Online Appendix to
“Optimal Partition for a Multi-Type Queueing System”’:

Supplementary Derivations and Proofs
Proof of Theorem 1. First we consider @ = 1 (@ =0). In this case, x =1 (x = 0) is the only feasible
solution, and the statement is true.

When 0 < @ < 1, we first show that x =0 or x =1, i.e., assigning all customers to one queue,
cannot be optimal. To proceed, we first introduce some notations. For queue with arrival rate A and
service time distribution S, we denote the zeroth order load as C = AE[S°], the first order load as
B = AE[S!], and the second order load as A = AE[S?]. We denote the zeroth, first, second order load

for the first (second, resp) sub-queue under a unit server as Cy, By, A, (Cy, By, Ay, resp.). Therefore,

we have
Ay Zl | Aivixi, By Zl l#x,,C Zl 1 AiXi,
Ay=20 Avi(l—x;), By =211, & L(1-x),Cy =3, (1 -x,). (A.1)
We denote s = B% = l_fy . We further denote the Lagrangian function L(x,a,p,q) =

a?a %x) = af(l Ca ) — )i XiDi— Z-(l —X;)qi, where p; > 0, g; > 0 (we remove the constant factor

for the ease of expression). From the KKT condition aL 0, we have

o Cx _ Cy v
pi=ai= (a(a/—Bx) (l—a/)(l—a—By)) a

2271

Ax A)
+ - A
a(a—By) (1-a)(1-a-B,))
+ AxCx _ AyCy ﬁ
a(@—By)?> (1-a)(1-a-By)?
If x = 0 is feasible, then for x =0,
C A, A,C, A;
J A vi+ Y A+ d 0
(1-a)(1-a-By) (1-a)(1-a-B,) (I-a)(1—a- By)z,ul

(A.2)

Pi—4i=—

From non-negativity of p;, g; we know ¢; > 0. However, complementary slackness condition states
that (1 —x;)g; =0, thus x = 0 is not optimal.

Similarly, if x =1 is feasible, then for x =1,

X

Ax AxCx /li
/l,'v, +

i+ —>0.
a’(a’_Bx) (a' Bx) a'(a'_Bx)2 Hi

Pi—4qi=

From non-negativity of p;,q; we know p; > 0. However, complementary slackness condition

states that x; p; =0, thus x =1 is not optimal.
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Now we can restrict our consideration to x # 0,1. We first formulate a representative function
which maps each customer type to a scalar value. In particular, for any feasible assignment x, we
define function g, as

2.2 2
gx(u):(g—%)ﬁv;(un(%—L)ﬂ%u— ! )u. (A3)

1- @ l-a

It is readily shown that representative function only depends linearly on the first two moment of the
customers’ service time, i.e., v and vz (u).

We complete the proof by showing that, under the optimal assignment policy, customer of type i
will be allocated to the first server only when the corresponding scalar value gy (+) is non-positive.
Consequently, due to linearity, the optimal assignment then corresponds to a polytope partition in
a two-dimensional space of the first two moments. In particular, when there are two queues, the
two-dimensional space are partitioned by a line into two subspaces.

Specifically, since x # 0,1, we have Ay, Ay, By, By, Cy, C, # 0. Multiplying both sides of (A.2)

B%, 1 -
by O yields
C.B
2 x 3y
By pi—a _ CyBx B 1 ﬁv-
A,Cy a(a—By)/By (1-a)(1—-a-B,)/By|A,"’
A,B,
N A,B, 1 B,
a(a-By)/B, (1-a)(1-a-B,)/B,|C,
CyBy A,B,
N CyBy A,B, 1 1
a(@-By)?/B2 (1-a)(1-a-By)?/B2 | wi
Denote y = B—ig—z,ﬁ = %B_i’ u = +ypB. Recall that s = ai‘;x 1= l_ffo , the above equation can

then be simplified as

a l-a

Cy

a 1-«a

(ﬁ__’ )By (ﬁs I)BH(”%Z ;2)1 By piza (A4)

a -« Ay Mi AyCy /ll'
2
Recall definition (A.3), we know that (A.4) can be rewritten as gx(i) = %p‘%". By comple-

mentary slackness conditions, for any optimal assignment x*, it holds that

1 1
gx*(—)>O:>x;-k:O, gx*(—)<0$xf:1.
Hi Hi

We then finish the proof by considering two cases.
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Case 1. % = ﬁ Then gy (u) reduces to a linear function. When g+ (u) # 0, g+ («) intersects

with the positive half of X-axis for at most once. By KKT condition we know there exists iy €

x;.k:() I <lIp x;k:l I <lIp
{1,2,...,n} such that either xi=1 i>ip Of \x7=0 i >ig - Construct U ={i:i>
x;‘ € [0,1] i=ip. xf €[0,1] i=ip.

io}, E={i:i=ip},L={i:i<ip}. By considering a linear function passing through (ﬂ#, vp) with
0
large enough slope, we have (U, E, L) € C(1). When gy (u) =0, we have

