Risk pricing under gain-loss asymmetry
Marianne Andries
ONLINE APPENDIX

Appendix A Additional Figures

500

450

w N
a o
=] S

Required gain G in $
(]
8

250

150 I I I I I
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Gain-loss parameter o

FIGURE A.1: Roles of parameters «, ¥ and ¢ for the gain G, required to compensate
potential loss L = $150. THE SOLUTIONS ARE DERIVED FOR AN AGENT WITH WEALTH W = $100, 000.
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FIGURE A.2: Reference point model. THE PAYOFF X | Z IS LOGNORMALY DISTRIBUTED, CALIBRATED TO
MATCH THE ANNUAL US EQUITY MARKET LOG RETURNS E(ry,) = 5.43% AND o(ry) = 19.98%; WITH A RISK-FREE
RATE E(ry) = 0.46% (FrRoOM CRSP, 1930-2011, CONVERTED TO REAL TERMS BY SCHORFHEIDE ET AL. (2018)). A
CONSTANT REFERENCE POINT R = E(R,,) IS ACHIEVED FOR ¢ = 0; THE CONSTANT log R = E(rf) IS ACHIEVED FOR

¥ =38.

Appendix B Calibration parameters

Parameters Calibration
Preferences « 0.625
8 0.99912
Consumption e 0.0015
be 1
Ye [ 0.0072 0 ]
A 0.975
Yx [ 0 0.038 x0.0072 |
Dividends I 0.0015
da 2.5
Sa [ 2.6 x0.0072 0 |
o 5.96 x 0.0072

Appendix C Proofs

Appendix C.1 Proof of Lemma 1 and Lemma 2

Equation (3) makes explicit u (Vi4+1) as an increasing function of Vi1, via both the direct terms in
Vi+1 and via the reference point term Ry (Vit1), so py (Viy1) is increasing in Vii1, and so is V4.
Further
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is concave if g is concave. By Cauchy-Schwarz inequality, g (Y) = E (k: (Y)lfs") " is concave if k
is concave.

Let’s now show u (V;41) displays both first-order and second-order stochastic dominance.

Rewrite u (.) as

X1—eRe if X >R

U(X,R): . s
X if X <R

a function of two independent variables X and R. Then, u is a well behave non-decreasing and
(concave) utility function of X. Besides u is increasing in R. Let’s consider F; and Fh two
cumulative distributions for payoffs X, such that F} first order stochastic dominates (second order
dominates) Fy. Let’s fix R = R. Then, we know E(u(X, R) | F1) > E(u(X, R) | F»). This inequality
is valid for all specification of R, and in particular for R = E (X 1=y I) ﬁ, VZ. Further, because
u(X, R) is increasing in R point by point, E(u(X, R) | F1) > E(u(X, R) | Fy) for any R > R, and in
particular for log R = (E(X'"Y | F)) = which is greater than log R = (E (X' | F3)) = (since
the power utility function with coefficient 1—1 with ¢» > 0 is a non-decreasing (and concave) utility
function). We thus find (X | F1) > u(X | F3) under both fist order and second order stochastic
dominance.

0

Appendix C.2 Proof of Lemma 3

As standard, small caps denote log levels in the proofs that follow. To simplify the notations,
Ri (Vig1) is replaced by Ry.
Equation (3) is re-written as:

logE¢ exp ((1 — ) vet1)
1—1 ’

logu (Vis1) = (1 — aly, >R,) V1 + aly,, >R,

SO
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The first order condition of the optimum consumption path is:

Vi (Cry1 +6Res1) — Vi (Cria)
Vi (Cy +9) = Vi (Cy)

Ey [Ri41St141) = =1.

_ _,(C LA
Et [Rev1Sei11] = B (e (Vi) P Ey (U(Vtﬂ)l v ( é’tl> V;till (1 - alyy,>r,) Rt+1>

Et((cé?) V;ithHV;if*)

1— )
5 (127)

+ B (e (Vin)* ™ By (ol omeu (Vi)' %)



and

1%/ P O\ P (u(V 1=
Sient :ﬁ( 1 ) < t+1> ( ( t+1)> 5
e (V1) Ci Vit
E, (1Vt+1272tu (W—Fl)lﬂp) Viﬁw
u (Vi)' ™% E (Vi)

(I—-oly,,>r,) +a

0

Appendix C.3 Proof of Lemma 4

As standard, small caps denote log levels in the proofs that follow.
Consider the model with unit intertemporal elasticity of substitution (p = 1) and constant
volatility of consumption:

ve=(1-=p)et + 1 f - logE; [exp (1 — @) log u (Vi41)]
log E¢ exp ((1 — 1) vt+1)>

1=

logu (Viy1) = vgg1 — amax (0, Vpp1 —

and

log Ct 11 — log Ct = pe + ¢ Xt + XNeWita
X1 = AXy +XxWigq .

Assume (and verify) vy — ¢; = py + ¢y Xy, then:

log E; exp ((1 — 9) vi11)
11—

Write (S¢ + ¢pSx) Wit = SoWig1 = |So| wis1, then

1
eyl — = (T +603x) Wi1 — 5 (1= 9) [Se + 6,3x[” .

(:U’v + ¢vXt) X ]-_TSD =

1
log E; exp [(1 — ) (,Uv + Pu X1 — a[Sy] 1wt+12%(1—w)|zv| (wt+1 -5 (1 —=1) Ev|> + pre + Xt + Eth-ﬁ-l)] .
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Grouping the terms in Xj:

o = Boc (I —BA)
Grouping the constant terms:

1-p 1
7:uv:,uc+§(1_90)|2v|2+

B
1 ®(—(1=p) =3 (1—=0)) [Tu]) +
1-o %o (1=9) (1 —a)— L (1 =) |S]) exp (_a(l—so)((1—47)(25&)—(1—1#))@”|2) :




Appendix C.4 Proof of Proposition 1, and Corollaries 1, 2, 3, 4, and 5
(Vis1)
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Taking the logs,
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The Euler Equation is log E; (exp (eet 41 (1e41))) = 0, with:
1-p
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Risk Free Rate

rfi = —log E¢ (expeesiy1(0)),
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rfe = —log B + pe + ¢ Xt
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1
rfi= =108 + e + ¢ Xt = 3 |Tel + (1 - 9) (1 - ) BuX,
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Expected Excess Returns: For returns log Riy1 = <Ft — % \23]2 — % ‘ER‘ ) + XpWept +
SaWiit,
_ 1 2
Tt (Er) = —logE; | expees i1 | BrWig1 — 3 |XR| .
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the solution for the excess returns is:

P (SR) = f = (Se+ (0= 1) (1- @) T) T

(@ ((30—0)—(1-9) S| + EZHE ) expa (1 — ) (LLERE 3, (5, — 5p))
—log |4+ (1 =)@ (1 =) (1= a) = § (1 =) |2, | — B ) exp (L2 nL )
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For XX — oo,



if ((p— 1) (1 —a)) > ¥ -1
R (SR) = 1y~ (Se+ (0 — 1)5,) T
if ((p— 1) (1—a)) < -1
R (SR) = rfi ~ (Be+ (p— 1) (1 — ) 5,) T

