Online Appendix for “Managing Customer Churn via
Service Mode Control”

This online appendix is an e-companion for paper “Managing Customer Churn via Service Mode
Control” and provides additional proofs and materials in supplement to it. This online appendix is
subd1v1ded into six sections. In Online Appendl}(E we prove results related to the error function
erf(x f "¢~ dt and its complement erfc(z) = 1 — erf(z). These are used to support and
complete the proof of Lemmain the paper. Online appendixprovides the remaining proofs of
the Base model, including the remaining proof of Proposition [3|and the proof of Corollary Online
appendices demonstrate robustness of our main findings by analyzing four variations of the
Base model: allowing mixed policies, the reward process being a geometric Brownian motion, the
inclusion of positive switching costs, and alternative hazard rate functions, respectively.

A Properties of the error function

This section provides the proofs for properties[4} [6][7] and [9]-[16]in Lemma 5]

Proof of Lemma@ (Part II). We provide the proofs for properties @ @f
. . A —2
To prove|4] it is equivalent to show f(x) = xerf(m)—i—eﬁ > 0 for all z € R. In fact, f'(z) = erf(x).

Therefore f(x) is decreasing on the interval (—o0,0), increasing on the interval (0,00), and the
minimum value is obtained at z = 0, with f(0) = % > 0.

NI )
Denote z1 = a B 2)+20{ F°+2501-F) . Since @ > 0 and 0 < 8 < 1, we have

Now we prove

x> W = —a. Also by propertyl ii) {x > —a:r(x) > —} = [zg,0). Hence to show
x1 > xp, we only need to show r(z1) > 7= . Since z1 > —a, we can divide both sides by (z1 + «o)e”

and equivalently show f(5) > 0 for any B € (0,1), where

(a8-2+VaZ571280-7))"

af++/a22+28(1-F)) e 4(8-1)2 _ 232 _
e ) R ——
T 2(1- )
One can verify that Blir{l =D+ Y ((;2512)+2B(1 A) é Therefore, g(a) £ Blir? f(B) = erfe(5= —
—1- -

EERY EERY:
a)—M In fact, g(a) > 0 for all & > 0, since lim g(« )—Oandg’(a):M>0.

VT ' ’ a—0t v
Also, for any ae > 0 and 5 € (0, 1), obviously
 (eB-2+VaT75250-5)”
, (aB+ a2B +28(1=5)) e LEas
B =
7') A
Therefore f(8) is decreasing on (0,1) with ﬂlim f(B) > 0, and the result follows.
=

< 0.

Now we prove Define F(z) £ f + e (14 Cerf(z)), with F'(z) = € (222 +1)(14 Cerf(z)) +
%. If C € {0,1}, then the result trivially holds. If C'= —1, F'(z) > 0 follows from property It
only remains to consider C' € (—1,1)\{0}. Let f(z) £ F'(z)e~*". We have f” () = 4Cerf(z)+4 > 0,

lim f/'(z) = —o0, and le f'(z) =00 if C € (—1,1). Thus f(z) is first decreasing then increasing

T—r—0Q
on R if C' € (—1,1). Consider its global minimizer x¢, with

f(z0) =4 (Ca:oerf(xo) + Cj;O + a:0> =0. (43)
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Also one can check that f/(0) = f’ so that f/(0) > 0if C € (0,1), and f'(0) < 0 if C € (—1,0).
Recall that f”(z) > 0, hence zy < 0 if C' € (0,1) and zp > 0if C € (—1,0). In both cases Cxg < 0,

Ce I 4
and thus we can divide both sides of Eq. by Czp and obtain erf(zg) = ‘FTOO. Then we
a2 —ad 2
have minger f(z) = f(zg) = (20:0% + C) erf(zg) + 206% +222+1 = %W Observe
that wo —z0+1>0, and that —= 5> 0 from the above argument. The result follows.

Next we prove@ We can d1v1de both sides by et q and show the following inequality instead:

F(q) £ (a2 —2) (e LK —I—\f(erf( )—erf(a— %))) — 2ae” (‘k%) < 0. In fact, if a2 — 2 < 0, then

since erf(-) is an increasing function and that ¢ > a > a — 1, F(q) < 0 is obviously true. Now

a’
(a —2)e s

consider when a? — 2 > 0. Compute F'(q) = — < 0 for any ¢ € R, which implies that for

3 *(%*“)2

q > a (note that a > a — 1), F(q) < F(a— 1) = -2~ <0.
Next we prove Denote F(0) £ ¢ q — e?°0 — T4 0q/7 (erfe(f) — erfe(q)). If 6 < 0, then
the result easily holds since each term is non-negative. Now consider 6 € (0, q). To show F(6) > 0,

. : F(o F(o 1—/7e?” ferfc(6
it is equivalent to show % > 0. In fact, eq2+(02)q0 = f(0) — f(q), where f(0) = %.

Clearly, €?°0 is positive and increasing in 6 for 6 € (0,q). Also, 1 — \/me? ferfc(f) is decreasing in 6
by applying property Therefore f(6) is decreasing in 0 for 6 € (0, q), and the result follows.

Next we prove Denote F() £ 2¢7°~%° g9 — (1+262) (1 + 7 q/7 (erfc(6) — erfc(q))). One
can verify that F(q) = F'(¢) = 0. Since ¢ > 60, we have erf(q) > erf(f) and hence F"(6) =
—4 — 4¢7 /7 (erf(q) — erf(0)) < 0. This implies F'(6) > F'(q) = 0 on (—o0,q). Therefore F(f) <

F(q) =0for 0 <
Next we prove Denote F(0) £ 6(142¢2)—e? % q(1+2¢2) +2¢% ¢(14¢2)0y/7 (erf(q) — erf(8)).
One can verify that F/(¢) = 0 and F'(q) = 1. Since ¢ > 6, we have erf(q) > erf(d) and hence F(6) < 0
on (—o0,0]. Now consider 0 € (0, ¢). It’s not hard to see that F”(0) = —2¢7 ¢ (3+2¢% —26%) <
0, which implies F(0) > F'(¢q) > 0 for 6 < ¢, and hence F(0) < F(q) =0 for § € (0,q) as well.
Next we prove f Define

Fi(z,a) £ 2 —2ax + 22° + (32 — a — 2a2® + 22°) e Vmerf(z),
Fy(z,a) 22— 2az + 222 — (32 —a— 20z’ + 2x3) e Vmerfe(z),

Fi(z,a) £ 2 — 2az 4 22% + (32 — a — 2a2® + 22°) exzﬁ(l + erf(x)).
Ifa>0and z € (a — = a) then equivalently a € (max{x,O}, 5+4/1+ ff) Therefore it is

sufficient to prove Fi(x,a) > 0, Fy(z,a) > 0, and F3(x,a) > 0 for a € (x,;” +4/1+ “f) Obvious

that all three functions are linear in a. Consider the partial derivatives:

%F1 (g;, a) = —ﬁeﬁ (2$2 + 1) erf(a:) — 2z, %(1}’ CL) _ ﬁ€x2 (2372 + 1) erfc(x) — 2%,
a a
%Fg (z,0) = —v/me” (22 + 1) erfe(—z) — 2.
a

Property |1 implies that BFQ 2(z,a) > 0 and %(aga) < 0. To prove the results, it then suffices

to show Fy(z,z) > 0, F3($,§ 1+ %2) > 0, Fi(z,z) > 0 and Fi(z, 5 +4/1+ %2) > 0 for all
x € R. Property implies Fi(z,z) = Qﬁezzxerf(m) + 2 > 0. Property EI implies Fy(z,z) =



2 — 2y/me” zerfe(z) > 0. Define

2 1 .
filz) = Fl(x,ng 1+ %) = 75\/7?6962 (72353 + 222 442 + 22 + 4 — 537) erf(z) + 22 — /a2 + 4z +2
and
2 1 .
fa(z) £ F(x, g—i—\ [1+ %) = —Eﬁe’”z (—2965 + 2V + 42 + Va2 + 4 — 5x) erfe(—x)4+a?—/ 22 + 4z+2.

It remains to show fi(z) > 0 and f3(x) > 0 on R. In fact, one can check that —2x3 4 2v/22 + 422 +
V? + 4 —5z has a single root at %, and that —2x3 4+ 2v/22 + 422 + /22 + 4 — 52 > 0 on (—o0, %)

and —2x3 + 2v/22 + 42% + V22 + 4 — 52 < 0 on (%=, 00). Now we consider the cases separately.

V2’
First ch2eck that fl(%) =1> 0 and fg(%z ~ 2 > 0. Consider = # % Define g1(z) =
_2I3+2\/§2+4£12$2/12+4_51 and g3(z) & _2m3+2\/;2+4£?;$2/m2+4_5m. Compute their derivatives:
) / 2" ( x2+4fa:)
91(z) = g3(x) = 5 > 0.
Va? 44 (—2953 +2va? +4a? + Va2 + 4 — 53:)

i — VT L ~ — _VT L
Then ¢p(z) > xkrjloom(x) = g forz < =5, gi(z) < xlggogl(:r) = = forz > =5, g3(z) >
lim g3(z) =0, and g3(x) < lim g3(z) = —y/m. This means fi(xz) > 0 and f3(x) > 0 everywhere.
x —00 x o0
Finally we prove Denote the LHS of the inequality-to-show by F(x). Observe that F(z) 4+
2 — 2a? + 2af is quadratic in a. In fact, as we will show next, it is convex in a. Consider the second

order partial derivative of G(a,0,z) £ F(x) + 2 — 2a% + 2af with respect to a:
02G(a,
9°G(a,9,7) =4/ (20> +1) egﬁzx(erf(x) —erf(9)) + 86 (9 - xeg”z_‘gz) .
4 92G(

da?
We will show next that g(0) ij’z) > 0 for § < z. One can easily verify that g(x) = ¢'(z) = 0.
Compute ¢ (0) = 16y/7e™ z(erf(z) —erf(0))+16. When z > 0, it is obvious that ¢ (6) > 0 for all § <
implies that ¢”(0) > 16y/7 (ﬁ - $6m2€1"f0($)) >
0, which then implies that ¢’(8) < ¢'(x) = 0 for § < . Therefore, g(f) > g(z) = 0 for § < z, and

G is convex in a. Recall that we want to show G(a,0,x) < 0 for a € [max{(),x}, % +4/14 ‘%f],

2. When z < 0, since —erf(-) < 1, property |(iii

~—

x € (9, g +4/14+ ‘f} ,and 0 € R. Since G is convex in a and = < max{0, z}, it is sufficient to show
G(z,0,2) <0 and G(g—k 1+%,0,x) <0 for all § < .

