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This appendix is organized into five sections. Section [A| presents a detailed comparison between waste
valorization, remanufacturing, and coproduction strategies. We also provide a summary of case studies
on waste valorization across industries, in which sales data reveal varying degrees of demand correlation
among the involved products. Section [B|introduces and summarizes the notations used in the main text,
alongside data employed in our numerical analysis. Section |C] provides the analysis and proofs related to
the model outlined in the Benchmark section. Section [D] focuses on the analysis and proofs for the model
incorporating waste valorization and demand correlation. Section [E| delivers essential analysis and proofs
for the models discussed in the Extensions section. Finally, Section |[F offers the analysis and proofs for the

model of waste supply chain.
Appendix A: Strategy Comparisons, Practical Examples, and Empirical Analysis

A.l. Comparison of Different Waste Reduction Strategies

Table A.1 Comparison among Waste Valorization, Remanufacturing, and Coproduction

Aspect Waste Valorization Remanufacturing Coproduction
Recycle after use
_ — Q
- | &= |—~o | & | T
Raw Materials 1 7 i Product Raw Materials —
Mlustration e Raw Materits (D S o
Process 2 processes 1 process 1 process
Input materials + waste materials + used products materials
Output two products same product different quality
Implications two interdependencies cannibalization vertical differentiation
Examples Fuwa, Kencoco automobile (1940s) semiconductor (1980s)

Table facilitates a comprehensive comparison of waste valorization, remanufacturing, and coproduc-
tion. As illustrated in the table, the initial point of distinction lies in the production process. Waste val-
orization encompasses two complete processes, contrasting with remanufacturing and coproduction, each
characterized by a singular process. Regarding production input and output, all three operations, waste val-
orization, remanufacturing, and coproduction, share virgin raw materials as input. However, waste mate-
rials become viable input exclusively for waste valorization, while remanufacturing may incorporate used
products, typically in the form of components. Remanufacturing yields a single product output, whereas
waste valorization and coproduction generate two or more products. It is noteworthy that the output prod-
ucts of waste valorization can vary significantly, although they may exhibit demand correlation in end

markets. Conversely, coproduction’s output is confined to vertically differentiated products, differing in
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product quality. In essence, the output for remanufacturing and coproduction primarily involves substitu-
tion or partial substitution. The pivotal distinction emerges in the waste reduction considerations. Waste
valorization encompasses dual perspectives, targeting both disposal/waste and source reduction. On the
other hand, remanufacturing and coproduction solely focus on source reduction. Consequently, the man-
agerial implications diverge based on these nuanced distinctions.

Specifically, waste valorization primarily focuses on pre-consumer (or in-production) waste, whereas
upcycling and downcycling are more concerned with post-consumer waste. Pre-consumer waste exhibits
distinct characteristics compared to post-consumer waste: 1. Minimal contamination, although this may
incur non-negligible maintenance costs. 2. Reliable supply in terms of both quantity and quality. Most
importantly, upcycling (or downcycling, respectively) focuses on reusing waste materials to create products
of higher (or lower, respectively) value or quality than the original. In other words, upcycled or downcy-
cled products typically exhibit an upward or downward substitute demand relationship with the original
product. In contrast, waste valorization involves an unpredictable demand relationship between waste-
generating and waste-valorizing products, which can be independent, complementary, or substitute in their
market demand. Thus, when considering upcycling and downcycling, it is essential to integrate factors
such as refurbishing processes, supply risks, and value/quality substitution (cannibalization effects) into
the model. While refurbishing processes and supply risks may not be directly relevant to waste valoriza-
tion, the demand correlation observed in waste valorization shares notable similarities with upcycling and
downcycling. For instance, a recent study by Long and Gui (2024) examines how upcycling, combined
with a quick response strategy, helps mitigate deadstock (i.e., waste) generation in the fashion industry.
Although their focus is on in-production waste within the context of upcycling, the use of deadstock fabric

for higher-value products may lead to a cannibalization effect, impacting the original demand.

A.2. Waste Valorization Cases Across Industries

Table A.2 Summary of Waste Valorization Across Industries

Product A Product B Waste Cor.* Firm(s)
Intra-firm coffee tumbler coffee grounds +  Starbucks

ice cream Cremissimo ice cream - Unilever

bedlinen Tanum leftover fabric +/- IKEA

shoes and clothes dumbbell ~manufacturingscrap +  Nike
Inter-firm hummus Fabanaise aquafaba Ind. Ithaca & Sir Kensington
beer Marmite brewer yeast +  Heineken & Unilever
clothes clothes leftover fabric +/- Jeplan & Patagonia

77

Note: “Cor.” denotes demand correlation, where “+” indicates positive correlation, indicates negative correlation,

and “+/-" indicates that either relationship may exist. The correlations are derived from our empirical analysis below.

Waste valorization in a single firm:



Li et al.: The Economics of Waste Valorization

(b) Promotion in Store

[ T NIRE GRIND WHIRE DOLS
AANOING THE Ga PO THE O NIRE GRIND

» NIKE GRIND CONIE TRON?
o=

kes a difference WIIANT IS B — =

NIRE GRIND?

(d) Tanum Rug (e) Nike Grind Projects (f) Nike Grind Dumbbell
Figure A.1 Waste Valorization in a Single Firm
Starbucks: www . starbucks.com.cn/en/about/news/good-good-lifestyles-towards-a-better-planet/
Unilever: www.unilever.com/news/news-search/2021/why-our-fight-on-food-waste-is-a-chain-reaction/

Ikea: www.ikea.is/en/products/rugs-mats/rugs/small-rugs-and-runners/tanum-rug-flatwoven-art-30212675

Nike: www.nikegrind.com/about/

1. Starbucks coffee grounds valorization. Starbucks’ “Good Good” movement, launched in China on
April 22,2021, where coffee grounds are repurposed into tumblers sold in store. Customers purchasing
select coffee products and pay an extra 68 yuan to receive a tumbler (retail price 119 yuan), a pro-
motion targeting coffee drinkers with a sustainable, branded product. This bundling suggests strong
complementarity, as coffee consumption likely drives tumbler demand, consistent with trends in sus-
tainable consumer goods (Starbucks Sustainability Report, 2023). This initiative involves the creation
of tumblers and notebooks, partially made from recycled coffee grounds collected at Starbucks stores.
The grounds are processed and blended with polypropylene to produce an industrial-grade mate-
rial, containing over 30% coffee grounds. This material can potentially be used to manufacture a wide
range of lifestyle products. According to Starbucks’ annual report, coffee ground waste represents a
significant challenge in their daily operations. While Starbucks successfully composts a large portion
of the coffee grounds, the lack of local composting infrastructure remains a major barrier. As a result,
over 50 kilotons of coffee grounds are still sent to landfills annually (Starbucks Report, 2020). By repur-
posing coffee grounds into tumblers, notebooks, and straws, Starbucks has found a more economically

viable and sustainable solution.

2. Unilever ice cream valorization. Unilever’s Cremissimo, where ice cream waste from produc-

tion line changeovers is remelted and blended into a new flavor. Since its launch, Cremissimo


www.starbucks.com.cn/en/about/news/good-good-lifestyles-towards-a-better-planet/
www.unilever.com/news/news-search/2021/why-our-fight-on-food-waste-is-a-chain-reaction/
www.ikea.is/en/products/rugs-mats/rugs/small-rugs-and-runners/tanum-rug-flatwoven-art-30212675
www.nikegrind.com/about/
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has sold over 1.2 million tubs, repurposing approximately 160 metric tons of waste annually, and
ranks among Unilever’s top five flavors. Its success indicates a substitution effect, as consumers
shift preferences within the brand’s ice cream portfolio. As the world’s largest ice cream manu-
facturer, Unilever has pioneered innovative solutions to reduce waste in its production facilities.
During the changeover of production lines, a significant amount of ice cream is typically wasted.
However, its German Cremissimo brand has found a way to repurpose this waste by re-melting
it and reintegrating it into the production process. The resulting flavor, aptly named “Chocolate
Hero,” became an immediate best-seller and is now one of the brand’s top five flavors. Unilever
has sold over 1.2 million tubs of “Chocolate Hero,” effectively repurposing 160 metric tons (over
352,739 pounds) of ice cream waste annually. (Food Dive, 2021 https://wuw.fooddive.com/news/
how-unilever-is-turning-sustainability-into-opportunity/595399/) At Unilever, over 60% of
production food waste is repurposed through methods such as anaerobic digestion, composting, land
application, and energy recovery. However, more than 620 tonnes of food waste are still discarded in
2023 (Unilever Food Waste Report, 2023).

3. Ikealeftover fabric valorization. Tanum rug is made of leftover fabric from Ikea bedlinen production
and each rug is handwoven by skilled craftspeople at responsibly organised weaving centers. The
inspiration for these rugs comes from traditional Swedish handicraft, where leftover fabric scraps are
woven into rag rugs — a smart and responsible use of resources. The idea for Tanum originated from
a young design student named Erik Bertell. He reimagined the rag rug in a modern way and showed

that you could create contemporary and unique rugs using only reused textiles.

4. Nike grind project. Nike Grind materials primarily consist of manufacturing scraps, alongside a
blend of recycled and unsold shoes. Many of these shoes are collected through Nike’s Reuse-A-Shoe
program, which has been running since the early 1990s and receives approximately 1.5 million pairs
annually. The program accepts worn-out shoes from any brand, donated by consumers, often at Nike
retail locations. Once collected, the shoes are sent to one of two recycling facilities in the United States
or Belgium, where they are processed into Nike Grind materials. From each shoe, three types of mate-
rial are extracted: rubber from the outsole, foam from the midsole, and fabric from the upper. These
materials—rubber, foam, fiber, leather, and textile blends—are then ground into granules, which can
be reformed into various products. Nike Grind materials are subsequently incorporated into a range

of Nike products, including footwear, apparel, and the yarn used to make them.

Waste valorization in a suppl chain:

1. Aquafaba valorization. Fabanaise is the first egg-free, vegan mayonnaise made from aquafaba—the
liquid leftover from cooking chickpeas. Sir Kensington’s discovered that this otherwise discarded
cooking water possessed remarkable egg-like properties, leading them to partner with a hummus
company to rescue it. The result is a versatile vegan spread that retains the tangy bite and smooth
texture of traditional mayonnaise. But sourcing aquafaba was no easy feat. Although aquafaba is rou-

tinely discarded when chickpeas are strained, it was not available for purchase. With the help of Elly


https://www.fooddive.com/news/how-unilever-is-turning-sustainability-into-opportunity/595399/
https://www.fooddive.com/news/how-unilever-is-turning-sustainability-into-opportunity/595399/
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Figure A.2  Waste Valorization in a Supply Chain
Fabanaise: food52.com/blog/16841-aquafaba-returns-this-time-in-creamy-jarred-fabanaise?srsltid=
AfmBOorg951D- _pjf1TyBm6n7fU-NOOfBn-X85H9kBRM4nEAOWADBQ1p
Marmite: www .marmite.co.uk/journey.html

Patagonia: wuw.patagonia.com/our-footprint/jeplan.html
PG Application: wuw .fertilizer.org/wp-content/uploads/2023/01/2020_IFA_Phosphogypsum_Leadership_

Innovation_Partnership-A4.pdf

Truesdell, a local forager for Whole Foods Market, Sir Kensington’s connected with Chris Kirby at
Ithaca Hummus. Through this partnership, they’ve rescued between 50,000 and 100,000 pounds of
aquafaba annually. According to Scott, “More hours of work went into Fabanaise than any other of
our products because there was no existing supply chain.” Ithaca Hummus had been pouring tens of
thousands of gallons of aquafaba down the drain, so they had to figure out how to transform it into
a viable product. And they succeeded. As reported by the New York Times, Sir Kensington'’s plans to
purchase 20,000 gallons of aquafaba from Ithaca Hummus this year for their Fabanaise. While Scott
did not disclose the exact price paid to Ithaca Hummus, he emphasized that quality and safety are the
top priorities: “The price is secondary to the value we place on securing a stable supply. If we weren’t

paying a premium for it, we couldn’t guarantee that.”

2. Brewing yeast valorization. Marmite is a British savoury food spread based on yeast extract, invented
by the German scientist Justus von Liebig. It is made from byproducts of beer brewing (lees) and is
produced by the British company Unilever. Marmiteis a vegan source of B vitamins, including sup-

plemental vitamin B12. The product that was to become Marmite was invented during the late 19th


food52.com/blog/16841-aquafaba-returns-this-time-in-creamy-jarred-fabanaise?srsltid=AfmBOorg951D-_pjf1TyBm6n7fU-NOOfBn-X85H9kBRM4nEA0wAbBQ1p
food52.com/blog/16841-aquafaba-returns-this-time-in-creamy-jarred-fabanaise?srsltid=AfmBOorg951D-_pjf1TyBm6n7fU-NOOfBn-X85H9kBRM4nEA0wAbBQ1p
www.marmite.co.uk/journey.html
www.patagonia.com/our-footprint/jeplan.html
www.fertilizer.org/wp-content/uploads/2023/01/2020_IFA_Phosphogypsum_Leadership_Innovation_Partnership-A4.pdf
www.fertilizer.org/wp-content/uploads/2023/01/2020_IFA_Phosphogypsum_Leadership_Innovation_Partnership-A4.pdf
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century when the German scientist Justus von Liebig discovered that brewer’s yeast could be concen-
trated, bottled and eaten. In 1902, the Marmite Food Extract Company was formed in Burton upon
Trent, Staffordshire, England with Marmite as its main product and Burton as the site of the first fac-
tory. The byproduct yeast needed for the paste was supplied by Bass Brewery. By 1907, the product
had become successful enough to warrant construction of a second factory at Camberwell Green in
London. The beer brewing process causes fermentation; brewer’s yeast multiplies and creates a large

surplus. For a long time, brewers were stumped just what to do with it all, other than throw it out.

3. Fabric valorization. Only 15% of textiles are recycled, 19% are incinerated, and a staggering 66% end
up in landfills, where decomposing garments release methane, further exacerbating greenhouse gas
emissions. JEPLAN, a Japan-based recycling company, is addressing this issue on a global scale. By
utilizing both pre-consumer textile waste (fabric scraps and yarn remnants from the manufacturing
process) and post-consumer textile waste collected through their take-back program, BRING, JEPLAN
chemically recycles polyethylene terephthalate (PET), commonly known as polyester, into new cloth-
ing. This innovative process diverts waste from landfills, reduces reliance on virgin petroleum for raw
materials, and advances the chemical recycling sector with essential technology and infrastructure.
According to Patagonia, more than 48,000 pounds of pre-consumer JEPLAN material will be incor-
porated into the body fabric of their Fall 2024 Better Sweater products. Traditionally, brand-supplier
relationships have placed the majority of responsibility on the supplier. However, Patagonia’s collabo-
ration with JEPLAN marks a significant shift toward a more integrated, partnership-driven approach

within the supply chain.

4. Phosphogypsum (PG) valorization. Phosphogypsum, a hazardous waste byproduct of the wet-acid
process used in phosphoric acid production, presents significant environmental and economic chal-
lenges. During this process, sulfuric acid reacts with phosphate rock, generating a slurry of phospho-
ric acid and calcium sulfate (phosphogypsum). The phosphoric acid is extracted through filtration,
leaving phosphogypsum as a residual waste. Although emerging valorization strategies explore its
applications in construction materials, soil amendments, and fertilizers (IFA, 2022), its management
remains costly due to stringent environmental and safety regulations, such as those mandated by
the Resource Conservation and Recovery Act (RCRA). This case underscores a critical reality: waste
valorization is not inherently profitable. Its economic feasibility hinges on factors such as waste com-
position, market demand, and regulatory constraints.

Building on the above examples, we investigate a broader range of waste types within MSW and present

a categorization of their economic values in Table
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Table A.3 MSW Categories and Waste Economic Value

Waste Type Proportion in MSW Example Waste Economic Value
food 30 — 40% Starbucks, Unilever ne€{0,1}
paper 15 —20% NA

plastic 10 —20% NA

textile 5—10% Nike Grind, Patagonia n€{0,1}
metal 5—-10% NA

e-waste 2—5% NA

hazardous <5/% phosphogypsum (PG) fertilizer n=0

Data Source: (2018)

A.3. Demand Correlation Analysis with Sales Data
In the main text, we analyze demand correlations using sales data from Ito Yokado spanning October 2024

to May 2025, as shown in the following figure.

