
Supplementary Material

1. Proof of Lemma 1 Our analysis requires the following claim on bounding the dual prices.

CLAIM 1. For any phase m∈ {1,2, . . . ,M} and any s∈ [τ (m−2) + 1 : τ (m−1)− 1],

φi(s+ 1)≤ γ+
γ√

2W (m−2)
∀i∈ I

almost surely.

Proof of Claim 1 We prove by induction for a fixed i ∈ I. Fix some m ∈ {1,2, . . . ,M}, it is

evident that φi(τ (m−2) +1) = 0≤ rmax

vmin
+ vmax√

2W (m−2)
. Suppose for some s∈ [τ (m−2) +1 : τ (m−1)−1],

we have φi(s)≤ rmax

vmin
+ vmax√

2W (m−2)
. Then it suffices to show that φi(s+ 1)≤ rmax

vmin
+ vmax√

2W (m−2)
.

If φi(s)≤ rmax

vmin
, then by (11), we evidently have

φi(s+ 1)≤ rmax

vmin

+
vmax√

2W (m−2)
≤ γ+

γ√
2W (m−2)

.

In the complementary case when rmax

vmin
< φi(s)≤ rmax

vmin
+ vmax√

2W (m−2)
, we first show vi,j(s),k̃(s) = 0 by

contradiction. Recall that k̃(s) = argmaxk∈K
{
rj(s),k−

∑
i∈I φi(s)vi,j(s),k

}
, and there exists a null

action knull ∈K such that rj,knull = vi,j,knull = 0. Hence, the virtual action k̃(s) satisfies

rj(s),k̃(s)−
∑
i∈I

φi(s)vi,j(s),k̃(s) ≥ rj(s),knull −
∑
i∈I

φi(s)vi,j(s),knull = 0.

In this case, if vi,j(s),k̃(s) 6= 0, we have

rj(s),k̃(s) ≥
∑
i∈I

φi(s)vi,j(s),k̃(s) >
rmax

vmin

vmin > rmax,

which contradicts the fact that rmax = maxi,j,k{rijk}. Hence, by (11), we have

φi(s+ 1)≤ φi(s)≤
rmax

vmin

+
vmax√

2W (m−2)
≤ γ+

γ√
2W (m−2)

.

�

Proof of Lemma 1 Step 1 (validating inequality (18)): It suffices to show the following two

inequalities:

τ (m−1)∑
s=τ (m−2)+1

(
λS(s)∗ −

∑
j∈J

pjtrj,κ(φ(s),j)

)

≤
τ (m−1)∑

s=τ (m−2)+1

∑
i∈I

φi(s)

(
ci−

∑
j∈J

pjsvi,j,κ(φ(s),j)

)
+ γW (m−1)V (m−1), (SM-1)
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and with probability at least 1− δ,

τ (m−1)∑
s=τ (m−2)+1

∑
i∈I

φi(s)

(
ci−

∑
j∈J

pjsvi,j,κ(φ(s),j)

)
≤W (m−1)ε

(m−1)
F . (SM-2)

To show (SM-1), we define the following Lagrangian function regarding (LP-S(t)):

L(ψ(t),y(t), t) =
∑
j∈J

∑
k∈K

pjtrjkyjk(t)−
∑
i∈I

ψi(t)

(∑
j∈J

∑
k∈K

pjtvijkyjk(t)− ci

)

=
∑
i∈I

ψi(t)ci +
∑
j∈J

∑
k∈K

pjt

(
rjk−

∑
i∈I

ψi(t)vijk

)
yjk(t)

where ψ(t) are the dual prices corresponding to the constraints at time step t. By strong duality,

we have

λS(t)∗ = min
ψ(t)∈[0,2γ]|I|

max
y(t):

∑
k∈K yjk(t)≤1

L(ψ(t),y(t), t)

= min
ψ(t)∈[0,2γ]|I|

max
y(t):

∑
k∈K yjk(t)≤1

{∑
i∈I

ψi(t)ci +
∑
j∈J

∑
k∈K

pjt

(
rjk−

∑
i∈I

ψi(t)vijk

)
yjk(t)

}

= min
ψ(t)∈[0,2γ]|I|

{∑
i∈I

ψi(t)ci +
∑
j∈J

pjt max
y(t):

∑
k∈K yjk(t)≤1

{∑
k∈K

(
rjk−

∑
i∈I

ψi(t)vijk

)
yjk(t)

}}
.

(SM-3)

It is worth noticing that we set the dual variables

ψi(t)≤
rmax

vmin

≤ γ ∀i∈ I,

since otherwise rjk −
∑

i∈I ψi(t)vijk ≤ 0 for all j, k. In this case, yjk(t) = 0 by the maximization

argument, and ψi(t) does not get larger by the minimization argument. Under Algorithm 2, we

have:

τ (m−1)∑
t=τ (m−2)+1

(
λS(t)∗ −

∑
j∈J

pjtrj,κ(φ(t),j)

)

=
τ (m−1)∑

t=τ (m−2)+1

min
ψ(t)∈[0,2γ]|I|

max
y(t):

∑
k∈K yjk(t)≤1

L(ψ(t),y(t), t)−
τ (m−1)∑

s=τ (m−2)+1

∑
j∈J

pjsrj,κ(φ(s),j)

=
τ (m−1)∑

s=τ (m−2)+1

 1

W (m−1)

τ (m−1)∑
t=τ (m−2)+1

min
ψ(t)∈[0,2γ]|I|

max
y(t):

∑
k∈K yjk(t)≤1

L(ψ(t),y(t), t)−
∑
j∈J

pjsrj,κ(φ(s),j)


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≤
τ (m−1)∑

s=τ (m−2)+1

 1

W (m−1)