First consider f1(6,2) £ G(z,0,2). One can verify that fi(z,z) = 0, % = 0 and

0=z
= —12. Compute Phi0z) _ ger? <3ﬁ(erf(x) —erf(0)) +2e*02m). If z > 0, then

063
9%f1(0,2) < 9% f1(0,x)
062 062

if 2 < 0, then for all § < z < 0, 2002 — _gee®~0%(99, 1 3) < 0. Also lim Fhoe) _
——00

9% f1(0,x)
962

=T
obviously % > 0 for all § < x, and hence

< 0. On the other hand,
xr

004 903
12/me* erfe(—z) > 0, Ph@e) _ gy <, hence there is a unique root § = g of 2402 o

063 963
92 93
(=00, z), which is also the maximizer of %ﬁf“) on 6 € (—oo,x). Gy satisfies %ﬁf’x) =0, 1ie,

02 B
erf(6y) — erf(z) = 2%\/9295 Then for § < z < 0, 621;10(29@) < 821(;10(3790) = 467" =% (w — 3) <
=Yo
2

467”05 (%ﬁo — 3> < 0. We have just showed that % < 0 for all # < = and = € R. This



implies that for 6§ < =z, 6f18(g,z) > afla(g’x) =0, and hence f1(0,2) < f1(z,2) =0.
0=z

We have shown f1(0,z) = G(x,0,x) < 0for § < x. It only remains to show G(g—l—\/ 1+ %, 0,z) <

0 for § < z. This is equivalent to showing fa(a,z) 2 G(a,a — %,ar:)a‘q’e_"]”2 < 0 for all z €

(a— 1 a] and a > 0. One can verify that fa(a,a — 1) = L%(;’x) , = 0. Compute 7631235?’1:) =

a

8 (a® —2) efxz(aa: + 1). Observe that since > a — é and a > 0, we have ar + 1 > a? > 0, hence
% <0ifa € (0,v2], 2 f2(a$) > 0ifa > v/2. Compute & fQ((” = —4y/m (a® — 2) (erf (a — L) — erf(z))—

4
4 (a® - 2) ae=® — 8> “F a. Ifac (0,42, i fQ(a 2) < 62f2(a l) . = —4a 3¢=(=2)* < 0 for all
r=a——~
z>a—t Ifa> V2, 78 Laz) fg( = ILm P fa(a) f;ég’z) = 4/7(a® — 2)erfc(a — %) ~ 8ae—(e=3)* <
x o0

~ (14
0, where the last inequality follows from fi(a) = 8a (62 Fat V (erf (2 —a) + 1)> > 0 on

(v/2,00) and lim fa(a) = 0. Since 82]{;2;3’1) < 0forala>0and z € (a — 1 a], we have
a—0oo

8f26(;1@) < 3f28(a’$) . =0, and thus fa(a,r) < fa(a,a — 1)y = 0. Proof complete. O

Tz a
r=a—-—
a

B Remaining proofs for the Base model

This section provides the remaining proofs for Proposition [3]as well as the proof for Corollary 2]
We first complete the proof for Proposition including Statements 1, 5-7, 10-12.

Proof of Statement@ The case pur = ug is trivial, since 6, = co by Lemma [2| l Suppose ur > us.
By the definitions of Bg(-,), Va(-,-), and C} (see Egs. . . and (38| . and the definition of ¢
in Eq. , for any > max{q, 6y}, Bs(z, Va(x,C%)) becomes

_ o emnp)? _
Bs(x, V) = —MR\/E(MS x)e % erfe <x MR) + ps.
OR OR
Observe that the RHS of the above equation is the same as the LHS of the equation in Lemma

Therefore Bg(6y, Vy") = 0. By property [[ii)|in Lemma [5 we get Bs(z,V;") < 0 on (6, 00). O

Proof of Statement[5] By the definitions of §(-,-), Va(-,-), and C} (see Egs. ., . and .
for any z € (¢, max{q,0}), 6(z, V3(z, C})) becomes
9 _ 2__2 _ _ 2
5w, Vi) = 2R = HS)T ,US(MRQ HS)T — PsTk
2(ps — )
If pr = pg, then §(x, V5") < 0 easily follows. Suppose g > pg. Solving 6(z, V) < 0, we get

2 2 2
s W& msoh o _ps JiE L psoh
2 4 2(ur — ps) 2 4 2(pr — ps)
Since pg < ¢, we have £ — HS +2(£¢;s < ps < q. Hence if we can show 6, < &5 +
2 2
% :l— #ﬁis), then this means §(x, V") < 0 for any x € (¢, max{q,6y}). Let o = EE= “S,ﬁ = Zz
and 0, = 9”;%. We can equivalently show
; —2 232 + 2B(1 —
2(1-5)
By Lemma we have 6, > —a and 6, satisfies (éb + a)eeg erfc(éb) — % = 0. Using property@in
Lemmal[5| we deduce Eq. (44). O



Proof of Statement[1} By construction (see Eq. (19)), Va(z,C5,C5) > 0 if C5 > 0. By Claim
we have C3 > 0, which implies that W*(x) > 0 for all x < ¢. In particular, W*(¢q) > 0. Also by
definition of V3(-,-) (see Eq. (20)), Va(z,C}) increases in = on [g,00). Therefore by continuity of
W* at g, we have W*(z) > 0 for all x < max{q, 6}. Similarly Vj(z,C?) increases in x as well (see
Eq. in Proposition, hence by continuity of W* at 6, we have W*(z) > 0 for all z e R. [

Proof of Statement By the definitions of Bg(-,-), Vi(-,-), and C{ (see Eqgs. , and ),
for any = < ¢ < q, Br(x, V,¢) becomes
—b if 0g > ps;
BR(x7V1G) = U%bf(%)
(1-a2+afg)(us—z)3
where f(z) = (a — 0g)*(1 — a® 4 az) — (a — 2)*(1 — a® + afg). Note that a > 0 and 0g > a — +

a

if 0 < ps,

imply 1 — a? + abe > 0. Also = < g < /s, hence to show Bp(x, Vf) < 0 we only need to show
f(%) <0 for z < g, or equivalently, f(z) < 0 for z < 6, where 05 € (a — %, a). Observe that
f(bg) = 0 and f'(2) = a(a - 0c)? + 3(1 - a? + aég)(aA— z)2. In fact, f/(z) > 0 since g < a and
1 —a? + afg > 0. Therefore f(z) < f(0g) = 0 for z < fg. O

Proof of Statement@ If we can show WG/(x) > 0 for all x € R, then Statement |7 easily follows
since lim WY () = pug > 0. Now we show W' (z) > 0 for all z € R is true.
T—r—0Q
Lemmaimplies that g > a — % (recall that a = %), ie., 1 —a®+ abg > 0. Then

one can check to see that VlG/(~) > 0 on (—00,0¢] (see Proposition for V1 and Eq. for
C%). Also V4G/(~) > 0 on [g,00). Therefore it only remains to show VZG/(~) > 0 on (0g,q), ie.,

G ~
L+ 2¢2(C§ + Cferf(z)) > 0 for 2 € (§z,q). Recall the definition of C§ in Eq. (H0) and
apply properties f in Lemma we can get CQG > 0. Therefore we can equivalently show
~ G
% + zeZQ(l + Cerf(z)) > 0 for z € (Ag, ), where C' = g—zc Compute

b (e—‘% - ﬁégerfc(ég)) if 0 > g
G G R R
C3 + C2 - be_HQG (2—2aég+2§2c+692Gﬁ(a—SéG+2aéé—2éé)erfc(ég)) .
_ if g < pg,
2(1—a2+afg)
and
b (—eieé — ﬁégerfc(—ég)) if g > ps;
cy —Cy =

52 ~ A, 42 ~ A, A ~
be =06 (—2+2a9c —202 +€%G /7 (a—30G+2a62,—262,) (1+erf(9(;)))
2(1—a2+afg)

if g < ps.

By property [3[iii)|in Lemma if 0 > pg, then C§ + CF > 0 and C§ — C§' < 0, hence C' = g—g €
2
(—1,1). This is also true if g < pg, since 1 — a? + abe > 0 and properties 7 in Lemma
together_imply C3G +C§ > 0 and C’3G — C§ < 0. Since C € (—1,1), we can apply property in
Lemmato get %—i—zez (14Cerf(z)) is increasing in z. Therefore to show %—i—zezz(l—i—Cerf(z)) >0

for z € (Ag,q), we only need to show % + éGeéQG(l + Cerf(fg)) > 0. Since C = g—g is explicitly
2
characterized by a,b and 65, we denote
N c . s .
F(0g) 2 o fe’ (1 + Cerf(Ag))
0 if é(; > a;

- %% (a—b)

~ ~ 52 ~ ~ P ~
2200 +20%+¢"G /T (—a+30G —2a0% +20%,)erf(Ac)

if 0g € (a — 1a).



It remains to show F(ég) > 0. If O > a this is trivial. Suppose ¢ € (a — %, a). By properties
— in Lemma the above denominator is nonnegative. The statement follows. |

Proof of Statement By definitions of Bg(-,-), Va(,-,-), 02(} and Cg (see Egs. , , and
- )7 for any z € (0, q), Bs(z, Va(x, C§, CS')) becomes
Bs(a,V5?) = =V (@) + (us — 2) V5" (2) + pis.
Since lim W% ) = ug and WY (-) > 0 on R, it follows that if ¢ > pg, then Bg(z, V&) <0 for
T—r—00

all z € (0g,q). Tt only remains to consider the case where 65 < ug. Similarly, for all € (ug, q),
the desired result Bg(z, Vy*) < 0 easily holds. Consider the remaining region = € (A, ps]. In this
case (0g < pg), we have

Bl V2G) - 2 (1 — a;) +aég) . (2 SR 2aéG + F(m ;RMR)> )

where
F(z) = 2(a - 2) (a — 30 + 2a02 — zég) _ 2”02 (1 —afg + ég) (1 - 2az + 227)

+eVn (a — 30¢ + 2a6% — 20%) (1 —2az + 227 (erf(ég) - erf(z)) .
1

Since 65 < pg, then O € (a — ;,a) where a > 0, and hence 1 — a® + afg > 0. Also we know

b=pg— pr > 0. Therefore to complete the proof, we only need to show F(z) < —2 + 2a? — 2aéG
for all z € (0g,a]. Applying propertyin Lemma [5| we obtain the desired result. O

Proof of Statement For any x > ¢, we have Q(z) = 0 and hence (see Eq. for definition of
Bgp, Proposition for V3 and Eq. for Cf)
!/ 1 "
Br(w, Vi) = (ur — 0)Vi" (2) + SoRVE" (2) + i

T (us ﬁ z)? (x(x e MS?C;%) '

Since z > g > pg > 0 and b > 0, it is clear that Bg(z, V3G) < 0. The result hence follows. O

We now prove Corollary 2]

Proof of Corollary . First consider the CLV under the myopic policy. It is intuitive to see that
V (g, myopic) = pg < ¢, since under the Safe mode, the customer’s satisfaction state will stay in the
unsatisfied zone until he churns (which happens according to a hazard rate of one). Now consider
the optimal policy. From the proof of Proposition [3| we know that when pg > ug,

V*(q) = Va(x,CY)
where V3 is defined in Eq. and C} defined in Eq. . One can therefore verify that

(q—uZB)Q q— kR (q—uzgg)2
V*(q)=CSe R 4 CSerf () e R +pupR (45)
oR

where 02G and C’g are defined in Eqgs. - , respectively. We now show that as ug — ¢,
it must be the case g < pug, where ¢ is defined in Lemma Suppose this is not true, then by
Lemma |3| 65 must be the root of Eq. and satisfies 0g € [us,q). This indicates that the LHS
of Eq. (11) must be zero as § — q. Compute the LHS, we have

o () ) () ()

— 2_ (g — 2 — 6 —
+exp <(q 1R) 02( IR) ) q—pr O—pr HSOR >
R

oR OR 2(ps — pr)(q — ps)



g
_ HsOR <0,

2(ps — pr)(q — ps)

hence a contradiction. Therefore, as g — ¢, it must be the case g < pg, and by Egs. - ,
be 0% (2 — 2af¢ + 20% + BN (fa + 360G — 2a6% + 29%) erf(ég))

oY = .
2(1 —a®+ abg)
and
. v (030G + 2002 - 263)
C: = = B
s 2(1 —a? + abg)
where
_ A O~ —
a2 BSTHRE s e e g 2 T T HR
OR OR
From Eq. (45), to show lim V*(q) — oo, it suffices to show lim C§ — oo, i.e., lim fg — a — L.
d ns—q (a) ps—q S ps—q C @

