Supplementary Material

1. Proof of Lemma1 Our analysis requires the following claim on bounding the dual prices.
CLAIM 1. Forany phase m € {1,2,...,M} and any s € [t 4 1. 7(m=1 1],

y

_— Viel
o2 (m=2)

almost surely.

Proof of Claim 1 ~We prove by induction for a fixed i € Z. Fix some m € {1,2,..., M}, itis
evident that ¢; (70"~ 41) = 0 < Tmax 4 —sau . Suppose for some s € [7(m=2) 41 7m=1) 1],
we have ¢;(s) < fmex Toneca=- Then it suffices to show that Gi(s+1) < fmax 4 e

If ¢;(s) < Z=exthen by (11), we evidently have

rmax Umax f}/
i(s+1) < + S e T
¢ ( ) Umin 2W(m72) ! 2W(m72)
In the complementary case when 2= < ¢;(s) < fmex + Toniia=;, we first show v, ;) 7y = 0 by

contradiction. Recall that l%(s) = argmax;,.x {rj(sm — D et qﬁi(s)vi’j(s),k}, and there exists a null
action kyy € KC such that 7, . = w; ;1. = 0. Hence, the virtual action k(s) satisfies
i ~ D bils 9 2 T3k = D Di(8) Vi) = 0-
1€ 1€
In this case, if ;. i(5)e(s) # 0, we have
Tmax
5) k(s Z ¢z 1 (), k(s ] —Umin -~ Tmax,
i€T Urmin

which contradicts the fact that r,,,x = max; ; {7;x }. Hence, by (11), we have

Tmax Umax /7
(5+1) < di(s) < 4 T —
plsr sl sy 0 e =T e

OJ
Proof of Lemma 1 Step 1 (validating inequality (18)): It suffices to show the following two

inequalities:

(m—1)
S(s
> <>\*( '=Y par j,n(qs(s),j))

s=r(m=2)41 JjET

S(m—1)
< YD bl (Cz’ - ijsvi,j,n(cb(s),j)) +aw iy, (SM-1)

s=r(m—2) 11 ieT jeJ
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and with probability at least 1 — 4,

Fm=1)
S e (z) S M)

s= T(m 2) J,-l 1€ ]ej

To show (SM-1), we define the following Lagrangian function regarding (LP-S(¢)):

L), y(0),8) =Y > pierwysn(t) = Y wi(t) (Z > pitvirysn(t) - Ci)

JjeJ kek i€l JjeJ kek
=) v+ > pi <k - Zwt)vzjk) yin(t)
€T JET kek i€l
where 1) (t) are the dual prices corresponding to the constraints at time step ¢. By strong duality,
we have
A0 = min max  L((t),y(0).1)

PY()E[0,29]1 TN y(8): 2 g exc vin(B)<1

P()€[0,29]1 21 y(£): > g exc Yin(t

= min max {Z@/}z C; —i—ZZp]t (Tjk‘ Zl/}z Uzjk) yin(t )}

€T JET kek €T
= min »i(t)e; + P max Tik — V() vk | yix(t )
(t)€[0,24] 171 {Z ;7 Jt Shex (<1 {kezzc < J ; ( ) J ) J ( )

(SM-3)

It is worth noticing that we set the dual variables

G(t) <™ <y Viel,

Umin
since otherwise rj, — > .. ¥i(t)vy, < 0 for all j, k. In this case, y;,(t) = 0 by the maximization

argument, and 1;(t) does not get larger by the minimization argument. Under Algorithm 2, we

have:
F(m=1)
S(t
E : <)‘ @ — E :thTJH J))
t=r(m=2)11 jeTJ
F(m=1) F(m=1)

- Y min max L)y, ) — Y. Y it

1)€[0,24]1Z1 y(t): i (t)<1 .
P— P()E[0,29]1 TN y ()2 g e i ¥k ()< s=r(m—2) 11 jeT

F(m=1) F(m—1)

1 .
= Z W (m—1) Z min . max L("vb(t)ay(t)v t) o ijsrj,n(qb(s),j)