¢)
Salmon 0.71 y
. )
0.6
CoconutWater 0.63

Crisp 1

Charcoal
Tumbler
F -0.2
Detergent
-0.4

Mayonnaise
-0.6
Chickpea
-0.8

r 04

r 02

Pineapple

-1

Figure A.3 Pearson Correlation Analysis of Sales Among Selected Grocery Products (lto Yokado Data)



Li et al.: The Economics of Waste Valorization

To uncover latent demand correlations, we further analyzed weekly, category-level sales data from
Nielsen spanning January to December 2018. As illustrated in Figure [A.4] we identified a strong positive
correlation between beer and salad dressings (a proxy for Marmite), with a Pearson coefficient (PC) of
0.75. Similarly, a significant positive correlation (PC = 0.61) was observed between snacks (e.g., crisps) and
seafood (e.g., salmon), closely aligning with patterns in our alternative dataset. In addition, we found a
negative correlation between detergent and fruit (PC = -0.43), again consistent with our alternative data.
A non-significant negative correlation was also observed between vegetables (including chickpeas) and
mayonnaise. Furthermore, the results reveal a positive correlation between soft drinks (e.g., coconut water)
and charcoal (PC = 0.42), and between coffee and glassware (e.g., tumblers) (PC = 0.56). Overall, the two
datasets collectively underscore the presence and consistency of meaningful demand correlations among

our focal product categories.
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Figure A.4  Pearson Correlation Analysis of Selected Grocery Products (Nielsen Data)



Li et al.: The Economics of Waste Valorization

Appendix B: Notations and Numerical Data

Table B.1 Primary Notations Throughout the Paper

Notation Definition

Ca The unit procurement cost for product A
Co The unit processing cost for product A
cx The unit production cost for product A, cx =c; + co
c7 The unit economic value of waste for per unit production of A, c; = (1 — #7)cs — n¢cs, 7 € {0,1}
cy The unit economic value of waste for per unit production of B
Q¥ The quantity for product j in model X, X € {B,BC,W,WC,D}, j € {a,b}
p]f<) The market-clearing price for product j in model X, X € {B, BC,W,WC,D}, j € {a, b}
M; The market size for product j, j € {a,b}
E; The price-quantity sensitivity for product j, j € {a,b}
Gj The price-demand shock for productj, j € {a,b}
& The realization of market uncertainty for product j, j € {a,b}
Chm The unit procurement cost of raw materials for product B
Chw The unit procurement cost of waste for product B
cy The unit processing cost for product B
0% The waste valorization rate, y > 0
0 The demand correlation coefficient, p € (—1,1)
U The mean value of ¢;, E[¢;] = p
6 The probability of being in a good market state, 6 € (0,1)
o? The variance of ¢;, Var[p;] = o and A = /%> + 02> 0
Yo The expected profit for the manufacturer in stage II of model X', X € {B, BC, W, WC(C}
ol The total expected profit for the manufacturer in model X, X € {B, BC, W,WC}
sy The expected profit for the manufacturer in model D
715%I The expected profit for the supplier in model D
DE The disposal-reduction effect, H{VZO}AC”IE[H;m(Qb’ Q)
RE The resource-reduction effect, ¢y, E [min(Qp, 7Q4)]
AE The aggregate effect, (1{,7:0} “oy/y+ wa) E [min(Qp, 7Q4)]
: QF )" x_ *
EE The environment effect, E {ocl (7’7 ']I{XG{W,WC}} - Q7 ) — <Qa — Th 'H{XG{W,WC}}> }

Table B.2 Data for Numerical Examples

Parameters Base Value Range

cx 0.20 0.20-0.35

cy 0.15 0.15-0.30

Chw 0.20 0.20-0.35

Chm 0.20 0.20-0.35

cy 0.15 -0.10-0.30

0% - 0.00-4.00

0 - -1.00-1.00

A _ 0.00 1—max{cpy, Chm}—Cy

lol
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Appendix C: Benchmark Models

C.1. Uncorrelated Demands (Model B)

The following analysis demonstrate that the manufacturer’s overall profit maximization coincides with the
optimal decision made for each product individually. Without waste valorization, the manufacturer has to
incur procurement cost (i.e., virgin raw materials) for product B and disposal cost (or salvage value) for
product A. That is, the total cost of product B includes cy and ¢y, per unit; the net cost of product A includes

cx = ¢ + ¢q and ¢y per unit. The manufacturer’s expected profit, 75 (Qp), in stage 2 is as follows:

711 (Qp) = E [ppQp] — (cx + com) Qb — ¢4 Qu. (C1)

The manufacturer’s total expected profit, 7B (Qa), is as follows:

75 (Qu) = E [paQa] — cxQa + 71 (Qa).- (C2)

Note that incorporating the waste cost (or salve value) ¢;Q, into the decision of 78(Q,) yields identical
results, indicating that the decisions regarding Q, and Q, are independent. In the absence of both waste
valorization and demand correlation, the optimal decision for the manufacturer, as proposed, is as follows.

LEMMA C.1. When « = 0and p = 0, the optimal quantity decisions for products A and B are QF = H%C” and

en—e 2t (1—cv—cn )2
QB = 125" The manufacturer’s total expected profit is 7t = (1=ex—ey) Z(l oY ~Cbm)”

It is evident that, as shown in Lemma the decisions regarding {Q,, Q} are independent, although
this assumption may not hold in two significant scenarios: 1) when there is correlation among demands,
and 2) when there is interdependence in production due to the implementation of waste valorization.

PROOF OF LEMMA[C.Tk

In stage 2, according to the manufacturer’s expected profit function of 775, it shows that 75 is concave
in Q. Hence, based on the derivative of 71?1 in Equation , we have that QbB = 1_Cl’+_cy In stage 1,
according to the manufacturer’s expected profit function of 775, it shows that 772 is concave in Q,. We have
that QB = M’%CX based on the derivative of 778 in Equation . Lemma C.1|follows. O

C.2. Correlated Demands (Model 5C)

PROOF OF LEMMA [T}
Given &, as the realization of &,, the manufacturer’s expected profit in stage 2 is
A (Qv) = [poQs] — (v + com)Qy = yQa = Qs (1= Qo +pla) = (v +um)Q — Qe (C3)
Regardless of ¢; = {A, —A}, we have that

QB¢ — 1oy —Cmtpts ifp>0andéa>%, orp<0and§a<w
b 0, otherwise

With regard to &= {A, —A}, we have that

1_CY_Chm+P§a : 1—cp—Cy
—X om0 < A < — Y
QB¢ = { 2 o

0, otherwise
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Figure C.1 The Manufacturer’s Optimal Profits with vy =0 and p #0
The manufacturer’s total expected profit, 715, is as follows:
BC BC BC
777 (Qa) = E [paQa] — xQa + 7177 = Qa(1 — Qu) — cxQa + 717 - (C4)

In stage 2, according to the manufacturer’s expected profit function of 775, it shows that 75¢ is concave
in Qp. Hence, based on the derivative of nﬁc, we have that QbBC = M Note that, since éu =
{—A,A} and M > 0, we have that if p > 0 and &, > W, orp<0and & < W, the
optimal QB¢ = M only if 0 < Alp| <1 — cpy — cy; otherwise, QB¢ = 0. In stage 1, according
to the manufacturer’s expected profit function of 78C it shows that 775€ is concave in Q.. We have that

T—cy— N
QBC = % based on the derivative of 775C.
. - drBC  Ap? drB¢ _ N|p| .

Given the expected profit in Lemma (1} we have that “7-— = =5~ > 0 and =2 > 0. We also illus-

trate the manufacturer’s expected profit in Figure Lemma [T/ follows. O
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Appendix D: The Analysis of Waste Valorization
D.1. Waste Valorization Without Demand Correlation (Model V)
PROOF OF PROPOSITION [T}
When (77,¢s) € Cj, the manufacturer only utilizes the market-sourced waste, which the expect profit is
given by 71}y = E [p,Qp] — Qacy — (cy + cpw) Qp- In this case, we show that Q, = PCY%C”“’ Consequently,

the optimal decision for product A is Q, = H%C”, which is independent of Qp,. When (1, ¢s) € Cp, we first

summarize the optimal solutions in Table

Table D.1  Optimal Results for Proposition |I| with (1,¢5) € Cp

2 ) 2 5 W _ w 5 w w
Res. 0<7<4(Q) >7Q)) F<r<7(Q) =+Q)) F<7(Q)Y <1Q))
W l-ex+70p 1—cx+y—7cy l-cx—cy
a 2 2(1+12) 2
QY Loy Y(1—cx+r—7cy) eptr=acy
’ > 2 2<1+’YZ) 2 2 2 o1 2 2
w Cl%w+26hw(’y+’}‘25bw*’7£‘x+CY71)+(Cy71) W(CX+7(5y—l)—l)(7—7 —7CX+(7 +2)CY—2) c,7+27c,,(7(c”+cX—1)—cy+1)+7 (ey—1)
T ! T2 2
4(72+1) v
w (’yz+1)c%erZwa(W—ycX+CY71)+C%<726X+c§72CY+2 (ex+r(cy=1)-1)2 (72+1)C%+2’y£”(’y(fol)7l‘y+l)+’)’2(C§(72€)(+C§72Cy+2)
T 4 4(’yz+1) 442

In stage 2, the manufacturer’s maximization problem is as follows:

W _ JE[pyQs] —cyQa — (ey — ¢y /7)Qp, if Qpy <7Qa DA

i (Qr) {EHWQH@Y+%MQbFWQOi“%>7QM 01)

It shows that Qp, = CWZ% maximizes the first piece of Equation (D.1), and Qp = w maximizes the
second piece of Equation (D.I). Hence, we distinguish three cases as follows:

o Casel.0< it < C’7+7 Y < 9Q,

+y— o . . +y—
InCase 1, Q, = % maximizes Equation 1) only if Q, > %

e Case 2. 717”’””7” <y Qn < LTI

2y

In Case 2, Q = 7QF maximizes Equation (D.1) only if 1= Chw N <Q,< C"—H%
e Case3.7Q, < 1_Cb§’_CY < cwz;vw

I C 1- wa ' 1 f 1—cpp—cy

n Case 3, Qp = maximizes Equation (D.1) only if 0 < Q, < o
Hence, the optimal production quantity for product B is

17Cb§17CY, lfO < Qa 1— wafCY
1—cpp—c cyt+r—7rcYy
QY =14 1Qu f—%%lsga—Lﬁfa (D2)

ety =Ty

T otherwise

According to Equation (D.2), the manufacturer’s total expected profit, 77"V, is as follows:

2 42¢p, (cy+27Qa—1)—4Q, (cx+Qa—1)+(cy—2)cy+1 _
bw bw(Y 'yQa ) (ia(X Qa ) (Y )Y , 1f0<Qg 1— C;”f,y Ccy

W(Qa) =1 —Qalex+7(ey =) +7*Qa+Qa— 1), if ==ty < Q, < TLIN - (D3)

272
2,2
i+ 4Qu(cp+ex+Qa—1)+(cy—2)cy+1)—27cy (cy—1 .
q’Y( n(ﬂ X a 4)72(\( Jey—+1) 'Yiy(Y ), therwis
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We define N = —Qq (cx + y(cy — 1) + Y?Qu+ Qs — 1), Equation li can be reduced to
N + (I—cpp— CY 27Qq)? =N, if0<Q.< 1- Cbuzr ey
W(Qa) =4 N, if 1=%e—x < Q < LI (D.4)
Nl CYZ;WQ” D) = N>, otherwise
AN _ | 1=cpp—cy _dN _ | 1=cp—cy : .
It shows that @| {Qa = [7 + } } = @| {Qa = [T — €| ¢, where € is a sufficiently small and
ositive real number. Similarly, 55-| 1 Q, = w — — N, = w + €| ;. Additionally,
p y dQ 2fy dQ f)/ y
N1 (Qo = %) = V(Qq = ©=%42=) and Np(Qu = W%) N(Qa = W%) Hence, 7" is dif-

ferentiable given Q, > 0.
We can show that, Q, = '=%F7% maximizes the first piece of Equation . Qi = 1;’&# maxi-
. . 1—cx—c .

mizes the second piece of Equation (D.4), and Q, = C’z( I maximizes the third piece of Equation 1|

Additionally, since N; > A and N3 > N, we have that Q, = =% 1% maximizes 77/ only if 1= 1%e <

lc’%”, which is equivalent to have that 0 <y < 4. Also, Q, = L C)z{ I maximizes 77"V only if L CX L2 S IS
C"Jr;% thatis 4 <. And, Q, = % maximizes 77"V only if 4 < 7 < 7. We present the optlmal
outcomes in Table [D.1] Proposition ] follows. O

PROOF OF COROLLARY [T}
Ly—0y ¢y Emin{Qp,7Qa}]
Y

According to our definition, DE = and RE = ¢}, E[min{Q;, YQ, }]. Hence, based on

Proposition [T} we have that

et jfo<y <4
Lyy=0yey w J ylmactraey

DE: ’)/ 2(1_,'_,)/2) 7 1f’?§’)/<,?,
Wgﬂ, otherwise
v
yw, ifo<y<4
lohr—rey e a .
RE = Cpul{(e)eco) X | T ateps - HTST<T.
Cﬁz#, otherwise

Hence, when # = 0 and ¢y < 4, both DE and RE increase with ; when # = 0 and 7 > 4, both DE and RE
decrease with . When 7 = 0 and 4 < 7y < ¥, DE decreases with y whereas RE increases with . When (77, ¢5) €
Cp and 7 =1, RE increases with 7. When ¢, = 0, RE is increasing in 7 if Q; > ¥Q,, and is independent of
v when Qy, < ¥Q,. It is easy to show that RE and 71"Y weakly increase with ¥ when (17,¢s) € Cp and 7 =1,
and 77"V is independent of ¥ when (77, c5) € Cr.

Moreover, according to the results in Table we can derive that

dr? Eb2l7(1_6§+6b1017>z' L) o)

7T Y—rextey—1D)(ex—1+y(cy— [P -

oy 0= ey ST,
_aletr—eyy) J;:; CW), otherwise

Hence, the manufacturer’s profit 77"V increases with ¢ when 'y < 4, while it decreases with y when v > ¥.

1-

When § <y < %, there exists a point at y = {—=* where 97~ Y >0 for vy <7 1= — and d" <0 fory> 1 1= o

cx

Therefore, ¥ = 7% = 1 CY is the point where the manufacturer can achieve the proﬁt maximum. Corollaryl

follows. O
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PROOF OF COROLLARY 2}

When the two product’s demands are uncorrelated, the manufacturer’s expected profit is 7% =

1—cx—cy)?+(1—cy—cpm)? _ . o , s
Aex—cy) —Z( =) \yithout waste valorization. When (n,¢s) € Cr, the manufacturer’s expected profit is

ev—e 2 (1—oy—cp )2

W — (=ex=¢) Z(l Y=tu)” Aga result, 777 > 78 if ¢y, < cpyy. When (17, ¢5) € Cp and 57 = 1, we can show
W B Q=ex)+0=ey)? e > i icitv i i

that 7t s T if ¢y = ¢y, =0 and 7y > 4. According to the monotonicity in Corollary (1} it

shows that 7"V > 7% when > ~, where 7 is given by the solution of equation 7"V = 7.

When # = 0, comparing  with v in  Table it  shows  that
v —e 2 (1—cv—cr )2
(CXJFZ((A‘;};;))*UZ (1ex—¢y) z(l Y= if and only if Y o< v < 9%, where Af =

B %\/4(CX—1)2(cY—1)2—4(c§m+2cbm(cY—l)+(c,,+cX—1)2) (cim-i-Zcbm(cY—l)-i-c%-&-ch(cX—1)+(cY—1)2)—cXCY+cX+cY—l
cf}erZChm (cy—=1)+(cy+cx—1)?
%\/4(CX*1)2(CY*1)2*4(C§m+2Chm (ey=1)+(eytex—1)2) (¢}, +2cpm (cy =1)+cf+2¢y (cx —1)+(ey —1)%) +exey —cx —cy+1

and

4 _
’)/2 o C§m+zcbn1(CY71)+(CV1+5X71)2
—cx )2+ (1—cy)? C . 1—cx—cy)2+(1—cy—cppy )
Moreover, when ¢ = 4#, 7V = % which is always greater than (A=ex—¢y) 4( Y~Cn)”
2 2 2 2 2 2
. et 420, (cy—1)+c5 —2cx+c%—2cy+2 . cp+2cpcx —2cy+c5 —2cx+cy—2cy+2
Further, 11rrb W = Gt 2 (ey=1) "X and lim oV = X 2 XY TY T Tt shows
T y—ro0

ciw +2CpCY —2Ch 7c§m —2Cp 0y 20k, 76% +2¢y
2c
1

= Cx, lim 244 > 7'(8,' when cy < % = ¢y,
7—0

lim 7" > 78, O

Y—00

that when cx <

D.2. The Analysis of Demand Correlation (Model WW()

PROOF OF LEMMA [2}
The manufacturer’s decision problem in stage 2 can be described as follows:
AV (Q,) = { Qp (1—0Qp +P§:a) —Qp (ey — ¢y /7y) — Qacy, %fO <Qr<7Qa (D.5)
Qp (1= Qp+ p&a) + Qacpuy — Qb (cow + y), if Qp > Q4

Note that, Equation reflects real costs in stage 2, that is the cost of waste disposal occurs in stage 2.
In the case with Q;, < ¥Qj, the real cost of disposal for product A is Qacy; — Qpcy /. In fact, we can show
the case which product A’s disposal cost (or salvage value) Q,c, was counted in stage 1 does not affect
the optimal results. Given any realization of —co < &, < o (i.e., regardless of A), we have following lemma
to characterize Q. Again, when (#,¢s) € Cj, the results in Model WC are the same as those in Model BC,

which we omit it.

LEMMA D.1. For any realization of —oo < &, < oo, the decision of Qy, is:

i if0<p<1and<fa<%,or—1<p<0and§azwl
QY =o0;
ih. if0<p<land 0 <& < Gt or 1< p<Oand iyl <& < S0
YQa, #Qa<w

wWC
Qh =

C17+7_7CY+'7P§H .
T otherwise
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iii. if0<p<land & > W, or —1<p<0and &, < 75”””;”71,

1*wa*25\/+,0§a ZfQu < 1fcbw;CY+p§a
4
Y -
WC _ . 1—Cpy—Cy+p8 cy+y—rey+ypéa
Qb - ’)/QIZ/ Zf wz,}, e S Qa < 1 Z'YZ — .
cypty—rcy+70%a

o , otherwise

The proof of Lemma is similar to that for Proposition [I{ Lemma reveals that Q};VC = 0 occurs
under the conditions where p > 0 and &, < % <0,orp<0Oand & > W > 0. This implies that
the manufacturer’s optimal decision is to refrain from producing product B if |o|é, is negative and |pé,|
is sufficiently large. Similarly, it is optimal to have that Q, < 7Q, if |o|&, is negative and |pé,| is moder-
ate. Otherwise, the relationship between Q; and yQ, need to investigate further. Given the assumption of
Alp| <1 = cy — cpy, LemmaPfollows. O

PROOF OF PROPOSITION [2

According to Lemma if 0 <A < min { 1761";"7”, C”;y i;“”} (denoted as Region L;), the manufacturer’s

maximization problem in stage 1 is,

5111 (Qp > 71Q0), ifOSQQSH’”";iW
£} (Qy>7Qq and Q =¥Qy, Pooling Le), if 1= 2=80l < @, < It crralo
e (Qq) = 5131 (Qp =7Qu), if 1—wa—2fyy+A\P| <Qu< Cv/""Y—Cz\;’ZY—“rNP\ ,
. .. Cpty—cyy—7A — A
Eil (Qp =7Qqu and Qp < ¥Qu, Pooling Se), if %W <Qs < %W
£l51 (Qp <7Qa), otherwise
where
1
ch=rch= i (cgw + 2¢p(cy +27Qa — 1) —4Qa(cx + Qa — 1) + (cy — 2)cy + A%0? + 1) ,
1
Ly :E%
1
=5 (b + 200 (ex = Alp| +29Q: - 1))
1 2
+5 (Qi(r—2ex = (P +2) Qu+2))
1
+ 5 (& = 20x(8lp] +27Q0 +1) + A% +28]p| — 47]0|Qs +1)
Eél = Lé =—Qq (CX + r)/(CY - 1) + r)/zQu + Qs — 1) ’
ol —ct
1 ((cy —v(ex +BJp| = 1)) ’
_8< 1 e P —8Qa(cy +cx) +4Qa(cy — v(cy — Alp[ +7Qa — 1)) — 8(Qa — 1)Qa
Fh_ ol ¢ —2ycy(oy +27Qa — 1) + 9 (—4Qalcx + Qa — 1) + (cy — 2)cy + A%p* +1)
5 — ~5— :