For X p¥! — —o0,
if o>

7 (ZR) —rfi = (Zc+ (9 — 1) By) B
it o <
7 (BR) —rfi~ (B + (¥ — 1) By) X

For ¥ p¥! — 0, a second order approximation around ¥, = 0, ¥, = 0 and X = 0 (all of same
magnitude) yields:

Tt (XR) —rfi & —=

E
)

™
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which does not depend on . [J

Appendix D Dynamic Risk Pricing extensions

Appendix D.1 Risk Prices with Stochastic Volatility

As before, the representative agent has the preferences of Definition 1, with unit elasticity of
intertemporal substitution (p = 1). This time, however, both the drift and the volatility of the
optimal consumption process be time varying;:

log Cyr1 —log Cy = pe + ¢ Xy + 00X Wi (D.1)
Xip1 = AXy + o Xx Wi
Ot4+1 = (1 — a) 4+ aoy + 2o Wit1

where {W;} is a three-dimension vector of shocks, iid A (0,1), and Eq.(D.1) is the stochastic
volatility equivalent of Eq. (5). Both the immediate consumption shocks {0;3.W;41}, and the
long-run consumption shocks {0,X xWi41}, now have time varying volatility, which is affected by
the iid shocks {¥,W;11}. To simplify the model, volatility shocks are supposed independent from
expected consumption shocks: ;% = X,%, = 0. A and a are contracting (all Eigen values have
module strictly less than one): both state variables have stationary distributions, with mean zero
for {X;} and mean one for the scalar {o:}.

The reference point parameter 1 is set to ¥ = 1 to simplify the calculations.

For ¥, << 1, ¥x << 1 and ¥, << 1, the unique solution for the value function v is:

U — ¢t 2y + Gu Xt + Pu.00t + Gy o207 (D.2)



where

bp = B (I — BA) ",

1y is a decreasing function of a.

|¢v.0| and |, ,2| are increasing (i) in B; (ii) in the persistence of the volatility process a; (iii)
in the risk aversion coefficient ¢; and (iv) in the volatilities of the consumption process.

The value function average level decreases with «; as does the impact of changes in volatility,
and thus the pro-cyclical variations in the value function.

This result extends to the risk-free rate, as can be observed in Figure D.3: the risk-free rate
that is both lower and more strongly pro-cyclical when « > 0.
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FiGure D.3: Risk-free rate with time-varying volatility. THE ANNUAL RISK-FREE RATE WITH
AND WITHOUT GAIN-LOSS ASYMMETRY (STANDARD RECURSIVE UTILITY MODEL FOR RISK AVERSION ¢ AND @) ARE
PLOTTED ON THE LEFT AXIS, WHERE ¢—1 = (¢—1)(1—«). BECAUSE THE DEPENDENCE ON THE STATE VARIABLE { X}
IS THE SAME WITH AND WITHOUT GAIN-LOSS ASYMMETRY, WE PLOT THE RISK-FREE RATES FOR X; = E (X;) = 0.
ON THE RIGHT AXIS, IS THE DISTRIBUTION OF 0¢. WE USE THE PARAMETERS FROM HANSEN ET AL. (2008) FOR THE
CONSUMPTION PROCESS OF EQ.(D.1) AND § = 0.999, ¢ = 10.

Figures D.4 and D.5 display the risk-price elasticities of assets with conditionally log-normal
returns and exposures Xg; to the consumption shocks.?” The results derived in the constant
volatility model extend to the model with stochastic volatility: the risk-price elasticities display
asymmetrical bell shapes and both a level effect and a cross-sectional effect obtain.*

Ot 0
32We model the exposure {Xg.} as Yrt = g ot , such that the aggregate volatility of the asset
0 1
returns has same time dependence as the consumption risk.
33The risk-price elasticities are negative and the asymmetry is reversed, with a higher right-hand side asymptote,
for the volatility shocks, which impact the value function negatively.
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FiGURE D.4: Risk prices with time-varying volatility. THE TWO GRAPHS DISPLAY THE RISK-PRICE
ELASTICITIES FOR AN EXPOSURE Y g TO THE CONSUMPTION LEVEL SHOCKS, UNDER « = 0.55 AND IN THE STANDARD
RECURSIVE UTILITY MODEL WITH RISK AVERSION @ (THE PLANE IN THE FIRST GRAPH AND THE LOWER DOTTED LINE
IN THE SECOND GRAPH) AND ¢ (THE HIGHER DOTTED LINE IN THE SECOND GRAPH), WHERE ¢ — 1 = (¢ — 1)(1 — «).
THE SECOND GRAPH DISPLAYS THE THREE CASES, 0; = 0, 0 = 1 (MEAN VALUE), AND oy = 2. WE USE THE
PARAMETERS FROM HANSEN ET AL. (2008) FOR THE CONSUMPTION PROCESS OF EQ.(D.1) AND 8 = 0.999, ¢ = 10.

Compared to the standard recursive utility model, the pricing dynamics are impacted by two
channels of influence. The first derives from the amplification in the value function’s variations
and generates additional counter-cyclicality in the pricing of risk. The second derives from the
dampening effect of higher consumption volatilities on the first-order impact of gin-loss asymmetry
(assets are not priced as close to the kink when the underlying volatility is high), and generates less
counter-cyclicality in the pricing of risk. The first channel dominates for the pricing of assets that
vary in their exposures to the consumption shocks, as in Figure D.4: for small exposures to the
consumption shocks, the pricing of risk increases with o at a faster rate, and is thus more strongly
counter-cyclical in the model with loss aversion than in the standard recursive utility model. In
contrast, the second channel can dominate for assets that vary in their exposures to the volatility
shocks, as in Figure D.5, depending on the risk aversion and gain-loss asymmetry coefficients. For
o <20 and a = 0.55, the pricing of risk for the volatility shocks turns pro-cyclical, for assets with
small exposures to the shocks, and counter-cyclical for assets with large exposures to the shocks.
These striking predictions of the model can be contrasted with those of the standard recursive
utility model, in which the risk-price elasticities are counter-cyclical for all the shocks.

Appendix D.2 History Dependence in the Updating of the Reference Point

The reference point model of Definition 1 can also be generalized to the referent as a weighted
average of current and past expectations:

Re (Vi) = (ﬁ ((E (via¥ rft_n))l—lw)g")w |
n=0

where £ € [0,1) and T is the number of past periods impacting the reference point. The case
& = 0 reverts to the model where the reference point is fully updated at each period and only
current expectations matter, as in Equation (3). Cases £ > 0 follow Heffetz (2021), who suggests
the reference point is a slowly updated expectation, and are in the spirit of Barberis et al. (2001)
and Yogo (2008). We analyze this generalized model and show the past-dependency may be useful
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Ficure D.5: Risk prices with time-varying volatility. THE TWO GRAPHS DISPLAY THE RISK-
PRICE ELASTICITIES FOR AN EXPOSURE —Xp TO THE CONSUMPTION VOLATILITY SHOCK, UNDER a = 0.55 AND IN
THE STANDARD RECURSIVE UTILITY MODEL WITH RISK AVERSION ¢ (THE PLANE IN THE FIRST GRAPH AND THE
LOWER DOTTED LINE IN THE SECOND GRAPH) AND ¢ (THE HIGHER DOTTED LINE IN THE SECOND GRAPH), WHERE
@—1=(¢—1)(1 —a). THE SECOND GRAPH DISPLAYS THE THREE CASES, o; ~ 0, o0 = 1 (MEAN VALUE), AND
o¢ = 2. WE USE THE PARAMETERS FROM HANSEN ET AL. (2008) FOR THE CONSUMPTION PROCESS OF EQ.(D.1) AND

B =0.999, ¢ = 10.

to create counter-cyclicality in the pricing of risk, as supported by the empirical evidence, even
when the consumption process has constant volatility, similar to the habit model of Campbell and
Cochrane (1999).