Recall in the proof of Lemma éG must be the root of the following equation:
Fig(0) = (a - 30+ 2a6% - 2&3) + 2000 (1 —ab+ é2>
Us (1 —a’+ aé)

b(q — a)
Note that as pug — ¢, or equivalently, as a — ¢,

=0

+ & i (0= 30+ 2002 - 20°) (erf(@) — erf(5)) —

d—HR

on interval € (a — 1/a,a), where § = on

0c € (a —1/a,a) is bounded. Thus the first three terms in the above equation have a finite limit.
At the same time, the denominator of the last term goes to zero. Therefore, to satify Fiis(0g) = 0,

we must have lim 0 — a — %, or equivalently, lim 65 — a — % ]
a—q Hs—q

C Robustness check: mixed policies

In this online appendix, we consider a variant of the original model where the firm is allowed to
mix between the two service modes. We first setup the model. Then we give comparative statics
regarding the optimal sandwich policy (see Theorem |4) and numerical evidence about the optimal
sandwich policy outperforming the myopic one. In the last part of this online appendix, we pro-
vide proofs of the optimal policy structure in Theorem and the monotonicity results in Theorem

Model setup. At each point in time ¢ > 0, the firm chooses the proportion of the Risky mode
pr € [0,1] in its service, so that the reward is generated according to

dY; = ((1 — pe)ps + pepor)dt + prordB. (46)
We restrict attention to pup > pg > 0. This is motivated by the real world application of an
investment manager, where he can mix between assets and where the riskier asset usually provides
better rewards. We also require pg < g as in the original model to ensure finite lifetime.

Note that over time, the investor may dynamically adjust the fraction of assets invested in the
stock market. The investment manager, who is paid proportionally to returns, would prefer the
higher-return option — to be fully invested in the stock market at all times — but is aware that a
period of poor returns could cause the customer to leave.

Analogous to the original model, a policy A is admissible if the firm’s action process (pt)i>0
(by following this policy) is adapted to the filtration F, takes value in [0, 1], and is such that the
corresponding satisfaction processes is an F-adapted semimartingale specified uniquely in law. We
denote the set of admissible policies by A.



The optimal value function under the new policy space A is given by
Vi(z) =supE

sup / (NS ert(NR — /,Ls>)]l{t < T}dt +/ pt(TR]l{t < T}dBt
S 0 0

We call this model under policy space A the Investor model.

As in the original model, we expect that there is a stationary Markov optimal policy A : R —
[0,1]. Next we show that interval policies, suitably generalized, are a subclass of stationary Markov
policies that are admissible. First we extend the definition of interval policies to allow mixed policies.

Definition 4 (Interval policy in Investor model). In the Investor model, a policy X is an interval
policy if:

e it is stationary Markov, that is, the corresponding action process is given by a mapping from
current satisfaction to the proportion of the Risky mode, which we denote by py = A(Hy).

e there is a partition of the satisfaction real line into a countable number of intervals, such that
A(+) is Lipschitz continuous within each interval, and that there exists some ¢ > 0 such that
Az) € {0} U, 1] for all z € R.

Interval policies for the Investor model are admissible. The argument is similar to the proof of
Lemma [1| Here, the policy may choose an arbitrary blend of the service modes at different points
in the “Risky” pieces as long as the fraction of the Risky mode A(z) is Lipschitz continuous in the
satisfaction level x within each piece, and A(x) is uniformly bounded below everywhere on the union
of all “Risky” pieces (so that Salins and Spiliopoulos [29] still applies on the closure of each “Risky”
piece). It turns out (see Theorem below) that the optimal policy for the Investor model belongs
to the class of interval policies.

Theorem 3. Suppose us < pg and ps < q. Consider the firm’s problem as presented in Eq. (47).
Let 01 be as defined in Lemma If 0; < q, then the myopic (pure Risky-everywhere) policy is
optimal. If 7 > q, then a sandwich policy is optimal, where the proportion of the Risky mode is
A (x) as defined in Lemmafor satisfaction levels x € [q,01], and X*(x) =1 for x ¢ [q,01].

Comparative statics and numerics. Recall in Theorem the structure of the optimal sandwich
policy in the Investor model: the firm still uses the Risky mode for low and high levels of satisfaction,
but instead of using purely the Safe mode for an intermediate satisfaction interval, the firm mixes
the Risky mode with the Safe mode in [g, 6], where 6; is defined in Lemma later in this online
appendix. We call the interval [g, 8] the risk-averse region. Moreover, inside the risk-averse region,
the proportion of the Risky mode which the firm employs at satisfaction level z is specified by A*(x)
in Lemma The next theorem provides monotonicity results regarding 6y and A*(z).

Theorem 4. Let 07 be as defined in Lemma and A*(-) be as defined in Lemma Then, the
following properties hold:

1. The threshold 01 increases in ps and oR.

2. Assume the optimal policy for a given set of parameters (see Theorem 1 a sandwich pol-
icy. Then, the proportion of the Risky mode X\*(-) in the risk-averse region [q,07] is strictly
increasing with satisfaction, and the firm strictly mizes at the satisfaction threshold q but not
at O5; that is, we have A*(q) > 0 and \*(0) = 1.

The first part of this theorem simply states that the size of the risk-averse region in the Investor
model possesses the same monotonicities with regard to ug and og as in the original model. The
second part of Theoremstates that when the customer satisfaction level is in the unsatisfied zone,
the firm is more risk-averse closer to the satisfaction threshold ¢q. That is, the firm prefers a lower



risk profile closer to ¢ even though this generates a lower current reward rate. Note that A*(¢—) = 1,
and A\*(¢g+) has a value such that (V') is continuous at ¢ despite the step in Q(-).

An interesting implication of part 2 of Theoremis that the optimal policy never uses the Safe
service mode alone. It always mixes the Risky mode with the Safe mode in the risk-averse region.
The intuition is that the Risky mode has a higher drift (ug > pg), and as specified in Eq. , the
variance is only quadratic in A(-) while the drift is the A(:)-weighted convex combination of ug and
1g, so it is always beneficial to include at least a small proportion of Risky.

We give a few numerical examples of the optimal policy in the following graphs (Figures .
Notice that the model parameters considered in Figure |8| (¢c) here are the same as those in the
original model in Figure In comparison, the size of the risk-averse region here are larger than in
the original model (which is [10, 22.1]).

Proportion of the Risky Mode Proportion of the Risky Mode Proportion of the Risky Mode

1.0 1.0 1.0

08f 08f 08f
06f 06f 06}
04f 04f 04f
0.2r 0.2f 0.2

Satisfaction Hy Satisfaction H, Satisfaction Hy
0.0 0.0 0.0
0 10 20 30 40 0 10 20 30 40 0 10 20 30 40
(a) ps =3 (b) ps =7 (c) ps =8

Figure 8: Optimal policies for the Investor model: up =9, og = 10, ¢ = 10.
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06 06 06
04Ff 04f 04f
0.2 021 0.2

Satisfaction Hy Satisfaction H; Satisfaction Hy
0.0 0.0 0.0
0 10 20 30 40 0 10 20 30 40 0 10 20 30 40
(a) pr =9 (b) pr =6 (c) pr =55

Figure 9: Optimal policies for the Investor model: ug =5, og = 10, ¢ = 10.
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1.0 1.0 1.0

081 08 081
06 06 06}
04Ff 04f 04}
021 0.2 0.2

Satisfaction Hy Satisfaction H; Satisfaction Hy
0.0 0.0 0.0
0 10 20 30 40 0 10 20 30 40 0 10 20 30 40 50 60
(a)aR:10 (b)JR=30 (C) O'R=5O

Figure 10: Optimal policies for the Investor model: ug =5, ugp =9, ¢ = 10.

We omit to provide the improvement in CLV under the optimal policy compared with the myopic
policy (pure Risky everywhere). Observe that the Investor model expands the policy space, hence
increasing optimal CLV. That is, the gap for the Investor model exceeds that under the original



model (Figure @

Proof of Theorems |3|and |4} To prove Theorem we first establish two lemmas that characterize
the optimal sandwich threshold #; and the optimal Risky proportion A\*(z) as a function of the

satisfaction value z inside the risk-averse region [q, 0;]. First we present and prove the lemma on
0.

Lemma C.1. Let O be the set of values of 6 that satisfy
(0—np)?
T 0—
MRV (1 —erf (/M%)) (20 — pr — ps) — (kR + ps) = 0.
OR OR

Then, the set ©1 N (“S"'T“R, o0) contains a single element, which we label O;.

Proof of Lemma Define

A MR — JS N s 0—pr
a=———2 =2 and z= .
OR MR OR
We have @ > 0 and 0 < 8 < 1. Define also
1
r(z) 2 (2 + %)eZQerfC(z) - 2;5.
The lemma is equivalent to showing that r(z) has a unique root on (—§,00). Applying property
A(ii)|in Lemma we get that r(z) has a unique root on (—%,00). O

Next we define the proportion A*(z) of the Risky mode which the firm employs at satisfaction
level z inside the risk-averse region [g, 0;].

Lemma C.2. Let X(-) be the following function:

X(9) = e U gy - (gatezege () (g, - 2L
Y

where
a(lo 1 2
Ko=) s (a2
g

o 0'% o o 29[
“ (g — ps)?’ b=us, 9= 207 — ps — pR’
and T'(s, z) is the upper incomplete gamma function (see Chaudry and Zubair [9]). Then, the inverse
function of function X (-) is properly defined on (us,0;] and is represented by G(-) = X ~1(-). Then,
on (us, 01, the function G(-) is positive, strictly decreasing, differentiable, and satisfies the following
ODE:

(G(x) + 1)* 4 2a(x — b)G(x)G' () — 2abG' (z) = 0.
Finally, define the function

%G (z) ’
Then, \* is strictly increasing on [q,01] with A*(¢) > 0 and X*(0;) = 1.

(48)

The function G(x) in Lemma captures the marginal benefit of satisfaction at x, when the
firm uses the conjectured optimal proportion A*(-) of the Risky mode. The function X(-) is the
inverse function of G(-).

Lemmas and are key to proving Lemma

Lemma C.3. Let X (y) be as defined in Lemma. Then X (y) is strictly decreasing on [M

20r—ps—pR’
+ .
Moreover, X(%) =05 and yhggo X(y) = ps-

10
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Proof of Lemma[C.3 First we restate X (y) here:

—2a(lo 1 —2a(lo L 2
X(y) =e ? <l g(y+1)+y+1)Ko — (—2a) T%e 2 <1 g(y+1)+y+1)r‘ (—2a, _y —fl) . (49)
Then one can verify that X (%) = 0y and lim X(y) = b. Recall by definition of §; in
Y—00

Lemmathat 0r > LsTER > g Next we want to show that X'(y) < 0 on [%,oo).

