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Electronic Companion of “Ensemble Copula Coupling for Multivariate
Input Modeling and Uncertainty Quantification”

This electronic companion presents additional background and technical materials, as well as

the proofs for all the theorems in the main body of the paper. For simplicity, for 𝐿, 𝑀 > 0, we write

𝐿 <→ 𝑀 if there exists 𝑁 > 0 such that 𝐿 ↑ 𝑁𝑀 throughout this electronic companion.

Appendix EC.1: Bounded Variation and Integration by Parts

EC.1.1. Notation and Definitions In this section, we review multivariate bounded variations.

Our main references are Owen [6], Aistleitner and Dick [1], and Radulović et al. [7]. The following

notation is borrowed from Radulović et al. [7].

• For any vector x ↓ R𝑂 , 𝑃 𝑄 is its 𝑄-th component. We define a hypercube [x,y] :=
∏

𝑂

𝑅=1 [𝑃𝑅, 𝑆𝑅].
• We write an index set {1,2, · · · , 𝑂} as 1 : 𝑂 in short.

• For 𝑇 ↔ 1 : 𝑂, |𝑇 | means the cardinality of 𝑇, and ↗𝑇 = 1 : 𝑂 ↗ 𝑇.

• If a collection of set {𝑇𝑁 }1↑𝑁↑𝑈 is a partition of 1 : 𝑂, we write it as 𝑇1 + · · · + 𝑇𝑈 = 1 : 𝑂.

• For 𝑇 ↔ 1 : 𝑂, x𝑇 is a projection of x on the coordinates in 𝑇. That is, x𝑇 = (𝑃𝑅)𝑅↓𝑇 .
• Let 𝑇 + 𝑉 = 1 : 𝑂. Then, x𝑇 : y𝑉 is a vector whose coordinates are equal to 𝑃𝑅 for 𝑅 ↓ 𝑇 and 𝑆𝑅 for

𝑅 ↓ 𝑉. For 𝑇1 + 𝑇2 + 𝑇3 = 1 : 𝑂, the vector x𝑇1 : y𝑇2 : z𝑇3 is similarly defined.

• In the next section, we often use 𝑊 (x𝑇1 : a𝑇2 : b𝑇3) for a function defined on [a,b]. We abbreviate

𝑊 (x𝑇1 : a𝑇2 : b𝑇3) as 𝑊I (x𝑇1) where I = {𝑇1, 𝑇2, 𝑇3} is a partition of 1 : 𝑂.

D!”#$#%#&$ EC.’. 1. A ladder Y on the interval [𝐿, 𝑀] is a set of finitely many elements

in [𝐿, 𝑀). For each 𝑆 in Y, its successor is defined by 𝑆
+ := min {(𝑆, 𝑀) ↘Y}. If the set is

empty, we set 𝑆
+ = 𝑀. In a higher dimension, a ladder Y on [a,b] ↔ R𝑂 is of the form∏

𝑂

𝑅=1 Y𝑅 = {(𝑃1, · · · , 𝑃𝑂) |𝑃𝑅 ↓Y𝑅} where Y𝑅 is a ladder on [𝐿𝑅, 𝑀𝑅].
2. The 𝑂-fold alternating sum of 𝑊 or generalized volume of the hypercube based on measure ω 𝑊

over [a,b] is given by ω 𝑊 ((a,b]) =
∑

𝑇↔1:𝑂 (↗1) |𝑇 | 𝑊 (a𝑇 : b↗𝑇).
Some additional definitions follow.

• Variation of a function over a ladder Y is 𝑋Y( 𝑊 ) =∑
y↓Y |ω 𝑊 ((y,y+]) |;

• Total variation in the sense of Vitali is 𝑋 ( 𝑊 ) := supY𝑋Y( 𝑊 );
• Hardy-Krause variation is 𝑋HK( 𝑊 ) =

∑
𝑇↔1:𝑂,𝑇ε≃𝑋 ( 𝑊 (· : b↗𝑇));

• Hardy-Krause variation anchored at a is 𝑋HKa( 𝑊 ) =
∑

𝑇↔1:𝑂,𝑇ε≃𝑋 ( 𝑊 (· : a↗𝑇)).
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Functions with bounded Hardy-Krause variation are simply called BVHK. We note that 𝑋HK is the
sum of total variations of the function 𝑊 projected by all possible combinations of coordinates. A
useful relationship between 𝑋HK and 𝑋HKa is from Owen [6]:

𝑋HK( 𝑊 ) ↑
(
2𝑂 ↗ 1

)
𝑋HKa( 𝑊 ) ↑

(
2𝑂 ↗ 1

)2
𝑋HK( 𝑊 ).

The same reference also explains that if 𝑊 (·;b↗𝑇) has continuous partial derivatives 𝑌
𝐿

𝑌𝑃1···𝑌𝑃𝐿 𝑊 (·;b↗𝑇)
for all 𝑇 ↔ 1 : 𝑂, then 𝑊 is BVHK. Another important function class which is BVHK is simple
functions of the form

∑
𝑅
𝑍𝑅1[a𝑀 ,b𝑀] .

One interesting fact related to BVHK is that it is possible to decompose a BVHK function into
the sum of two completely monotone functions, similarly to that a function of bounded variation in
one dimension is equal to the sum of two monotone functions.

T(!&)!* EC.’ (Aistleitner and Dick [1]). Let 𝑊 be a right-continuous and BVHK function

on [a,b]. Then, there is a unique signed measure 𝑂𝑊 on [a,b] such that 𝑊 (x) = 𝑂𝑊 ( [a,x]) for

all x ↓ [a,b]. Furthermore, there are two completely monotone functions 𝑊
± such that 𝑊 (x) =

𝑊 (a) + 𝑊
+(x) ↗ 𝑊

↗(x). Equivalently, we have 𝑂𝑊 = 𝑂𝑊
+ ↗ 𝑂𝑊

↗ where 𝑂𝑊
± are positive measures

corresponding to 𝑊
±, respectively.

EC.1.2. Multivariate Integration by Parts

T(!&)!* EC.+ (Radulović et al. [7]). For a,b ↓ R𝑂 and functions 𝑊 , 𝑎 : [a,b] ⇐ R, we

assume 𝑊 and 𝑎 are right-continuous and BVHK. Then, the following formula holds:∫
(a,b]

𝑊 (x)𝑂𝑎(x) =
∑

𝑇1+𝑇2+𝑇3=1:𝑂
(↗1) |𝑇1 |+|𝑇2 |

∫
(a𝑁1 ,b𝑁1 ]

𝑎(x𝑇1↗ : a𝑇2 : b𝑇3)𝑂𝑊 (x𝑇1 : a𝑇2 : b𝑇3)

=
∑

𝑇1+𝑇2+𝑇3=1:𝑂
(↗1) |𝑇1 |+|𝑇2 |

∫
(a𝑁1 ,b𝑁1 ]

𝑎I (x𝑇1↗)𝑂𝑊I (x𝑇1)

where 𝑎I (x𝑇1↗) = limy𝑁1⇒x𝑁1
𝑎I (y𝑇1) and 𝑎I (y𝑇1) = 𝑎(y𝑇1 : a𝑇2 : b𝑇3) for each partition I.

Motivated by Theorem EC.2, we define two functionals ϑ𝑏 and |ϑ|𝑏 by

ϑ𝑏 (𝑐) =
∑

I
(↗1) |𝑇1 |+|𝑇2 |

∫
(a𝑁1 ,b𝑁1 ]

𝑐I (x𝑇1)𝑂𝑏I (x𝑇1),

|ϑ|𝑏 (𝑐) =
∑

I

∫
(a𝑁1 ,b𝑁1 ]

𝑐I (x𝑇1) |𝑂𝑏 |I (x𝑇1).

Here |𝑂𝑏 | = 𝑂𝑏
+ + 𝑂𝑏

↗ is a total variation measure of 𝑂𝑏 mentioned in Theorem EC.1. Using these
definitions, Theorem EC.2 can be re-written as

∫
(a,b] 𝑊 (x)𝑂𝑎(x) = ϑ 𝑊 (𝑎(·↗)). One can easily see

that |ϑ𝑏 (𝑐) | ↑ |ϑ|𝑏 ( |𝑐 |). The next lemma proves some additional results that are useful in our
analysis in later sections.
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L!**, EC.’. Suppose 𝑊 and 𝑎 are right-continuous and BVHK on [a,b]. Then, we have

1.
((ϑ 𝑊 (𝑎)

(( <→ supx↓[a,b]
((
𝑎(x)

((,
2.

((ϑ((𝑑
𝑊
( |𝑎 |) <→

((ϑ((
𝑊
( |𝑎 |𝑑) for 𝑑 ⇑ 1.