Vs t Bs u’s? 2

2 2

a l-a' a l1-a « l-a

1
I_p . . .
— B;‘ = ﬁ—j = % For any i # j, consider another assignment x (€) where

2
(e) = x* 4 [AxtCx A . V. (e) = v* — [AstCr A
xi(€) =x; +(a_BX T +/l]+/ljvj)e,xj(6)—xj (a_BX m

Fori=1,2,...,n, we denote A; = A;v;,B; = ﬁ—i,C,- = A;. We define [(€) = f(x(€),a). With some

which implies @ = % and

+/l,~+/l,~v,-) € and xi(€) =x7,Vk #1,j.

computation, we have

(AX(B]'C,' - Bl'Cj) +Cx(AjBl‘ - A,’Bj) + ((X - Bx)(AjCl' - A,'Cj))z
(04 (a - B, - (AjBl'+CjBl' —AiBj - C,'Bj)é)3
2
+ (—Ay(BjCi —B,'Cj) —Cy(AjB,' —AiBj) - (1 - —By)(AjCl' —Al'Cj))
(1 —a/) (1 —a'—By+ (AjBl'+CjB,' —Al‘Bj —CiBj)6)3

1

1" (€)=-
(€) 7

2

where the second line uses the fact that

A +C, 4 Ay +Cy A
xi(e)=xi+|—=—=ZL+;+ v |e=x;+ y—y—1+/lj+/ljvj €,
a—By uj l-a-B,pu;

A +Cy A Ay +Cy A
xj(e)=x; - X L+ e=xt— | LT 4+ A | e

7o\ a=By 7o \l-a-Bypu

Thereby, [ is concave in € in the neighborhood of 0. Together with /’(0) = 0, we can claim that there

exists an optimal solution with x* =1 or x* = 0, where contradiction arises.
Bs_ _t )ﬁ_'_(uzsz_ 2 )
a l-a]Cy @ 1-a
ys__t \By
a l-a Ay

induced partition (U, E, L). It is readily shown that (U,E,L) € C(I). When % > 1=, the KKT

Case 2. L # - In this case, consider linear function [(u) = - and its

condition implies that an optimal solution x* satisfies

xF=0 ey

1

szl ielL

x:€[0,1] i€E.
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Similarly, when < 7=, an optimal solution x™* satisfies
x; =1 ieU
x:=0 ielL
*e[0,1] i€E.
]

Proof of Theorem 2. First we note that if the feasible set of QAP is nonempty, then an optimal
solution exists and is attainable. To see this, for any given «, as "

a—(1-

xl—>a/orz Sy —

i= ly
) f(x,a) — +00. Also, f(x,a) is continuous in x. Thereby, a minimum can be

i=1 y;

i= 1 Ui
obtained in the interior of set . In addition, since the set {x : 0 < x; < 1,Vi} is closed, we can

conclude that optimal solution x* exists.

Next we prove that for any optimal solution x*, M* = {i 0<xf < 1} is either empty or singleton.
We prove it by contradiction and show that if two different types of customers are assigned to
both queues, swapping these customers between the two queues will always decrease the expected
waiting time.

Specifically, we consider an optimal assignment x* with cardinality |[M*| > 2. Denote two of
M*’s elements as i # j. Now consider another assignment x(€) where x;(€) = x] + —6 xj(e) =

x;. - Tje, and x¢ (€) = x3, Vk #1, j. We define

l(e) :=f(x(e),). (A.5)
” (i—pj)?* 1 1 1 )
Therefore, we have [ (0) = ————L— =+ = < 0.Since e =
( ) Miky Yoy Ak Zk 1 Xy (1-a)2—(1-a) Zk 1 ’lk(' )

Mk T
0 is an interior point and /(¢€) is strictly concave at € = 0, there exists d > 0 such that for € = +6,x(€)

is feasible and /(0) > min {/(-9),[(6) }. Now we find a feasible assignment with a smaller objective
function value, which contradicts with the optimality of x. Therefore, M* = {i 0<xf < 1} must
be either empty or singleton.

In the following, we prove the rest of the statement, i.e., the “three continuous segments” property,
by showing that the first two moments of each customer type’s service time distribution lie on a
(possibly degenerated) quadratic curve. Then by Theorem 1, the partition line then interacts with

this quadratic curve for at most twice.
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For simplicity, we denote

Ax Zf’lzx,,B leﬂxl’c =2y Aixi

Ay:Z,' 2(1 X)), B Z, 1 (1 Xi),Cy=Z?=1/1i(1—Xi);

B,
l-a-By"

By

cx—BX’t:

(A.6)

S =

Then we can write f(x,a) = Z?:ll T (a?(j'_%"x) + (1_;{]3 - By)) and

n n

n
Aix; Aix; A
Z ’x’<a<z Ly P
; Mi Mi o Mi

i=1

can be reformulated as

B, <a<1-By.

