and p > 0, and eigenvalues are continuous functions of
matrices. Further, by the analysis following (4), we note that ag > Bo.
In the following sections, we use the notation C(A, B, ...,) to denote constants that depend on A, B, ..., but not on

other parameters. The notation C may take different values at different places.
A.2. Lemmas

LEMMA 1. Let R;(p, po, £o) = PL(p, ao(po, o)) — 17(p)T, where ay is defined in (5) and P(p,a) = I + Q(p)/a.
Then there exists a constant C(K, po, o) € (0, 1), such that for any p € [po — {o, po + (o] and any i e N,

IR (P, o> L)l < C' (K, po, L0), (7)

where |||, , stands for the operator norm of a matrix.

op

Proof.  We have shown in (4) that P(p, ao(po, o)) =U(p) (I + WD(p)) U~!(p). Therefore,

Pi(p.ao(po. &) = U(p) (1+ ! (p)) U (p). ®)
aO(pO’é’)

Asdiscussed in Section A.1, Dy o(p) is zero, and all the rest diagonal entries D i (p) are negative. We also note from the
discussion in Section A.1 that U(p) = (T Us(p)), where Uy (p) isa (K +1) x K matrix and U~! (p) = (7(p), U2‘1 (p))T,
where U2‘l (p) isa (K + 1) x K matrix. Therefore,

Ri(p, po. &) = P (p,ao(po. &) — 17"

1 LR N 9)
=U(p) (1 + —D(p)) - &oey |U (p).
ao(po, $o)
LetX= (( m)(po ) D( p)) - eoe ) The matrix X is clearly a diagonal matrix with X o =0 and
D i i
Sepn (1 . Drx(p) ) < (1 _ ,30(170,50)) (10)
ao(pos o) ao(pos {o)

for k > 1, where By is defined in (6). Take C(K, po, o) =1 — Bo(po, Lo)/@o(po, {o). Note that we have shown that
C(K, po, o) € [0,1) in Section A.1. Therefore, we have that the absolute value of the eigenvalues of R;(p, po, o) are
all bounded by C(K, po, {o)’. The result then follows from noting that the operator norm of a diagonalizable matrix is

the same as its largest eigenvalue (in absolute value).

LEMMA 2. There exists a constant C(K,po,lo) € (0,1) and C\(K,po,lo) > O, such that for any p €
[Po — 4o, po + &ol, and any m € N,

m—1

D PH(p,ao(po, o) = m17(p)T +ao(po, £0)Q*(p)
i=0

(1)

op
< C1(K, po,£0)C™ (K, po, {o)-
Here a is defined in (5).
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Proof. 'We note that by (4),

m—

m—1
D Plpao(po.o) = ) (U(p) (1+
i=0 i=0

m—

Olo(Po,{o)D(p)) v (p))

—_

U(p) (1 D(p)) U(p) (12)

+ S —
g ao(po. o)

m—1

> (1+ ;D(p))i
ao(Ppos £o)

i=0

=U(p) U'(p).

As discussed in Section A.1, Dg o(p) is zero, and all the rest diagonal entries are negative. Therefore,

m—1 m—1

1 i
Z (l T a0(po. o) DO’O(p)) B Z e o

i=0 i=0

At the same time, for k > 1,

m—1 i m
1 ao(po. o) . @o(po. o) ( Di r(p) )
1+ ——Dx, =- + 1+ - (14)
;‘ ( ao(po.f0) k(p)) Dix(p)  Diri(p) @0 (po o)
where
D m m
S(1+ k.k(P) ) S( _,30(170,{0)) . (15)
ao(po, {o) ao(po, {o)
Thus,
m—1 ]
> Pi(p.ao(po. o))
i=0
m
_ a0(po,%o)
=U(p) Pritp) U (p)+U(p)ZU ' (p)
_ao(Po,(éo))
Dk k(p
" (16)
. _ao(po,&) -
=Lupp| P (7.0 (»)) +UmEU ()
_ a0(po,%o)
Dk k (p)
=ml(p)" - ao(po. Lo)U(p)D* (p)U" (p) +U(p)ZU ' (p)
=m17(p)T - ao(po. £0)Q*(p) + U(p)ZU' (p)
where X is a diagonal matrix with ; x =0 and X x = ”DOZ’; Oé‘;) (1 + (f(:l((}fo(,io)) )m for k > 1. Therefore,
@o(po, £o) ( Bo(po, o) )m
ME(E) < 1 - : (17)
Bo(po. Lo) ao(po, {o)

Take C(K, po, {o) = 1= PBo(po, {o)/ao(po, {o) and C1 (K, po. o) = ao(po, {o)/Bo(po, {o). Note that we have shown that
C(K, po, o) € [0,1) in Section A.1. Therefore, we have that the absolute value of the eigenvalues of U(p)ZU~'(p)
are all bounded by Ci(K, po,o)C™ (K, po, o). The result then follows from noting that the operator norm of a

diagonalizable matrix is the same as its largest eigenvalue (in absolute value).

LEMMA 3 (Number of eligible jumps). Consider the continuous-time Markov chain with transition rate matrix

defined in (1). Let J be a set of eligible jumps, i.e., J is a set of (i, J) pairs such that i, j € {0,...,K}. Assume that
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(k,k) & J. Here the pair (i, j) stands for a jump from state i to state j. Let N g(T, p) be the number of eligible jumps
in time [0,T). Let Q be a matrix such that Q~,~,j =Q;,; if (i,j) € J and otherwise Q~i,j =0.
There is a constant C(K, po, (o, 1) such that for any p € [po — Lo, po + (o],

B [N (T.p)] - T7()T (01| < C(K. po. o 10, (s)
|Var [Ng(T, p)| = To3(p)| < C(K, po, o, 1), (19)

where
a2 (p) =#(p)"O(p)1 - 27(p)" O(p)Q* (1O (p)1. (20)

Here Q% is the group inverse of Q defined in (3).

Proof. We write a = ag(po, (o), Where «q is defined in (5). Throughout this proof, we omit “(p)” and “(a)” for
simplicity. We use constants Cy, Cy, ... that could depend on K, u, po, {op but not on p.

We start with a uniformization step. The continuous-time Markov chain we considered can be described by a
discrete-time Markov chain with transition matrix P = I + Q /a where jumps occur according to a Poisson process with
intensity a. Let M(T) be the total number of jumps of the discrete-time Markov chain. Note that among the jumps,
there are some self jumps that go from state k to state k. We are interested in the eligible jumps in J.

Note that M (T) ~ Poisson(eT) and that Var [N ¢(T)| = Var [E [Ng(T) | M(T)|| +E [Var [N4(T) | M(T)]]. We
will then study the distribution of N.4(T) conditioning on M (T) = m. To this end, let P = O/a. By Lemma 2, the first
moment satisfies

E[Ng(T) | M(T)=m| =¥"(I+P+P*+...P" 1Pl
=y (mTﬁT - a'Q#) P1 +error, (21)

=mi' Pl —avTQ*PI +errory,

where |error; | < C;C}" for some constants C; >0 and C; € (0, 1). Therefore,

E[Ng(T)| =E [E[Ng(T) | M(T)]] =E [M(T)] 77 P1 +error,
N (22)
=7" Q1T + error},

where |error’ | < (] for some C{ > 0.
The second moment involves more analyses. We write N ¢(T') = ZM(T) X;, where X; = 1 if the i-th jump in the

discrete-time Markov chain is an eligible jump. Then

E [N%(T)| M(T) =m] =E

m m—1m—j
=E Zx, +2 Z XiXirj | M(T)=m (23)
i=1 j=1 i=1
m m—1m—j
=Y FTPPT+2 yTPi-1ppi-1pT.

i=1 j=1 i=1
For the first summation, we can again apply Lemma 2 and get
m
Z VTP P =57 (mTﬁT - a/Q#) P1 +error;
i=1 (24)

=ma' P1-avTQ*P1 +error,
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where |error; | < C;C}" for some constants C; >0 and C; € (0, 1). For the second summation, we have that

m—1m—j —-J
2 yTpi-l1ppi- 1P1—2Z”T(ZP' 1

j=1 i=1 1 i=1

PP/~ pT

(25)

m—1
2N 5T ((m—j)TﬁT—aQ#+Ej)ﬁPf—113T,
=

where HE(,-”OP <C C;"_j for some constants C; > 0 and C; € (0, 1). We further note that

m—1

2 Z VTE;PP/~'P1 < Z C3(1-Cy)" I <y, (26)

for some constants C3, C4 > 0. Plugging this back into (25), we get that

TP1pPITIpT

\9}
<!

