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Tversky and Kahneman (1992) : G = $280

Figure A.1: Roles of parameters ω, ε and ϑ for the gain G, required to compensate
potential loss L = $150. The solutions are derived for an agent with wealth W = $100, 000.
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Figure A.2: Reference point model. The payoff X | I is lognormaly distributed, calibrated to

match the annual US equity market log returns E(rm) = 5.43% and ω(rm) = 19.98%; with a risk-free

rate E(rf ) = 0.46% (from CRSP, 1930-2011, converted to real terms by Schorfheide et al. (2018)). A

constant reference point R = E(Rm) is achieved for ε = 0; the constant logR = E(rf ) is achieved for

ε = 3.8.

Appendix B Calibration parameters

Parameters Calibration
Preferences ϑ 0.625

ϖ 0.999
1
12

Consumption µc 0.0015
ϱc 1
!c

[
0.0072 0

]

A 0.975
!X

[
0 0.038→ 0.0072

]

Dividends µd 0.0015
ϱd 2.5
!d

[
2.6→ 0.0072 0

]

!̃d 5.96→ 0.0072

Appendix C Proofs

Appendix C.1 Proof of Lemma 1 and Lemma 2

Equation (3) makes explicit u (Vt+1) as an increasing function of Vt+1, via both the direct terms in
Vt+1 and via the reference point term Rt (Vt+1), so µt (Vt+1) is increasing in Vt+1, and so is Vt.

Further

f (x, y) =
[
(1 → ϖ) x1→ω + ϖg (y)1→ω

] 1
1→ω
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is concave if g is concave. By Cauchy-Schwarz inequality, g (Y ) = E
(
k (Y )1→ε

) 1
1→ε

is concave if k

is concave.
Let’s now show u (Vt+1) displays both first-order and second-order stochastic dominance.
Rewrite u (.) as

u (X,R) =

{
X1→ϑRϑ if X ↑ R

X if X ↓ R
,

a function of two independent variables X and R. Then, u is a well behave non-decreasing and
(concave) utility function of X. Besides u is increasing in R. Let’s consider F1 and F2 two
cumulative distributions for payo!s X, such that F1 first order stochastic dominates (second order
dominates) F2. Let’s fix R = R̄. Then, we know E(u(X, R̄) | F1) ↑ E(u(X, R̄) | F2). This inequality

is valid for all specification of R̄, and in particular for R̄ = E
(
X1→ϖ | I

) 1
1→ϑ , ↔I. Further, because

u(X,R) is increasing in R point by point, E(u(X, R̃) | F1) ↑ E(u(X, R̄) | F1) for any R̃ ↑ R̄, and in

particular for log R̃ =
(
E
(
X1→ϖ | F1

)) 1
1→ϑ which is greater than log R̄ =

(
E
(
X1→ϖ | F2

)) 1
1→ϑ (since

the power utility function with coe”cient 1→ε with ε ↑ 0 is a non-decreasing (and concave) utility
function). We thus find u(X | F1) ↑ u(X | F2) under both fist order and second order stochastic
dominance.

↭

Appendix C.2 Proof of Lemma 3

As standard, small caps denote log levels in the proofs that follow. To simplify the notations,
Rt (Vt+1) is replaced by Rt.

Equation (3) is re-written as:

log u (Vt+1) =
(
1 → ω1Vt+1↑Rt

)
vt+1 + ω1Vt+1↑Rt

logEt exp ((1 → ε) vt+1)

1 → ε
,

so

u (Vt+1 (Ct+1 + ϱRt+1)) → u (Vt+1 (Ct+1))

u (Vt+1)
=






(
1 → ω1Vt+1↑Rt

) dVt+1/dCt+1

Vt+1
ϱRt+1

+ω1Vt+1↑Rt

Et

(
dVt+1/dCt+1

Vt+1
ϱRt+1 exp((1→ϖ)vt+1)

)

Et exp((1→ϖ)vt+1)
.

The first order condition of the optimum consumption path is:

Et [Rt+1St,t+1] =
Vt (Ct+1 + ϱRt+1) → Vt (Ct+1)

Vt (Ct + ϱ) → Vt (Ct)
= 1 .

Et [Rt+1St,t+1] = ϖ (µt (Vt+1))
ε→ω Et

(
u (Vt+1)

1→ε
(

Ct+1

Ct

)→ω

V ω→1
t+1

(
1 → ω1Vt+1↑Rt

)
Rt+1

)

+ ϖ (µt (Vt+1))
ε→ω Et

(
ω1Vt+1↑Rtu (Vt+1)

1→ε
) Et

((
Ct+1

Ct

)→ω
V ω→1
t+1 Rt+1V

1→ϖ
t+1

)

Et

(
V 1→ϖ
t+1

) ,
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and

St,t+1 = ϖ

(
Vt+1

µt (Vt+1)

)ω→ε(
Ct+1

Ct

)→ω(u (Vt+1)

Vt+1

)1→ε

↗


(
1 → ω1Vt+1↑Rt

)
+ ω

Et

(
1Vt+1↑Rtu (Vt+1)

1→ε
)

u (Vt+1)
1→ε

V 1→ϖ
t+1

Et

(
V 1→ϖ
t+1

)



 .

↭

Appendix C.3 Proof of Lemma 4

As standard, small caps denote log levels in the proofs that follow.
Consider the model with unit intertemporal elasticity of substitution (ς = 1) and constant

volatility of consumption:

vt = (1 → ϖ) ct +
ϖ

1 → ϑ
logEt [exp (1 → ϑ) log u (Vt+1)]

log u (Vt+1) = vt+1 → ω max

(
0, vt+1 → logEt exp ((1 → ε) vt+1)

1 → ε

)
,

and

log Ct+1 → log Ct = µc + φcXt + #cWt+1

Xt+1 = AXt + #XWt+1 .

Assume (and verify) vt → ct = µv + φvXt, then:

vt+1 → logEt exp ((1 → ε) vt+1)

1 → ε
= (#c + φv#X) Wt+1 → 1

2
(1 → ε) |#c + φv#X |2 .

Write (#c + φv#X) Wt+1 = #vWt+1 = |#v| wt+1, then

(µv + φvXt) ↗ 1 → ϑ

ϖ
=

logEt exp


(1 → ϑ)

(
µv + φvXt+1 → ω |#v|1wt+1→ 1

2 (1↑ω)|!v|

(
wt+1 → 1

2
(1 → ε) |#v|

)
+ µc + φcXt + #cWt+1

)
.

Grouping the terms in Xt:

φv = ϖφc (I → ϖA)→1 ,

Grouping the constant terms:

1 → ϖ

ϖ
µv = µc +

1

2
(1 → ϑ) |#v|2 +

1

1 → ϑ
log

{
$
(
→
(
(1 → ϑ) → 1

2 (1 → ε)
)
|#v|

)
+

$
((

(1 → ϑ) (1 → ω) → 1
2 (1 → ε)

)
|#v|

)
exp

(
→ε(1↑ϑ)((1↑ϑ)(2↑ε)↑(1↑ω))|!v|2

2

)


.

↭
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Appendix C.4 Proof of Proposition 1, and Corollaries 1, 2, 3, 4, and 5

St,t+1 = ϖ

(
Vt+1

µt (Vt+1)

)1→ε(
Ct+1

Ct

)→1(u (Vt+1)

Vt+1

)1→ε

↗


(
1 → ω1Vt+1↑Rt

)
+ ω

Et

(
1Vt+1↑Rtu (Vt+1)

1→ε
)

u (Vt+1)
1→ε

V 1→ϖ
t+1

Et

(
V 1→ϖ
t+1

)



 .

Taking the logs,

st,t+1 = log ϖ → φcXt → (1 → ϑ)
1 → ϖ

ϖ
µv → ϑµc + (1 → ϑ)

(
1 → ω1wt+1→ 1

2 (1↑ω)|!v|

)
|#v| wt+1 → #cWt+1

+
1

2
(1 → ε) (1 → ϑ) ω |#v|2 1wt+1→ 1

2 (1↑ω)|!v|

+ log










(
1 → ω1wt+1→ 1

2 (1↑ω)|!v|

)
+

ω exp










[
(1 → ε) → (1 → ϑ)

(
1 → ω1wt+1→ 1

2 (1↑ω)|!v|

)]
|#v| wt+1

→ω (1 → ϑ) 1
2 (1 → ε) |#v|2 1wt+1→ 1

2 (1↑ω)|!v|

+ 1
2

(
(1 → ϑ)

(
(1 → ϑ) (1 → ω)2 + ω (1 → ε)

)
→ (1 → ε)2

)
|#v|2



↗

$
((

(1 → ϑ) (1 → ω) → 1
2 (1 → ε)

)
|#v|

)





.

The Euler Equation is logEt (exp (eet,t+1 (rt+1))) = 0, with:

eet,t+1 (rt+1) = rt+1 + log ϖ + (1 → ϑ)

(
→1 → ϖ

ϖ
µv → φcXt + φv#XWt+1

)
→ ϑ (µc + φcXt + #cWt+1)

→ (1 → ϑ) ω |#v|1wt+1↑ 1
2 (1→ϖ)|!v |

(
wt+1 → 1

2
(1 → ε) |#v|

)

+ 1wt+1↑ 1
2 (1→ϖ)|!v | log



(1 → ω) + ω
Et (exp (rt+1 → #cWt+1 + (1 → ε) #vWt+1))

exp
(
rt+1 → #cWt+1 + 1

2 (1 → ε)2 |#v|2
)



 .