τ (m−1)∑
t=τ (m−2)+1

max
y(t):

∑
k∈K yjk(t)≤1

L(φ(s),y(t), t)−
∑
j∈J

pjsrj,κ(φ(s),j)


≤

τ (m−1)∑
s=τ (m−2)+1

∑
i∈I

φi(s)ci +
1

W (m−1)

τ (m−1)∑
t=τ (m−2)+1

∑
j∈J

pjt max
y(t):

∑
k∈K yjk(t)≤1

{∑
k∈K

(
rjk−

∑
i∈I

φi(s)vijk

)
yjk(t)

}
−

τ (m−1)∑
s=τ (m−2)+1

∑
j∈J

pjsrj,κ(φ(s),j)

≤
τ (m−1)∑

s=τ (m−2)+1

∑
i∈I

φi(s)ci +
∑
j∈J

pjs
W (m−1)

τ (m−1)∑
t=τ (m−2)+1

max
y(t):

∑
k∈K yjk(t)≤1

{∑
k∈K

(
rjk−

∑
i∈I

φi(s)vijk

)
yjk(t)

}

+
rmax

W (m−1)

τ (m−1)∑
t=τ (m−2)+1

∑
j∈J

|pjt− pjs|

− τ (m−1)∑
s=τ (m−2)+1

∑
j∈J

pjsrj,κ(φ(s),j)

≤
τ (m−1)∑

s=τ (m−2)+1

(∑
i∈I

φi(s)ci +
∑
j∈J

pjs

(
rj,κ(φ(s),j)−

∑
i∈I

φi(s)vi,j,κ(φ(s),j)

))
−

τ (m−1)∑
s=τ (m−2)+1

∑
j∈J

pjsrj,κ(φ(s),j)

+
rmax

W (m−1)

τ (m−1)∑
s=τ (m−2)+1

τ (m−1)∑
t=τ (m−2)+1

τ (m−1)−1∑
q=τ (m−2)+1

|pj,q+1− pjq| (SM-4)

≤
τ (m−1)∑

s=τ (m−2)+1

∑
i∈I

φi(s)

(
ci−

∑
j∈J

pjsvi,j,κ(φ(s),j)

)
+ γW (m−1)V (m−1). (SM-5)

Step (SM-4) holds by Line 4 in Algorithm 2 that defines κ (φ(s), j) ∈

argmaxk∈K
{
rjk−

∑
i∈I φi(s)vijk

}
. Step (SM-5) follows from the definition of V (m−1).

To show (SM-2) holds with probability at least 1− δ, we refer to the update rule of the dual

prices in (11) and obtain:

||φ(s+ 1)||22 ≤||φ(s) +
1√

2W (m−2)
(vj(s),k̃(s)− c)||

2
2

≤||φ(s)||22 +
1

2W (m−2) ||vj(s),k̃(s)− c||
2
2−

2√
2W (m−2)

∑
i∈I

φi(s)(ci− vi,j(s),k̃(s)).

Rearranging terms, we have

∑
i∈I

φi(s)
(
ci− vi,j(s),k̃(s)

)
≤
√

2W (m−2)

2

(
||φ(s)||22− ||φ(s+ 1)||22

)
+

1

2
√

2W (m−2)
||vj(s),k̃(s)− c||

2
2

≤
√

2W (m−2)

2

(
||φ(s)||22− ||φ(s+ 1)||22

)
+

|I|γ2

2
√

2W (m−2)
.
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Summing over s∈ [τ (m−2) + 1 : τ (m−1)], we have

τ (m−1)∑
s=τ (m−2)+1

∑
i∈I

φi(s)
(
ci− vi,j(s),k̃(s)

)
≤
√

2W (m−2)

2

τ (m−1)∑
s=τ (m−2)+1

(
||φ(s)||22− ||φ(s+ 1)||22

)
+
|I|γ2W (m−1)

2
√

2W (m−2)

≤|I|γ
2W (m−1)

2
√

2W (m−2)
. (SM-6)

The last inequality holds by the telescoping expression. Fix any τ ≥ τ (m−2) + 1, consider

{vi,j(s),k̃(s) −
∑

j∈J pjsvi,j,κ(φ(s),j)}τs=τ (m−2)+1
, which is a martingale difference sequence with

respect to the filtration {F(s)}τ
s=τ (m−2)+1

defined as F(s) = σ({j(t)}s
t=τ (m−2)+1

). Crucially, the

conditional expectation E[vi,j(s),k̃(s)|F(s − 1)] =
∑

j∈J pjsvi,j,κ(φ(s),j) since φi(s) is F(s − 1)-

measurable. Therefore, by applying Azuma-Hoeffding Inequality, we have

Pr

 τ (m−1)∑
s=τ (m−2)+1

vi,j(s),k̃(s) ≥
τ (m−1)∑

s=τ (m−2)+1

∑
j∈J

pjsvi,j,κ(φ(s),j) + γ

√
2W (m−1) log

2W (m−2)

δ


≤Pr

∃τ ∈ [τ (m−2) + 1 : τ (m−2) + 2W (m−2)] :
τ∑

s=τ (m−2)+1

vi,j(s),k̃(s) ≥
τ∑

s=τ (m−2)+1

∑
j∈J

pjsvi,j,κ(φ(s),j)

+γ

√
2(τ − τ (m−2))) log

2W (m−2)

δ

)

≤
2W (m−2)∑
τ=1

δ

2W (m−2) ≤ δ. (SM-7)

Plugging (SM-7) into (SM-6), we have with probability at least 1− δ,

τ (m−1)∑
s=τ (m−2)+1

∑
i∈I

φi(s)