e
=2 Z v ((m - Hiz" -a0" +Ej) PPI1PT Q27)
=
m—1 m—1
=27'P Z(m NP P -2vTa QP ZPj_l P1 +error,
Jj=1 Jj=1

where |error;| < Cy4. For the first summation in (27), note that

(28)

= - (m-1)aQ" + Eq,

where, again by Lemma 2, || E;ll,, < ClCé for some constants C; >0 and C; € (0,1) and ||Eol|,,, < Cs for some

constant Cs > 0. This then implies that the first summation in (27) satisfies

m-1
TP (m- PP
j=1

1 o 29
=2ﬁTP(m(m2 ) — (m-1)aQ*| P1 + errors (29)

) 2 - -
—m(m-1) (ﬁTPl) —2a(m - 17T PQ* 1 + errors,

where |errors| < Cg for some constant Cg > 0. For the second summation in (27), we can again apply Lemma 2 and get

that
m—1 m—1
29TaQP| ) PPl =27 QP pr—l Pi
j=1 j=1

. - o (30)
=2vTaQ*P ((m -Dir" - aQ#) P1 +errory

=2a(m-1)v"Q"P1 (ETPT) —2a*770*PO*P1 + errory,
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where |errory| < C7CY" for some constant C; >0 and C; € (0, 1). Finally, combining (27), (29) and (30), we have that
the second summation in (23) satisfies

m—1m—j ) N ~-\2 3 51
22 Z‘—;Tpl—lﬁpj—lplzm(m—l) (7_1:TP1) —Z(YmﬁTPQ#Pl
j=1 i=1 (31)

—2amv’ Q#IST (ﬁTPT) + errors,
where |errors| < Cg for some constant Cg > 0. Now, together with (24) and (23), the above implies that
E [N3(T) | M(T) = m|
=mi Pl + m(m—1) (ﬁTPT)2 - ZQmﬁTﬁQ#PT (32)
—2amyT0*P1 (ﬁTﬁT) + errorg,
where |errorg| < Co for some constant Cy > 0.
We are ready to study the variance of N 4(T') conditional on M (T).
Var [N g(T) | M(T) = m|
=E [N3(T) | M(T) =m] - (E [N4(T) | M(T) = m])*

U >\ 2 . -
= mA BT +m(m—1) (ﬁTm) —2am#TPQ" P

(33)
s - = 2
—2mavT 0PI (ﬁTm) - (mﬁTPl - (ﬁTQ#Pl) + error;
-\ 2 - N
=m (— (ﬁTPl) + (ﬁTPl) - 2a7?TPQ#P1) + errorg,
where |errory| < Cyg and |errorg| < Cyg for some constant Cyg > 0.
Finally, note that
Var [N 4(T)| = Var [E [Ng(T) | M(T)]| +E [Var [N4(T) | M(T)]]
2
= (ﬁTPl) Var [M(T)] + errorg
_\2 - N
+ (— (ﬁTPl) + (ﬁTPl) - ZaﬁTPQ#Pl) E [M(T)]
>T R 2
= (nTPl) aT + errorg (34)

. (_ (7 Pi) + (77 P1) - 2aﬁT13Q#13T) oT
= (ETFT - ZaﬁTﬁQ#ﬁT) aT + errorg,
= (ﬁTQT - ZﬁTQQ#QT) T + errorg,
where |errorg| < Cy; and |errorg| < Cy; for some constant Cy; > 0.

LEMMA 4 (Number of departures). Consider the continuous-time Markov chain with transition rate matrix
defined in (1). Treating it as a queue length process, let Ngep(T, p) be the number of departures in time [0,T]. There
is a constant C(K, po, {o) such that for any p € [po — o, po + {ol,

|E [Naep(T, p) | = Tu(1 = mo(p))| < C(K, po, Lo, 1), 35)

|Var [Naep(T, )] - Tagep(p)| < C(K, po, o, 1), (36)
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Taep(P) = (1 =70(p) + 247 ), w1 (P) Oy (p). (37)
i=0

Here QF is the group inverse of Q defined in (3).

Proof. Throughout this proof, we omit “(p)” and “(«@)” for simplicity. We use constants Cy,C, ... that could
depend on K, u, po, {p but not on p. We will use Lemma 3 to show the results. We note that the eligible jumps are
J = {(i,j) e{l,....K}*:j=i- 1}. Therefore, in this setting,

We start with the expectation. Note that 01 = (0, g, ..., ). Therefore,

K
ﬁTQ1=u(Zﬂi)=#(1—ﬂo)- (39)
i=1
For the variance, we note that since Q#T = 6,
0 1 (o)
457 4|1 #7 410 o
Q"0l=pQ"| |=pQ"1-pQ"| | =-p "0 (40)
#
1 0 %0

Note also that 770 = p(xy, .. ., 7k, 0). Therefore, 7T OQ*01 = —u2 popre 7ri+1Qf’0. Hence,

K-1
ATOT-2770001 = (1 ~m)u+ 2% ) mini Q. (41)
i=0

LEMMA 5 (Uniform integrability). Set the price at p throughout the experiment. Let Ny (T, p) be the total number

of arrivals in time [0,T]. Under Assumptions 1-3, there is a constant C(K, p) > 0 such that
E [ (Nare(T, p) = p(1 = mo(p))T)*] < C(K, p)T°. 42)

Proof. 'We prove the lemma in a more general case. In particular, we will show that under the conditions of Lemma

3, there is a constant C (K, po, {o, i) such that for any p € [po — o, po + (o],

" N 4
E [(NJ(T,p) - ﬁ(p)TQ(p)lT) < C(K, po, Lo, p)T. 43)

Recall that in Lemma 3, J is a set of eligible jumps, i.e., J is a set of (i, j) pairs such that i, j € {0,...,K}, and
Ng(T,p) is the number of eligible jumps in time [0,7]. We require that (k,k) ¢ J. We have also defined Q to
be a matrix such that Q~,-,j =Q;; if (i, j) € J and otherwise Q~i,]- = 0. In the context of Lemma 5, we simply take
J={GNe{l,... Ky j=i+1}.

From this point on, we will work under the conditions of Lemma 3 and aim at proving (43).

Similar to the proof of Lemma 3, we make some notation simplification. We write @ = ao(po, {p), Where aq is
defined in (5). Throughout this proof, we omit “(p)” and “(a)” for simplicity. We use constants Cy, C», ... that could

depend on K, u, po, o but not on p.
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Again, same as in the proof of Lemma 3, we start with a uniformization step. The continuous-time Markov chain we
considered can be described by a discrete-time Markov chain with transition matrix P = I + Q /a where jumps occur
according to a Poisson process with intensity 7. Let M (T) be the total number of jumps of the discrete-time Markov
chain. Note that among the jumps, there are some self jumps that go from state & to state k. We are interested in the
eligible jumps in 7.

Note that M (T) ~ Poisson(aT'). We will then study the distribution of N 4 (T") conditioning on M (1) = m. We define
P =(0/a. From now on, unless specified otherwise, we are conditioning on M (T) = m and focus on the discrete-time
Markov chain. We write N g(T) = Zf‘;ll(T) X;, where X; = 1 if the i-th jump in the discrete-time Markov chain is an

eligible jump. We are interested in the first, second, third and fourth moments of N 4(7). Expanding the parentheses,

we get that
M(T)
Ny()= ) X,
i=1
M (T)
N = Xi+2 > XiX;,
i=1 1<i<j<M(T)
M(T)
NUT)= D Xi46 > XiX;46 Y XXX, (44)
i=1 1<i<j<M(T) 1<i<j<k<M(T)
M(T)
Ni(T) = Z X; + 14 Z XX +36 Z Xi X X;
i=1 1<i<j<M(T) 1<i<j<k<M(T)
+24 Z Xi X Xi X,
1<i<j<k<I<M(T)
This then implies that
E [Ng(T) | M(T)=m] = Ay,
E [N%(T) | M(T) =m] = A; +2A,,
45)
E [N(T) | M(T) =m] = Ay + 6A; + 6A3,
E [NY(T) | M(T) =m] = Aj + 1442 + 36A3 + 24Ay,
where
m
A=) E[X], A= E[X:X,],
i=1 I<i<j<m 46)
A= > B[XNXXd,  As= ) B[XiXpXeX/].
1<i<j<k<m I<i<j<k<I<m