First we consider a = 1. In this case, x =1 is the only feasible solution, and the statement is true.

Now we consider % < a < 1. We first show that x =0 or x =1, i.e., assigning all customers to one

Ayx-Cy Ay-Cy _
ala— Bx) (1 a)(1-a-By)

2ixipi — 2 (1 —x;)qi, where p; > 0,¢q; > 0 (we remove the constant factor an for the ease of

queue, cannot be optimal. Denote the Lagrangian function £(x,a, p,q) =

expression). From the KKT condition BL 0, we have

) o Cx Cy /li
pi—qi= (a(a—Bx)_(l—a/)(l—a—By))ﬂ_iz

Ax Ay
+(a/(a—Bx) T U-o( —a—By))/ll

A Cy AyC, A;
+(a/(af—Bx)2 TU-oa —a/—By)z) %

(A.7)

If x = 0 is feasible, then for x =0,

~ Cy /li Ay AC /1,‘ 0
pimdqi== (1—a)(1—a—3y),75+(1—a)(1—a—3y) (I—a)(1-a-B) )|

From non-negativity of p;, g; we know ¢; > 0. However, complementary slackness condition states
that (1 —x;)g; =0, thus x = 0 is not optimal.
Similarly, if x =1 is feasible, then for x =1,

Cx /l,' Ax AxCx /li

i —qi = —+ A+ —>0.
P a@—Bo 2 ala-B) " ala—B)

From non-negativity of p;,q; we know p; > 0. However, complementary slackness condition

states that x; p; =0, thus x =1 is not optimal.
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Now we can restrict our consideration to x # 0, 1. In this case, A,, Ay, By, By, Cy, Cy # 0. Multi-

2
plying both sides of (A.7) by %% yields

C\B,

2
By pi—ai _ CyBx B 1 By 1
ACy A a(a-By)/By (1-a)(l1-a-By)/By|A, :“i2
AyBy
A, B, 1 B,
+ — —_
a(a-By)/B, (1-a)(1-a-B,)/B,|C,
CyBy AyB,
N CyBy AyBy 1 1
a(@—By)2/B? (1-a)(1-a-By)?/B2|u
Denote y = g—’;g—i,ﬁ = g—iB—i, u =+ypB. Recall that s = Ofﬁx 1= l_fiBy , the above equation can
then be simplified as
2
(E_L)ﬂi_;_ Bs __t_ ﬁ+ ﬁ_ 2 1. By pPi—4i (A.8)
a l-al A2 a 1-a)Cy a l-—a) i AC, 2
For a feasible assignment x, define a function g, as
Vs t ) By, , (Bs t \ By (u®s? 1?
=l———) Vv +|—— | =+ |— - . A9
8x(v) (af l-a Ayv a l-a)C, a -« y (A.9)
2
Then (A.8) can be rewritten as gy (i) = %p‘%’i. By complementary slackness conditions, for
any optimal assignment x*, it holds that
1 : 1 .
gy >0=x=0, gy <0=x;=1.
Hi Hi

Note that gy (v) is a polynomial function with degree being at most two. We finish the proof by
considering two cases.

In the first case, gx+(v) = 0. Moreover, if there exist 7 # j such that x} # x;‘., then we define
function /(€) as in (A.5) and denote x(€) as the corresponding assignment. By earlier analysis,
we have [”(0) < 0. Also since g+ (v) =0, we have I’(0) = 0. Moreover, since x; # x;, there exists
0 # 0 such that when € = §, x(¢€) is feasible and /(6) < [(0), which contradicts with the optimality
of x*. Therefore in this case, x must all take the same value. Since x # 0 and x # 1, we know
O0<x;<1,i=1,...,n, which can only happen when there is only one type of customers. Thus
the conclusion is justified. When gy (v) # 0, it is either a quadratic function or an affine function,

and thus intersects with the positive half of X-axis for at most twice. As a result, we can partition
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(0,+0c0) into intervals (0, u*| U [, 7% U [, +co) for some u* < g*. Within each interval, signs

of gy+(v) are the same, while in adjacent intervals they are different. In other words, there exist

0 ifi<i<h 1 ifi<i<h
0 </ < h < n such that either x; = or x; = .
1 ifi>hori<l 0 ifi>hori<l!
Now we prove that if @ > 2, then any optimal solution can be represented by the former case.

Again, we prove by contradiction. Suppose there exist i < j < k such that gx*(;i) >0, gx*(#—]_) <

0, gy (l%k) > 0, then it implies that

t
¥ 1o (the quadratic term of gy-(v) is positive); (A.10)
a -
t
ps > T o (the constant term of gy« (v) is positive); (A.11)
o’ -
202 )
—< 7 (the linear term of g,+(v) is negative). (A.12)
a —

Multiplying (A.10) with (A.11) and then dividing it by (A.12), we have « < , which contradicts

. _ | . 0 ifl<i<h
with the assumption a > 3 Thus, there exists 0 </ < i < n such that xl’.“ = . O

1 ifi>hori<!