We restrict the analysis to the constant consumption volatility case of Eq. (5), which allows me
to disentangle the time variations due to the history dependence in the reference point from those
due to time-varying consumption volatilities.

The reference point parameter 1 is set to ¥ = 1 to simplify the calculations.

Under a unit intertemporal elasticity of substitution (E1S = 1), and time dependence on the
past two periods (7' = 1), the unique solution for the value function v is:

Vg — Ct = fhos + 0p Xt + f <1€+§ESW1§> ; (D.3)

where ¢, and X, are independent from « and &, in contrast to p, s and f, and f has the following
properties:

1) f is decreasing

2) £(0) =0

3) f converges to a constant in —oo

4) f (@) ~4oo —aBa .

Wy, the shocks to consumption between ¢ — 1 and ¢, affect the time ¢ value function through

two channels, one increasing, ¢,X;, and one decreasing, f (ﬁESWt). We find the first channel

dominates (the value function increases following positive shocks to consumption), and Eq.(D.3)
can be rewritten as vy — ¢;—1 = g (X¢—1, Wy), with ¢ increasing in both X;_; and W;.

The pricing of risk is time varying and Figure D.6 displays the risk-free rate and the expected
excess returns of a risky asset, as they vary with the past consumption shocks.

Like the value function, the risk-free rate can be written as g, ¢ (X¢—1, W), with g, ; Increasing in
both terms. When X; = 0, strictly positive and strictly negative shocks to consumption (W; # 0)
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both decrease the probability of being close to the reference point, and thus diminish the impact of
gain-loss asymmetry. For this reason, I find the risk-free rate is at a local minimum when W; = 0.

Following negative shocks to consumption, the probability of disappointment increases. Follow-
ing positive shocks to consumption, the probability of disappointment decreases. The model with
history dependence in the reference point thus yields mostly counter-cyclical expected excess re-
turns. Non-zero shocks, however, decrease the probability of being close to the reference point, and
thus diminish the impact of gain-loss asymmetry. We find this effect dominates over the increase
in the probability of disappointment following unusually large and negative shocks (more than two
standard deviations below zero), thus resulting in lower expected excess returns.**

Risk-Free Rate

Monthly Expected Excess Returns
T T T 100

a=0
a=0.10

a=0.25 80
a=0
a = 0.55 ——a=0.10
a=0.35
*+wy distribution 1 ——a=1055 4
¢ distribution
—-60

rin %

2 L L Lo’ ) 1 L L L 0 — - SN
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FiGure D.6: Risk prices with history-dependent reference point. THE TwWO GRAPHS DISPLAY
THE ANNUAL (IN %) RISK-FREE RATE AND THE EXPECTED EXCESS RETURNS OF AN ASSET WITH SAME CHARACTER-
ISTICS (VOLATILITY AND SKEWNESS) AS THE MARKET PORTFOLIO, FOR VARIOUS VALUES OF « (THE CASE a = 0
REVERTS TO THE STANDARD RECURSIVE UTILITY MODEL), AS FUNCTIONS OF THE PAST SHOCK w; = lj—&EsWt. For
THE RISK-FREE RATE, X; = E (X;) = 0 IS ASSUMED. THE PARAMETERS FOR THE CONSUMPTION PROCESS (5) ARE
FROM HANSEN ET AL. (2008) AND 8 = 0.999, (¢ —1) (1 —a) = 4, £ = 0.5. OTHER VALUES OF & YIELD SIMILAR

ASSET PRICING RESULTS.

In both dynamic models, with stochastic volatility or with “sticky” updating of the reference
point, gain-loss asymmetry has non-trivial implications for the pricing of risk. The counter-cyclical
influence on pricing is occasionally reversed when assets are priced further and further away from
the reference point. This feature is unique to the model with gain-loss asymmetry and would not
obtain in either the standard recursive utility model or in habit formation-type models. Exploring
its empirical application is left for future research.

34For the parameters used in Figure D.6.
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Appendix E Robustness around p =1
To simplify the calculations, the case 1) = 1 is chosen. We follow Hansen et al. (2007) and obtain:
v =v} + (p— 1) Do}
Utl =(1—-B)et+ By (E)

1
Qi (Ti171) = o logE;exp (1 — ¢) (vi41 — amax (0, vi41 — Eyvig1))

(1-8) (v} —e)”
23

ol — ol
Duvgy = Dugyq — al,

1 _

+ PR, <th1+1>
>Eevl,, (Dvjyq — EiDulyy)

where v} = v |,=1, and E; is the distorted expectation operators associated with the Radon-
Nicodym derivative:

exp (1 —¢) Utl+1
Eiexp (1 — @) vf4

M1 =

for Ty11 = vi41 — amax (0, v, — Brvpyr).

Observe Dv} < 0 for all t. With a higher elasticity of intertemporal substitution (p less than
one), the future consumption stream has more immediate value and thus the value function in-
creases. The opposite occurs when the elasticity decreases.

Approximating the SDF around p = 1 yields:

1 1
Sti+1 = Sppp1 T (0 — 1) Dsiiq

1 .
where s; ;.1 = St141 |p=1 and:

Dstl,t—H = Utl+1 - (Utl+1) —(ct41—c) + (1 —¢) (thl+1 —E; (thl-i-l))
1
- (1-9) Oélvtle]Eng (th+1 - EtD”tlH)
=1 STl =TT l¢
[D,Utl—‘,—lEt (1v%+12Etv,}+1‘/;f}s-1 ) — B <1u,}+121Etvt1HD”tl+1Vt£r1 )]

1—al VI Y LR, (1 v
-« vtl_,'_lzIEtvtl_,'_l t+1 + oy vt1+12Et’Utl+1 t+1

—a(l—yp)

Suppose the optimal consumption has constant volatility (the solutions with stochastic volatility
are cumbersome to derive), so that:

log Ciy1 —log Cy = pie + ¢ Xy + X Wit
X1 = AXys + Ex Wi -

12



‘We solve:
exp (1 —¢) Utl+1

Erexp (1 —¢)v),
exp (1 — ) ((Ze + 0uXx) Wig1 — al(s 1,50 Wip 150 (B + GoXx) Wig1)
©)

M1 =

C Erexp (1—¢) (Se+ 0oSx) Wist — ol 46,5 0Wis150 (B + GoXx) Wi1)
We define w1 = %Wt.’.l = %Wtﬂ.

