B Online Appendix of “Multi-Type Information Ac-
quisition in a Strategic Trading Model” by Ou-

Yang, Wu, and Zhang

B.1 Existence of Pure-Strategy Equilibrium

In this section, we examine whether a pure strategy equilibrium exists under a given cost
vector.

By Lemma 2, if N; > (<) 2R + 1, then N,;r(Nl) increases (decreases) with Ny, i.e.,
NI(N, + 1) > (<) N}(N,). Consequently, Nf(N,) and Nj(N;) may cross each other in
four regions: 1) Ni, No <2R+1;2) N;,Ny >2R+1;3) Ny < 2R+ 1 and Ny > 2R+ 1;
and 4) Ny < 2R+ 1 and N; > 2R + 1. In the first two regions, where the slopes of
N{(Ny) and NJ(N;) have the same signs, we say that NJ(N,) and NJ(N;) move in the
same direction. In the latter two regions, where the slopes of NJ(Ny) and NJ(N;) have

opposite signs, we say that NJ(N,) and NJ(N;) move in the opposite direction.

Lemma B.1 Suppose that ! (x5) and x(x1) are monotonic discrete functions of xo and
xq respectively, that x; and xj(xj) are integers fori,j = 1,2 and i # j, and that there are

x; and x? with v} < x? such that a:j(x; (z})) > z! and xj(mj (22)) < x2. We obtain that

1. if l‘j(l’]) increases (decreases) with x; fori,j =1,2 and i # j, then there is one or

more pairs of (x%,13) such that ¥ = x1(x3) and 235 = xb(27), where z} < ¥ < 22,
2. if mj(x]) increases with x; but x;r(a:,) decreases with x; fori,j = 1,2 andi # j, then
there is one or no pairs of (x%,13) such that % = x!(x3) and a3 = zb(2%), where

1 * 2
r; <ap <xf.

We illustrate the results of Lemma B.1 in Figure 8, in which the red stars represent

! (x;), and the black circles represent xT(xz) The condition of xj(mj (z})) > x} means

that :c; (z;) is above ! (z;) at z; = 2] (z ;( 1), and the condition of :cj(x;(x?)) < 22 means
that [L‘; (z;) is below z! (z;) at z; = 2 (z ;r( 2)). These two conditions guarantee that ! (z;)
and x;(x,) cross in the region of z} < z; < x?. Panel A in Figure 8 presents an example,



Panel A Panel B

Aj J
A A
. X (x;) x;(x,) . x!(x)) xI(x,)
rj(rf ) * o) rj(rf) ©
* O O * O 0
® O * O O
® O *
| 00 * 00 *
I X)) o
‘ » g
x! x! X x! x; X
SEE) G SEE) )

Figure 8. Illustrations of Lemma B.1. This figure illustrates when two monotonic discrete
functions have an overlap. It shows the results of Lemma B.1. The red stars represent x;-r(xj),

and the black circles represent x;r (x3).

where z!(z;) and :r;(xl) move in the same direction and there are two overlapping points,

corresponding to two equilibria. Panel B in Figure 8 presents an example, where zj(:v])
and x; (x;) move in the opposite directions and there is no overlapping point, indicating
the nonexistence of a pure strategy equilibrium. In short, Point 1 in Lemma B.1 states
that if 2] (22) and z}(z1) move in the same direction and cross, then there exists at least
one equilibrium, and Point 2 in Lemma B.1 states that if 21 (z5) and z}(z1) move in the
opposite directions and cross, then there exists at most one equilibrium.

Using Lemma B.1, we investigate the existence of equilibrium when NlT (Ny) and
NJ(Ny) cross in different regions. Because Nj(N,) and NJ(N;) are both non-monotonic,
however, our problem is more complicated than the problem in Lemma B.1. Fortunately,
we can show that NJ(N,) and NJ(Ny) always cross only in a certain region, which greatly
reduces the difficulty of our problem.

For any given ¢, let N, = N/ (0) and Ny = NI(2R +1) for k = 1,2. Because L(0) =
L(+00) < L(N,) < L(2R + 1) for N; > 0 by Equation (2), we have Ny, < N} (V) < Np.
That is, N} and N are the lower and upper bounds of N ,I(Nl) for a given ¢, respectively.

Based on the results in Lemma B.1, we obtain the following lemma that identifies the

conditions under which NJ(N,) and NJ(N;) cross each other in each region and further



presents the existence of equilibrium in each scenario. Without loss of generality, the

following lemma considers the case of ¢; > ¢;, which implies that N, < N, and N < N,

Lemma B.2 Suppose that ¢, > ¢;, the following results hold.

1. ]fN,I(M) > 2R+1, then N(N;) and N (Ny) cross either in the region of Ny, Ny <
2R+ 1 or in the region of Ny, Ny > 2R + 1, and therefore there exists at least one
equilibrium.

2. ]fN,lL(M) < 2R+ 1, then we have

(a) if NZT(%jL 1) > 2R+ 1, then N} (N;) and N} (Ny) cross in the region of Ny <
2R+ 1 and N; > 2R + 1, and therefore there exists at most one equilibrium,
and

(b) if N;(& +1) < 2R + 1, then N}(N,) and N/(Ny) cross in the region of

Ni, Ny < 2R + 1, and therefore there exists at least one equilibrium.

Figures 1 and 2 illustrate the results of Lemma B.2, in which green stars represent
N!(N;) and blue circles represent N (Ni). The intuitions behind Lemma B.2 are as
follows.

When N,I(M) > 2R + 1, we can prove that N)(N;) and N (N;) cross in the regions
where N (N,) and N/ (NN},) move in the same direction. Thus, we obtain Point 1 in Lemma
B.2 according to Lemma B.1. Figure 2a presents an example in which N (N;) and N/ ()
cross and have two overlapping points, corresponding to two equilibria.

When N,I(M) < 2R+ 1 and N;(% +1) > 2R + 1, we can prove that N|(N;) and
NJ(N,) cross in the region where NJ(N;) and N/(Ny) move in the opposite directions.
Thus, we obtain Point 2a in Lemma B.2 according to Lemma B.1. Figure la presents an
example where N II(NZ) and NIT(Nk) cross each other and there is only one overlapping
point, indicating a unique equilibrium. Figure 1b presents an example where N,I (V)
and NZT(Nk) cross each other but there are no overlapping points, corresponding to the
nonexistence of equilibrium.

When N,I(&) < 2R+ 1 and N/(Ny +1) < 2R + 1, we can prove that N!(N;) and

NJ(Ny) cross in the region where N (N;) and N/ (N;) move in the same direction. Thus,



we obtain Point 2b in Lemma B.2 according to Lemma B.1. Figure 2b presents an
example in which N ,I(Nl) and N;(Nk) have two overlapping points, corresponding to two
equilibria.

Note that N, and Nj are determined by c;. Thus, by using Lemma B.2, we can
determine whether an equilibrium exists for any given cost vector (ci,cz). Before that,

we define my, my, and 7, as follows.

g = E[m(1,0)] = E[m(0, 1)],
v = E[m (2R + 1,0)] = E[m2(0,2R + 1)],

7, =E[m (2R +1,2R + 1)] = E[r2(2R + 1,2R + 1)].

If 0 < ¢ < 7p, then we have Ny > 2R+1. If 1 < ¢ < mpy, then we have N < 2R+1 <
Ni. If mar < ¢ < 7, then we have 1 < N, < 2R + 1. If 7y < ¢, then we have N, = 0.
Using 7y, mar, and 7y, we divide all possible cost vectors (cq, ¢y) into 11 sets as follows,

and present the existence results in each set in Proposition B.1.

S ={(c1,¢0) € R?H 1C1 > Ty Or Co > Ty},

Sy ={(c1,c2) ER%, : 0 < 1,00 <mp},

Ss={(c1,c2) ERE, iy < 1,00 < Ty},

Sy ={(c1,) € R?H sy <o <mpand 0 < ey <7},
Si2 = {(c1,) € R?H sy <o <mpand 0 < ¢ <7},
Ss1 = {(c1, ) € R?H s <cp <myand 0 < e <t
Ss2 = {(c1,¢0) € R?H s < e <myand 0 < e <mpt,
Se1 = {(c1,2) €RY, 1y <oy <7y and 7, < ¢ < T},
Se2 = {(c1,2) ERY, 1y < o <y and 7, < ¢ < ),
S ={(c1, ) € Ri+ s < e < e <ml,

Sn={(c,0) €ERY, i, <1 < e <7yl
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Figure 9. Sets and Existence of Equilibrium. Panel A demonstrates the locations of
11 sets that cover all possible cost vectors, and Panel B demonstrates the regions where there
exists at most one equilibrium and the regions where there exists at least one equilibrium. The
parameter values are R =1, 02 = 1, and 03 =1.

Proposition B.1 1. If (c1,c2) € 81, then there exists a unique equilibrium.

2. If (¢1,¢0) € Sy U Ss, then there exists at least one equilibrium.

3. If (c1,¢2) € S41 U Sya, then there exists at most one equilibrium.

4. For (c1,¢2) € S5, if E[m (2R + 1, Ny)] > 1, then there is at least one equilibrium,
otherwise, there exists at most one equilibrium. For (c1,ca) € Sso, if E[ma(N1, 2R+
1)] > ¢y, then there is at least one equilibrium; otherwise, there is at most one
equilibrium.