(
ci−

∑
j∈J

pjsvi,j,κ(φ(s),j)

)

≤
τ (m−1)∑

s=τ (m−2)+1

∑
i∈I

φi(s)

ci− vi,j(s),k̃(s) + γ

√
2 log 2W (m−2)

δ

W (m−1)


≤|I|γ

2W (m−1)

2
√

2W (m−2)
+ γ

√
2 log 2W (m−2)

δ

W (m−1)

τ (m−1)∑
s=τ (m−2)+1

∑
i∈I

φi(s)

≤|I|γ
2W (m−1)

2
√

2W (m−2)
+ γ

√
2 log 2W (m−2)

δ

W (m−1)

τ (m−1)∑
s=τ (m−2)+1

∑
i∈I

(
γ+

γ√
2W (m−2)

)

≤|I|γ
2W (m−1)

2
√

2W (m−2)
+ |I|γ2

√
2W (m−1) log

2W (m−2)

δ
+
|I|γ2

√
2W (m−1) log 2W (m−2)

δ√
2W (m−2)
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≤|I|γ
2W (m−1)

2
√

2W (m−2)
+ |I|γ2

√
2W (m−1) log

2W (m−2)

δ
+ |I|γ2

√
2 log

2W (m−2)

δ
(SM-8)

≤W (m−1)ε
(m−1)
F .

Inequality (SM-8) holds since W (m−1) ≤ 2W (m−2).

Step 2 (validating inequalities (19)): By the update of dual prices (11), we have

vi,j(s),k̃(s)− ci ≤
√

2W (m−2) (φi(s+ 1)−φi(s))

for any i, s. Summing over s∈ [τ (m−2) + 1 : τ (m−1)], we have

τ (m−1)∑
s=τ (m−2)+1

(vi,j(s),k̃(s)− ci)≤
√

2W (m−2)
τ (m−1)∑

s=τ (m−2)+1

(φi(s+ 1)−φi(s))

≤
√

2W (m−2)φi(τ
(m−1))≤ γ

√
2W (m−2) + γ

with certainty for all i ∈ I, by Claim 1. By applying Azuma-Hoeffding Inequality in a similar

manner as (SM-7), for all i∈ I,

Pr

 τ (m−1)∑
s=τ (m−2)+1

vi,j(s),k̃(s) ≤
τ (m−1)∑

s=τ (m−2)+1

∑
j∈J

pjsvi,j,κ(φ(s),j)− γ
√

2W (m−1) log
2|I|W (m−2)

δ


≤Pr

∃τ ∈ [τ (m−2) + 1 : τ (m−2) + 2W (m−2)] :
τ∑

s=τ (m−2)+1

vi,j(s),k̃(s) ≤
τ∑

s=τ (m−2)+1

∑
j∈J

pjsvi,j,κ(φ(s),j)

−γ
√

2W (m−1) log
2|I|W (m−2)

δ

)

≤
2W (m−2)∑
τ=1

δ

2|I|W (m−2) ≤
δ

|I|
.

Hence, with probability of at least 1− δ
|I| ,

τ (m−1)∑
s=τ (m−2)+1

(∑
j∈J

pjsvi,j,κ(φ(s),j)− ci

)
≤γ
√

2W (m−2) + γ+ γ

√
2W (m−1) log

2|I|W (m−2)

δ
.

Taking a union bound over all i∈ I, with probability of at least 1− δ,
τ (m−1)∑

s=τ (m−2)+1

∑
j∈J

pjsvi,j,κ(φ(s),j) ≤W (m−1)ci + γ
√

2W (m−2) + γ+ γ

√
2W (m−1) log

2|I|W (m−2)

δ
∀i∈ I

≤W (m−1)ci(1 + ε
(m−1)
E ) ∀i∈ I.

�
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2. Proof of Lemma 2 Recall that τ is an arbitrary but fixed time index lying in [s+ 1, t].

The proof of the Lemma consists of lower bounding λ̂S(s+1:t)
∗ in terms of λS(τ)∗ , and lower bounding

λ
S(τ)
∗ in terms of λ̂S(s+1:t)

∗ .

Lower bounding λ̂S(s+1:t)
∗ in terms of λS(τ)t . For notational ease, we define

ε̃
(s+1:t)
A =

ε
(s+1:t)
A

γ
=

γ

cmin

V (s+1:t) +
2γ

cmin

√
2

t− s
log
|I|
δ

+
2γ

cmin(t− s)
log
|I|
δ
,

and recall that

p̂
(s+1:t)
j =

t∑
q=s+1

1(j(q) = j)

t− s
.

Consider ŷ(s+1:t)
jk =

y∗jk(τ)

1+ε̃
(s+1:t)
A

, where {y∗jk(τ)}j,k is an optimal solution to the fluid relaxation LP-

S(t). We claim that ŷ(s+1:t)
jk is feasible to LP-RS(s+1:t) with probability at least 1 − δ, and the

inequality

λS(τ)∗ ≤ (1 + ε̃
(s+1:t)
A )

∑
j∈J

∑
k∈K

p̂
(s+1:t)
j rijkŷ

(s+1:t)
jk + ε

(s+1:t)
B (SM-9)

holds with probability at least 1− δ/|I|. Combining the two claims tells us that the inequalities

λS(τ)∗ ≤λ̂S(s+1:t)
∗ (1 + ε̃

(s+1:t)
A ) + ε

(s+1:t)
B ≤ λ̂S(s+1:t)

∗ + ε
(s+1:t)
A + ε

(s+1:t)
B

hold with probability ≥ 1− 2δ/|I|. To complete the proof for the lower bounding, it suffices to

establish (a) inequality (SM-9) and (b) the feasibility of ŷ(s+1:t)
jk .