42

We distinguish relationships among 41 that is analogous to the proof for Proposition
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b (cy +7(1—cy + Alp| —2vQa))*

5 4 872 /

b ph (cy + (1 —cy — Alp| —27vQa))*

4 3 872 4
—A 2 —1)2

£121 o ‘Cé,l _ (wa +cy If;' + r)/Qa ) ;
A 2 —1)2

£l b= (e + o + |g|+ 1Qa —1)°,

L =MD Vi

Here, Mﬁl is the objective function when the term cyQq was counted at the first stage. We summarize this
important observation in Table The remaining proofs are similar to those for Proposition [I} where
we show that the interior solution for each piecewise segment is globally optimal only if it satisfies the
condition within that piece. Define Region i (i =1,2,...,5), denoted as Rgl, as follows:

Rlll: (7, 0, A, ¢f) |1—CX;-76bw < 1—wa—2;y—A|P\ ,

Rlzl (,Y’ 0, A, ) 1 Chw— CY A|P\ 2— ’YA\PH“Y;;Y?Z*ZCX 1Y 1=Chu 2;\(+A|P\
R131 {( o) | 1= 6y+A|p\ < %szyzfzyﬂ < C»ﬂw—z;g—%\p\ )
Ril {(’)’ I) cqﬂ 'YCY 1Al 2+7A\P|+;7—26+:7;2€X—'YCY < cwv—z;y%@l },
ng {( cy) | C"JW VCYJWAW < 1_6'72_CX },where Jei{X,Y, 1y, bw}.
Table D.2  Variables and Definitions
Variables Definition Variables Definition
Notations Notations
ch ch+ (wa+w+A\p|+2an—1)2 Mh M+ <wa+CY+A\p|+27Qa—l)2
51%1 £131 + (waJrCY*A\gHZVer) Ml%l M131 + (CbqurCY*A\gHZ“Yer)
Eg,l *Qa(CX+'Y(CY*1)+72Qa+Qa*1) Mg,l *Qu(CX+7(Y*1)+'Y QaJrQa*l)
ﬁil ng I (517+'7(1_CY8_7A2|P‘_2'7QH))2 Mil /\/l 4 (et CY8 Az\p\ ~27Qa))?
ch ch+ (Cr/+7(1*CY;A2|P\*Z’YQa))z M Ml + (Cv+"r(1*CY;A2\P\*ZVQu))
Similarly, if min { PC??UFCY, C”;Y C\Zlﬂ } <A< PC?’#{” (denoted as Region L),
L7 =L (Qy>7Qa), if 0 < Qg < e =2l
£5 = £4 (Qy>7Qa and Qy =7Qu, Pooling Le), if =tert=8bl < g, < CrtT-07 1201
Y (Qa) = ’2 = 8 (Qy > 7Qu and Q; < 7Qu, Pooling LS), if 2010l < g, < Iottucvtlol,
i (Qy=7Quand Qy < 7Qu, Pooling Se), if 1=t tlel < o < A=
12 = EH (Qp <7Qu), otherwise

where £2 = £, £lr = £l plo— £l £l — £ and
rh— V2 (c} 26 (cy—Alp|+27Qa—1) —8Qa (cx+Qu—1)+2(cy —2)ey +2A20?4+2) +cF —2¢y (cy +A o] +27Qa—1)
3 842 .
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1—cy—Alp|—2 2 -1)2
We also have that lez + e+ chyz\p\ Q)" _ Céz, lez + (Cbz”+CY+A‘gl+27Q” LY Elf, Eff +
(hwtey=Blol+29Qu=1)2 _ pb 14 rb (ey+r(L—cy+Alp[=27Q0))* _ sl
8 =Lz, and Lj + 8,2 =Ls.

Define Regioni (i=1,2,...,5), denoted as R[?, as follows:
Rllz {( )|1 CX+’Ywa < 1- Cbzu;CY A|P‘ ,
Rlzz {(’Y I) |1 Chw— CY Alpl 2= ’YA\PH’Y;’Y%Z 2ex ey o - f;; 7A|P\},

I = cw 7A|P\ Y —Cy—20x+2 _ T—cp—cy+Alp]
RZ {(,), )| Ui < 1 < w

3" ¢y 4 2y

I 1—c fc +A|p\ 2+7A\P|+7—C —2cx—ycy _ cy+r—rcy+rA|p
Rl {(,), 0, A )| bw y Ui <G

4° s 0B, Cf 292 +4 2972 ’

A 1—cy—

RISZ {(')/, o, A cp) | C’7+7 VCY—W Ip\ < C’72 X },where]e {X,Y, 1, bw}.

In the main body of the paper, R%H = 7211] U le, R%H = Rlzl U 72122, RL = Ré], RH = Réz, RiH = RZ U

R2, and R = R,la-l U R,éz We further provide the analysis for cases with min { Tty Cﬁcbﬂ} <Aas

lol 27]p|
follows.

If min { PC"’#*CY, CWZTI;TW} <A< C'ﬁ ’”” (denoted as Region M),

L} (Qp > 7Qq and Q; = 7Qq, Pooling Le), if 0 < Q < 1=tk oAkl

- T—Cpp—Cy+A +y—cyy—A

2V (Qu) = L5 (Qy=7Qa), if %ﬂpl <Qu< %W

ﬁml (Qb =7Q, and Qp <vQq, Poollng Se) if W+77A‘p| <Q. < %W

»C ' (Qp <7Qa), otherwise

—Ap|+27Qa—1)?
where £0" = £, 2™ = £, £ — £l and £I" = £ Hence, £ = £ + Cutoy—Alplt2yQu 17 oy _

—Cov— _ 2 _ _ 2
ooy Lt Ume B0 ang o = oo Qe AREA00) pefine Region i (i = 1,2,..,5),

892 872
denoted as R, as follows:
RN {(7 0, B, ¢)) | 7A|P‘+7;;'Yf:z7*2cx rey 1o wa;’cyYJFA‘P‘ ,
1—cpp—cy+A|p| 1+y—cx—7cy cptr—cyy—7Alpl
R {(7/ p’ A CI) | = 27 < 2(1_’_,)/2) S 272 7
m cpty—eyy—7Ble| _ 2+7+7Ble[—cy—2cx—ycy _ cytr—rcy+7Alp|
R?)l {( P, A C]) | 1 272 < 272j4 < 1 2,),2 ’
my, epty—rey+yAlpl _ 1—cy—cx
Ry (1, 00 8, ) | < 220
If max {17’#7”, C”;; Cll;jﬁ} <A< C”:ﬁ% (denoted as Region M,),
. . —oyy—A
L% (Qp > vQq and Qp = YQa, Pooling Le), if 0 < Q, < %M
) i —eyy—vA e
OV (Qn) = 4 £2° (Qv>7Qu and Qp < yQu, Pooling LS), if atre 2Bl ¢, < Tt ortilel
a - 7
m ) .o T—cpp—cy+A ety —cyy+yAlpl
L3? (Qp =7Qa and Qp < ¥Qa, Pooling Se), if %\M <Qs < "T
['T 2 (Qp <7Qa), otherwise
where £ = £2, L1 = £2, £0" = £, and £ = L2. Define Region i (i =1,2,...,5), denoted as R/, as
follows:
my, 2+y— 'YA\pchhw 2ex—yey _ et r—cyy—7Alp|
Ry { (v, 0, 8, ) FE=TRR <
my, cptr— CY'Y 7A|P\ ’Ywa*C:y*ZCx+2 1—cy *Cy+A‘p|
R, {(%p, o) 17— ; < :
1—cp cY+A|p\ 2+7+7A\p|fc,1 —2cx—ycy _ cpty—rcy+rA|o|
{('Y cp) | < 27214 < 297 ’
ntr— WCYHAIP\ 1-cy—cx
t(r c) | < .
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IfA> %Jﬁ% (denoted as Region H)
£ (Qy> 7Qq and Qy =0), if 0 < Q, < =t r+Alel
e 1—cpp—cy+A Fy—cy A
¢ (Qu)=1{ £} (Qy=7Qsand Q, =0), if o0t Alel < g, < oo TIdl]
£} (Qp <7Qaand Qy =0), if L0018
where £ = —2Q, (cy +2cx + v(ey + Alp| = 1) + (72 +2) Qu —2), L1 = Lh+ §(cpoy + oy — Alp| +27Qa —
1)?, Eh = ﬁh (C”+7(7CY+8AA§727Q”H)) . Define Region i (i=1,2,...,5), denoted as ’th, as follows:
w —2cx+2 1— w A
[ ey PO < )
1—cpy—cy+A 2+y+7Alp|—cy—2cx—yey - cp+r—cyy+rAlp]
R { (7, 0, 8, ¢) |22 Z;Y el < e el
+y—cy A 1—
RE: {(1, 0, 8, )| 215 18] < e,

When A > C”J?‘%, Qp might be zero. Hence, for certain piecewise, it shows that 77V¢(Q, = 0) can

combine with 7V¢(Qp > 7Q,), V¢ (Qp < YQu), or ™V¢(Q, = ¥Q,). We summarize all of the outcomes in

Tables and

Table D.3 Optimal Results in Region L,

Parameters Results in Region Ly

Chp —2C ¢
e T p27z+h4 X ’YY ('Y 0 A CI) ERzl
1+ !
a 21 (1o 8 ) €Rs
ZHHME‘;«Z;ZCXiM, if (7,0, A, ¢) € R’l
e 1 A £ 8 ) ERll I 1 1 Alpl 1
we 77%7;‘# \pl/ if (7,0, B, ¢j) € ’le L_J’RIZ1 2P i (7, 0, A ) € R[ll .
Q! Qe m0= 4 1QE, o (1,0, 8, ¢1) €RFURY QYlgpc0 = TR, w1 (v 2 B ¢p) € R URY
cpFr—rey+ . eptr—rey— i
IR (1,0, 8, ¢p) €RS PR (1, 0,0 ¢p) € R{URS
1*%5 ¢y if ('y, 0, A, C]) S Rlll
T—cpy— 1 1—cy)+A I
Cha CY+W(2§§<J):£)W (—cy)+alpl ¢ (v, 0, B, ¢j) €RY
14%¢ T+y—cx— ; !
E [Q}V¢] Tl eyt if (1,0, 8, ¢)) ERY
optr—ey 1+ (1—ex)+73 (1—cy)—7Alo| . h
oy 2y(2+972) i (v p 8 ¢) € R;l
T if (7, 0,8, ¢)) €RS
wc
7TH ”WC*((CX)Qa‘FQu(l*Qa))
_ —_1)2 _1)2
<CXH((C;+11; 1)2 + (cpotey A\gHMQa 1) + (wa+6y+AIgI+27Qa 1) , if (,Y’ 0, A, c]) GRlll
_ —1)2
(Cx+7((6\2(+11)) D 4 Cotey=AlplinQu-1?) if (7,0, A ¢j) €RY
D1 . I
Ve (c><+w((c§+1; 2 if (v, 0, A, ¢j) €RY
s4r(1—cy —Alp| —27Qq))? I
(cX+7((§§+11)) D2, (et CYSyz‘p‘ 1Q0)° if (7, 0, A, ¢f) €R
v — _ 2 _ _ 2
(Cx+7((6\2(+11)) 1)? 4 (ot CYS’yAZ‘P‘ 21Qa))" (ot CY;AZ\M 27Qa)) L if (1,0, A, ) ERQ
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Table D.4

Optimal Results in Region L)

Parameters Results in Region L,

Iex 7% if (77, p, A, ¢p) GRllz
24— vAlpl;wcﬂ 2xey if (7, p, B, ¢f) eR’zz
wc 0—Cy—2cx+2 I
‘ oS N (b i)
272+V4 = i (ne A ) ERE
Toep—ex if (7, p, A, cj) G'Rlz
e 17Chw’2f\(+A\P|’ if (’)‘, o, A, CI) c Rl}z URZQZ URéZ 71761)1"7ZCY7A‘P‘, if (’)/, 0, A, C]) € RI}Z
Qp VY lepz0 = 1A if (7, 0, 8, ¢j) € R Q' lepo = 1A if (v, 0, 8, ¢j) €RF
atrgectidll g (% b, b, ¢) €RE SN BeL ig (g, p, A, o) € REUREUR!
1—0;,;,*5\( ('y, p, , ) € 'Rllz
1—Cpp— 1 1—cy)+A L
Chw CYﬂ(z(anEf (1—cy)+Alpl (% o, A, ¢j) € R2
WwcC cyp—y(Cpp+2cy—2) I
E[Q; % e s if (v, 0,8 ¢) €RF
cpt+y—cyy+y(1—cx)+7° (1—cy)—7Alp I
W+ . 27(21“/2) . i (’Y ]) GR;f
C Y=
Wzi,},Y/ lf ( ) € R5z
4%
7-[1[ ”WC*((CX)Qa‘FQu(l*Qa))
! Alp|+27Qq—1)? ; !
£l 4 CGutortalpling 12 if (7,0, A, ¢j) €RE
L‘éz ~ Loy Azw 200 if (7, p, B, cj) GRIZ
5 , TV
7TWC Wz(hzﬁ)cbwﬂcbwm yex+ey—k—1)+4(%—2cx+¢ 126;\(2+K 212)) 27, (27+72cr7276x+2cy+2K72)+(’}/2+2)E%, i (% vy ]) eRlz
l wtey—Alo[+27Q.—1)? I
£z32 R E% C(: ‘Q‘A‘T 2 Q))),Z e ER’Z
cy+ —cy+ - a
£4z+ 1+ Y87ZP Y , lf( p,A C])ERZ
Table D.5 Optimal Results in Region M;

Parameters Results in Region M;

24y =yBlel e —2cx —rcy 4
,

1 292+4
ty—cx—vcy
we 20477
a 2+9+78|p|—cy—2cx —yey
292 +4 4
1—c,]—cx
— 0
1- Cbzu_CY+A‘P|
QWC wep ,YQWC
b b 18>0~

cp+Hr—rey +7Alp|

1—cpp—ey+r(1—ex)+9*(1- Cy)+A|P|

f (v, p, A c) €RT
f (7, p, A ¢f) €RY
f (7, p, A ¢f) €RY
if (v

7 0, A ) ERY!
if (v, 0,4, cj) eRY
if (7,0 A ¢))€ Ry UR;"l

wce _
’ Qb |§Hp<0 = {
, i (7, 0, A, ¢f) €RYY

2872+2)
y(+y—cx—7cy

2(14+9%) 7
eprr—cy v+ (1—ex)+73 (1—cy)

if (7,0, 4, ¢)) € RT]
Y 0. B, ¢f) €RYY

2y(2+9%)
ey tr—7cy
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Table D.6  Optimal Results in Region M

Parameters Results in Region M,
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Table D.7 Optimal Results in Region H
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PROOF OF COROLLARY [B
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Moreover,
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247 —7Alp[+yepm—2cx —1cy : 1-cpp—cy+7(1—cx) +7*(1—cy) +Ap|
pea decreases with A|p| and 02 12)

with Pooling Le, Q¢ < % and E[Q)Y¢] > M’%CY Likewise, we can prove the results with both
Pooling LS and Pooling Se. Corollary [3|follows.

Further, under Pooling Le, Q)YC (E[Q}YC], resp.) decreases (increases, resp.) with both A and |p|, whereas
under Pooling Se, Q¢ (E[Q}YC], resp.) increases (decreases, resp.) with both A and |p|. These opposite

comparative statics reflect how correlation and volatility reshape the balance between waste generation and

increases with Alp|. Hence,

utilization across demand states. This observation leads to an important finding: the “pool-to-center” effect
becomes more pronounced as A|p| increases. Intuitively, stronger correlation or greater demand uncertainty
intensifies the mismatch between waste generation and utilization across states, which in turn strengthens
the incentive for pooling policies to pull both overproduction and underproduction toward economically

meaningful center values. We illustrate this effect numerically in Figure

'S
&

ntities, O

0.40

035

The Optimal Production Quantities, Q3¢

3.0

o

00 0.5 1.0 L5 2.0 25 3.0 0.0 0.5 1.0 15 2.0

Waste Valorization Rate, y Waste Valorization Rate, y
(a) Optimal quantity for product A (b) Optimal quantity for product B
Figure D.1 Optimal Decisions with Pooling Policies

Note: The parameter values in the numerical example are: cx = cp,, = 0.20 and cy = ¢;; = 0.15.

O
PROOF OF COROLLARY [k
Based on Proposition 2} we can have the following equations:
'ycbw—c,7—26X+2:7—cx—'ch+1’ (D.6)
4 29242
and ) )
cp —l(c cy — — 1
7 W(war y=2) _y(r—ex—rev+1) (D7)
29242
cy+2ex— N/ VP T3+P+ 3\/2772
By solving Equations | ) and (D b we can obtain a unique ¥ = o VPR PP
where P = 9cp, (cy — 1)(cy + 2cx — 9cbw(c,7 cx +1) — (cy +2cx — 2)3 and J = 3cpy(Cpe + 20y —

2) — (cy + 2cx — 2)%. Moreover, when v <P, QWVC is lower under Pooling Le compared to the case without
demand correlation; conversely, when y > «?, QZVC is lower under Pooling Se. Consequently, for y < y*, we
have E [min {Qy, 7Qq}] = 7QJY; for v > 4, it holds that E [min {Qj, 7Q.}] = E[Q}"C]; for ¥ = 7”, both
expressions yield IE [min {Q;,7Q,}] = 7Q)¢ = E [QZVC]. Notably, at ¥ = ", the optimal production quan-
tities for both products under demand correlation coincide with those in the absence of demand correlation.