Proof. From the definitions above, we derive that

((ϑ 𝑊 (𝑎)
(( ↑ |ϑ| 𝑊 ( |𝑎 |) =

∑
I

∫
(a𝑁1 ,b𝑁1 ]

|𝑎 |I (x𝑇1) |𝑂𝑊 |I (x𝑇1) ↑ supx↓[a,b] |𝑎(x) | ⇓ 𝑒

where 𝑒 =
∑

I
∫
(a𝑁1 ,b𝑁1 ]

|𝑂𝑊 |I (x𝑇1) and I = {𝑇1, 𝑇2, 𝑇3} with 𝑇1 + 𝑇2 + 𝑇3 = 1 : 𝑂. For the first claim,

it is enough to show that 𝑒 is finite. In order to see this, we utilize Theorem EC.1, and Eq.(10),

Eq.(47) of Radulović et al. [7] to see

𝑒 =
∑

I,𝑇1ε≃

∫
(a𝑁1 ,b𝑁1 ]

|𝑂𝑊 |I (x𝑇1)

=
∑

I,𝑇1ε≃

∫
(a𝑁1 ,b𝑁1 ]

𝑂𝑊
+
I (x𝑇1) + 𝑂𝑊

↗
I (x𝑇1)

=
∑

I,𝑇1ε≃

∑
𝑇0↔𝑇1

(↗1) |𝑇0 |
(
𝑊
+
I (a𝑇0 : b𝑇1↗𝑇0) + 𝑊

↗
I (a𝑇0 : b𝑇1↗𝑇0)

)

=
∑

I,𝑇1ε≃

(
𝑋 ( 𝑊 +(· : a𝑇2 : b𝑇3)) +𝑋 ( 𝑊 ↗(· : a𝑇2 : b𝑇3))

)
.

Here, Eq.(10) applies to the third inequality and Eq.(47) to the last one. One can then re-write the

last summation as follows.

=
∑

𝑇3↔1:𝑂,𝑇3ε1:𝑂

[∑
𝑇1+𝑇2=↗𝑇3,𝑇1ε≃

(
𝑋 ( 𝑊 +(· : a𝑇2 : b𝑇3)) +𝑋 ( 𝑊 ↗(· : a𝑇2 : b𝑇3))

)]

=
∑

𝑇3↔1:𝑂,𝑇3ε1:𝑂

(
𝑋HKa( 𝑊 +(· : b𝑇3)) +𝑋HKa( 𝑊 ↗(· : b𝑇3))

)

=
∑

𝑇3↔1:𝑂,𝑇3ε1:𝑂
𝑋HKa( 𝑊 (· : b𝑇3))

where the last equality is obtained by Theorem 2 of Aistleitner and Dick [1]. Thanks to the

relationship (EC.1.1) between 𝑋HK and 𝑋HKa,

𝑋HKa( 𝑊 (· : b𝑇3)) ↑
(
2𝑂↗|𝑇3 | ↗ 1

)
𝑋HK( 𝑊 (· : b𝑇3)) ↑

(
2𝑂↗|𝑇3 | ↗ 1

)
𝑋HK( 𝑊 ).

Then, simple calculations show that 𝑒 ↑ 22𝑂
𝑋HK( 𝑊 ) <⇔.

The second claim can be readily verified by combining, first, |∑ 𝐿𝑅 |𝑑 <→
∑ |𝐿𝑅 |𝑑 and, second,

Jensen’s inequality for integration:
∫
|𝑎 |𝑑𝑂𝑓 ⇑ (

∫
|𝑎 |𝑂𝑓)𝑑 for a measure 𝑓, 𝑑 ⇑ 1. ↭
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Appendix EC.2: Detailed Review of Empirical Process Theory An important part of the

theory is about identifying function classes over which G𝑔 converges uniformly. There are two

relevant concepts:

• F is Glivenko-Cantelli if ↖P𝑔 ↗P↖F ⇐ 0 almost surely;

• F is Donsker if G𝑔 =↙G in 𝑕
⇔(F ) for some Gaussian process G.

The most well-known example is the class of indicator functions Find = { 𝑊x(·) = 1{· ↑ x}|x ↓ R𝑂}.
Particularly in one dimension, the next two theorems are classical where one can easily check

↖P𝑔 ↗P↖Find = ↖𝑖𝑔 ↗ 𝑖↖⇔, G𝑔 𝑊x =
∝
𝑔(𝑖𝑔 ↗ 𝑖) (x)

where 𝑖𝑔 is the empirical CDF of 𝑔 observations and 𝑖 is the true CDF with the sup norm ↖ · ↖⇔.

T(!&)!* EC.- (Glivenko-Cantelli). If 𝑖𝑔 is an empirical distribution with 𝑔 observations,

then
((((
𝑖𝑔 ↗ 𝑖

((((
⇔ ⇐ 0 almost surely.

T(!&)!* EC.. (Donsker). If 𝑖𝑔 is an empirical distribution with 𝑔 observations, then
∝
𝑔(𝑖𝑔↗

𝑖) converges weakly to a Gaussian process.

In the following, we present a functional delta method (Theorem 20.8 of van der Vaart [11]).

D!”#$#%#&$ EC.+. Let D and E be normed linear spaces. A map 𝑗 :D𝑗 ↔ D⇐ E defined on a

subset of D is Hadamard di!erentiable at 𝑖 tangentially to D0 ↔ D if there exists 𝑗′
𝑖

:D⇐ E such

that ((((
𝑘
↗1(𝑗(𝑖 + 𝑘𝑏𝑘) ↗ 𝑗(𝑖)) ↗ 𝑗

′
𝑖
(𝑏)

((((
E⇐ 0

as 𝑘 ⇐ 0 for every 𝑏𝑘 and 𝑏 such that 𝑖 + 𝑘𝑏𝑘 ↓D𝑗 and 𝑏𝑘 ⇐ 𝑏 ↓D0

T(!&)!* EC./ (van der Vaart [11]). Let D and E be normed linear spaces. Suppose that

𝑖𝑔’s are random elements with values inD𝑗 ↔ D, 𝑖 is nonrandom inD𝑗, and 𝑙 is a random element

with values inD0 ↔ D, and that they satisfy 𝑚𝑔 (𝑖𝑔↗𝑖)↙𝑙 for some sequence of numbers 𝑚𝑔 ⇐⇔.

If 𝑗 :D𝑗 ⇐ E is Hadamard di!erentiable at 𝑖 tangentially toD0, then 𝑚𝑔 (𝑗(𝑖𝑔)↗𝑗(𝑖)) =↙ 𝑗
′
𝑖
(𝑙).

Appendix EC.3: Technical Proofs

EC.3.1. Validity of Dirichlet Bootstrap This section justifies the resampling ratio for the

Dirichlet bootstrap in Example 5. Define 𝑛2,1 norm of a random variable 𝑜 as | |𝑜 | |2,1 :=∫ ⇔
0

√
P( |𝑜 | ⇑ 𝑘)𝑂𝑘. In order to guarantee a weak convergence of bootstrap empirical process, a
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resampling plan W = (𝑝𝑔1,𝑝𝑔2, . . . ,𝑝𝑔𝑔) is enough to satisfy Eq. (3.6.8) in van der Vaart and

Wellner [12] given as

sup
𝑔
| |𝑝𝑔1 ↗ 1| |2,1 <⇔,

𝑔
↗1/2E [max1↑𝑅↑𝑔 |𝑝𝑔𝑅 ↗ 1|] ⇐ 0,

𝑔
↗1

∑
𝑔

𝑅=1
(𝑝𝑔𝑅 ↗ 1)2 ⇐ 𝑞

↗1(> 0) in probability,

where 𝑞 corresponds to a control parameter of a limit process in Theorem 3. The following

statement shows that a hybrid of Dirichlet and subsampling without replacement in Example 5

satisfies (EC.3.1) with 𝑞 = 𝐿𝑞
′/(1+ 𝐿(1↗ 𝑞

′)).

P)&0&1#%#&$ EC.’. Example 5 satisfies (EC.3.1) with 𝑞 = 𝐿𝑞
′/(1+ 𝐿(1↗ 𝑞

′)).

Proof. When 𝑞
′ = 1, Example 3.6.9 in van der Vaart and Wellner [12] states that a ratio of

random variables 𝑟𝑀

𝑟

satisfies (EC.3.1) with E[𝑟 ]2/Var[𝑟 ] = 𝑞 if | |𝑟 | |2,1 <⇔. When𝑟 → ϑ(𝐿,1), the

boundedness comes from the inequality | |𝑜 | |2,1 ↑ 1
2 | |𝑜 | |4 given in Exercise 2.9.1 of van der Vaart

and Wellner [12] and we further have 𝑞 = 𝐿. So, it is enough to consider the case when 𝑞
′
< 1.