THEOREM A.1.  Given 4;,i=1,2,...,n, « 2 5 Land T with uy > -+ > pp,v1,...,v, satisfying
Vn"Vn-l 5 > V27V S < <
T/ 2 2 Tt 2 1 /ﬂ . For any optimal solution x™ to the QAP, there exist0 <l < h <n

such that:
® Wheni>hori<l, x;=1;
® Whenl<i<h,x;=0;
o Whenie {l,h}, x! € [0,1]. Moreover, the set M* = {i 0<xi < 1} is either empty or singleton.

Proof of Theorem A.l. The proof is similar to Theorem 2. We first prove that the set M* =
{i 0<xf< 1} is either empty or singleton. Recall the / function defined in (A.5), we only need to

show that [”(0) < 0. We notice that

1 1

/lkx

22014 a2 —a Y, 2ok (1—a)2 (I-a) X}

1"(0) = (i = ) (pivi = pjv;) /lk(l -x})

Vn—Vn-1 V2—Vi
_Yn7Vn-1 5 > >
Vpn=1/pp-1 = = Vpo—1/u = l/mu

know that (p; — ;) (uiv; — p;v;) is negative. Thereby [”(0) < 0.

Since the condition We

implies 2 > ... > 2L >

Vun = = 1/ l/mu1

We next prove the rest of the statement. We follow the notation in Theorem 2, except for

Ac=2"  Aigx; and Ay = 37, 4;5 (1 — x;). Recall the definition of g, function in (A.9) and we
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show in Theorem 2 that g,- is at most a quadratic function, thus intersecting with the positive half

of X-axis for at most twice. Similarly we define

_ vs_;)ﬁ.l Bs __t \By (w1~
w0 =T ) 2T - ¢, "o 1"

where v7(u) is defined in (4). By condition % > > 1/;2:‘1);#1 > 1/;11141 ,

vy (u) is a convex function. Therefore, g, is either convex or concave. Again it intersects with the

we know that

positive half of X-axis for at most twice. Following the argument in the proof of Theorem 2, there

0 ifi<i<h
exists 0 <[ < h <nsuch thatx;‘: . O

1 ifi>hori<!

LEMMA A.1. Given A;,i=1,2,...,nand I with 1 > ---> Uy, vi,..., Vv, satisfying Assumption

1. For any optimal solution (x*,a”) to the queue partition problem, there exists i* such that either
1 ifi<i” 0 ifi<i”
X’ = orx; = .
0 ifi>i* 1 ifi>i*

Proof of Lemma A.1. We prove it by showing that otherwise the optimality condition of @ and x

cannot hold at the same time.

We start with the optimality condition of @. Specifically, recall the definition of s, #, we have

S
B,=—va, B,=—(1-
YT Tise 4 1+t( @).

Also recall y = B—"—y, B=% A, u® = By. Now we can simplify the optimality condition of @ as

Ay (1, 1 AyCy 1,1
a(a-By) \a@ ' a-B (l —a)(l-a-By) \1-a ' 1-a-B,

CyBx AyBx /1 1
X(a a/—Bx)

(1- a)(l a— By)/ ( * 1B, —-a— B )

L
I-
a(a-By)/B: \a *~ a—By (1 a/)(l a-By)/B3 \1- 1B, B

2 m): 1 (; 1_)
< 1+s/<1+s>2(a+ e \Tma T 1=

—

S

where the second to last line is by the definition of u, and the last line replaces By, By with B, = yi=«
and B, = 7 L(1-a).
By rearranging terms, we further have
2.25+2
uss
ST (A.13)

— 2142
l-a ? t+1
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Next we show that if the argument is wrong, contradiction arises from the optimality condition of

x. In particular, by the proof of Theorem 1, if the argument is wrong, then v 7 (#) must intersect with
Bs_ _t )By+(u25‘2 2 )

o T-a )
v+2

@ I-a
1, weknowthatelther———<0 ———<O or & — > 0, ———>O Deﬁne@—t‘+1

+2
1+1

Substituting a by (A.13), we have either y < 1?6, 8 < u29, ory > u20,ﬁ > u?6. Recall that u* = By,

linear function /(u) = -

for at least twice. Since v (u) satisfies Assumption

we then have

1
y+ﬁ<u29+5. (A.14)

We multiply both sides of (A.4) with A;, which yields

(ﬁ_;)ﬁﬂw Bs__t By, (wis_ _t Ai_
a l-al/ Ay a l1-afC, a l-a) AC

BZ
g). (A.15)

By the complementary slackness conditions, we know that x;(p; — g;) = —¢; < 0. Thus, multiply-

ing (A.15) by x; and summing up yields

B B 2.2 2
e K e ¥ G L) (10

Here we use the fact that A, = >; A;v;x;, By =; ffx,-, C, = 2; 4;ix;. Next, we further have

2.2 2
(A.16)=>(§—L)ﬁ (@—L)w(u— d )so

l—-a a 1- @ l-a
= 2By +u’s <u’0(B+y+1)

2

1
= 2u’+u s<u29(u29+5+t)

= 120> >1+5—16
(s+1)2+(t+1)
(t+2)(s+1)

= u’6* >

where the second line is by (A.13), the third line is by (A.14), and the last line is by the definition
of 6.