IZ| y(t): k(1) <1
(M) 41 rer(m) g POE02] Y():Lpex Yin(t)= s
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F(m—1) 1 7(m—1)
< Z _ Z max L(p(s),y(t),t
- (m—1) . .
S:T(m_2)+1 W m t:T(m_Q)—‘rl y(t)'Zke}C yjk(t)SI
F(m=1) F(m—1)
< Y | XeGatmm X ey,
s=7(m=2) 11 i€l t=7(m=2)41j€J
F(m—1)

= DD D)

s:7'<m*2)+]_ jej

7(m=1) F(m—1)
Pjs
< X (Lot g X
s=7(m—=2)41 i€l jeTJ t=7(m—=2) 41
F(m—1)
Tmax
s S S

t:T(m_2)+1 ]Gj

F(m—1)
< Z (Z pi(s)ci +ijs (Tj,nw(

max
Y(): 2 pex Uik (t)

s),3) Z ¢l(

= DisTin((s))

jed

max {Z <T‘jk - Z ¢i(3)vijk> ?/jk(t)}

<1
Lkex Vin®SL | 20 ieT

- {Z (Tjk -y ¢i(8)vz‘jk> yjk(t)}
- kel i€
ijsra,

(m—1)

D

T

b(s),5)

S:T(m_2)+1 ]ej

F(m=1)

Z ijsrj,n(rb(s),j)

S)UiJﬁ((ﬁ(S)J)) > -
s=r(m=2)41j€J

5:7’(777'*2)4-1 €T ]EJ 1€
F(m—1) Flm=1)  (m-1)_q
rmax
+ W (m=1) Z Z Z Pj.g+1 — Pidl (SM-4)
s=r(Mm=2) 41 t=r(m=2) 41 g=7(m=2) 41
F(m—1)
< D D al) (Ci - ijsvi,j,nw(s),j)) AW =Dy m=D), (SM-5)
s=r(m—2) 41 i€T jeT
Step (SM-4) holds by Line 4 in Algorithm 2 that defines £ (¢(s),j) €

Z’LEZ ¢Z

argmaxy - {Tjk —

)viji, ;- Step (SM-5) follows from the definition of V("=

To show (SM-2) holds with probability at least 1 — 9, we refer to the update rule of the dual

prices in (11) and obtain:

1
s+1)|f5< P ol
1605+ Dl <[16(5) + —mmms (Wit 9 ~ @1z
1
<H¢( )HZ NN (m Q)H,v](s),l;(s) CH%

Rearranging terms, we have

> 0uls) (e —v

i€

2 (m—2)
< (eI -

W (m—2)

Yisj(s), k(S))

<——— (6O~ llo(s +)2) +

(s + D) +

Yy J(s) k:(s))

m;@ G~

1 2
WH’%(S)J}(S) —cl|3
Z]y*
2V 2W (m=2)°
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Summing over s € [7(m~2) +1: 7] we have

Fm=1) F(m=1)

oW (m=2) |I|72W(m71)
> 2l (amvae) Sy 2 (IBGIE-llels+DIE) + e
3:7’(7”*2)4,-]_ i€L s= T(m72)+1 2 2W
T 2w(m 1)
W (SM-6)
22TV (m=2)

The last inequality holds by the telescoping expression. Fix any 7 > 70"~2) 4+ 1, consider

{0 j(s)ks) — 2ojes PisVijs((s)i) }aer(m—2_1» Which is a martingale difference sequence with
respect to the filtration {F(s)}7_ .2, defined as F(s) = o({j(t)},_ (n_2,)- Crucially, the

conditional expectation E[v; ;o) 7o |F (s — 1)] = 3¢ 7 Djsvijm(a(s).5) since ¢(s) is F(s — 1)-

measurable. Therefore, by applying Azuma-Hoeffding Inequality, we have

(m—1) (m—1)
! i 2W(m—2)
Pr Z Ui,j(s),fc(s) > Z ijsvz,], *(s),5) + ’}/\/QW(m_l) lOg T
s=r(m=2)41 s=r(m=2)41j€J