We will then study Aj, Ay, ...As. We have showed in the proof of Lemma 3 that A} = E [Nj(T) | M(T) = m] =
mzTP1 - aVTQ#FT + error, where |error| < CoC™ for some constants Cy >0 and C € (0, 1). For A,, note that fori < j,
X; X is the indicator that the i-th jump is eligible and the j-th jumpis eligible. Therefore, E [XlX ,~] =yTpi-1ppi-i-1p].
Hence, we can write

A= Y E[XX]= ). FTPTIAPITTIRI=GT Y piIpPITIP, 47)

1<i<j<m 1<i<j<m i+j<m
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where the last equality follows from a change of variable. Similarly, we find
A= Y EB[XX;X]= > FTPTIPPITTpPRIp
I<i<j<k<m o ~l§i<j<l~<_s)m (48)
=T Y PUIPPITIPPEIA,
i+j+k<m
and
Ay = Z E [X;X; X X
I<i<j<k<l<m
_ ST pi—-1ppj—i—-1ppk—-j—1ppl-k—157
D A i Ty Uy 49)

I<i<j<k<I<m
=¥T > PUUAPITIpPElppITIpT

i+j+k+l<m

Now we focus on A3. The results for A, and A4 are very similar. The key termin A3 is X, jik<m Pi-1ppi-1ppk-1p,

which is a sum of the product of terms like P'~!P. Let R; = P — 177. Then we can decompose each Pi~! into two

terms R;_; and 177, and thus
Pimlppi-lppk-lp

= (R[_l +T7_)TT) P (Rj—l +T7?T ﬁ(Rk_l +T7_T)T)IS

—_—
—_
N
_'
~
S—
+
=
~
—_—
—
N
_'
~
S —
_+_
—_—
—l
A
_|
o
S—
=
T
>
—_—
—
N
|
o
+
—_—
—l
{
_'
o
S —
=
T
~

+Ri_1f~’R' 1ﬁRk 1ﬁ

By Lemma 1, we have that |R;_||,, < C*~! for some constant C € (0, 1). Therefore,

op =

Z Ri_1PR;_|PRy_,P

i+j+k<m

op
< 20 IRitlop 121, 1Riill,, 1P, 1Re-11o, 121,
i+j+k<m
Z Ci+j+k_3 < Cl >
i+j+k<m

for some constant C; > 0. Now we study terms involve two R;_.

> R PR P(T77P)

i+j+k<m op
< 20 IReallop Pl I1R5-1ll, 121, 17711,
i+j+k<m
< Z Cciti2 < Z CH*2m < Cym,
i+j+k<m i+j<m

for some constant C, > 0. The same inequalities hold for R;_; P (T ) Ry_1P and ( ) R;_ 1PRy_ P.

Then, we look at terms involve only one R;_. Note that
m-2 i
m— (m-iy(m—-i-1)
S ke l_z( e l_z—
i+j+k<m
2 m=2
=" N R
2

i=1 i=1

N 1+Z (21+1)m—1(1+1)

(50)

(G

(52)

(53)
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For the first term, by Lemma 2, we have that Z;’;‘lz Ri_1 =—a0* + E, where IEll,, < CiC™ for some constant C; >0,

C € (0, 1). For the second term, we note that by Lemma 1, [|R;-1||,, < Ci~! for some constant C € (0, 1). Therefore,

-QRi+1)m—i(i+1)
2

5 ci-'<cim, (54)

m-2
<2,
i=1

Qi+ Dm—i(i+1)
Z R;i
i=1

op

for some constant C; > 0. Combining the results and plugging back into (53), we have that

m2 #
D, Rii=-Za0"+Ey, (55)

i+j+k<m

where ||E1ll,, < Cim for some constant C; > 0. By symmetry, the same result holds for X, x<m, Rj-1 and

Zi+j+k§m Rp-1.

We have analyzed all terms in (50). Combining the results, we have

Z pi-lppi-lppk-1p
i+j+k<m
a3
=y (lﬂTP) +Es
i+j+k<m

am

0'p (177P) + (137P) " (17"P) + (17" P) Q#IS] (56)

I}
—_——
w 3
- =
—_—
—_
b1}
_'
N

(98]
+
s
(98]

where ||E3]l,,,, < C4m for some constant Cy4 > 0.
We can conduct the same analysis for A, and A4 and get
Z pi-lppilp
i+j<m (57)

_ (”2’) (i777) ~am 0" (177 F) + (177 F) 0"F | + £,

where || E||,,,, < C; for some constant C; > 0, and
Do PP PP pPILp

i+j+k+l<m

_ (’") (i777) - 20" B (i777) + (177F) 0*B (177P) (58)

where || E4l|, ), < C4m? for some constant C; > 0. Here, details of the derivation have been omitted for brevity.
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Therefore, by (47) - (49), we have the following formulae for Ay, ..., As.

Al=m (ﬁTﬁT) —avTQ"P1 +errory,

m2

=\ 2 . -
A= (ﬁTPl) —m[a (ﬁTPQ#Pl)

+ errory,

< (59)
+ %a (VTQ#PI) (ﬁTPl) + % (77P)’ | +error,

B A o g 1)
+ éa (VTQ#ﬁT) (ﬁTﬁT)3 + % (7TP)” | +errory,

where |error| < C;C™, |errors| < C, |errors| < C3m, |errory| < C4m?, for some constants C € (0, 1), Cy, C3,C3,C4 > 0.
To simplify notation, let

y= (ﬁTﬁT) . 6= (ﬁTﬁQ#ﬁT) R - (VTQ#ﬁT) . (60)
Then we can express Ay, ...As as

Ay =my—ad +errory,
2 1
Ay = m—y2 -m (09 +ayd + 5}/2) + errory,

2
3 3
1 61
Az = m—y3 —m? ayl + —ayzé + r + errors, o
6 2 2
4 4
1 1
Ay = ';_4 43 (anze + 6@736 + %) +errory,

where |error;| < C{C™, |errors| < Cs, |errors| < Cam, |errory| < C4m?, for some constants C € (0, 1), Cy, Cy, Cz,C4 > 0.

Plugging the above into (45), we have that
E [Nj | M(T) :m] =my —ad +errory,

E [Nkz7 | M(T) = m] =m*y* —m (2019 +2ay6 +y* — 7) + errorp,
(62)
E [N?7 | M(T) = m] =m3y’ —m? (60179 +3ay?6+3y° - 372) + errors,
E [N4j | M(T) = m] =m*y* —m? (12&720 +4ay s+ 6yt — 673) + errory,
where |error; | < C;C™, |error,| < Cy, |errors| < C3m, |errors| < C4m?, for some constants C € (0, 1), Cy, Ca, Cz, C4 > 0.
Then note that since M (T) ~ Poisson(aT'), we have that

E[M(T)] =aT,
E [M(T)*| = (aT)* +aT,
(63)
E [M(T)}] = (aT)* +3 (aT)* +aT,

E [M(T)}] = (aT)* +6 (aT)* +7 (aT)* +aT.
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Therefore,
[Ng] = (aT)y —ad +errory,
[ ] = (aT)*y?* - (aT) (2a8 + 2ays — y) + errory,
[ ] = (aT)’y* - (aT)? (6ay6’ +3ay’S - 372) + errors, 4
[ ] = (a/T)4 4_ (aT)3 (12(1)/20 +4ay s - 673) + errory,

where |error; | < C,C7, |errory| < Cy, |errorz| < C3T, |errory| < C4T?, for some constants C € (0,1), C;, Ca, Cz, C4 > 0.

Finally, we note that
E[(NJ—E[NJ])4]=E[N4J]—4E[N_37]E[NJ]+6E[ 51 (E[Ng])*-3E [Ng]*
=;ﬁ4ﬂ7*+1973(—12&7%5—4a7%§+6y )
~ 40457 + T (4ay’5 + 240770 + 120775 - 127
+§ﬁxﬁ?47¢A-a3T3(—lzavgﬁlszrfﬁ7—Jzavéﬁlk673)
3Py + T3 (12a7%5) + error

= error,

(65)

where |error| < CT? for some constant C > 0.