Therefore, DE and RE are diminished in the presence of demand correlation. Corollary [@ follows. 0
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PROOF OF COROLLARY Bt

According to Proposition [2} we can have the expected optimal profit for the manufacturer as shown
in Tables and Table It's easy to show that 7"VC increases with ¢ when QZVC > yQVC; and
decreases with 9 when Q};VC < 'yQ;’VC. In the case of QZVC = 'yQ}l/VC, it shows that there is only

17CY

one extreme point of 7 = 1= o € Ré}, V€ increases with qif v < %:E)Y(, and 77VC¢ decreases with
1_CY

vif v > 1= o Likewise, within Pooling Le, it shows that there is only one extreme point of v =
1+wa_CY_A‘p‘
1—CX
wal__iw. Within Pooling LS, it shows that there is only one extreme point of 7, € R2, where
vx, = Root [x4c%w + %3 (20 — ChwCy — 20hCx) + x(2cycy + 204 Alp| — 2¢y) — ZC%, 2} , which 7€ decreases
with « if ¥ < 7y, and V€ increases with 7 if ¢ > Yx,- Within Pooling Se, it shows that there is only
one extreme point of vy, € Ril URZ, where 7y, = Root[xS(cﬂA|p| —cxcy + cxAlp| +cx +cy — Alp| —
1) +x* (—c% — 2cpex + 20y — 20k + 4ex + & — 2cxA|p| — 20y + A%p? + 2Alp| — 1) +x3(3cyey + cpAlp| —
Bcy 4 2cxcy — 2exAlp| — 2cx — 2y + 2A|p| +2) — 2x%¢; + x(2¢ 0y + 2¢,Alp| — 2¢y) — 2¢5, 3], which Ve
increases with 7y if v < 7yy,, and V€ decreases with 1 if y > Yx,- Hence, 7Y€ has at most two local maxima.

Corollary [l follows.

€ Rlzl URIZZ, V€ increases with 7 if ¢ < wal__iw, and 7VC decreases with vy if ¢ >

Moreover, as shown in Figure the optimal profit 777V¢ increases with A|p| across all cases. In the pres-
ence of valorization, higher A|p| strengthens pooling incentives, which mitigates the mismatch between
waste generation and utilization across demand states. As a result, correlation and volatility not only

improve information utilization, but also amplify the efficiency gains from production interdependence

induced by waste valorization.

e APy ST 0.40F e

038} yemmemnT :

.
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The Expected Profits, 7

v

The Expected Profits, 7
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Waste Valorization Rate, y Waste Valorization Rate, y

(@) ¢;=035(y=0) (b) c;4=0.15 (3 =0)
Figure D.2 Manufacturer’s Optimal Profits

Note: The parameter values in the numerical example are: cx = ¢, = 0.20 and cy = 0.15.

O
PROOF OF COROLLARY [6

According to Corollary the results indicate that when 7 < Alp| < C"—;# and cy >

(’)’2*‘!’1)C;7*')’(2’}’+’}’2wa+wa*2’}’CX72 Cy+CowY (’YZ+1)C;777(2’)/+’}’2wa+€[71072’ny72)

5 5 > , the
r Y y

manufacturer achieves higher profit with Pooling Le than with Pooling Se, and vice versa. Moreover, ¢y =

mml%w (ie., the optimal with Pooling Le) that is independent of c;;; while v = 7y, (i.e., the optimal

, or when Alp| > and cy <
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with Pooling Se) is independent of cj,. According to Table[D.3] the manufacturer’s profit under Pooling Le is
independent of ¢, and decreases with cy;,. Also, the manufacturer’s profit under Pooling Se is independent
of ¢y, and decreases with c;. Corollary |§| follows.

We also illustrate the optimal waste valorization rate, 'y##, that achieves the maximum profit in the

(Alpl, ™) plane.

2.0 - Uninpodal Bimodal -7

Unimodal Bimodal

()‘lJ ()‘I 0,‘2 l|‘,3 lJ‘,4 ()15 (Ji() ()le ()‘I (),‘Z l|‘,3 lJ‘,4 ()15 (Ji()
Alpl Alpl
(@) cpyw =0.20 (b) ¢y =0.20
Figure D.3  Impacts of p and A on v (cx =0.20, cy = 0.15)

We conduct a sub-optimality loss analysis by quantifying the profit deviation incurred when demand
correlation is neglected and the recommended pooling-based production quantities are not adopted. Based
on empirical observations, the correlation coefficient between products A (pineapple) and B (detergent) is
p = —0.72. We further assume the following parameter values: cx = ¢, = 0.20, cy = 0.15, ¢;; = 0.10, and
A =0.72. As illustrated in Figure the LoP exhibits a non-monotonic pattern with respect to v, initially
decreasing then increasing. The minimum loss is approximately 10%, with the maximum value exceeding
25%. Notably, the Pooling Le and Pooling Se policies yield profit improvements of over 15% relative to the

suboptimal decisions.

20%r 120%

Loss—of —Profit, LoP

10% ~110%
0.0 0.5 1.0 1.5 2.0 2.5 3.0

Waste Valorization Rate, y

Figure D.4 Sub-optimality Loss Analysis

O
PROOF OF COROLLARY[7} Environmental Effect (EE)

Given the optimal production quantity Q% = QFC¢ = H%C” in the benchmark, a comparison with the

optimal results in Proposition[2land Corollary [7] follows. g
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D.3. Discussion on an Endogenous 7y Setting

To further clarify the relevance of our results to an endogenous-technology setting, we now provide a
numerical illustration that incorporates a simple convex investment cost, k72, into the firm’s profit function.
This exercise is not intended to introduce a new model, but rather to illustrate how our main insights carry
over when 7 is chosen optimally.

The numerical results show a clear and intuitive pattern as shown in Figure When demands are
uncorrelated (p = 0), the profit function remains inverse U-shaped in , and introducing a convex cost sim-
ply shifts the optimal efficiency level without altering the unimodal structure. In contrast, when demands
are correlated, the profit function becomes sensitive to the investment cost parameter k: for low k, the M-
shaped pattern persists, whereas higher values of k compress the high-efficiency region and may restore a
single interior optimum. Importantly, these changes are driven by the same mismatch mechanism between

waste generation and utilization identified in our previous analysis.

W

The Expected Profits,
The Expected Profits, 7™

0.1

Waste Valorization Rate, y Waste Valorization Rate, y

(a) Optimal Profit 77"V (b) Optimal Profit Ve

Figure D.5  Optimal Profits Under a Convex Cost Function k72

Note: The parameter values in the numerical example are: cx = cp,, = 0.20, cy = c; = 0.15, and Alp| = 0.5.

Taken together, this numerical illustration reinforces that our analysis of profit shapes in < is econom-
ically meaningful even when < is endogenized. While we do not explicitly model technology investment
decisions in the main analysis, the regions characterized in the paper directly inform optimal technology

choices in such extended settings.
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Appendix E: The Analysis for Extensions
E.1. Waste Generation from Both Productions

In this section, we extend our analysis to the case where both production processes generate waste. Specif-
ically, we consider the case where the production of product B (regardless of whether it uses raw or waste
materials) generates waste. We denote the economic value of this waste by c;7, where c% > 0 reflects a unit
disposal cost, and ch < Oindicates a unit positive economic value. All other model assumptions remain con-
sistent with the baseline setting. Our focus lies in comparing scenarios with and without waste valorization,
and the insights derived naturally extend to the context of correlated demand.

- . . o 1—cx—¢
In the absence of waste valorization, the optimal production quantities are Q, = C>2( “ and Qp =

T—Cy—Com—Cy . 4. . . - . .
W, indicating that the production decisions are mutually independent. However, this indepen-

dence no longer holds in the presence of waste valorization, as demonstrated in the following proposition.

PROPOSITION E.1. When both productions generate waste under uncorrelated demand, the optimal production

quantity for product j with waste valorization is

1—cx+7YCpw 17wa*Cch;7
2 4 2

1—')/(6;7+Cy—1)—CX w
SV 1Qq

if (
if (v, 0,8, ¢
(QZ", QZV) =\ (Lo, aledaoin) e
if (
if (

2 2% v
1—cy—cx
),

1 Ql),

Y 0,4, ¢
A

Y,

0, A,
Y, P/ ’ C]
0, A,
where ] €{X, Y, n, bw, n'}, Rf’ (i=1,2,...,5) is shown in the Appendix.

Proposition [E.1|illustrates the implications of additional waste generation from the production of prod-
uct B. When ¢}, > 0, representing a disposal cost, the optimal production quantity of product B decreases
compared to the benchmark case in Proposition |1} Due to the interdependence between productions, the
optimal quantity of product A may also decline. Conversely, when c;, < 0, reflecting a positive economic
value associated with waste generation, the optimal quantities of both products can increase relative to
Proposition [} However, this production increment may stall or even disrupt the interdependence between
the two production processes when c§7 < 0. In particular, under the condition Q; < vQ,, the manufacturer
opts to overproduce product B in order to exploit both RE and DE benefits. Yet, Proposition [E.T|indicates that

. . . —(ey+c)—1 . . . .. .
such overproduction is constrained when W > 1, primarily owing to the limited potential mar-

ket size. As a result, the manufacturer either preserves the production interdependence by setting Q, = %,
or abandons this linkage altogether, opting instead for the monopoly production quantity.

This outcome arises when waste valorization is driven primarily by two factors: the cost-saving poten-
tial from reducing disposal fees associated with product A, and the salvage value obtained from the waste
generated by product B itself. When the economic gains from waste treatment outweigh the revenue from

product B’s market sale, manufacturers may adopt waste valorization strategies that are decoupled from
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traditional profit motives. A practical manifestation of this phenomenon is the use of waste-derived mate-
rials in packaging rather than in standalone products. This approach enables firms to integrate waste val-
orization in a manner that avoids market oversupply and maintains product price stability.

PROOF OF PROPOSITION [E.Tk

Since the production of B also generates waste, we denote the economic value of waste per unit of B as cj7.
Analogous to earlier definitions, cil > 0 reflects a unit disposal cost, whereas c% < 0 indicates a unit positive
economic value derived from the waste. Our analysis centers on the case where (77,¢s) € Cp, as (17,7) € C;
would eliminate production interdependence between A and B. Indeed, when cj, > 0, our previous results
remain valid, as the positive value of ¢j, can be interpreted as an additional processing cost. Accordingly,
we redefine the effective unit cost as cg{ =cy+ c’ . Under this formulation, and in the absence of waste
valorization, the optimal production quantity of B without demand correlation is given by QB = 1Cl’+CY,
with demand correlation, the optimal quantity becomes QBC = M However, our previous results
might change when c,7 < 0. With waste valorization, the manufacturer’s expected profit function in the

second stage is given by
E[psQy] — Quey — Qo (ev —y/7—¢}), i Qy <7Qs
E [pyQs] — Qp (wa ey —c¢ ) +7QuCpor if Qp > 7Q0

The constraint 0 < Q,, < 1is imposed to ensure a non-negative expected sales price for product B, as E[p;| =

Y (Qus Qa) = (E.1)

1 — Qp. We identify the optimal Qj, by considering two cases:
1. Casel. vy <

e
1—cpyp—cy— C 1—cp—cy—¢;
— ", if Qs < #
QZV: 1—cpp—cy—cj,
,)/Qﬂ/ lf 77 < Qﬂ =
1, otherwise
2. Case 2. max & _Suly=1 <q
’ ’ 1+C;7 +cy 4 Cpw — I
1t —cy—, L—cpp—cy—c;
%, if Qa 77;7
W _ 1—- Cpw—CY— c oy Cy+C 1),)1
Q" =19 1Qu if 2N < g < LT,
cy—(cy+c)—1
W(Yziwy, otherwise

When 7 is relatively low (i.e., ¥ < ), the manufacturer tends to generate more waste for valoriza-

1+c +c
tion, potentially pushing Q, to its upper bound, i.e,, Q)Y = 1. In contrast, when 7 is relatively high (i.e.,

C Cyln=1 . .
max { 1+c’:+cy’ —%} < 7), our earlier analytical structure largely holds, where Q;, may exceed, equal,

or fall short of ¥Q,. Based on the optimal determination of Q;, we now derive the optimal production

quantities for both products. To facilitate this, we define the following regions, denoted as R!:

1—cr —c —
RE:S (7, 0 D, ¢p) | — S <o and 1= CXJWC}’“’ < & —Cv

Chw 2y ’
RS (v, o A ) | — CC: <7y and 17%27;776Y < 177(;;7;51;)1)7% < min <'1V'W) },
RE: (1,0, ) m {— S} <yana gt arlodin
{( p, B, cr)|— e <7< 1+CI/+CY and 1_6’3_6’( >%},
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o 1—(cy+ey—1)—cx
T4cp+cy and 2(y2+1)
The optimal productlon quantity for product j is

RE: {(7, oA )| —gh<r< > 15 o },where Je{X. Y, bw,n,n'}

1—cx+ychw 1*wa*CY*C;;
2 ’ 2 ’

T—(cy+ey—1)—cx w .
20 ) vQq” ), if

w w /
, = 1—c,— cy—(cy+cy—1)y . .
(Q” Qo ) C”z 2 YZ,Y’ , if (7, 0, B, ¢f) €R
lfc”zfcx, 1) , if (7,0 A ¢)eRY
1 Q). if (7, p, &, ¢j) €RE

Therefore, Proposition follows. We further illustrate the optimal quantity decisions for Q)Y and Q}”
with ¢}, <0 in the following figures.

The Optimal Production Quantities, O,

The Optir
o 2

Waste Valorization Rate, y Waste Valorization Rate, y

(a) Optimal Q)Y (b) Optimal Q)Y

Figure E.1 The Manufacturer’s Optimal Quantity Decisions

O

We further derive the optimal production quantities under correlated demand in Proposition The
underlying logic parallels that in Proposition [E.T} wherein the economic value derived from waste in prod-
uct B may reduce its production interdependence with product A. Nonetheless, the core insights of our
previously proposed pooling policies remain largely valid. We also compare the manufacturer’s optimal
profit under both uncorrelated and correlated demand scenarios (see Figure[E.2). The findings confirm the
robustness of Corollaries [1| and [5} while the expected profit remains an inverse U-shaped pattern in the

uncorrelated case, it can become M-shaped under demand correlation.

PROPOSITION E.2. When both productions generate waste under correlated demand, the optimal production
quantity for product A is

1—cx+7C .
TZ%LZ;_Mp|+1>_ch+z LN B sy RiZZ s
4+272 Cif (e A, ]) € R URS URS®URS™URS
ﬂ 7A\P|+7*Cﬂ*7%*26r7"¥+2 lf (o8 ]) - Rddz y Rdd3 dd4 | | pdds
e ,if (7, 0, A, ¢f) € RIPFPURGD URLT™ URY
11*”%, if (70, 8, ¢f) € REMURIE R URIE URYE
L if (v, 0, A ¢) € RETUREZ URG
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PROOF OF PROPOSITION [E.2}
With demand correlation, we first identify the optimal Q;, in two cases.

1. Case 1. R —
< T+cy+cy—lpléa

1*wa*CY*C’+|P\§a 1—cpop— CY oy +loléa

L if Qp <
We _ 1—cpp—
= . b —CY —C +|P\§a 1
A=) 9Qu if e ot oo o1
1, otherwise
2. Case2.y>—1
v I+ey+cy—lpléa
1_wa_CY_C;7+‘P|§ﬂ : 1_wa_CY_C;7+‘P|§a
— o Q< A
we _ .o I=cpp—cy—cy+|oléa ey ty—rey—rcy+7loléa
Qb = ’YQaz if u’#ﬁ <Qu< 7 i
ey +y—rey —vch+v)olé .
Y= Y2(y’Y 7 7‘.‘7'611, otherwise
We derive the optimal solution for Q, across five cases.
C
1. Case 1. Y < m
In case 1, we have five solutions for Q,. Define the following regions of R4d1,
greg i
—Cpp—Ch—cy—Ap+1 . _
Rddl {Z(IYCZJW —cx + 1) < min <1 bu 1727\( P > } with Qu= Ybw 26x+1;
—Cpp—Ch—cy—Al|p|+1 Cpw—Ch—cy—Al|p|+1)—2cx+2 . —Cpw—Ch—cy+A|p]+1 )
RdLﬂ: bw—Cy Z'yY lo| < ¥(cpw—cy zY('yZ-;I-g‘) )—2cx < min <1, b —Cy 27\{ ol > } with Q, =
V(wa_CY C A\P|+1) 2CX"'Z'
4+27 ’
ddl. | —cow—cy—cy+alpl+1 _7(c{7+cY—1)+cX—l 1—cx+y(l—cy—cy) .
R5™: { 7 < 27750 < min (1,1 'y with Q, = — e
1 1 . 1—cy—cx .
R {j( —CX+1)>;}w1thQa:”f,
dd1, ) vlegtey=D+ex=1 1 1 ; 1.
RS {M 7>§(_C7]_CX+1) WlthQu—a,

2. Case 2. o] " 2900l

In case 2, we have six solutions for Q,. Define the following regions of Rfdz.

—¢y—cy—Alpl+1 . -
R{%: { (Yepw — cx +1) <min (1 ~Cwty oy Alpl ) } with Q, = w;

/
Sy y : 1_wa_CY_C;7 Cy+CpwY
Troy e, TAlp] <7< Troy T, Al and A <min )

2y
7 /
dd2. | —cbw—cp—cy—Alpl+1  y(cpp—cy—cy—Alp|+1)—2cx+2 : ~Cow—Cp—Cy+Alp|+1 i =
R 7 < 3(7752) <min | 1, 7 with Q, =
Y(epw—Cy —cy—Blp[+1)—2cx+2
44292 ’
ddo. —Cpw—Cy—cyHAlpl+1 (e tey—1)+ex—1 . —YBlpl+r+ey—rey—rey : _
RS 7 < 3(7741) <min (1, 27 with Q, =
1—cx+y(1—cy—cy) .
2(1+7%) !
—yA|p|+y+cy—yc,—ye Alp|+y—cy—ycy —2cx —yey+2 ) )
R, 7Ap| 7272 XY o1+ 427’214 xTrot? (11;)} with Q. =
YAlp|+y—cy—vey —2cx —yey+2
29244 ’
1—cy—c
’Rg‘ﬁ:{%(— —cx+1)> }w1thQ oo,
dd2. | WBlpl+y—oy—vey—2ex—yey+2 1 1, ; 1.
Re™: { 2y2+4 >3 >5(—cp —ex +1) p with Qp =7
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3. Case 3.

<y<

: 1_wa_CY_C:7 Cy+ChuY 1—wa—CY—C;
and min <A< —F 1,
{ ol 7 2vel ol

In case 3, we have six solutions for Q,. Define the following regions of R?"B.