Compute this derivative:

X'(y) = 2aye w1 (y + 1)~ 2D p(y)

where
2a
be v+t 1 2a+1 2
Fy) = P WEDTT | gaasa(gpasipp (—za, - ) ~ K.
y+1
2a
Observe that for y € [%7 oo), we have 2aye” #+1 (y + 1)72(¢*1) > 0. Therefore we want to

show F(y) < 0 on [M oo) In fact, this is true since

207 —ps—uR’
2a (1 +y)*
2

F'(y) = —bevtt y <0

US+uR
for y > DT 0 and

242(1 _
P s + UR ):egg (bg 991+91)<07

20r — ps — KR g—1
where the last step follows from g = ﬁi‘_m >1land b= pug < “S‘FT”R. We have thus completed
the proof. O

Lemma C.4. The function \*(x) as defined in Lemma is strictly increasing on [q,01], and
A*(q) > 0, \*(6;) = 1.

Proof of Lemma Let p*(-) be defined as Eq. (48), but on the domain (pg,67]. Then on (ug, 0;],

we have

iy (s —pr)(G(x) +1)
Also from Lemma G(x) satisfies
(G(z) + 1)* 4 2a(x — b)G(x)G' (z) — 2abG' (z) = 0.
on this interval. Therefore we have
oy (G@)+1)?
¢ @) = 20— —new)
on (ug,0;], and thus we can rewrite p*(z) as
. 2a(ps — b—(x—b)G(z
() = (ps MQR)( (z — b)G(2))
op(G(z) + 1)
—(z=b)G(=)

Since pg < pg, to show p*(x) is strictly increasing on (ug, 65 is equivalent to showing b Glml

(50)

1
is strictly decreasing on (ug,0;]. Also G(-) is the inverse function of X(-), and by Lemma |C.3} X
b—y(X(y)=b)

is strictly decreasing on [g — 1,00), therefore it is equivalent if we can show ;)

increasing on [g — 1, 00).
Denote L(y) = %. Compute its derivative:

20 2
L'(y) = 2ae” w1 (y + 1) (22a+1“(—a)2“b (2ay® —y-1)T <_2a, - >

is strictly

y+1

2a
— 2abyev+i (y + 1)** ! + Ko (2ay® —y — 1)>

11



We want to show that L(y) > 0 on [g—1, 00). Consider y sufficiently large such that 2ay*—y—1 > 0.
We want to show

f(y) = 2% a(—a)?r <—2a, - + Ko > 0.

2a > 2abye%(y+l)2“+1

y+1 2ay2 —y — 1

2a
One can check that f/'(y) = 2ab(y(—4;22):;2?+y(141-)12)2“+1 > 0. Also

2ab(g — 1)627(192‘”1
C a(g-1°—y¢
e v g (2a(g — 1)>(us — 1) + 9l + pis))
2(9—1) (2a(g —1)* — g) '
If we can show g is such that 2a(g — 1)> — g > 0 (so that —2ay?> + y+1 > 0 for all y > g — 1)
and 2a(g — 1)?(us — pr) + 9(pr + ps) < 0, then we are done. In fact, we can check that the
second inequality implies the first, therefore we only need to show the second one is true. Now let

A1 /1 A pstpr j. A Or—pr " A 20 .
a=351/.B8= T 0r = oo, and recall the definition of g = G e After solving the

desired inequality on g, we can get an equivalent desired inequality on Or:
< AB=2) + VPP 21— B)
= 2(1- )
By Lemma f; is the unique root of F(0) = (z 4 a)e?erfc(d) — eon (—a, 00). Then apply

+ Ko

flg—1) = 2% a(—a)**b0 (—2a, —2;>

Jzon
property@in Lemma we get that the desired inequality of 07 is true. Therefore we have proved
that p*(z) is strictly increasing on (ug, 0;].

Finally, consider lim+ p*(z) and p*(fr). Since G(-) is the inverse function of X(-), then by

Tpg
Lemmaﬁwe know that xlg;?;r G(x) = oo, and G(0y) = %. Combine with Eq. (50), we
get lim+p () = 0, and p*(0r) = 1. Therefore since p*(-) = A\*(-) on [gq,0;] and ¢ > pg, we have
Tpg
A*(q) = p*(q) > 0 and A*(0r) = p*(0r) = 1. H

Now we are ready to prove Lemma

Proof of Lemma@ By Lemma the function X(-) : [g — 1,00) — (us,0;] as specified
in Lemma is strictly decreasing and differentiable, and X (g — 1) = 6;, and lim X(y) = ps.
Y—00

Therefore, its inverse function G(-) : (us, 0] — [g — 1,00) is well-defined, strictly decreasing and
differentiable, and G'(z) = W by the inverse function theorem. Let G(z) =y, z = X(y), and

G'(r) = %, one can easily check that (y + 1)? + 2a(X (y) — b)X,L(y) — % = 0. Therefore G(-)
satiesfies the ODE (G(x) +1)2 4 2a(x — b)G(2)G’ (z) — 2abG’(x) = 0 on [ug, o). Since g—1 > 0, we
have that G(+) is strictly positive on (ug,0;]. Finally by Lemma the function \*(-) is strictly

increasing on [g, 1], with A\*(¢) > 0 and A*(0;) = 1. O
Next we establish the full proof of Theorem

Proof of Theorem @ The proof technique is similar to one we used prove Theorem (see Section
5). Recall that in Section |5| we first obtain a candidate value function W(-) by solving the HIB
equation (13), then we prove its optimality by showing that it satisfies a set of optimality conditions
(Conditions @ in Proposition. Similarly, for the Investor model, we will first provide a candidate
value function W(-) by solving the HJB equation

Jnax, {—Q(x)V(fL") + (s + plpr — ps) — x)V'(x) + %pQU?aV"(w) + ps + plpr — us)} =0, (51)

12



(where p denotes the proportion of the Risky mode to invest in) and then prove its optimality by
showing that WY(-) together with the policy stated in Theorem [3| satisfies Conditions with
Condition 47-5 (see below) replacing Condition

4%, the following inequalit is true for any © € R when p = 0 and for any z € R\ £ when
p € (0,1):
_ _ 1 _
~Q@)V (@) + (s + p(ur — ps) = 2)V'(x) + 5p0RV"(x) + ps + p(pr — ps) <0; - (52)

and

5!, for all z € R and some interval policy (see Definition Y| in Online Appendix A\ € A such
that A(y) = 0 for all y € £, the process (V(Htx)‘))tzo is an F-adapted semimartingale, and

~Q(2)V () + (us + M) (ur — ps) — )V’ (z) + %5\(36)20123‘7"(33) + s+ A@)(pr — ps) =0
(53)
Definition of W(-). Define
Vi(z,CT) if z < g
W(z) = { V3 (2,C) if g < & < b5 (54)
Va(x, C1) if x > max{q, 0;};
for some uniquely specified C’f , 021 and C’é , where V7 and V3 are as defined in Egs. and ,

restated here:
onp)? ©— up
Vi(z,Cy) = Cie “r <1+erf< )) + UR;
OR

T (z—np)? _
Va(z,C3) = Cs +/ Me k(1— erf(w))dz.
0 OR OR

Vyl is defined as follows:
xT
Vi (2,Cp) = Cy +/ G(2)dz, (55)
a
where G is as defined in Lemma Observe that V] '(,C) and V4(-,C3) are independent of Cy

and C3, hence we will use Vi '(-) and V4(+) to denote the two derivatives, respectively.
We now provide the explicit expressions of CY, C4 and C4:

(Q—HR)Z
“gife R (l—erf(q;;R)) .
(¢—npR)? itor <g
o e T (rert(552)) (56)
G(9) :
(a—up)? itor > q,
| e TR R (vrer(588))
(a—np)? _
cl—cle & <1+erf<qw%))+u3, (57)
OR
and
, vE <z—u2R>2
Vi(q, CF) — [TENT e ok (1 —erf(22ER))dz  if O < g;
C3I: 0 on (z=pp)? o (58)

VI (01,C) — [T Te ok (1 — exf(35ER))dz if 0 > q.

“When p = 0, we define $p*0c%V" () to be zero for any z including = € €.
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To reduce the burden of notation, we define V{(-) £ Vi(-,CY), V() & Vi (-,C%) and VJ(-) &

Conditions 1, 2, 3, 4/, 5/ and 6. Now we have an explicitly defined candidate value function
W (-) and an explicit stationary Markov policy A*(-) (see Lemma [C.2). Next we want to show that
WI(.) and \*(-) together satisfy Conditions 1-3 (see Proposition [2), 4 and 5! (see and )
and 6 (see Proposition .

We start with Condition 1. We want to show that W/(-) > 0. By construction of 1} (see Eq.
)7 if C{ > 0 then V/(-) > 0. Indeed this is true since G(q) > 0 (see Lemma . Then, in
particular V{/(q) > 0 and WZ(-) > 0, since W/(-) is continuous everywhere (see below) including at
q and increases on [g, 00), see Eq. .

Condition 2 requires W(-) to be continuously differentiable everywhere and twice continuously
differentiable almost everywhere. By construction, W(-) is continuously differentiable and twice
continuously differentiable everywhere except possibly at ¢ and 67 (note that by Lemma G
is differentiable on [q,0;]). Hence, we only need to show that W(-) is differentiable at ¢ and 6;.
Equivalently, we want to show

Vi(q) if0; < g
Vi =3¢ 37 (59)
Vy(q) if 01 >gq,
Vil'(q) if0; <gq;
V!'(q) = "[,( ) i (60)
Vi (q) if0r >gq,
and if 07 > q,
Vi (6r) = V3 (0), (61)
Vi (0r) = Vi’ (01). (62)

Eq. (59) is implied by the definitions of CQI and C'?{ (see Eqgs. and ) Eq. is implied
by the definition of CY (see Eq. ) Eq. is implied by the definition of C4 (see Eq. (58)).
Eq. (62) is implied by the fact that G=1(V{'(0;)) = 0; (see Lemma.

Condition 3 requires that W/ "be bounded. Since we have just proved that W/ /() is continuous in

R, to show that W!'(-) is bounded, it suffices to show ‘ lim WI/(.CB)‘ < oo and ‘ lim W[/(Z')‘ < 0.
T—r—00 T—00

< 0o and

This is equivalent to showing | lim V{'(z) lim X/gl(x)‘ < 0o. By the definitions of V|
T——00 T—r00

(see Egs. and ) and V{ (see Egs. and ), we have

oc! [ 1 (@-pp)? _
lim Vlﬂ(x) = lim G < te h KR (1 + erf (93 MR))
T—r—0Q

T——00 OR ﬁ OR OR
201 (1
= lim —1 < - zeZQerfc(z)>
z—=00 OR ﬁ
and
(z—np)? _
lim Véﬂ(x) = lim Me 7k (1 —erf <W>>
Tr—r00 T—r00 O'R O'R
= lim MEZQerfc(z)7

Z—00 OR
for z = (z — pg)/or. By propertyin Lemma the limits above are zero.
Conditions 57 and 47 respectively require W(-) and A\*(-) to satisfy

~Q)W(x) + (ns(1 = N (2)) + prA*(x) — 2)W!'(2) + %(JRA*(Q:))QWIN(x)
+ ps(1 = A (x)) + prA*(z) =0 (63)
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and
I I’ 1 2 I
—Q@)W' (@) + (ns(1 = p) + prp — )W (2) + 5 (orp) "W ()
+ps(1 —p) +prp <0 forall pc[0,1] (64)
for all x € R, except possibly at ¢ and 6;. Eq. is true by the construction of W/ (-) and \*(-).
Specifically, V| (z) satisfies
1
V(@) + (ur = o)V (@) + 5oV (@) + g = 0 for all 2 < g;
Vi (z) satisfies
1
(ur — o)V (z) + 50—%{‘/31//(1') + pr =0 for all z > 6r;
and G(x) satisfies (see Lemma
(G(x) + 1)* 4 2a(x — b)G(x)G' () — 2abG' (z) = 0,

which is equivalent to (since G'(-) is nonzero)
1
(ns(1=X"(2)) + prA" (@) = 2)G(2) + 5 (orA(2))*C(2)

+ ps(l = X (x)) + urA*(z) = 0 for all = € [¢,01].