LEMMA 6 (Triangular array version of Anscombe’s theorem). Ler X (), X2({), ... be a sequence of i.i.d. func-
tion of ¢. Let () =E [X1(0)], 0>(¢) = Var [X(0)], and m(¢) =E [(Xl(g“) —y(§))4]. Assume that u, o and m

are continuous functions of ¢ and that m(¢) < C? uniformly over { for some constant C > 0. Let N, be a sequence of

random variables such that Ny, /n 21 Let {n be a sequence of numbers such that {,, — 0. Let

Su(£) = X1(0)+ Xa(0) 4+ Xu(0). (66)
Then as n — oo,
SNn (gn) 2
VN [ 02 = () | = N (0.0 (0)). (67)

Proof.  For notation simplicity, let Y;({) = X;(¢) — u(&) and §,(&) = Y1 () + Ya(&) + -+ + Y (0). We start with
showing convergence of S,({n). This can be shown easily with the Lindeberg-Feller theorem (Durrett 2019). In
particular, we have that 3} | E [Yi(gn)z] In=0%(¢p) — 02(0), and that

2
ZE[Y@") Y(g" ZE[Y (2] In* = 0. (68)
Therefore, the Linderberg conditions are satisfied and thus
Sn n
Vi [ )| = Moo, (©9)

We will then show that S,,({,) —nu(<y) is close to Sy, ({n,,) — Nnpt(&n), ie., S.(&n) is close to SN,, (&n). For any
€,0 >0, by Kolmogorov’s inequality (Durrett 2019),

P HSN,L({n) _gn(gn)| > E\/ﬁ] <P[IN,—n|>dn] +2P | max |§m(§n)| 2 6\/5

<m<[én]
<P [|Ny—n|>6n] +2Var [S} s, (Zn)] /(n€?) (70)

<P[|N, —n|>én] +2C[6n]/(n€?).
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Since N, /n LA 0, we have that

limsupP [|Sw,, (£n) = Su(4n)| > eVn] <limsupP [|N, —n| >26n] + g = ZS‘S. (71)
Finally, since the choice of 6 is arbitrary, we have that
limsupP [[Sw, (£n) = $n(¢n)] > €Vin] =0 (72)
and thus S, ({n) = Sn (&) + 0, (\n). Therefore,
VN (SN;V“") —u(@)) = N(0.57(0)). (73)

LEMMA 7. If a matrix A satisfies the following two conditions:
L Q(pA=1-17(p)",
2. #(p)TA=0T,

then A = Q*(p).

Proof. We will omit the dependence on p throughout the proof. Recall that in Section A.l, we define O =
D z0D :}ﬂ, which is a symmetric matrix with eigen-decomposition Q = UDUT. Here U is an orthogonal matrix. Let

A= D\,;AD:/IE. We have that

QA:DﬁQD:/%D\/;AD\_/IE:DﬁQAD‘_/%zDﬁ(I T)D L= T -y, (74)

where it} = (y/Pos - - -, Pk) " - We also note that #; corresponds to the first eigenvector of Q. Now we write U = (i, U5).
Since 0 = UDUT, we have that UDUT A = I — i, i, which then implies that

71-141-13)
=1 =147 (75)
- (6] -[[9]-Lox
Then since Dy o = 0, we further have that U;A~ = DZ‘IUZ, where Dy =Dk 1.k

Now, Condition 2 implies that ii] A = lTD\/;D\/;AD:/IE =aTAD-L =07. Thus,

DUTA=U0"-U"wi; =U0" - (1,0,...,0) iy =

Vr
UTA= [ﬁlTT] A= [ ?T ] D*UT. (76)
U, D;'U7
This further implies that
A=U0D*U", (77)
and hence
A=D WADW D WUD#UTDﬁzUD#U‘I =", (78)

LEMMA 8. Consider the continuous-time Markov chain with transition rate matrix defined in (1). Let Ny (t) be the
number of jumps from state k to state k + 1 in the time interval [0,t]. Let Ty (t) be the amount of time in state k in the

time interval [0,t]. Then,

sup [Ny (1) —tAgmg| = 0, (T). (79)
t€[0,T]
sup [Tk (t) —tmi| =0,(T). (80)

t€[0,T]
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Proof. Let 1; be the time of the i-th jump from state k to state k + 1. We can then divide the time interval into
subintervals of [0, 7], [71,72],.... The Markov chain behaves independently within each subinterval. Therefore, we

can apply Kolmogorov’s inequality and get the desired result.

LEMMA 9. Consider the continuous-time Markov chain with transition rate matrix defined in (1). For two sets

and b, we have that

E[Ng(m)| =miTPg1+0(1), (81)
E [Tg(m)| =E [Ng(m)] /e, (82)

Cov [N (m), N g5 (m)] = m| 77 P g1 = (TP 1) (7T P T)
a7 PgQ*P g1 —ait Py 0*P 41| +0(1), >
Cov [T (m), T (m)| = Cov [N.g; (m), N (m) ] /@* +E [N gin g5 (m)] /@, (84)
Cov [T (m), N g, (m)] = Cov [N .g; (m), N g, (m)] /a. (85)

Here, N g(m), T4(m), and P ¢ are defined in Definition 1.

Proof. We focus on N ¢(m) first and will move on to study 7¢(m) later. For simplicity, we drop the dependency
Ké(m)79.

We write N g = 2ty Xi, where X; = 1 if the i-th jump in the discrete-time Markov chain is an eligible jump in 7.
Similarly, we write N, = 2, Y, where Y; = 1 if the i-th jump in the discrete-time Markov chain is an eligible jump

in %.

We are interested in the first and second moments of N ;. Expanding the parentheses, we get that

m
Ng=> X
i=1

m
o
Ny=) Xi+2 > XX, (86)
i=1 I<i<j<m
NaNg=) XY+ > X¥j+ > YiX;.
i=1 I<i<j<m I<i<j<m
This then implies that
E[Ng|=A41
E[N% | = A1 +24,, (87)

E[NgsNg|=Bi+Br+B),
where

A,:iE[X,-], Ay = Z E[X:X],
i=1

1<i<j<m

BFiE[XiYi], By = Z E[xY;],  Bj= Z B[]
i=1

I<i<j<m 1<i<j<m

(88)

Furthermore, we have that
COV[NJI,NJZ]=Bl+Bz+B/2—A1A', (89)
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where A} =372 E [Yi].

We will then study A, A, By, B, B;. The analysis of A’1 is essentially the same as that of A;. We have showed in
the proof of Lemma 3 that A| = maTPI - ayTO*P 51_1) + error, where |error| < CoC™ for some constants Cy > 0 and
C €(0,1). For A, note that for i < j, X; X is the indicator that the i-th jump is eligible and the j-th jump is eligible.
Therefore, E [Xl-Xj] =y PIpgpimi-1pg 1. Hence, we can write

A= Y FTPTIPGPITTIP T =T N PPy PP, (90)
I<i<j<m i+j<m
where the last equality follows from a change of variable. Similarly, we have that B| = miT P1—av™ 0*P g 52_1) +errory,

where |error;| < CoC™ for some constants Cyp > 0 and C € (0, 1). Furthermore,

B, = Z VTPi_lijj_[_lpjz_l):)_}T Z Pi_lpjlpj_lpjz_f,

I<i<j<m i+j<m ©1)
By= Y PTG PI P =T Y PP P Py
1<i<j<m i+j<m

Now we focus on BY,. The results for A, and B}, are very similar. The key term in Ay is 3, i<, PE1pgPIT1P g,
which is a sum of the product of terms like PI~'P . Let R; = P! — 177. Then we can decompose each Pi~! into two
terms R;_; and 177, and thus

PPy PPy

= (Ri—l +i)7_T)T) le (Rj_l +i)7_T)T) ﬁﬁ

e\ fmor (e 92)
= (lnTle) (17rTP_72) +Ri_1Pg (17rTPJ2)
+ (17?T]3$)Rj_1153i +Ri_1P$Rj_1P’ji.
By Lemma 1, we have that [[R;_1]|,,, < C'~! for some constant C € (0, 1). Therefore,
Z Ri_lﬁﬁRj_lﬁxTZ < Z ”R[_IHUPHﬁﬁn()p”Rj_lHopHP~72H()p
i+j<m i+j<m (93)
< Z Ci+j_2SC1,
i+j<m
for some constant C; > 0.
Then, we look at terms that involve only one R;_;. Note that
m—1 m—1 m—1
D, Ricv= ) (m=dDRici=m ) Rioi= ) iRioy. (94)
i+j<m i=1 i=1 i=1

For the first term, by Lemma 2, we have that 2;’;1 Ri_1 = —a0Q* + E, where ||E||0p < C;C™ for some constant C; > 0,

C € (0,1). For the second term, we note that by Lemma 1, [|R;-1l[,,, < C~! for some constant C € (0, 1). Therefore,

m—1
i=1

for some constant C; > 0. Combining the results and plugging back into (94), we have that

m—1

<yiczaq, (95)

op i=1

Z Ri_1 = -maQ® + Ey, (96)

i+j<m
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where ||E1[|,, < C; for some constant Cy > 0.
We have analyzed all terms in (92). Combining the results, we have

Z pi-lppi-lp

i+j<m

Z (_l)ﬁTﬁjl) (TﬁTﬁjz) —ma (Q#ﬁj_fﬁ:-rﬁ% +T7?TP~$Q#PJ2) +E, (97)

(1/121) (TﬁTﬁﬁ) (Tﬁ—rﬁgi) -—ma«a (Q#ﬁﬁTﬁTﬁﬁ +TﬁTﬁ$Q#ﬁ&) + E2
where ||Ez |, , < C4 for some constant C4 > 0.