Similarly, by the complementary slackness conditions, (1 — x;)(p; — ¢;) = p; = 0. Thus, by
multiplying (A.15) by 1 —x; and summing up yields

B B 2.2 2
(E_L)A Y VN S o S L AL ) (A.17)
a l-a
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Here we use the fact that A, = 3; 4;v;(1 -x;), By = 3 %(1 -x;),Cy =2, 4;(1=x;). And we further

have

(A17) = B+y+u’s > u*0(t+2)
1
= u’0+ 5 +uls > u’0(t+2)

2
>t+1—£—<t+1) +(s+1)

= 20 0" (s+2)(+1)

where the first line is by (A.13), the second line is by (A.14), and the last line is by definition of 6.
Together, it implies
(s+1)2+(t+1) (t+1)2+(s+1)
(t+2)(s+1) (s+2)(t+1) ’

which is equivalent to

((s+D)+(+1) (s—1)%<0.

Therefore, we reach a contradiction. Thus there cannotbe i < j < k such thatx’ > x;f and xz > x;‘f.

1 ifi<i”
It means that for any optimal solution x* there exists i* such that for i # i* either x; =
0 ifi>i"
0 ifi<i”
or x; = . O
1 ifi>i*

LEMmMA A.2. Given A;,i=1,2,...,nand I with uy > ---> ,,vi,...,v, satisfying Assumption

1. Any solution (1,...,1,x;,0,...,0),a witha € (0, 1) and x; € (0, 1) for some i cannot be optimal.

Proof of Lemma A.2. We prove it by contradiction and show that if one type of customers are
assigned to both queues, either transferring the customers from one queue to the other, or transferring
the customers back from the other queue, together with the transfer of serving capacity, will always
decrease the expected waiting time. Consequently, it cannot be optimal.

We assume there exist at least one 1 and one 0 in x, since we can split customers with respect to
X; to construct artificial customer types. As aresult, uy >+ > u; > -+ > up.

Before proceeding, we first derive some useful relations from optimality conditions of x and «.

Specifically, we denote

Bo= = By = Yy = (A.18)
y
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Since g > -+ > u; > -+ > p, satisfy Assumption 1, we know

Br <1 Sﬁyayy <1<y, (A.19)

By first order optimality condition of @, we have

A Cy l+ 1 3 AyC, 1 N 1
a(e—By) \a a-By _(l—a/)(l—a/—By) l-a 1-a-B,
Ax/B, - Cy/By (&_}_ B, ) Ay/By'Cy/By ( By By )

= +
a-(e-By)/By\a a-B,] (l-a)-(1-a-By)/By\l-a 1-a-B,
Aiciﬁx%c( s )_AiCi ByYy ( t )
& =
Bl.2 als \s+1 Bl.2 (I—-a)/t \t+1
5%(s+2)
1“ _ P — (A.20)
Y By

where the third line is from (A.6) and (A.18).

By first order optimality condition of x;, we have

C, C, |
a(oz—Bx)_(l—a)(l—a—By)) :
Ax Ay C:
* a(oz—Bx)_(l—a)(l—a—By)) ‘
A e _
" a/(a/—Bx)z_(l—a/)(l—a/—By)z)Bi_O
Cx/Bx Cy/By
= a(a—Bx>/Bx‘(1—a><1—a—By>/By)A"
+ Ax/Bx _ Ay/By C:
a(@-B)/B, (1-a)(1-a-B,)/B,) "
N Ax/Byx-Cy/Bx Ay/By-Cy/By Bi=0
a(a—By)?/Bi (1-a)(1-a-By)?*/B;
Yx Yy
ol AL
Bx By
* a/s_(1—a)/t)A"C"/B"
Bx¥x ByYy P
+ a/sz—(l_a)/tz)A,Cl/Bl—O
Vx Bx  Bxyx Yy By Byyy
C as s e (=a)i =) (-a)f
Ly — _

ﬁxyxs( 11 +s) :ﬁyyyt (i+ 1 +t)

a ﬁx Yx -« ﬁy yy
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where the third to last line is from (A.6) and (A.18). Substituting a by (A.20), we have

1
-+ = +—+71
,Bx+ X+S ﬂy Yy

s(s+2) T 1(142) (A:2D)
s+1 t+1
To complete the proof, we construct a way to transfer both x; customers and serving capac1ty a
A; C;
L ST SRS -
such that expected total waiting time must decrease. Specifically, we denote r = Bify m B+Cy el
—tT-a-By