(a) Inequality (SM-9). We first lower bound the following expected reward, where the expecta-

tion is over the randomness in the empirical estimate p̂(s+1:t)
j :

E

[∑
j∈J

∑
k∈K

p̂
(s+1:t)
j rijkŷ

(s+1:t)
jk

]

=E

 t∑
q=s+1

∑
j∈J

∑
k∈K

1(j(q) = j)

(t− s)
(

1 + ε̃
(s+1:t)
A

)rijky∗jk(τ)


≥
∑
j∈J

∑
k∈K

pjτrijk
y∗jk(τ)

1 + ε̃
(s+1:t)
A

−
∑
j∈J

∑
k∈K

(
pjτ −

t∑
q=s+1

pjq
t− s

)
rijky

∗
jk(τ)

1 + ε̃
(s+1:t)
A

≥λ
S(τ)
∗ − rmaxV

(s+1:t)

1 + ε̃
(s+1:t)
A

≥ λ
S(τ)
∗ − γV (s+1:t)

1 + ε̃
(s+1:t)
A

.
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In passing, we note that the lemma assumption of τ ∈ [s + 1, t] is crucial for the bound∑
j∈J

(
pjτ −

∑t
q=s+1

pjq
t−s

)
≤ V (s+1,t) to hold. Now, since

∑
j∈J
∑

k∈K
1(j(q)=j)

1+ε̃
(s+1:t)
A

rijky
∗
jk(τ) ≤

rmax

1+ε̃
(s+1:t)
A

, applying the multiplicative Chernoff bounds (from Lemma 8 in Appendix B), we have

∑
j∈J

∑
k∈K

p̂
(s+1:t)
j rijkŷ

(s+1:t)
jk ≥λ

S(τ)
∗ − γV (s+1:t)

1 + ε̃
(s+1:t)
A

− 1

1 + ε̃
(s+1:t)
A

√
2λ

S(τ)
∗ rmax

t− s
log

T

δ
w.p. 1− δ

T

≥λ
S(τ)
∗ − γV (s+1:t)

1 + ε̃
(s+1:t)
A

− γ

1 + ε̃
(s+1:t)
A

√
2

t− s
log

T

δ

=
λ
S(τ)
∗ − ε(s+1:t)

B

1 + ε̃
(s+1:t)
A

. (SM-11)

Rearranging (SM-11) gives us (SM-9).

(b) Feasibility of ŷ(s+1:t)
jk . Similar to part (a), we first bound the expectation:

E

[∑
j∈J

∑
k∈K

p̂
(s+1:t)
j vijkŷ

(s+1:t)
jk

]

=E

 t∑
q=s+1

∑
j∈J

∑
k∈K

1(j(q) = j)

(t− s)
(

1 + ε̃
(s+1:t)
A

)vijky∗jk(τ)


≤
∑
j∈J

∑
k∈K

pjτvijk
y∗jk(τ)

1 + ε̃
(s+1:t)
A

+
∑
j∈J

∑
k∈K

(
t∑

q=s+1

pjq
t− s

− pjτ

)
vijky

∗
jk(τ)

1 + ε̃
(s+1:t)
A

≤ci + vmaxV
(s+1:t)

1 + ε̃
(s+1:t)
A

≤ ci + γV (s+1:t)

1 + ε̃
(s+1:t)
A

.

Since
∑

j∈J
∑

k∈K
1(j(t)=j)

1+ε̃
(s+1:t)
A

vijky
∗
jk(t)≤

γ

1+ε̃
(s+1:t)
A

, applying the multiplicative Chernoff bounds in

Lemma 8 in Appendix B, we have

∑
j∈J

∑
k∈K

p̂
(s+1:t)
j vijkŷ

(s+1:t)
jk

≤ci + γV (s+1:t)

1 + ε̃
(s+1:t)
A

+
2γ

1 + ε̃
(s+1:t)
A

√
2

t− s
log
|I|
δ

+
2γ

(t− s)
(

1 + ε̃
(s+1:t)
A

) log
|I|
δ

w.p. 1− δ

|I|

≤ci
1 + ε̃

(s+1:t)
A

1 + ε̃
(s+1:t)
A

= ci almost surely. (SM-12)

Taking the union bound of (SM-12) yields the desired feasibility.
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Lower bounding λ̂S(s+1:t)
∗ in terms of λS(τ)τ . The proof involves considering the following dual

formulation of (LP-S(τ)):

(LP-S-D(τ)) : min
α

(2)
τ ,β

(2)
τ

∑
j∈J

pjτβ
(2)
jτ +

∑
i∈I

ciα
(2)
iτ

s.t. β(2)
jτ +

∑
i∈I

vijkα
(2)
iτ ≥ rjk ∀j ∈J , k ∈K

α
(2)
iτ ≥ 0 ∀i∈ I

β
(2)
jτ ≥ 0 ∀j ∈J

Similarly, we consider the following dual formulation to the sample average approximation model

(LP-RS)(s+1:t):

(LP-RS-D)(s+1:t) : min
α(2),β(2)

∑
j∈J

p̂
(s+1:t)
j β

(s+1:t)
j +

∑
i∈I

ciα
(s+1:t)
i

s.t. β(s+1:t)
j +

∑
i∈I

vijkα
(s+1:t)
i ≥ rjk ∀j ∈J , k ∈K

α
(s+1:t)
i ≥ 0 ∀i∈ I

β
(s+1:t)
j ≥ 0 ∀j ∈J

Our analysis involves considering (α
(2)∗
τ ,β

(2)∗
τ ), an optimal solution to (LP-S-D(τ)). To proceed,

we first note that for all j, τ , it holds that β(2)∗
jτ ≤ rmax ≤ γ, by optimality. In addition, (α

(2)∗
τ ,β

(2)∗
τ )

is feasible to (LP-RS-D)(s+1:t), since (LP-S(τ)), (LP-RS-D)(s+1:t) have the same feasible region.