Note that the ratio vector
(
𝑟1
𝑟

, . . . ,

𝑟[𝑂′𝑃]
𝑟

)
satisfies (EC.3.1), and we will exploit this result. For the

first condition, we observe that

sup
𝑔

| |𝑝𝑔1 ↗ 1| |22,1 ↑ max

{
1,
((((
(((( 𝑔

[𝑞′𝑔] sup1↑𝑅↑[𝑞′𝑔]
𝑟𝑅

𝑟

↗ 1
((((
((((
2

2,1

}

↑ max

{
1,
((((
(((( 𝑔

[𝑞′𝑔]


sup1↑𝑅↑[𝑞′𝑔]

𝑟𝑅

𝑟

↗ 1
 ((((
((((
2

2,1
+


𝑔

[𝑞′𝑔] ↗ 1
2
}
<⇔,

where the second inequality exploits Exercise 2.9.2 in van der Vaart and Wellner [12]. For the

second condition, we can see that

max1↑𝑅↑𝑔 |𝑝𝑔1 ↗ 1| ↑ max

1,

𝑔

[𝑞′𝑔] ↗ 1+ 𝑔

[𝑞′𝑔] max1↑𝑅↑[𝑞′𝑔]

((((𝑟𝑅
𝑟

↗ 1
((((

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and its expectation is bounded from the results of
(
𝑟1
𝑟

, . . . ,

𝑟[𝑂′𝑃]
𝑟

)
. Now, only the third condition

remains. To see this, we derive that

1
𝑔

∑
𝑔

𝑅=1
(𝑝𝑔𝑅 ↗ 1)2

=
1
𝑔

∑[𝑞′𝑔]
𝑅=1


𝑔

[𝑞′𝑔]
𝑟𝑅

𝑟

↗ 1
2

+ 𝑔↗ [𝑞′𝑔]
𝑔

=
1
𝑔

∑[𝑞′𝑔]
𝑅=1


𝑔

[𝑞′𝑔]
𝑟𝑅

𝑟

↗ 𝑔

[𝑞′𝑔]

2
+ 2
𝑔


𝑔

[𝑞′𝑔] ↗ 1
∑[𝑞′𝑔]

𝑅=1


𝑔

[𝑞′𝑔]
𝑟𝑅

𝑟

↗ 𝑔

[𝑞′𝑔]


⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌

=0

+ [𝑞′𝑔]
𝑔


𝑔

[𝑞′𝑔] ↗ 1
2

+ 𝑔↗ [𝑞′𝑔]
𝑔

⇐ 1
𝑞
′
𝐿

+ (1↗ 𝑞
′)2

𝑞
′ + 1↗ 𝑞

′ =
1+ 𝐿(1↗ 𝑞

′)2 + 𝐿𝑞′(1↗ 𝑞
′)

𝐿𝑞
′ =

1+ 𝐿(1↗ 𝑞
′)

𝐿𝑞
′ ,

which completes the proof. ↭

EC.3.2. Consistency of Input Model: Theorem 1

Proof of Theorem 1. In this proof, we only use the ranking structure between 𝑔 data points

Y1, · · · ,Y𝑔 ↓ Y. The same structure is shared by the transformed sample U1, . . . ,U𝑔 with U𝑅 =

(𝑖1(𝑟𝑅1), . . . ,𝑖𝑂 (𝑟𝑅𝑂)). One can readily check

𝑠
Y
𝑔
= 𝑖

Y
𝑔

(
𝑖
Y,↗1
𝑔1 , . . . ,𝑖

Y,↗1
𝑔𝑂

)
=𝑡𝑔

(
𝑡

↗1
𝑔1 , . . . ,𝑡

↗1
𝑔𝑂

)
,

where 𝑡𝑔 is the empirical distribution of U𝑅’s and 𝑡𝑔𝑄 is the empirical CDF of the 𝑄-th marginal.

Triangle inequality tells us that

| |𝑠̄Y
𝑔
(𝑖̂1, . . . , 𝑖̂𝑂) ↗𝑠 (𝑖1, . . . ,𝑖𝑂) | |⇔ ↑ | |𝑠̄Y

𝑔
↗𝑠 | |⇔ + ||𝑠 (𝑖̂1, . . . , 𝑖̂𝑂) ↗𝑠 (𝑖1, . . . ,𝑖𝑂) | |⇔

↑ | |𝑠̄Y
𝑔
↗𝑠 | |⇔ +

∑
𝑂

𝑅=1
| |𝑖̂𝑅 ↗ 𝑖𝑅 | |⇔.

The last inequality is derived from the fact |𝑠 (u) ↗𝑠 (v) | ↑ | |u ↗ v| |1 where | | · | |1 is 𝑛
1-norm.

The second term converges to zero in probability by assumption. Now, it su!ces to show that
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| |𝑠̄Y
𝑔
↗𝑠 | |⇔ converges to 0 almost surely. We apply triangle inequality to | |𝑠̄Y

𝑔
↗𝑠 | |⇔ again so that

| |𝑠̄Y
𝑔
↗𝑠 | |⇔ ↑ | |𝑠Y

𝑔
↗ 𝑠̄

Y
𝑔
| |⇔ + ||𝑠Y

𝑔
↗𝑠 | |⇔

= | |𝑠Y
𝑔
↗ 𝑠̄

Y
𝑔
| |⇔ + ||𝑡𝑔 (𝑡↗1

𝑔1 , . . . ,𝑡
↗1
𝑔𝑂
) ↗𝑠 | |⇔

↑ | |𝑠Y
𝑔
↗ 𝑠̄

Y
𝑔
| |⇔ + ||𝑡𝑔 (𝑡↗1

𝑔1 , . . . ,𝑡
↗1
𝑔𝑂
) ↗𝑠 (𝑡↗1

𝑔1 , . . . ,𝑡
↗1
𝑔𝑂
) | |⇔

+ ||𝑠 (𝑡↗1
𝑔1 , . . . ,𝑡

↗1
𝑔𝑂
) ↗𝑠 | |⇔

= | |𝑠Y
𝑔
↗ 𝑠̄

Y
𝑔
| |⇔ + ||𝑡𝑔 ↗𝑠 | |⇔ + ||𝑠 (𝑡↗1

𝑔1 , . . . ,𝑡
↗1
𝑔𝑂
) ↗𝑠 | |⇔

↑ | |𝑠Y
𝑔
↗ 𝑠̄

Y
𝑔
| |⇔ + ||𝑡𝑔 ↗𝑠 | |⇔ +

∑
𝑂

𝑄=1
| |𝑡↗1

𝑔 𝑄
↗ 𝑢 𝑄 | |⇔.

The first term converges to zero from Lemma EC.3. The second term also converges to zero almost

surely by Theorem EC.3. Lastly, the third term vanishes as well, thanks to the law of iterated

logarithm for empirical quantiles (see Chapter 13 in Shorack and Wellner [9]). ↭

EC.3.3. Weak Convergence of Input Model: Theorems 2 and 4 The proofs for weak con-

vergence are based on the functional delta method. For this purpose, we make following definitions.

• A = 𝑕
⇔(R𝑂): space of bounded functions on R𝑂

• A1 = 𝑕
⇔( [0,1]𝑂): space of bounded functions on [0,1]𝑂

• B = 𝑕
⇔(R)𝑂: space of 𝑂 bounded functions on R

• A𝑗 = {𝑣 ↓A|𝑣 is a CDF and 𝑣𝑄 (↗⇔) = 0 for each 𝑄}
• B𝑗 = {(𝑤1, . . . ,𝑤𝑂) ↓ B| each 𝑤 𝑄 is a CDF on R}
• A0 = {𝑥 ↓A|𝑥 continuous and 𝑥(⇔ · 1) = 1,𝑥(x) = 0 if some components of x are ↗⇔}
• A10 = {𝑥 ↓A1 |𝑥 continuous and 𝑥(1) = 1,𝑥(x) = 0 if some components of x are 0}
• B0 = {(𝑦1, . . . , 𝑦𝑂) ↓ B| each 𝑦𝑄 continuous and lim𝑃⇐±⇔ 𝑦𝑄 (𝑃) = 0}

Lastly, we setD =A⇓B,D𝑗 =A𝑗⇓B𝑗, andD0 =A0⇓B0. The lemma below is an extended version

of Theorem 2.4 in Bücher and Volgushev [2].