Therefore, by (90)-(91), we have the following formulae for A;, A, B1, By, B;.

R [
+a (VTQ#PjI 1) (nTpgll) +5 (7 Py)’

+error,,
Blzm(ﬁ Pjngé_f)—aT/’TQ#ﬁﬁnjo+error3,
2
5= (771 (msjzl)_m[a (7P 0"F 1) %)
a1 - -
+a/(_’TQ#PJI)(7T szl)+§(7?TPj]1)(ﬁTPjél) +errory,
m2 ~ = ~ ~ -
Bzzj(ﬂ Py) (7T By1)-m|a (7 P50 P 5]
+CZ(17TQ#PJ1)(7T PJT)+—(7_T)TPJZT) (ﬁTﬁmT) + errors .

where |error| < C{C™, |errorp| < Cs, |errors| < C3C™, |errory| < Cy4, and |errors| < Cs, for some constants C €
(0,1),Cy,Cz,C3,C4,Cs5 > 0.
Plugging things back into (87) and (89), we have that

E[Ng|=maTP41+0(1), (99)

Cov [Ny, Ng| =m|7Z " Pgngpl— (7 Py1)(RTPg51)
(100)
—aﬁTﬁﬁQ#ﬁﬁT—aﬁTﬁﬁQ#ﬁﬁT +O(])

Finally, for 7', we note that we can write Ty = Zfijl H;, where H; ~ Exp(«) independently and H;’s are independent
of N 4. Therefore,
E|[Ts|=E[Ng]/a, (101)
Cov [T:]l s T:fz]
=Cov [E [T N |.E|T% |Ng|| +E[Cov [Tg. T | Ng, Ng]| (102)

=Cov [Ng.Ng| /a*+E [Ngngp] /a2,
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and

Cov [T&,NJZ]ZCOV [le,sz] /a. (103)

LEMMA 10 (Uniform Integrability Cont.). Consider the continuous-time Markov chain with transition rate matrix

Q defined in (1). There exists a constant C such that

<Cm?, (104)

E [(Nj(m) - ﬁTISJTm>4

. . 4
E [(T_(](m)—ﬁTlem/a/) ]Ssz, (105)
where N q(m), T.g(m) and P 5 are defined in Definition 1.

Proof.  The results for N (m) are included in the proof of Lemma 5. For T 4(m), we note that we can write

Ng(m)
Tq(m) = Z H; (106)
i=1

where H; ~ Exp(a) independently and H;’s are independent of N 7(m). Therefore,

E [(Tj(m) - ﬁTﬁﬂm/a)4] -E [E [(Tj(m) - ﬁTﬁJTm/a)4 | Nj(m)”
(107)

=E [(Nj(m) - ﬁTﬁij)4 Ja*.

LEMMA 11. Let X,, ~ Binom(n, p,) be a sequence of Binomial random variables. Assume that p, — c for some

constant ¢ € (0, 1). Then

\/%(%—pn)ﬂN(O,l). (108)

Proof. We prove the lemma using the Lindeberg-Feller theorem (Durrett 2019). We start by rewriting X, =

Yoi1+Yuo+... Yy, where Y, ;’s are i.i.d. Bern(p,) random variables. Let Z,, ; = (Y,.; — pn)/v/npn(1 — py). Then,
E [Zn,i] =1 and Var [Zn,i] =1/n. For any € >0,

B (2045120l > €] <P (120 ]<E[Zi’i]< ! (109)
ni| s|£n,i|> €| = nil > €| < < .
’ ’ ’ e n?pi(1—pp)2e
Thus,
n
DB X 5[l > €| < (110)
i=1 ’ ’ nzp%(l _pn)264
which goes to 0 as n — co. By Lindeberg-Feller theorem,
X n
— (—” —pn) = > Zni = N(O,1). (11
Vpn(l=pn) \ 7 i=1
LEMMA 12. Under the conditions of Theorem 7, if we define Ni.(T,{r) = Nk +(T,¢r) + Nk - (T, {r), then
p
Ni(T, &r) /T = 7 (p)Ai(p). (112)

Proof.  We start with noting that the arrival rate when the length of the queue is k is Az (¢) = (Ax(p + ) + Ak (p —

£))/2. In other words, the arrival rate can be written as a function of . If we treat £ as the new price and A as the new
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A function, we can still apply results in Section A.1 and Lemma 3. By Lemma 3, if we define the eligible jumps to be

jumps from state k to state k + 1, then we have that

Ni(T, {r) [T = 71 (L) Ak (Lr) + 0, (1), (113)

where 7 is the steady-state probabilities corresponding to the arrival rate A. Since 74 ({7) — 74 (0) = mx(p) and

Ak (¢7) = A5 (0) = A% (p), we have that

Ni(T.4r) [T = mi(p)Adi(p) + 0 (1). (114)

LEMMA 13. Under the conditions of Theorem 7, if we define n;(p,{T) to be the steady-state probability of state i

when the state dependent arrival rate is set to be 1(p, (1) = (A;(p = {7) + A4i(p + {1)) /2, then for any k,

7k (P, &1) =7 (p, 0)| < CL7 (115)
for some constant C depending on K, By, By, By. Note that i (p,0) corresponds to our previous notation of wy(p).

Proof. We start with noting that

1
(p,0)= R . (116)
o 1+ 28 T A (p O

Therefore, it is straightforward to see that

<Cmax

’im@o 7&@1* (117)

d¢

for some constant C depending on K, By, By, B>. We also note that

m(p.0) = mo(p. z)]_[ <r'2d) (18)
Therefore, for any k >0,
‘;i/rk(p 4)‘ Cmax | T2, 4)‘ (119)

for some constant C depending on K, By, B, B>. Then we will turn our attention to %Zk (p, ). Note that since
|2/ (p)| < Ba,
d J 1 ’ ’
‘d—gak(p,g)‘ =5 [+ =4 (p =D < (B> (120)

This then implies that

< C max <Ci¢ (121)

d d -
’d_(ﬂ'k(l%g) d_é,ﬂk(p’Z)

for some constant C;. Finally, note that the above result holds for any £, and thus
|7k (p. &) = i (p, O)| < (C1 L)L < Ci 7 (122)

A.3. Proofs of propositions

A.3.1. Proof of Proposition 1
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Regenerative switchback experiment We start with analyzing the regenerative switchback experiment. Let
M (T, ¢r) be the number of times the queue hits the state k. Let W; ({7) = 1 if the price changes to p + {7 at the i-th time
of hitting &, and let W;({r) = 0 otherwise. Let A; +({r) (A; - ({7)) be the number of arrivals between the i-th and the
(i + 1)-th time of hitting k, if the price is p + {7 (p — {r). Inreality, we can only observe one of them; and thus, without loss
of generality, we assume A; +({7) 1L A; —({r). Let B; +({r) (Bi - ({1)) be the amount of time between the i-th and the
(i +1)-th hitting of k, if the price is p + 7 (p — {r). Again, without loss of generality, we assume B; 1 ({7) 1L B; _({1).?
Let A; (¢r) = Wi(4r)Ai+(Lr) + (1 = Wi(¢r))Ai,-({r) and B;({r) = Wi({1)Bi +({1) + (1 = Wi({1))Bi,- ({T) be the
realized number of arrivals and hitting time.