Risk Free Rate

rft = → logEt (exp eet,t+1 (0)) ,

and

rft = → log ϖ + µc + φcXt

+ logEt exp


(1 → ϑ)

(
#vWt+1 → ω |#v|1wt+1↑ 1

2 (1→ϖ)|!v |

(
wt+1 → 1

2
(1 → ε) |#v|

))

→ logEt exp










(1 → ϑ)
(
φv#X + ε

ε→1#c

)
Wt+1

→1wt+1↑ 1
2 (1→ϖ)|!v |

{
ω (1 → ϑ) |#v|

(
wt+1 → 1

2 (1 → ε) |#v|
)
→

log
(
(1 → ω) + ω exp

(
#cWt+1 + 1

2 |#c|2 → (1 → ε) #c#↓
v

))




 ,
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rft = → log ϖ + µc + φcXt → 1

2
|#c|2 + (1 → ϑ) (1 → ω) #v#

↓
c

+ log









$
(
→
(
(1 → ϑ) → 1

2 (1 → ε)
)
|#v|

)
exp

(
(1→ε)2ϑ(2→ϑ)|!v |2

2

)
+

$
((

(1 → ϑ) (1 → ω) → 1
2 (1 → ε)

)
|#v|

)
exp

(
ϑ(1→ε)(1→ϖ)|!v |2

2

)





→ log










$
(
→
(
(1 → ϑ) → 1

2 (1 → ε)
)
|#v| + !c!↑

v
|!v |

)
exp

(
(1→ε)2ϑ(2→ϑ)|!v |2

2

)
exp (→ω (1 → ϑ) #v#↓

c) +

(1 → ω) $
((

(1 → ϑ) (1 → ω) → 1
2 (1 → ε)

)
|#v| → !c!↑

v
|!v |

)
exp

(
ϑ(1→ε)(1→ϖ)|!v |2

2

)
+

ω$
((

(1 → ϑ) (1 → ω) → 1
2 (1 → ε)

)
|#v|

)
exp (((1 → ϑ) (1 → ω) → (1 → ε)) #v#↓

c)



 .

Expected Excess Returns: For returns log Rt+1 =

(
r̄t → 1

2 |#R|2 → 1
2

#R


2
)

+ #RWt+1 +

#R ⊋Wt+1,

r̄t (#R) = → logEt

(
exp eet,t+1

(
#RWt+1 → 1

2
|#R|2

))
.

Because

eet,t+1

(
#RWt+1 → 1

2
|#R|2

)
=

#RWt+1 → 1

2
|#R|2 + log ϖ → µc → φcXt

→ logEt exp


(1 → ϑ)

(
#vWt+1 → ω |#v|1wt+1↑ 1

2 (1→ϖ)|!v |

(
wt+1 → 1

2
(1 → ε) |#v|

))

+
(
(1 → ϑ)

(
1 → ω1wt+1↑ 1

2 (1→ϖ)|!v |

)
#vWt+1 → #c

)
Wt+1

+ 1wt+1↑ 1
2 (1→ϖ)|!v |










1
2 (1 → ϑ) ω (1 → ε) |#v|2 +

log










(1 → ω) +

ω exp

({
(#c → #R) Wt+1+
1
2 |#c → #R|2 → (1 → ε) (#c → #R) #↓

v

)







,

the solution for the excess returns is:

r̄t (#R) → rft = (#c + (ϑ → 1) (1 → ω) #v) #↓
R

→ log










$
((

1
2 (1 → ε) → (1 → ϑ)

)
|#v| + (!c→!R)!↑

v
|!v |

)
exp ω (1 → ϑ)

(
(1→ε)(2→ϑ)|!v |2

2 → #v (#c → #R)↓
)

+ (1 → ω) $
((

(1 → ϑ) (1 → ω) → 1
2 (1 → ε)

)
|#v| → (!c→!R)!↑

v
|!v |

)
exp

(
ϑ(1→ε)(1→ϖ)|!v |2

2

)

+ω$
((

(1 → ϑ) (1 → ω) → 1
2 (1 → ε)

)
|#v|

)
exp

(
((1 → ϑ) (1 → ω) → (1 → ε)) #v (#c → #R)↓

)





+ log










$
(
→
(
(1 → ϑ) → 1

2 (1 → ε)
)
|#v| + !c!↑

v
|!v |

)
exp ω (1 → ϑ)

(
(1→ε)(2→ϑ)|!v |2

2 → #v#↓
c

)

+ (1 → ω) $
((

(1 → ϑ) (1 → ω) → 1
2 (1 → ε)

)
|#v| → !c!↑

v
|!v |

)
exp

(
ϑ(1→ε)(1→ϖ)|!v |2

2

)

+ω$
((

(1 → ϑ) (1 → ω) → 1
2 (1 → ε)

)
|#v|

)
exp (((1 → ϑ) (1 → ω) → (1 → ε)) #v#↓

c)



 .

For #R#↓
v ↘ ≃,
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if ((ϑ → 1) (1 → ω)) > ε → 1

r̄t (#R) → rft ⇐ (#c + (ε → 1) #v) #↓
R

if ((ϑ → 1) (1 → ω)) < ε → 1

r̄t (#R) → rft ⇐ (#c + (ϑ → 1) (1 → ω) #v) #↓
R

For #R#↓
v ↘ →≃,

if ϑ > ε

r̄t (#R) → rft = (#c + (ϑ → 1) #v) #↓
R

if ϑ < ε

r̄t (#R) → rft ⇐ (#c + (ε → 1) #v) #↓
R

For #R#↓
v ↘ 0, a second order approximation around #c = 0, #v = 0 and #R = 0 (all of same

magnitude) yields:

r̄t (#R) → rft ⇒ ω⇑
2↼

#R#↓
v

|#v|
+ (#c + (ϑ → 1) (1 → ω) #v) #↓

R ,

which does not depend on ε. ↭

Appendix D Dynamic Risk Pricing extensions

Appendix D.1 Risk Prices with Stochastic Volatility

As before, the representative agent has the preferences of Definition 1, with unit elasticity of
intertemporal substitution (ς = 1). This time, however, both the drift and the volatility of the
optimal consumption process be time varying:

log Ct+1 → log Ct = µc + φcXt + ↽t#cWt+1 (D.1)

Xt+1 = AXt + ↽t#XWt+1

↽t+1 = (1 → a) + a↽t + #ςWt+1 ,

where {Wt} is a three-dimension vector of shocks, iid N (0, I), and Eq.(D.1) is the stochastic
volatility equivalent of Eq. (5). Both the immediate consumption shocks {↽t#cWt+1}, and the
long-run consumption shocks {↽t#XWt+1}, now have time varying volatility, which is a!ected by
the iid shocks {#ςWt+1}. To simplify the model, volatility shocks are supposed independent from
expected consumption shocks: #ς#↓

X = #ς#↓
c = 0. A and a are contracting (all Eigen values have

module strictly less than one): both state variables have stationary distributions, with mean zero
for {Xt} and mean one for the scalar {↽t}.

The reference point parameter ε is set to ε = 1 to simplify the calculations.
For #c << 1, #X << 1 and #ς << 1, the unique solution for the value function v is:

vt → ct ⇒ µv + φvXt + φv,ς↽t + φv,ς2↽2
t . (D.2)

7



where

φv = ϖφc (I → ϖA)→1 .

µv is a decreasing function of ω.
|φv,ς| and

φv,ς2

 are increasing (i) in ϖ; (ii) in the persistence of the volatility process a; (iii)
in the risk aversion coe”cient ϑ; and (iv) in the volatilities of the consumption process.

The value function average level decreases with ω; as does the impact of changes in volatility,
and thus the pro-cyclical variations in the value function.

This result extends to the risk-free rate, as can be observed in Figure D.3: the risk-free rate
that is both lower and more strongly pro-cyclical when ω > 0.

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
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0.028
Risk Free Rate
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1.5
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3.5
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4.5

5
gain-loss asymmetry

standard model with 7'

standard model with '
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Figure D.3: Risk-free rate with time-varying volatility. The annual risk-free rate with

and without gain-loss asymmetry (standard recursive utility model for risk aversion ς̄ and ς) are

plotted on the left axis, where ς̄↑1 = (ς↑1)(1↑ϑ). Because the dependence on the state variable {Xt}
is the same with and without gain-loss asymmetry, we plot the risk-free rates for Xt = E (Xt) = 0.

On the right axis, is the distribution of ωt. we use the parameters from Hansen et al. (2008) for the

consumption process of Eq.(D.1) and ϖ = 0.999, ς = 10.

Figures D.4 and D.5 display the risk-price elasticities of assets with conditionally log-normal
returns and exposures #R,t to the consumption shocks.32 The results derived in the constant
volatility model extend to the model with stochastic volatility: the risk-price elasticities display
asymmetrical bell shapes and both a level e!ect and a cross-sectional e!ect obtain.33

32We model the exposure {!R,t} as !R,t = !R




ωt 0

ωt

0 1



, such that the aggregate volatility of the asset

returns has same time dependence as the consumption risk.
33The risk-price elasticities are negative and the asymmetry is reversed, with a higher right-hand side asymptote,

for the volatility shocks, which impact the value function negatively.
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Figure D.4: Risk prices with time-varying volatility. The two graphs display the risk-price

elasticities for an exposure !R to the consumption level shocks, under ϑ = 0.55 and in the standard

recursive utility model with risk aversion ς̄ (the plane in the first graph and the lower dotted line

in the second graph) and ς (the higher dotted line in the second graph), where ς̄↑ 1 = (ς↑ 1)(1↑ϑ).