1 R 1 +1
Multiply numerator and denominator with B, we have r = % Together with (A.21), we have

Tl

1 1 1
-—+—+ + -+t
= ﬁx Yx $ — ,By Yy
s(s+2) t(t+2)
T+l t+1

Now consider partition (1,---,1,x; + %E,O, --+,0), @ +re. Note that as long as |e| > 0 is small,
it is a feasible partition. Multiplied by >’ , A;, the corresponding objective function is then denoted

as
F(e)=G(e)+H(e)

(Ay 2. )(Cy_g_f)
and H(e) = = We next show that F’(0) =0

Ax Cot St
where G(¢€) = ( il )( B 6) a—re)(I—a—B,—(r—1)e) "

(a/+re)(a/ Bi+(r—1)e)
and F”(0) <0.
Denote g(e) = logG(e€),h(e) = logH(e). Then F’(0) = G(0)g’(0) + H(0)A'(0). By r =
BA +BCC ey
S 2, we have A’ (0) = ’+—’+—+

laB
la+1(rB

tion, we know F’(0)=0, thus g (O) h’(O) O Note that

= (. By first order optimality condi-

A; Ci
g(e) =log (Ax + EG) +log (Cx + Ee) log(a+re)—log(a—By+(r—1)e);
i i

, A;/B; Ci/B; r r—1
g'(e) = T 2 ;
Ac+5e CX+B_{Ea+rea—Bx+(r—l)e
o B e -1y
g (€)= ) + ) + 2 + ~ ~ X
(Ax+%je) (Cx+%€) (a+re) (@ =B+ (r—1)e)
Thus
—-A2/B?2 —(C?/B? —1)2
gll(()) — li l + l i l + r + (r ) 2
Ax Cx (Q_BX)
A*B?2 C?B? 2B 1)2B?
B)ch//(o) - _ 17X i X r (7" )

A2B2 C2B? 2 @By

2 i 25\ 2.2 1 1
& B%"(0)=r (s+_l) +(r—1) _(Eerx)
2 2
—2(s+1)ﬁ2+—(lx(s2+2s+2)—s2)+(yix+s) +(yix(s+1)—s) ~(5+2)*-
(s+2)2
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where the third line is from (A.18) and (A.6). Note that it is a quadratic function of ﬁl whose

. . . y%(sz+2s+2)—sz %(52+25+2§_52
maximum is obtained at R T From (A.19), we know vy, > 1, thereby e S

Thereby, such quadratic function is decreasing in [1,+o0). Since ﬁ% > 1, we know B)%g”(O) <

2
% (y% —~ 1) < 0, where equality holds if and only if 8, =y, = 1.
Similarly,
2 2
“2(t+1) g+ 5 (yi(t2+2t+2)—t2)+(yl+t) +(%(t+1)—t) —(14+2)*5-
Bih”(()) — y y y y y y

(1+2)?

1 (2 2
L . . . . . —— (7 +2t42)—t
which is a quadratic function of ﬁi whose maximum is obtained at hZT > 1. Thereby, such
y

2
quadratic function is increasing in [0, 1]. Since ﬁi} < 1, we know th”(O) < _éff;);) (% - 1) <0,
where equality holds if and only if 8, =y, =1.

Thereby,
F'(0) = G(0) (g7(0)+ (g(0))°) + H(0) ("(0) + ((0))*) = G(0)g"(0) + H(0)" (0) <0

where equality holds if and only if 5, =y, =, =v,=1.

In the case of F”(0) <0, due to the openness of feasible domain of €, F’(0) =0 and strict
concavity of F(e) at € =0, there exists ¢ # 0 such that corresponding partition and assignment are
feasible and F(0) > F(§). This contradicts with the optimality assumption.

In the case of F”’(0) =0, it is equivalent to the case where there is only one type of customers,

and the optimization problem turns into

. Ay 1 1
inf 2 | ea_1 + —a(T-a_1
X, xX\x u I-x\1-x pu
a Ax l-a Ax
S.t x>ﬂ,_x>#,0<x<1

Note that if (x, @) is a feasible solution, then (1 —x, 1 — @) is also a feasible solution with the

same objective function value. Thereby, without loss of generality, assume « < x. Thus objective

function > /lz—vé Note that equality holds if and only if @ =x =0 or @ =x = 1. Thus single queue
is the unique optimal solution. O

Proof of Theorem 3. In Lemma A.1, we prove the “two continuous segments” property, i.e., for

. ‘ . _ 1 ifi<i* |0 ifi<iT
any optimal solution (x*, @*), there exists i* such that either x} = orx; = .
0 ifi>i* 1 ifi>i
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By plugging in Lemma A.2, we know that for any optimal solution (x*,a"), the set [* :=

{i 0<xf < 1} is empty. Thereby, either x?. = 1 or x}, =0. And we can merge it into the i <i* case
or the i > i* case, which completes the proof. O

THEOREM A.2. The deterministic assignment problem for given a:

(DAP) iI}}f f(x,a)

s.t.  x€%Fy x€{0,1},i=1,...,n, (A.22)

is NP-hard.