5. For (c1,¢2) € Se1 USn, if Elma(Ny + 1,2R + 1)] > ¢y, then there is at most one
equilibrium; otherwise, there is at least one equilibrium. For (¢1,¢3) € Sga U Sra, if
E[m (2R + 1, Ny + 1)] > 1, then there is at most one equilibrium; otherwise, there

15 at least one equilibrium.

We illustrate the results of Proposition B.1 in Figure 9. Panel A in Figure 9 presents
the locations of those sets. Panel B in Figure 9 illustrates the results of Proposition B.1

in the case of R =1, 2 = 1, and 02 = 1. The light grey regions represent the regions



where there exists at most one equilibrium, and the white regions represent the regions
where there exists at least one equilibrium.

The intuitions behind Proposition B.1 are as follows. For a simple example, if (¢1, ¢o) €
Sy, then we have Ny, Ny > 2R + 1. Note that NJ(N,) > Ny, for N; > 0. Thus, Ny (Ny) >
2R + 1 always holds for (¢, cs) € Sy and there exists at least one equilibrium according
to Point 1 of Lemma B.2. If (¢, c2) € Ss1, then we have Ny > 2R + 1. Thus, Ng(&—k
1) > 2R + 1 always holds. If E[m;(2R + 1, Ny)] > ¢, then we have NJ(Ny) > 2R + 1,
and thus there exists at least one equilibrium according to Point 1 of Lemma B.2. If
E[m (2R + 1, N;)] < ¢, then we have Nf(&) < 2R+ 1, and thus there exists at most
one equilibrium according to Point 2a of Lemma B.2. The other results in Proposition

B.1 can be proved in a similar way.

B.2 Mixed Strategy Equilibrium

This section considers mixed-strategy equilibrium. We start with the case where there
exists only one type of information that can be acquired as in Kyle (1985) and Subrah-
manyam and Titman (1999).

Note that there are an infinite number of traders who can acquire private informa-
tion. We assume that N traders actually choose to acquire information with positive
probability, and other traders quit the market. For simplicity, we consider only symmet-
ric equilibria; that is, all traders who acquire information choose the same probability.
Note that the number of traders who obtain information is uncertain. For simplicity, we
assume that the market makers can observe the number of informed traders; that is, the
market makers do not need to guess it.

If all other informed traders acquire information with probability p, then the expected

profit of the kth informed trader is given by

E[x (pr, p, N)] = pr (Z{Cﬁb_lp”(l —p)V T Er(n + 1))} - C) : (B.70)

where CF_, = % Obviously, if S>7 H{C%_,p*(1—p)N""'E[x(n+1)]} > ¢, then



the optimal py, is unity; if 37 {CO%_ p"(1 —p)¥ " 'E[r(n + 1)]} < ¢, then the optimal
pi s zero; if S0 O p"(1 — p)N " E[x(n + 1)]} = ¢, then the value of p; makes
no difference for the kth informed trader. Therefore, if all informed traders choose a p
such that > O p"(1 — p)N"""'E[x(n + 1)]} = ¢, then no informed trader has an
incentive to deviate.

An increase in p implies that the probability of having a larger number of informed
traders increases and the probability of having a smaller number of informed traders
decreases. We can prove rigorously that SN {C%_ p*(1—p)V " 'E[r(n+1)]} decreases
with p.

Notice that when p = 1, "2 HO% p"(1 — p)N "' E[r(n + 1)]} — ¢ = E[x(N)] —c.
Therefore, if E[r(N)] < ¢, then there exists a unique p* such that Zg;ol{C]’(,_lp*"(l -
p )N E[r(n + 1)]} = ¢ holds. That is, for any N satisfying E[r(N)] < ¢, there exists
a unique mixed equilibrium.

Next, we move to the case where there are two types of private information that can be
acquired. We still consider symmetric equilibria. That is, in an equilibrium, all informed
traders of type k acquire private information with the same probability, denoted as py,
for k=1,2.

Assume that there are V| informed traders who acquire type 1 private information and
Ny informed traders who acquire type 2 private information. If all other informed traders
in group 1 acquire type 1 private information with probability p; and all informed traders
in group 2 acquire type 2 private information with probability ps, then the expected
profit of the kth informed trader in group 1, who acquires type 1 private information

with probability p; i, is given by

E[771(p1,k;p1, N1, po, Nz)}

Ni—1
= P1,k (Z {C}’Lvlllp?l(l — Nl —m-l X Z C;\Lé 1 — ) 2= ”2E[7T1(n1 + 1,7@)]} — Cl>

n1=0 no=0

(B.71)



If the following inequality holds, then the optimal p; ; is unity.

Ni—1
> {le P (L= )T x Z CNpy? (1 = p2) ™ " Elmy(n + an)]} > ci,

n1=0 no=0

If the following inequality holds, then the optimal p  is zero.

Ni—1
> {0?11171 (1—p)H7™m=tx Z Creps* (1 — pa2)™ " E[my (ny + 1,7”62)]} <
n1=0 no=0

If the following equality holds, then the value of p;; makes no difference for the kth

informed trader in group 1.

Ni—1
> {cglllpl (1 —py)M=m=t x Z Cwpy p2) N2 2Ry (ny —|—1,n2)]} = ¢y,
n1=0 no=0

Therefore, if all Ny informed traders in group 1 choose p; and all Ny informed traders in
group 2 choose py such that the two following equalities hold, then no informed traders

have an incentive to deviate.

Ni—1
2 {Cnl P (L= )T ZC}@ (1= o)™ "Bl (m + 1, n2>]} =
n1=0 no=0

(B.72)
No—1
Z {C;\%_po (1 — Nz ng—1 X Z 017\1[1 1 _pl)N1 mE[ﬂ'Q(nl,ng + 1)]} = ¢
n2=0 n1=0

(B.73)

For given ps, N7, Na, there exists a unique p; such that Equation (B.72) holds and for
given py, Ny, No, there is a unique ps such that Equation (B.73) holds. For given Ny, Ny
such that E[mr(N1,0)] < ¢; and E[m2(0, Na)] < ¢2 hold, then there exist pj and p} such

that both Equations (B.72) and (B.73) hold. That is, a mixed strategy equilibrium exists.



B.3 Stock Payoff Contains More Than Two Fundamentals

When the stock payoff contains more than two fundamentals, our main conclusions remain
intact. A major additional finding is that the number of multiple equilibria increases
rapidly with the number of fundamentals contained in the stock payoff.

Suppose that the stock payoff is affected by M fundamentals, and thus there are M
groups of informed traders correspondingly. Each group of informed traders is informed
of a certain fundamental. According to Definition 1, an equilibrium in the information
market is determined by M inequalities. Further, according to Lemma A.1, to verify
whether there exists a cost vector ¢ = (¢q, - -+, ¢pr) such that ]\71, cee N7 are all equilibria
under ¢ we need to examine M x J x (J — 1) inequalities. The number of inequalities
increases rapidly with M. As space is limited, this section presents our main findings in
a narrative manner.

Learning substitutability can still lead to multiplicity of equilibria. Similar to the case
when M = 2, if (Ny, Ny, -+, Ny) is an equilibrium under (cq,--- ,cp) and Np, Ny <
2R, then (Ny +1,Ny — 1,N3,--- ,Ny), (Ny +2,Ny — 2, N3, .-+, Nyy), (N1 + 3, Ny —
3,N3,--+,Ny), --- may also be equilibria under (cy,--- ,cpr). Furthermore, when M >
2, the form of multiple equilibria derived from substitutability can be more complicated
and diverse. Take M = 3 as an example. Suppose that (N, No, N3) is an equilibrium
under (¢y, ¢o, c3) and Ny, No, N3 < 2R. Then, information allocations such as (N;+1, Ny—
1,N3), (N1 +1, Ny, N5—1), (N;, No+1, N3—1), (N; —1,No+1, N3), (N; —1, Ny, N3+1),
(N1, Ny — 1, N3 + 1) may also be equilibria under (cy, ¢, c3). In addition, (Ny + 2, Ny —
1,Ng—1), (Ny —2,No+1,N3s+1), (Ny —1,Na+2,N3 — 1), (Ny +1,Ny — 2, N5 + 1),
(N7 —1, Ny — 1, N3 +2), (N1 + 1, Ny + 1, N3 — 2) may also be equilibria under (¢, o, 3).
According to the above pattern, it is intuitive that the number of multiple equilibria due
to substitutability increases rapidly with M. Further, the above results also hold for
the case of ¢; = -+ = c¢p;. Therefore, the number of symmetry breaking equilibria also
increases rapidly with M.