We find:
E¢ (Lugy,>0) = @ ((1 - p) (1 - 042) 1Z0]) 7
(- (1) D)) exp ((1‘“") (20| | ) T ((1—¢)(1—a)|S)

(1 —p) (1 - ) %))
Ei(wir1)) = (1 —¢) | 2] |1 — 2 2 7
(wei1) = (1 =) 2] ( B (—(1— ) ) exp ((1—@ a(z-a)[5,| ) +O((1—9)(1-a) Zu)>

B (w?) =1+ (1- ) %[
e pags, P @RI =) (1 - 0) [B) + 9 (1= p) (1= a)[Su])
@ (= (1= ) [Zuf) exp (L=2eG0RE) 4 0 ((1— ) (1 - ) [S0))

By (Lo, sowri1) = (1—¢) (1 —a)|%,|®((1 - s0)2(1 —a) yzZU\) +o((1—9)(1—a)|Z) |
o O (= (1—9)|Sy]) exp ((1‘“”) (2 —)|%,| ) +D((1— ) (1—a)|Sy])

and

K¢ (1wt+1 ZOthJrl) =

{(1 F1 =) (1= ) [Suf?) @ (1= ) (1= a) %))
(1= 9) (1= ) D] $((1 = 9) (1= 0) [Su]) |
@ (= (1= ) |Zf) exp (2GR ) + 0 (11— ) (1 - ) [2,)

For any ;11 independent from wy41:
Et (ye+1) = Et (ye11) -

Solution for thl vtl — ¢t = Uy + P Xy
Suppose

thl = fh,p T ¢v,pXt + XtI(Pv,pXt )

with ¢, , symmetric matrix.

13



Then
T _ oyl 1 1
Dvgyy = Dvjpyq — alvtl+1ZIEtvt1+1 (th+1 - EtDUtH)

= to,p + GopXiy1 + Xt/+190v7pXt+l
— Ly 50 ((Go,p + 2X[A 00 ) Sx Wit + We1 o pEx Wig1 — Tr (Ex 0 p2x))

and

o,p + Go,p Xt + Xé‘Pv,pXt =
1-— _
(255) <M121 + (¢vXt>2 + 2Mv¢vXt) + BEt (,Uv,p + ¢v,pXt+1 + Xt/—i-l(Pv,pXt—&-l)

+BE: (_alwt+120 ((‘bv,p + 2X£A/(Pv,p) YxWin + Wt—l—lzix@v,szWt—i-l —Tr (Z/XSOU,pEX))) .

Group the quadratic terms:

(1-5)
Pv,p = — 26 ¢;¢v + BA,SOU,,DA .
This is a Sylvester equation, for which the solution for ¢, , is the same as in the standard
recursive model:

1-8) X
Pup = ( /3) ZBtA,tQSLvaAt ’
t=0

~55

which, because it is negative semi-definite, can be written, using Cholesky decomposition, as ¢, , =
—m,% with ¢, , triangular.
We decompose:

Z/
Wi = ﬁwt—kl +Yi1,
v

with Yiy1, vector of variables independent from wyy1:

E; (Yit1) =E; (Yit1) =0
We group the terms in X;:

(1-5)
B

bvp Xt = — L@ Xt + BdypAXy 4+ 28X A 0y S x By (Wig1 — alu, >0Wit1)

and so

bo0= |- s+ 280 -0 10— o) zvz'x%,pA} (1 Ay

+ 2802, Yy gy pA (I — BA) !

[lme (=9 2-a)2((L-¢) (1 —a) ) +é((1-¢) A —a)[E])/[X]

Lm0 o= (1 - ) ) exp (RG240 ((1- ) (1 - @) [24))
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Value Function
0.6 T T T

0.55F B

0.5r
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0.45¢

0.4} E
035} B
03
025} —

02} —

0.15F B
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FIGURE E.7: VALUE FUNCTION DEPENDENCE ON p
Average v; — ¢; (calculated for X; = E (X;) = 0) in the model with gain-loss asymmetry and in the standard
recursive utility model (case o = 0). We use the parameters from Hansen et al. (2008) for the consumption
process and 8 = 0.99, (1 —¢) (1 — «) = 10.

Finally the constant terms are:

oy (1= B) = — (1 ;ﬁﬁ)

+ BBy (Lueiso (160, Sx Wesa? = T (50,5x) #0,5x ) )

112 + By SxEy (Wig1 — aly,,>0Wii1) — BE; (’%,pZXWtH’z)

B B __ 2 __ __
Ho,p = 26:“1; + 7/3 ( - SO) ¢v,p2X22} - m ((1 - 90)2 ’@v,pZXZ;’ + Tr (Sov,pEX)/ ‘Pv,pEX)

([ 2roZx T [(1-0) 2= B((1=¢) 1=a) [Zu]) +8(1=p) 1=)|Su])/ 5] .
B(— (1) B0 ) exp (Lm0 CoIBE ) 4 (1) (1-a) S0 )

Tl L AT —— H(l —) @ (1=9) (1 =) 2] [2 =) + (1= a)?| +
(2-0)6 (L) (L—a) %))/ |2

(— (1) |3 ) exp ( L=£0C=EE) 4 (1) (1-0) [, )

_|_

As mentioned above, Dv} <0 for all t. We find |D’UH is higher in good times (¢.X; > 0) than
in bad times (¢.X; < 0). This enhances the pro-cyclical variations of the value function when the
elasticity of intertemporal substitution is greater than one (p < 1) and reduces them when the
elasticity of intertemporal substitution is less than one (p > 1). |¢y | and |uy | are lower than in
the standard recursive utility model, and the solution for ¢, , is unchanged. Therefore, the impact
of a change in the elasticity of intertemporal substitution is reduced by a > 0. In Figure E.7,
we display the value of the consumption stream as it varies with p. Observe, in the model with
a = 0.55, the value of the elasticity of intertemporal substitution has little impact on the value
function.

15



Solution for Dv} From the derivation of the SDF,

1 —
DS%,tJrl = <_ﬁ5,uv — ¢ Xy + ¢UEXWt+1>

— 2 _
=) (<152 (o 52) = 5 (onp =5+ 5 00, ) x0)

+ (1 — (P) (((ﬁv’p + 2X£A,(pv’p) EXWt+1 + Wt/_,_lzg(gOU’szWt_H)
—(1=) als,w,, >0 ((%,p + 2X£A/‘Pv,p) YxWipr + W{+1Ef><‘ﬂv,pEXWt+1 —Tr (E{X(Pv,pZX))

Dol ®((1-9) (1 - a) [Sul)exp (3101 = ) (1= @) 1S -
a(l—y - - -
Ei | 1n,wip>0Dvp exp (1= @) (1 — @) BWiya)

{(1 — alEsz+120) exXp ((1 — (p) (1 — alZth+120) Eth—f—l) +
a®((1-¢) (1= a) B exp (3 (1 - ) (1 - )| P?)

where

Doty = ((fvp +2X1A'0u) Sx W1 + W1 Ex 00, pXx Wi1) (1 — als,w,,,>0)
+ als,w,, >0Tr (Sxou,Sx) -

As evidenced by Figure E.8, the variations in the risk-free rate due to variations in the elasticity
of intertemporal substitution are lowered by the gain-loss asymmetry model relative to the standard
recursive utility model. Note a > 0 lowers the risk-free rate for p around one and higher. As the
elasticity of intertemporal substitution increases away from one (p is lowered away from one), the
effect is reversed and the risk-free rate is higher in the model with a > 0 than in the standard
model.