Next we will show Eq. to complete Condition 4/. Denote the LHS of Eq. by
B(p,z,WT). Then, we need to show B(p,z,V{) < 0 for x < ¢, B(p,z,V{) < 0 for = € [q,0;],
and B(p,z,V{) <0 for x > max{q, 0r}; each for all p € [0, 1].

Let us first start with # < ¢q. We already know that B(1,z, VII ) = 0. Therefore, to show
B(p,z, Vi) <0 is equivalent to showing B(1,z,V{) — B(p,z,V{) > 0. Rearranging the terms, we
can get

B(la T, VII) - B(pv €T, VII)

0—2 1
=(1-p) ((MR — us)Vil' () + %Vf (z) + pr — us) 7 (65)

In fact, by properties [1}[3[iii)|in Lemma and the fact that C{ > 0, we have

2
20! [ 1 Eobp)” 0 -
Vlll(x) =—1 ( te 2 TTHER e (—qu> >0
OR ﬁ OR OR

and

I _ (@=up)? _ 2 _
VI//(x) _ 2CY ( 2(z — pg) e 7 14 2(x — puR) orfe [ E—HE >0.
1 2 2
oh ORVT 0% OR

Therefore since p € [0,1] and pr > pg, following Eq. (65), we obtain the desired inequality
B(1,z,V{{) = B(p,z,V{') > 0, and we have proved Eq. for z < q.

Now consider the case z > max{q,0;}. We know that B(1,z, V3]) = 0. Therefore, to show
B(p,z,V{) <0 is equivalent to proving B(1,z,V{) — B(p,z,V4) > 0. Rearranging the terms, we
get

B(lv €T, ‘/:3[) - B(p, Z, VSI)

2
= (1= 9) (= )V ) + 7

DIV @) - ps) = (1= pAGL (60

where

(z—np)? _
Ap) & “fj;fe A erfe (“

By property [fiii)] in Lemmal[5] we obtain

(z—pg)? _
Np) = PEVT AT e (ﬂfﬂR
OR OR

> (—ppr — ps + (p+ 1)x) — pur — ps.

)(fff—#R)—#RSO-
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Therefore, since p € [0, 1], following Eq. we have
B(L z, V3I) - B(p, z, VE%I) - (1 - p)A(p)

> (1-p)AQ1)
(z—pp)?
™ 2 xr —
=(1-p) (We R erfe ( MR) (22 — pg — ps) — pir — Ms)
OR OR
>0,

where the last step follows from the definition of 67 (see Lemma |C.1)) and property |d(ii)|in Lemma

Now we are only left with € [g,0;]. Similar to the argument above, we want to show
B(X\*(z),x,V4) — B(p, =, Vi) > 0. Rearranging the terms, we get

B()‘*(x)v &, ‘/21) - B(p, Zz, ‘/QI)
¥ N(z)+p
= (@) =) (0= 19)6(0) + 2L GG @) 4 e - s
* _ 2 2

The second step follows from the definition of \*(z) (see Lemma|C.2)). The last step follows from
the fact that G(-) is nonincreasing (see Lemma|C.2). Finally, it remains to be shown that Condition
|§| holds. Condition @holds straightforwardly by an applicationlﬂ of Lemma |

Finally we prove Theorem

Proof of Theorem[4] The monotonicity of A*(z) on [g, 6] and the boundary values follow from
Lemma|C.2] It remains to show the monotonicity of 67. Let

2
2 — o — (@—np)” _
Flus, pp,op,z) & 2L HS THR o <1—erf <x /m))  ps+UR

20R OR 20p/T
a, .2 b+1
= —)e¥ (1 — erf - —
(+ e (1~ etly) - 51,
where
a T —[HR a MR — HS a HS
Y= , a=——2  bh==,
OR OR

HUR
By Lemmal|C.1| 6; is the only root of F(ugs, pr,or,-) on (%, o0). From property El in Lemma

we obtain that F(ug,pir,0r,-) < 0 for all z € (“SJQF“R,O[), and F(ug, tr,0R,:) > 0 for all
x € (f7,00). Hence to prove 6; is increasing in pg and op, it suffices to show F(-, ug,or,x) is
decreasing and F'(us, pg, -, x) is decreasing. Equivalently, we want to show 597};(#5, 1R, OR,x) <0,

and gg—];(,u&,uR,aR,x) < 0 for any pr > ps >0 and x > “S"'T“R. Suppose now we fix such pg, ps,
or and z. Then we have y > §. Compute the partial derivatives:

6F( ) 1 y? f( ) 1
~——(Us, kR, OR, x) = ——e¥ erfc(y) — ———=;
Ops s 20R Y 20r\T
OF

1 2 2y
—— = —— |e¥erfe(y) (22 + 1) — —= 2y).
agR(us,uRmR,w) 507 |© " c(y)(2y” +1) NG (a+2y)

The first result needed, &—Z(MS,MR, or,x) < 0, follows from the fact that erfc(-) > 0 everywhere.

The second, %(ug, LR, 0R,x) < 0, follows from the fact that z > ”SJFT”R (so that a + 2y > 0) and

15Lemmab applies here as long as the customer lifetime is finite in expectation. Recall the proof of Proposition
for finite lifetime. Consider the satisfaction process under the policy stated in Theorem@ If the initial satisfaction
level is below ¢, then we are done since satisfaction process spends positive measure of time below g. On the other
hand, if the initial satisfaction level is above ¢, then the first passage time to ¢ must have finite expectation since both
1 and o terms are Lipschitz and bounded below, and hence we are done.
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using a Chernoff-type bound of the error function (Chang et al. [8]), erfc(y) > %6_92. This

completes the proof. O

D Robustness check: Geometric Brownian Motion reward process

Motivated by an investment problem where a risk-free asset generates returns (interest) with per-
centage drift pg deterministically and a risky asset generates returns (capital gains and dividends,
with automatic reinvestment of dividends) with percentage drift pr and percentage volatility og,
in this online appendix, we consider a model that uses geometric Brownian motion (GBM) reward
process instead of arithmetic Brownian motion reward. We will first define the model. Then we will
establish optimality conditions (Proposition , explain how we numerically solve for the optimal
value function, and finish by presenting our numerical findings.

Model setup. In this model, under the firm’s choice of service mode u; € {R, S}, the total reward
Y} evolves according to a Geometric Brownian Motion (GBM)

dY; = pi,Yidt + 0, Y1dB, (67)
wit Yy = 1. We are interested in cases where ur > s > 0. (However, we do not impose the
restriction ur > pg for our analytical development.) Customer satisfaction H; follows a stochastic
differential equation:

dH; = dY;/Y; — Hydt, (68)
where Hy = x is the initial customer satisfaction. Comparing Egs. and with Egs. (1)
and , we see that under the same action process u;, customer satisfaction H; follows the same
dynamics as H; does in the original model. We assume that the hazard rate of customer churn is
still a step function but is positive even for H; > q. Specifically,

Q(Hy) £ Q11{H; < ¢} + Q21{H,; > ¢} (69)
with Q1 > Q2 > 0. Then the customer’s survival probability S; at time ¢ is given by
5, 2p (T >t ﬁt) — ¢ Jo QU)ds (70)

Denote by T the customer lifetime:
T £ inf {t >0:e” Jo QUs)ds w} , (71)
where w is a uniform random variable over [0, 1] independent of filtration F.

We require the next condition on @1 and @3 to ensure that the expected CLV (which will be
defined next) is ﬁnit

Condition 1. Q1 > Q2 > max{us, pr}-

Denote by II the space of admissible policies that satisfy the usual conditions as in the original
model, which is that under the policy, the corresponding action process u; should be adapted to
filtration F, takes value in {S, R}, and the corresponding H,is an F-adapted semimartingale uniquely
specified in law. For a given starting satisfaction z and admissible policy , let f/fm denote the
reward gained up to time ¢ and T*7™ be the customer lifetime. Then the CLV is equal to
Hy = :p] : (72)

V(z,m)=E {1 —|—/0 1{t < T®"}dY,""

16The solution to Eq. is f’t = exp (jot (,uu3 — 035/2) ds + fot O'usst).
"Suppose the hazard rate is @ for all satisfaction states and the firm always uses the Risky service mode, then it

is not hard to show that the expected CLV is Q—QMR if @ > pr, and oo if Q < pr.
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The firm’s objective is to maximize the CLV it earns from interacting with the customer. The
optimal CLV given a starting satisfaction x is given by

V*(x) = sup V(z,). (73)
‘n'eﬁ
Next we establish optimality conditions in order to find the optimal value function.

Optimality conditions. As in the original model, we present the optimality conditions for a
function W : R — R to be the optimal value function.
Proposition 4. Suppose a function W:R—R satisfies

1. the function value W (x) > 1 for any = € R;

2. the function W s continuously differentiable everywhere on R and twice continuously differ-
entiable everywhere on R\ € for some countable set E;

3. the function W is bounded;

4. the function W' is bounded;

5. for any x € R for i =S and for any x € R\ € for i = R the following holdﬁ'
Q) + (1~ QU)W (@) + (i + 07 — ) W) + 50?7 (a) <0

6. for some interval policy 7 (see Deﬁmtzon@) such that w(y) = S for all y € &, the process
W(Ht) is an F-adapted semimartingale, and for all x € R it holds that

- - 1
Q) + iz — QUNW (@) + (o) + 020y — #) W) + 502, W) = 0. (74)
Then, the function W is the optimal value function V*, and 7 is an optimal policy.

Note that Conditions[5] and [6] together establish the HJB equation for this new setting:

- - - 1

_max {Q(l‘) + (1 — Q@)V (@) + (i + 07 —2) V!(@) + 507V (2 )} =0 (75)
1€{S,R} 2

for all z € R where V" exists.

Before we present the proof of Proposition l we want to give an overview of the remainder of
the GBM online appendix. Recall from the analysis of the original model (Sectlon' we would like
to solve the HJB equation to get a candidate value function such that all optimality conditions are
satisfied. A general solution to the HJB equation (for a single service mode) is of the following
form:

A 2
~ x ~ X — — 0
W(z,Cy,Cr) = L +CiH <,UR - Q(z), M)
Qx) — ur OR
Qa)—pr 1 (x—pn—op)’
+ OQM [P 2 (76)
2 2 oh

under the Risky service mode, and
W (z,Cs,5) = ﬂ + C3(pg — z)Hs—@@)
Qz) — ps
under the Safe service mode, where Cy, Co, C3 are free parameters, and in Eq. (76) H(-,-) is a
Hermite polynomial function, and M(-, -, -) is the Kummer confluent hypergeometric function| ”| We

BFor any x € &, we define the term USW”(JL’) to be zero consistent with og = 0.
9The two functions H (A, x) and M (— x?) are the two linearly independent solutions to the Hermite Differential
Equation y” (z) — 22y’ (z) + 2Ay(z) = 0.