Learning complementarity can still lead to multiplicity of equilibria. Similar to Propo-

sition 1, if (N, Na, N3, - -+, Nps) is an equilibrium under (¢q, - -+, ¢pr) and Ny, Ny > 2R+1,
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Figure 10. Number of Multiple Equilibria vs M. This figure illustrates how the number
of multiple equilibria in the information market varies with the number of fundamentals in the
payoff, M. The parameter values are R = 10, 02 = 1, and 02 = 1.

then (N1 41, Ny +1, N3, -+, Njs) may also be an equilibrium under (cq, - -, ¢pr). Recall
from Proposition 1 that when M = 2, there are up to two equilibria due to complementar-
ity under a given cost vector. When M > 2, however, there can be more than two equi-
libria derived from complementarity. The intuition is that as M becomes larger, there are
more types of informed traders who provide liquidity mutually; that is, the complemen-
tarity effect becomes stronger. When the effect is strong enough, there can be more than
two equilibria. For example, if M is sufficiently large, and Ny, No > N3, .-+, Ny > 2R+1,
then (N1, No, N3, -+, Nar), (Nt +1,No+1, N3 +1,--- Ny + 1), (N1 +2, Ny +2, N3 +
Lo ,Ny+1), (Ny+3, No+3, Ng+1,---  Ny+1), (N1 +4, No+4, Ns+1,--- Ny +1),
- may all be equilibria under the same cost vector.

In addition, learning complementarity and learning substitutability may play a role
at the same time in the existence of multiple equilibria. Take M = 4 as an example.
Suppose that (N7, Ny, N3, Ny) with Ny, Ny < 2R and N3, Ny > 2R + 1 is an equilibrium
under (cq, 9, ¢3,¢4). Then, (N —1, No+1, Ng+1, Ny+1), (N1 +1, No—1, N3+1, Ny+1),
(N7 —2,Ny+2,N3+1, Ny+1), (Ny+2, No—2, N3+1, Ny+1), --- may also be equilibria
under (c1, co, c3,¢4).

Figure 10 illustrates that the maximum number of equilibria increases with the number
of fundamentals, M. For example, when M = 2, the maximum number of equilibria is 3,

but when M = 5, the maximum number is 45.

10



B.4 Market Participation and Information Acquisition

We consider an extension in which traders decide whether or not to participate in the
financial market and, if so, how much information to obtain. As in the baseline model,
the numbers of each type of informed traders become common knowledge. Hence, when
choosing their information precision, informed traders know the population sizes of both
types of informed traders.

The myth informed trader in group k, denoted as (k,my), observes a private signal,
Sk.my, about O:

Skmy = Ok + €kmy -

o2

The information precision of the (k,my) informed trader is defined as pj ., = Ve
S

Consistent with the benchmark model, we define Ry, = p,;}nk

We follow Xiong and Yang (2021) and assume the information cost takes the form of
ci(p) == a; + bp", with a;,b > 0 and 7 > 1.1° Here, q; is a fixed entry fee for acquiring
the i-th fundamental. To keep the model tractable, we focus on symmetric equilibria in
which informed traders of the same type choose the same level of information precision.

The timeline of the model goes as follows. First, traders choose whether they would
participate or not. Second, given (N7, N3) each informed trader chooses their level of
information precision. Lastly, traders engage in trading in the financial market. To
facilitate exposition, we provide a sketch of how to solve the model and leave the detail to
the end of the subsection. Similar to the main text, we first compute the financial market
equilibrium. From their trading profit, we compute each trader’s choice of information
precision. The following lemma shows that there is a unique (R}(Ny, Na), R5(N1, Ny))

for any given (Ny, Ns).

Lemma B.3 Given (Ny, Ny), there exists a unique (Rf(N1, Na), R5(N1, N2)) under the

symmetric equilibrium.

6Note that Xiong and Yang (2021) set the parameter 7 to 1. Our model is also well-posed when
7 = 1. For ease of exposition, we explicitly assume 7 > 1, which makes the information cost function
strictly convex in precision, ensuring that the first-order condition always yields an interior solution (see
the discussion after Equation B.76).

11



The proof of the lemma can be found at the end of this subsection. To determine equilib-
rium (N7, Ny), each trader compares their expected profit minus the variable information

cost with the participation cost.

Lemma B.4 The expected profit of the k-th type of informed traders minus the variable

information cost, decreases as Ny, increases.

The proof of the lemma can be found at the end of this subsection. Given the above

lemma, the equilibrium condition for information allocation (N7, Ny) is defined as follows.

Definition 2 The information allocation N = (N1, Ny) is an equilibrium if and only if

the following conditions hold for k = 1,2

b b

E[mi(N)] — ——=— > ay, >E[mp(N + T}))] — ——=——=—, if Ny >0,
Ry (N)" Ry (N +1T})"
. b
ag >E[7Tk(N + Tk)] ————— if Ny =0.
Ri(N +Ty)

Given the above definition, we use numerical analysis to search for equilibrium. Figure
11 shows the number of equilibria in the information market when the parameter values
are b = 100, 7 = 1.5, 0 = 1, and 02 = 1. As we can see, multiple equilibria can arise.
Under the above parameter specification, there can be up to 19 different equilibrium
information allocations (N, Ny) that constitute an equilibrium. As we further increase
b from 100 to 1000, traders acquire noisier signals, i.e, R increases, in which case, the
substitutability region expands. Consistent with the main text, the number of equilibria
can be even larger. Figure 12 shows that the number of equilibria can be as many as 80
when the parameter values are b = 1000, 7 = 1.5, 0> = 1, and 2 = 1. Overall, our result

on equilibrium multiplicity remains robust when information precision is endogenized.

Proof of Lemma B.3. We solve for the optimal information precision chosen by the

informed traders. Because the informed trader’s trading strategy is assumed to be linear

12



b=100and 7=1.5

Figure 11. Multiplicity under endogenous market participation and information
acquisition. This figure illustrates how the number of multiple equilibria in the information
market when both the number of informed traders and information acquisition are endogenous.
The parameter values are b = 100, 7 = 1.5, 02 = 1, and 02 = 1.

b=1000and 7=1.5

76
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m ﬁ
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a, x 10

Figure 12. Multiplicity under endogenous market participation and information
acquisition. This figure illustrates how the number of multiple equilibria in the information
market varies when both the number of informed traders and information acquisition are en-
dogenous. The parameter values are b = 1000, 7 = 1.5, 0% = 1, and 02 = 1.
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in his private signal, the profit of informed trader (k,my) is given by

2

N,
Thmy = Thong, (V= P) = T, [v —A <Z BinStng + u)

=1 n;=1

The expected profit of informed trader (k,my) conditional on si,,, is given by

N
E(Tkm |8k,mi) = Thimy, | E(Ok]Skmy) — A | Thmy, + Z Bren E(Ok|Skm,. )

nkzl
nEFEME

Taking the derivative of E(my m, |Skm,) With respect to xy,,,, we obtain the first-order

condition for the optimization problem of informed trader (k, my):

Ny
E(0klskm,) = A | Tome + D By BOklstm,) | — Akm, = 0.
neg=1
nkl;émk

It follows immediately that

Ny
20Tk my, = E(Ok|Skm,,) — A Z B E(Ok|skmy ),

np=1
nEFEM
N
=1]11-A Z ﬁk,nk E(9k|sk’7mk)’
nkzl
nEFEmy,
nkzzl 5k fl +Rk,mk S
nEFEME
Then, we have
1 o 1
N S N I B.74
Bam 2\ 7;:1 P L+ R m,, BT
NEFEME

Next, we compute the unconditional expected profit informed trader (k,my). Note

14



that i m, = BkmySkm,- Then, we have

2 N,
E(mym,) = E {Bk,mk Sk, [U —A (Z > BunSin + U)

=1 nlzl

} |

= ﬁk,mk (02 —A Z 6k,nk02 - )‘Bk,mka2(1 + Rk,mk>> .

nEFEmMy
2 2 1
o
=— 1=\ E n - B.75
nEFEM ’
The information cost takes the form a -+ be . We assume that the informed trader of
k,mp,

type (k, my) chooses his information precision while taking the market maker and other
traders’ 8 and A as given, as his choice is unobservable to them. Then, the optimal Ry ,,,

is determined by the following first order condition.

02 2 RZ—H
— (1= n — Mk — by B.76
AN 2 Pim (1+ Rim, )’ (B.76)

nEFEM

Given that 7 > 1, the left-hand side (LHS) of the above equation equals zero when
Ry, = 0, and the LHS approaches infinity as Ry, tends to infinity. Therefore, a
positive solution for Ry ,,, exists for this equation.

We consider a symmetric equilibrium in which the informed traders in group k choose
the same level of information precision. Then, for any my, we have Ry = Ry,,, and

Bk = Brkm,- Note that for a given k, if Ry ,,, is the same for all my, then we have

1
A2Ry + 1+ Ny)'

B = (B.77)

The first order condition (B.76) can be further simplified as follows.

o (1 Ny —1 )2 R,
FEY - =07
4N 2R, +14+Ni) (1+Ry)?
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Algebraic manipulation leads to the following equation.

2 pt+1
it s =br (B.78)
AN(2R, 4+ 14 Ny)

Note that A is bounded. Given that 7 > 1, the left-hand side (LHS) of the above
equation equals zero when R, = 0, and the LHS approaches infinity as Ry tends to
infinity. Therefore, a positive solution for R, exists for this equation.