T

<Pr|3re™ @41 2w I N T w0h0 2 D D Pistisstéen)

s=r(m=2)41 s=r(m=2)41j€T
QW m2)
+’Y\/2(T — 7(m=2)))log — )
2w (m=2) 5
< 2 pea st (SMD

Plugging (SM-7) into (SM-6), we have with probability at least 1 — 4,

Z Z ®i(s) ( ijsvm #( J))

5:7’(”"*2)4-1 €L ]EJ

F(m=1) gw(m 2)

2log &———
< D 208 | @ vigmie N ey

s= T(m 2) J,-l €L

F(m=1)

(-2
_Zhrwim 2log 25—

QW TN e 1) Z Z¢i(8)
Sk ¥ Yt

2v/211 (m—2) v W (m— 1) W (m—2)

s=r(m=2)41 i€l

N (m—2) . | Z|~? \/2W(m—1) log —QW?*%
) AW (m—2)

s=r(m—-2)41 i€l

2W(m 2) 7(m—1)

+ |I|72\/2W(m—1) log
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_|zprwin ) \/ 21y (m=2) 2N (m=2)

Z]y* ) 2Wm=Dlog ———— + |Z]7*{/ 2log ———— SM-8

Sovamass T 0g ——s——+[Z|7"y/ 2log —— (SM-8)

<W(m_1)e%m b,

Inequality (SM-8) holds since W (=1 < 2/ (m=2),
Step 2 (validating inequalities (19)): By the update of dual prices (11), we have

Uy, G (s),k(s —Ci <N (m=2) <¢Z<S+1> ¢1<5))

for any ¢, s. Summing over s € [T(m_Q) +1:70m=D], we have

F(m—1) Fm—1)
Z (Ui7j(s),;;(s) —¢;) <V2W(m=2) Z (Qi(s+1) — di(s))
s=r(m=2)41 s=r(m=2)41

<V2RW =2, (M7 D) <y VIW (m=2) 4

with certainty for all + € Z, by Claim 1. By applying Azuma-Hoeftfding Inequality in a similar
manner as (SM-7), forall: € Z,

7(m—1) F(m—1)
2\ Z|Wm—2)
P Y i X Xt — 7y 200 log 2T
s=r(m=2)41 s=r(m=2)41j€J
<Pr|3ref™ P41 2w I N T s 0ag S D D Pistigseen)
s=r(m=2)41 s=r(m=2)11j€T
2|Z|W (m=2)
_7\/2w(m—1) log HT)
2W(m=2)

d d
< S
= ; 2Z|W =2 = |

Hence, with probability of at least 1 — II\

(m—-1)
i 2|Z|W (m=2)
> (Z PjsVijn((s).3) ~ Ci) SYV2W =2 4y + 7\/ a1y =) fog 2 T

3:T(m*2>+]_ ]EJ

Taking a union bound over all 7 € Z, with probability of at least 1 — 9,

F(m—1)

2(Z(W(m—2)
DD pivigmieeg SWVe V22 4y 4 7\/2W(m1) tog 22 5 viel

s=r(m=2)41j€J

<W D14y viel.
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2. Proof of Lemma 2 Recall that 7 is an arbitrary but fixed time index lying in [s + 1,¢].

S(s+1:t)

The proof of the Lemma consists of lower bounding b% in terms of )\f(T), and lower bounding

A2 in terms of AZCHEY),

+1:t)

Lower bounding ;\*5(5 in terms of )\f ("), For notational ease, we define

(s+1:t)

~(s+1:t) — €A _ i V(S+1:t) 2_7 2 lo B 2’)/ lo E
4 v Cmin * Conin V t— 8 &% * Conin (T — ) &%
and recall that
t . .
(s41:t) 1(j(q) =17)
P; o Z t—s
q=s+1
Consider y(5+1 ) = y”f(fl) 5> where {7, (7)}; is an optimal solution to the fluid relaxation LP-

€A
S(t). We claim that y(s+ is feasible to LP-RS®**) with probability at least 1 — &, and the
inequality
)\S( 1+ (s+1: t) Zzp (s+1:t) r~- s+1 t) +els (s+1:t) (SM-9)
* J
JjeJ keK
holds with probability at least 1 — §/|Z|. Combining the two claims tells us that the inequalities