Proof of Theorem A.2. We prove it by reduction from the Set Partition problem. Recall the Set
Partition problem takes a set S of numbers and outputs whether there exists a partition A and A
suchthat AUA=Sand Y, caw=2Y,ciW.

For set S in the Set Partition problem with elements w; < wy, < --- < w,, we construct an
instance of the DAP with parameters A; = w;, y; = it =2 Z?:l w;, for all i and a = % To complete
the reduction, we next prove

* If equal set partition exists, then all optimal solutions to the DAP satisfy 3" | A,x; = % 2y Ai

* If equal set partition does not exist, then for any optimal solution to the DAP, }." | A;x; #

% Zicy Aie
Note that if the above statements hold, then we can solve the Set Partition problem by first solving

the constructed DAP and then checking whether the optimal solution satisfies the condition.

Now we consider the DAP with the constructed parameters. Multiply the objective function with
l”_l A;, the DAP can be reformulated as
o6 (X, Aixi)? N (X, A= 20 Aixi)?

* Sk dixi 5—(2h, 4 — X, Aixy)

_ n n
7
S.t. —E + ;/ll < ;/l,-x,- <

xe€{0,1}".

B

N =

If we drop the binary constraint and denote y = 37" | A,x;, then it can be relaxed to

2 noa._ 2
inf h(y)=— +ﬁ( o1 ))
! 5y 5-(ZLiai-y)

_ n _
a a
S.t. ——+ A<y<—.
2 Z‘ iSY<5
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Note that 2”’(y) > 0,y* = %Z:’_l A = f;j is feasible, and A’(y*) = 0. Thereby, y* is the unique

O

optimal solution to the relaxed problem.
Therefore, if there exists subset / such that }};.;4; = %Z?zl/li, then y* is also feasible for
the original problem thus optimal. If there is no such 7, then VI,y; := Y, A; # %2?21 A;, which

completes the proof.
Proof of Theorem 4. Since each element of C(Z, k) can be represented by £ and some M, we

prove that the optimal assignment can be represented by £ and some M. Start from the first queue.
Following the proof of Theorem 1, we know there exist at most k — 1 of lines to separate customers
in this queue from customers in the other £ — 1 queues. And if (E[S;], ]E[Sl.z]) is in the interior of

O

the polygon, then X;; = 1. Those in the boundary correspond to X;; € [0, 1] and the others X;; =0.
Remove points in the interior of polygon, and continue the process. Thereby the optimal assignment

lines which constitute the set L.

can be induced by these w

Proof of Theorem 5. Start from the kth queue. Following the proof of Theorem 2, we know there
exist 0 < l,lC < l,% < n+ 1 such that X;; =1 if and only if l}{ <i< l]%. Remove all ith type of customers
such that / ,1< <i< l,%. Then consider the (k — 1)th queue. We can repeat the process for the rest

obviously, the rest of customers must be assigned to the first queue. Now we have 2k of [’s, which
O

of the customers until we are considering the first queue. For the first queue, let / 11 =0, 112 =n+1,

completes the proof.

Proof of Theorem 6. Following the proof of Theorem 3, we know that for any two queues ji, j2,
an optimal solution (X*,a*) splits customers in these two queues by service rate y;, such that

there exists g and customers whose service rate y; < ji are assigned to one queue while customers
whose service rate u; > fi are assigned to the other queue. Define interval /; = [u , ji;] where u =
—J —J

min{pi (X >0,k :j} A :max{,ui (X >0,k :j}. Then, we know for any 1 < j; < jp <k, it
holds that /;, N1, = ). Thereby, the conclusion is justified.

Proof of Theorem 8. The idea is similar to the waiting time case. We only need to prove the k =2
case, since the general case proof can be extended following the same argument in the proof of

Theorem 4.
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First we consider @ =1 (@ =0). In this case, x =1 (x = 0) is the only feasible solution, and the
statement is true.

When 0 < @ < 1, we first show that x =0 or x =1, i.e., assigning all customers to one queue,
cannot be optimal. We follow the notation of Ay, By, Cy, Ay, By, C,,s,t in the proof of Theorem 1
and denote C, B, A as the zeroth, first, second order load of a pooled queue with unit capacity which

serves all types of customers. Therefore,

n

A:anﬁivi,B:Zfo,C:ZAi.
i=1 !

i=1

o _ 1 AvCy |, 2By AyCy 2B,
Then we can write f(x,a) = ST (a(a_Bx) + 2 Eaiasy o )-
: : _ _AcCy 2B, AyCy 2B,
We denote the Lagrangian function L(x, @, p.q) = 7555+ 3"+ Toyima=py) + 1o — i XiPi~
x* y

2.;(1=x;)gq;, where p; > 0, g; > 0 (we remove the constant factor 22+ﬂ for the ease of expression).
i=1"1

From the KKT condition % =0, we have

Pi—qi= (Q’(O’_Bx) B (l—af)(l—CY_By))/LVI

+ Ax _ Ay 1

a(@-B,) (1-a)(l-a-By)]""

CAG 2 AG 2y
+(Q’(C¥—Bx)2+a/ (l—a’)(l—a/_By)Z l_a,)#i' (A23)

If x = 0 is feasible, then for x =0,
- S Aivi+ 4y A
pi—di= (1-a)(1-a-By) ivi (1-a)(1-a-By) '

A,C, 2\
+(<1—a><1—a—By>2+1—a)ui)

<0.