The optimal equilibrium information precision given N; and Ny is determined by
Equation (B.78). Note that the derivative of 2ka—f+Nk with respect to Ry is always
positive for 7 > 1. Therefore, given Ny, when liquidity worsens (i.e., A 1), R} increases,

meaning that information precision declines.

Because P = E(v|X 4+ u) = AM(X + u), A is given by

_ Cov(v,X +u) 37 Cov(f, X +u) 52 NiBo?
Var(X + u) Var(X + u) S NP2 4 NiBPop 4 o2

Substituting 5y given by Equation (B.77) into the above equation, we have

where

Ni(p/' +1)
(2071 + 1+ N2

L =

We are now ready to prove the uniqueness in the level of information precision given
(N1, Ny). We argue by contradiction. Given N; and Nj, suppose there exist two equilibria
(R;, R3) and (R}, R}).

Using the expression for A, we can rewrite Equation (B.78) in the following form.

1 MR +1)> PPN (R + 1)
Li+ Ly (2R, 4+ 1+ N,.)* o202 R
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The above expression is equivalent to the following one.

Li  OTNE(Re+ 1)
Ll + LQ O'Q(Tl%RzTJrQ

(B.79)

Assume LT > L*. Let LI = oy L] and L; = oL}, Let ag > . Then, we have ay > 1.

(L) (al)? (L))’ (L)) (L))
N+ L) alj+asl; ™ alli+oqly Li+ Ly  Li+Ls

(Rip+1)?
27+2
RkT

Given L' > L*, we have RL > R; for any k. Moreover, the derivative of
with respect to Ry is negative. Thus, if the information precision moves from (R}, R})
to (R, R}), the left-hand side of the Equation (B.79) increases, while the right-hand side
decreases, contradicted to the equality for both (R:, R;) and (RI, R}). Hence, there is a

unique (R, Rj) that solves (B.78).

Proof of Lemma B.4. We first show that R; increases as a function of Ny, holding Ny
as constant. Taking the logarithm of both sides of the Equation (B.78) is equivalent to

the following formula:

21n(o) + (7 + 1) In(Ry) — 2In(2Ry, + 1+ N;) — In(A) = In(b) + In(r). (B.80)

Take the total differential of both sides of the above formula for £ = 1 and &k = 2

separately.

T4+ 1 4 2 dX
- dR) — ——————dN; — — =0 B.81
(Rl 2R1+1+N1> YUO2R 14N, N (B31)

T4 1 4 dX
- dRy — == = 0. B.82
( R, 2R2+1+N2> D) (B82)

Plugging % from (B.81) into (B.82), dRy can be expressed in terms of dR; and dN;.

G, (e
dR, = (Rl N R, - NN N (B.83)

1
T+l 4 T+l 4
R2 2Ro+1+4+ N2 R2 2R2+1+4+ N2
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Note that

(B.84)

dln )\ = dNy + ——dRy + -=5dR;

1
2Ly + Ly) (8N1 OR, OR,

8L1 8[11 8L2 )

Plugging dRy Equation (B.83) into dln A, and then plugging dln A in to Equation

(B.81). We have the following equation.

g, dRy = Ty, dVy, (B.85)
where
. (7’ +1 4 > ' Sz 1 oL
Ry — - - - )
R, 2R +1+ N 2(L1 + LQ) (TR_—Q—Ql _ 2R2+41+N2) 2([/1 + L2) 0R,
= () 1- G Lo
2B+ 14+ M 2(Ly + L) (TR_Jrzl N 2R2+41+N2> Al + Lz) O,

Since I'g, and I'y, are both greater than zero, (B.85) implies that R; increases as a
function of Nj.

We are now ready to show that the expected profit of the k-th type of informed traders
minus the variable information cost, decreases as N, increases.

We define E(#) = E(m,) — 2. From (B.75), we have

Ry,
0'2(Rk —I— 1) b
E(7.) = - —. B.86
() ANe+2R,+1)?2  RI (B.86)
Note that
In (E(my)) = 2In(o) + In(Ry + 1) — In(\) — 2In(Ng + 2Ry, + 1). (B.87)

Then, we have

dE(my) 1 4 2 dX
= - dRy — | —————— | dN, — — B.88
E(ms) (Rk+1 Nk+2Rk+1) F (Nk+2Rk+1) SN (B.88)
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Substituting (B.81) into Formula (B.88), we obtain the following formula.

d]E(’/Tk) . 1 o T+ 1
E(m) <Rk +1 Ry ) Afix (B.89)

Now we consider dE(7). From the above equation we have

b 1 T+1

B o?(Ry +1) 1 41 N br
AN 2R 12\ Ry +1 Ry

We aim to show that the expression inside the brackets is negative. Plugging (B.78) into

it leads to

br T+1
— (1 -7 — . B.92
R ( "T R, ) (B.92)

Given 7 > 1, the above equation is negative. Therefore, an increase in Ny leads to a

decrease in E(7y).

B.5 The Possibility of A Trader Switching From One Type of

Information to the Other

In the case where a trader can switch from one type of information to the other, the
multiplicity due to substitutability in learning still exists, but the number of equilibria
will be sharply reduced, and the multiplicity due to complementarity in learning still
holds.

A trader has private information about one fundamental only, but can switch from
one fundamental to the other. In this case, the equilibrium conditions add the following

two inequalities on the basis of Equation (4).

E[m (N*)] — ¢; > E[my(N* + 55)] — ¢, (B.93)

E[mo(N*)] — ¢ > E[m (N* 4+ S))] — ¢1. (B.94)
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where §; = (1,—1) and S, = (—1,1). Inequality (B.93) ensures that the trader who
acquires type 1 information has no incentive to switch to type 2, and Inequality (B.94)
ensures that the trader who acquires type 2 information has no incentive to switch to
type 1.

First, the multiplicity due to complementarity in learning still holds. For Ny, Ny >
2R + 2, under a given cost vector (cy, cq), if (N1, Ny) is an equilibrium under Definition
1, then we can show that (N7, N3) is also an equilibrium under the new equilibrium
conditions; that is, it satisfies Inequalities (B.93) and (B.94) as well. Our proof is as
follows. Because (N, Ns) is an equilibrium under Definition 1, we have E[ry (N7, N3)| > ¢;
and E[me(N1, Ny + 1)] < ¢o. In addition, because the market liquidity is better under
(N1, No+1) than under (N7 —1, No+1), we have E[my (N1 —1, No+1)] < E[ma (N, Na+1)] <
¢a. Thus, we have E[my (N1, Na)| —c¢1 > 0 > E[ma(Ny — 1, Ny + 1)] — ¢; that is, Inequality
(B.93) holds. Similarly, we can show that Inequality (B.94) also holds.

Second, the multiplicity due to substitutability in learning still exists, but the number
of equilibria will be sharply reduced. Suppose that both (Ny, Na) and (Ny — 1, No + 1)
are equilibria under Definition 1. Unless E[m (N1, No)] — ¢ = E[ma(Ny — 1, No +1)] — o
and E[ma (N1, Na)| — co = E[m (N — 1, Ny + 1)] — ¢4, one of the two is not an equilibrium
under the new equilibrium conditions. For instance, if E[m (N1, N2)] — ¢1 < E[ma(N; —
1, Ny + 1)] — ¢o, then a type 1 informed trader will switch to type 2, and thus (N, N) is
no longer an equilibrium under the new equilibrium conditions. Therefore, under the new
equilibrium conditions, the multiplicity due to substitutability in learning only exists in
a smaller parameter interval, and the number of equilibria will be greatly reduced.

Overall, considering the case where a trader can switch from one type of information

to the other does not substantially undermine the main results of our paper.

B.6 Learning Both Types of Information

One might also wonder what the nature of the equilibrium is in the case where a trader
has access to two types of information. In fact, in this relaxed case, our results stay

unchanged.

20



Because we assume that informed traders are risk neutral, the expected profit of an
informed trader who obtains two types of information equals the sum of the expected
profits of two traders, with one trader obtaining type 1 information and the other obtain-
ing type 2 information. Thus, in this relaxed case, the equilibrium conditions are exactly

the same as the ones in Definition 1, so all conclusions are unaffected.

B.7 Comparative Statics in the Strategic Complementarity Re-
gion

In the strategic complementarity region, the existence of multiplicity leads to a compara-
tive statics result that is opposite to the prediction of the continuous solution. Normally,
a decrease in information cost leads to an increase in the number of informed traders
and both liquidity and stock price informativeness improve in the complementarity re-
gion. This is consistent with the prediction of the continuous solution. However, due to
multiplicity, stock liquidity and stock price informativeness can decline as costs decrease.

Consider the case illustrated in Figure 13. In region A, there are two equilibria
(N1, Ny) and (Ny 4+ d, N3 + 1), and in region B, there are two equilibria (N, N3) and
(N1 +d+ 1, Ny + 1). If the market moves from (N; 4+ d, Ny + 1) to (N7, Ny) due to a
decrease in ¢y, then both stock liquidity and stock price informativeness decrease.