The second graph displays the three cases, ωt ↓ 0, ωt = 1 (mean value), and ωt = 2. We use the

parameters from Hansen et al. (2008) for the consumption process of Eq.(D.1) and ϖ = 0.999, ς = 10.

Compared to the standard recursive utility model, the pricing dynamics are impacted by two
channels of influence. The first derives from the amplification in the value function’s variations
and generates additional counter-cyclicality in the pricing of risk. The second derives from the
dampening e!ect of higher consumption volatilities on the first-order impact of gin-loss asymmetry
(assets are not priced as close to the kink when the underlying volatility is high), and generates less
counter-cyclicality in the pricing of risk. The first channel dominates for the pricing of assets that
vary in their exposures to the consumption shocks, as in Figure D.4: for small exposures to the
consumption shocks, the pricing of risk increases with ↽t at a faster rate, and is thus more strongly
counter-cyclical in the model with loss aversion than in the standard recursive utility model. In
contrast, the second channel can dominate for assets that vary in their exposures to the volatility
shocks, as in Figure D.5, depending on the risk aversion and gain-loss asymmetry coe”cients. For
ϑ ↓ 20 and ω = 0.55, the pricing of risk for the volatility shocks turns pro-cyclical, for assets with
small exposures to the shocks, and counter-cyclical for assets with large exposures to the shocks.
These striking predictions of the model can be contrasted with those of the standard recursive
utility model, in which the risk-price elasticities are counter-cyclical for all the shocks.

Appendix D.2 History Dependence in the Updating of the Reference Point

The reference point model of Definition 1 can also be generalized to the referent as a weighted
average of current and past expectations:

Rt (Vt+1) =

(
T

n=0

((
E
(
V 1→ϖ
t+1 | Ft→n

)) 1
1→ϑ

)φn
) 1∑T

0 ϖn

,

where ⇀ ⇓ [0, 1) and T is the number of past periods impacting the reference point. The case
⇀ = 0 reverts to the model where the reference point is fully updated at each period and only
current expectations matter, as in Equation (3). Cases ⇀ > 0 follow He!etz (2021), who suggests
the reference point is a slowly updated expectation, and are in the spirit of Barberis et al. (2001)
and Yogo (2008). We analyze this generalized model and show the past-dependency may be useful

9
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Figure D.5: Risk prices with time-varying volatility. The two graphs display the risk-

price elasticities for an exposure ↑!R to the consumption volatility shock, under ϑ = 0.55 and in

the standard recursive utility model with risk aversion ς̄ (the plane in the first graph and the

lower dotted line in the second graph) and ς (the higher dotted line in the second graph), where

ς̄ ↑ 1 = (ς ↑ 1)(1 ↑ ϑ). The second graph displays the three cases, ωt ↓ 0, ωt = 1 (mean value), and

ωt = 2. We use the parameters from Hansen et al. (2008) for the consumption process of Eq.(D.1) and

ϖ = 0.999, ς = 10.

to create counter-cyclicality in the pricing of risk, as supported by the empirical evidence, even
when the consumption process has constant volatility, similar to the habit model of Campbell and
Cochrane (1999).

We restrict the analysis to the constant consumption volatility case of Eq. (5), which allows me
to disentangle the time variations due to the history dependence in the reference point from those
due to time-varying consumption volatilities.

The reference point parameter ε is set to ε = 1 to simplify the calculations.
Under a unit intertemporal elasticity of substitution (EIS = 1), and time dependence on the

past two periods (T = 1), the unique solution for the value function v is:

vt → ct = µv,s + φvXt + f

(
⇀

1 + ⇀
#sWt

)
, (D.3)

where φv and #s are independent from ω and ⇀, in contrast to µv,s and f , and f has the following
properties:

1) f is decreasing
2) f (0) = 0
3) f converges to a constant in →≃
4) f (x) ⇐+↔ →ωϖx .
Wt, the shocks to consumption between t → 1 and t, a!ect the time t value function through

two channels, one increasing, φvXt, and one decreasing, f
(

φ
1+φ#sWt

)
. We find the first channel

dominates (the value function increases following positive shocks to consumption), and Eq.(D.3)
can be rewritten as vt → ct→1 = g (Xt→1, Wt), with g increasing in both Xt→1 and Wt.

The pricing of risk is time varying and Figure D.6 displays the risk-free rate and the expected
excess returns of a risky asset, as they vary with the past consumption shocks.

Like the value function, the risk-free rate can be written as grf (Xt→1, Wt), with grf increasing in
both terms. When Xt = 0, strictly positive and strictly negative shocks to consumption (Wt ⇔= 0)

10



both decrease the probability of being close to the reference point, and thus diminish the impact of
gain-loss asymmetry. For this reason, I find the risk-free rate is at a local minimum when Wt = 0.

Following negative shocks to consumption, the probability of disappointment increases. Follow-
ing positive shocks to consumption, the probability of disappointment decreases. The model with
history dependence in the reference point thus yields mostly counter-cyclical expected excess re-
turns. Non-zero shocks, however, decrease the probability of being close to the reference point, and
thus diminish the impact of gain-loss asymmetry. We find this e!ect dominates over the increase
in the probability of disappointment following unusually large and negative shocks (more than two
standard deviations below zero), thus resulting in lower expected excess returns.34
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Figure D.6: Risk prices with history-dependent reference point. The two graphs display

the annual (in %) risk-free rate and the expected excess returns of an asset with same character-

istics (volatility and skewness) as the market portfolio, for various values of ϑ (the case ϑ = 0

reverts to the standard recursive utility model), as functions of the past shock wt =
ϖ

1+ϖ!sWt. For

the risk-free rate, Xt = E (Xt) = 0 is assumed. The parameters for the consumption process (5) are

from Hansen et al. (2008) and ϖ = 0.999, (ς↑ 1) (1↑ ϑ) = 4, φ = 0.5. Other values of φ yield similar

asset pricing results.

In both dynamic models, with stochastic volatility or with “sticky” updating of the reference
point, gain-loss asymmetry has non-trivial implications for the pricing of risk. The counter-cyclical
influence on pricing is occasionally reversed when assets are priced further and further away from
the reference point. This feature is unique to the model with gain-loss asymmetry and would not
obtain in either the standard recursive utility model or in habit formation-type models. Exploring
its empirical application is left for future research.

34For the parameters used in Figure D.6.
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Appendix E Robustness around ω = 1

To simplify the calculations, the case ε = 1 is chosen. We follow Hansen et al. (2007) and obtain:

vt =v1t + (ς → 1) Dv1t

v1t = (1 → ϖ) ct + ϖQt

(
v1t+1

)

Qt (vt+1) =
1

1 → ϑ
logEt exp (1 → ϑ) (vt+1 → ω max (0, vt+1 → Etvt+1))

Dv1t = →
(1 → ϖ)

(
v1t → ct

)2

2ϖ
+ ϖEt

(
Dv1t+1

)

Dv1t+1 = Dv1t+1 → ω1v1t+1↑Etv1t+1

(
Dv1t+1 → EtDv1t+1

)
,

where v1t = vt |ω=1, and Et is the distorted expectation operators associated with the Radon-
Nicodym derivative:

Mt,t+1 =
exp (1 → ϑ) v1t+1

Et exp (1 → ϑ) v1t+1

.

for vt+1 = vt+1 → ω max (0, vt+1 → Etvt+1).
Observe Dv1t ↓ 0 for all t. With a higher elasticity of intertemporal substitution (ς less than

one), the future consumption stream has more immediate value and thus the value function in-
creases. The opposite occurs when the elasticity decreases.

Approximating the SDF around ς = 1 yields:

st,t+1 = s1t,t+1 + (ς → 1) Ds1t,t+1 ,

where s1t,t+1 = st,t+1 |ω=1 and:

Ds1t,t+1 = v1t+1 → Qt

(
v1t+1

)
→ (ct+1 → ct) + (1 → ϑ)

(
Dv1t+1 → Et

(
Dv1t+1

))

→ (1 → ϑ) ω1v1t+1↑Etv1t+1

(
Dv1t+1 → EtDv1t+1

)

→ ω (1 → ϑ)

[
Dv1t+1Et

(
1v1t+1↑Etv1t+1

V 1
t+1

1→ε)
→ Et

(
1v1t+1↑Etv1t+1

Dv1t+1V
1
t+1

1→ε)]

(
1 → ω1v1t+1↑Etv1t+1

)
V 1
t+1

1→ε
+ ωEt

(
1v1t+1↑Etv1t+1

V 1
t+1

1→ε) .

Suppose the optimal consumption has constant volatility (the solutions with stochastic volatility
are cumbersome to derive), so that:

log Ct+1 → log Ct = µc + φcXt + #cWt+1

Xt+1 = AXt + #XWt+1 .
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We solve:

Mt,t+1 =
exp (1 → ϑ) v1t+1

Et exp (1 → ϑ) v1t+1

=
exp (1 → ϑ)

(
(#c + φv#X) Wt+1 → ω1(!c+↼v!X)Wt+1↑0 (#c + φv#X) Wt+1

)

Et exp (1 → ϑ)
(
(#c + φv#X) Wt+1 → ω1(!c+↼v!X)Wt+1↑0 (#c + φv#X) Wt+1

) .