Note that Ay 4+ ({r), A2,+({T), ... arei.i.d. random variables with bounded third moment (uniformly across {7). The
same hold for A; _({r), Bi.+({r) and B; _({r). By definition,

M(T,ir)-1 M(T,¢r)

Bi({r)<T< ) Bi(r). (123)
i=0

i=0
Thus by law of large numbers, M (T, ¢7)/T KN 1/E [B;(0)].
We can write similar inequalities for N..(T, ¢r), T+ (T, 1), N-(T, 1) and T_ (T, {r1):

M(T.¢r)-1 M(T,Zr)
Z Ai+({T)Wi(&r) <N (T, ) < Z A +(&r)Wi(&r),
i=0 i=0
M(T,ir)-1 M(T,¢T)
D, BislloWilln) STuT.i) < Y, BialdnWildr),
i=0 i=0 (124)
M(T,ir)-1 M(T,¢T)
A () (1L=WilD) SN-(T.4r) < ) A=) (1= Wi{r)),
i=0 i=0
M(T,{r)-1 M(T,¢r)
Bi - ({r)(1 =W;({r)) <T-(T.{r) < Z B —({r)(1=Wi({1)).
i=0 i=0
By Lemma 6, we can show that
75? g; E[A1+(£1)/2]
L) _g [B1.+(¢1)/2] -
M(T, MTa) ’+ = N(0,3), 125
o ;g; ~E[B1.-(¢r)/2]
as T — oo, where X = (200 2?0) , and
2o =
1 ( Var [A;(0)] + B [4,(0)]? Cov [A1(0), B1(0)] + 3E [A1(0)] E [B1(0)] (126)
2 \Cov [A41(0),B1(0)] + 3E [A1(0)] E [B,(0)] Var [B;(0)] + 3E [B1(0)]? '
Then by delta method (Lehmann and Casella 2006), the above suggests that
Ny(T.lr) E:A1,+(§T)_
I A R | R (127)
T-(T.it)  E[Bi-({r)]

2 For notation simplicity, here we set O to be the O-th time of hitting k,, even if we do not start from k..
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o 0
asT — oo, where X =( 1 ~,)and
0 o

o2 =B (Var [A1()] _2Cov [A1(0).B1(0)] | Var[Bi(O)]\ 128)
E[Bi(0)]> \E[A;(0)]> E[AI(O]E[Bi1(0)] E[B,(0)]?
This further implies that )
N.(T.Zr) _E >A1,+(,(T)_
VT | . sfE = MO [B1(0)P2). (129)
T(T.ir)  E[Bi,-(4r)
as T — oo.
Interval switchback experiment For the interval switchback experiment, the analysis is very similar.
Let 71,79, ..., Ty, represent the times at which the queue hits state k,.. Let I} = [11,12), [ = [12,13), ..., In,—1 =

[7n,-1,7n,) be the time intervals between the hitting times. We call an interval a positive interval if the price stays at
p + {r throughout the time interval, a negative interval if the price stays at p — {r throughout the time interval, and
a mixed interval if the price changes during the interval. Let M, (T, {T) be the total number of positive intervals. Let
A; +({r) be the number of arrivals in the i-th positive interval. Let B; 4 ({7) be the amount of time in the i-th positive
interval. We define M_ (T, {1), A; - ({1) and B; _({r) similarly for the negative intervals.

By Assumption 4, the total number of switches is upper bounded by T/l = o(VT), and thus the total number of

mixed intervals is o, (VT). Let T, be the amount of time the price is at p + £. Therefore, we have that

M+(Ts§T)
. Bisllr)=Ti+0,(VT). (130)
i=1
Furthermore, because 7, =7/2 + 0, (1), we have that
M+(T»,(T)
Do Bislfr)=T[2+0,(T). (131)
i=1
Note that By +({r), B2.+({T), ... are i.i.d. random variables with bounded third moment (uniformly across {r), and

thus by law of large numbers, M, (T, {1)/T LN 1/(2E [B;(0)]).
Similarly, we have that

M+(T»,(T)
Ai+({1) = No (T, i1) + 0, (NT),
i=1
M_(T,¢r)
> Bi (&) =T +0,(VT), (132)
i=1
M_(T,¢r)
D, A =N(T.¢r) +0,(VT).

i=1

By Lemma 6, we can show that

ML B[40 ()2
M (T.7) | M T-ar) +
VAT 4D (Min,gT) ~E [B1.+(¢1)/2]

as T — oo, where X is defined in (126). Then by delta method (Lehmann and Casella 2006), the above suggests that

N+(T, {T) E [Al,+(§T)] o)
VML(T, - N(0,07/2), 134
( éVT)( T, E[Bl,+<§r)]):' iy (9

) = N(0,%/2), (133)
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as T — oo, where 0'12 is defined in (128). This further implies that

\/T(M(T, fr) ElA ()]
T E [B1+(¢r)]

Note that we can conduct the exact same analysis for the price p — {7, and get

\/T(N—(T, {r) E [A1-(¢r)]

= N(0,E[B1(0)]* o). (135)

= N(0,E[B1(0)]* ). (136)

T E [B1,-(¢n)]
Finally, note that in the proof, we indeed have A; . ({r) and B; .({r) independent of A; _({r) and B; —({r), and

thus a joint analysis of them gives

Nu(T.¢r) _E >A1,+(_(T)j
T, E| B1,+({T) A 2
T v e sha e} |5 NOEBIOFP ), (137)
I- E[Bi-(¢r)
2
as T — oo, where X = O(-)‘ 0(_)2), and o is defined in (128).
1

Notation To make the notation consistent with the one in the statement of the proposition, we take d(p + {7) =
ElAnen] o E[A-(n)] 52— 2 52 - i
BB ]’ a(p-<Lr) = E[B_(en]” and 0~ =E [B;(0)]” 0. Here, oy is defined in (128).
A.3.2. Proof of Proposition 2 Let Ny, (T') be the number of arrivals to the system, and let My, (T') be the number
of times the queue hits the state k,.. Let A; be the number of arrivals between the i-th and the (i + 1)-th time of hitting
k. Let B; be the amount of time between the i-th and the (i + 1)-th hitting of k,..

Note that Ay, A, ... are i.i.d. random variables with bounded third moment. The same hold for B;. By definition,

My, (T)-1 My, (T)
B;<T< Z B;. (138)
i=0 i=0

Thus by law of large numbers, My, (T)/T LN 1/E[By].

We can write similar inequalities for Ny (T):

My, (T)-1 My, (T)
D ANk ) A (139)
i=0 i=0
By Anscombe’s theorem (Anscombe 1952), we can show that, we can show that
Narr(T)
T —E [A; >
VM, (T) (M'W) : ]) = N(0,%), (140)
My, 1) B [B1]
where
_ [ Var[A;] Cov[A},B] (141)
2= \Cov[A|,B;] Var[B]
Then by delta method (Lehmann and Casella 2006), the above suggests that
Nux(T) E[Ai] 2
My (T - 0, 2), 142
VM, € )( iy ECRETR) (142)
as T — oo, where )
E[A A 2 A, B B
2 [ 1]2(Var[ 12]_ Cov[A1,Bi]  Var| 12]) (143)
E[B >\ E[A;]? E[AIE[B1] E[B]
Furthermore, since Ny (T) /T KN 1/E [By],
Narr(T) E[Al] 2 2
T - 0.E[B 2), 144
V‘( T 55 = NOEBIT03/2) (144)
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as T — oo,
Note that A; has the same distribution as A; +(0) and A; _(0) defined in proof of Proposition 1 (Section A.3.1).
The same holds for By, By +(0) and B;__(0). Therefore, 0'22 = 0'12, where o is defined in (128). Therefore, as T — oo,

VT (R )| = w0022 (145

A.3.3. Proof of Proposition 3 Note that the queue length is bounded above by K and thus the difference between
the number of arrivals and the number of departures is always bounded above by K. It then follows directly from

Lemma 4 and Proposition 6 that

K-1 i K g2
2 N T (P)mo(p) [0 Si(p) < 55(P)
Ton(p) = (1= o)+ 24 2 ;ﬂj(p) ;ﬂj(p)
K= K S3(p)
= (1=7o(p)u +2umo(p) an(p)z ’(” ) an(p)z )
J
- > - < s (146)
S
= (1 = 7P+ 200 ) ]Zﬂjg ; Y, reap)= (1= 3 J(p)

LS S (P)Sj+1(p) 2(p)
=(1- 2 E I M (1= E
( FO(P)),U"' /UTO(P) ~ 7T]( ) ( 770( )) ](p)

A.3.4. Proof of Proposition 4 The proof is very similar to that of Proposition 1. We only need to change the
definition of A; 4 and A; _. Here, we define A; +({r) (A; - (1)) to be the amount of time in state 0 between the i-th

and the (i + 1)-th time of hitting &, if the price is p + {7 (p — {r). For simplicity’s sake, we omit the details.