Table 3 presents a numerical example. In this setup, ¢, is held constant at 98.3392 x
10~*, while ¢; is reduced from 1.0186 x 10~* to 1.0162 x 10~*. Prior to the reduction in ¢,
two equilibria, (400, 30) and (401, 31), exist. Following the reduction, the equilibria are
(400, 30) and (402, 31). When the market shifts from equilibrium (401, 31) to equilibrium
(400, 30), both liquidity and SPI decrease. This result contrasts with the continuous

solution, where both liquidity and stock price informativeness increase.
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C2

(N1, N2)

Ny +d+1,N, +1)
Ny +d, N, +1)

1

Figure 13. This figure illustrates the comparative statics of changes in information costs. Each
box represents a cost region that supports a specific equilibrium. For example, the region inside
the red box supports (N1, No). The overlapping areas between boxes indicate the existence of
multiple equilibria. When ¢s remains constant and ¢; decreases, the equilibrium moves from
point A to point B, transitioning from a unique-equilibrium region to a multiple-equilibrium
region.

B.8 Comparative Statics under the Continuous Solution
B.8.1 Comparative Statics in the Information Costs

This section studies the impact of changes in acquisition costs on information alloca-
tion, stock liquidity, and stock price informativeness under the continuous solution. The

following proposition provides a summary of the main results.

Proposition B.2 As ¢; increases, under the continuous solution, the following conclu-

stons hold.

1. n} decreases.
2. Ifn; <2R+1, thenn} and liquidity increases; otherwise, n; and liquidity decreases.

3. stock price informativeness decreases.

The economic intuition is as follows. An increase in ¢; leads to a decline in n;.
Since liquidity dynamics are primarily driven by changes in n;, liquidity increases when
n{ < 2R + 1 and decreases otherwise. The change in n, affects n; through its impact
on liquidity. When n; < 2R + 1, improved liquidity causes n; to rise; in contrast, when
n; > 2R+1, deteriorating liquidity results in a decrease in n;. Stock price informativeness

is also determined by n;. As n; decreases, the informativeness of stock prices declines.
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Table 3. Comparative Statics in Information Cost

This table presents a numerical example to illustrate that, under the equilibrium, when
c1 decreases, liquidity and stock price informativeness may either increase or decrease in
the strategic complementarity region. In contrast, under the continuous solution, both
liquidity and stock price informativeness increase. The parameter values are o2 = 1,
02=1,and R =5.

Equilibrium Continuous Solution
c(10™%) (1.0186, 98.3392) (1.0162, 98.3392)  (1.0186, 98.3392) (1.0162, 98.3392)
Allocation (400, 30); (401,31) (400, 30); (402,31) (401.73, 31.004)  (402.23, 31.006)
Liquidity 2.8714; 2.8914 2.8714; 2.8918 2.89175 2.89199
SPI 0.8525; 0.85569 0.8525; 0.85573 0.85573 0.85576

Proof of Proposition B.2. On Information Allocation. Under the information cost
vector (¢, ¢2), the continuous solution is given by (nq,n2). Without loss of generality, we

consider the case where ¢; increases by dc;. The new continuous solution is denoted as

2
(n1 + dng, ng + dng). Letting Gy, = [%} , by Equation (3), we have
G G
E T = — B.95
B o S = (8.95)

To ease the exposition, we define the following notations:

e
ank ’

Gy = L9Gk 9L (B.96)

G =
K Gk (9nk ’ K Gnk

The condition (5) is equivalent to
dCl
(InGy)'dny = — Z Lidn, + (B.97)
(InGy)'dny = Z Lydn,. (B.98)

Subtracting both sides of Equation (B.97) from Equation (B.98) yields

In G1 ! 2 dCl
( n
(InGy)  ~ (InGy) ¢

dny = (B.99)
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Plugging Equation (B.99) into Equation (B.97), we have

1 L, dCl 1 L,
1G’1——§j L ldny=2— |1 ———2_|. B.100
(InG) [ L& Gy | T { L(InG,) (B-100)
From the above equation, we have

L+ |Ly— 2

dn, 9 la+ [ 27 (m@)/]
/e~ WOy 7T (B.101)

1 ! Zz:1 [Ll - (lnGl)’]

Substituting Equation (B.101) into Equation (B.99), we have

Ly

dng 2 Gy
= —. (B.102)
/ L
dCI/Cl (ln G2) 212:1 |:Ll - (lnGlz)':|
Notice that
1 (2R +1+ nl)
S B.1
Gy 1 <0, (B.103)
L = ( B.104
l (nl + 2R+ 1)3 ) ( )
L; _ (R4+1)(ny—2R—1) (B.105)
(111 Gl)/ 4(2R+ 1 —i—nl)Q ’ '
L (R+1)(2R+ 1+ 3ny)
L — —t— = > 0. B.106
T (n Gy A42R+1+n)? ( )
By Equations (B.101) and (B.106), we conclude that
dn1
_— ) B.1
/e <0 (B.107)

By Equation (B.102), the sign of dflnfq is the same as the sign of L. Thus, by Equations

(B.102) and (B.104), we have

dnsy >0 ny <2R+1,
dCl/Cl

(B.108)
<0 ny>2R+1.
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On Liquidity. Recall that A\ oc L := L; + Ly. Then, we have dL = L\ dn; + Lydns.

Substituting Equations (B.101) and (B.102) into d, we have

r, j7
2L} L— sy dey 2L YN dey

(G L -7, 1n5;l) “ (hlGQ),L_ZlQ:l(lnL—GEZ)’ “

dL =

By Equation (B.106), we have L — 3.7 | lnG > 0. Thus, we have

)

2L L de 2L, L, dec
dL 1 o 2 _1 1 2 _1
X G,y [ (In G2)I] & TGy Gy ¢
QLI dCl
L_
(ln Gl)

By Equation (B.105), we have

dL N L <0 n <2R+1,
dCl/Cl (lIlGl)/

>0 ny>2R+1.

On Stock Price Informativeness. For any [, let

COV(GZ, P)

2
o = Al =

I, = _.
: 2R+1—|—nl

g

The stock price informativeness is I = [Corr(v, P)]?, and )\ = SovXtw)

have

Var(P) = A*Var(X +u) = ACov(v, X + u) = Cov(v, P).

Therefore, we have

Cov(v,P)*  Cov(v,P) Ii+1,

! Var(v)Var(P) ~ Var(v) 2

Letting [] = gll, we have 1] > 0,V[ and

dl o< I;dny + Ihdns.
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(B.109)

(B.110)

(B.111)

(B.112)

(B.113)

Then, we

(B.114)

(B.115)

(B.116)



Substituting Equations (B.101) and (B.102) into the above equation, and note that

L-Y7, (lnL—G;l)’ > 0 from Equation (B.106), we have

df 217 L L 21
Li+ |Ly— —2~ - : B.117
derjer  (IGyy ( " l 2 (n GQ)fD TGy Gy (B.117)
o1, o1 7 Y
Ly — . B.118
Gy TGy |2 ImGey] T G, (InGa (B-118)
Note that (InG;1)" < 0. Based on the above equation, we have
df L 1
LLy+ 1) |L : Li—2—. B.11
Tdaje X Ot [ 2 - (mag)/} TGy (B.119)
Therefore, by Equation (B.119), if ny > 2R+ 1, then L} < 0 and thus dc /C < 0. On the
other hand, if n; < 2R + 1, then L} > 0 and we have
il Ll L 7 1
— L B.12
donje I, T L4 { 2" (I Gg)f} TGy (B.120)
" n(2R+1)  (2R+1)
2 1)? — 2 1
2R+1)2-n? (ny+2R+1) (B.121)

2R+ 1)2R+ 1+ ny) {(3712 +2R+1)(R+1)
(R+1)2R+1—ny) (ng + 2R+ 1)?
When n; = 0, the above expression attains its minimum. Substituting n; = 0, it is easy

to verify that the expression is positive. Thus, we conclude that % is always negative.

B.8.2 Comparative Statics in the Information Precision

This section discusses the impact of changes in information precision on information
allocation, stock liquidity, and stock price informativeness under the continuous solution.

The following proposition provides a summary of the main results.

Proposition B.3 As R increases (i.e., the precision of the signal decreases), under the

continuous solution, the following conclusion holds.

1. If nf,n% < 2R+ 3, then liquidity increases;

i ]

2. If n¥,ni > 2R+ 3, then liquidity decreases.

17]

3. stock price informativeness decreases.
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Proof of Proposition B.3. In this proof, we assume that the signal precisions of the
two types of informed traders may differ. Accordingly, R; and R, are defined as the
inverses of their respective signal precisions. We consider a simple case where R; changes

while Ry remains constant.

On Information Allocation. Without loss of generality, we consider the case where
Ry increases by dR;. The new continuous solution is denoted as (n; + dni,ny + dns).