We define wt+1 = (!c+↼v!X)
|!c+↼v!X | Wt+1 = !v

|!v |Wt+1.
We find:

Et
(
1wt+1↑0

)
=

$ ((1 → ϑ) (1 → ω) |#v|)

$ (→ (1 → ϑ) |#v|) exp
(
(1→ε)2ϑ(2→ϑ)|!v |2

2

)
+ $ ((1 → ϑ) (1 → ω) |#v|)

,

Et (wt+1) = (1 → ϑ) |#v|



1 → ω
$ ((1 → ϑ) (1 → ω) |#v|)

$ (→ (1 → ϑ) |#v|) exp
(
(1→ε)2ϑ(2→ϑ)|!v |2

2

)
+ $ ((1 → ϑ) (1 → ω) |#v|)



 ,

Et
(
w2
t+1

)
= 1 + (1 → ϑ)2 |#v|2

→ (1 → ϑ) ω |#v|
(1 → ϑ) (2 → ω) |#v| $ ((1 → ϑ) (1 → ω) |#v|) + φ ((1 → ϑ) (1 → ω) |#v|)

$ (→ (1 → ϑ) |#v|) exp
(
(1→ε)2ϑ(2→ϑ)|!v |2

2

)
+ $ ((1 → ϑ) (1 → ω) |#v|)

,

Et
(
1wt+1↑0wt+1

)
=

(1 → ϑ) (1 → ω) |#v| $ ((1 → ϑ) (1 → ω) |#v|) + φ ((1 → ϑ) (1 → ω) |#v|)

$ (→ (1 → ϑ) |#v|) exp
(
(1→ε)2ϑ(2→ϑ)|!v |2

2

)
+ $ ((1 → ϑ) (1 → ω) |#v|)

,

and

Et
(
1wt+1↑0w

2
t+1

)
=

{(
1 + [(1 → ϑ) (1 → ω) |#v|]2

)
$ ((1 → ϑ) (1 → ω) |#v|)

+ (1 → ϑ) (1 → ω) |#v| φ ((1 → ϑ) (1 → ω) |#v|)

$ (→ (1 → ϑ) |#v|) exp
(
(1→ε)2ϑ(2→ϑ)|!v |2

2

)
+ $ ((1 → ϑ) (1 → ω) |#v|)

.

For any yt+1 independent from wt+1:

Et (yt+1) = Et (yt+1) .

Solution for Dv1t v1t → ct = µv + φvXt.
Suppose

Dv1t = µv,ω + φv,ωXt + X ↓
tϑv,ωXt ,

with ϑv,ω symmetric matrix.
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Then

Dv1t+1 = Dv1t+1 → ω1v1t+1↑Etv1t+1

(
Dv1t+1 → EtDv1t+1

)

= µv,ω + φv,ωXt+1 + X ↓
t+1ϑv,ωXt+1

→ ω1wt+1↑0
((

φv,ω + 2X ↓
tA

↓ϑv,ω
)
#XWt+1 + Wt+1#

↓
Xϑv,ω#XWt+1 → Tr

(
#↓
Xϑv,ω#X

))
,

and

µv,ω + φv,ωXt + X ↓
tϑv,ωXt =

→(1 → ϖ)

2ϖ

(
µ2
v + (φvXt)

2 + 2µvφvXt

)
+ ϖEt

(
µv,ω + φv,ωXt+1 + X ↓

t+1ϑv,ωXt+1
)

+ϖEt
(
→ω1wt+1↑0

((
φv,ω + 2X ↓

tA
↓ϑv,ω

)
#XWt+1 + Wt+1#

↓
Xϑv,ω#XWt+1 → Tr

(
#↓
Xϑv,ω#X

)))
.

Group the quadratic terms:

ϑv,ω = →(1 → ϖ)

2ϖ
φ↓
vφv + ϖA↓ϑv,ωA .

This is a Sylvester equation, for which the solution for ϑv,ω is the same as in the standard
recursive model:

ϑv,ω = →(1 → ϖ)

2ϖ

+↔

t=0

ϖtA↓tφ↓
vφvA

t ,

which, because it is negative semi-definite, can be written, using Cholesky decomposition, as ϑv,ω =
→ϑ̃v,ω

↓ϑ̃v,ω with ϑ̃v,ω triangular.
We decompose:

Wt+1 =
#↓
v

|#v|
wt+1 + Yt+1 ,

with Yt+1, vector of variables independent from wt+1:

Et (Yt+1) = Et (Yt+1) = 0 .

We group the terms in Xt:

φv,ωXt = →(1 → ϖ)

ϖ
µvφvXt + ϖφv,ωAXt + 2ϖX ↓

tA
↓ϑv,ω#XEt

(
Wt+1 → ω1wt+1↑0Wt+1

)
,

and so

φv,ω =


→(1 → ϖ)

ϖ
µvφv + 2ϖ (1 → ϑ) (1 → ω) #v#

↓
Xϑv,ωA


(I → ϖA)→1

+ 2ϖω#v#
↓
Xϑv,ωA (I → ϖA)→1

↗



1 → ϑ

1 → ω
→ (1 → ϑ) (2 → ω) $ ((1 → ϑ) (1 → ω) |#v|) + φ ((1 → ϑ) (1 → ω) |#v|) / |#v|

$ (→ (1 → ϑ) |#v|) exp
(
(1→ε)2ϑ(2→ϑ)|!v |2

2

)
+ $ ((1 → ϑ) (1 → ω) |#v|)



 .
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Figure E.7: Value Function dependence on ς
Average vt → ct (calculated for Xt = E (Xt) = 0) in the model with gain-loss asymmetry and in the standard

recursive utility model (case ω = 0). We use the parameters from Hansen et al. (2008) for the consumption

process and ϖ = 0.99, (1 → ϑ) (1 → ω) = 10.

Finally the constant terms are:

µv,ω (1 → ϖ) = →(1 → ϖ)

2ϖ
µ2
v + ϖφv,ω#XEt

(
Wt+1 → ω1wt+1↑0Wt+1

)
→ ϖEt

(
|ϑ̃v,ω#XWt+1|2

)

+ ϖωEt

(
1wt+1↑0

(
|ϑ̃v,ω#XWt+1|2 → Tr (ϑ̃v,ω#X)↓ ϑ̃v,ω#X

))
,

µv,ω = → 1

2ϖ
µ2
v +

ϖ

1 → ϖ
(1 → ϑ) φv,ω#X#↓

v → ϖ

1 → ϖ

(
(1 → ϑ)2

ϑ̃v,ω#X#↓
v

2 + Tr (ϑ̃v,ω#X)↓ ϑ̃v,ω#X

)

+
ϖ

1 → ϖ
ω










→↼v,ω!X!↑
v [(1→ε)(2→ϑ)”((1→ε)(1→ϑ)|!v |)+↼((1→ε)(1→ϑ)|!v |)/|!v |]

”(→(1→ε)|!v |) exp
(

(1→ε)2ϱ(2→ϱ)|!v |2
2

)
+”((1→ε)(1→ϑ)|!v |)

+

(1→ε)|ε̃v,ω!X!↑
v |

2










(1 → ϑ) $ ((1 → ϑ) (1 → ω) |#v|)
[
(2 → ω) + (1 → ω)2

]
+

(2 → ω) φ ((1 → ϑ) (1 → ω) |#v|) / |#v|





”(→(1→ε)|!v |) exp
(

(1→ε)2ϱ(2→ϱ)|!v |2
2

)
+”((1→ε)(1→ϑ)|!v |)




.

As mentioned above, Dv1t ↓ 0 for all t. We find
Dv1t

 is higher in good times (φcXt ↑ 0) than
in bad times (φcXt ↓ 0). This enhances the pro-cyclical variations of the value function when the
elasticity of intertemporal substitution is greater than one (ς ↓ 1) and reduces them when the
elasticity of intertemporal substitution is less than one (ς ↑ 1). |φv,ω| and |µv,ω| are lower than in
the standard recursive utility model, and the solution for ϑv,ω is unchanged. Therefore, the impact
of a change in the elasticity of intertemporal substitution is reduced by ω > 0. In Figure E.7,
we display the value of the consumption stream as it varies with ς. Observe, in the model with
ω = 0.55, the value of the elasticity of intertemporal substitution has little impact on the value
function.
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Solution for Dv1t From the derivation of the SDF,

Ds1t,t+1 =

(
→1 → ϖ

ϖ
µv → φcXt + φv#XWt+1

)

+ (1 → ϑ)

(
→1 → ϖ

ϖ

(
µv,ω +

µ2
v

2ϖ

)
→ 1

ϖ

(
φv,ω (I → ϖA) +

1 → ϖ

ϖ
µvφv

)
Xt

)

+ (1 → ϑ)
((

φv,ω + 2X ↓
tA

↓ϑv,ω
)
#XWt+1 + W ↓

t+1#
↓
Xϑv,ω#XWt+1

)

→ (1 → ϑ) ω1!vWt+1↑0
((

φv,ω + 2X ↓
tA

↓ϑv,ω
)
#XWt+1 + W ↓

t+1#
↓
Xϑv,ω#XWt+1 → Tr

(
#↓
Xϑv,ω#X

))

→

ω (1 → ϑ)






⫅̸Dv1t+1$ ((1 → ϑ) (1 → ω) |#v|) exp
(
1
2 |(1 → ϑ) (1 → ω) |#v||2

)
→

Et

(
1!vWt+1↑0

⫅̸Dv1t+1 exp ((1 → ϑ) (1 → ω) #vWt+1)

)

{(
1 → ω1!vWt+1↑0

)
exp

(
(1 → ϑ)

(
1 → ω1!vWt+1↑0

)
#vWt+1

)
+

ω$ ((1 → ϑ) (1 → ω) |#v|) exp
(
1
2 (1 → ϑ) (1 → ω)2 |#v|2

)
,

where

⫅̸Dv1t+1 =
((

φv,ω + 2X ↓
tA

↓ϑv,ω
)
#XWt+1 + Wt+1#

↓
Xϑv,ω#XWt+1

) (
1 → ω1!vWt+1↑0

)

+ ω1!vWt+1↑0Tr
(
#↓
Xϑv,ω#X

)
.