A.3.5. Proof of Proposition 5 The proof is very similar to that of Proposition 2. We only need to change the
definition of A;. Here, we define A; be the amount of time in state 0 between the i-th and the (i + 1)-th time of hitting

ky.

A.3.6. Proof of Proposition 6 We will omit the dependence on p in this proof. We will make use of Lemma 7. Let

A be a matrix with entries
min(i,k) K 52

V(¥ 1
Ak’izu Z Zﬂj Zﬂj 4 nj' (147)

Write A = (aq, ...,ak). We will then show that QA =T — 177 and 77 A = 0. We start with the second condition. For

any i € {0, ..., K}, note that since Z,’;O =1,

K min(i,k K k K Q2
>T T ( )ﬂ- ﬂkS] l ] SJ
Fa="01=2, D) ot 2 2t

H k=1 j=I i = 1j=1 Tj j=1 Tj j=1 T
i K K K i K 2
Ti \ Tk mS; N Sj 5
S TIMLOME I s
T i i 47
H j=lk=j "7  j=1k=j “J j=177 =177
i 2 2
il WS eSS wS S
S I IS T
H j=1 Ty j=1 7y j=1 7y j=1 j

Therefore, 7T A = 0.
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For the first condition, we need to verify that QA =1 — 177, Write 0=1(q0.91,...,qk)". In particular, we will show
that q;ai =—m; if k > i orif k <, and that ani =1-m; if k =1i. Note that g has a very special structure: it has at

most three entries non-zero and qZT = 0. Therefore,

.
qyai = O k-14k-1,i + Ok kAk,i + Ok k+1Ak+1,i

(149)
= Ok k-1(Ak,i = Ap-1,i) + Ok k+1 (Aks1,i = Ak,i)-
Here for indices out of scope, we treat the corresponding entries of the matrix zero. Note that for0 <k <K —1,
i W{k+1<i} S
Akﬂ,i—Ak,i:”—(— thrlsh, k“). (150)
M Th+1 Tk+1
Thus, for 1 <k <K -1,
qrai =—0rk-1(Axi — Ak-1,i) + Ok k1 (Apsr,i — Ar.i)
—,uﬁ (_l{kﬁi} +S_k) +/1kﬁ (_1{k+ 1<i} N Sk+1)
M Tk Tk M T+1 Th+1
’ v (151)

= Ak <iy = Sp—1{k<i—1}+Si11)
Tk
=T Ak =iy =) =1 {k =i} —m;.
Tk
Here we make use of the steady-state equation of m; Ay = mg4u. For the boundary cases, the results are similar. For

k=0,

m( 1{>1} S
qqai =Qo,1(A1,i — Ao,) = do— (—— + —)
M U T

- (152)
=L (-1+1{i=0}+(1-mp))=1{i =0} — ;.
o
For k =K,
[ 1{K<i S
goai=-0k k-1(Ak,i—Ak-1,;) = —p— (—g + —K)
H Tk & (153)
= (A{i=K}+ng)=1{i=K)} - 7.
Tk
Combing the above three results, we get for any k € {0,...,K},
an,-zl{k=i}—7r,~. (154)

Hence, QA =1 - 177,

Finally, by Lemma 7, we have that Q¥ = A.

A.3.7. Proof of Propositions 7 and 8 Again, the proof closely resembles those of Propositions 1 and 2. Rather than
focusing only on the total number of arrivals and the total amount of time when the price is either p + {r or p — {7, we
consider multiple quantities at the same time.

For Proposition 7, similar to the proof of Proposition 1, we define A; ¢, as the count of jumps from k to k + 1 in
the i-th positive interval. Similarly, we define A; x —. We let B; . ; represent the amount of time the queue length is k
in the i-th positive interval. We define B; i - similarly. The subsequent analysis mirrors that of Proposition 1.

For Proposition 8, similar to the proof of Proposition 2, we define A; x as the number of jumps from k to k + 1
between the i-th and the 7 + 1-th time of hitting k,. We define B; ; as the amount of time in state k between the i-th and
the i + 1-th time of hitting k,. The subsequent analysis mirrors that of Proposition 2.

For the sake of brevity, we omit further details.
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A.3.8. Proof of Proposition 9 We are essentially dealing with a continuous-time Markov chain with transition rate
matrix Q defined in (1). Take any @ > max; ; ’Qi, j|. We conduct a step of uniformization similar to the one in the proof
of Lemma 3: The continuous-time Markov chain we considered can be described by a discrete-time Markov chain with
transition matrix P = I + Q /@ where jumps occur according to a Poisson process with intensity @. Let M (T') be the
total number of jumps of the discrete-time Markov chain. Note that among the jumps, there are some self jumps that
go from state k to state k. From now on, when we refer to jumps, we are referring to jumps of the discrete-time Markov
chain, and thus we include such self jumps.

One nice property of the uniformization step is that the times between the jumps are independent of the behavior
of the discrete time Markov chain. However, because M (T') is defined as the total number of jumps by time 7', M (T)
itself is correlated with the times between the jumps, which complicates our analysis. To deal with this, we consider a
process indexed by the total number of jumps instead: Define Ny () to be the number of jumps from state k to state
k + 1 within the first m jumps and Ty (m) to be the amount of time in state k within the first m jumps. Let T (m) be the
total amount of time spent till the m-th jump.

We will then aim to establish relationships between Ny, Ty and Ny, Ty.. Without loss of generality, we assume that

aT is an integer. In particular, we note that Ny (aT) = N (T (aT)) + O, (1). Therefore, by Lemma 8, we have that
Ni(T) = Ni(aT) + (Nk(T) = Ne(T (aT))) + O, (1)
= Ni(aT) = 4k (T(aT) =T) + 0, (|T(aT) - T|) (155)
= Ni(aT) - e (T(aT) =T) + 0, (NT),
and
Ti(T) =T (aT) + (T (T) = Ti(T(aT))) + O, (1)
=Ti(aT) - ni(T(aT) - T) + 0, (|T(aT) - T|) (156)
=Ti(aT) - 7 (T(aT) = T) +0,(VT),

We then note that by Theorem 4.11 in (Asmussen 2003), Ty (T') = 7T + 0, (1), and thus

Ny (T) _ Ne(T) = 4T (T) _ Ni(T) = 4T (T)
o) Ak = o) = T (1+0,(1)). 157)
By (155) and (156), we have that
Ni(T) = + L (Nk(aT) —Aka(aT)) (1+0,(1)) +0,,(1/ﬁ). (158)

T(T) X7 mT

Then we turn our attention to the behavior of the Markov chain within a fixed m = oT total number of jumps.
Firstly, we can easily establish a multivariate central limit theorem for No(m), ..., Ng_1(m),To(m), ..., Tx_1(m): this
is because the Markov chain we consider is a regenerative process. Secondly, we note that we have established a uniform
integrability result in Lemma 10. Therefore, the limit of the mean, variance and covariance of Ny (m) — ATy (m) will
corresponds to the limit in the central limit theorem.

It thus suffices to study the limit of the mean, variance and covariance of Ny (m) — ATy (m). Here, we study more

general forms of “number of jumps” and “amount of time”.
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DEFINITION 1. Consider the continuous-time Markov chain with transition rate matrix Q defined in (1). With a step
of uniformization, the continuous-time Markov chain can be described by a discrete-time Markov chain with transition
matrix P = I + Q/a where jumps occur according to a Poisson process with intensity a.

Let J be a set of eligible jumps, i.e., J is a set of (i, j) pairs such that i, j € {0,..., K}. Here the pair (i, j) stands
for a jump from state i to state j. Let N (m) be the number of eligible jumps within the first m jumps. Let T (m)
be the cumulative amount of time between each eligible jump and its immediately preceding jump within the first m
jumps. Let Q~j be a matrix such that Q~i,j =Q;,; if (i, j) € J and otherwise Q~i,]~ =0. Let 135 be a matrix such that
P; ;=P ;if (i,j) € J and otherwise P; ; = 0.

Lemma 9 gives the mean, variance and covariance of the quantities N q(m) and T ¢(m). Using our notation of
eligible jumps, Ni = Ny(k,k+1)} and Ty = Ty ou, Where kout = {(k,k — 1), (k, k), (k,k+1)} n{0,...,K} x{0,...,K}.