ASG) < \S(s+10) (1 g0y g (bt lit)  RS(stit) g ((10)  odet)

hold with probability > 1 — 26/|Z|. To complete the proof for the lower bounding, it suffices to

establish (a) inequality (SM-9) and (b) the feasibility of y(SH D,

(a) Inequality (SM-9). We first lower bound the following expected reward, where the expecta-
A(s—i-l t)

tion is over the randomness in the empirical estimate p

E ZZ A(s—l—l t) riik y]z—l—l t)]

_jGJ kel

S 1PR»> t_g( (ﬁm)wy;m

| = s+1jeTJ kek

>ZZPJM y]k +1 ?) ZZ (pﬂ_ Z tp_jq8> rijkyﬂ:(l t))

(
JET kek JET kek g=s+1 1+
)\*S(T) _ Tmaxv(s—&—l:t) )\S(T) _ 7‘/ (s+1:t)

s+1 t)
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In passing, we note that the lemma assumption of 7 € [s + 1,¢] is crucial for the bound

t iq s
Zjej (pjT_Zq:s—i—l fi_s> < V (s1.2) to hold. NOW since Z]EJ ZkelC %kay]k( ) S

%, applying the multiplicative Chernoff bounds (from Lemma 8 in Appendix B), we have

S(r) _ (s+1:t) S(7)
plstlit) ~(s+1:t) A ryv o 1 2)\* T'max z — é
jezjkezlcpj TijkYk 2 1Jr~(s+1t) 1_|_6S+1:t)\/ P log 5 w.p. 1 -
>)\S( -V (s+1:t) ~ 5 1 T
— oo L
2 1+~(s+1t) 1+€E§+1:t) s g 5
AT 6(§+1:t)
T (SM-11)
1 + ~(S+1 t)

Rearranging (SM-11) gives us (SM-9).

(b) Feasibility of g)ﬁ“ct) . Similar to part (a), we first bound the expectation:

E Zzps—‘rlt)v kA(z+1t)]
J ]

_jej kel

(s+1:t
| a= s+1]€..7k€IC t—S <1+ (s

iikY 5 (7T)

]ej kek jeT kek \g= s+1 1+€4
: maxv(s—i—l.t) . V (s+1:t)
= are ~(s+1:t) < ar Fy~(s+1 :t)
1+€, 1+€,

Since Y. 7D ek %vijky;k(t) < W, applying the multiplicative Chernoff bounds in
€a €a

Lemma 8 in Appendix B, we have

~(s+1:t) A(s+1 t)
225 Ml

JE€T kek
ci + V) 2y 2 |Z| 2 |Z| )
+ , log — + log— wp.1—
146 ~(s+1:t) 1+g(As+1.t) t—s ) (t—s) (1+ ~(s+1: t)) 5 |I|
1 + ( +1: t)
<¢; ﬁ c; almost surely. (SM-12)
1+¢é)

Taking the union bound of (SM-12) yields the desired feasibility.
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Lower bounding AP in terms of A7), The proof involves considering the following dual

formulation of (LP-S(7)):

. (2) (2)
(LP-S-D(7)) : g)uﬁn(g) Zpﬁ +;a
s.t. 5(2)+Zvijkag)27”jk VieJ, kek
i€z
alg) >0 Viel
5572_) >0 VieJ

Similarly, we consider the following dual formulation to the sample average approximation model
(LP-RS)F10).