. —Cp—Cp—cy—Alp|+1 . _
R?d?’: {%(’)/wa —Ccx + 1) < min (1, b n_Y | ) } with Qa — Y —CxXt1 ZCXJFI,-

Sy Sy
T4cy+cp+Ap] T+cy+cp—Ap]

2y
/ 2 ,

dds. ) —crw—cy—oxy—=Blpl+1 _ y(cpw—cy—cy—Alp|+1)—2cx+2 . —YAlp|+7+cy—7cy—cy . B
R5™: 7 < 2(7712) <min ( 1, pTe: with Q, =
¥(cp—cy—cy—Alp|+1)~2cx+2

44272 ’

d3. - Yo Y 1 . —Chw—Cyp—CY . .

d VAlpl+y+ey—rey—re Cpw—Cy—cy+Alp|+1
R3™: 772 < 1(Yepo — €y —2cx +2) <min ( 1, - with Q, =
2—cy—2cx+YCpy |
A S L

/ /
—Cpw—Ch—cy+A|p|+1 YA|p|+y—cy—yc, —2cx —yey+2 . .
Rid?): w—Cy = lo < ol 1727214 < min (1, %) with Q. =
Ao +y—cy—rey—2ex—yey+2
29244 ’

dd3. [ 1 1 : _ loey—cx,
Rs5 -{j(_cq_cX+1)>;}W1thQa—f,

daz. | yBlel+y—cy—yey —2ex—yey+2 1 1 . 1.
RE™: { 27214 >y f(_cﬂ —cx +1) p with Qa—§/

c . 1—cp—cy—C), ¢ +ChwY
4. Cased.y> —21 —— and A <min g b T
V2 Treyvep—al] ol " 2vlol

In case 4, we have five solutions for Q,. Define the following regions of R?d‘l.

. —Cp—Cp—cy —Alp|+1 . —
Rﬁld43{%(')’cbw—cx+1)<mln< Chw —Cy —CY o] ,1>}w1th Qa:'ycbw 2CX+1;

2y
! ! !
dda. —Cpw—Cy—cy—Alpl+1  y(cpy—cy—cy—Alp|+1)—2cx+2 . —Cpy—Cpy—Ccy+Alp[+1 . o
R 7 < 3(7742) <min ( 1, 7 with Q, =
¥(cbw—cy—cy—Alp|+1)—2cx+2
44292 ’
dda. 7cbw7c§77cY+A\p|+l _’)/(C;7+CY71)+CX71 . *’YA‘()I‘F’Y%»CW*’)/C%*’}/CY . B
RE*: 7 < 3(7741) <min (1, 27 with Q, =
1—ex+y(l—cy—cy) .

2(1+9?) !

4. | —rAlpl+ytey—yey—vey  yAlpl+y—cy—yey —2ex—yey +2 . YAlp|+y+ey—vey —yey . -
R 57 1 < 2721 1 <min | 1, o : with Q, =
YAlp|+y—cy—vey —2cx —yey+2

29244 ’
YAlpl+y+ey—vey—rey 1 . 1—cy—cx
Rgd4:{ i < 3(—ey —ex +1) p with Qp = —4—;

5. Caseb. v >

. 1oy —cy oyt 1—Cpep—Cy—C
andmm{ bw 1 ¥ L o A T Y T

C;7
T+cy+cj—Alp] ol 27]p] lol

In case 5, we have five solutions for Q,. Define the following regions of R?d5.

. —Cpw—Cp—cy—Alp|+1 . —
RzlidS: {%(’chw —cx + 1) < min (1, Chw —Cy—CY |o] ) } with Qa _ %w 2cx+1;

2y
/ / /
dds. 7wa*C1776Y7A‘p|+l V(wafcq7CY7A|PH'1)7ZCX+2 : 77A|P‘+7+CW77C1177CY . _
R5™: 7 < 2(7712) <min ( 1, 57 with Q, =
V(wa_CY_C:y_A‘p|+1)_25X+2'
44292 ’
—yA|p|+y+ey—ycl, —ye . —Cpw—Ch—cy+A|p|+1 .
R ] ZWZ 1Y < 3 (Yepw — cy —2cx +2) <min <1, w7 2;{ L with Q, =

27c,1 —2cx+YCpy |
4

7
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/ / /
—Cpw—Ch—cy+A|p|+1 YA|p|+v—cy—yc, —2cx —ryey+2 . YA|p|+y+cy—yc, — ey .
RZdS: w—Cy - lo < lol :727214 <min (1, le| 2;/2 i with Q, =
YAlpl+y—cy—yey —2cx—yey+2
292 +4 ’
YAlpl+y+ey—rep—rey 1 . 1—cy—cx
RIS 57 . <5(—=cy —cx +1) p with Q, = —5—=;

Combining the solutions above, we identify some corner solutions with are absent in our base model. In

our base model, Qy > vQu, Qp = 7Qa, Qp < ¥Qu, Pooling Le, Pooling Se, and Pooling LS occur with five inte-
rior solutions. Under the case with waste generation from both productions, we list the additional solutions

that Q, =1 or E[Q] = C”_W(CYT;_HA'PD as follows.

° Qa = M/%CX and Qb =1 fOI' ('Y/PfA/C]) € Rflldl;

* Qo= and Q,=1for (7,0,8,¢7) € RE;

¢ Q= Y ana B0y = TIOEID for (3, 0,1) € RER or (1, 5) € RIS,
e Q,= % and E[Q,] =

cyp—y(ey+c,—3+Alp|)
Hence, we have the optimal decisions for the manufacturer. We further illustrate the optimal profit for

o for (7,p,A,¢;) € Rgdz or (7,0,A,¢1) € Rg"B.

the manufacturer with correlated demand in the following figures.

and 7™

We

Expected Profits, 7

The

g
26 [Uncorrelated
- g

32
Correlated
30 // Lot

’

(a) Economic Value, ¢

Waste Valorization Rate, y

/

Figure E.2

E.2. Asymmetric Markets

U

0.46

0.44

"€ and 7"

IS
i

0.40

5

0.36

The Expected Profits,

Correlated

Uncorrelated
.

2

0.0

o

1.0 1.5 2.0 25 3.0

Waste Valorization Rate, y

(b) Economic Value, ¢/, = —0.2

U

The Manufacturer’s Expected Profits

In this extension, we generalize the model to account for two products sold in asymmetric markets. Specif-
ically, we consider an inverse demand function of the form p; = M; — E;Q; + {;, where both M; and E; are
positive constants. This relaxes the normalization adopted in the base model, where M; =1 and E; = 1.
To ensure non-negative prices, we impose the constraint 0 < Q; < 1\;—]’ For economic viability, we further
assume —M,; < ¢y < M, —cx and 0 < cy < My, — ¢py- The following proposition characterizes the optimal

production decisions under viable waste valorization.
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PROPOSITION E.3. When the two products are sold in asymmetric markets under uncorrelated demand, the opti-

mal production quantity for product j with waste valorization is

M,— Cz)éjcbwf My— o wa) . if (Mj, Ej, 7, 0, B, ¢)) € RAM
% Q) (M B v B ) € RGN
Mt Srt et ) f (M, Ej, v, p, B, ¢p) €R4M
(Qﬂw, QhW) = (Mo %b) if (Mj, Ej, v, p, A, ¢j) € R{M.
2, ) if (Mj, Ej, 7, p, A, ¢j) €REM
Ma, Mi—py=ti), if (Mj Ej, v, p, 8, ¢p) € Rg™
e, 7QV), if (M, Ej, v, p, &, ¢) € R7M

where j € {a,b}and ] € {X, Y, 1, bw}, RZAM (i=1,2,...,7) is shown in the Appendix.

PROOF OF PROPOSITION [E.3}
Likewise, when (7,7) € Cj, the two products are produced independently, with the optimal quantities
Ma—cx—cy

are given by Qy = ——¢ —" and Q) = Mbcf‘(bq’w Accordingly, the following analysis focuses on the case

with (77,¢s) € Cp. We begin by identifying the optimal Q; in two cases.

1. Casel. vy <

Mb+CY
My —cpy,—c My —cp,—C
b 2171: Y ifQ, < b2’ybévh Y
w _ M,—c c
QV={ Q.  ifMmcg <M
%, otherwise
b
cp _ Cylp=1
2. Case 2. max { Mytey' o [ <7
Mp—cpp—cy Mp—cpp—cy
25 if ]\QA” < ToE Y
W _ ¢ My—Cpp—Cy Cy+Mpy—cyy
Qb - r)/QH/ if ZE;FY S Qa < Z’YZE[; ’
cyptMpy—cyy .
T otherwise

Based on the optimal Qj, we derive the optimal production quantities for both products. Define the
following regions, denoted as RAM:

) c Ma—cx+ . (M, My—cy—
’RAM.{(M Ei, 7, p, A , C7) ——”<'yand LaZ XY Cz’é Cb’”<mm{E—:,7”zgﬂrcbw}},

M Sox My—cx+(My—cy)y - M, My e (Mp—cy)y
RAM. {( 7, 0,8 )| — 2 < yand Mt o Ma—oxt (M, <min{Ma My G+ My=cy)y
Ei, v 0. 8, Epy 2(Ea+Eb'YZ) Eo7 ok 2B ’

AM cy Ma—cx—cy CI]WL(Mb*CY)'Y
Rs (Mj, Ej, v, p, A, cp) |max { Mb+cY ~ o } <7yand =g —" > 2Ep72 ‘

AM Mg Cx— C’7
Ry (Mj, Ej, v, 0, B, ¢p) [y < Mb+cY and ——p —" > 'yEb}

AM. Cy M;—cx+(Mp—cy)y My—cx—cy
R5 (Mj, Ej, v, 0, A, ¢f) |7 < Mh+cY and 2(E.+Ep72) va > TE, ’

Y My—cy—Cpy Ma—cx+

RAM ( E], 7, p, , ]) | max { Mb+cY Cb } < 0% and %z < mln{ b ZCZ,}, wa/ a Cz)éﬂ CowY } },

AM. Ma ex+H(Mp—cy)y Ma Mp—cy—cpy ey +(My—cy)y
RS {( Ej, v, p, A, c) |max { Mty oy § <7vand Tty > and S <M o 5E, 7 ,

where j € {a,b} and ] € {X,Y, bw, 5 }.
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The optimal production quantity for product j is

(v, Q)Y) =

Ma—cx 4y Mp—cy—Cpy
2E, 4 2E,
Mg—cx+(My—cy)
(E +Eb’)/2
Mu_CX_CU C;7+(Mb cy)
2E, 2E,y
Ma—cx—c,, M,

E,

2E, ’
).

)i

,an)

’)

Mb)

My, My
YEp” Ep

M, Mp—cy—cpy
L.’ 2E,

M,
M,
Y, 4Q),

N

4

, if
, if

if (
(M
(M
if (M;
if (M;
if (M;

if (M

M;, E], Y, 0,4,
Ej, v, 0, A,
Ej, v, p, A,
Ej, v, 0, A,
Ej, v, p, A
Ej, v, p,
Ej, v p,

y CJ
A, cy (S RQM
A, C]) S R?M

Therefore, Proposition [E.3|follows. We illustrate the optimal policies across different regions in the follow-

ing figure. Notably, market size and price sensitivity exert opposing effects. We illustrate the findings under

asymmetric market sizes, while analogous results hold in scenarios with asymmetric price sensitivities. The

main difference between Figures and El lies in the shift from the previously maintained relationship

Qp = 7Q, to new formulations: either Q, =

Unit Waste Economic Value, ¢

Unit Waste Economic Value, ¢y

Independent

I
1.0

Waste Valorization Rate, y

(a) Mq > Mb
Figure E.3  Optimal Policy with Asymmetric
280
% 260f &
= £
B 240 2
g 2
& Ed
E 220+ E
200, . L L i
0.0 0.5 1.0 1.5 2.0
Waste Valorization Rate, y
(a) Mz > M,
Figure E.4

when M, K< My, or Qp =

when M, > M.

1.0

0.0 0.5 2.0
Waste Valorization Rate, y
(b) M, < My
Markets Under Uncorrelated Demand
31151
31.10F
31.05F

2 4 6 8

Waste Valorization Rate, y

(b) My < M,

Optimal Profit with Asymmetric Markets Under Uncorrelated Demand
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We further investigate the manufacturer’s profit under asymmetric markets with uncorrelated demand,
as depicted in Figure The results reveal that, despite significant market heterogeneity, the profit func-
tion retains its unimodal structure under uncorrelated demand (i.e., # = 0). Moreover, the profit maximum
continues to align with the condition Q, = yQ,. Notably, market asymmetry can shift the profit-maximizing
7 either upward or downward, relative to the benchmark case of symmetric markets. O

When two product’s demands are correlated under asymmetric markets, we have the proposition as

follows.

PROPOSITION E.4. When the two products are sold in asymmetric markets under correlated demand, the optimal

production quantity for product A with waste valorization is

7
a
7(wa*CY7A‘p|+Mb)72CX+2M11
4E,+272E, ’

Maffx+(MrCY)7

2(Eq+Epy ) 4
YB|o| —cy—2cx— ch+2Ma+7Mb
WC — 4E,+27°E,

if (M;
if (M
if (
YChw—Cy—2cx+2M; (
if (M;
if (M
if (M;

Macx oy 'f (M; j, 7 0.8, ¢) ERPVURZURPURIFURY
Ei, v, p, A, ¢f) € REEUREZ URP URE URY
Ej, 1,0, 8, ¢j) € R§' URP URS!

R
M;, Ej, v, 0, A, ¢j) ERPURBURIMURD
jr Bjr VY Pr By € 4 4 4 4

)
¢y)
)
¢s)
)
)
)
)

iF, ’ ],’)/,p, ,C] ER?,gUR?P
Moot ,, 1, 0, B, ¢) € REURD URS UREL URD
X/ITZ, ], v, 0, A, ¢f) € REVURZURS
T Ei, v, p, A ¢) EREURMURGFURI URP URP UREP URE

PROOF OF PROPOSITION [E.4}

With demand correlation, we identify the optimal Q; in two cases.

1. Casel.y < —1 .
v My+cy—|p|éa
My —cp—cy+plés My—cpp—cy+1pléa
szb ,if Q< vab
WC __ My—c cy+
Q=4 10, if M=ty tbls < 0, < Mp
%, otherwise
b
2. Case2. 7> — 1
v My+ey—|pléa
My, —cpop—cy+]|p|E . My —cp—cy+|olé
b beEbY ol s Q< M bzﬁvaY |018a A
We _ .o My—Cppp—Cy+pé ety My —yey+71pl¢
Qb - ,)/Qﬂ/ lf %b\{p“ S Qa < . 2Eb')/2 .

eyt rMy—vey+loléa

plan , otherwise

We derive the optimal solution for Q, across five cases.
“n
1. Casel. v < MyToy FAl]"

In case 1, we have five solutions for Q,. Define the following regions of R?!.

al. [ Yopw—Cx+Ma : Chw—Cy—Alp|+M, M : _ Y —Cx+Ma.
RAL: {waa < min (—, F) [ with Qq = T X2,

2vEy,

al. —Ch—Cy=Alp[+Mp _ Y(cpp—cy—Alp[+Mp)—2cx+2Ma o =Cow—cy+Alp|+My M, : _
R3 29E, < 4E,+272M, < min 2VE, ' Eq with Q, =
Y(Cpw—Ccy— AlPH'Mb) 2CX+2M¢1

4E;+27°E)

al. | —Chw—cy+8|o|+M, _CX+'Y(Mb cy)+M, My M, : _ —ex+y(Mp—cy)+M, .
Ry { 27E, < NEanrEy o <min (A, ) p with Qo= = e

al, [ _optex—Ma M, Ma—cy—cx,
Ry { TR > 5 with Q, = VTP

cyptex—M,
'YEb > *T} with Qg 'YE

Rg1: {—CX“"’Y(Mb—CY)"‘Mu >

2(Eq+72Ey) b’
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2. Case 2.

cy cy s My —cpp—cy CptCouwY
— 7T — 77T and A < min { .
Mytey +8l] <7 < My, +ey—Ap] ol " 23]p]

In case 2, we have six solutions for Q,. Define the following regions of R%2.

a2. | vCw—Ccx+Ma : Chw—Cy—Alp[+My M ; _ YChw—Cx+Ma.
Ri~: {“’2# < min (—, b with Q, = 3F, ;

2vEy
a2. —Chw—cy—Alp|+My _ Y(cpw—cy—Alp[+My)—2cx+2M, o —Chw—Cy+ApI+My M, : _
Ry 27E, < 4E,+2+7E, < min 27E, ' E, with Q. =
'Y(wa_CY A|P‘+Mb) 2CX+2M¢1
1E,1272E,
a2. —cpw—cy+Alp[+My _ —cx+y(My—cy)+M, o (atr(zey =B+ My) M, : _
R3 ) 27E, < 2(Eqa+72Ep) <min 272E, ' E, with Q, =

—cx+y(Mp—cy)+ Mg,
2(E, +’)’2Eb) 4

a2. cpty(—cy—Alp|+Mp) _ yAlp|—cy—2cx—yey +2Ma+y M, (M, M, . _
R4‘ | 217, < 4E,+272E, <min{3E, with Q=
YAlp 7c,772cxf'yCy+2Mﬂ+'yM,, .
4E,+272E, ’
a2, [ otex—Ma My _ Gytex—Ma,
RS : { ~2E, > 7E with Qtl = 2L, ;
a2. [ ¥Blpl—cp—2ex—yey+2MatyMy M, cytcx—Ma
R¢: { 1E,727°E, > 5 TR with Q, = 'YEb
c c . My —cpp—cy CptChw My —cpp—cy
.C3863.+< <7’7andmm{ b— b= Y d }<A<7u.
My+oy+Ap] =7 My Fey—Alp] ol " 27l ol

In case 3, we have six solutions for Q. Define the following regions of R%.