1
272’
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then numerically find the values of C, Co and C3 such that the optimality conditions in Proposition
are satisfied. Later in this online appendix, we describe how we numerically solve for the optimal
policy and value function, and provide our numerical findings, which shows that our main structural
results for the original model also hold in the GBM setting. We defer the proof of Proposition to
the end of the GBM online appendix.

How we numerically solve for the optimal policy and value function. We need to numeri-
cally find the values of C7, Cy and Cj of the following functions (that solves Eq. for the Risky
service mode and for the Safe mode, respectively,)
A 2
- x ~ T—lUR—0O
W(ZL', Cla 027 R) = M + ClH (MR - Q(x)a IuRR)
Qz) — pr OR

1
2 "2’ 2

Lo (Q(w) L G e a;é)z)
R

and

W(x’ Cs,8) = ﬂ + Cs(pg — x)us—Q(w)
Qz) — ps
in different satisfaction regions where the firm chooses different service modes, such that the opti-
mality conditions in Proposition are satisfied.

In the above expressions, H(-,-) is a Hermite Polynomial, and M(:,-,-) is the Kummer con-
fluent hypergeometric function: the two functions H(A, z) and M (—%, %,mZ) are the two linearly
independent solutions to the Hermite Differential Equation y”(z) — 2zy/(z) + 2Ay(z) = 0. One
challenge of calculating this W is that, as the satisfaction value 2 decreases, both H() and M()
grow exponentially. Since both functions cannot be evaluated to their exact values, the error in
calculation W (which is the difference of two very large numbers) can get large for negative x with
large magnitude. To control for this error, we place a reflecting boundary at ¢ — B in the unsatisfied
zone for some large B > 0 and let the satisfaction process only evolve on [¢ — B,c0). Recall that
the satisfaction process is an Ornstein-Uhlenbeck (O-U) process in the unsatisfied zone, if the firm
always utilizes the Risky service mode there. With a reflecting boundary ¢ — B < ¢, it becomes a
reflected O-U process. To preserve our insights, we want to choose B large enough that the customer
churns before hitting the reflecting boundary ¢ — B with probability close to 1.

We use the following method to choose the reflecting boundary ¢ — B. Consider a reflected
O-U process X; on (—00, q] with infinitesimal drift pp — X, infinitesimal volatility oz, initial value
X, = ¢, and reflecting boundary at the satisfaction threshold q. Note that this is an approximation
of the satisfaction process H; under the sandwich policy with the risk-averse region right above the
unsatisfied zone, which we conjecture to be optimal, if not the myopic policy. Under this policy, the
satisfaction process becomes a delayed reflected O-U process on (—oo, g] once it hits the unsatisfied
zone. Notice the difference between process X, and the satisfaction process just stated — X, has in-
stantaneous reflection at ¢ while H, has delayed reflection at q. Nevertheless, this means that the sta-
tionary probability of X, < q— B is an overestimation of the stationary probability of H. < q—B,
and we can bound the latter by bounding Pr{X,, < ¢ — B}. From Ward and Glynn’s paper [3§],

we know the stationary distribution of X; < ¢ — B is Pr [N (/LR7 ?) <q- B)N (uR, %) < q]
Hence we would like to choose B such that this probability is small.

Numerical findings. Next we give details of how random instances are generated to compute the
optimal policies. We are interested in the regime where ¢ > pg, which implies that the customer
is eventually not satisfied if the firm uses the Safe mode all the time. We also let ur > ug, so
that the Risky asset accumulates higher rewards on average. We solve for the optimal policy for
random instances and make careful use of a reflecting boundary ¢ — B for some large positive B
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to ensure numerical stability while ensuring that the effect on CLV is very small. In particular, in
each iteration, the parameters are randomly generated in the following sequence:

1. randomly generate o ~ Uniform|[0.2, 1];

2. randomly generate pp ~ Uniform [0, 0.8];

3. randomly generate g ~ Uniform[0, ugl;

4. randomly generate ¢ = pug + Uniform|0, 0.8];
5. assign B = q — ur + 50R;

6. randomly generate (1 ~ Uniform|[ug, ur + 5);
7. randomly generate Q2 ~ Uniform[upg, Q1]

Note that the range of the specifications of ug, pur and op are chosen to have a similar magnitude
with the GBM drift and volatility estimations from the financial market (for example, see Schneider
et al. [30]). Also note that the choice of B is made to ensure that the second argument %
inside the Hermite Polynomials is always bounded below on [¢ — B, c0), in order to ensure numerical
stability. We numerically solve 1000 random instances generated by the above procedure, by solving
for the free parameters Cy and Cy in Eq. and verify that all the conditions in Proposition
are satisfied. In each instance, the stationary probability of a reflected O-U process Hy < ¢ — B is
calculated. In fact, they are all less than 10~%. Therefore we can say that with very high probability,
the customer churns before hitting the boundary ¢ — B, and that placing a boundary at ¢ — B will
very likely not affect the firm’s optimal policy. In fact, we also check this by perturbing the choice
of B within [¢ —ur+40Rr, ¢ — pur+50r] and showing that both the value function and the sandwich
structure are extremely insensitive to the choice of B. Remarkably, in all the randomly generated
instances, the optimal policy is either a myopic policy (Risky mode everywhere) or a sandwich
policy (Safe mode only in an interval just above ¢q). More details are presented next.

Optimal policy is either myopic or sandwich. As in the original model (see Theorem
for the pr > pg case), the optimal policy is either a myopic one or a sandwich policy. In particular,
among all the randomly generated instances, the (numerically solved) optimal solutions are either
a myopic policy that always uses the Risky mode everywhere, or a sandwich policy that uses the
Risky mode for all satisfaction states except for some intermediate satisfaction range [q79~b] (for
some numerically specified éb). It is worth noting that in the GBM setting, the optimal sandwich
policy once again provides substantial CLV increase over the myopic policy. For example, consider
the model primitives pug = 0.12, ugp = 0.14, o = 0.3, ¢ = 0.13, Q1 = 1.5 and Q2 = 0.5. (Here one
may think of 1 time unit in the model as being a period of about 2 years.) This means the Safe
asset’s rate of return is 12% (with continuous compounding), and the Risky asset’s expected rate
of return is 14%, with volatility 30%. Also the customer is not satisfied with a rate of return below
13%, and his hazard rate of churn increases from 0.5 to 1.5 if he estimates (as quantified by his
satisfaction) that the rate of return is below 13%. Under this set of model primitives, the optimal
sandwich policy (see the dotted vertical line in Figure is to use the Safe mode for satisfaction
values on [0.13,0.147], and use the Risky mode elsewhere. The CLV increase from using the optimal
sandwich policy relative to the myopic policy is 7.0%. Though we do not permit mixed strategies
in this section, we briefly observe that the CLV increase relative to the myopic policy will be even
larger if mixed strategies are permitted, since the myopic strategy remains unaffected.

Optimal switching threshold exhibits similar monotonicity as in the original model.
The optimal switching threshold 6 shows similar monotonicity in model primitives as in the original
model (see Theorem . That is, éb decreases as we increase pp, and increases as we increase og.
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Figure 11: The optimal sandwich policies for different values of ug, under pug = 0.12, o = 0.3,
qg = 0.13, Q1 = 1.5 and Q2 = 0.5. The horizontal axis corresponds to the value of ugr, and the
vertical line marks the satisfaction value. The two curves are the switching boundaries between the
Risky mode and the Safe mode.

Figure plots the prescribed optimal sandwich policy for various model primitives. In particular,
we fix pg = 0.12, 0 = 0.3, ¢ = 0.13, Q1 = 1.5, Q2 = 0.5, and vary up in [0.12,0.20]. The horizontal
axis is ppg, and the vertical axis is the satisfaction value. The two curves on the plot are the two
switching thresholds, separating the satisfaction regions where the firm should use different service
modes. The white region represents the risk-averse region where the firm should choose the Safe
service mode. Notice that ) here has the same monotonicity (i.e., decreasing in pg) as 6, in the
original model (see Theorem .
We end this online appendix with the proof of Proposition

Proof of Proposition (4} In order to prove Proposition we first establish the following lemma:

Lemma D.1. For any admissible policy w € I, any starting satisfaction x € R and any t > 0, the

following holds:
b 2
E / Yrer ds} < 00,
[ 0 { }

where Yy is as defined in Eq. . In other words, the process Y& e L2 [0,t], and the stochastic
integral fo Y™ dBy is a martingale for any t > 0, which then implies that

E [ / ifSMdBS] =0.
0

Proof. Fix an admissible policy 7 € 1:1, a starting satisfaction x € R, and a time ¢ > 0. Denote u;
the corresponding action process. Since the solution to Eq. is

t t
Y, = exp (/ (Hu, — 02 /2) ds—l—/ O’uSdBS) )
0 0
t t
E[/{YSM } /]E{Y”” }ds
0 0

t
/]E 2uuz azz)dz+f0 QUU,dez:| ds

we have

(=)
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_ /OtE [efos(muz_,_ggz)dz} ds
t

e<2“R+U%)5ds

IN
S—

e(?uRJrO'%)t -1
= <o,
2ug + O’%

vyhere the inequality results from the fact that pg < pgr and og < og. Hence we have shovxied that
Y™ € L2[0,t], and that by the Martingale property of stochastic integrals, the process fg Y7 dB,
is a martingale for any ¢ > 0. O

Now we are ready to prove Proposition

Proof of Proposition |4} As in the proof of Proposition |2] we will show that a function W as
described in Proposition |4|is an upper bound of the optimal CLV V*, and that the gap W —V*is
Z€TO.

To show that a function W as described in Proposmonl 4]is an upper bound for V*, it suffices
to show W( ) > V(x,7) for V& € R and for any admissible policy 7 € II. Now fix any = € R and
any m € II. Let u; denote the action process under policy 7. Define a process X;,t > 0 by

t
X, = W(E)S, + / V.0 (11,)8sds, (77)
0

where H, is the satisfaction process under policy m and initial satisfaction x (see Eq. 1@ ), Y; the
corresponding cumulative reward (conditional on no quitting) up to time t (see Eq. ), and S,
is the corresponding customer survival probability at time ¢ (see Eq. (70)). Since 7 is admlssible,
the corresponding process H,is a semimartingale (and hence Y, and S, are also semimartingales).
Next we expand X; in integral form.

Since W is continuously differentiable everywhere on R and twice continuously differentiable
everywhere on R \ € for some countable set £ (Condition |2 I in Proposition |4] ' we can apply the
It6-Tanaka formula to conclude that W (H;) is also a semimartingale:

W) = W () + /0 W/ (L) (. — H,)ds + /0 (i), dB,

¢ _
by [ ML ISR s+ 5 SO ) - W)L t),
0 ye€
(78)

where W,{ and I/T/l’ are the right and left derivatives of W, and L (t,y) is the symmetric local time of
H, at y. In fact, we can still apply the results of Lemma |6|to the GBM setting, since the dynamics
of the satisfaction process in GMB setting is the same with the satisfaction process in the original
model (if under the same action process). From Lemma [6] we know that L7 (t,y) < oo almost
surely, and since W is continuously differentiable everywhere, we have W/ (y) = V~Vl’ (y) and hence
the last term involving the local time in Eq. E is zero almost surely.