(LPRS-D)* 0 min 305 1Y ol

al® B 4 :
jeT €T
S.t. Bj(-8+1:t) + Z ’l)ijkO./Z(-s—i_l:t) > Tk \V/] eJ, kel
i€l
ol > Viel
B](S+1 :t) >0 \V/] cJ
Our analysis involves considering (c'>*, 3%%), an optimal solution to (LP-S-D(7)). To proceed

we first note that for all 7, 7, it holds that ﬁﬁ)* < Tmax < 7, by optimality. In addition, ( fo %% ,BT ")
is feasible to (LP-RS-D)**19 since (LP-S(7)), (LP-RS-D)**!? have the same feasible region.
Consequently, we derive the following bounds, where all inequalities and equalites except (SM-13)

holds with certainty:

S\S(S+1:t)

< Zﬁgsﬂ :t) 2)* n Z ol

JjeT €L
(2)* (@) 2 1 2rpax 1
<Z Z _]8] 6]'.,- +Zczai7 + 27 max Elogg + PR logg w.p. 1-6
q s+1 €T
(SM-13)
) (2)* (s+1:t) ) (2)* 2 1 2Tmax 1
< Zpﬁ'ﬁjq— + Tmax V' + Z co; 27 max E log 5 + PR log S
jeT €L
S0 4 5t

Step (SM-13) is by the multiplicative Chernoff bounds in Lemma 8 in Appendix B. Altogether, the

desired lower bounds are established and the Lemma is proved. U
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3. Proof of Theorem 2 Our proof consists of 5 steps. In step 1, we construct a linear pro-

gram (LP-E) with its optimum denoted as A\Z, which is a fluid approximation of (IP-C). We show
AL > opt(IP-C),

and therefore, A\Z is an upper bound of the expected reward achieved by any non-anticipatory pol-
icy. In the following steps, to upper bound opt(IP-C) with )\f(t), it suffices to upper bound \F
using AP n step 2, we partition the planning horizon into episodes of length 1/, and demon-
strate that the sum of optimums of “episode-wise (LP-E)s” is no smaller than T\Z. In step 3, we
construct duals for each “episode-wise (LP-E)” and (LP-S),. In step 4, we define an intermediate
quantity based on the duals constructed in the previous step. By comparing this intermediate quan-
tity with the objective values of both duals, we bridge the gap between the optimal objective of
each “episode-wise (LP-E)” and the sum of Y™ over each episode. In the last step, we sum up the
results of all episodes and derive our Theorem.

Step 1: The intractability of opt(IP-C) motivates us to consider a fluid approximation, dubbed
(LP-E). We provide (LP-E) in the following, where the realization of the customer arrivals, their

usage duration and outcomes exactly follow the expectation. The linear program (LP-E) is
1 T
max T Z Z ijt’rjkxjk (t)
t=1 jeJ kek

t
S.t. Z Z ijTE[Aijkl(Dijk >t—71+ 1)]753]@(7-) <¢g Vie I te [T}

T=max{1l,t—dmax } J€J k€K

D ap(t) <1 Vjed, telT]
ke
z,(t) >0 VieJ, ke, tel[T].

We denote the optimal objective value of (LP-E) as \”. We next show \Z > opt(IP-C).

Let m be a non-anticipatory feasible policy that achieves the expected optimum in (IP-
zi(t) = Pr(X[7(t) = 1|j(t) = j). We claim that z is feasible to (LP-E), with objec-
tive value equal to E[>,, > wex Riw @) X7 (t)] = E[TAY]. Thus, verifying the claims
about the feasibility and the objective value proves the claim. We first verify the feasibil-
ity to (LP-E). Since the policy 7 satisfies the reusable resource constraints, the inequality

S > ke L (Dijiryr (1) >t =74 1) Aijor (1) XF (1) < ¢; holds for all i € Z,t € [T). Taking



Zhang and Cheung: Online Allocation of Reusable Resources in Non-stationary Environments
10 Article submitted to Mathematics of Operations Research

expectation (which is over X[ (7), D;ji(7), Aij-yk(7) and j(7)) for 7 =1,...,¢ on the left hand

side gives

ZZl >t —7+1) Aijiry (1) X7 (7)

=1 ke

=Y D E[E[E[1(Dije(r) 2t =7+1) Ay (7) 1 (1), XE (1)] X (1) ()]

=1 kek

=D > 0 E[E[L(Dijern (1) 2t =7+ 1) Aijrn (7) | 5(7) = 4, X7 (7)] X7 (7) |4 (1) = 5]