The condition (5) is equivalent to

8 In G1 aLl
(111 Gl) dn; + ——dR; = ( dR; + Z L dnl> , (B.122)
OR, OR, —
0Ly
(InGy)'dny = 7 | 5-dBy + Z Lidn, | . (B.123)
! 1=1
Subtracting both sides of the above equations yields
1 ! 1
dng — WGy, OWG/OR (B.124)

(InGy) ' (In G,

Plugging Equation (B.124) into Equation (B.122), we have

2 2
1 L) 1 aLl OJln Gl OJln Gl 1 L)
1 G !/ 1 _ l — I J— —_— ! dR .
(InG1) L ; ey | " T TR, ~ om | oRm I ZZ:; Gy | 7
From the above equation, we have
L1 _ 9InG alnG
dn, B <61L~21 6R11L > : Ez =2 [Ll lnGl } (B.125)
= - : :
dR; (InGh) lel [Ll — —(lnclh)’]
Substituting Equation (B.125) into Equation (B.124), we have
ALy Ly 9lnGy
dnp 1 or ~ WGy om (B.126)
e T :
dF (ln GQ) 2121 [Ll - (lnGl’z)/i|
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Thus, from (B.125) we have

dmy ] =0
dR;
<0
and from (B.126) we have
dny J <0
dR;
>0

On Market Liquidity. Recall that \? « L :=

(B.125) and (B.126) into dL, we have

ny > 2R1 + 3,

(B.127)
n < 2R; + 3,
ny > 2R, + 3,

(B.128)
ny < 2R + 3.

212:1 Ly.

Then, plugging Equations

dL 0L, dny dno
— = + L L! B.129
dR,  OR, 1de " 2dR1 ( )
8L1 N L, dlnG, aL1 L
L; + L, — B.130
Z 111 Gl 1I1 Gl 8R1 Z Lt Zl l (1I1 GZ)/ ’ ( )
(3L1 LE 8111 Gl 2
_ _ L B.131
{8}21 (IIl Gl)/ 3R1 lzl b ( )
Then, we have
dL >0 ny>2R + 3,
- B.133
N ( )
<0 n; <2R;+3.
Since in our case n; and no are both less than 2R 4+ 1, when Ry = Ry, = R and R
increases, L decreases, implying that liquidity rises.
On Stock Price Informativeness. Note that
df (’)I dny dnsy
I I B.134
i “or U am AR, (B.134)
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Substituting Equations (B.125) and (B.126) into the above equation, we have

aL alnG dlnG Lt
dl ol 22: I L; I <8R1 — L 8R11) ~ R, [L2 - (lnng)’]
—_— Cx_ —

dR;, 0R; (InG,) ! (InGy)

=1 (B.135)
0L,  9nG, L, I
8R1 8R1 (hl Gl), (111 GQ)/ ’
df o — TL1(R1 + 5/4) o (2R1 + 3) [ _ L/2 :|
 (QRi+3-m) I ‘
2(2R1 + 1 + n1)2 (hl GQ)/.
If 2Ry +3 —ny < 0 then {& < 0.
If 2Ry + 3 — ny; > 0 then we have
_ df - 2n1(R1 + 5/4) . (2R2 + 1)
dR; (2R1 + 1+ n1)<2R1 +3— nl) (TlQ + 2Ry + 1) (B137)

(2R, + 3)(2R; + 1 +ny) {(3712 + 2Ry +1)(Re + 1)}
(Rl + 1)(2R1 + 3 — nl) (TLQ + 2R2 + ].)2

Consider the right hand side of the above equation. When n; = 0, the expression attains

its minimum. Therefore, we focus on the case where n; = 0. That is,

Al (2R +1) {(3n2 + 2R, + 1)(Rs + 1)] (2Rt 1) (B.138)
: .

_de . <R1+1) (77,2+2R2—|—1>2 n2—|—2R2—|—1)

Given R; = R,, substituting it into the above equation, it is straightforward to see
that the right hand side is always positive. Then, we have % < 0. It is obviously to

see % < 0. And, if dR = dR; = dR,, we have g—é < 0.

B.9 Omitted Proofs from Section B.1
B.9.1 Proof of Lemma B.1

Without loss of generality, we let ¢ = 1 and j = 2.

Point 1:  Suppose that z}(z1) increases with z; and z!(z,) increases with z,. If
ol (2h(x))) = 2!, then (21, 23(x1)) is an equilibrium. If zf(zf(22)) = 22, then (22, 25 (22))

is an equilibrium. Then, we consider the case in which ! (z}(21)) > z! and 21 (2}(22)) <
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z? with z] < 2%,

Because ah(z1) increases with x1, x!(z}(z1)) also increases with z;. Let g(z;) =
a1 (2 (21)) — 1. Taking z! as a starting point, we increase z; until we find an &; such
that g(#1) > 0 and g(2; + 1) < 0. We first check z; = 27 + 1. If g(z; + 1) < 0, then
we have #; = x!; otherwise, we check ; = 2! + 2, and so on. Because | (z}(22)) < 22,
there must exist an #; with 1 < 2; < 22 such that g(#1) > 0 and g(2; + 1) <0.

If (&) = 0, then (i, z}(#1)) is an equilibrium. If (&, +1) = 0, then (& + 1, z} (&, +
1)) is an equilibrium. If g(#;) > 0, then we have 2] (z}(#,)) > &, + 1. Thus, because
2! (2} (1)) increases with x1, z! (2} (2, + 1)) < &, + 1 will not hold. Therefore, g(&;) > 0

and g(#; + 1) < 0 cannot hold simultaneously. Thus, at least one of (&, z}(#)) and

(21 + 1, }(&; + 1)) must be an equilibrium.

Point 2: If 2! (2}(2!)) = z!, then (z!, z}(21)) is an equilibrium. If 21 (z}(22)) = 22, then

(22, 2}(22)) is an equilibrium. Then, we consider zf(zf(21)) > 21 and zf(2)(22)) < 22
with z} < 7.

Because 25 (1) decreases with @y, 21 (23 (x1)) also decreases with z;. Thus, if ! () (2))
2y, then we have z!(z)(x1)) < 2 for 2y > 21 and 21 (zl(x)) > 2 for #; < 21. That is,
(21, 2(21)) is the unique equilibrium.

Taking «! as a starting point, we increase z; until we find an &, such that ! (23 (2,)) >
#y and zl(zd (31 + 1)) < 21 4+ 1. If 2l(2l(#))) = 21, then (i1, 25(21)) is the unique
equilibrium. If 2§ (2} (&, +1)) = &, +1, then (&, +1, 2} (1 +1)) is the unique equilibrium.
Because z] (z}(x)) decreases with o1, z{(z}(21)) > 21 and 28(23(#; + 1)) < 1, 4+ 1 may
hold simultaneously. Thus, at most one of (&1, 25(21)) and (&; + 1,25(2, + 1)) is an

equilibrium, and a pure strategy equilibrium may not even exist.

B.9.2 Proof of Lemma B.2

We first prove two useful lemmas.

Lemma B.5 1. If N, < 2R and N} (N,) < 2R + 1, then we have

(a) NI(N)) — NI(N,+1) <2, and
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(b) if R > 7 and N; < 1, then there exist some cjs such that NJ(N, + 1) =
NI(N)) = 2; otherwise, Ni(N;) — NJ (N, +1) < 1.

2. If Ny < 2R+ 1 and NJ(N,) < 2R + 1, then we have N} (N, — 1) — N} (N,) < 2.
3. If NJ/(N)) < 2R+ 1 and N; > 2R + 1, then we have N} (N, +1) — N} (N;) < 1.
4. If N/(2R+1) < 2R — 1, then we have

(a) NJ2R — ) — NI(2R+1) <1 forz=0,1,2, and
(b) if R>2, then NJ(2R —3) — N/(2R+1) < 1.

5. If Ny < 2R+ 1 and N} (N;) < 2R, then we have NJ(N; — 1) — Ni(N;) < 2.
Proof. Let k=1 and [ = 2. If N; = N{(N,) and N] = NJ(N}), then we have

]E[’]Tl(Nl, Ng)] 2 c1 > E[T(l(Nl + 1,N2)],

]E[Wl(N{, Né)] >c > E[ﬂ'l(N{ + 1,Né)]
The above two inequalities suggest that

E[m (N1, Ny)] > E[mi (N1 + 1, Vo), (B.139)

Efr (Ny, N)] > Efmy(N] + 1, Nj)]. (B.140)

We define X and Y as follows. Inequalities (B.139) and (B.140) are equivalent to

X >0and Y > 0, respectively.

X == [‘C(N{,NQ)CELN{) - £(N1+1,N2)CELN1+1)]>

= — [Lon,na) Oy = Lovir1,ng) Clvt )

Point 1: Let Ny <2R+1, Ny <2R, N, = Ny + 1, and N{ = N; —d. If d =1, then
X >0and Y > 0 always hold. If d = 3, then Y > 0 never holds. If d = 2, then X > 0
always holds but Y > 0 only holds under certain conditions. Specifically, if and only if
R>7, Ny <1and N; =2R + 1, then Y > 0 holds; otherwise Y < 0.
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Figure 14. Intuition behind Lemma B.6. This figure illustrates the intuition behind
Lemma B.6. The red stars represent Ng (N1) and the black circles represent Nf (N3).

Point 2: Let Ny <2R+ 1, Ny <2R+1, Ny =Ny —1,and N{ = N, +d. If d = 3,
then X > 0 never holds.