As evidenced by Figure E.8, the variations in the risk-free rate due to variations in the elasticity
of intertemporal substitution are lowered by the gain-loss asymmetry model relative to the standard
recursive utility model. Note ω > 0 lowers the risk-free rate for ς around one and higher. As the
elasticity of intertemporal substitution increases away from one (ς is lowered away from one), the
e!ect is reversed and the risk-free rate is higher in the model with ω > 0 than in the standard
model.

As seen in Figure E.9, the expected excess returns are very little impacted by changes in the
elasticity of intertemporal substitution, in either the standard recursive utility model or the model
with gain-loss asymmetry.

Appendix F Stochastic Volatility in Consumption—Proofs of Ex-
tension Appendix D.1

As in Appendix E, ε = 1 to simplify the calculations. We analyze the model:

vt = (1 → ϖ) ct +
ϖ

1 → ϑ
logEt [exp (1 → ϑ) log U (Vt+1 | Ft)]

log U (Vt+1 | Ft) = vt+1 → ω max (0, vt+1 → Et (vt+1)) ,

with

log Ct+1 → log Ct = µc + φcXt + ↽t#cWt+1

Xt+1 = AXt + ↽t#XWt+1

↽t+1 = (1 → a) + a↽t + #ςWt+1 ,
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Figure E.8: Risk-free rate dependence on ς
Annual risk-free rate for Xt chosen randomly in its stationary distribution, in the model with gain-loss

asymmetry and in the standard recursive utility model (case ω = 0). We use the parameters from Hansen

et al. (2008) for the consumption process and ϖ = 0.999, (1 → ϑ) (1 → ω) = 10.
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Figure E.9: Expected excess returns dependence on ς
Annual expected returns for Xt chosen randomly in its stationary distribution, in the model with gain-loss

asymmetry and in the standard recursive utility model (case ω = 0). We plot the returns for an asset with

negative loadings on the consumption shocks on the left graph, and an asset with positive loadings on the

consumption shocks on the right hand graph. We use the parameters from Hansen et al. (2008) for the

consumption process and ϖ = 0.999, (1 → ϑ) (1 → ω) = 10.
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Wt iid N (0, I), ↽t scalar. For simplification, we assume that the shocks to volatility are independent
from the shocks to the immediate and future consumption: #ς#

↑
X = 0 and #ς#↓

c = 0.
We assume vt → ct = f (Xt, ↽t). The recursive problem is:

f (Xt, ↽t) =
ϖ

1 → ϑ
logEt exp [(1 → ϑ) [f (Xt+1, ↽t+1) + ct+1 → ct → ω max (0, #cWt+1 + (1 → Et) f (Xt+1, ↽t+1))]] ,

which satisfies Blackwell conditions for bounded functions. While f (Xt) is not necessarily
bounded, it can be approximated to a bounded function (by truncating the domain of (Xt, ↽t)). In
that case, there is a unique solution which can be obtained by iterating the process starting from
any initial function.

Suppose

vt → ct ⇒ µv + φvXt + φv,ς↽t + φv,ς2↽2
t ,

then

vt+1 → Etvt+1 =
(
↽t

(
#c + φv#X + 2φv,ς2a#ς

)
+
(
φv,ς + 2φv,ς2 (1 → a)

)
#ς

)
Wt+1

+ φv,ς2

(
(#ςWt+1)

2 → #ς#↓
ς

)
.

Because #ς is small, we ignore the second order term:

vt+1 → Etvt+1 ⇒ #v (↽t) Wt+1 ,

with

#v (↽t) = ↽t
(
#c + φv#X + 2φv,ς2a#ς

)
+
(
φv,ς + 2φv,ς2 (1 → a)

)
#ς .

The recursive problem is:

µv + φvXt + φv,ς↽t + φv,ς2↽2
t =

ϖ
(
µv + µc + φv,ς (1 → a) + (φc + φvA) Xt + φv,ςa↽t + φv,ς2 (1 → a + a↽t)

2
)

+

ϖ

1 → ϑ
logEt exp (1 → ϑ)

[
#v (↽t) Wt+1 + φv,ς2 (#ςWt+1)

2 → ω max (0, #v (↽t) Wt+1)
]

.

Grouping the Xt terms, we find, as in the standard case:

φv = ϖφc (I → ϖA)→1 .

Define wt+1 = !v(ςt)
|!v(ςt)|Wt+1. Then

#ςWt+1 = ϱ1 (↽t) wt+1 + ϱ2 (↽t) zt+1 ,

with

E (wt+1zt+1) = 0 .
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and zt+1 ⇐ N (0, 1).

Et exp (1 → ϑ)
[
#v (↽t) Wt+1 + φv,ς2 (#ςWt+1)

2 → ω1!v(ςt)Wt+1↑0#v (↽t) Wt+1

]
=

Et exp (1 → ϑ)
[
|#v (↽t)| wt+1 + φv,ς2

(
ϱ21w

2
t+1 + ϱ22z

2
t+1 + 2ϱ1wt+1ϱ2zt+1

)
→ ω1wt+1↑0 |#v (↽t)| wt+1

]
,

and, if 1 → 2φv,ς2 (1 → ϑ) ϱ22 > 0

Et exp (1 → ϑ)
[
#v (↽t) Wt+1 + φv,ς2 (#ςWt+1)

2 → ω1!v(ςt)Wt+1↑0#v (↽t) Wt+1

]
=

1√
1 → 2 (1 → ϑ) φv,ς2ϱ22

Et exp


(1 → ϑ) |#v (↽t)| wt+1

(
1 → ω1wt+1↑0

)
+

(1 → ϑ) φv,ς2ϱ21
1 → 2 (1 → ϑ) φv,ς2ϱ22

w2
t+1


.

This expectation is defined for 1 → 2φv,ς2 (1 → ϑ)
(
ϱ22 + ϱ21

)
> 0 (since we already assume 1 →

2φv,ς2 (1 → ϑ) ϱ22 > 0). If it is verified, then we automatically have 1 → 2φv,ς2 (1 → ϑ) ϱ22 > 0 as well.
Observe that

(
ϱ22 + ϱ21

)
= #ς#↓

ς. A solution for φv,ς2 exists if and only if 1→2φv,ς2 (1 → ϑ) #ς#↓
ς >

0.

Let’s define # (↽t) =

√
1→2(1→ε)↼v,ς2ϱ22

1→2↼v,ς2 (1→ε)!ς!↑
ς

and #v (↽t) # (↽t) = #v (↽t).

Then:

µv + φv,ς↽t + φv,ς2↽2
t = ϖ

(
µv + µc + φv,ς (1 → a) + φv,ςa↽t + φv,ς2 (1 → a + a↽t)

2
)

→1

2

ϖ

1 → ϑ
log

(
1 → 2φv,ς2 (1 → ϑ) #ς#↓

ς

)
+

ϖ (1 → ϑ)
#v (↽t)


2

2
+

ϖ

1 → ϑ
log










$
(
→ (1 → ϑ)

#v (↽t)

)

+$
(
(1 → ϑ) (1 → ω)

#v (↽t)

)

exp

(
→ (1→ε)2ϑ(2→ϑ)|!̃v(ςt)|2

2

)



 ,

and

#v (↽t)
 =

√√√√↽2
t |#c + φv#X |2 +

#ς#↓
ς

(
φv,ς + 2φv,ς2 (1 → a + a↽t)

)2

1 → 2φv,ς2 (1 → ϑ) #ς#↓
ς

.

We linearize around
#v (↽t)

 = 0 up to the second order:

µv + φv,ς↽t + φv,ς2↽2
t = ϖ

(
µv + µc + φv,ς (1 → a) + φv,ςa↽t + φv,ς2 (1 → a + a↽t)

2
)

→1

2

ϖ

1 → ϑ
log

(
1 → 2φv,ς2 (1 → ϑ) #ς#↓

ς

)

+
1

2
ϖ (1 → ϑ)

(
↽2
t |#c + φv#X |2 +

#ς#↓
ς

(
φv,ς + 2φv,ς2 (1 → a + a↽t)

)2

1 → 2φv,ς2 (1 → ϑ) #ς#↓
ς

)(
1 → ω +

ω2

2

(
1 → 1

↼

))

→
ϖω

√
↽2
t |#c + φv#X |2 +

!ς!↑
ς(↼v,ς+2↼v,ς2 (1→a+aςt))

2

1→2↼v,ς2 (1→ε)!ς!↑
ς⇑

2↼
.
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Let’s group the terms in ↽2
t :

0 = 2φ2
v,ς2 |#ς|2

(
1

ϖ
→ a2ω

(
1 → ω

2

(
1 → 1

↼

)))

+ φv,ς2

(
a2 → 1

↽

1 → ϑ
→ (1 → ϑ) |#c + φv#X |2 |#ς|2

(
1 → ω +

ω2

2

(
1 → 1

↼

)))

+
1

2
|#c + φv#X |2

(
1 → ω +

ω2

2

(
1 → 1

↼

))
.