=1 kek jeJ

_Zzzpﬁ (Dijr. >t —7+1) Ajp] 20 (1) < ¢

=1 kek jeJ

Similarly, by taking expectation over each of the reward constraints, we have

EDS R XE 0| =333 pierjraiu(t)

t=1 kek t=1 jeJ kek
Hence, the claim about the objective value is shown, and we have proved AZ > opt(IP-C).
Step 2: For an arbitrary W € {dpax, ..., T}, we partition the planning horizon into % episodes
each consisting of I/ time steps. We define the episode-wise DM’s expected LPs for each m €

;... as follows:

)

(LP-EW)™ max Z D parimz(t

(m—1)W+1j€TJ kek
t

s.t. Z ZZpﬁ Aijl(Dije >t —7+1)]  zjk(7) < ¢

T=max{(m—1)W+1,t—dmax} JET kEK

VieZ te[(m—1)W+1:mW]

> z(t) <1 VieJ, te[(m—1)W+1:mW]
ke
Zik(t) >0 VieJd, ke, te[(m—1)W+1:mW].

Let the optimum of (LP-EW)™ be WAEY™) and let the corresponding optimal solution be
25 (t). To compare Zﬁ/: MI/ WAEW(™) (ie., sum of optimal objective values of (LP-EW)™ over
all episodes) and TA\F (i.e., optimal objective value of (LP-E([1:77))), we observe that z;;(¢) =
25, (t) Vt € [(m — 1)W + 1. mW] is a feasible solution for each (LP-EW)'™, and

/W T/W

2 WA =) )OI ) BIEHT

m=1t=(m—-1)W+1jeJ kek
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=Y D purpa(t)

t=1 jeJ kek

=TM\E.

Hence, we have T)\E < Zi/: Wl/ WAEWm),
Step 3: In this step, we first construct the duals of (LP-EW)"™ and (LP-S(t)). We firstly present
the dual of (LP-EW)(™:

mW
_EW-D0)™) - ; (0) 0
(LP-EW-D0)'"™ : a(IgI)lgl(O) Z (Z By + Z Cioy, )
t=(m—-1)W+1 \jeJ €T
min{t+dmax,mW }

.. BJ('?)JFZ]% > E[Aipd(Digp > 7 —t+ 1))l > pry Vi€ T, keK,

€T T=t
tel(m—1)W+1:mW|
ol >0 VieZ, te[(m—1)W+1:mW)]
8 >0 VieJ, tellm— D)W +1:mW).

The optimal objective value of (LP-EW-D0)™ is WAEY™)  which is the same as its primal’s.
Let (a(9*, 3(9*) denote the optimal solution of (LP-EW-D0)™ . We assert that the following LP

achieves the same optimal objective value as (LP-EW-D0)™:

mW
. e NG
(LP-EW-D(m)) : i E (E pitBy + E czait>
t=(m—-1)W+1 \jeJ €T

min{t+dmax,mW'}

st AY+Y YT EApl(Dge >t —t+D]al) > Vied, kek,

i€ T=t
tel(m—1)W+1:mW|
ol >0 VieZ, te[(m—1)W+1:mW)]
8 >0 Vied, tel(m—1)W+1:mW].

To verify our assertion, we first claim that WAZ" ™ < opt((LP-EW-D)™). Letting (ac(V*, 3(1)*)
be an optimal solution to (LP-EW-D)™), we observe that the solution (&, 3(?), defined as

a =a* VeI te[m—1W+1:mW]

Bj(?) :pjtﬂj('z)* VieJtel(m—1)W+1:mW|
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is a feasible solution to (LP—EW—DO)(m). In addition, we have

mW mW
5 (zﬁz) 5 (zaﬁwzqaﬁ?)-
JjeT €L

t=(m-1)W+1 \jeJ icz t=(m—1)W+1

Hence the claimed inequality is shown.
We also claim that WAZ"™ > opt((LP-EW-D)™). Observe that the solution (&, 31),
defined as
dz(t) —a(g) VieZ, te[m—1)W+1:mW]

and

D if p;y >0
Bﬁ)— ! ! Vied, te[(m=1W+1:mW]

Tmax if Pjt = 0
is a feasible solution to (LP—EW—DO)(m). We further observe that if p;; = 0 for some j,¢, then