Point 3: Let Ny <2R+1, Ny >2R+ 1, Ny = No+1,and N| = Ny +d. If d > 2,
then X > 0 never holds.

Point 4: Let Ny =2R+1, Ny <2R—1, Ny =2R—xz,and N = Ny +d. If d > 2
and 0 < x <2, then X > 0 never holds. If R > 2, d > 2 and x = 3, then X > 0 never
holds.

Point 5: Let N, <2R+1, Ny <2R, N; = Ny — 1, and N| = N; + d. Note that X

decreases with d. Let d = 3, and we find that X < 0. Therefore, we have d < 2.

Lemma B.6 If there exists an Ny, with N +1< Ny < 2R + 1 such that N;(Nk) > 2R
and N} (N](N,)) < Ny, then we have NI(N!(Ny)) < N, for Ny, > Ny.

Proof. Let k = 1 and [ = 2. N/(NJ(N;)) < Ny means that point (Ny, Nj(Ny)) is to
the right of point (N (NJ(Ny)), NJ(Ny)). Note that if Nf(NJ(Ny)) = Ny, then these
two points overlap and thus (Ny, NJ(Ny)) is an equilibrium. If point (N7, NJ (V7)) is to
the right of point (N](NJ(Ny)), NJ(Ny)), then there is no pure strategy equilibrium at
N; = Nl. Lemma B.6 says that if there exists an Nk with N, +1 < Nk < 2R + 1 such
that NZT(Nk) > 2R and there is no pure strategy equilibrium at N; = Nj, then there
is also no pure strategy equilibrium for N, > Nj.. We plot Figure 14 to illustrate the

intuition behind Lemma B.6.
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Because there is no close-form solution to N ,I(Nl), we consider all possible cases in all
regions and prove that Lemma B.6 always holds.

For a given nonnegative real number z, we define y; and y, as follows.

Elmi(x, )] = e, (B.141)
E[Wg(fﬂ, yg)] = Ca. <B142)
Let ¢, = a , Cg = 2 ,and C(yy = N + 2R + 1. Equation (3)
(2P (R+ D2 ™ odo?(R+ D2 70 T
implies

T Y1 1
+ = - (B.143)
2 2 2,4
Coy Chn Gy
T Yo 1
+ = . (B.144)
2 2 24
Cloy  Clm G4

Let fi = dy1/dx and fs = dys/dx. Then, it follows

3
f=— C(yl) 2R—{—1—SE+ 4
2R+1— C(?'x) é%(](f’x) '
-1
; OR+1—z [2R+1—ys 4
2= = 3 3 ~275
Clay Clun) 300)

Substituting Equations (B.143) and (B.144) into f; and fs leads to

1 C’(31/) C'( )
= — Y3z +2R+1) +4=22
h 2R+1—1 [C’(?’x)( v ) C'(x)yl ’

3

Clay Cla
=By + 2R+ 1) +4—+x
Cla) Clya)

-1

For a given y;, there is a unique x(y;) determined by Equation (B.141). Let [x(y1)]
be the integer part of x(y;). For example, if z(y;) = 1.9, then [z(y;)] = 1. By comparing
Inequality (6) and Equation (B.141), if 3, is a nonnegative integer, then we have V. 1T (y1) =
[(y1)]. Similarly, for a given z, there is a unique y2(z) determined by Equation (B.142).

Let [ys(2)] be the integer part of yo(x). If x is a nonnegative integer, then NJ (z) = [y2()].

33



If x is a nonnegative integer and = = [z([y2(x)])], then (z, [y2(x)]) is an equilibrium.

Case 1: 1<zr<2R+land0<y; <2R+1.

In this region, we have f; < 0 and f, < 0. For 0 < y; < 2R+ 1, x(y1) decreases
monotonically with y;, so x(y;) has an inverse function y;(x). We can prove that if
y2(x) — y1(x) = 2, then we have fo > f; for x > 1, which implies that ys(z) — y1(x)
increases with x. We can also prove that f; decreases with y; for y; < 2R+ 1 and f
decreases with y, for x < 2R + 1. Thus, if ya(z) — y1(x) < 2, then we have fo > f;
for x > 1. As a result, if there is an & > 1, such that y(%) — y1(&) > 1, then we have
yo2(x) —y1(x) > 1 for x > . If yo(x) — y1(x) > 1, then we have [z([y2(z)])] < z.

For a given & > 1, if [x([y2(2)] — 1)] < & then we have ya(&) — y1(&) > 1. Thus, if
there is a positive integer & such that [z([y2(Z)] — 1)] < &, then we have [z([y2(2)])] < =
for x > 1.

Case 2: 1<zr<2R+1andy >2R+1.

In this region, we have f; > 0 and f, < 0. Because ys(x) decreases with =, we
have [y2(z)] decreases with x. Because x(y;) increases monotonically with y;, we have
z([y2(x)]) decreases with x. Thus, for a given positive integer &, if [x([y2()])] < &, then
we have [z([y2(x)])] < x for x > 4.

Case 3: z>2R+1and0<y; <2R+1.

In this region, we have f; < 0 and f, > 0. Because ys(z) increases with =, we
have [yo(z)] increases with z. Because z(y;) decreases monotonically with y;, we have
z([y2(x)]) decreases with x. Thus, for a given positive integer &, if [x([y2(2)])] < &, then
we have [z([y2(x)])] < x for > 7.

Case 4: z>2R+1andy; >2R+ 1.

In this region, we have f; > 0 and f > 0. For y; > 2R+ 1, 2(y;) increases monoton-
ically with y;, so z(y;) has an inverse function ¥ (x). We can prove that if y](z) > ya(x),
then we have f; — fo > 0. Thus, if there is an & > 2R + 1 such that ¢} (%) > yo(&), then
we have ¢} (x) > yo(z) for x > . If y(x) > y2(z), then we have [z([y2(2)])] < z.

Because x(y;) increases with yy, if x([yo(z)] + 1) < x, then we have y|(z) > ya(x).

Thus, if there is a positive integer & > 2R + 1 such that [z([y2(2)] + 1)] < &, then we
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have [z([y2(2)])] <  for z > &.

Case 1: Nl =2R+1.

Subcase 1: N, < 2R + 1. Because N, < 2R + 1, we have y,(2R + 1) < 2R + 1.
Because N; < 2R and yj(x) increases with x, we have y; (2R + 1) > 2R + 1. Thus, we
have yo(z) < yj(x) for x > 2R + 1. Using the results in Cases 3 and 4 in Preliminary
Results, we have N{(NJ(Ny) +1) < Ny for Ny > 2R + 1.

Subcase 2: Ny > 2R+ 1 and N{(Ny) < 2R — 1.

We have N{ (N3 + 1) < 2R according to Point 3 of Lemma B.5. Therefore, we have
NI(NJ(2R +1)+1) < 2R+ 1 and thus N](NJ(N,)) < Ny for Ny > 2R + 1 according to
Case 4 in Preliminary Results.

Subcase 3: Ny > 2R + 1 and N{(N,) = 2R.

By definition of Ny, we have ¢; > E[m2(2R + 1, Ny + 1)]. In addition, if Ny + dy =
NJ(2R +dy), then we have E[my(2R +dy, Ny +da)] > ¢y Thus, if Ny +dy = NJ (2R +d,),
then we have E[my(2R + dy, Ny + do)] > E[m(2R + 1, Ny + 1)].

Because Nf(&) = 2R, we have ¢, > B[, (2R+1, Ny)]. If 2R+d; = N{(Na+d,), then
we have E[m (2R+d;, No+dy)| > ¢;. Thus, a necessary condition for 2R+d;, = N{ (Na+ds)
is that E[m1 (2R + di, Ny + dy)] > E[m (2R + 1, Ny)].

For d; = 2, we can obtain that if E[m3(2R+2, Na+ds)] > E[ma(2R+1, No+1)], then we
have E[m (2R +2, Ny +ds)] < E[m1(2R+1, Ny)]. This implies that NIT(&qL dy) <2R+2
or equivalently NI(NJ(2R +2)) < 2R + 2.

For d; > 3, because Ny > 2R + 1, if E[m2(2R + dy, Na 4 ds)] > E[ma(2R + 1, Ny + 1)),
we have E[m1(2R + dy, N3 + d3)| < E[m (2R + 2, N;)] according to Lemma A.3. Thus, we
have E[r (2R+dy, Na+dy)] < E[m1(2R+1, Ny)]. This implies that N{(Ny+dy) < 2R+d,
or equivalently NT(NJ(2R + d,)) < 2R + d;.

Combining the results of the above three subcases, we have NJ(NJ(N;)) < Ny for
N, > Ny

Case 2: N, +1 < N, < 2R and NJ(N,) = 2R

Subcase 1: ]\71 =N +1

If R <7, then we have NJ(&+ 2) >2R—1and 0 < NJ(2R—2) < Ni + 1 according
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to Points 1 and 4 of Lemma B.5. Thus, we have NIT(N;(&—{— 2) —1) < Ny +2.