Consequently, we derive the following bounds, where all inequalities and equalites except (SM-13)

holds with certainty:

λ̂S(s+1:t)
∗

≤
∑
j∈J

p̂
(s+1:t)
j β

(2)∗
jτ +

∑
i∈I

ciα
(2)∗
iτ

≤
∑
j∈J

[
1

t− s

t∑
q=s+1

pjs

]
β
(2)∗
jτ +

∑
i∈I

ciα
(2)∗
iτ + 2rmax

√
2

t− s
log

1

δ
+

2rmax

t− s
log

1

δ
w.p. 1− δ

(SM-13)

≤
∑
j∈J

pjτβ
(2)∗
jτ + rmaxV

(s+1:t) +
∑
i∈I

ciα
(2)∗
iτ + 2rmax

√
2

t− s
log

1

δ
+

2rmax

t− s
log

1

δ

≤λS(τ)τ + ε
(s+1:t)
C .

Step (SM-13) is by the multiplicative Chernoff bounds in Lemma 8 in Appendix B. Altogether, the

desired lower bounds are established and the Lemma is proved. �
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3. Proof of Theorem 2 Our proof consists of 5 steps. In step 1, we construct a linear pro-

gram (LP-E) with its optimum denoted as λE∗ , which is a fluid approximation of (IP-C). We show

λE∗ ≥ opt(IP-C),

and therefore, λE∗ is an upper bound of the expected reward achieved by any non-anticipatory pol-

icy. In the following steps, to upper bound opt(IP-C) with λ
S(t)
∗ , it suffices to upper bound λE∗

using λS(t)∗ . In step 2, we partition the planning horizon into episodes of length W , and demon-

strate that the sum of optimums of “episode-wise (LP-E)s” is no smaller than TλE∗ . In step 3, we

construct duals for each “episode-wise (LP-E)” and (LP-S)t. In step 4, we define an intermediate

quantity based on the duals constructed in the previous step. By comparing this intermediate quan-

tity with the objective values of both duals, we bridge the gap between the optimal objective of

each “episode-wise (LP-E)” and the sum of λS(t)∗ over each episode. In the last step, we sum up the

results of all episodes and derive our Theorem.

Step 1: The intractability of opt(IP-C) motivates us to consider a fluid approximation, dubbed

(LP-E). We provide (LP-E) in the following, where the realization of the customer arrivals, their

usage duration and outcomes exactly follow the expectation. The linear program (LP-E) is

max
1

T

T∑
t=1

∑
j∈J

∑
k∈K

pjtrjkxjk(t)

s.t.
t∑

τ=max{1,t−dmax}

∑
j∈J

∑
k∈K

pjτE[Aijk1(Dijk ≥ t− τ + 1)]xjk(τ)≤ ci ∀i∈ I, t∈ [T ]

∑
k∈K

xjk(t)≤ 1 ∀j ∈J , t∈ [T ]

xjk(t)≥ 0 ∀j ∈J , k ∈K, t∈ [T ].

We denote the optimal objective value of (LP-E) as λE∗ . We next show λE∗ ≥ opt(IP-C).

Let π be a non-anticipatory feasible policy that achieves the expected optimum in (IP-

C), i.e. E[
∑T

t=1

∑
k∈KRj(t),k(t)X

π
k (t)] = E[TλC∗ ]. Define x = {xjk(t)}j∈J ,k∈K,t∈{1,...,T} where

xjk(t) = Pr(Xπ
k (t) = 1|j(t) = j). We claim that x is feasible to (LP-E), with objec-

tive value equal to E[
∑T

t=1

∑
k∈KRj(t),k(t)X

π
k (t)] = E[TλC∗ ]. Thus, verifying the claims

about the feasibility and the objective value proves the claim. We first verify the feasibil-

ity to (LP-E). Since the policy π satisfies the reusable resource constraints, the inequality∑t
τ=1

∑
k∈K 1

(
Dij(τ)k (τ)≥ t− τ + 1

)
Aij(τ)k (τ)Xπ

k (τ) ≤ ci holds for all i ∈ I, t ∈ [T ]. Taking
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expectation (which is over Xπ
k (τ), Dijk(τ), Aij(τ)k(τ) and j(τ)) for τ = 1, . . . , t on the left hand

side gives

E

[
t∑

τ=1

∑
k∈K

1
(
Dij(τ)k (τ)≥ t− τ + 1

)
Aij(τ)k (τ)Xπ

k (τ)

]

=
t∑

τ=1

∑
k∈K

E
[
E
[
E
[
1
(
Dij(τ)k (τ)≥ t− τ + 1

)
Aij(τ)k (τ) | j(τ),Xπ

k (τ)
]
Xπ
k (τ) | j(τ)

]]
=

t∑
τ=1

∑
k∈K

∑
j∈J

pjτE
[
E
[
1
(
Dij(τ)k (τ)≥ t− τ + 1

)
Aij(τ)k (τ) | j(τ) = j,Xπ

k (τ)
]
Xπ
k (τ) | j(t) = j

]
=

t∑
τ=1

∑
k∈K

∑
j∈J

pjτE [1 (Dijk ≥ t− τ + 1)Aijk]xjk(τ)≤ ci

Similarly, by taking expectation over each of the reward constraints, we have

E

[
T∑
t=1

∑
k∈K

Rj(t)k(t)X
π
k (t)

]
=

T∑
t=1

∑
j∈J

∑
k∈K

pjtrjkxjk(t).