L!**, EC.+. Consider continuous (𝑠,𝑖1, . . . ,𝑖𝑂) ↓ D𝑗. Suppose that, for each 𝑄 = 1, . . . , 𝑂,

the continuous first-order partial derivative 𝑌𝑄𝑠 = 𝑌𝑠/𝑌𝑢 𝑄 exists on {u ↓ [0,1]𝑂 |𝑢 𝑄 ↓ (0,1)} and

𝑌𝑄𝑠 is defined as zero on {u ↓ [0,1]𝑂 |𝑢 𝑄 = 0 or 𝑢 𝑄 = 1}. The mapping 𝑗 :D𝑗 ⇐ 𝑕
⇔(R𝑂) defined by

𝑗(𝑣,𝑤1, . . . ,𝑤𝑂) = 𝑣 (𝑣↗1) ∞ (𝑤1, . . . ,𝑤𝑂), 𝑣
↗1 = (𝑣↗1

1 , . . . ,𝑣
↗1
𝑂
)

is Hadamard-di!erentiable at (𝑖,𝑖1, . . . ,𝑖𝑂) tangentially to D0 with

𝑗
′
(𝑖,𝑖1,...,𝑖𝐿) (𝑥, 𝑦1, . . . , 𝑦𝑂) = 𝑥↗

𝑂∑
𝑄=1

𝑌𝑄𝑠 (𝑖1, . . . ,𝑖𝑂)𝑥𝑄 +
𝑂∑
𝑄=1

𝑌𝑄𝑠 (𝑖1, . . . ,𝑖𝑂)𝑦𝑄



ec8 e-companion to Kim, Kim, and Fu: Ensemble Copula Coupling for Modeling and Simulation

for (𝑥, 𝑦1, . . . , 𝑦𝑂) ↓D0 where 𝑥𝑄 (𝑃 𝑄 ) = 𝑥(⇔, . . . ,⇔, 𝑃 𝑄 ,⇔, . . . ,⇔). Here 𝑣𝑅’s are marginal CDFs

of 𝑣.

Proof. As the first step, we express 𝑗 = 𝑗2 ∞ 𝑗1 where D𝑗

𝑗1⇐A1 ⇓B𝑗
𝑗2⇐ 𝑕

⇔(R𝑂) such that

𝑗1 : (𝑣,𝑤1, · · · ,𝑤𝑂) ∈⇐ (𝑣 (𝑣↗1),𝑤1, · · · ,𝑤𝑂),

𝑗2 : ( 𝑊 ,𝑤1, · · · ,𝑤𝑂) ∈⇐ 𝑊 ∞ (𝑤1, · · · ,𝑤𝑂).

Thanks to Theorem 2.4 in Bücher and Volgushev [2], we have that 𝑗1 is Hadamard-di”erentiable

at (𝑖,𝑖1, . . . ,𝑖𝑂) tangentially to D0 with

𝑗1
′
(𝑖,𝑖1,...,𝑖𝐿) (𝑥, 𝑎1, . . . , 𝑎𝑂) =

(
𝑥(𝑖↗1

1 , . . . ,𝑖
↗1
𝑂
) ↗

∑
𝑂

𝑄=1
𝑌𝑄𝑠𝑥𝑄 (𝑖↗1

𝑄
), 𝑎1, . . . , 𝑎𝑂

)

for 𝑥 ↓A0 and (𝑎1, . . . , 𝑎𝑂) ↓ B0. We note that 𝑥 is continuous on R𝑂 and that each 𝑥𝑄 is continuous

on R with 𝑥𝑄 (↗⇔) = 𝑥𝑄 (⇔) = 0. Since 𝑌𝑄𝑠 is continuous whenever 𝑢 𝑄 = 𝑖𝑄 (𝑃 𝑄 ) ↓ (0,1) and

bounded by 1 for any u, 𝑥(𝑖↗1
1 , . . . ,𝑖

↗1
𝑂
) ↗ ∑

𝑄
𝑌𝑄𝑠𝑥𝑄 (𝑖↗1

𝑄
) is continuous and thus uniformly

continuous on [0,1]𝑂 .

Next, we claim that 𝑗2 is Hadamard-di”erentiable at 𝑗1(𝑖,𝑖1, . . . ,𝑖𝑂) = (𝑠,𝑖1, . . . ,𝑖𝑂) tangen-

tially to A10 ⇓B0 with

𝑗2
′
(𝑠,𝑖1,...,𝑖𝐿) ( 𝑊 , 𝑦1, . . . , 𝑦𝑂) = 𝑊 (𝑖1, . . . ,𝑖𝑂) +

∑
𝑂

𝑄=1
𝑌𝑄𝑠 (𝑖1, . . . ,𝑖𝑂)𝑦𝑄

for 𝑊 ↓ A1 and (𝑦1, . . . , 𝑦𝑂) ↓ B0. To see this, let us consider 𝑊𝑘 ↓ A1 and (𝑦𝑘1, . . . , 𝑦𝑘𝑂) ↓ B such

that

• (𝑖1 + 𝑘𝑦𝑘1, . . . ,𝑖𝑂 + 𝑘𝑦𝑘𝑂) ↓ B𝑗 for each 𝑘,

• ( 𝑊𝑘 , 𝑦𝑘1, . . . , 𝑦𝑘𝑂)⇐ ( 𝑊 , 𝑦1, . . . , 𝑦𝑂) ↓A10 ⇓B0 as 𝑘 decreases to zero.

As done in Bücher and Volgushev [2], we look at

1
𝑘

{
𝑗2

(
𝑠 + 𝑘 𝑊𝑘 ,𝑖1 + 𝑘𝑦𝑘1, . . . ,𝑖𝑂 + 𝑘𝑦𝑘𝑂

)
↗ 𝑗2

(
𝑠,𝑖1, . . . ,𝑖𝑂

)}

= 𝑊𝑘 ∞
(
𝑖1 + 𝑘𝑦𝑘1, . . . ,𝑖𝑂 + 𝑘𝑦𝑘𝑂

)
+ 1
𝑘

{𝑠 ∞ (𝑖1 + 𝑘𝑦𝑘1, . . . ,𝑖𝑂 + 𝑘𝑦𝑘𝑂) ↗𝑠 ∞ (𝑖1, . . . ,𝑖𝑂)} .

The uniform convergence of 𝑊𝑘 ⇐ 𝑊 , 𝑖𝑄 + 𝑘𝑦𝑘 𝑄 ⇐ 𝑖𝑄 together with uniform continuity of 𝑊 on

[0,1]𝑂 imply that the first term converges to 𝑊 ∞ (𝑖1, . . . ,𝑖𝑂) uniformly. For the second term, we

apply the Taylor series expansion to obtain
∑

𝑂

𝑄=1
𝑌𝑄𝑠 (𝑖1, . . . ,𝑖𝑂)𝑦𝑄 + remainder.
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We can follow the logic of the same reference to show the remainder vanishes uniformly, but we

skip the details as the proof is very similar.

Lastly, by the chain rule of Lemma 3.9.3 in van der Vaart and Wellner [12], we can compute the

di”erential of 𝑗 as

𝑗
′
(𝑠,𝑖1,...,𝑖𝐿) (𝑥, 𝑦1, . . . , 𝑦𝑂) = 𝑗2

′
𝑗1 (𝑖,𝑖1,...,𝑖𝐿)

(
𝑗1

′
(𝑠,𝑖1,...,𝑖𝐿) (𝑥, 𝑦1, . . . , 𝑦𝑂)

)

= 𝑗2
′
(𝑠,𝑖1,...,𝑖𝐿)

(
𝑥(𝑖↗1

1 , . . . ,𝑖
↗1
𝑂
) ↗

∑
𝑄

𝑌𝑄𝑠𝑥𝑄 (𝑖↗1
𝑄
), 𝑦1, . . . , 𝑦𝑂

)

= 𝑥↗
∑

𝑄

𝑌𝑄𝑠 (𝑖1, . . . ,𝑖𝑂)𝑥𝑄 +
∑

𝑄

𝑌𝑄𝑠 (𝑖1, . . . ,𝑖𝑂)𝑦𝑄 ,

which completes the proof. ↭

Recall 𝑖Y
𝑔

is the empirical distribution of {Y𝑅}, which are i.i.d. observations from distribution

𝑖. Given Assumption 1, we see that the rank-order structures of both samples are the same with

probability 1 so that the output 𝑗(𝑖Y
𝑔
, 𝑖̂1, . . . , 𝑖̂𝑂) is equivalent to 𝑠

Y
𝑔
(𝑖̂1, . . . , 𝑖̂𝑂), where 𝑠

Y
𝑔

is

the empirical copula of {Y𝑅}.
In later sections, we utilize the right continuity of 𝑠̄Y

𝑔
to apply integration by parts, Theorem EC.2,

whereas we use𝑠Y
𝑔

in the functional delta method, Lemma EC.2. In order to enjoy both, we present

the next lemma, which shows there is little di”erence between the two copulas.

L!**, EC.-. Let 𝑠𝑔 be the empirical copula of an i.i.d. sample {X𝑅} of size 𝑔 from a contin-

uous distribution and 𝑠̄𝑔 (u) = 𝑖𝑔 (𝑖↗1
𝑔1 (𝑢1), . . . ,𝑖↗1

𝑔𝑂
(𝑢𝑂)). Then, we have supu↓[0,1]𝐿

∝
𝑔|𝑠𝑔 (u) ↗

𝑠̄𝑔 (u) | = 𝑧(1). Furthermore, suppose that a resampling plan W with parameter 𝑞 sat-

isfies max𝑅=1,...,𝑔𝑝𝑔𝑅/
∝
𝑔 = 𝑧𝛥 (1). For the resampling versions 𝑠

𝑔,W and 𝑠̄
𝑔,W, we have

supu↓[0,1]𝐿
∝
𝑞𝑔|𝑠

𝑔,W (u) ↗ 𝑠̄
𝑔,W (u) | = 𝑧𝛥 (1).