3. Chw—Cx+M . —Cpw—Cy—Alp|+ M, M, . _ YChw—Cx+M, .
Rzlv . {7 bw ZEX a <m1n< w 4 , Ea with Q, = bw A a.

29E,
— — . cp+y(—cy—Alp|+M, .
R§3: —Chw— CY'Y i|P\+Mb < Yuw—cy 4AE|P_1_;1;/21%) 2cx+2M, <m1n( 7 ( 2\;2’5 || b),%a)} with Q, =
a b b
Y(epw—cy— A|P\+Mb) 2cx +2Ma
4E,+272E,

3. cyt+y(—cy— A\pH—Mb) _ —YChwtoy+2cx—2M, . —Cpw—Cy+A|p|+My M, . o
RS 7E, < 1E, <min | ——r b, e with Q, =

—YChwtCyt+2cx—2M, |
- 4E, 4

3. —cpw—CyFAp|+M, _ YAlp|—cyp—2cx —yoy +2Ma+y M, (M, M . _
Ry . 2"/Eb|p‘ ' < ' 4E,+297E, < min TEZ’T: with Qa -
YA|p|—cy—2cx —yey +2Ma+y My, |

4E,+272E, ’

a3. | _eptex—M, M, cyptex—M,
R3S { = >3 with Q, = —

a3. [ YAlol—cy—2cx—yey +2MatyMy, M, . _ Cytex—Ma M,
Rg™ { 4Ea+2'y2Eb Z 9k 2E, with Q, = wE;,

[ — 3 Mp—cpp—cy CptCowy

Case 4. v > M; +C —ATp] and A <m1n{ o] Tl

In case 4, we have nine solutions for Q. Define the following regions of R%*.

a4. [ Yopp—Ccx+Ma . Chw—Cy—Alp[+My M Yepw—Cx+Ma .
R {“’2# < min (— T ) 1 with Qp = e ;

2vEy,
a4. —Chw—Cy=Alp|+My _ Y(cpp—cy—Alp|+Mp)—2cx+2Ma o ==y +Alp[+My M, : _
R3*: 29E < 1E,+272E, < min 27E, e with Q, =
'Y(wa_CY A|P\+Mb) 2CX+2MH
1E,1272E,
a4. —cpw—cy+Alp[+My _ —cx+y(My—cy)+M, (ot r(=ey =B+ My) M, : _
R3 ’ 2vEy 2(E,,+72Eb) < min Z'YZEb 'E, with Qa —

—cx+y(Mp—cy)+ M,
Z(Ea-‘r’yzEb) 4
a4, [ opty(=cy—Alp[+My)
Ri™

'YMP'*CU*ZCX*’YCY+2Ma+’YMb . Cv+7(*CY+A|P‘+Mb) M, : _
272Eb < 4Ea+2’YZEb <min 272Eb ' E, with Qﬂ =
YA|p|—cy—2cx —yey +2Ma+yMy, |
4E,+27°E, ’
a4. [ optr(—ey+AJp[+My) _  cytex—Ma . __ coptex—Mg
Rs™ { 297E, < 2E, with Qp = —=—p—
ad. | My 1 “Chw— CY Alp|+My  yepy—Cx+Ma M,
Ré'{E:<mm( 29E, ’ 2E, WlthQa—E,

ad. [ —Cho—cy—Ap+My, _ M, _ —Cpo—cy+Alp[+M, Y(chw—cy—Blo|+Mp) —2cx+2Ma M, : _ M,.
R7 { 1L, <E< 1L, and 1. 127°E, > E with Q, = F¢;
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ad. | —cpo—cy+Alp|+M, Ma cptr(—cy—Alp|+My) —ex+y(Mp—cy)+Ma M, ; — M.

Rg™ {—Z’YEb < < 27E, and (Eat2Ey) > with Q, = o

aa. [ eptr(=cy—Alp|+My) Ma cp+y(—cy+Alp|+My) YAlp|—cy—2cx—yey +2Ma+yMy M, : _
7;19 : { 27, <FLL 207, and 1F, 127°E, > gt with Qp =
ra.

E,’
C . My—cpp—cy Cyt+ChuY My, —cpyp—C
5. Caseb. >7”andm1n{ b—bw=2Y }<A<M.
V7 Mytey—Aalp| lel 7 2vlpl lol
In case 4, we have nine solutions for Q,. Define the following regions of R%°.
o . Alp|+M -
RliIS: { YChuw ZICS);+MH < min ( —Chw— C;')/Eb‘p|+ b ]E\Aa ) } with Qa YChw 22X+Mﬂl

a5. [ ety —Blol+My _ v(cp—cy—Alpl+M,) 2cx +2M, . (eptr(=ey—Alp[+My) M, : _
R 29E, < 1E,+27°E, < min 297E, R ) with Qo =
Y(cpw—cy—Blp[+Mp)— 2cx+2Mn

4E,+272E,

: eytr(—ey— A\PHMb) — Yty +2cx—2M - —cp—cyTAlp[+M, M .

RgS' Ul 272Eb < — w :iEa a < min bw — %(’)/Eb‘PI b, Mg Wlth Q{Z —
T YCwtCy +2cx—2M, |
Ea ’

5. —Cpw—Cy+Ap|+ M, YA|p|—cy—2cx—yey +2Ma+y M, . cyp+y(—cy+Alp[+M) M . B
RS w Oy < iE, 157°E, < min 247E, CE with Q, =
YAl —cy—2cx —yey +2Ma+y My |

4E, 1297, ’

a5. J epty(— cY+A\p|+Mb) _ optex—M, . __cytex—Ma,
RS { 27E, 2, with Qp = 7219“ ;

a5, [ M —Chw—CY— A|P\+Mb Yo —Cx+Ma .
Rg: {—” < min ( 29E, “oF, with Q, = —,

5. | —Chw—cy—Blo|+M, M,, ety (—cy—Alp|+Mp) Y(epw—cy—Alp|+My) —2cx+2Ma M, ; —
57 : {—Z'YEb <FLL 27E, and 1F,272E, > Fr o with Qg =
T,

a5. [ opta(cey—Alpl+My) M, - —cp—cy+Alpl+My Yoy t+2cx—2M,

Ry { 27, <EL <55 and 1T, > E with Q, = Eu

5. J —chw—cy+Alpl+My _ M, _ cytr(—cy+Alpl+My) YAlp|—cy—2cx—yey +2Ma+YMy, M, . _
Ry { 29E, STE < 297E, and 4E,+27°E, > F, p With Qo =
M, .

Combining the solutions above, we identify some corner solutions which are absent in our base model. In

our base model, we have five interior solutions including Qp > YQq, Qp = YQu, Qp < YQa, Pooling Le, Pool-

ing Se, and Pooling LS. Under asymmetric markets and correlated demand, we list the additional solutions

as follows.

Qtl: % and Qb:% for (M E]r Y, 0, A C]) eRlﬂ’

Q 'YEb and Qb - Eb for ( j/ Y, 0, A, C]) € Ral;

Q = M uTX and  E[Q)] = Cv—v(w;é\fl—wb) for (M, Ej, v, 0,0, ¢)) € REZ or

(Mj, Ej, v, 0, A, ¢j) € R,

Q.= %h and E[Q,] = 21— 7(CY+é‘p| M) for (M Ei, v, 0, A, ¢j) € RE?or (M Ei, v, p, A, ;) € RE;

4y
Qtl == %: and ]E[Qb] 7£bZU+CEYb Mb for (M E]/ ’)’/ P, A C]) € RH4 or (M E]/ ’)/I pl A C]) S Rﬂ5/
Qi = %ﬂ and E[Q)] = 1} (%bwchg}AlpHMh + ZE/I“) for (Mj, Ej, v, p, A, ¢cj) € RE or

(Mj, Ej, v, p, A, cj) € RP

Qa _ ]\E/Iiaa and Qb — rYEuu for (M E], Y, p, A C]) € Rll4,

Q.= Ag—: and E[Qy] = CV"Y(C“QEZVZM”) for (Mj, Ej, v, p, A, ¢j) € RE;
=7 (ey+Alo|—M M
Q. = Ag—: and E[Q,] = oI V(CQVEJP‘ by Trt for (M, Ej, 7,0, A, ¢) € RE or

(M]‘, E]', Y, O, A, C]) S Rgs.
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Hence, we have the optimal decisions for the manufacturer. To better illustrate the policy regions, we

define that

M, .
E—h”, if (Mj, Ei, v, p, A, ¢j) € REVURE
SWC cp—7(ey+A[p[—3Mp) .
Q%= " &, , if (M}, Ej, v, p, A, ¢)) ERZURE.
cy—r(ey +Alo|-3M,)
5 , if (M, Ej, v, p, A, ¢)) EREURE
20F 8
0.4+
E
15k i 02+ L
é Le é 0.0
3 0fLE 0pe-0} . z v
g £ 02 Q2"C=;
g 5r s tz -04r Se
E . E -0.6
of - Se 4
-0.8F S
Independent
Ind
5h . . . ul 1.0 I I i h
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
Waste Valorization Rate, y Waste Valorization Rate, y
(@) M, > M, (b) M, < M,

Figure E.5 Optimal Policy with Asymmetric Markets and Correlated Demand

As illustrated in Figure similar patterns arise under asymmetric markets, following the same ratio-
nale as in the uncorrelated demand case. Two corner solutions emerge: either Q}Z’VC = 1}\54—: or Q= Q_ZVC. We

further explore the implications for the manufacturer’s profit in the subsequent figure.

Correlated

and 7V
and 7"

” Uncorrelated

we

6.05

fits, 7'

Correlated ’

6.00

IS
i

Uncorrelated
5.95 ,

Expected Profits, 7"

Correlated

The Expected Prof

The

~

0 2 4 6 8 1 2 3 4 5 6 7 8 0 1 2 3 4

Waste Valorization Rate, y Waste Valorization Rate, y Waste Valorization Rate, y

(@) Mg> M, (b) My < My () My~ M,
Figure E.6 Optimal Profit with Asymmetric Markets and Correlated Demand

As illustrated in Figure market asymmetry can significantly dampen production interdependence
and thereby reduce profits. This constrained interdependence leads to two notable effects. First, as depicted
in Figures and the profit gains under correlated demand diminish in the presence of substan-
tial market heterogeneity, relative to the case with symmetric market structures. This is primarily because
boundary production solutions restrict overproduction and hinder the effectiveness of pooling strategies.

Second, the constrained interdependence tends to produce an inverse U-shaped profit pattern with respect
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to 7, even when demand is correlated. However, as shown in Figure when market heterogeneity is
reduced, pooling policies become more effective, and the manufacturer’s profit once again exhibits an M-

shaped pattern, consistent with the findings in Corollary O

E.3. Asymmetric Discrete Distribution
A relatively general assumption regarding the asymmetric distribution of ¢; can be characterized as follows:

Ay, with probability of 6 ,
= { —A,, with probability of 1 — 6’ j € {a,b}. (E.2)

Essentially, this formulation is equivalent to considering either Ay # A, (with A; > 0 for i = {1,2}) or
0 # 1/2. We confine our analysis to the cases where 6 # 1/2 and Ay = A, = A. Hence, we have that E(¢;) =
(20 —1)A:=p and Var(¢;) =460(1 — 0)A? := ¢, which derives § = £ +0(:”+V022+0 and A = \/p? 4 2. Our
analysis shows that the principle of pooling applies even with asymmetric distributions, as illustrated in
the (7, |p|) plane in Figure The results highlight that pooling policies are especially significant when y

is small or ¢ is large.

COROLLARY E.1. When the two products’ demands are correlated with asymmetric discrete distribution,

a). QWVC decreases with |p| under Pooling Le, while it increases with |p| under Pooling Se;

b). If 6 € (61, 65), E[Q)YC] increases with |p\ under Pooling Le, while it decreases with |p| under Pooling Se,

7

39%+1 672+1 672+1 .,
when’Ql:% 1 wandg =15 +4 'y-i-y“/—s-
c). The manufacturer’s expected profit exhibits a bimodal distribution with respect to -y, attaining maximum profit

when Pooling Le or Pooling Se occurs.

Corollary [E.T| presents a finding akin to that of Corollary B} demonstrating that the pooling policy effec-
tively aligns the production of both products and exhibits a “pool-to-center” pattern influenced by demand
correlation. Notably, € shows a monotonic relationship with |o| under both Pooling Le and Pooling Se;
however, Qb may not. Thls discrepancy arises because the mean value y is affected by 6: when 6 is either
very small or very large, the production of product B becomes more deterministic. Nevertheless, Corollary
[E.I(c) shows that an asymmetric discrete distribution does not affect the bimodal nature identified with our
earlier result in Corollary 5 This finding further indicates that the “go-to-extreme” pattern remains robust
in the presence of demand correlation.

PROOF OF COROLLARY [E. T}

When the two products” demands are uncorrelated, our result in Proposition [I| qualitatively holds. The

optimal production quantity for products j is

1—cx+7Chpt+p 1+p—cppy—cy . o
zwﬂ, Vzu , 1f0<7<7A

1—cx+(1+ —ycy+ IS —
(@, Q) = SO, QW) i <y < T,
1—cx—cy+p  cy+y(1+p)—ycy
2 4 2y

) , otherwise

X (1+F’)+\/(17CX+V)2+4C1720 (1+,”7wach)
zcbw

14— cY+\/ (1+p—cy)?+4c; (1+pu—cy—cx) In this
(1+I’l Cy— cx)
case, the optimal decision only account for the mean value of y, because of the uncorrelated demands for

where §4 = = and 74 =
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both products. Likewise, we can have an inverse U-shaped pattern for the manufacturer’s profit due to

the trade-off between DE and RE. When Q;" = vQ)Y, the manufacturer can attain the profit maximum with

# _ 1—c . . . . . . .
7" = 1=, Which is consistent with our findings in Corollary |1
0.30F : : : : : ! 0.30F 0.30F
LS LS LS
0.25 0.25 0.25
£ 0.20 Le Se £ 020 Le Se £ 020 Le Se
2 015 2 0ast 2 015
s 3 3
8 51 2
& &0 &0
g & 2
‘; 0.10 ° 0.10F ; 0.10
E e =
0.051 Qp>yQ; 0)=rQ; Op<yQ; 0.051 Qp>yQ; 0)=7Q; Oh<yQ; 0.051 0p>yQ; 0y =yQi i<y
0.00, i i i i ' 0.00F, i i i i i 0.00F, i i i i i N
0.0 0.5 1.0 1.5 2.0 25 3.0 0.0 0.5 1.0 1.5 2.0 25 3.0 0.0 0.5 1.0 1.5 2.0 25 3.0
Waste Valorization Rate, y Waste Valorization Rate, y Waste Valorization Rate, y
(@ p=-03,0=1 (b) u=0,0=1 () u=03,0=1
30T T T 030 030"
LS . LS
0.25 0.25 0.25
£ 020 Le  Se £ 0.20 e Se £ 0.20 Le Se
2 0.15 2 015 2 015
& g g
5 010 5010 S 010
= = e
0.05 0.05 0.05
0i>7Q; 05=yQ; Q<rQ; 0>y Qi 0;=yQ; Qh<rQ; 0>y Qi 0;=vQ; Qh<yQ;
0.00¢, ., ., . S S S U U S S S S S | “U“\H"1‘“‘1““1““1““1““\ “”U\H"l‘“‘l““lw“l“wl““\
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Waste Valorization Rate, y Waste Valorization Rate, y Waste Valorization Rate, y
d)pu=10=1 e pu=10=2 ) p=1,0=3

Figure E.7 Optimal Policy Under Asymmetric Distribution
Note: ‘Le’ denotes Pooling Le, ‘Se” denotes Pooling Se, and ‘LS’ denotes Pooling LS. The parameter values in the

numerical example are: cx = cp,, = 0.20, cy = ¢ = 0.15.

When the two products’ demands are correlated, parallel with Proposition the Q)Y€ with asymmetric

distribution is given by following:

T p—cx+7%m .
7(9}Elébwi2|ﬁo\+%KSY9>+’CYY%LZV\;):H*1)+Cx*14*1 (Pooling Le) 1; E% o i, z]; EZ%Z

i o1y o alp 4 308)) (QIVC — 4 QVC) s y (% " N CI) GRZQ

;/VC: ycbw9+c,1(9—12)(5;-2+);4+1 . bR . L 23
(Pooling LS), if (7, p, A, ¢f) e RY,
oy SO e, LGN
— = (Qp" <rQ;""), if (7,0, 4, 1) €RGS
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where ] € {X, Y, 7, bw}, REH, RL ., and RE, (i=1,2,4,5) are shown later.

Given the optimal production quantity QZ{VC as follows:

14+p—cx+YChw
(e}; : 7; \(Q>WC§ QVAV\C\) ) 1 £ (r 0 8 ) €Tl
Y(O0(1—cpp—Alp[+p) —cyb+cy+Alp tox—p— ; LH
e +27A(|9‘_+129_A2‘ |) (Pooling Le), if (v, p, A, ¢j) € R
p—ex+y(I—cy+pu—Ajp o WC _ wc L
WC 2(1+72) (Qb - r)/Qu )/ (’Y P/ ’ C]) S RAS
a - 0 0—1)— 1 . 4
Teudt0y( . )=t (pooling LS), if (v, p, A ) €ERY;
YOA|p|+v0u+v0+cy (6—1)—cx —yoy0+pu+1 . LH
2,’;29_1_2 (POOllng SE), (’)/ p’ 4 C]) € 72’A4
1+p—cy—cx C C : LH
—ESE(QIVE <4 Q)YC), if (7,0, 4, 1) €RGS
and
1—cy, 7Cy+2A9‘p| A\pHy : LH
Ot ox )01y 2011y 280 ) (1 e 8 cp) € R
Chwtey—Alp|—p— CX—p— +'V cy +2A0|p|—Alp|+p : LH
(1—cx+7(—cy+2A8]p|—A| |+2121<)9+ 1)) ! (% o C]) “
Y(I—ex+r(=cy pl=Alp|+p I : L
E[Q}Y¢] = (Coub %A9|+\1 Alp|—p—1)—cy6 (&) € Rig
¢y~ (Cpuf+cy —288|p|+4]p| —p—1) —¢y . H '’
sertnndleyo 1) ' o eprtt ey Apln) {7, r & cr) & R
YO(yAB|p|+y0u+v0+cy (0—1)—cx —yeyO+u+1) 6—1)(cy+r(1—cy—Alo|+p)) . LH
72042 - 7y ,if (7, 0, A, 1) € RY,
1—cy+2A8|p|—A .
eyt ( CY+2’Y lo| \P|+H), i (,Y’ 0, A, c]) ERILJ;
LH . s 1=cpp—cy i YChuwtCy Y —CxtH+1
there 75‘/“1 : {7 pl, A cp)|0 < +A < min( n ol ) 1 anil Az‘ | <
—Chw—Cy—Alp[+p ; ( —Chw—CY U VChw Cr/) —Chw—Cy+pt YCpw—Cx+p+ —Chw—Cy—Alp[+p
——bw X "W F or min A and
T ) <A< T and R < 5 1}'

LH . : —Chw—Cy+} VChwTC —Chw—CY A+t
REE o {(vp,Ae)0 < A < min i , 2;”“)‘ ”) and T <
Y(O(=cpw—Alp[+p+1)+ey (=0)+ey+Alp|—p—1)+cx—p—1 —Cpw—cy+Alp[+p+1 : (qufcwru waJer)

r min A
272(6-1)—2 < 2y , 0 o ol ) S A<
Lthy—cy i o0 q “Cw=Cy=Blpltpt1 - (6(zey—Blol+p+1)+ey(—6) ey +Alo| —p—)tex—p-1 *WAIPHWﬂHrWCY}
lol 2y . 292(0-1)-2 R iﬁ . ¢

L : : —Chw—CY+P  YChwTCy —Cpp—CY+A|p|+p+
Ry« {(ve Ao < A < mm( i o) ) and T <
—ex+y(zey+280lo| —Bptpt1)+ptl —vAIP\+w+v+cn—WY}

2(92+1) 292 ’ o

H . 1—Cpp—Cy+H Yoo tCy 1—cp—Cy+H —rAlel+yptrtey—rcy <1
RE - {(v, o, A ) |rn1n( o . , 271‘p| ) <A< n and 772 < 3 (vepwb +
Co(0 = 1) —cx +pu + 1) < —e=txfhlothily,

LH . o (1=Cp—Cy+1 YhwtCy —7Alp[+yptytey—cy
7112? ‘+ .9 +{£r)// f()g/ ?)/ C]) |0 , <+1A < I’Zl‘llr . ‘P‘ ’ Z’Y\P| ) and . 2’)/2
YAO|p|+yOu+r0+c,y (0—1)—cx—yeyb+p YAlp[+ypty+cy—cy . I—cpp—Cy+u YhwtCy

277872 < gz sor min [ —HEEEE, ) < A <
1—cpp—Cy+p and —Cpw—Cy+A|p|+p+1 < YAB|o|+y0u+v0+cy (6—1)—cx —yeyO+p+1 < 7A|p\+'yu+7+cq 'ch}
4 o 1 272912 Alp|+ypu+r+

LH . . —Cp—Cy+H YhwtCy YA YR Yy — VCY 1 o _

RE - {(v. oA )]0 <A< mm( n ool ) T\nd 77 < gl=cp —ex+u+
. (1—Cp—Cy+i YChwte 1—cp—Cy+ YAty tey—rey 1

1,orm1n( bw YR ”) A w and < 5(—cy; —c 1},

) g 2l ) <A< 2 2oy —ex+p+ 1}

Hence, it is straight forward to have the monotonicity for either Q)¢ or E[Q}YC]. Corollary [E.1| follows.
O

PROOF: Alternative Correlation Formulation with &, = pé, + (1 — p)¢p-
When demands are uncorrelated (o = 0), E[&;] = 0 under both formulations. When p # 0, E[&;] = p&,,
which is a constant from the perspective of the decision variable Qj. As a result, the optimal decisions and

comparative statics are largely unaffected.
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Next, we explicitly verify that our key results continue to hold under the alternative specification ¢, =
0Ca+ (1 — p)¢p, allowing for asymmetric discrete distributions as in Section 5.3.1. These additional analyses
confirm that our conclusions regarding correlated demands are robust to the choice of correlation formula-
tion.