From non-negativity of p;, g; we know ¢; > 0. However, complementary slackness condition states
that (1 —x;)g; =0, thus x = 0 is not optimal.
Similarly, if x =1 is feasible, then for x =1,

Cy A Ay ( A Cy 2) A

— = — — } -+ — | —
P ate=B) w2 ala =By i

0.
a(a-By)? «a g

From non-negativity of p;,q; we know p; > 0. However, complementary slackness condition

states that x; p; =0, thus x =1 is not optimal.
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Now we can restrict our consideration to x # 0,1. We first formulate a representative function
which maps each customer type to a scalar value. In particular, for any feasible assignment x, we

define function g, as

ge) = (2 ) 2 + (% —#) 5y

235 (1 1 ) uls? 1
+

(A.24)
It is readily shown that representative function only depends linearly on the first two moment of the
customers’ service time, i.e., u and vz (u).

We complete the proof by showing that, under the optimal assignment policy, customer of type i
will be allocated to the first server only when the corresponding scalar value gy (+) is non-positive.
Consequently, due to linearity, the optimal assignment then corresponds to a polytope partition in
a two-dimensional space of the first two moments. In particular, when there are two queues, the
two-dimensional space are partitioned by a line into two subspaces.

Specifically, since x # 0,1, we have A,, A, By, By, Cy,Cy # 0. Multiplying both sides of (A.23)

2

B2 :
by A;cy %’ yields

C, B,
By pi— Qi: CyByx _ 1 ﬁ\/'
AyCy A a(@—By)/By (1-a)(1-a-By)/By|A,"
Ay B
Ay B, 1 By

"\ @(@=B,)/B, "~ (I-a)(1-a-By,)/B,|Cy

B} ACy 2 A,Cy 2\ 1
Ay a(@a-By)? a (I-a)(l-a-By)? 1-afpu
Denote vy = B—xg—i, B = %B_i' Recall that s = (f Bl = 1_51 B the above equation can then be

simplified as

(E_ t )By _+(,BS t )ﬂ_'_

¢ l-«a C,

2B2 (1 1\ W2 2 \1
_ R + — J—
AyCy(a/ l—a) a l-—a y;

By Pi—4qi
AC A

B2

Recall definition (A.24), we know that (A.25) can be rewritten as gx( ) =3 )C) Pi A,-ql By com-

(A.25)

plementary slackness conditions, for any optimal assignment x*, it holds that

1 1
gx*( )>O:>x;‘:O, gx*(—)<O:>xl’-":1.
Hi Hi
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We then consider two cases. In the first case, % # ﬁ Consider linear function [(u) =
Bs t By 233’ 1 1 u?s? 2
o T Ta )y &Gy R e R

- . = and its induced partition (U, E, L). It is readily shown that
- I - A_y
a - y

(U,E,L)eC(I). When § > ﬁ the KKT condition implies that an optimal solution x* satisfies

x;“=0 ieU

xlf‘zl iel

x€[0,1] i€E.

Similarly, when g < 1=, an optimal solution x* satisfies
x;=1 ieU
x;=0 ieL

1

x€[0,1] i€E.

ys _
=

Otherwise, ﬁ Then gy (u) reduces to a linear function. When g+ (u) # 0, g.+(u) intersects

with the positive half of X-axis for at most once. By KKT condition, we know there exists iy €

x;.kZO I <lIp x;k=1 I <lIp
{1,2,...,n} such that either xi=1 i>ip Of \x7=0 i >ip - Construct U ={i:i>
xr€[0,1] i=ip. xr€[0,1] i=ip.

io}, E={i:i=ip},L={i:i<ip}. By considering a linear function passing through (ﬂ%, vp) with
io

large enough slope, we have (U, E, L) € C(I). When g,-(u) =0, we have

ys t Bs t 23% 1 1 +u2s2 12 0

a l1-a o 1-a’ACla 1-a a l-a
Multiply the first two equations, we have

u?s? B 2
2 (l-a)?

Without loss of generality assume o > % Thereby, % > % And we have ﬁ—; = g—;‘ =1, a—By=
l-a-B,y, aa"_ch) = ﬁ which implies % = m Consider any « in the neighborhood of «,
% * m Thereby, the conclusion holds for ag. Let @y — @, we can conclude that an optimal

solution satisfying the condition exists for a, which completes the proof. O