As seen in Figure E.9, the expected excess returns are very little impacted by changes in the
elasticity of intertemporal substitution, in either the standard recursive utility model or the model
with gain-loss asymmetry.

Appendix F Stochastic Volatility in Consumption—Proofs of Ex-
tension Appendix D.1

As in Appendix E; ¢ = 1 to simplify the calculations. We analyze the model:

n=>0-08)c+ logE; [exp (1 — ) log U (Vig1 | Ft))

L=
logU (Vit1 | Ft) = vi1 — amax (0, v41 — By (v41))

with

log Ciy1 —1log Cy = pie + ¢ Xy + 04N Wiga
Xiy1 = AXy + 0 Xx Wi
Ot+1 = (1 — a) + aoy + EthJrl s
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Risk-free Rate
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FIGURE E.8: RISK-FREE RATE DEPENDENCE ON p
Annual risk-free rate for X; chosen randomly in its stationary distribution, in the model with gain-loss
asymmetry and in the standard recursive utility model (case o = 0). We use the parameters from Hansen
et al. (2008) for the consumption process and 8 = 0.999, (1 — ¢) (1 — «) = 10.

Expected Excess Returns, negative X Expected Excess Returns, positive 3
-2 T T 11 T T
3t 4 10 R
/—/—/ L 4
41 i 9
= = = standard model
.l | 8r ——a=0.10 ]
—0=0.25
- T — 0=0.55 b
-6 m
= = = standard model 6 i
- -
ol 0=0.10 |
—0=0.25 5l ]
— 0=0.55
-8 b 4l 4
-
-9 B 3L 4
-10 f—— T 1 1 1 1 1 2 1 \_-_\——-_\___—\—-—\____\
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P P

FIGURE E.9: EXPECTED EXCESS RETURNS DEPENDENCE ON p
Annual expected returns for X; chosen randomly in its stationary distribution, in the model with gain-loss
asymmetry and in the standard recursive utility model (case o = 0). We plot the returns for an asset with
negative loadings on the consumption shocks on the left graph, and an asset with positive loadings on the
consumption shocks on the right hand graph. We use the parameters from Hansen et al. (2008) for the
consumption process and 8 = 0.999, (1 — ¢) (1 — «) = 10.
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Wy iid NV (0, I), oy scalar. For simplification, we assume that the shocks to volatility are independent

from the shocks to the immediate and future consumption: EUE/X =0 and X,%. =0.
We assume v; — ¢; = f (X¢, 0¢). The recursive problem is:

[ (X, 04) = T P log E; exp [(1 — @) [f (Xi41,0041) + 1 — ¢ — amax (0, 2 Wipr + (1 = Ey) f(Xig1,0041))]]

which satisfies Blackwell conditions for bounded functions. While f(X;) is not necessarily
bounded, it can be approximated to a bounded function (by truncating the domain of (X, 0)). In
that case, there is a unique solution which can be obtained by iterating the process starting from
any initial function.

Suppose

Ut — ¢t Ry + Gy Xt + Py o0t + ¢v,0201f2 )
then

Vi1 — EBoogpr = (00 (Be + 0uXx 4 20, 52080) + (dv,o + 20, 2 (1 —a)) Bg) Wit
I (DRI EAR

Because Y, is small, we ignore the second order term:
Vi1 — By = 8y (00) Wi
with
o (1) = 01 (S + doBx +20,,52050) + (Pvo + 200,02 (1 —a)) o -
The recursive problem is:

Ho + G Xy + (bv,ao't + ¢’U,0’20-l? =
6 <MU + pe + (bv,a (1 - a) + ((bc + (va) X+ ¢v,aa0't + ¢v,02 (1 —a+ aUt)2> +

T~ logEsexp (1 — ) | Xy (o) Wiyt + ¢y 02 (EUWt+1)2 — amax (0,%, (o) Wt+1)} .

Grouping the X; terms, we find, as in the standard case:
$o = B (I - AT .

Define w41 = %WHL Then

EoWipr = 61 (0¢) wegr + 62 (0¢) 2e41
with

E (wt+1zt+1) =0.
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and z41 ~ N (0,1).
E¢exp (1 — ) [Ev (00) Wit + 6y 02 (BaWit1)? — als, (o) wrs 1 5050 (00) Wt+1} =
Epexp (1= ) [[Z0 (00) | wi1 + by 02 (07wiyy + 052711 + 201wi1002041) — aluyy1>0 (S0 (00)| wis]

and, if 1 — 26, ,2 (1 —¢) 65 >0

E¢exp (1 - ) [Eu (01) Wit + b o2 (BeWis1)? — als, (o, 5050 (01) Wt+1} =

(1 - 90) ¢’U70'25% w2
1-2 (1 - 90) ¢v,026% r

1
\/1 -2 (1 - 90) ¢v,025%

E¢ exp [(1 — ) |2y (01) | wes1 (1 - 0‘11Ut+120) +

This expectation is defined for 1 — 2¢,, ;2 (1 — ¢) (63 + 67) > 0 (since we already assume 1 —
2¢, 52 (1 — @) 03 > 0). If it is verified, then we automatically have 1 —2¢, ,2 (1 — ¢) 65 > 0 as well.
Observe that (65 + 07) = X,3. A solution for ¢, 2 exists if and only if 1-2¢, ,2 (1 — ¢) 5,2/, >

0.
_ _ 2 —_—
Let’s define 3 (oy) = \/ AP and 2, (00) % (01) = S (00).
Then:
pw + Puoot + ¢v,020t2 =p (Nv + e + Puo (1 — a) + gy oaot + Gu,02 (1-a+ ao't)Q)
— 2
8 o B=9) T (o)
~57 _Lplog(l—ngw,z (1—¢)SeX,) + 5 +
8 o (-(1-9) S (0))
710g e —p)?a(2—a)| Sy (o 2 ’
L= + ((1 -9 (1 -« ‘Ev (Ut)D exp <—(1 ¥) (2 . [0 (o0)] )
and
— DI Y4 (¢vg—|—2¢ 2(1—a—|—aat))2
ZU ‘ — 2 EC UZ 2 o 3 v,0
‘ (00) o [Xe £ o Bx |+ 1= 20, 02 (1 — ) 5%,
We linearize around ‘ZTU (O’t)‘ = 0 up to the second order:
Ho + Puo0t + ¢v,a20t2 =p (Nv + fie + Pu,o (1 — a) + gy paos + Gu,02 (1-a+ aat)2>
-5 B lOg —2¢, ,02 ( - 90) EUE;)
1 (¢va+2¢ 2(1—a+aot 1
~B(1— 218, 4+ ¢Xx|* + v 1— —(1-=
+2/8( SO) (Ut’ + ¢ X| 2¢U702( — 2 > a+ T

2 (¢'L) o'+2¢,u 02(1 a+a0't))2
IBCE\/O't |Z +¢’U | + 1— 2¢ o 2(1 )E 7

V2r
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Let’s group the terms in o?:

s (- (-30-3)
a? -1 9 )
+¢U,U2 ( 1_5 — (]. —QO) |Ec+¢v2X|2|EU|2 <1 —a+ % <1 _ ﬂ.)))