Hence, the claim about the objective value is shown, and we have proved λE∗ ≥ opt(IP-C).

Step 2: For an arbitrary W ∈ {dmax, . . . , T}, we partition the planning horizon into T
W

episodes

each consisting of W time steps. We define the episode-wise DM’s expected LPs for each m ∈
[1, . . . , T

W
] as follows:

(LP-EW)(m) max
mW∑

t=(m−1)W+1

∑
j∈J

∑
k∈K

pjtrjkzjk(t)

s.t.
t∑

τ=max{(m−1)W+1,t−dmax}

∑
j∈J

∑
k∈K

pjτE[Aijk1(Dijk ≥ t− τ + 1)] zjk(τ)≤ ci

∀i∈ I, t∈ [(m− 1)W + 1 :mW ]∑
k∈K

zjk(t)≤ 1 ∀j ∈J , t∈ [(m− 1)W + 1 :mW ]

zjk(t)≥ 0 ∀j ∈J , k ∈K, t∈ [(m− 1)W + 1 :mW ].

Let the optimum of (LP-EW)(m) be Wλ
EW (m)
∗ and let the corresponding optimal solution be

z∗jk(t). To compare
∑T/W

m=1 WλEW (m) (i.e., sum of optimal objective values of (LP-EW)(m) over

all episodes) and TλE∗ (i.e., optimal objective value of (LP-E([1 : T ]))), we observe that z̄jk(t) =

x∗jk(t) ∀t∈ [(m− 1)W + 1 :mW ] is a feasible solution for each (LP-EW)(m), and

T/W∑
m=1

WλEW (m) =

T/W∑
m=1

mW∑
t=(m−1)W+1

∑
j∈J

∑
k∈K

pjtrjkz̄jk(t)
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=
T∑
t=1

∑
j∈J

∑
k∈K

pjtrjkx
∗
jk(t)

=TλE∗ .

Hence, we have TλE∗ ≤
∑T/W

m=1 Wλ
EW (m)
∗ .

Step 3: In this step, we first construct the duals of (LP-EW)(m) and (LP-S(t)). We firstly present

the dual of (LP-EW)(m):

(LP-EW-D0)(m) : min
α(0),β(0)

mW∑
t=(m−1)W+1

(∑
j∈J

β
(0)
jt +

∑
i∈I

ciα
(0)
it

)

s.t. β(0)
jt +

∑
i∈I

pjt

min{t+dmax,mW}∑
τ=t

E[Aijk1(Dijk ≥ τ − t+ 1)]α
(0)
iτ ≥ pjtrjk ∀j ∈J , k ∈K,

t∈ [(m− 1)W + 1 :mW ]

α
(0)
it ≥ 0 ∀i∈ I, t∈ [(m− 1)W + 1 :mW ]

β
(0)
jt ≥ 0 ∀j ∈J , t∈ [(m− 1)W + 1 :mW ].

The optimal objective value of (LP-EW-D0)(m) is Wλ
EW (m)
∗ , which is the same as its primal’s.

Let (α(0)∗,β(0)∗) denote the optimal solution of (LP-EW-D0)(m). We assert that the following LP

achieves the same optimal objective value as (LP-EW-D0)(m):

(LP-EW-D(m)) : min
α(1),β(1)

mW∑
t=(m−1)W+1

(∑
j∈J

pjtβ
(1)
jt +

∑
i∈I

ciα
(1)
it

)

s.t. β(1)
jt +

∑
i∈I

min{t+dmax,mW}∑
τ=t

E[Aijk1(Dijk ≥ τ − t+ 1)]α
(1)
iτ ≥ rjk ∀j ∈J , k ∈K,

t∈ [(m− 1)W + 1 :mW ]

α
(1)
it ≥ 0 ∀i∈ I, t∈ [(m− 1)W + 1 :mW ]

β
(1)
jt ≥ 0 ∀j ∈J , t∈ [(m− 1)W + 1 :mW ].

To verify our assertion, we first claim that Wλ
EW (m)
∗ ≤ opt((LP-EW-D)(m)). Letting (α(1)∗,β(1)∗)

be an optimal solution to (LP-EW-D)(m), we observe that the solution (ᾱ(0), β̄(0)), defined as

ᾱ
(0)
it = α

(1)∗
it ∀i∈ I, t∈ [(m− 1)W + 1 :mW ]

β̄
(0)
jt = pjtβ

(1)∗
jt ∀j ∈J t∈ [(m− 1)W + 1 :mW ]
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is a feasible solution to (LP-EW-D0)(m). In addition, we have

mW∑
t=(m−1)W+1

(∑
j∈J

pjtβ
(1)∗
jt +

∑
i∈I

ciα
(1)∗
it

)
=

mW∑
t=(m−1)W+1

(∑
j∈J

β̄
(0)
jt +

∑
i∈I

ciᾱ
(0)
it

)
.

Hence the claimed inequality is shown.