When the two products” demands are uncorrelated, our result qualitatively holds. The optimal produc-

tion quantity for products j is

f0<y<9a

T—cx+(1+p)7—yey+ PN <
(Q¥, QY) = (eIt Q) i <7< Ta,
(l*fofnJr}l c,7+'y(1+y)f'yc\[>
2 2y

lfCX‘FYwa‘H/l l‘H’l*wa*CY
2 4 2

, otherwise

7

Lp—cy /(L p—cy)? ey (1 —cy —cx)
2(14-p—cy—cx)
case, the optimal decision only account for the mean value of y, because of the uncorrelated demands for

ex—(14) ++/ (1 —cx 1) >y (1+#—cpo—cy)

Yo . In this

where §4 = and ¥4 =
both products. Likewise, we can have the inverse U-shaped pattern for the manufacturer’s profit due to

the trade-off between DE and RE. When QZV = 1Q)Y, the manufacturer can attain the profit maximum with

#_ l-cy
= I—cx’

When the two products’ demands are correlated, parallel with Proposition 2, the Q)¢ with asymmetric

which is consistent with our findings.

distribution is given by following:

1+pu—cx+¢ .
I é( Toow . — On (QWC > 'YQ);/VC)/ if

(7, 0, B, ¢1) € RYY

sttt el B0 Gu0) ) (pooling Le), i (1, p, B, ¢)) € R

e 1+V—Cx+7(1—CY24('{‘SW_2£P‘)_A‘szeA‘p') = Qa3 (QYC =7Q)Y°), if (v, 0, 8 ¢j) ERYG,
SN L Gt ' T Qg4 (Pooling LS), if (7, p, &, ¢j) €RY ,
“YAG'P'VQF‘ﬁ)l*”eV*;fztﬁz(el)cxA’CYHVH := Qq5 (Pooling Se), if (v, 0, B, cf) eREY
S0 Qu (QUYC < 7Q1Y0), it (v, pr & ) € R

where J € {X, Y, 5, bw}, R%?I, RIL%, and R% (i=1,2,4,5) are shown later.

Given the optimal production quantity above, E [QZVC] is shown as follows:

1*wa*CY*2A6|2P‘+A|P‘*H‘P|+P" if (v, 0, A, ¢j) € RLH
8(cotey—Alol+u(lo]—1)—1) =y (0—1) (cx —p—=1)+7*(0—1) (—cy—|p|(—280+A+p)+p+1) . LH
w 272(9_1)_2 , if (’)’, p, A, C]) S RAZ
7(1—CX—W(CY—2AGIP\JZrA\pHﬂ(IP\—1)—1)+u), if (’Y/ 0, A, C]) c Rf%
E[Q)] = oty — 20000 4 Alp |4 lo]——1)—cy 8
) v Cpwbdtey —2A0p[+Alp|+plp|—p—T1)—cy : H ’
(eg (0-1)—cx +18( e+ Alol gl +pt1) +81)  (6-1)(ey—lex +lol(+n) >>1f(rY’p'A’C])ERA3
Y0(cy (0—1)—cx+70(—cy+A|p|—plo|+p+1)+pu+1 0—1)(cy—y(cy+lo[(A+p)—p—1 . LH
(ey 2001+ 8101 a1 1) B i 0 pr ) €
cy—y(ey —2A0|p|+Alp|+pu(lp|—1)—1 . LH
7y , if (7,0, 8, c;) €ERG3
where R%I (7, p, A )]0 <A< min (1_Cb’”‘p_|CY+”, Wzbfy”‘;f” and Q1 < 1_C"Z"_CY_§7‘F’|+”(1_“]D, or
s 1fcbwch+l’l 7Chw+C,,) 1fcbwch+H 1fcbwch7A‘p|+V(lf‘p‘)
min (1St T <A< and Qn < T N
LH . : —Chw—CY+H Yl tCy —Cpw—Cy—Alp|+u(1—|p
R - {('y, 0, A, c]) 0 < A < mm( w‘p‘ , 270|p\ ) and w 7 < Qp <
1—cpp—cy+Alp[+u(1-|p|) . (1—wa—CY+H YhwtCy 1—cpp—Cy+p 1—cpp—cy—Alpl+u(1-]p])
, Or min , <A< and < <
2 ol 29791 g % Qa2

¥
T=7Blpl+ypu(1=pl)+ey—vey )
292 ’
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Figure E.8  Optimal Policy Under Asymmetric Distribution with &, = o, + (1 — p)¢p

Note: ‘Le’ denotes Pooling Le, ‘Se” denotes Pooling Se, and ‘LS’ denotes Pooling LS. The parameter values in the

numerical example are: cx = cp,, = 0.20, cy = ¢ = 0.15.

L . o 1=cpp—Cy+p YChwtCy 1—cp—cy+8lol+p(1-]p])
Ris - {(fy, 0, A, c]) 0 < A < mm( n T ) and o0 < Qp <
Y=rAlp[+vp(1—|p])+ey—rey }

o ' Alpl+yu(1 o)

H . o (T—cpp—Cy+i Yhwtey 1—cp—Cy+H T—yAlpltrrd—lpl)tey —rey
R (7, p, A, ) |m1n( n T ) <A< n and 272 < Qu <
1—cpp—cy+8lpl+p(1-]pl) }

2y 4

REL - {(v, 0,0 ¢)|0 < A < min(

1—cpp—cy+p wa+cn) and T=7Alpl+yp(1—=|pl)+ey—rcy < Qp <

Ie] 29l 2y
YAlp[+ypu(1—|p[)+r+cy—rey : (1—Chw—<fy+y Yepwtcy 1—cp—Cy+p 1—cpp—cy+Alp[+p(1-|p])
O S T <A< and 2 <
YAlp[+yp(l—|p])+y+ey—rey
Qu5< 292 1 }’
LH . o (1=Cpp—CytH Yty YAlpl+ypu(1-lp|)+r+ep—vey
RAS . {(’)/, o, A, C]) |0 < A< mln( wlP‘ 7 " 2q]0] ) and 272 < Qﬂé’ or
) e e A 12 +ep—
mm(l walp‘cyw,vczh;;':‘cn) <A< cbwlmcyﬂt and YAlel7m( z\zlz)ﬂ 7Y - Q)

Hence, it is straight forward to have the monotonicity for either Q)¢ or E [Q};VC].
According to the above analysis, we can conclude: (i) Figure [E.8|shows that pooling policies persist under

the alternative correlation formulation (i.e., a convex combination). Moreover, these pooling policies are
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Figure E.9  Optimal Profits Under Asymmetric Distribution with &, = o, + (1 — p)¢p

Note: The parameter values in the numerical example are: cx = ¢, = 0.20, cy = 0.15, ¢; = 0.35, and p = 0.2.

influenced by the mean and variance in a manner analogous to that observed under our proposed corre-
lation formulation (i.e., a linear combination), as illustrated in Figure (ii) As shown in Figure the
profit distributions with respect to 7y under the alternative formulation exhibit the same qualitative prop-
erties as those established in the main model analysis. Overall, we show that our results, including the

proposed pooling policies (see Figure [E.8), profit patterns (see Figure [E9), and key insights, largely hold

under either correlation specification. O

E.4. Continuous Distribution

In this extension, we consider continuous distribution of ¢, to explore whether our results hold valid. We
assume that ¢; = ¢; in the absence of demand correlation, where its pdf and CDF is given by f(-) and F(-),
respectively. For model tractability, we also assume that [E[¢;] = 0 and the distribution support over [~ A, A].
Similarly, in the presence of demand correlation, the random variable satisfy ¢, = ¢, and &, = pCa + ¢5,

which give us E[&,;] = 0 and E[&,] = p&, when &, is realized.

PROPOSITION E.5. Under continuous distribution, comparing the optimal production quantities in models with
and without demand correlation,

a). Under Pooling Le, Q)¢ < Q)Y and E[Q}VC] > Q)Y;

b). Under Pooling Se, Q¥¢ > Q)Y and E[Q}V¢] < Q).

PROOF OF PROPOSITION OF|[E.5}

We can show that Lemma 2 holds if (7,¢5) € Cp. We have the following derivations. When 0 < A <
Cy +CpwY
270

o If Qa < 17wa27’YCY*AP — Cbzu+CY‘;2'YQa—l < —A, Qb > 'YQa Hence, NWC(Qg) — (1 —cx — QQ)Q[[ +

JAALif(E)de.

° If%W<Qu<%W@_A<M<A.HenCQI n—WC(Qa):(]__CX_
Cpptey+27Qa—1

Q)Qat [, 7 Laf(8)dc+ fc%m;mﬂ Lif(&)dE
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e — —9A - —y— 2~2 _
o If —Cbw c2Y7+Ap+1 <Qu< Y p+;r;c,7 Yoy 0 c,7+7y;y+ 7" Qa c_A<A< wa+Cy-‘;27Qa 1/Qb:'7Qu-

Hence, 7V¢(Q,) = (1 — cx — Q1) Qa + f,AA Lof(¢)dg.

o If ZYAPEYHC ey

Ap+y+cy—c —y—cy+ycy 29>
> YAp+ytey—ycy A < ety 7°Qa

292 e
—y—cp+ycy +292Qq

AV(Qa)=(1—ex—Qu)Qa+ [ o Laf (D)8 + %, oprey 20, Laf (8)dE.

e

A - —y— 20,
o I Q> TR () p o I ) < 00, Hence, 1VC(Qs) = (1 - cx — Qu)Qu +

S Laf(&)de.
L1(20 > Q) = 3 (o + 20baley — Ep 42700 — 1) & (—ex +6p + 1), La(Qy = 7Qe) = 7(=Qu)ex -
gp + "}/Qﬂ - 1), and L3(Qb < ’VQa) — C”Iiz'YCVI(CY*gP‘FZ'YQa*l)#»'y (7CY+§P+1)

442
Cy +CowY
290 7

o If Qp < =t VE(Q,) = (1 — ox — Qu)Qa + [ 55 Laf(E)dE.

< Q< <A<

7CbW+CYJ;27Q” ~! Hence,

Similarly, when A >

Cpptey+27Qa—1

I I O < ST V(G = (1 ex ~ Q)Qut [y T Laf@ME +
f"%ercY*z'YQa*l Llf(g)dg
0

cyp—yAp+y—c 1 +A 7—7—c,7+7cy+272Qa
_ _ —Cpw—C _
o If TSI < Qq < R VE(Qp) = (1 - ex — Qa)Qa Ly T Laf(8)dE +
Cpptey+27Qa—1 A
f*W*CH:cYHYZQﬂ sz(f,‘)dé + fszv+EY+27Qa—1 Llf((;‘)dé‘_
il 0
7P
*W*Cq+vfy+272Qa

o If Ot o < EIEIN IVC(Qy) = (1—ex —Qi)Qu+ [ T Laf(0)dE +
A
S5 ey 220, Laf (€)dE.

7
o 1f Q> ML VE(Q,) = (1 - ex — Qu)Qu + [ %4 Laf (§)dE.
We can prove that if Pooling Le or Pooling Se occurs (i.e., when optimal), our pool-to-center effect, that
is smoothing production result holds for any symmetric distribution. However, bimodal profit distribution
may or may not hold with respect to specific distribution. We can numerically show that Beta distribution

can behave bimodal pattern.

1—cpy

Without demand correlation, we see that Q, > vQ, given Q, < ZV_CY. With demand correlation, we

1—cpy

consider the range of w <Qu< 2770‘( . Then, the expected profit in model W is as follows:

Chp + 2000y +27Qa — 1) + (1 = ¢y)?

nW:(lfga*CX)Qa+ 1

The optimal Q, satisfies the following;:

drnVv

dQq

=1—cx —2Qa + YChw
Chw ey +27Qa—1

=17ch2Qa+/
J—=A

A

'chwf(g)dg + sz(7+CY+2'YQﬂ_1 ,chwf(g)dg
0

=0

We see the derivation function is monotone decreasing in Q,. Denote that the optimal solution as Q).
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The expected profit function in model WC is as follows:

Cpptey +27Qa—1 A
0

VC(Qu) = (1 - ex —Q)Qu+ | Lof (E+ [, oo cayons L1f(E)dE
0

The optimal Q, satisfies the following:

dr[WC cwarCY:Zqufl A
dQu =1- cx — 2Qa + A 7(1 —Cy — 2Qa’y + pg)f(g)dé’ + ChyoFoy +27Qa—1 ’ycbwf(g)dg
P
=0

Similarly, we see the derivation is monotone decreasing in Q,. Denote that the optimal solution as Q}"C.
We have that

LW Ve e
o~ o=/, g Y(Cpw + 0y +2Quy — 1 — &) f(&)dE
a a -
Given —A < ¢ < M, we can show that % < Qq, which means that y(cpy + cy +

2Quy —1—pg) > 0. Hence, % - % >0, and Q)V¢ < Q)Y is followed. In that sense, E[Q}"C] > E[Q}"]

is followed according to Lemma 2. In a similar vein, we can prove the case where ch%w <Qp <
%jAPH, so that pull to center is valid with respect to Pooling Le policy.

. . . —A, - -
Next, we prove the case with Pooling Se. Consider the case where W < Qs < WTWY
Without demand correlation,

A eyt —2Q.(1+9?)
d0a XT7 =YY a Y
=1—-cx—2Qu
—y—cytrey +2v%2Qa A
+/ " Y(1 —cy —2Qay + o) f($)dE + /,H,mcwhzga (1 —cy —2Qay +&p) f(§)dE

7
With demand correlation,
drVe
——=1—-cx—-2
A0, X Qa
“rep ey +21°Qa A
7
+f e f @+ [y uyreyia, V(= oy = 2Quy + E0)F(E)dE
™
We can prove that
2
JVC gV ety +20°Qa
?Qa - E = A " —Cy — ('Y(l —Cy — ZQH'Y + CP))f(g)dg
>0

Hence, with Pooling Se, we have that Q)¢ > Q}V. The proposition E.5|follows.