This is a second order equation in φv,ς2 where φv,ς2 is the only unknown. The solution has to
satisfy 1 → 2φv,ς2 (1 → ϑ) #ς#↓

ς > 0. There is a unique choice of φv,ς2 such that (Xt, ↽t) is stable
under the¯distribution.

We suppose that:

↽2
t

(
|#c + φv#X |2 +

4φ2
v,ς2a2 |#ς|2

1 → 2φv,ς2 (1 → ϑ) #ς#↓
ς

)
>>

#ς#↓
ς

((
φv,ς + 2φv,ς2 (1 → a)

)2
+ 4φv,ς2a↽t

(
φv,ς + 2φv,ς2 (1 → a)

))

1 → 2φv,ς2 (1 → ϑ) #ς#↓
ς

,

and use the simplification:

√√√√↽2
t |#c + φv#X |2 +

#ς#↓
ς

(
φv,ς + 2φv,ς2 (1 → a + a↽t)

)2

1 → 2φv,ς2 (1 → ϑ) #ς#↓
ς

=

↽t

√√√√
(

|#c + φv#X |2 +
4φ2

v,ς2a2 |#ς|2

1 → 2φv,ς2 (1 → ϑ) #ς#↓
ς

)
.

Let’s group the terms in ↽t:

φv,ς =

(
→ ϑ

a
↗
2⇀

√(
|#c + φv#X |2 +

4↼2
v,ς2a

2|!ς |2

1→2↼v,ς2 (1→ε)|!ς |2

)
+

2↼v,ς2 (1→a)(1→ϑ2↼v,ς2 (1→ε)|!ς |2(1→ϱ
2 (1→ 1

φ )))
1→2↼v,ς2 (1→ε)|!ς |2

)

1
↽a → 1→ϑ2↼v,ς2 (1→ε)|!ς |2(1→ϱ

2 (1→ 1
φ ))

1→2↼v,ς2 (1→ε)|!ς |2

.

The changes due to the gain-loss asymmetry specification enters both through the modified
value for φv,ς2 and through the extra terms in φv,ς.
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Let’s group the constant terms:

1 → ϖ

ϖ
µv = µc + φv,ς (1 → a) + φv,ς2 (1 → a)2 → 1

2

1

1 → ϑ
log

(
1 → 2φv,ς2 (1 → ϑ) #ς#↓

ς

)

→ ω⇑
2↼

|!ς |2(↼v,ς+2↼v,ς2 (1→a))2

1→2↼v,ς2 (1→ε)!ς!↑
ς


1 +

4a↼v,ς2

(↼v,ς+2↼v,ς2 (1→a))



2

√(
|#c + φv#X |2 +

4↼2
v,ς2a

2|!ς |2

1→2↼v,ς2 (1→ε)!ς!↑
ς

)

+
1

2
(1 → ϑ)

|#ς|2
(
φv,ς + 2φv,ς2 (1 → a)

)2

1 → 2φv,ς2 (1 → ϑ) #ς#↓
ς

(
1 → ω +

ω2

2

(
1 → 1

↼

))
.

The changes due to the gain-loss asymmetry specification enters through changes in the values
of φv,ς2 and φv,ς and through the extra terms in µv.

Since it was obtained through several steps of approximation, this linear solution is not the
exact solution to the recursive problem

f (↽t) =
ϖ

1 → ϑ
logEt exp


(1 → ϑ)

{
f (↽t+1) + µc + ↽t (#c + φv#X) Wt+1

→ω max (0, ↽t (#c + φv#X) Wt+1 + (1 → Et) f (↽t+1))


,

where vt → ct = φvXt + f (↽t).
To check the robustness of my approximate solution, we numerically derive the unique solution

to the recursive problem. In Figure F.10, we compare the approximate closed-form solution and
the exact solution to the recursive problem. The distribution of ↽t illustrates that, for realistic
volatility levels, the closed-form solution of Eq.(D.2) is a good approximation of the exact solution.
For the rest of this section, the results are derived using the approximate closed-form solution of
Eq.(D.2).

SDF

st,t+1 = log ϖ + (1 → ϑ)
(
v1t+1 → Qt

(
v1t+1

))
→ (ct+1 → ct)

→ (1 → ϑ) ω max
(
0, v1t+1 → Etv

1
t+1

)

+ log




(
1 → ω1v1t+1↑Etv1t+1

)
+ ω

Et

(
1v1t+1↑Etv1t+1

V 1
t+1

1→ε)

V 1
t+1

1→ε




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Figure F.10: Approximation of the Value Function
On the left axis, the exact (dotted line) and closed-form approximate (bold line) solutions for v1

t → ct are

displayed for Xt = 0, at its mean value. On the right axis, the distribution of ↽t illustrates how close the

approximate solution is to the exact solution for realistic values of the volatility. We use the parameters of

Hansen et al. (2008) for the consumption process and ϖ = 0.99, (1 → ϑ) (1 → ω) = 10, ω = 0.55.

becomes

st,t+1 = log ϖ + (1 → ϑ)

(
→1 → ϖ

ϖ
µv → ϑ

(1 → ϑ)
µc + φv,ς (1 → a) + φv,ς2 (1 → a)2

)

+ (1 → ϑ)

((
φv,ς

(
a → 1

ϖ

)
+ 2aφv,ς2 (1 → a)

)
↽t + φv,ς2

(
a2 → 1

ϖ

)
↽2
t

)
→ φcXt

→ ↽t#cWt+1 + (1 → ϑ)
(
#v (↽t) Wt+1 + φv,ς2 (#ςWt+1)

2
)

→ (1 → ϑ) ω1!v(ςt)Wt+1↑0#v (↽t) Wt+1

+ log










(
1 → ω1!v(ςt)Wt+1↑0

)
+

ω exp
(
→ (1 → ϑ)

[(
1 → ω1!v(ςt)Wt+1↑0

)
#v (↽t) Wt+1 + φv,ς2 (#ςWt+1)

2
])

↗

$
(
(1 → ϑ) (1 → ω)

#v (↽t)

) exp

(
(1→ε)(1→ϱ)2|!̃v(ςt)|2

2



⇑
1→2↼v,ς2 (1→ε)!ς!↑

ς




.

The Euler Equation:

eet,t+1 = rt+1 + log ϖ + (1 → ϑ)
(
v1t+1 → Qt

(
v1t+1

))
→ (ct+1 → ct)

→ (1 → ϑ) ω max
(
0, v1t+1 → Etv

1
t+1

)

+ 1v1t+1↑Etv1t+1
log



(1 → ω) + ω

Et

(
Rt+1

(
Ct+1

Ct

)→1
)

Rt+1

(
Ct+1

Ct

)→1




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becomes

eet,t+1 = rt+1 + log ϖ + (1 → ϑ)

(
→1 → ϖ

ϖ
µv → ϑ

(1 → ϑ)
µc + φv,ς (1 → a) + φv,ς2 (1 → a)2

)

+ (1 → ϑ)

((
φv,ς

(
a → 1

ϖ

)
+ 2aφv,ς2 (1 → a)

)
↽t + φv,ς2

(
a2 → 1

ϖ

)
↽2
t

)
→ φcXt

→ ↽t#cWt+1 + (1 → ϑ)
(
#v (↽t) Wt+1 + φv,ς2 (#ςWt+1)

2
)

→ (1 → ϑ) ω1!v(ςt)Wt+1↑0#v (↽t) Wt+1

+ 1!v(ςt)Wt+1↑0 log

(
(1 → ω) + ω

Et (Rt+1 exp (→↽t#cWt+1))

Rt+1 exp (→↽t#cWt+1)

)
.

Risk Free Rate The risk free rate is given by

rft = → log Et (exp eet,t+1 (0)) ,

so

rft = → log ϖ + (1 → ϑ)

(
1 → ϖ

ϖ
µv +

ϑ

(1 → ϑ)
µc → φv,ς (1 → a) → φv,ς2 (1 → a)2

)
+ φcXt

→ (1 → ϑ)

((
φv,ς

(
a → 1

ϖ

)
+ 2aφv,ς2 (1 → a)

)
↽t + φv,ς2

(
a2 → 1

ϖ

)
↽2
t

)

→ logEt exp






(1 → ϑ)
(
#v (↽t) Wt+1 + φv,ς2 (#ςWt+1)

2
)

→ ↽t#cWt+1

+1!v(ςt)Wt+1↑0↗[
→ (1 → ϑ) ω#v (↽t) Wt+1 + log

(
(1 → ω) + ω exp

(
↽t#cWt+1 + 1

2↽
2
t |#c|2

))] .