1 o? 1
+ S+ 0 Sx P (1—at+—(1-=]) .
2 2 T

This is a second order equation in ¢, ,2 where ¢, ,2 is the only unknown. The solution has to

satisfy 1 — 2¢, ,2 (1 — @) X,X, > 0. There is a unique choice of ¢, ,2 such that (X;,0¢) is stable
under the ™ distribution.

We suppose that:
4¢2 2a2 |Eo'|2
2 2 v,0
by by : >>
7 <‘ et bu X‘ * 1_2¢v,a2 (1_§0) 202{7

ZUZ; <(¢U,U + 2¢v,02 (1 - CL))2 + 4¢v,a2aat (¢v,o + 2¢v,02 (1 - a)))
1- 2¢v,a2 (1 - 90) 202:7 7

and use the simplification:

Y2 (¢7} o+ 20,2 (1 —a+ aot))z
215 S o , v,0
o ’ ¢+ oo X| + 1_2¢v,02 (1—(,0) Eazg

5ot oy 4 e 2
7t e fuix 1- 2(2511,02 (1 - ()0) 202:7 '

Let’s group the terms in oy:

6y .02(1—0)[Za 1-26, 2(1-9)[Z

1 1ma2¢, 2(1-9)[Se*(1-5(1-1))
Ba 1-26, 2 (1=¢)[Zo |

6] 4(2512} o a2|25|2 2¢v . (1704) 1*a2¢v . (17§0)|EU|2 1—o 17%
(‘ary\/ozﬁ%zﬂ” T ) 1 Zuor1-0(1-02, (1-5(01-1)))
¢v,a =

The changes due to the gain-loss asymmetry specification enters both through the modified
value for ¢, ,2 and through the extra terms in ¢, .
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Let’s group the constant terms:

1-— 1 1
Bﬁﬂv :Mc+¢v,a (1—(1)4—(;51)702 (1—@)2— 51

log (1 —2¢, 2 (1 — ¢) 2o2,)

12012 (60,0426, ,2(1-a))’ |+ by o2
le% 1_2¢)U’J2 (1_@)2022 (¢U,g+2¢1}70_2 (l—a))

Vo s, el
24/ [Be + uXx|” + =26, (1953,

156 % (G0 + 20002 (1 — a))” o2 1
O e - 5o, <1_“+2 (1%)) '

_l’_

1
2

The changes due to the gain-loss asymmetry specification enters through changes in the values
of ¢, o2 and ¢, , and through the extra terms in p,.

Since it was obtained through several steps of approximation, this linear solution is not the
exact solution to the recursive problem

f(O't)Zlﬁ

]-Og]Et exp [(1 o s0) {f(0t+1) +,uc + ¢ (Ec —+ (Z)Q)EX) Wt+1 ] |

—amax (0,04 (Xc + ovXx) Wiga + (1 = Ey) f (0441))

where vy — ¢t = ¢ Xt + f (0¢).

To check the robustness of my approximate solution, we numerically derive the unique solution
to the recursive problem. In Figure F.10, we compare the approximate closed-form solution and
the exact solution to the recursive problem. The distribution of o; illustrates that, for realistic
volatility levels, the closed-form solution of Eq.(D.2) is a good approximation of the exact solution.
For the rest of this section, the results are derived using the approximate closed-form solution of
Eq.(D.2).

SDF

sti+1 = log B+ (1 — ) (UtlJrl - Qy <E>> — (ct41 —ct)

— (1 - ¢) amax (05 Ut1+1 - Etvt1+1)

+ 1og (1 — alvtl+12Etv1
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Exact and Approximate value functions
T T T T

3.1 : 5
approximate solution
3.08} exact solution 1a
: o o, distribution
3.06
3.04}
3.02
3 L L L 2 L | s L L 0
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FIGURE F.10: APPROXIMATION OF THE VALUE FUNCTION
On the left axis, the exact (dotted line) and closed-form approximate (bold line) solutions for v} — ¢; are
displayed for X; = 0, at its mean value. On the right axis, the distribution of oy illustrates how close the
approximate solution is to the exact solution for realistic values of the volatility. We use the parameters of
Hansen et al. (2008) for the consumption process and = 0.99, (1 —¢) (1 — ) = 10, a = 0.55.

becomes

1—BM_ @
g (1-9)

+ (1 - 90) <<¢v,a (CL - ;) + 2a¢v,a2 (1 - a)) ot + ¢v,02 (a2 - ;) U1£2> — P Xt
— 0B Wiy + (1 —¢) (21) (01) Wies1 + ¢y 02 (EaWtH)Q) — (1 =) als, (o)W1 2020 (1) Wit

sti+1 = log B+ (1 —¢) <_ fe + Puo (L —a) + ¢y oz (1 — a)2>

(1 - alzv(o't)Wt+1ZO) +
o exp <— (1—¢) [(1 — aly, (o) Wisr20) Do (08) Wig1 + ¢y 02 (EaWtH)ZD X

exp<(1w><1a§|ﬂ<ot>|2>
2 ((1-) (1= a) [ (o0)])

V126, 2(1—0)56 3,

+ log

The Euler Equation:

eer i1 =iyl +log B+ (1 — o) <U§+1 - (Utl—i-l)) — (ct41 —ct)

— (1 - ¢)amax (07 ’Ut1+1 - Etvtlﬂ)

E; <Rt+1 (thtl)1>

+ 1.1 >Etvt1+110g (1foz)+oz

Vit1Z
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becomes

€€ttt = T4l + logﬁ + (1 - 90) (_:L_ﬁﬁluv - G_LSO)MC + ¢U,(f (1 - CL) + ¢v,02 (1 - a)2>

+ (1 - QD) <(¢v,o <(I - ;) + 2a¢v,02 (1 - (I)) ot + ¢v,02 <(I2 - ;) O-t2> - ¢cXt
— 0B Wi + (1 —¢) (Zv (00) Wig1 + ¢y 02 (ZthH)Q) — (L =) aly, o)Wy, 2050 (0) Wit

Ei (Ry1exp (—UtEthH)))
Riy1exp (o X Wig1) '

+ 1, (cnWisi0 108 <(1 —a)+a

Risk Free Rate The risk free rate is given by

rfy = —log E; (exp €ett+1 0)) .