We present the numerical results with different distributions in the following table and figures.
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Table E.1 Optimal Profits Under Continuous Distributions

Uncorrelated Uniform Beta (0.01) Beta (0.05) Normal (0.5) Normal (1.0)  Normal (4.0)

v ¢;=0.05 ¢;,=0.5 ¢;,=0.05 ¢;,=0.5 ¢;,=0.05 ¢,;,=0.5 ¢;,=0.05 ¢;=0.5 ¢;,=0.05 ¢;,=0.5 ¢,=0.05 ¢;,=0.5 ¢,=0.05 ¢;=0.5

0.1 02737 0.2737 0.2946 0.2946 0.2965 0.2965 0.3305 0.3305 0.2919 0.2919 0.2939 0.2939 0.2945 0.2945
0.3 0.2905 0.2905 0.3113 0.3113 0.3086 0.3086 0.3461 0.3461 0.3086 0.3086 0.3106 0.3106 0.3112 0.3112
0.5 0.3081 0.3081 0.3268 0.3268 0.3159 0.3159 0.3560 0.3560 0.3246 0.3246 0.3262 0.3262 0.3268 0.3268
0.7 0.3265 0.3265 0.3386 0.3381 0.3204 0.3183 0.3621 0.3595 0.3370 0.3366 0.3382 0.3377 0.3386 0.3381
0.9 0.3383 0.3383 0.3469 0.3432 0.3256 0.3164 0.3691 0.3578 0.3455 0.3424 0.3465 0.3430 0.3469 0.3432
1.1 0.3405 0.3405 0.3521 0.3428 0.3316 0.3111 0.3766 0.3526 0.3505 0.3423 0.3517 0.3426 0.3521 0.3428
1.3 0.3380 0.3373 0.3548 0.3388 0.3379 0.3065 0.3840 0.3468 0.3527 0.3385 0.3543 0.3387 0.3548 0.3388
1.5 0.3357 0.3312 0.3555 0.3336 0.3424 0.30495 0.3888 0.3441 0.3530 0.3331 0.3549 0.3335 0.3555 0.3336
1.7 0.3340 0.3239 0.3547 0.3280 0.3437 0.3049 0.3902 0.3434 0.3521 0.3272 0.3540 0.3278 0.3547 0.3280
1.9 03326 0.3163 0.3534 0.3225 0.3425 0.3036 0.3893 0.3424 0.3508 0.3214 0.3528 0.3222 0.3534 0.3225
2.1 03315 03088 0.3523 0.3172 0.3416 0.3021 0.3882 0.3408 0.3497 0.3157 0.3517 0.3168 0.3523 0.3171
2.3 0.3306 0.3017 0.3514 0.3121 0.3409 0.3000 0.3873 0.3386 0.3488 0.3104 0.3508 0.3117 0.3514 0.3121
2.5 0.3300 0.2950 0.3507 0.3073 0.3403 0.2975 0.3866 0.3362 0.3480 0.3054 0.3500 0.3068 0.3506 0.3073
2.7 0.3292 0.2889 0.3500 0.3029 0.3398 0.2947 0.3859 0.3335 0.3474 0.3008 0.3494 0.3023 0.3500 0.3029
29 0.3287 0.2832 0.3495 0.2987 0.3394 0.2915 0.3854 0.3307 0.3468 0.2965 0.3488 0.2982 0.3494 0.2987
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Note: ¢;; = 0.05 for (a), (b), (c), and ¢;; = 0.5 for (d), (e), (f). The parameter values in the numerical example are:

cx = Cpy = 0.20, cy =0.15, Alp| =0.5.
Figure E.10 Manufacture’s Optimal Profits

E.5. Alternative Cost Structures

Consider the unit processing cost for raw materials (e.g., wood) as cy,,, while the unit processing cost for

waste (e.g., coconut shells) is cy,, # cy;, due to differing production processes. Our model can be adapted
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to this scenario with minor modifications without altering the optimal outcomes. Specifically, if we let
Com + Cym = ci]m 4+ cy and ¢y + cyy = cgw + cy, we can substitute cp,, and ¢y, with cgm and ¢, in our
results, leading to identical conclusions as in our earlier analysis. While a comparison of different process-
ing costs could yield additional insights, it would contribute marginally to the current study. Moreover, the
model can be readily extended to accommodate a hybrid input setting, where both waste and raw materials
are used, without altering the main insights. For instance, the manufacturer’s objective function in such
a case becomes 7)) = maxg, {E[pyQs) — cyQs — (Qa — 1+ Qp/7) Ty — (Qp — 1 ¥Qa) ™ min(cpp, Cpay) }-
Also, during the investment phase, the manufacturer may consider the cost of waste valorization, much
like other strategic initiatives such as product diversification and the implementation of new technology.
However, our primary focus is on the operational decision-making process after the initial investment. The

fixed investment cost does not alter the main results of this paper.

E.6. Substitution and Complementary Demands

Indeed, the degree of demand correlation significantly influences the optimal decisions of manufactur-
ers and the related findings. More broadly, p can be interpreted as indicative of either a substitution or
complementary relationship between the two products. For example, when &, > 0, a positive p signifies
a complementary relationship, as the demand of product B tends to decrease as the price of product A
increases. Conversely, a negative p indicates a substitution relationship, wherein the demand of product B
tends to increase as the price of product A increases. In practice, the product portfolios at companies like
Starbucks demonstrate complementary relationships, as seen with items like coffee and coffee tumblers,
while Unilever’s Cremissimo may serve as a substitute for other ice cream flavors available in the market.
Our findings illuminate their production decisions, emphasizing not only the importance of sustainable
operations through waste reduction but also how to effectively leverage waste valorization amidst demand

correlation.
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Appendix F: The Analysis for Waste Supply Chain

In this section, we explore a case where the supply chain is divided between two companies: the supplier
(she), who produces product A and generates waste, and the manufacturer (he), who processes product B
by valorizing that waste. The decision sequence remains consistent with Figure [I| We assume that the unit
waste procurement cost, ¢y, is exogenous, as the supplier lacks pricing control over the waste, which is
either undesired and requires disposal or is readily abundant in the market. If the supplier can fulfill the
manufacturer’s waste requirements, the manufacturer will exclusively procure from her. To facilitate this
exclusivity, a small discount, €, on the waste price (i.e., ¢y, — €) incentivizes the manufacturer to prioritize
waste procurement from this supplierFE] If the supplier cannot fully meet the manufacturer’s waste require-
ments, the manufacturer will source the remaining waste from alternative suppliers at the same unit cost
of ¢y All other assumptions remain consistent with those outlined in Section @E] We use the superscript
{D} to denote this decentralized waste supply chain model, and the subscripts {M, S} to represent the
manufacturer and supplier, respectively.

By employing backward induction, we derive QP = QPC. In the absence of a waste shortage, QP in this
case is analogous to Lemma |1}, where the manufacturer applies his monopolistic production quantity by

considering demand correlation. Consequently, the supplier’s expected profit function is as follows:

> S1(Qp > 7Qa), if0<Qu§1—Cbu%gY—A\P|
75 (Qa) = § S5(Qp > Qs and Qp < yQu, Pooling LS), if ngiw <Q.< wa}iﬁyﬁw . (F1)
S3(Qp <7Qa), otherwise

In contrast to the centralized decision model, the supplier’s decision problem reduces to assessing
whether her available waste supply meets the manufacturer’s requirement. This assessment yields three
demand-contingent cases: (i) insufficient supply (i.e., Qp > YQy); (ii) sufficient supply (i.e., Qp < YQy); and
(iii) sufficiency only in the low-demand state (i.e., Q; < YQs when & =—N\). Consequently, in Equation
, it is clear that S, shares an analogous objective function with £ under Pooling LS, while S; and S
correspond to the insufficient- and sufficient-supply cases, respectively. We provide a comprehensive anal-
ysis of waste valorization with uncorrelated demand in Appendix |, which shows that the supplier can
strategically adjust her production in response to the manufacturer’s valorization decisions. The optimal

QbD may be greater than, equal to, or less than yQP, mirroring the outcomes presented in Proposition

PROPOSITION F.1. When the two products’ demands are correlated with waste-from-market, the optimal produc-
tion quantity for product A is:

1- w
=t (QP >9QP),
HWEiCY*A‘pI (Boundary Le),

if (v, 0,8, ¢))
if (v, 0,8, ¢))
QP W(Poolingﬁ), if (7,0, D0 ¢)) €ERY,
if (v, 0,8, ¢j)
if (v, 0, 8, ¢j)

1—cpy—cy+Ap]
w 7 ( v,

Y,

Boundary Se),

1—c, —
97X (QP < 4QP),

14In certain contexts, suppliers may implement quantity-based discount contracts for waste procurement. Also, the
waste transaction price ¢, may be lower than the manufacturer’s procurement cost c;,,, due to additional expenses such
as transportation and hygiene. However, we maintain that ¢, , = ¢, remains exogenous for the sake of consistency.

15 The assumption (17, ¢s) € Cp is preserved in the waste supply chain model, as any violation would disincentivize the
supplier from transacting with the manufacturer.
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where ] € {X, Y, 1, bw}, R (i=1,2,...,5) is shown in the Appendix.

In the presence of demand correlation, Proposition[E.Ijoutlines the optimal policy within the waste supply
chain framework. When (’y, 0,7, c ]) € Ry’ (i.e., y is small), the optimal Q,? takes the interior solution of S;
in Equation 1) resulting in QbD > ’yQHD. When (’y,p, A c ]) € RY, QaD becomes the boundary solution of
&;. Specifically, with QaD = th;iw and QbD = M, the condition th = 'yQaD holds only when
pé, < 0; otherwise, QP > yQP. We denote this boundary solution as Boundary Le (i.e., the policy results in
equal probability for the ‘larger than and equal to’ pattern). When (7, p, A, ¢j) € RY (i.e., 7 is moderate), QP
takes the interior solution of Sy, akin to the outcome in Pooling LS. When (fy, 0,7 c ]) € RY, QQD reaches the
boundary solution of S, with QbD = 'yQE occurring only when pfa > 0; otherwise, QbD < 'yQaD. We denote
this boundary solution as Boundary Se (i.e., the policy results in equal probability for the ‘smaller than and
equal to’ pattern). Finally, when (v,p,A,¢) € RY (i.e., 7 is large), QP derives from the interior solution of
Ss, yielding QP < yQP.

Interestingly, the optimal decisions for the two boundary solutions operate differently from the pool-
ing mechanism discussed in Section While the pooling policy integrates distinct qualitative segments
into a single objective function that incorporates demand correlation, this integration does not occur in the
waste supply chain equilibrium. For instance, under Boundary Le, the supplier anticipates the manufac-
turer’s waste valorization decision and selects a production level so that all generated waste can be fully
(or perfectly) utilized, thereby eliminating disposal costs. The case of Boundary Se exhibits similar charac-
teristics. These boundary equilibria contrast sharply with the pooling strategies, revealing a unique aspect
of waste supply chain configurations. Given the equilibrium, we are interested in whether the supplier’s
profit exhibits a pattern similar to previous results. Indeed, when (7,7) € Cp and n = 1, the supplier’s
profit weakly increases with v, aligning with the findings in Corollary [T} The following corollary presents
the result for # = 0.

COROLLARY F.1. When the two products’ demands are correlated with waste-from-market and 1 = 0, the sup-
plier’s expected profit exhibits an M-shaped pattern with respect to vy, attaining maximum profit when Boundary Le

or Boundary Se occurs.

Corollary [EJuncovers two key insights regarding the supplier’s optimal decisions under demand corre-
lation. First, as illustrated in Figure F[I(a)} while the manufacturer’s optimal production quantity remains
at its monopolistic level, the supplier exhibits a “pool-to-center” behavior, similar to the result in Corol-
lary Essentially, akin to the pooling policy, the supplier reduces her optimal QF under the Boundary Le
policy and increases QP under the Boundary Se policy compared to the case without correlation. The rea-
soning behind this is that when 1 is relatively small, the supplier anticipates the manufacturer’s production
decisions by lowering QP to better manage the scenario where p&, < 0. In this case, with QbD =1QP, the
production quantities of the two products align perfectly. Conversely, when + is relatively large, the sup-
plier increases QP to mitigate the loss of waste sales when p&, > 0. This smoothing of QF with respect to
7 allows the supplier to handle situations where demand volatility and correlation are high. The concept

of boundary equilibrium has been identified in supply chain literature (Wan and Wul[2017), particularly to
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Figure F.1 The Supplier’s Production Quantity and Expected Profits

Note: The parameter values in the numerical example are: cx = 0.20, cy = ¢; = 0.15, ¢}, = 0.10.

illustrate how suppliers can influence manufacturers to act in their favor. However, our findings introduce
a novel aspect of boundary policy, showing how the “pool-to-center” feature emerges in the presence of
demand correlation. Second, as depicted in Figure F[I(b)] the supplier’s profit exhibits an M-shaped pattern
with respect to -y, with peaks occurring under Boundary Le or Boundary Se.

In practice, coordination between a single manufacturer and a single supplier, such as Sir Kensington
and Ithaca Hummus, is essential, as their production decisions are interdependent and may require mutual
adjustment. As noted by Scott, founder of Sir Kensington, the rising popularity of Fabanaise among the
vegan community has created a pressing need to secure a larger supply of aquafaba (New York Times|2016).
Our findings suggest that this shortage may stem not from capacity constraints, but from economically
rational production choices by Ithaca Hummus. For waste utilizers facing such limitations, a viable solution
is to diversify their sourcing base, exemplified by Unilever’s Marmite, which collects brewer’s yeast from
across the United Kingdom (Marmite 2025).

PROOF OF PROPOSITION [ET}

Before proving Proposition[F1} we provide a comprehensive analysis for the waste supply chain model
with (77,¢5) € Cp as follows.

Accordingly, the manufacturer’s expected profit nﬁ(Qb) is

T (Qp) = E [PeQs] — (cow + cv) Qb (E2)
The supplier’s expected profit 75 (Q,) is

D _ S E[paQa] — cxQa + cpwQp — ¢y (Qa — Qp/7), if Qp <7Qa
75 (Qa) = { E [paQa] — cxQa + oY Qa, ! if Qp >7Qa" (F3)

Equation (F2) indicates that the waste supply from the market (i.e., encompassing multiple suppliers) is
always sufficient. However, when consider a specific supplier, the waste supply may prove inadequate, as
reflected in Equation (E3). Likewise, the disposal cost depends on the production quantity Q; thus, the
supplier must account for the manufacturer’s waste valorization efforts along with the demand correlation

in her production decision-making.
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We first focus solely on the effect of waste valorization, assuming that the demands for products A and B
are uncorrelated. As previously mentioned, with p = 0 and -y # 0, the manufacturer’s optimal production
quantity remains QP = lfcblf"*”, independent of . However, the supplier’s production quantity may be
influenced by the waste valorization process. The following proposition outlines the optimal production

decisions for both the supplier and the manufacturer.

PROPOSITION F.2. In the waste supply chain model with p = 0, the optimal production quantity for product j is

1*Cx2+76bw’ 1*%3]*6\{) ,if0<y<q

D D\ _ 1_Cb —Cy D S .
(QulQb)_ 2?7 /r)/Qu)/ lf’)’£7<7/
1—cx—c — — .
1, 1 = CY), otherwise
. C +CY71
where iy = %

Proposition outlines the relationship between the optimal production quantities of QP and yQP.
When the waste valorization rate is relatively low (i.e., 0 <y < 9§), QbD > ’yQaD ; when the rate is high (i.e.,
¥ > %), the relationship reverses to QbD < ’yQﬂD. For moderate valorization rates, QbD = 'yQuD. These results
align with those in Proposition [T} but Proposition [F.2]introduces key differences. First, the production deci-
sion for product B depends solely on ¢, and cy in waste supply chain model. Second, when Ql? =QP,
the production quantity of product A is determined only by the cost factors of product B (i.e., cj,, and cy),
irrespective of A’s own costs (i.e., ¢; and cx). This underscores the unique outcome where, under inde-
pendent production decisions, waste suppliers may adjust their output purely in response to the impact of
waste valorization.

Another significant insight emerges when comparing Proposition [F.2| with Lemma 1| Specifically, when
Chw = Cpm, Proposition [F.2| indicates that the supplier will overproduce if ¢ < ¥; otherwise, she maintains
product A’s production at the monopolistic level. The rationale is that when v < ¥ and Ql? > QP her
waste supply is either insufficient or just enough to meet the manufacturer’s requirements. In such cases,
the supplier increases her production to better align with the manufacturer’s needs. Once the waste supply
matches the manufacturer’s demand (i.e., QP = 7QP), the supplier reduces her production of product
A as 7 increases. When the waste supply exceeds the manufacturer’s requirements (i.e., Qi) < ’YQZ))/ the
supplier reverts to her monopolistic production quantities for product A, incurring some disposal costs for
the leftover waste. This behavior is prevalent and observed in various practical scenarios.

According to our previous definition on DE, RE, and AE, we highlight some important findings in the

corollary as follows.
COROLLARY F.2. In the waste supply chain model with p =0,
a). REeither increases or remains constant with <y; while DE and AE first increase then decrease with .

b). The supplier’s and total expected profits first increase then decrease with <y, while the manufacturer’s expected

profit is independent of y;
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The behaviors of DE, RE, and AE closely mirror those in Corollary (1| The maximum value of AE occurs at
the threshold 4, where both DE and RE also reach their peak. When QbD > vQP, some waste must be sourced
externally (i.e., the supplier’s waste is insufficient), but as 7y increases, the supplier progressively satisfies
the manufacturer’s waste needs, leading to a rise in RE. Once Qi) < ’yQ,?, RE becomes independent of
since QbD remains constant with v and becomes a binding constraint. A similar explanation applies to DE.
At v = 4, the supplier’s waste generation exactly aligns with the manufacturer’s requirements, maximizing
AE. However, as 7y continues to rise, generating excess waste, both AE and DE begin to decline.

The supplier achieves maximum profit when QP = yQP, while the manufacturer’s profit remains inde-
pendent of <. This leads to a similar unimodal pattern in the total profit of the waste chain, as observed

M emerges, depending on ¢y, cy, and cx. When com-

in Corollaryl Additionally, an optimal *
pared to 7, this result highlights that the waste procurement cost for product B becomes a critical factor
when waste material is exclusively sourced from the market.

In summary, when the two products” demands are uncorrelated, our results indicate that the supplier
can adjust her production in response to the manufacturer’s waste valorization. The optimal QP may be
greater than, equal to, or less than yQP, mirroring the outcomes presented in Proposition 1| Specifically,
when 7 is relatively small (i.e., ¥ < 4 and QF > yQP), the optimal production quantities align with those in
Proposition[I] This implies that the manufacturer’s profit from product B (or the combined profit from both
products) remains indifferent between generating waste materials in-house and sourcing them externally.
The result also implies that the supplier’s expected profit exhibits a unimodal pattern with respect to 7.
When QP = QP (ie., v = 1_&7‘;;‘{), the supplier’s profit achieve the maximum. Moreover, this unimodal
profit pattern can be attributed to the trade-off between DE and RE, with AE attaining its maximum when
the supplier’s waste perfectly meets the manufacturer’s requirements.

The remaining analysis of Proposition [E1]is similar to that in Proposition [T} Proposition [E1]follows. [

PROOF OF COROLLARY [E 1}

According to Proposition we can have the expected profit for the supplier. It's easy to show that

. , o arD o (1-cxten .
n? increases with 7 when QP > 7QP, since 7 = ©ell=Gcte) > (; and decreases with  when QP <

dn? 1—cpyp— . . . . .
vQP, since dL«f = fw < 0. Within Pooling LS, it shows that there is only one extreme point

of vy, € RY, where 7, = Root [x3 ch + x%(2cpy — ChwCy — 2ChwCx) + 20ty + 2040y + 2cyAlp| — 2¢y, 3],
which 7t5 decreases with «y if ¥ < 7, and 7'[5 increases with «y if o > <,,. Hence, 7, attains the local
minimum of 77 with respect to . Within Boundary Le, we have that there is only one extreme point

of v = wal_—iw € RY, n¥ increases with 1 if v < 1%017w and 7f decreases with v if ¢ >

1—cp—cy—Apl

—ox . Likewise, within Boundary Se, it shows that there is only one extreme point of y = 7y, =

(cpwtey—Alp|—1)?
cpow(cx—1)—cyBlol+cx(cy —Alp|—1)—cy +Alp|+1

Y > 7y, Hence, 7TSD has at two most two local maxima. We further show that if ¢}, <

€ Ry, 7'(? increases with 1 if 7y < 7y,; and né) decreases with v if

2(1—=7)+(cy+2cx)—2cy
2+92 ’

Boundary Le dominates Boundary Se. Corollary [E.1]follows. O
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