Proof. We first take the di”erence between 𝑠𝑔 and 𝑠̄𝑔:

supu↓[0,1]𝐿
((∝
𝑔(𝑠𝑔 (u) ↗ 𝑠̄𝑔 (u))

((
↑ 𝑔

↗1/2 supu↓[0,1]𝐿
(((∑𝑔

𝑅=1

[
1

𝛩𝑅 𝑄 ↑ 𝑖

↗1
𝑔 𝑄

(𝑢 𝑄 ) ∋ 𝑄

↗1


𝑔

𝑔 + 1
𝑖𝑔 𝑄 (𝛩𝑅 𝑄 ) ↑ 𝑢 𝑄 ∋ 𝑄

](((
↑ 𝑔

↗1/2 supu↓[0,1]𝐿
∑

𝑔

𝑅=1
1


∋ 𝑄 , 𝑖𝑔 𝑄 (𝛩𝑅 𝑄 ) ↑

𝑔 + 1
𝑔

𝑢 𝑄 and △ 𝑄 s.t. 𝑖𝑔 𝑄 (𝛩𝑅 𝑄 ) > 𝑢 𝑄



+ 𝑔↗1/2 supu↓[0,1]𝐿
(((∑𝑔

𝑅=1

[
1

𝛩𝑅 𝑄 ↑ 𝑖

↗1
𝑔 𝑄

(𝑢 𝑄 ) ∋ 𝑄

↗1


𝑖𝑔 𝑄 (𝛩𝑅 𝑄 ) ↑ 𝑢 𝑄 ∋ 𝑄

 ](((
=: I+ II.
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For I in (EC.3.3), we can easily get

I ↑ 𝑔
↗1/2 supu↓[0,1]𝐿

∑
𝑔

𝑅=1

∑
𝑂

𝑄=1
1


𝑢 𝑄 < 𝑖𝑔 𝑄 (𝛩𝑅 𝑄 ) ↑

𝑔 + 1
𝑔

𝑢 𝑄



↑ 𝑔
↗1/2

∑
𝑂

𝑄=1
sup

𝑢 𝑄↓[0,1]
∑

𝑔

𝑅=1
1


𝑢 𝑄 < 𝑖𝑔 𝑄 (𝛩𝑅 𝑄 ) ↑

𝑔 + 1
𝑔

𝑢 𝑄


↑ 𝑂∝

𝑔

.

The last inequality follows from the observation that each sup term is bounded by 1 because the

length of the interval (𝑢 𝑄 , (𝑔 + 1)/𝑔𝑢 𝑄 ] is less than 1/𝑔.

For II in (EC.3.3), we remind the reader of the general fact about quantile functions that 𝑖↗1
𝑔 𝑄

(𝑢 𝑄 ) >
𝛩𝑅 𝑄 if and only if 𝑢 𝑄 > 𝑖𝑔 𝑄 (𝛩𝑅 𝑄 ). By applying this, we split II and obtain an upper bound by

II = 𝑔
↗1/2 supu↓[0,1]𝐿

(((∑𝑔

𝑅=1

[
1

𝛩𝑅 𝑄 ↑ 𝑖

↗1
𝑔 𝑄

(𝑢 𝑄 ) ∋ 𝑄

↗1


𝑖𝑔 𝑄 (𝛩𝑅 𝑄 ) ↑ 𝑢 𝑄 ∋ 𝑄

 ](((
= 𝑔

↗1/2 supu↓[0,1]𝐿

(((((
∑

𝑔

𝑅=1

[
1

∋ 𝑄 , 𝛩𝑅 𝑄 ↑ 𝑖

↗1
𝑔 𝑄

(𝑢 𝑄 ) and △ 𝑄 s.t. 𝛩𝑅 𝑄 = 𝑖
↗1
𝑔 𝑄

(𝑢 𝑄 )


+1

𝛩𝑅 𝑄 < 𝑖

↗1
𝑔 𝑄

(𝑢 𝑄 ) ∋ 𝑄

↗1


𝑖𝑔 𝑄 (𝛩𝑅 𝑄 ) ↑ 𝑢 𝑄 ∋ 𝑄

 ](((((
↑ 𝑔

↗1/2 supu↓[0,1]𝐿
∑

𝑔

𝑅=1

∑
𝑂

𝑄=1
1

𝛩𝑅 𝑄 = 𝑖

↗1
𝑔 𝑄

(𝑢 𝑄 )


+ 𝑔↗1/2 supu↓[0,1]𝐿
∑

𝑔

𝑅=1

(((1 
𝑖𝑔 𝑄 (𝛩𝑅 𝑄 ) < 𝑢 𝑄 ∋ 𝑄


↗1


𝑖𝑔 𝑄 (𝛩𝑅 𝑄 ) ↑ 𝑢 𝑄 ∋ 𝑄

 (((
↑ 𝑔

↗1/2
∑

𝑂

𝑄=1
sup

𝑢 𝑄↓[0,1]
∑

𝑔

𝑅=1
1

𝛩𝑅 𝑄 = 𝑖

↗1
𝑔 𝑄

(𝑢 𝑄 )


+ 𝑔↗1/2
∑

𝑂

𝑄=1
sup

𝑢 𝑄↓[0,1]
∑

𝑔

𝑅=1
1

𝑖𝑔 𝑄 (𝛩𝑅 𝑄 ) = 𝑢 𝑄


↑ 2𝑂∝

𝑔

.

These two observations yield the desired upper bound 3𝑂/∝𝑔.

For the resampling case, we can proceed similarly:

sup
u↓[0,1]𝐿

((∝
𝑞𝑔(𝑠

𝑔,W (u) ↗ 𝑠̄
𝑔,W (u))

((

↑
∝
𝑞

∝
𝑔

𝑂∑
𝑄=1

sup
𝑢 𝑄↓[0,1]

𝑔∑
𝑅=1

𝑝𝑔𝑅1


𝑢 𝑄 < 𝑖

𝑄 ,W (𝛩𝑅 𝑄 ) ↑
𝑔 + 1
𝑔

𝑢 𝑄



+
∝
𝑞

∝
𝑔

𝑂∑
𝑄=1

sup
𝑢 𝑄↓[0,1]

𝑔∑
𝑅=1

𝑝𝑔𝑅1

𝛩𝑅 𝑄 = 𝑖

↗1
𝑄 ,W (𝑢 𝑄 )


+
∝
𝑞

∝
𝑔

𝑂∑
𝑄=1

sup
𝑢 𝑄↓[0,1]

𝑔∑
𝑅=1

𝑝𝑔𝑅1

𝑖
𝑄 ,W (𝛩𝑅 𝑄 ) = 𝑢 𝑄


.

In the first term, consider A = {𝑅 |𝑢 𝑄 < 𝑖
𝑄 ,W (𝛩𝑅 𝑄 ) ↑ 𝑔+1

𝑔
𝑢 𝑄 } for a fixed 𝑢 𝑄 . For convenience, we

rename 𝛩𝑅 𝑄 for 𝑅 ↓A by {𝛩▽
1 , . . . , 𝛩

▽
𝐿
} in increasing order with 𝐿 = |A|. At the same time, we rename

𝑝𝑔𝑅 by {𝑝▽
1 , . . . ,𝑝

▽
𝐿
}. As illustrated in Figure EC.1, we see

∑
𝐿

𝑅=2𝑝
▽
𝑅
↑ 1. Since 𝑝▽

1 ↑ max𝑅 𝑝𝑔𝑅, we
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y = t⇤

y = t⇤ + 1/n

W ⇤
1 /n

W ⇤
2 /n

· · · · · ·

· · · · · ·

W ⇤
|A|/n

X⇤
1 X⇤

2 X⇤
3 X⇤

|A|

F!”#$% EC.1. Figure for proof of Lemma EC.3

get an upper bound
√
𝑞/𝑔𝑂 (max𝑅 𝑝𝑔𝑅 + 1) for the first term. On the other hand, it is easy to see that

each of the second and third terms is bounded by
√
𝑞/𝑔𝑂max𝑅 𝑝𝑔𝑅. Finally, we obtain

supu↓[0,1]𝐿
((∝
𝑞𝑔(𝑠

𝑔,W (u) ↗ 𝑠̄
𝑔,W (u))

(( ↑ √
𝑞/𝑔 (3max𝑅 𝑝𝑔𝑅 + 1) 𝑂 = 𝑧𝛥 (1). ↭

Proof of Theorems 2 and 4. Recall our notation 𝑡𝑔 for the empirical distribution of the U𝑅’s
and its resampling version 𝑡

𝑔,W𝑅 under the resampling plan W𝑠 . Thanks to the assumptions, the
next relations hold almost surely:

𝑠
Y
𝑔
(𝑖̂1, · · · , 𝑖̂𝑂) = 𝑗

(
𝑖
Y
𝑔
, 𝑖̂1, · · · , 𝑖̂𝑂

)
,

𝑠
Y
𝑔,W𝑅

(𝑖1,W, · · · ,𝑖
𝑂,W) = 𝑗

(
𝑖
Y
𝑔,W𝑅

,𝑖1,W1 , · · · ,𝑖𝑂,W𝑅

)
where 𝑗 is defined as in Lemma EC.2. By the same lemma, 𝑗 is Hadamard di”erentiable at
(𝑠,𝑖1, . . . ,𝑖𝑂). To apply the functional delta method, we should check the joint convergence of
empirical processes 𝑙𝑔,𝑙𝑔,W ↓ D0 defined as 𝑙𝑔 =

∝
𝑔(𝑖Y

𝑔
↗ 𝑖, 𝑖̂1 ↗ 𝑖1, . . . , 𝑖̂𝑂 ↗ 𝑖𝑂) and 𝑙

𝑔,W =
∝
𝑔(𝑖Y

𝑔,W ↗ 𝑖
Y
𝑔
, 𝑖̂1,W ↗ 𝑖̂1, . . . , 𝑖̂𝑂,W ↗ 𝑖̂𝑂). From (2), we have

𝑖̂𝑄 ↗ 𝑖𝑄 =
𝑔

𝑔 + 𝑔 𝑄

(𝑖Y
𝑔 𝑄

↗ 𝑖𝑄 ) +
𝑔 𝑄

𝑔 + 𝑔 𝑄

(𝑖𝑔 𝑄 𝑄 ↗ 𝑖𝑄 ).

This implies that 𝑙𝑔 is a linear transformation of 𝑙𝑔 defined by

𝑙𝑔 := (
∝
𝑔(𝑖Y

𝑔
↗ 𝑖),

∝
𝑔(𝑖Y

𝑔1 ↗ 𝑖1), . . . ,
∝
𝑔(𝑖Y

𝑔𝑂
↗ 𝑖𝑂)⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌

:=𝑙Y
𝑃

,

∝
𝑔1(𝑖𝑔11 ↗ 𝑖1), . . . ,

∝
𝑔𝑂 (𝑖𝑔𝐿𝑂 ↗ 𝑖𝑂)).

Thus, it su!ces to show the joint convergence of 𝑙𝑔. Thanks to Donsker’s Theorem, we have
∝
𝑔(𝑖Y

𝑔
↗ 𝑖) =↙ GP, where GP is the Gaussian process introduced in Assumption 1. From this,

the weak limits of 𝑙Y
𝑔

and {∝𝑔 𝑄 (𝑖𝑔 𝑄 𝑄 ↗ 𝑖𝑄 )} are given as

𝑙Y
𝑔

=↙ (GP,GP1, . . . ,GP
𝑂
) in 𝑕

⇔(R𝑂 ⇓R⇓ . . .⇓R) and ∝
𝑔 𝑄 (𝑖𝑔 𝑄 𝑄 ↗ 𝑖𝑄 ) =↙ F𝛩 𝑄

𝑄
in 𝑕

⇔(R),
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where GP
𝑄
= GP(⇔, . . . , 𝑃 𝑄 , . . .⇔) is a marginal Gaussian process of GP. Since 𝑙Y

𝑔
and

{∝𝑔 𝑄 (𝑖𝑔 𝑄 𝑄 ↗ 𝑖𝑄 )}1↑ 𝑄↑𝑂 are mutually independent, the marginal convergence implies joint conver-

gence. Similar arguments hold for the joint convergence of 𝑙
𝑔,W. As a result, we finally have the

joint convergence of 𝑙𝑔 and 𝑙
𝑔,W as required.

Now we are ready to apply the functional delta method (Theorem EC.5). For the approximating

sequence (𝑖Y
𝑔
, 𝑖̂1, . . . , 𝑖̂𝑂) with

•
∝
𝑔(𝑖Y

𝑔
↗ 𝑖) =↙ G𝛥 in 𝑕

⇔(R𝑂) for the Gaussian process G𝛥;

• ∝
𝑔 + 𝑔 𝑄 (𝑖̂𝑄 ↗ 𝑖𝑄 ) =↙ F 𝑄 in 𝑕

⇔(R) for the Gaussian process F 𝑄 from (6),

the functional delta method implies

∝
𝑔

(
𝑗(𝑖Y

𝑔
, 𝑖̂1, . . . , 𝑖̂𝑂) ↗ 𝑗(𝑖,𝑖1, . . . ,𝑖𝑂)

)
=↙ 𝑗

′
(𝑖,𝑖1,...,𝑖𝐿) (G𝛥,𝛬1F1, . . . ,𝛬𝑂F𝑂)

=C(𝑖1, . . . ,𝑖𝑂) +
𝑂∑
𝑄=1

𝛬 𝑄𝑌𝑠𝑄 (𝑖1, . . . ,𝑖𝑂)F 𝑄

from which the limiting process in the theorem statement can be derived from the fact that the limit-

ing empirical copula process C is written as C(𝑖1, . . . ,𝑖𝑂) = GP ↗∑
𝑂

𝑄=1 𝑌𝑄𝑠 (𝑖1, . . . ,𝑖𝑂)GP
𝑄
[8].

Lemma EC.3 allows us to replace 𝑠Y
𝑔

with 𝑠̄
Y
𝑔

and this proves Theorem 2.

The resampling case is identical except for some obvious changes. Hence, we omit the details.

↭

L!**, EC... For fixed positive integer 𝑙 , consider the mapping 𝛯 :A⇐ 𝑕
⇔(R𝑂𝑙 ) defined by

𝛯(𝑖) (x1, . . . ,x𝑙 ) =


𝑙

𝑘=1
𝑖 (x𝑘) for 𝑖 ↓A.

Then, 𝛯(𝑖) is Hadamard di!erentiable at 𝑖 tagentially to A0 with

𝛯
′
𝑖
(𝛱) (x1, . . . ,x𝑙 ) =

∑
𝑙

𝑘=1
𝛱(x𝑘)


𝑘1ε𝑘

𝑖 (x𝑘1) for 𝛱 ↓A0.

Proof. For 𝛱𝛴 ↓A0 such that 𝑖 + 𝛴𝛱𝛴 ↓A and | |𝛱𝛴 ↗ 𝛱 | |⇔ ⇐ 0 as 𝛴 ⇐ 0, one can easily confirm

that

𝛴
↗1{𝛯(𝑖 + 𝛴𝛱𝛴 ) ↗𝛯(𝑖)}(x1, . . . ,x𝑙 ) =

∑
𝑙

𝑘=1
𝛱𝛴 (x𝑘)


𝑘1ε𝑘

𝑖 (x𝑘1) + error term,

where the error term is given by

error term =
𝑙∑
𝑕=2

∑
𝛶𝑆̸𝛶𝑇={1,2,...,𝑙},
𝛶𝑆↘𝛶𝑇=≃,|𝛶𝑆 |=𝑕

𝛴
𝑕↗1


𝑘1↓𝛶𝑆

𝛱𝛴 (x𝑘1)

𝑘2↓𝛶𝑇

𝑖 (x𝑘2).
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Since 𝑖 (x) ↑ 1, the following upper bound of the error term can be derived:

|error term| ↑
𝑙∑
𝑕=2

∑
𝛶𝑆̸𝛶𝑇={1,2,...,𝑙},
𝛶𝑆↘𝛶𝑇=≃,|𝛶𝑆 |=𝑕

𝛴
𝑕↗1 | |𝛱𝛴 | |𝑕⇔,

which decays to zero as 𝛴 ⇐ 0 independent of (x1, . . . ,x𝑙 ), i.e., error term = 𝑧(1). Hence, we have
(
𝛴
↗1{𝛯(𝑖 + 𝛴𝛱𝛴 ) ↗𝛯(𝑖)}(x1, . . . ,x𝑙 ) ↗𝛯

′
𝑖
(𝛱)

)
(x1, . . . ,x𝑙 )

=
𝑙∑
𝑘=1

(𝛱𝛴 (x𝑘) ↗ 𝛱(x𝑘))


𝑘1ε𝑘
𝑖 (x𝑘) + 𝑧(1).

As
∏

𝑘1ε𝑘 𝑖 (x𝑘) ↑ 1 holds for all 𝑘, the upper bound of the di”erence is given by
((((
((((𝛴↗1{𝛯(𝑖 + 𝛴𝛱𝛴 ) ↗𝛯(𝑖)} ↗𝛯

′
𝑖
(𝛱)

((((
((((
⇔
↑ 𝑙 | |𝛱𝛴 ↗ 𝛱 | |⇔ + 𝑧(1).

Taking 𝛴 ⇐ 0 completes the proof. ↭

EC.3.4. Weak Convergence Results: Theorems 3 and 5. As briefly mentioned in Sec-

tion EC.1, the multivariate integration by parts plays an important role in understanding the behavior

of output measurements in terms of input variability. Some technical approaches are adopted from

Radulović et al. [7] and Fermanian et al. [4].