B (S)* = 0 since the first set of constraints on BJ(-S) reduces to ,Bj(.? ) > 0. Therefore, we have

J
mW
Z ijtﬁjt +ZCZ ztl)*>

mW (0)*

SO Ol (R

t=(m—-1)W+1 \jeJ gt

mW
= Z Z <1<pjt >0) .5;?)* +1(py = > n ch (0)*>

+ 1(pjt = O) : pjtrmax) + Z Clag»*)

1€

t=(m-1)W+1 \jeJ €T
mW
= Y ([ (e 08 10 -6§?>*>+Zcia§?>*>
t=(m—1)W+1 \jeJ i€T
mW
-5 (T e,
t=(m—1)W+1 \jeJ icT

and the claimed inequality is verified. Since (LP-EW-D)(™ has a simpler form and we only make
use of the objective values for comparison between LPs, we will refer to (LP-EW-D)™ as the dual
of (LP-EW(m)) in forthcoming analysis.
We next present the dual of (LP-S),. For notational ease, we recycle the variables (a(?*, 3(0%)
from (LP-EW-D0)™ as (LP-EW-D0)™ is no longer useful:
(LP-S-DO(t): min Y AP+ cal)

a9 300
& Pt jeg 1€T
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S.t. ﬁ](?) + ijtvijk%(-?) >pirik Vi€T, keEK

1€L
a? >0 Viel
BY >0 vieJ

The optimal objective value of (LP-S-DO0(t)) is A?™_ which can be shown to be the same with the

following LP:
LP-S-D(t)): B il
( i D v+ e
JjeT i€
LAY+ vipal > VieJ, kek
1€
al) >0 Viel
B >0 vied.

We prove the above LP has the same optimal objective value as (LP-S-DO(¢)) for all ¢ in a sim-
ilar manner as showing (LP-EW-D)™) has the same optimal objective value as (LP-EW-D0)(™
We first claim that A;") < opt((LP-S-D(t))). For any ¢ € [T], letting (a®*, 3*) be an optimal
solution to (LP-S-D(t)), we observe that the solution (&(®), 3(?)), defined as

alV =P vier

Bj(t _pjtﬁf)* v] cJ
is a feasible solution to (LP-S-DO0(t)). For the objective, we have
D+ Y el =3 B+ Y ey
JeT i€l JET i€T
for each t. Hence the claimed inequality is shown.

We also claim that A > opt((LP-S-D(t))). Let (a®*, 3©*) denote the optimal solution of
(LP-S-DO(t)). Observe that the solution (&), 3)) for each t € [T, defined as

all =0 vier

and

0)*/ .
_ Dijt if pjz >0 _
B = vjeJ

T'max if pjy =0
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is a feasible solution to (LP-S-DO(t)). We further observe that if p;; = 0 for some j, ¢, then 55? =0

since the first set of constraints on (3 j(? ) reduces to ﬁj(-?) > 0. Therefore, we have

i B :
Zpgtﬁjt + Z Cix (2 = Z (1(pjt >0) - pje +1(pjt =0) - Pjtrmax | + Z Cio%(?)
jeT i€T JET Pit i€Z
—Z< pjt>0) - (0) +1(pit=0 -0> +Zcia§?)*
JjeET €T
=200+ > e,
jeT €T

and the claimed inequality is verified. In further analysis, we will refer to (LP-S-D(t)) as the dual
of (LP-S(t)).
Step 4: To proceed, for any m and s € [(m — 1)WW + 1 : mW| we define

mW
WS =3 (ijtﬂﬁ)chiaE?*),

t=(m—1)W+1 \jeJ i€

and assert that it holds for all m € [],

o G N B <L ur
WA* (m) - Tmaxdmax S Z )\ (m,s) S Z )\ (s) +TmaxW Z | ’szrl _psl ‘1 .
s=(m—-1)W+1 s=(m—-1)W+1 s=(m—-1)W+1