We also claim that Wλ
EW (m)
∗ ≥ opt((LP-EW-D)(m)). Observe that the solution (ᾱ(1), β̄(1)),

defined as

ᾱ
(1)
it = α

(0)∗
it ∀i∈ I, t∈ [(m− 1)W + 1 :mW ]

and

β̄
(1)
jt =

β
(0)∗
jt /pjt if pjt > 0

rmax if pjt = 0
∀j ∈J , t∈ [(m− 1)W + 1 :mW ]

is a feasible solution to (LP-EW-D0)(m). We further observe that if pjt = 0 for some j, t, then

β
(0)∗
jt = 0 since the first set of constraints on β(0)

jt reduces to β(0)
jt ≥ 0. Therefore, we have

mW∑
t=(m−1)W+1

(∑
j∈J

pjtβ̄
(1)∗
jt +

∑
i∈I

ciᾱ
(1)∗
it

)

=
mW∑

t=(m−1)W+1

(∑
j∈J

(
1(pjt > 0) · pjt

β
(0)∗
jt

pjt
+ 1(pjt = 0) · pjtrmax

)
+
∑
i∈I

ciα
(0)∗
it

)

=
mW∑

t=(m−1)W+1

(∑
j∈J

(
1(pjt > 0) · β(0)∗

jt + 1(pjt = 0) · 0
)

+
∑
i∈I

ciα
(0)∗
it

)

=
mW∑

t=(m−1)W+1

(∑
j∈J

(
1(pjt > 0) · β(0)∗

jt + 1(pjt = 0) · β(0)∗
jt

)
+
∑
i∈I

ciα
(0)∗
it

)

=
mW∑

t=(m−1)W+1

(∑
j∈J

β
(0)∗
jt +

∑
i∈I

ciα
(0)∗
it

)
,

and the claimed inequality is verified. Since (LP-EW-D)(m) has a simpler form and we only make

use of the objective values for comparison between LPs, we will refer to (LP-EW-D)(m) as the dual

of (LP-EW(m)) in forthcoming analysis.

We next present the dual of (LP-S)t. For notational ease, we recycle the variables (α(0)∗,β(0)∗)

from (LP-EW-D0)(m) as (LP-EW-D0)(m) is no longer useful:

(LP-S-D0(t)) : min
α

(0)
t ,β

(0)
t

∑
j∈J

β
(0)
jt +

∑
i∈I

ciα
(0)
it
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s.t. β(0)
jt +

∑
i∈I

pjtvijkα
(0)
it ≥ pjtrjk ∀j ∈J , k ∈K

α
(0)
it ≥ 0 ∀i∈ I

β
(0)
jt ≥ 0 ∀j ∈J

The optimal objective value of (LP-S-D0(t)) is λS(t)∗ , which can be shown to be the same with the

following LP:

(LP-S-D(t)) : min
α

(2)
t ,β

(2)
t

∑
j∈J

pjtβ
(2)
jt +

∑
i∈I

ciα
(2)
it

s.t. β(2)
jt +

∑
i∈I

vijkα
(2)
it ≥ rjk ∀j ∈J , k ∈K

α
(2)
it ≥ 0 ∀i∈ I

β
(2)
jt ≥ 0 ∀j ∈J .

We prove the above LP has the same optimal objective value as (LP-S-D0(t)) for all t in a sim-

ilar manner as showing (LP-EW-D)(m) has the same optimal objective value as (LP-EW-D0)(m).

We first claim that λS(t)∗ ≤ opt((LP-S-D(t))). For any t ∈ [T ], letting (α(2)∗,β(2)∗) be an optimal

solution to (LP-S-D(t)), we observe that the solution (ᾱ(0), β̄(0)), defined as

ᾱ
(0)
it = α

(2)∗
it ∀i∈ I

β̄
(0)
jt = pjtβ

(2)∗
jt ∀j ∈J

is a feasible solution to (LP-S-D0(t)). For the objective, we have∑
j∈J

pjtβ
(2)∗
jt +

∑
i∈I

ciα
(2)∗
it =

∑
j∈J

β̄
(0)
jt +

∑
i∈I

ciᾱ
(0)
it

for each t. Hence the claimed inequality is shown.

We also claim that λS(t)∗ ≥ opt((LP-S-D(t))). Let (α(0)∗,β(0)∗) denote the optimal solution of

(LP-S-D0(t)). Observe that the solution (ᾱ(1), β̄(1)) for each t∈ [T ], defined as

ᾱ
(1)
it = α

(0)∗
it ∀i∈ I

and

β̄
(1)
jt =

β
(0)∗
jt /pjt if pjt > 0

rmax if pjt = 0
∀j ∈J
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is a feasible solution to (LP-S-D0(t)). We further observe that if pjt = 0 for some j, t, then β(0)∗
jt = 0

since the first set of constraints on β(0)
jt reduces to β(0)

jt ≥ 0. Therefore, we have

∑
j∈J

pjtβ̄
(2)∗
jt +

∑
i∈I

ciᾱ
(2)∗
it =

∑
j∈J

(
1(pjt > 0) · pjt

β
(0)∗
jt

pjt
+ 1(pjt = 0) · pjtrmax

)
+
∑
i∈I

ciα
(0)∗
it

=
∑
j∈J

(
1(pjt > 0) · β(0)∗

jt + 1(pjt = 0) · 0
)

+
∑
i∈I

ciα
(0)∗
it

=
∑
j∈J

β
(0)∗
jt +

∑
i∈I

ciα
(0)∗
it ,

and the claimed inequality is verified. In further analysis, we will refer to (LP-S-D(t)) as the dual

of (LP-S(t)).

Step 4: To proceed, for any m and s∈ [(m− 1)W + 1 :mW ] we define

WλEWS(m,s) :=
mW∑

t=(m−1)W+1

(∑
j∈J

pjtβ
(2)∗
js +

∑
i∈I

ciα
(2)∗
is

)
,

and assert that it holds for all m∈
[
T
W

]
,

WλEW (m)
∗ −rmaxdmax

(†)
≤

MW∑
s=(m−1)W+1

λEWS(m,s)
(‡)
≤

MW∑
s=(m−1)W+1

λS(s)∗ +rmaxW
MW∑

s=(m−1)W+1

||ps+1−ps||1.