Since W(ﬁt), Y; and S, are all semimartingales, we can then apply the multi-dimensional It6’s
formula on semimartingales to g(W( 1), Y, St) (Ht)Y}St and rewrite X; as:

X, =W (x)

of
|

’*ﬁz

t
S W () ( —Hs>ds—|—/ VoS W! (Hy)ou,dBy
0

’*<jx

e 1 (t . - - . -
WSW(H)Q(H,)ds + 5/ Y,SW" (H)1{H, ¢ E}or ds
0
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t t
—|—/ Y.S W (H )uusds—f—/ Y, SsW (Hy)o,,dBs
0

t t
+ [ RS s+ [ V5. (79)

0 0
Note that by the Martingale property of stochastic integrals, the two stochastic integrals above have
zero expectations if Y:S;W'(H)o,, and XQSSW(HS)quS are in the L2[0,¢] space. This is indeed true
since Y5 € L?[0,t] (see Lemma [D.1), S5 € [0,1], W is bounded (see Conditionin Proposition
, W’ is bounded (see Condition |4 in the proposition), and o, € {0,0r}. Hence we can take

expectation on both sides of Eq. (79) and remove the two stochastic integrals, while replacing 1
with 1{Hs; ¢ £} + 1{H; € £ & us = S} + 1{H; € £ & us = R}, and get

EX, = W(a) +E [ VS, [(Q(IL) o (1 = QUL ) W(H) + (s, + %, — H)W(H,)

b Lot W ))n{H ¢ )
ftuy, — Q(Hy)) W (Hy) + (pu, + 02, — H)W'(H )) 1{H, € £ & us = S}

( )
(@) + (s, = QUED) W) + s, + %, = FLJV(F) | LU, € € & = 1) as
+

 (u, + 02 — FIS)W’(ﬁS)> 1, € £ & uy — R}ds
= W(). (80)

The inequality in Eq. results from applying Condition [5| I of Proposition I 4| and the fact that
Y,S; > 0. The last step in Eq. . 80) follows from applying the Cauchy-Schwarz inequality:

5 [ 9282 (QUL) + (s, — QUED) WUL) + (s, + 2, — HIW(L) ) 11, € € & u. = R

. ¢ (= stads)

2
\/ / ) uus - Q(I:Is)) W (Hy) + (fu, + 02, — ﬁS)VV’(ﬁS)) 1{H, € £ & us = R}ds

I~n the last step above, the first squared root term is bounded since }73 € L?[0,t] by Lemma and
Ss € [0,1]. The second squared root term above is zero, since fg 1{H; € £ & us = R}ds = 0 almost
surely by Lemma@ and Q(H,) + (Hus - Q(ﬁs)) W (H,) + (ptu, + 02, — H)W'(Hy) is bounded for

H, in a countable set £. Since Inequality holds for any ¢ > 0, it also holds in the limit:

limsup EX; < W (z). (81)
t—00
We will now show limsupEX; > V(x,n) to complete the proof of W(z) > V(z,m). Observe

t—o0
that since Y; > 0, S, > 0 for any t > 0 and pur > 0, ug > 0, the integral fot YSSSuusds is pathwise
monotone increasing in ¢ and hence converges pathwise to fooo f’sgsuusds as t — oo. Therefore
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lim E [fot f’sg’suusds} =E [fooo f@gsuusds] Define V;(z,7) = Yy + E Uot S’Sdf/s}. It follows that

t—o0

t
Vi(w,m) = Yo + E U Sdes}
0

t t
=1+E {/ Y, S5ty ds +/ YSS’SJuSdBS]
0 0

t
=1+E {/ f’sgsuusds}
0

is monotone increasing in ¢t. Note that the stochastic integral has zero expectation since YSSSUUS S
L?[0,t], the same reasoning as before. Then by the Monotone Convergence Theorem, we have

V(z,7) = Voo(z, m)

= Jim Bt
t
=1+ lim E [/ YSSSuusds]
t—o00 0 )

=1+E {/ ifsésuusds] , (82)
0

where the first equation follows from Eq. and replacing 1{t < T'} with S, by the tower property
of conditional expectation and the applying the definition of S, in Eq. . With Eq. we are
ready to take expectations on both sides of Eq. (77) and let ¢ — oo. Apply Itd’s formula on Y;Sy,
utilize Monotone Convergence Theorem to exchange limits with expectations and Lemma to
get rid of the stochastic integral, we have

_ t
limsup EX; = limsupE W(Ht)Y;fSt:| + limsupE {/ YSQ(HS)SSds}
t—o0 t—o0 - t—00 0
~ limsupE [W(H)%:5,] +E [ / mmgsds}
t—o00 L 0
> limsupE _~t }} +E {/ KQ(ﬁS)SSds]
L 0

t—ro0

t—o0

t t ¢
=1+limsupE {/ Y Sspiy, ds +/ Y;Ss04,dBs —/ YSSSQ(HS)dS}
0 0 0
(

(83)
The inequality results from the fact that W(-) > 1 on R (see Condition of Proposition and that
Y;S; > 0. Combining Egs. and 7 we obtain the desired result W (z) > V(z,7) for Vo € R
and any admissible policy m. Hence W as described in Proposition [4|is an upper bound for the
optimal CLV V*.

Now it remains to show that the gap W — V* is zero when the policy is chosen to be 7, as
described in Proposition |4| Observe in the above analysis that it suffices to show inequalities
and (83) are tight. Inequality (80) is tight follows from Conditionin Proposition [4| Hence it
only remains to show Inequality (83) is tight. In fact, since W is bounded (see Condition , this

is true if we can show lim sup E [f/tgt} = 0. From definitions of Y; and S, (see Egs. and )7

t—o00
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we know that (since 7 is an interval policy by Condition@ of Proposition we use 7(Hy) to denote

the policy’s choice of service mode at time t)
2

~ ~ fgt (N;‘.(I:IZ)—U;"(QI:IZ) —Q(Hz))dz-‘rfot Uﬁ'(ilz)de
E [Yt t] —F |e

-F [efot (“%(Hz)_Q(gz))dz] '

Since Q1 > Q2 > max{ug, ur} (see Condition, the exponent fot (“fr(flz) — Q(I:IZ)> dz is bounded
above by (max{ug, pr} — Q2)t. Hence

t—o0 t—o00
Thus we have proved the desired result. O

0 <limsupE [ef(f (“*(ﬁzVQ(HZ))dZ} <limsupE {efot(max{“s’“}*}*@?)dz} =0.

E Robustness check: switching costs

In this online appendix we first define the model with switching costs, and then (informally) derive
the HJB equations required to numerically find the optimal policy and value function. Finally we
present our numerical findings.

Model with switching costs. Assume that each transition from one mode to the other incurs
a fixed cost, denoted by K, and keep all other assumptions in the original model unchanged. In
this setting, the decision of which service mode to adopt should not only depend on the customer’s
current satisfaction level, but should also depend on the firm’s current mode of service. In other
words, the setting is stationary Markov with respect to a two-variable state which includes both
the satisfaction and the current mode of service, and so, without loss of optimality, we can restrict
attention to stationary Markov policies with respect to this state. Let m be such a stationary
Markov policy, which maps from R x {S, R} to {S, R}, i.e., m(x,7) prescribes which service mode
to use when the customer’s satisfaction level is z and the firm’s current service mode is i € {S, R}.
Denote by u; the firm’s service mode prescription at time ¢. Given an initial satisfaction Hy = =
and initial service mode ug_ = 4, under policy 7, the firm’s service mode prescription at each time
t > 0is uy = 7(Hy,u—). (As before, H, and w; are defined for all ¢ > 0 independent of the customer
lifetime T'.) We restrict attention to policies such that, with probability 1, the resulting u; process
is right-continuous with left limits (cadlag).

The firm’s objective is to find the policy that maximizes the difference between the expected
reward earned during the customer’s lifetime and the total switching cost incurred. Accordingly,
the optimal expected CLV for a starting satisfaction state x and starting service mode i € {S, R} is

%) e

/ I{t < T}dY; — K> 1{rm < T}
0 k=1

where 7, denotes the time point of the kth switch in service mode in the u; sample path, and the

customer lifetime 7" is defined as per Eq. @ as before. (Since u; is cadlag under admissible policy

m, the set of time points where u; switches is countable.)

Vi'(z) £ supE
mell

Hy = x,up— :il ,

HJB equations. The optimal CLV under switching cost should satisfy the following HJB equations
(derived informally below):

02 " * *
0 = max { ~QUa)Vita) + (un = )V (o) + Vi (&) + i, Vi) = Vi) — K |

Vo € R where V3" (z) exists;  (84)
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0 = max {—Q(x)V;(x) + (us — o)V (x) + ps, Vi(x) — Vi(z) — K} Vz € R. (85)
We now summarize how we obtain these equations: We have two equations in this setting, each
corresponding to one of the two possible service modes (the Risky mode or the Safe mode) being
used currently. In particular, Eq. comes from comparing the continuation value of staying with
the Risky mode with the value of switching to the Safe mode while incurring a switching cost K.
Similarly, Eq. comes from comparing the continuation value of staying with the Safe mode with
the value of switching to the Risky mode while incurring a switching cost K.

Next, we go over the heuristic steps to obtain the HJB equation.

Consider a starting satisfaction value at Hy = x and the firm’s current service mode being the
Risky mode. We answer the following question: should the firm stick with the Risky mode for a
very short time ¢ and then continue optimally, or should the firm immediately switch to the Safe
mode but incur a switching cost of K > 0?7 In the first option, the total reward collected is

t
/ LT > s}(unds + opdB,) + 1{T > 1}VE(H,),
0

where V;*(x) is the continuation value when satisfaction level starts at « and the firm’s starting
service mode is i € {S, R}. Take expectation of the above expression and apply Itd’s formul on
e o Q(HS)dSV§(Ht), we get
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On the other hand, if the firm immediately switches to the Safe mode by incurring a cost of K, the
total reward (minus cost) collected is V& (Hp) — K. Since the firm wants to maximize total reward,
we must have

t t
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0 0
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Consider the limit as ¢t — 0, the above equation reduces to

02 " * *
0 = max {—Q(w)Vfé(x) + (1 = 2) Vi (2) + ZVE" (@) + i, Vi (@) = V(o) - K} .

Similarly, if the firm’s current service mode is the Safe mode and the customer’s satisfaction value
is Hy = x, we have
0 = max {~Q(z)V3 () + (us — 2)V§'(x) + ps, Vip(z) — Vi (z) — K} .

How we numerically solve for the optimal policy and value function. We focus on the
case ur > ps (the other case pgp < pg can be treated similarly with similar results, hence we
omit the repetition), and numerically solve the HJB equations and to find the firm’s
optimal policy under switching cost K. For example, when K is small, we first conjecture that the
optimal policy should follow a sandwich type with buffer zones. Then, we need to determine the
boundaries g, rgr,7s of the buffer zones (we also conjecture the fourth boundary is exactly at ¢)

Ppix ¢ € {S,R}. Since H; is a semimartingale, by the Ito6-Tanaka formula, if V;*(-) is sufficiently smooth, then
Vi*(H;) is also a semimartingale. Also e~ Jo QUHsds g o semimartingale. Therefore by the multidimensional Ito
formula, e~ Jo QUHEs)ds17* ([, is also a semimartingle.
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via continuity conditions of the value function, and numerically find the values of eight parameters
C1,C3,Cy,C5,C6,lp, TR, rs of the following functions (that partially solves Eq. (84) and Eq. (85)
for the Risky service mode and for the Safe mode in corresponding satisfaction regions, respectively),

(z—pp)?