Proof of Theorem 3. Let [a,b]𝑙 be a hypercube that contains the support of 𝑏(x1, . . . ,x𝑙 ).
Abusing notation, we denote the synthetic and true distribution of X(𝑘) by 𝑖̂𝑘 and 𝑖𝑘 , respectively.

We use the subscript 𝑄 to denote the 𝑄-th marginal. By Assumption 3, we are able to apply Theorem

EC.2. Then,

∝
𝑔

∫
[a,b]𝑈

𝑏(x1, · · · ,x𝑙 )


𝑙

𝑘=1
𝑂𝑖̂𝑘 (x𝑘) ↗

∫
[a,b]𝑈

𝑏(x1, · · · ,x𝑙 )


𝑙

𝑘=1
𝑂𝑖𝑘 (x𝑘)



=
∝
𝑔ϑ𝑏

(
𝑙

𝑘=1
𝑖̂𝑘 (·↗) ↗


𝑙

𝑘=1
𝑖𝑘

)

=
∝
𝑔ϑ𝑏

(
𝑙

𝑘=1
𝑖̂𝑘 (·↗) ↗


𝑙

𝑘=1
𝑖̂𝑘

)
+
∝
𝑔ϑ𝑏

(
𝑙

𝑘=1
𝑖̂𝑘 ↗


𝑙

𝑘=1
𝑖𝑘

)
=: I+ II.

For II in (EC.3.4), note that ϑ𝑏 : 𝑕
⇔( [a,b]𝑙 ) ⇐ R is Lipschitz by Lemma EC.1,

and it is linear by definition. By the functional delta method in Lemmas EC.2

and EC.4 and Theorem 2,
∝
𝑔

∏
𝑙

𝑘=1 𝑖̂𝑘 ↗
∏

𝑙

𝑘=1 𝑖𝑘


converges weakly to a Gaussian process

𝛯
′
𝑖
(𝑗′(𝑖,𝑖1,...,𝑖𝐿) (GP,𝛬1F1, . . . ,𝛬𝑂F𝑂)) in 𝑕

⇔( [a,b]𝑙 ). Then, the continuous mapping theorem

yields the weak convergence of II, and the linearity of ϑ𝑏 implies the limit is Gaussian.
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Now, it su!ces to show that I converges to 0 in probability. By Lemma EC.1, we

can give an upper bound of I by |I| <→
∝
𝑔 supx𝑉↓[a,b],1↑𝑘↑𝑙

((∏𝑙

𝑘=1 𝑖̂𝑘 (x𝑘↗) ↗
∏

𝑙

𝑘=1 𝑖̂𝑘 (x𝑘)
(( ↑

𝑙

∝
𝑔 supx↓[a,b]

((
𝑖̂ (x↗) ↗ 𝑖̂ (x)

((
, where, in the last inequality, we utilize the next inequality

(((𝑙

𝑘=1
𝐿𝑘 ↗


𝑙

𝑘=1
𝑀𝑘

((( ↑ max1↑𝑘↑𝑙 {|𝐿𝑘 |, |𝑀𝑘 |}𝑙↗1
∑

𝑙

𝑘=1
|𝐿𝑘 ↗ 𝑀𝑘 |

for any two sequences {𝐿𝑘} and {𝑀𝑘}, which is easily verifiable by induction. For the supremum

term, similar arguments as in Lemma EC.3 tell us that

supx↓[a,b]
((
𝑖̂ (x) ↗ 𝑖̂ (x↗)

((
= supx↓[a,b]

(((𝑠̄Y
𝑔

(
𝑖̂1(𝑃1), . . . , 𝑖̂𝑂 (𝑃𝑂)

)
↗ 𝑠̄

Y
𝑔

(
𝑖̂1(𝑃1↗), . . . , 𝑖̂𝑂 (𝑃𝑂↗)

)(((
= supx↓[a,b]

((((1
𝑔

∑
𝑔

𝑅=1

[
1


𝑔

𝑔 + 1
𝑖
Y
𝑔 𝑄
(𝑟𝑅 𝑄 ) ↑ 𝑖̂𝑄 (𝑃 𝑄 ) ∋ 𝑄


↗1


𝑔

𝑔 + 1
𝑖
Y
𝑔 𝑄
(𝑟𝑅 𝑄 ) ↑ 𝑖̂𝑄 (𝑃 𝑄↗) ∋ 𝑄

]((((
↑ 1
𝑔

∑
𝑂

𝑄=1
sup

𝑃 𝑄↓[𝐿 𝑄 ,𝑀 𝑄 ]
∑

𝑔

𝑅=1
1


𝑔 + 1
𝑔

𝑖̂𝑄 (𝑃 𝑄↗) < 𝑖
Y
𝑔 𝑄
(𝑟𝑅 𝑄 ) ↑

𝑔 + 1
𝑔

𝑖̂𝑄 (𝑃 𝑄 )

.

By (2), the jump size of 𝑖̂𝑄 (𝑃 𝑄 ) is 0 or (𝑔 + 𝑔 𝑄 )↗1 depending on whether we use a continuous

parametric model or an empirical CDF. Thus, the length of the inverval
(
𝑔+1
𝑔
𝑖̂𝑄 (𝑃 𝑄↗), 𝑔+1

𝑔
𝑖̂𝑄 (𝑃 𝑄 )


is

bounded by (𝑔 + 1)/𝑔(𝑔 + 𝑔 𝑄 ). Since the jump size of 𝑖Y
𝑔 𝑄

is 𝑔↗1, the number of 𝑖Y
𝑔 𝑄
(𝑟𝑅 𝑄 ) contained

in the target interval is at most (𝑔 + 1)/(𝑔 + 𝑔 𝑄 ). Consequently, we have

∝
𝑔 supx

((
𝑖̂ (x) ↗ 𝑖̂ (x↗)

(( ↑∑
𝑂

𝑄=1
2
∝
𝑔

𝑔 + 𝑔 𝑄

⇐ 0

thanks to Assumption 2. Therefore, I in (EC.3.4) is 𝑧(1), concluding the proof. ↭

Proof of Theorem 5. As done in the proof of Theorem 3, we denote the synthetic distribution

of X(𝑘) by 𝑖̂𝑘 . For the resampling distribution 𝑖W, we use 𝑖
𝑔,W,𝑘

. Then the integration by parts

formula yields

𝛷(𝑖W) ↗ 𝛷(𝑖̂) = ϑ𝑏

(
𝑙

𝑘=1
𝑖W,𝑘

(·↗) ↗


𝑙

𝑘=1
𝑖̂𝑘 (·↗)

)
.

Without the left limit sign, the proof goes exactly the same as in the proof of Theorem 3 by invoking

the functional delta method and the continuous mapping theorem.

Given that we already showed
∝
𝑔 supx

((
𝑖̂ (x↗) ↗ 𝑖̂ (x)

(( = 𝑧(1), it su!ces to show

∝
𝑞𝑔 supx↓[a,b]

(((𝑖W (x↗) ↗ 𝑖W (x)
((( = 𝑧𝛥 (1).
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Since this is trivial if we use continuous parametric models for marginals, we focus on empirical

marginals. Observe that

supx↓[a,b]
(((𝑖W (x↗) ↗ 𝑖W (x)

(((
↑ 1
𝑔

∑
𝑂

𝑄=1
sup

𝑃 𝑄

∑
𝑔

𝑅=1
𝑝𝑅,𝑠1


𝑔 + 1
𝑔

𝑖
𝑄 ,W (𝑃 𝑄↗) < 𝑖

Y
𝑔,W𝑅

(𝑟𝑅 𝑄 ) ↑
𝑔 + 1
𝑔

𝑖
𝑄 ,W (𝑃 𝑄 )


.

Now let A =

𝑅 | 𝑔+1

𝑔
𝑖
𝑄 ,W (𝑃 𝑄↗) < 𝑖

Y
𝑔,W𝑅

(𝑟𝑅 𝑄 ) ↑ 𝑔+1
𝑔
𝑖
𝑄 ,W (𝑃 𝑄 )


for a fixed 𝑃 𝑄 . The maximal jump

size of 𝑖
𝑄 ,W is

(
max1↑𝑅↑𝑔 𝑄 𝑝𝑅 𝑄 +max1↑𝑅↑𝑔𝑝𝑅,𝑠

)
/(𝑔 + 𝑔 𝑄 ), thus the maximal interval size becomes

(𝑔+1)/𝑔(𝑔 𝑄 +𝑔)⇓
(
max1↑𝑅↑𝑔 𝑄 𝑝𝑅 𝑄 +max1↑𝑅↑𝑔𝑝𝑅,𝑠

)
. Arguments similar to Lemma EC.3 imply that

the supremum term in (EC.3.4) is bounded by

𝑔 + 1
𝑔 + 𝑔 𝑄


max

1↑𝑅↑𝑔 𝑄

𝑝𝑅 𝑄 + max
1↑𝑅↑𝑔

𝑝𝑅,𝑠


+ max

1↑𝑅↑𝑔
𝑝𝑅,𝑠 .