To demonstrate (†), we compare the optimum values of (LP-S-D(s)) and (LP-EW-D)(m). For

anym, we fix an optimal solution (α
(2)∗
s ,β

(2)∗
s ) of (LP-S-D(s)) for some s∈ [(m−1)W+1 :mW ].

We claim that the solution (ᾱ(1), β̄(1)), which is defined as

ᾱ
(1)
it = α

(2)∗
is ∀i∈ I, t∈ [(m− 1)W + 1 :mW ]

and

β̄
(1)
j,t =

β
(2)∗
js ∀j ∈J , t∈ [(m− 1)W + 1 :mW − dmax]

rmax ∀j ∈J , t∈ [mW − dmax + 1 :mW ]
,

is feasible for (LP-EW-D)(m). To verify the feasibility, it suffices to verify for the first set of con-

straints in (LP-EW-D)(m), since it is evident that ᾱ(1), β̄(1) ≥ 0. For any j ∈ J , k ∈ K and t ∈

[(m− 1)W + 1 :mW − dmax], we have

β
(1)
jt +

∑
i∈I

min{t+dmax,mW}∑
τ=t

E[Aijk1(Dijk ≥ τ − t+ 1)]α
(1)
iτ
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=β
(2)∗
js +

∑
i∈I

t+dmax∑
τ=t

E[Aijk1(Dijk ≥ τ − t+ 1)]α
(2)∗
js

=β
(2)∗
js +

∑
i∈I

dmax∑
τ=1

E[Aijk1(Dijk ≥ τ)]α
(2)∗
js

=β
(2)∗
js +

∑
i∈I

E[Aijk

∞∑
τ=1

τ1(Dijk = τ)]α
(2)∗
js

=β
(2)∗
js +

∑
i∈I

E[AijkDijk]α
(2)∗
js

=β
(2)∗
js +

∑
i∈I

vijkα
(2)∗
js

≥rjk ∀j ∈J , k ∈K.

The constraints for any j ∈ J , k ∈ K and t ∈ [mW − dmax + 1,mW ] clearly hold since they

reduce to rmax +
∑

i∈I
∑min{t+dmax,mW}

τ=t E[Aijk1(Dijk ≥ τ − t+ 1)]α
(2)∗
js ≥ rjk, and α(2)∗

js ≥ 0. The

feasibility establishes that

WλEW (m)
∗ −WλEWS(ms) ≤ rmaxdmax ∀m∈ [

T

W
], s∈ [(m− 1)W + 1 :mW ],

since WλEWS(m,s) + rmaxdmax is the objective value of the constructed solution (ᾱ(1), β̄(1)) for

(LP-EW-D)(m). Furthermore, we have the claimed inequality (†),

WλEW (m)
∗ −

MW∑
s=(m−1)W+1

λEWS(ms) ≤ rmaxdmax ∀m∈
[
T

W

]
.

We next prove the inequality (‡) as follows:

MW∑
s=(m−1)W+1

(λEWS(ms)−λS(s)∗ ) =
1

W

 MW∑
s=(m−1)W+1

MW∑
t=(m−1)W+1

(
∑
j∈J

pjtβ
(2)∗
js +

∑
i∈I

ciα
(2)∗
is )

−
MW∑

s=(m−1)W+1

(
∑
j∈J

pjsβ
(2)∗
js +

∑
i∈I

ciα
(2)∗
is )


=

1

W

MW∑
s=(m−1)W+1

MW∑
t=(m−1)W+1

(
∑
j∈J

pjtβ
(2)∗
js −

∑
j∈J

pjsβ
(2)∗
js )

=
1

W

MW∑
s=(m−1)W+1

MW∑
t=(m−1)W+1

∑
j∈J

β
(2)∗
js (pjt− pjs)

≤rmax

W

MW∑
s=(m−1)W+1

MW∑
t=(m−1)W+1

||pt−ps||1
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≤rmax

W

MW∑
s=(m−1)W+1

MW∑
t=(m−1)W+1

max{s,t}−1∑
q=min{s,t}

‖pq+1−pq‖1

≤rmax

W

MW∑
s=(m−1)W+1

MW∑
t=(m−1)W+1

MW∑
q=(m−1)W+1

||pq+1−pq||1

=rmaxW

MW∑
q=(m−1)W+1

‖pq+1−pq‖1 .

The first 3 equations holds by the definition of λEWS(ms) and λ
S(s)
∗ . The first inequality stands

since β(2)∗
js ≤ rmax for any j, s and

∑
j∈J pjt − pjs ≤

∑
j∈J |pjt − pjs| = ||pt − ps||1. The second

inequality follows from a telescoping sum.

Step 5: To derive the final result, we sum up the previous results over the T
W

episodes.

TλE∗ ≤
T/W∑
m=1

WλEW (m)
∗

≤
T/W∑
m=1

MW∑
s=(m−1)W+1

(λEWS(ms) + rmaxdmax)

≤
T/W∑
m=1


MW∑

s=(m−1)W+1

λS(s)∗ + rmaxW
MW∑

t=(m−1)W+1

||pt+1−pt||1)

+ rmaxdmax
T

W

=

[
T∑
t=1

λS(t)∗

]
+ rmaxWV + rmaxdmax

T

W
.

The first inequality follows from step 1. The second and third inequalities stands by step 3. The

last inequality holds by the definition of V =
∑T−1

t=1 ||pt+1 − pt||1. Since V = o(T ), by letting

W =
√
dmaxT/V , we have

Topt(IP-C)≤
T∑
t=1

λS(t)∗ + rmax

√
dmaxV T ≤

T∑
t=1

λS(t)∗ +O(V
1
3T

2
3 ),

where O(·) hides a multiplicative factor in terms of rmax, dmax. �
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