Cie Rk erfe E*”;;”) + LR ifz<gq
2
2 pRu—l‘T) (u*HR)2 N f<1L*MR)
_ 2 HRrVTerf — =
Wg(z) = C3+Cyfe R du— [ du  ifg<z<lp
Cs + pslog(z — pg) — K iflp<ax<rg
(“*l;R)Q
Cs + ffR L?'fe °r  erfc (—“;Z”") du ifx>rp

and
<w—p;R>2
Cre "k erfe (M2) b g~ K ife<g
Ws(x) = Cs + pslog(z — pg) ifg<z<rg
(u—pp)?
T pRVT T o2, - ;
Ce + fm %e r erfc (%) du— K if x > rg.

To be more concrete, we first determine the value of Cy as a function of lg via lim, NS Whiz) =
limx_ﬂg Wh(z). Then we equate lim,_,,- Wg(x) = lim,_,,+ Wx(z) to determine the value of Cf,
also as a function of [g. Solving lim,_, - Wg(x) = lim,_,,+ Wg(x) then gives the value of C3 as a
function of [g. After that, C5 as a function of [ can be determined by solving limm%l;? Wg(z) =
limm_)lg Wr(z). The value of [g can then be solved by letting lim, ,,- Ws(z) = lim,_,,+ Ws(x).
Having determined C1, C3, Cy, Cs, [r, we can solve for the value of rg by equating lim S Wh(z) =
limx_”,g Wg(x), after which Cg can be determined via limz_w,l_% Wr(z) = limx_w,g Wr(z), and sub-
sy Ws(z) = hmm*)r;f Ws(z).

After determining the values of C4,C3,Cy,Cs, Cg, g, TR, Ts and the corresponding conjectured
value functions Wr(z) and Wg(zx), we numerically verify that

Wg(z)>Ws— K  ifz € (—o00,lp) U (rg, o)

sequently rg can be determined by lim

2
~Q(@)Wr() + (ur = 2)Wh(x) + ZEWh(@) + pp <0 itz € (Ir,7r)

—Q(@)Ws(z) + (us — 2)Ws(z) + ps <0 if 2 € (~o0,q) U (rs, o0)
Ws(x) > Wg(z) — K if z € (¢q,rg),

so that Wg(x), Ws(z) fully solve the HJB equations —.

Findings. We focus on the case ur > pg, and numerically solve the HJB equations and
to find the firm’s optimal policy under switching cost K. Among all the various instances we tried,
we observe similar patterns of the optimal policy. In short, we find that adding a small switching
cost results in an optimal policy which is very similar to the sandwich policy we find to be optimal
in the original model.

Recall our result for the original model for ug > pg, namely, that in cases where a sandwich
policy is optimal, 8, and ¢ are the thresholds separating the satisfaction values where the firm should
use the Safe service mode from those where the firm should use the Risky service mode (Figure .
With a small positive switching cost K, our numerics reveal that each switching threshold is replaced
by a buffer interval. Specifically, above and below a buffer the firm should prefer opposite service
modes (as in the original model, regardless of which service mode is currently in use), whereas inside
a buffer interval the firm should not switch service modes. (Intuitively, the CLV benefit of having
buffers in place of sharp switching thresholds for K > 0 is to reduce the number of switches between
service modes.)

Figure illustrates the optimal policy as a function of switching cost K. In the plot, the
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Figure 12: Firm’s optimal policy as a function of switching cost K. We fix ug =8, ugr =9, og = 10,
and ¢ = 10. The shaded areas represent the buffers where the optimal policy retains the current
service mode. The white areas represents the regions where the policy employs a specific service
mode, even if this would incur a switching cost. For each K, the buffers of the optimal policy are
given by the intervals where the (horizontal coordinate = K) vertical line intersects the shaded
areas, e.g, the dotted line in the left subfigure gives the optimal policy for K = 0.05.

horizontal coordinate is the switching cost, and the vertical coordinate is the customer’s current
satisfaction value. All model primitives besides K are held fixed as per usg = 8, ugr =9, og = 10,
and ¢ = 10. The shaded areas in Figure represents the buffers of the optimal policy. Observe
that the buffers grow when we increase the switching costs The special case K = 0 corresponds
to the original model and leads to an interval optimal policy as before with sharp thresholds ¢ and
0 = 22.10. Consider K = 0.05. The optimal policy has buffer zones (¢,10.37) = (10,10.37) and
(0y, 28.22) = (22.10,28.22), corresponding to the intersection between the K = 0.05 line and the
shaded areas in Figure Outside the buffer zones, the policy is identical to that in the original
model, i.e., it uses the Risky mode for satisfaction values above 28.22 and below ¢, and it uses
the Safe mode for satisfaction values in (10.37,22.10). To illustrate the role of the buffer zones:
if the current service mode is Risky, then the policy prescribes to stay with Risky as long as the
satisfaction level is on (0, 10.37) or (22.10, 00), and switches to Safe once the satisfaction level leaves
these regions. If the current service mode is Safe, then stick to Safe while the satisfaction level is
on (10,28.22). The buffer zones (10,10.37) and (22.10, 28.22) are hence overlapping bands for the
two service modes, where the firm may use either the Risky or the Safe service mode depending on
the current service mode in use. Despite the positive switching cost, the optimal policy produces
a substantially larger expected CLV than the myopic policy. Specifically, the payoff is nearly 79%
larger under the optimal policy W‘fﬁi% = 1.79, where V' (q, Myopic) is the CLV of using the Risky
mode always.

In the cases where the myopic (Risky always) policy is optimal under the original model (with
K =0), it is clear that the Risky always policy remains optimal even for K > 0, since the policy
does not incur any switching cost

Implications for a setting where the firm cannot perfectly measure satisfaction. So

2n fact, we also find in numerical solutions that as the switching cost K increases to above jr — s, there emerges
a threshold 6y < ¢, increasing with K, such that for satisfaction states under this threshold, the firm should not switch
to the Risky mode, if currently using the Safe mode. Here ur — ps is the CLV difference between the Risky-always
policy and Safe-always policy in the limit of initial satisfaction z — —oco, since Q(z’) = 1 Va2’ < q.

22There is technical caveat here: if the starting service mode is Safe, then if K > 0 there is a nontrivial decision
regarding whether to switch to Risky and under what conditions. This case has limited practical relevance, so we
avoid discussing it in the interest of space.
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far we have assumed that the firm is able to perfectly estimate the customer’s current satisfaction
state. A reader might be concerned about the robustness of our findings to estimation errors (or
delays). We now argue that the results we have obtained under switching costs suggest that small
to medium-sized errors in estimating customer satisfaction would not significantly impair the CLV
benefits of the optimal policy (relative to the myopic policy). In each case where the optimal policy
for the case of switching costs is one where switching is postponed by a buffer (see Figure , by
definition this policy produces higher CLV than the myopic policy. We can hence conclude this
policy also produces higher CLV than the myopic policy if there were no switching costs (for K = 0,
the CLV under the former policy is even larger whereas under the CLV under the latter policy stays
the same). To give a quantitative example, for K = 0.70 the lower buffer interval of the optimal
policy is (10, 12.03) as per Figure Thus the policy decisions are loosely similar to those of the
optimal (sandwich) policy under the original model acting on estimated customer satisfaction when
there are estimation errors of size similar to the size of the lower buffer interval ~ 2 (the upper
buffer interval plays only a small role since the customer satisfaction only rarely rises to that level).
The CLV increase from using the optimal (buffer) policy relative to the myopic policy is 30.0% for
K = 0.70, and so the CLV increase from using the same policy in the absence of switching costs
is even larger. This gives us confidence that our proposed policies still substantially increase the
CLV in the face of small to medium-sized errors in estimating customer satisfaction. Along similar
lines, interpreting the effect of the buffer intervals as delays in switching, one can argue that (small)
delays in estimating customer satisfaction are unlikely to erode the benefits of using our proposed
policies.

F Robustness check: Alternative hazard rate functions

We now provide numerical evidence for our results’ robustness to alternative specifications of the
hazard rate function (recall the original step function in Eq. (4)) in the case ur > pg > 0. The most
important takeaway is that, for a variety of hazard rate functions and different model primitives, the
optimal policy is still either myopic or a sandwich policy, and moreover, the switching thresholds in
the optimal sandwich policy are fairly robust to the shape of hazard rate functions.

First, we consider a variety of different hazard rate specifications in the unsatisfied zone, while
keeping the original assumption of zero hazard rate in the satisfied zone. Let ¢ be the satisfaction
threshold separating the unsatisfied zone and the satisfied zone. Consider the following four types
of hazard rate functions:

1. constant k: Q(z) = k1{z < q};
2. nth power: Q(z) = (q — x)"1{z < q};

3. exponential: Q(z) = (77 — 1)1{z < q};

4. logit: Q(x) = (lfe;: - %) I{z < q¢}.

The value function and optimal policy associated with each hazard rate functions can be established
by solving the HJB equation and checking that the optimality conditions in Propositionare
still satisfied. Under all these different choices of the hazard rate function in the unsatisfied zone
(including several different constants, and powers) and different model primitives with ur > ug, we
find that (similar to Theorem|1) the optimal policy is either myopic or a sandwich policy. Figure
presents the firm’s optimal policy and the associated CLV for some of the numerical instances.
One interesting observation from Figureis that the size of the risk-averse region depends on
how fast the hazard rate of leaving increases as the customer satisfaction level descends into the
unsatisfied zone. In the original model, the firm switches from Safe to Risky as soon the customer
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Figure 13: Value function and optimal policies for various forms of Q(-); ur =9, us =8, or = 10,
q = 10. Solid red lines correspond to the Risky service mode, and dashed blue lines correspond to
the Safe service mode.

satisfaction crosses from the satisfied zone into the unsatisfied zone. This is not always the case with
arbitrary hazard rate functions. When the hazard rate grows relatively fast as customer satisfaction
goes down, the lower switching threshold remains at q. However, in the plotted cases where the
hazard rate does not grow swiftly when customer satisfaction crosses into the unsatisfied zone, the
switching point to Risky is strictly below ¢. In our numerics, this occurs for the cases of hazard rate
functions growing as the fourth and eighth powers (see Figures [13(f) and g))7 where the lower
boundary of the risk-averse region is strictly below q.

In Figure we also show that the gap in CLVs between under the optimal policy and the
myopic policy remains large for different hazard rate functions. In particular, the second curve from
the bottom corresponds to the original step function hazard rate in Eq. . The other three curves
correspond to the hazard rate function being linear, exponential, and logit in the unsatisfied zone
(and zero in the satisfied zone) as introduced earlier in this section.

Other than the choice of hazard rate functions listed above, we also numerically examined cases
where the hazard rate is strictly positive everywhere (including in the satisfied zone), again in the
original model and restricting ur > pg, and find our main results remain intact. In particular,
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Figure 14: The ratio of CLV under the optimal policy to CLV under the myopic policy versus ug
under different hazard rate functions), for pp =5, ogr = 2, ¢ = 6, and initial satisfaction q.

we considered hazard rate functions of the form Q(z) = 1{z < ¢} + el{x > ¢} for € € (0,1),
and various model primitives such that ur > pg, and found that the optimal policy is still either
myopic or a sandwich policy, where (in the optimal sandwich policy) the upper switching threshold
decreases smoothly as we increase the value of e. The CLV increase from using the optimal sandwich
policy relative to the myopic policy is still large for small values of e. We omit more details of this
robustness check for brevity.
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