Remember

µv + φv,ς↽t + φv,ς2↽2
t = ϖ

(
µv + µc + φv,ς (1 → a) + φv,ςa↽t + φv,ς2 (1 → a + a↽t)

2
)

+

ϖ

1 → ϑ
logEt exp (1 → ϑ)

[
#v (↽t) Wt+1 + φv,ς2 (#ςWt+1)

2 → ω1!v(ςt)Wt+1↑0#v (↽t) Wt+1

]
,

so

rft = → log ϖ + µc + φcXt

+ logEt exp (1 → ϑ)
[
#v (↽t) Wt+1 + φv,ς2 (#ςWt+1)

2 → ω1!v(ςt)Wt+1↑0#v (↽t) Wt+1

]

→ logEt exp






(1 → ϑ)
(
#v (↽t) Wt+1 + φv,ς2 (#ςWt+1)

2
)

→ ↽t#cWt+1

→1!v(ςt)Wt+1↑0↗[
(1 → ϑ) ω#v (↽t) Wt+1 → log

(
(1 → ω) + ω exp

(
↽t#cWt+1 + 1

2↽
2
t |#c|2

))] ,
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and

rft = → log ϖ + µc + φcXt → 1

2
↽2
t |#c|2 +

1

2
↽2
t


#c#v (↽t)

↓

|#v (↽t)|


2 (

1 → (# (↽t))
2
)

+ (1 → ϑ) (1 → ω) (# (↽t))
2 ↽t#v (↽t) #↓

c

+ log










$
(
→ (1 → ϑ)

#v (↽t)

)

exp

(
(1→ε)2ϑ(2→ϑ)|!̃v(ςt)|2

2

)

+$
(
(1 → ϑ) (1 → ω)

#v (↽t)

)





→ log






$
((

→ (1 → ϑ)
#v (↽t)

 + ↽t
!c!̃v(ςt)

↑

|!v(ςt)|

))
↗

exp

(
(1→ε)2ϑ(2→ϑ)|!̃v(ςt)|2

2 → (# (↽t))
2 ω (1 → ϑ) ↽t#v (↽t) #↓

c

)

+ (1 → ω) $
(
(1 → ϑ) (1 → ω)

#v (↽t)
 → ↽t

!c!̃v(ςt)
↑

|!v(ςt)|

)

+ω$
(
(1 → ϑ) (1 → ω)

#v (↽t)

)

exp
(
(# (↽t))

2 (1 → ϑ) (1 → ω) ↽t#v (↽t) #↓
c

)
↗

exp

(
1
2↽

2
t

!c!v(ςt)
↑

|!v(ςt)|


2 (

1 → (# (↽t))
2
))

.

As a second order approximation around #v (↽t) = 0, and #c = 0:

rft ⇒ → log ϖ + µc + φcXt → 1

2
↽2
t |#c|2 +

1

2
↽2
t


#c#v (↽t)

↓

|#v (↽t)|


2 (

1 → (# (↽t))
2
)

+ (1 → ϑ) (1 → ω) (# (↽t))
2 ↽t#v (↽t) #↓

c+

+ ω





→ 1↗

2⇀
↽t

!c!̃v(ςt)
↑

|!v(ςt)| + 1
2ω (# (↽t))

2 (1 → 1
⇀

)
(1 → ϑ) ↽t#v (↽t) #↓

c+

→1
4↽

2
t

!c!v(ςt)
↑

|!v(ςt)|


2 (

1 → (# (↽t))
2 (1 + ϑ

⇀

)) .

Expected Excess Returns For returns log Rt+1 =

(
r̄t → 1

2 |#R|2 → 1
2

#R


2
)

+#RWt+1+#R ⊋Wt+1,

where #R,t = #R




↽t 0

↽t

0 1



,

r̄t (#R) = → logEt

(
exp eet,t+1

(
#RWt+1 → 1

2
|#R|2

))
.
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The expected excess returns are thus:

r̄t (#R) → rft =

→ logEt exp










#R,tWt+1 → 1
2 |#R,t|2 + (1 → ϑ)

(
#v (↽t) Wt+1 + φv,ς2 (#ςWt+1)

2
)

→ ↽t#cWt+1

→1!v(ςt)Wt+1↑0 (1 → ϑ) ω#v (↽t) Wt+1

+1!v(ςt)Wt+1↑0 log
(
(1 → ω) + ω exp

(
(↽t#c → #R,t) Wt+1 + 1

2 |(↽t#c → #R,t)|2
))





+ logEt exp










(1 → ϑ)
(
#v (↽t) Wt+1 + φv,ς2 (#ςWt+1)

2
)

→ ↽t#cWt+1

→1!v(ςt)Wt+1↑0 (1 → ϑ) ω#v (↽t) Wt+1

+1!v(ςt)Wt+1↑0 log
(
(1 → ω) + ω exp

(
↽t#cWt+1 + 1

2↽
2
t |#c|2

))



 ,

and

r̄t (#R) → rft = #2 ((ϑ → 1) #v + ↽t#c) #↓
R,t

+

(
1

2


#R,t#↓

v

|#v|


2

+ ↽t#c

(
I → #↓

v#v

|#v|2

)
#↓
R,t

)
(
1 → #2

)

+ log










$
((

→ (1 → ϑ)
#v

 + ↽t
!c!̃v

↑

|!v |

))
exp

(
(1→ε)2ϑ(2→ϑ)|!̃v|2

2 → #2ω (1 → ϑ) ↽t#c#↓
v

)

+ (1 → ω) $
((

(1 → ϑ) (1 → ω)
#v

 → ↽t
!c!̃v

↑

|!v |

))

+ω$
(
(1 → ϑ) (1 → ω)

#v


)

exp
(
#2 (1 → ϑ) (1 → ω) ↽t#c#↓

v

)
exp

(
1
2↽

2
t

!c!↑
v

|!v |


2 (

1 → #2
))





→ log










$

((
→ (1 → ϑ)

#v

 +
(ςt!c→!R,t)!̃v

↑

|!v |

))
exp

(
(1→ε)2ϑ(2→ϑ)|!̃v|2

2 → #2ω (1 → ϑ) (↽t#c → #R,t) #↓
v

)

+ (1 → ω) $

((
(1 → ϑ) (1 → ω)

#v

 → (ςt!c→!R,t)!̃v
↑

|!v |

))

+ω$
(
(1 → ϑ) (1 → ω)

#v


)

exp










#2 (1 → ϑ) (1 → ω) (↽t#c → #R,t) #↓
v

+1
2


(ςt!c→!R,t)!↑

v

|!v |


2 (

1 → #2
)









.

Appendix G History dependent reference point—Proofs of Ex-
tension Appendix D.2

Once more, the case ε = 1 simplifies the derivations.
We analyze the model:

vt = (1 → ϖ) ct +
ϖ

1 → ϑ
logEt [exp (1 → ϑ) log U (Vt+1 | Ft)]

log U (Vt+1 | Ft) = vt+1 → ω max

(
0, vt+1 → Et (vt+1) + ⇀Et→1 (vt+1)

1 + ⇀

)
,

where we suppose ⇀ > 0, and

log Ct+1 → log Ct = µc + φcXt + #cWt+1

Xt+1 = AXt + #XWt+1 .
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Suppose:

vt → ct = µv,s + φvXt + f (Wt) ,

then

vt+1 → Rt (vt+1) = (#c + φv#X) Wt+1 + f (Wt+1) +
⇀

1 + ⇀
(#c + (φc + φvA) #X) Wt .

We simplifies the notations with:

#l,1 = (#c + φv#X)

#l,2 =
⇀

1 + ⇀
(#c + (φc + φvA) #X) ,

and the recursive problem is given by:

µv,s + φvXt + f (Wt) =
ϖ

1 → ϑ
logEt exp (1 → ϑ)






µv,s + φvXt+1 + f (Wt+1)

+µc + φcXt + #cWt+1

→ω1!l,1Wt+1+f(Wt+1)+!l,2Wt→0 (#l,1Wt+1 + f (Wt+1) + #l,2Wt)

,

so that

µv,s + φvXt + f (Wt) = ϖ (µv,s + φvAXt + µc + φcXt)

+
ϖ

1 → ϑ
logEt exp (1 → ϑ)

{
#l,1Wt+1 + f (Wt+1)

→ω1!l,1Wt+1+f(Wt+1)+!l,2Wt→0 (#l,1Wt+1 + f (Wt+1) + #l,2Wt)
.

Group the terms in Xt:

φv = ϖφc (I → ϖA)→1 .

Write: (1 → ϖ) µv,s → ϖµc = µ̃v. The recursion becomes:

µ̃v + f (Wt) =
ϖ

1 → ϑ
logEt exp (1 → ϑ)

{
#l,1Wt+1 + f (Wt+1)

→ω1!l,1Wt+1+f(Wt+1)+!l,2Wt→0 (#l,1Wt+1 + f (Wt+1) + #l,2Wt)
,

which can be rewritten as:

µ̃v + f (#l,2Wt) =
ϖ

1 → ϑ
logEt exp (1 → ϑ)






#l,1Wt+1 + f (#l,2Wt+1)

→ω1!l,1Wt+1+f(!l,2Wt+1)+!l,2Wt↑0↗
(#l,1Wt+1 + f (#l,2Wt+1) + #l,2Wt)

.

This recursion admits a unique solution f . We find

f (0) = 0 ,

and

µ̃v =
ϖ

1 → ϑ
logEt exp (1 → ϑ)

{
#l,1Wt+1 + f (#l,2Wt+1)

→ω1!l,1Wt+1+f(!l,2Wt+1)↑0 (#l,1Wt+1 + f (#l,2Wt+1))
.
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For #l,2Wt →↘ →≃

f →↘
→↔

µ→ ,

where µ→ is a constant such that

µ̃v + µ→ =
ϖ

1 → ϑ
logEt exp (1 → ϑ) (#l,1Wt+1 + f (#l,2Wt+1)) .

For #l,2Wt →↘ +≃

f →↘
+↔

µ+ → ωϖ#l,2Wt ,

where µ+ is a constant such that

µ̃v + µ+ =
ϖ

1 → ϑ
logEt exp (1 → ϑ) (1 → ω) (#l,1Wt+1 + f (#l,2Wt+1)) .