SO

rfi = _log/6+(1 _QO) <1I;B/’LU+ (1 fsp)uc_ﬁév,a (1 —(I) _(rb’U,O'Q (1 _a’)Z) + e Xy

=) ((8ur (0 5) + 20000 1= ) ) 31+ 600 (@ - ) oF)

(1=) <Ev (00) Wig1 + ¢y 02 (EaWt—i—l)Q) — o X Win
— logE; exp +15, (o)W1 >0 X
[— (1 —p)aXy, (or) Wiy + log ((1 —a) + aexp (otEthH + %o't? ‘Zc|2>)i|

Remember

My + Gy o0t + @bv,o?O'tQ =p (Nv + phe + Pv,o (1—a)+ Gv,c00¢ + ¢v,0'2 (1-a+ ao’t)2> +

o logE¢exp (1 — o) [Ev (00) Wit + 0002 (BaWis1)” — alsy, (w1050 (07) Wt+1] ,

SO
rfi = —log B + pc + P Xy
+logEgexp (1 — ¢) [Ev (0) Wis1 + Gp,02 (SaWit1)? — als, (owyy1 2050 (o) Wt+1]
(1—) (Ev (01) Wit1 + by 02 (ZthH)Q) — 02 Wi

— log E; exp =15, (o)W1 0¥ ,
{(1 — ) aXy, (o) W1 — log ((1 —a) + aexp (UtEth+1 + %O‘? |EC|2>>}

23



and

2

1
rfi = —logf + pe + ¢ Xy — Ut 2e ‘ t

5 | BTy (o)
|

(1-@©?)
H(1=9) (1 =) (B(0) o2, <

1

5 =, (@)

o (-9 ( eIl )
+<1>((1—90)(1—a) t

*((~u-9l% <at>\+at?£1” i)~
exp<(1_¢)2a(2 slRCARE 2 (00)" 0 (1= )70 ()
—log 3 +(1-a)@ ((1- )(1—a ”v”ﬁ)

’ Tt (o0)]
tad ((1 o) (l-a)|s D exp ((z ©) (1 — ) o3, (07) zfc) X
exp <1 2

7))

As a second order approximation around ZTU (o¢) =0, and X, = 0:

+ log

(0'

2.8y (01) 2
(o¢)]

2

: (1- 2 )?)

1
rfi~ —logf + pe + P Xy — §Ut2 |Ec|2 + 5 t2

+ (1= ) (1 —a) (£(01)* 018y (00) Zit

+ao {f 75, (z(n)|) + 30 (E (Ut)) (1 - *) (1= ¢) 013y (00) Xt

2y (Gt)/

v (Jt)

7l 2 Yl (O‘t
[Zo (o)

19t

2 —
Expected Excess Returns For returnslog R; 11 = <Ft — % |ZR|2 — % ‘ZR’ >+ZRWH1+ZRWH1,

¢ 0
where Xp; = YR o )
0 1

_ 1
7t (XR) = —logE; <exp ee i+1 (ZRWtH ~3 \ZR]2>> .
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The expected excess returns are thus:

7t (XR) —rfi =
[ (SraWers = 3 Sral” + (1= ) (S0 (00) Wiss + 6y 92 (S Wir1)?) = 0iZWisn
—logEsexp | § 15, (o)wipi>0 (1 = ©) aXy (01) Wi

15, eowierz0 108 (1= @) +aexp (025 = Bag) Wess + 5 (0% — Sra)l?) )

((1-¢) (Ev (01) Wit1 + ¢y 02 (EaWtJrl)z) — 01X Wi
t+logErexp | § —1s, (o)wypi>0 (1 — ) Xy (o) Wit )
(15, (0 Wi >0108 ((1 —a) + aexp (GtEthH + 307 |Ec|2)>

and

T (Sr) —rfi =3 ((p = 1) Sy + 0¢5c) Sy

1 ZRt2L2 < ElEv) 2
+ | 5 |2 + 018 (I — == | ¥ 1-%
<2 |20 U s ) T (=)

—, 2

) ((— (1— + oy Z\EE| )) exp <(1—90)2a(g—06)|2v’ ~ 5201 - ) atEcE;>
+log [{+ (1)@ (((1- ) (1 - a) [S] - o2

o (1-¢) (1-a) [£] ) exp (22 (1 ¢) (1~ 0) 0,55, exp <;ag

_ (<1><<—(1—90)‘ENU

sa-ae((a-pa-als,

5,

©)

N

DI

v

o]

“-)

_ (Utzc*ER,t)i;,
2o

Y2 (1—-¢)(1—a)(0S: — Zrt) X,

2
e (1-5?)

— log

2y

+a® (1-¢) (1 - a) [GREDIA

o]

Appendix G History dependent reference point—Proofs of Ex-
tension Appendix D.2

Once more, the case ¢ = 1 simplifies the derivations.
We analyze the model:

Ut:(l—ﬁ)ct+1ﬁ

log E; [exp (1 — @) log U (Viq1 | Ft)]

Ey (vig1) + By 1 (Ut+1))
1+¢ ’

logU (Vi1 | Ft) = vi41 — amax <O,Ut+1 -

where we suppose £ > 0, and

log Cyr1 —log Cy = pie + ¢ Xy + X Wit
X1 =AXe + ExWigq .
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Suppose:
Vg — Ct = fhy,s t+ P Xt + f (Wt) ,

then
veer — R (r41) = (5o + 605x) Wepn + f (Wiin) + f% (S + (6o + bud) Sx) W; .

We simplifies the notations with:

El,l = (Ec + ¢UEX)
S

El,2 = ﬁ (Ec + (¢c + ¢’UA) EX) )

and the recursive problem is given by:

to,s + GuXip1 + [ (Wiga)
logEiexp (1 — ) ¢ +pte + ¢ Xt + B W1
_alzl.lWt+1+f(Wt+1)+El,2Wt,ZO (El,1Wt+1 +f (WtJrl) + El’2Wt)

v,8 ’UX W) =
Ho,s + Go Xt + [ (W) -0

so that

Ho,s + (vat + f (Wt) = ﬁ (,uv,s + ¢)UAXt + He + ¢)0Xt)
LWt + f (W)

+
—als, Wi+ f (W) 45w 20 (B Weer + f (W) + Z2Wh)

17¢10gEteXp(1 —(p){

Group the terms in Xj:
¢y = Boe (I — A" .
Write: (1 — 5) ftv,s — Bte = fiy. The recursion becomes:

Wi + f (Wiega)

fo + f (W) =
! —als, Wy f (W) 15 oWe 20 (S Wi + f (Wigr) + 22 Wh)

)

1 _(plogEteXp(l —@){

which can be rewritten as:

YW + f (B12Wigr)

log [ exp (1 B 90) 70{12l,1Wt+1+f(2l,2wt+1)+El,2Wt20 X
(B iWig1 + f (Bi2Wipr) + 21 2We)

o+ (SaWe) = 2

This recursion admits a unique solution f. We find
f0)=0,
and

Wit + f (Z12Wigr)
_alzl,lWt+1+f(zl,2Wt+1)20 (El,1Wt+1 +f (EZ,QWH-I))

. p
fo =7 logE;exp (1 — ¢)
-
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For X oW — —o0
f — M-,
—00

where p_ is a constant such that

foo +p— = 7 f(p log Erexp (1 — ) (X1 Wep1 + f (B12Wep)) -
For ¥ 2W; — +o0
J— uy —afXi oWy,
+oo

where 4 is a constant such that

foo + pig = log B¢ exp (1 — ) (1 — @) (Z1,1Wigr + [ (Z1,2Wig1)) -

L—¢
Further, we find that:

f'(@) = —Paexp(-a(l-p)z)x

E 0 if X1 Wit + f (Z12Wig1) +2 <0
¢ }
exp (1 —¢) (1 —a) (B, iWig1 + f (Z12Wigr))] i SpaWip + f (Z12Wiga) +2 >0

SiaWipr + f (B 2Wigr)

[ exp (1 - SO) _a121,1Wt+1+f(zl,2Wt+1)+x20 X
(E1 Wi + f(Z12Wi1) + )

and thus f is decreasing.
This can be rewritten as:
E 0 if 21’1Wt+1 + f (ZlYQWt+1) +2<0
t .
(@) 8 exp[(1 —¢) (1 —a) (B 1Wepr + f (Zi2Werr))] U BpaWepr + f (Z2Wipr) +2 20
z) = —Pa
E, exp (1=¢) B iWipr + f (Z12Wip1) +ax) i X Wi + [ (Z2Wep) +2 <0
t .
(1=9) (1 =) (E Wi + f (Zi2Wei1)) i Wi + f(Z12Wig1) +2 >0

and therefore |f’ (z)] < —Ba. This implies that v; can be re-written as vy — ¢;—1 = g (X—1, Wi)
with ¢ increasing in both X;_ 1 and W;.