To demonstrate (1), we compare the optimum values of (LP-S-D(s)) and (LP-EW-D)™. For
any m, we fix an optimal solution (as 8% ") of (LP-S-D(s)) for some s € [(m —1)W +1: mW].
We claim that the solution (a(!), (), which is defined as

ozz(t) —oz(Q)* VieZ, te|[(m—1)W+1:mW|

and
B _ Bﬁ)* VieJ, te[(m—1DW4+1:mW — dyay
" Tmax VieJ,te[mW —dpax+1:mW] ’
is feasible for (LP-EW-D)™. To verify the feasibility, it suffices to verify for the first set of con-
straints in (LP-EW-D){™), since it is evident that &, 5 > 0. For any j € J,k € K and ¢ €
[(m —1)W +1:mW — dpay, we have

min{t+dmax,mW}

(1)+Z Z E[Awk1<Dwk >T—t+1)] o

i€
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t+dmax

=82+ 3" 3T ElApd(Dyge > 7~ t+1)]a”
1€l T=t

dmax

B+ D E[Ayl(Dig > 7))ol

i€l T=1

(2)* + ZE ijk ZTl ijk = ( )

1€T

(2)*+ZE [Aij Dijr] (2)*

i€l

T D vl

i€l

>rp VieJ, kek.

The constraints for any j € J,k € K and t € [mW — dpax + 1, mW] clearly hold since they
reduce to rmax + Y cr St e mWE gl A1 (Dije > T — t+ 1)]045.?* > 1, and aﬁ)* > 0. The
feasibility establishes that

T
W/\*E‘W(m) — W AEWS(ms) < Phax@max VM E [W],

since WAEWS(ms) o dinax is the objective value of the constructed solution (a¥), 5()) for

s€[(m—1)W+1:mW],

(LP-EW-D)™)_ Furthermore, we have the claimed inequality (),

MW

WAZWEm — N AW <l YmE {%} .
s=(m—1)W+1
We next prove the inequality (1) as follows:
MW 1 MW MW
Z ()\EWS(ms) o )\S(s)) - Z Z (ijtﬁ(?)* + ZC-@Q)*)
* Js 118
s=(m—-1)W+1 w s=(m—-1)W+1t=(m—-1)W+1 jeJ i€l
MW
- D> QBT+ )
s:(m—l) +1 jeJ i€l
1 * *
S S S > s
s=(m—1)W+1t= (m 1)W+1 JjeJ JjeT
MW
1

W Z Z Zﬁﬁ)*(pjt — Djs)

s=(m—1)W+1t=(m—-1)W+1j€J

, MW MW
D D Y A

s=(m—-1)W+1t=(m—-1)W+1
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MW max{s,t}—1

DS S S

s= (m 1)W+1t (m 1W+1q min{s,t}
MwW

e )SIED SEND SR

s=(m—1)W+1t=(m—1)W+1g=(m—1)W+1

—TmaxW Z Hpq-l-l_qul'

g=(m—-1)W+1

IN

IN

The first 3 equations holds by the definition of A¥"W5(ms) and A7) The first inequality stands
since B(s < rmax for any 7, s and Z]ejpjt Djs < Zjej |pjt+ — pjs| = ||p+ — Ps||1- The second
inequality follows from a telescoping sum.

Step 5: To derive the final result, we sum up the previous results over the % episodes.

T/W
TAZ < WAz
m=1

/W

< Z Z (/\EWS(ms) + Tmaxdmax>

m=1 s=(m—1)W+1
T/W MW

MW
s T
< Z Z )\f( : + rmaXW Z Hpt+1 - pt‘ ‘1) + rmaxdmax_
(

m=1 | s=(m—1)W+1 =(m—1)W+1 w
T

_ [Z ASO)
t=1

The first inequality follows from step 1. The second and third inequalities stands by step 3. The

T

maxWV maxdmax_ .
+r +7r W

last inequality holds by the definition of V' = ZtT;ll ||Pt+1 — Pe||1- Since V = o(T'), by letting

= \/dmaxT/V, we have

T T
Topt(IP-C) < SN0 41t/ VT < 37 XSO 4 O(VATH),

t=1 t=1

where O(-) hides a multiplicative factor in terms of 7y, dimax- d
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