If R > 7, then we have NJ(Ny +2) > 2R — 2 and N|(2R — 3) < N, + 1 according to
Points 1 and 4 of Lemma B.5. Thus, we have NI(N;(&—{— 2)—1) <N, + 2.

To sum up, we have NJ(NJ(Ny)) < Ny for N +1< N; <2R+ 1 according to Cases
1 and 2 in Preliminary Results.

Subcase 2: N; > N;+2. We have N{(NJ(Ny)—1) = NI(2R—1) < N +1 according
to Point 4 of Lemma B.5. Therefore, we have NT(N§(N;)) < N, for Ny +1 < N, < 2R+1
according to Cases 1 and 2 in Preliminary Results.

Case 3: N, +1 < N, <2R and NJ(N,) =2R + 1

Subcase 1: ]\71 = N; + 1. Consider two cases.

If R <7, then we have Ng(&+ 2) > 2R and 0 < NJ(2R—1) < Ni + 1 according to
Points 1 and 4 of Lemma B.5. Thus, we have N{(NJ(N; +2) —1) < N, + 2.

If R > 7, then we have NJ(&%— 2) > 2R —1 and N{(2R —2) < Ni + 1 according to
Points 1 and 4 of Lemma B.5. Thus, we have NI(N;(&—’— 2)—1) <N, +2.

To sum up, we have N{(NJ(N,)) < N, for 2R +1> N; > N, + 1 according to Cases
1 and 2 in Preliminary Results.

Subcase 2: N; > N; +2. We have N{(NJ(Ny)—1) = NI (2R) < Ni + 1 according to
Point 4 of Lemma B.5. Therefore, we have N{(NJ(Ny)) < Ny for Ny +1 < Ny < 2R+ 1
according to Cases 1 and 2 in Preliminary Results.

Case 4: N; +1< N, < 2R and NQT(NI) >2R+2

Because Nj (N) decreases with Ny for Ny < 2R+ 1 and N (N,) increases with N; for
Ny > 2R+ 1, we have N (NJ(Ny) —1) < Ny. Thus, we have NJ(NJ(Ny)) < N; according

to Cases 1 and 2.

Returning to the proof of Lemma B.2, we let k =1 and [ = 2.
Point 1: Conditions: Nf(&) > 2R+ 1.

If N{r(&) = 2R + 1, then (2R + 1,Nf(&)) is an equilibrium. Thus, we consider
Ni(Ng) > 2R +1.

First, we prove that if ¢; > ¢, and N{r(&) > 2R + 1, then we have N, > 2R + 1.

Because N{r(&) > 2R+1, we have E[m (2R+2, N3)|] > ¢; by Inequality (6). By definition
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of Ny, we have c; > E[my(2R + 1, N, + 1)]. Because ¢; > ¢, we have E[m (2R + 2, Ny)| >
E[my(2R + 1, Ny + 1)]. It is straightforward to check that N > 2R + 1 is a necessary
condition for E[m (2R + 2, Ny)| > E[m2(2R 4 1, N, + 1)] to hold.

Let N} = 2R+ 1. Because N|(Ny) > 2R + 1, we have NJ(NJ(N})) > N}.

Let N2 = NI (0). Note that N (N,) < N1(0) for Ny > 0. Thus, we have N (NJ (N2)) <
N?.

Thus, NJ(N,) and NJ(Ny) cross in the region of Ny, Ny > 2R + 1. In addition, it can
be checked that NJ(N) and NJ(N;) do not cross in other regions. For example, because
Ny > 2R+ 1, there is no pure strategy equilibrium in the region of Ny < 2R +1. Because
N{(NI(2R 4+ 1)) > 2R 4+ 1, NJ(Ny) decreases with Ny for Ny < 2R + 1, and N{(N,)
increases with Ny for Ny > 2R + 1, there is no pure strategy equilibrium in the region of
Ny <2R+1and Ny > 2R+ 1. Using Lemma B.1, we obtain Point 1 in Lemma B.2.
Point 2a: Conditions: N{f(&) <2R+1 and Ng(&—i— 1) > 2R+ 1.

Note that if Ng(&—k 1) > 2R + 1, then we have Ng(&) > 2R+ 1.

Let N} = Ny = N/ (2R + 1). Because NJ(N}) > 2R + 1 and Nj(N,) increases with
N, for Ny > 2R + 1, we have N;(NJ(N1)) > Nf(2R + 1) = N1

Let N7 = 2R + 1. Because N|(Ny) < 2R + 1, we have NJ(N§(N?)) < N

Thus, Ny (Ny) and NJ(Ny) cross in the region of Ny < 2R+1 and N, > 2R+ 1. In
addition, because NIT(&) < 2R + 1, there exists an N, with N +1< N, < 2R +1 such
that N{(NJ(Ny)) < Ny. If Ny = Ny + 1, then because Nj (N, +1) > 2R+ 1, N{(Ny) and
N;r(Nl) do not cross in other regions according to Lemma B.6. If Ny > N; + 1, then we
have NJ(Ny —1) > 2R + 2, and thus NJ (N;) > 2R according to Point 2 of Lemma B.5.
Therefore, N (N,) and Nj(N;) do not cross in other regions according to Lemma B.6.

Thus, using Lemma B.1, we obtain Point 2a in Lemma B.2.

Point 2b: Conditions: N{(Ng) < 2R+ 1 and Nj(N; + 1) < 2R+ 1.

Subcase 1: Ng(&%— 1) <2R

If Ng(& + 1) < 2R, then we have Ng(&) < 2R + 1 according to Points 1 and 2 of
Lemma B.5.

Let N = N, = N (2R +1). Because N|(N,) decreases with Ny for N, < 2R+ 1 and
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NJ(Ny) < 2R + 1, we have Nj(NJ(N})) > NJ.

Let N? = 2R + 1. Because N (Ny) < 2R + 1, we have Nj (NJ(N?)) < N2

Thus, N|(N,) and Nj(Ny) cross in the region of Ny, Ny < 2R+ 1 according to Lemma
B.1. In addition, because Nf(&) < 2R+ 1, NI(Ny) and NJ(NV;) do not cross in other
regions according to Lemma B.6. Using Lemma B.1, we obtain Point 2b in Lemma B.2.

Subcase 2: Ng(&qt 1) =2R

If NJ(N, +1) = 2R, we have NJ(N,) < 2R +2 according to Points 1 and 2 of Lemma
B.5.

If NQT (N1) = 2R + 1, then the scenario is the same as Subcase 1. There exists one or
more equilibria according to Lemma B.1.

If NJ(N,) = 2R + 2, then we consider NJ(2R + 2) and N{(2R). If N{(2R +2) = N,
and NI(2R) = Ny, then (Ny,2R + 2) is the unique equilibrium. If N/(2R +2) = Ny
and NJ(2R) = Ni + 1, then both (N1,2R +2) and (N; + 1,2R) are equilibria. It can be
checked that if Ny <2R + 1 and N/(2R+2) = Ni + 1, then we have N/ (2R) = N +1,

and thus (N, 4+ 1,2R) is an equilibrium. Therefore, there exists at least one equilibrium.

B.9.3 Proof of Proposition B.1

The results in the case of ¢; > ¢y and those in the case of ¢; < ¢y are symmetrical, so we
only need to consider the former case.

If (c1,c2) € Sy and ¢; > E[m;(1,0)], then we have N; = 0 and Ny = N5 in equilibrium.
If (c1,¢0) € Sy and ¢y > E[my(0,1)], then we have Ny = 0 and N; = N in equilibrium.

If (c1,c2) € Sy, then we have Ni, N, > 2R + 1. Thus, there is one or more equilibria
according to Point 1 of Lemma B.2.

If (c1,¢2) € S3 Ny, Ny < 2R + 1. Thus, there is one or more equilibria according to
Point 2b of Lemma B.2.

If (¢1,¢2) € Ss1, we have N, < 2R+ 1 and Ny > 2R+ 1. Thus, there is at most one
equilibrium according to Point 2a of Lemma B.2.

If (c1,¢2) € Ss1, then we have N < 2R +1 < N; and Ny > 2R + 1. According

to Points 1 and 2a of Lemma B.2, if E[r(2R + 1, N3)] > ¢, then there is at least one
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equilibrium; otherwise, there is at most one equilibrium.

If (c1,c2) € Sg1, then we have N} < 2R + 1 and Ny <2R+1< N,. According to
Points 2a and 2b of Lemma B.2, if E[7y(N; +1,2R 4 1)] > ¢y, then there can be at most
one equilibrium; otherwise, there is at least one equilibrium.

If (¢1,¢c2) € S71, then we have Ny < 2R+1 < N and Ny <2R+1 < N,. By definition
of Ny, we have ¢ > E[m(2R + 1, Ny + 1)]. Given Ny < 2R + 1, it is straightforward to
check that E[my(2R + 1, Ny + 1)] > E[m (2R + 2, N)]. Thus, because ¢; > ¢;, we have
c1 > E[m (2R + 2, Ny)| or equivalently Nf(&) < 2R+ 1. According to Points 2a and 2b
of Lemma B.2, if E[my(Ny +1,2R + 1)] > ¢y, then there can be at most one equilibrium;

otherwise, there is at least one equilibrium.
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