Further, we find that:

f ↓ (x) = →ϖω exp (→ω (1 → ϑ) x) ↗




Et

{
0 if #l,1Wt+1 + f (#l,2Wt+1) + x ↓ 0

exp [(1 → ϑ) (1 → ω) (#l,1Wt+1 + f (#l,2Wt+1))] if #l,1Wt+1 + f (#l,2Wt+1) + x ↑ 0

Et exp (1 → ϑ)






#l,1Wt+1 + f (#l,2Wt+1)

→ω1!l,1Wt+1+f(!l,2Wt+1)+x↑0↗
(#l,1Wt+1 + f (#l,2Wt+1) + x)





,

and thus f is decreasing.
This can be rewritten as:

f ↓ (x) = →ϖω





Et

{
0 if #l,1Wt+1 + f (#l,2Wt+1) + x ↓ 0

exp [(1 → ϑ) (1 → ω) (#l,1Wt+1 + f (#l,2Wt+1))] if #l,1Wt+1 + f (#l,2Wt+1) + x ↑ 0

Et exp

{
(1 → ϑ) (#l,1Wt+1 + f (#l,2Wt+1) + ωx) if #l,1Wt+1 + f (#l,2Wt+1) + x ↓ 0

(1 → ϑ) (1 → ω) (#l,1Wt+1 + f (#l,2Wt+1)) if #l,1Wt+1 + f (#l,2Wt+1) + x ↑ 0




,

and therefore |f ↓ (x)| ↓ →ϖω. This implies that vt can be re-written as vt → ct→1 = g (Xt→1, Wt)
with g increasing in both Xt→1 and Wt.

Euler Equation When ς = 1, the Euler Equation is given by:

eet,t+1 = rt+1 + log ϖ + (1 → ϑ) (vt+1 → Qt (U (Vt+1 | Ft))) → (ct+1 → ct)

→ (1 → ϑ) ω max
(
0, vt+1 → Ẽtvt+1

)

+ 1
vt+1↑Ẽtvt+1

log



(1 → ω) +
ω

1 + ⇀

(
Et

(
Rt+1

(
Ct+1

Ct

)→1
)

+ ⇀Et→1

(
Rt+1

(
Ct+1

Ct

)→1
))

Rt+1

(
Ct+1

Ct

)→1



 ,
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and so

eet,t+1 = rt+1 + log ϖ → µc → φcXt → (1 → ϑ)

ϖ
f (#l,2Wt)

→ logEt exp (1 → ϑ)

{
#l,1Wt+1 + f (#l,2Wt+1)

→ω1!l,1Wt+1+f(!l,2Wt+1)↑0 (#l,1Wt+1 + f (#l,2Wt+1))

+ (1 → ϑ)
(
1 → ω1!l,1Wt+1+f(!l,2Wt+1)+!l,2Wt↑0↑0

)
(#vWt+1 + f (#l,2Wt+1)) → #cWt+1

→ (1 → ϑ) ω1!l,1Wt+1+f(!l,2Wt+1)+!l,2Wt↑0↑0#l,2Wt

+ 1!l,1Wt+1+f(!l,2Wt+1)+!l,2Wt↑0↑0↗

log

(
(1 → ω) +

ω

1 + ⇀

(
Et

(
Rt+1 exp→!cWt+1

)

Rt+1 exp→!cWt+1
+ ⇀

Et→1
(
Rt+1 exp→↼c!XWt→!cWt+1

)

Rt+1 exp→↼c!XWt→!cWt+1

))
.

Risk Free Rate: The risk free rate is given by

rft = → logEt (exp eet,t+1 (0)) ,

rft = → log ϖ + µc + φcAXt→1 + φc#XWt

+ logEt exp (1 → ϑ)

{
#l,1Wt+1 + f (#l,2Wt+1)

→ω1!l,1Wt+1+f(!l,2Wt+1)+!l,2Wt↑0 (#l,1Wt+1 + f (#l,2Wt+1) + #l,2Wt)

→ logEt exp










(1 → ϑ) (#l,1Wt+1 + f (#l,2Wt+1)) → #cWt+1

→1!l,1Wt+1+f(!l,2Wt+1)+!l,2Wt↑0↗




(1 → ϑ) ω (#l,1Wt+1 + f (#l,2Wt+1) + #l,2Wt)

→ log

(
(1 → ω) + ω exp

(
#cWt+1 + 1

2 |#c|2
)(

1+φ exp(↼c!XWt+
1
2 |↼c!X |2)

1+φ

))




.

Expected Excess Returns: For returns log Rt+1 =

(
r̄t → 1

2 |#R|2 → 1
2

#R


2
)

+ #RWt+1 +

#R ⊋Wt+1,

r̄t (#R) = → logEt

(
exp eet,t+1

(
#RWt+1 → 1

2
|#R|2

))
.
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Because

eet,t+1

(
#RWt+1 → 1

2
|#R|2

)
= #RWt+1 → 1

2
|#R|2 + log ϖ → µc → φcXt → (1 → ϑ)

ϖ
f (#l,2Wt)

→ logEt exp (1 → ϑ)

{
#l,1Wt+1 + f (#l,2Wt+1)

→ω1!l,1Wt+1+f(!l,2Wt+1)↑0 (#l,1Wt+1 + f (#l,2Wt+1))

+ (1 → ϑ)
(
1 → ω1!l,1Wt+1+f(!l,2Wt+1)+!l,2Wt↑0↑0

)
(#vWt+1 + f (#l,2Wt+1))

→ #cWt+1 → (1 → ϑ) ω1!l,1Wt+1+f(!l,2Wt+1)+!l,2Wt↑0↑0#l,2Wt

+ 1!l,1Wt+1+f(!l,2Wt+1)+!l,2Wt↑0↑0↗

log



(1 → ω) + ω






(
1+φ exp(↼c!XWt+

1
2 |↼c!X |2)

1+φ

)

exp
(
(#c → #R) Wt+1 + 1

2 |#c → #R|2
)



 ,

the solution for the excess returns is:

r̄t (#R) → rft =

+ logEt exp






(1 → ϑ) (#l,1Wt+1 + f (#l,2Wt+1)) → #cWt+1

→1!l,1Wt+1+f(!l,2Wt+1)+!l,2Wt→0






(1 → ϑ) ω (#l,1Wt+1 + f (#l,2Wt+1) + #l,2Wt)

→ log



(1 → ω) + ω






(
1+ϖ exp(ϱc!XWt+ 1

2 |ϱc!X |2)
1+ϖ

)

exp
(
#cWt+1 + 1

2 |#c|2
)





→ logEt exp






(1 → ϑ) (#l,1Wt+1 + f (#l,2Wt+1)) → (#c → #R) Wt+1 → 1
2 |#R|2

→1!l,1Wt+1+f(!l,2Wt+1)+!l,2Wt→0






(1 → ϑ) ω (#l,1Wt+1 + f (#l,2Wt+1) + #l,2Wt)

→ log



(1 → ω) + ω






(
1+ϖ exp(ϱc!XWt+ 1

2 |ϱc!X |2)
1+ϖ

)

exp
(
(#c → #R) Wt+1 + 1

2 |#c → #R|2
)




.

If #l,2Wt = 0,

r̄t (#R) → rft =

+ logEt exp






(1 → ϑ) (#l,1Wt+1 + f (#l,2Wt+1)) → #cWt+1

→1!l,1Wt+1+f(!l,2Wt+1)→0






(1 → ϑ) ω (#l,1Wt+1 + f (#l,2Wt+1))

→ log



(1 → ω) + ω






(
1+ϖ exp( 1

2 |ϱc!X |2)
1+ϖ

)

exp
(
#cWt+1 + 1

2 |#c|2
)





→ logEt exp






(1 → ϑ) (#l,1Wt+1 + f (#l,2Wt+1)) → (#c → #R) Wt+1 → 1
2 |#R|2

→1!l,1Wt+1+f(!l,2Wt+1)→0






(1 → ϑ) ω (#l,1Wt+1 + f (#l,2Wt+1))

→ log



(1 → ω) + ω






(
1+ϖ exp( 1

2 |ϱc!X |2)
1+ϖ

)

exp
(
(#c → #R) Wt+1 + 1

2 |#c → #R|2
)




.
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If #l,2Wt →↘ +≃,

r̄t (#R) → rft =

+ log






(1 → ω)Et exp [(1 → ϑ) (1 → ω) (#l,1Wt+1 + f (#l,2Wt+1)) → #cWt+1]

+ω

(
1+φ exp(↼c!XWt+

1
2 |↼c!X |2)

1+φ

)
exp

(
+1

2 |#c|2
)

↗

Et exp [(1 → ϑ) (1 → ω) (#l,1Wt+1 + f (#l,2Wt+1))]

→ log






(1 → ω)Et exp
[
(1 → ϑ) (1 → ω) (#l,1Wt+1 + f (#l,2Wt+1)) → (#c → #R) Wt+1 → 1

2 |#R|2
]

+ω

(
1+φ exp(↼c!XWt+

1
2 |↼c!X |2)

1+φ

)
exp

(
+1

2

(
|#c → #R|2 → |#R|2

))
↗

Et exp [(1 → ϑ) (1 → ω) (#l,1Wt+1 + f (#l,2Wt+1))]

.

If #l,2Wt →↘ →≃,

r̄t (#R) → rft =

+ logEt exp [(1 → ϑ) (#l,1Wt+1 + f (#l,2Wt+1)) → #cWt+1]

→ logEt exp


(1 → ϑ) (#l,1Wt+1 + f (#l,2Wt+1)) → (#c → #R) Wt+1 → 1

2
|#R|2


.

The expected excess returns converge to a constant in both +≃ and →≃.
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