In particular, we note that for the mean,
E [Nk (m) = ATk (m)] = O(1). (159)
For the variance and covariance, Lemma 9 implies that for disjoint sets .J; and i, if there exists real numbers w; and

Wi, such that (X w;P.g)T=0and (X w;P ;)1 =0, then

Var

Zwiﬁj(m) =mzw§ﬁTﬁjj+0(1), (160)

Cov =0(1). (161)

D Wil (m). ) Wil 5. (m)

With this result, we can move on to study Cov [Nk(k) — AT (m), Ny(m) = 4T, (m)] . Consider the case where k # /.
By Lemma 9,

Cov [Ni(m) = 4Ty (m), Ny (m) = AT (m) |

1 3 i i i (162)
= Cov [@N{(k k+1)} (M) = ANk out, N (1,17} (m) = Ny ou | -

Clearly, Pyoul = & and f’{(k,kﬂ)}i = (A /@)ék. Therefore, (P (k. k+1)} — Ak Prout) 1=0. By (161), we have that

Cov [N (m) = ATy (m), Ny (m) = 4T;(m)] =0 (1), (163)
and thus
Wlll_r}cl)o % Cov [Nk(m) — AT (m), Ny (m) —/llfl(m)] =0. (164)

For the variance, again by Lemma 9,
Var [Nk (m) — /lk’fk (m)]

= é (Var [@Ni(m) = ANk ou(m)| + AZE [Nk(m)]) (165)
= % (Var [@N{(k k+1)} (M) = UeNou(m) | + 3E [Nk(m)]) _

For 1 <k <K -1, by (160),
Var [Nk k+1)) (M) = ANiou(m) | + AZE [Nk our(m) ]
=m (/liﬁTﬁ{(k,k_l)}T +/li7?TI3{(k,k)}T +(a —/lk)zﬁTﬁ{(k,kH)}T + /liﬁTﬁkouJ) +0,(1) o6
=mnk(aiu/amia—(u+Ak)/a)+(a—ak)21k/a+ai)+0,,(1) (160

=mmdra +O0,(1).
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For k =1, by (160),
Var [aN{(x.x+1)} (M) = ANk ou(m) ]| + A2E [Ny our(m) ]

=m (/li;lﬁﬁ{(k’k)}] + (a—/lk)ZﬁTf’{(k’kH)}l +/1%7_T>T15kout]) +OP(])

(167)
= mmi (A3 (1= defa) + (0 = )P4 fa+ 43) + O, (1)
=mnagdra+O0p(1).
Therefore,
Var [N (m) — 4T (m)] = émﬂk/lka+0(1), (168)
and hence
Var [N (aT) - 4Tk (aT)| = Trxdx + O(1). (169)
Combining with our discussion before Definition 1, we have that
VT (diffo, diffy, . .. diffx_1) = N (6, zdiﬂv) , (170)
where diffy = Ny (aT) — 4Tk (T), Zair k.x = 7k dx and Zgi .y = 0 for k # 1.
Finally, together with (158), we have that
T (errg,erry, ... errg ) = N (6, Zraﬁo(p)) , (171)

where erri = T57°2 = 1 (p), Zraio .k (P) = Ak (p) / 7k (p) and ragio ks =0 for k #1.

A3.9. Proof of Proposition 10 Let Ni (T, 1) = Ny +(T, {T) + Ni,— (T, {1). For notation simplicity, we sometimes
ignore the (7, {7) and the subscript WDE in the proof.
We start with noting that by Lemma 12, Ny /T LA 7k (p)Ak(p). Then note that conditioning on Ny,

L Ak (p +4r) )
N+ ~B 1| Ng, . 172
b ‘“"““a( © U p+ i)+ A+ D) 1
By Lemma 11 and Anscombe’s theorem (Anscombe 1952),
A (p+4r) + A(p = 1) (Nk,+ A (p + 1) )
N, - N (0,1), 173
it \ Ne i+ ip=in) O e
as T — oo. Thus,
A A (p +{r) + A(p = {1) (Nk,+—Nk,— _/lk(P+§T)—/1k(P—§T)) SN (0.1, (174)
23k (p + &) A(p = L) Nk A(p+4r) + A(p—{1)
as T — co. Since Ax(p + {r) = A (p), A (p — &) — A (p), and Ni/T D> 71 (p) i (p), by Slutsky’s theorem,
Ni+—Ni—-  A(p+r) —A(p—{r) 1
T : — — N0, ————]. 175
VT Ni /lk(P+§T)+/1k(P—§T))=> ( ﬂk(P)/lk(P)) (17

Since the second derivative of 4 is bounded above by a constant, we have that A (p + {7) — Ak (p — {1) =247 (p) +
O (¢2). and Ak (p + {r) + Ax(p = {r) = 241 (p) + O (¢2). Hence,

Alp+ir)—ap=&r) _, 4(p) >
CEEAE +0 ) (176)
A(p+4r) + A(p—L1) éVT/’Lk(P) ({T)
Since \/Tg% — 0, we have that
Ni,+ —Ni - A,.(p) 1
«/T( ’ Sl SN0, ——], (177)
Nk T Ak(p) mi(p)Ak(p)
ie., )
A (P 1
JT 22 (Ak— k ):N(O,—). (178)
T Ak (p) i (p)Ak(p)
For the joint distribution, the result is a consequence of the following fact: Conditioning on (Ng, Ny, ..., Ng_1), the

random variables Np +, ..., Nx—_1 + are independent.
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Appendix B: Additional Simulation Results and Details

B.1. Variance estimators

In Figure 1, we examine the accuracy of the proposed variance estimators discussed in Section 3.1. The variance
estimators are generally quite accurate. For the model-free estimator, the idle-time-based estimator, and the WDE
estimator in user-level randomization, the estimated variances closely track the true variances. For the WDE estimator
in interval switchback experiments, the variance estimator can occasionally underestimate the true variance.

The simulation settings follow those in Section 3.2. We take {7 = 0.05, hold the target price at p = 1, and assume
that A (p) = 4 (1)(2 - p).

B.2. Comparing the WDE estimator with the DQ estimator

Another estimator that addresses interference arising from Markovian systems using data from user-level randomization
is the DQ estimator from Farias et al. (2022). To illustrate the performance of the WDE estimator in user-level
randomization, we present a simulation-based comparison between the proposed WDE estimator and the DQ estimator.

As shown in Figure 2, the proposed WDE estimator achieves lower RMSE than both the DQ estimator and the
difference-in-means estimator in most settings. We believe the efficiency gain arises from directly using the structural
properties of the queueing system.

The simulation settings follow those in Section 3.2. We take {7 = 0.05, hold the target price at p = 1, and assume
that A (p) = A, (1)(2 — p). We also note that our analysis is conducted in a continuous-time Markov chain setting,
while the DQ estimator was developed for discrete-time systems. To enable comparison, we discretize the trajectories
when applying the DQ estimator, using a discretization interval of 0.1.

The DQ estimator was implemented with LSTD, with a single regularization hyperparameter a as described in
Section G.1.2 (Implementation details, point 3) of Farias et al. (2022). We estimate the state—action value function Q

and add an L, regularization term. In short, we solve for a fixed point of the regularized least-squares problem
Q=argmin Q" ~r =P+l +ellQ'll,

where Q € R?(N*1) stores the estimated Q(s,a) values and P € R2N+Dx2(N+1) i the state—action transition matrix.
We construct plug-in estimates of r, P, and A using sample means in each state. We set the hyperparameter to @ = 0.1.
B.3. Non-stationary simulator in Section 5

The departure rate u =2. In week w, on day d, at time ¢, the state-dependent arrival rate is given by

42 -
Awanip) = 2P0y, (179)

where b, ; is the arrival rate depicted in Figure 9 and a; =0.9,a2 =1,a3 =1.1,a4 = 1.2.

B.4. Figure 8

We study the settings in Section 3.2. In Figure 8, we plot the mean squared error (scaled by T{%) of the estimators. We
take {7 = 0.05. We hold the target price at p = 1. In the first row of Figure 8, we assume that A (p) = A (1)(2 - p); in
the second row of Figure 8, we assume that A (p) = A, (1)((2-p) + (1= p)?).
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Method: Interval switchback model-free
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Figure 1 Comparison between the true variance (solid lines) and the estimated variance (boxplots) across
the four estimators and experimental settings.
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Figure 2

Root mean squared error (RMSE) comparison of the estimators user-level randomization. We

compare the proposed WDE estimator, the DQ estimator, and the difference-in-means estimator.
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