Euler Equation When p = 1, the Euler Equation is given by:

eeri+1 = Ter1 +1og B+ (1 — ) (g1 — Qe (U (Vigr | Fr))) — (cea1 — 1)
— (1 — ) amax (0, Vg1 — Etvt+1>

N (Et (Rt+1 (Cal)_1> +EEi 1 (Rt—H (CE1>_1)>

1 -1
e Ry (%42)

log | (1—a)+

1 —
Vi1 >Ervi41
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and so

a ;(p)f (E12W3)

YiaWepr + f (Z12Weia)
Oy W (S Wi )20 (B aWia + f (Z12Wit))

eey i1 = Tey1 +10g 8 — e — g Xy —
—logE;exp (1 — ) {

+(1-9) (1 - a121,1Wt+1+f(21,2Wt+1)-I-Zz,thZOZO) (EWisr + f (2172Wt+1)) — Wi
—(1-¢) alzz,lWt+1+f(21,2Wt+1)+Ez,2WtZOZOEl72Wt

+ 121,1Wt+1+f(21,2Wt+1)+Ez,2WtZOZO X

1 . a E, (Rt+1 exp—Eth+1) E¢—1 (Rt+1 exp—¢c2th—ZthH)
o8 ( a Oé) + 1+¢ Ry exp—ZthH Ry eXpﬂbcEXWt*EthH :

Risk Free Rate: The risk free rate is given by

rfi = —logE; (exp €ett+1 0)) ,

Tft = - logﬁ + e + chAXt—l + ¢c2XWt
YiaWepr + f (Z12Wia)

+ logEsexp (1 — )
_a121,1WH—I+f(zl,2Wt+1)+El,2Wt20 (CriWigr + f (Ci2Wiga) + Xi12Wh)

(1 =) (ZaWipr + [ (Z12Wi1)) — Wi

oo I _121,1Wt+1+f(21,2Wt+1)-I—Ez,QWtzOX

T OB R XD (1 =) a(EWin + f (Z2Wip) + X2Wh)
1+§exp(¢czxwt+;|¢czx2)>>

—log ((1 —a) + aexp (EthH +3 |ZC\2> TTE

12
Expected Excess Returns: For returns log R = <rt - % \ZR|2 — % ‘ZR‘ > + XpWi +

Y rWita,

1
7t (XR) = —logE, <exp ee i+1 <ZRWH1 ~3 \ZR|2>> .
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Because

1 1
€et i1 (ZRWt+1 3 \ER!2> = XrWis1 — 5

— log By exp (1 —so){

—|—(1—g0)<1—a
(1-

— 2 Wi —

(1—)

2R +1log B — pte — de Xt — f (Z12W7)

YW1 + f (Zi2Wegr)

0l W (50 Wig )20 (11 Wer + f (312Witr))

lzl’IWtH+f(zl,2wt+1)+zlﬁzwtgogo) (EthH +f (EZ,QWtH))

©) 0412171Wt+1+f(21,2wt+1)+zl,2wtzozozl,2wt

+ 121,1Wt+1+f(21,2Wt+1)+Ez,2Wt2020 X

log| (1—a)+a« <

the solution for the excess returns is:

1+€ exp(¢eSx Wit 36D %)
14+¢

)

exp (S = Sr) Wern + 5 % — Sgl?)

7 (XRr) —rfi =
1—¢) (EaWig1 + f (Z12Wit1)) — Wit
1—9)aE1Wigr + f (B 2Wig1) + X12W)
+ log E; exp 1+€ exp(peDx Wit ¢ Dx|*)
s W (e W) 502 Wi >0 “log | (1-a)+a 1+¢
exp (ECWtH +1 |zc|2)
(1= @) (S,1Wesr + £ (Z12Wier1)) — (Sc — Sr) Wegs — 5 |Sg[
(1 —=@)a Wi + f (Z12Weg1) + X12Ws)
— log E; exp 1+€ exp(¢eBx Wit ¢ Ex |*)
_121,1Wt+1+f(2172Wt+1)+21,2WtZO _ log (1 _ Oé) + 1+€
exp (S = Zp) Wen + 3 1% — Sal?)
If $5W, =0,
7 (XR) —rfi =
(1 =) (Z,1Wigr + f (3, 2Wt+1)) =X Wit
o) a (X Wi + f (812Wiga))
+ log E; exp 1+€exp(FlecEx?)
_121,1Wt+1+f(21,2wt+1)20 —1og 1 . a 1+€
exp (ECWtH +1 \242)
(1 =) (W1 + f (Z12Wieg1)) — (Be — Xg) Wigr — |ER|2
(1- )O‘(El,th+1 +f (EZ,QWt+1))
— log E; exp 1+&exp(3lecTx|?)
_121,1Wt+1+f(21.2Wt+1)20 —log (1 _ a) +a 1+¢
exp (e = S) Wigs + 3% - Spl?)
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If £y 5 W, — +o0,

T (XR) —rfi =
(1-a)Ejexp[(1 =) (1 —a) (X1 Wip1 + f(Z2Wig1)) — BeWiga]

1+€ exp(pe S x Wit 2|02 x |2
g +a(+£ep<¢ >1<+£t+2\¢ X)>exp(+%zc‘z>x

Eyexp [(1—¢) (1 — ) (1 Wi + f (Z1,2Wir1))]
(1= ) Brexp [(1- ) (1 - @) (SiaWist + f (S12Wii1)) = (Se = Sp) Wiga — §Zal?]

1 Ex Wit Ex |2
_ log o < +§exp(¢ )1(+£t+2‘¢ x| )) exp (_'_% (|Zc o ZR|2 - |ZR|2>) %

Erexp [(1— @) (1 — ) (ZiaWisr + f (Z12Wis1)))]

If 2[72Wt — —0OQ,

T (BR) —rfi =
+logEsexp [(1 — @) (X1 W1 + f(E12Wegr)) — EeWipa]

1
—logEsexp | (1 —¢) (BiaWipr + f (Zi2Wer1)) — (Be — Zr) Wi — 5 ISrI?| .

The expected excess returns converge to a constant in both 400 and —oo.
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