This bound together with Assumptions 2 and 4 shows ∝𝑞𝑔 sup |𝑖W (·↗) ↗ 𝑖W (·) | = 𝑧𝛥 (1). ↭

EC.3.5. Discussion on the Extension of Assumption 3 Our theoretical analysis relies

heavily on multivariate integration by parts. For random stopping time 𝑙 , the performance measure

𝑏 can be expressed as 𝑏(x1,x2, . . . ,x𝑙 ) =
∑⇔

𝑘=1 𝑏𝑘 (x1, . . . ,x𝑘)1{𝑙 = 𝑘}. To apply integration by

parts requires that for any fixed 𝑙 = 𝑘, 𝑏𝑘 (x1, . . . ,x𝑘) is of BVHK. If P(𝑙 =⇔) > 0, the integration

by parts approach becomes inapplicable, because finite-dimensionality is required. Even when

P(𝑙 <⇔) = 1, the conditions ensuring that 𝑏𝑘 is BVHK for all 𝑘 are, to the best of our knowledge,

unknown and warrant further investigation.

This issue, however, is easily addressed when 𝑙 is bounded almost surely, say bounded by

some constant 𝛹 . In such cases, 𝑏 can be treated as a function mapping R𝑂𝛹 to R, specifically

𝑏(x1, . . . ,x𝛹). Leveraging the fact that the space of BVHK functions is dense in the 𝑛
2 space, our

ECC framework can be applied by considering the target performance measure as 𝑏(x1, . . . ,x𝛹).
If P(𝑙 < ⇔) = 1, we may apply the ECC framework at the expense of approximation errors;

replace 𝑏 with some approximating BVHK function and truncate the time horizon with a large 𝛹 .

More specifically, if we can find 𝑎 and 𝛹 such that

EX(𝑘)→𝑖 [𝑏(X(𝑘), . . . ,X(𝑙))] ↦ EX(𝑘)→𝑖 [𝑏(X(𝑘), . . . ,X(𝑙))1{𝑙 ↑ 𝛹}]

↦ EX(𝑘)→𝑖 [𝑎(X(1), . . . ,X(𝛹))],

where 𝑎 is of BVHK, we can approximate the target performance measure with an arbitrary precision

by applying the ECC framework with truncated time horizon, min{𝑙 ,𝛹}.
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EC.3.6. 𝑛
2 Convergence Results: Theorem 6 Before we consider 𝑛

2 convergence, we

present a result about the maximum oscillation modulus of empirical process. First, we review

a multivariate extension of oscillation modulus provided by Einmahl [3]. Next, we introduce a

useful inequality by Segers [8], which we are going to apply to quantify the convergence speed of

𝛹𝑔𝑂 (𝐿𝑔) for some 𝐿𝑔 ⇐ 0.

D!”#$#%#&$ EC.-. Let {U1, · · · ,U𝑔} be an i.i.d. sample from copula𝑠. The multivariate oscil-

lation modulus is defined by

𝛹𝑔𝑂 (𝐿) = sup

|𝑥𝑔 (u) ↗𝑥𝑔 (v) | : u,v ↓ [0,1]𝑂 with max 𝑄↓1:𝑂 |𝑢 𝑄 ↗ 𝛺 𝑄 | ↑ 𝐿



where 𝑥𝑔 is the empirical process based on the sample.

P)&0&1#%#&$ EC.+ (Segers [8]). Let 𝑠 be a 𝑂-variate copula. There exist constants 𝑈1 and

𝑈2 which only depend on 𝑂 such that P(𝛹𝑔𝑂 (𝐿) ⇑ 𝛻) ↑ 𝑈1
𝐿

exp

↗𝑈2𝛻

2

𝐿
𝛯

(
𝛻∝
𝑔𝐿

)
for all 𝐿 ↓ (0,1/2]

and all 𝛻 ⇑ 0 where 𝛯(𝑃) := 2𝑃↗2 {(1+ 𝑃) log(1+ 𝑃) ↗ 𝑃} .

Proof of Theorem 6. We adopt the same notation in the proof of Theorem 5. Then, we have
((∝
𝑔

(
𝛷(𝑖W) ↗ 𝛷(𝑖̂)

) (( = (((∝𝑔 (ϑ𝑏

(𝑙

𝑘=1
𝑖W,𝑘

↗


𝑙

𝑘=1
𝑖̂𝑘

) )
+ 𝛼

(((
<→ |ϑ|𝑏

(∝
𝑔|


𝑙

𝑘=1
𝑖W,𝑘

↗


𝑙

𝑘=1
𝑖̂𝑘 |

)
+ |𝛼 |

<→ 𝑙 |ϑ|𝑏 (
∝
𝑔

∑
𝑙

𝑘=1
|𝑖W,𝑘

↗ 𝑖̂𝑘 |) + |𝛼 |,

where the remainder 𝛼 is bounded by the sum of constant multiples of

∝
𝑔 sup
x↓[a,b]

(((𝑖̂ (x↗) ↗ 𝑖̂ (x)
(((, ∝

𝑔 sup
x↓[a,b]

(((𝑖W (x↗) ↗ 𝑖W (x)
(((.

Here, the second inequality is from (EC.3.4). The bounds of these two quantities in the proofs of

Theorems 3 and 5 can be readily seen to converge to zero in 𝑛
𝑐 sense thanks to Assumptions 2 and

4. In other words, EW [𝛼𝑐] = 𝑧(1).
Now, it is enough to check the uniform integrability of |ϑ|𝑏

(∝
𝑔|∑𝑙

𝑘=1 |𝑖W,𝑘
↗ 𝑖̂𝑘 |

)
. By the triangle

inequality, we have
∑

𝑙

𝑘=1

((∝
𝑔

(
𝑖W,𝑘

↗ 𝑖̂𝑘

) (( =∝
𝑔

∑
𝑙

𝑘=1

(((𝑠̄Y
𝑔,W𝑅 ,𝑘

(𝑖1,W,𝑘
, · · · ,𝑖

𝑂,W,𝑘
) ↗ 𝑠̄

Y
𝑔,𝑘
(𝑖̂1,𝑘 , · · · , 𝑖̂𝑂,𝑘)

(((
↑
∝
𝑔

∑
𝑙

𝑘=1

(((𝑠̄Y
𝑔,W𝑅 ,𝑘

(𝑖1,W,𝑘
, · · · ,𝑖

𝑂,W,𝑘
) ↗ 𝑠̄

Y
𝑔,𝑘
(𝑖1,W,𝑘

, · · · ,𝑖
𝑂,W,𝑘

)
(((

+
∝
𝑔

∑
𝑙

𝑘=1

(((𝑠̄Y
𝑔,𝑘
(𝑖1,W,𝑘

, · · · ,𝑖
𝑂,W,𝑘

) ↗ 𝑠̄
Y
𝑔,𝑘
(𝑖̂1,𝑘 , · · · , 𝑖̂𝑂,𝑘)

(((
=: I+ II.
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First, let us consider the uniform integrability with respect to I in (EC.3.6). Consecutive application

of the second and the first statements of Lemma EC.1 yields

EW

|ϑ|𝑏 (I)𝑐+𝛽


<→ EW


|ϑ|𝑏 (𝑇 𝑐+𝛽)



= |ϑ|𝑏
(
EW1,··· ,W𝐿


EW𝑅


𝑇
𝑐+𝛽  )

<→ supu↓[0,1]𝐿 EW𝑅


𝑔

𝑊+𝑋
2

(((𝑠̄Y
𝑔,W𝑅

(u) ↗ 𝑠̄
Y
𝑔
(u)

(((𝑐+𝛽

=𝛾𝛥 (1).

This is nothing but the crystal ball condition in Assumption 6 with 𝑐.

Second, we turn our attention to II in (EC.3.6). For this, recall that the empirical copula process

based on {Y𝑅} is CY
𝑔
=
∝
𝑔(𝑠Y

𝑔
↗𝑠) where 𝑠

Y
𝑔

is the empirical copula of Y𝑅’s and 𝑠 is the true

copula. The RCLL version of this is written as C̄Y
𝑔
=
∝
𝑔(𝑠̄Y

𝑔
↗𝑠). We define yet another process

CY
𝑔

by CY
𝑔

:= 𝑥𝑔 ↗
∑

𝑂

𝑄=1 𝑌𝑄𝑠𝑥𝑔 𝑄 where 𝑥𝑔 and 𝑥𝑔 𝑄 ’s are the empirical processes of U𝑅’s and their

marginal datasets. Then, we use the triangle inequality to see

II ↑
∑

𝑙

𝑘=1

((((C̄Y
𝑔,𝑘

↗CY
𝑔,𝑘
) (𝑖1,W,𝑘

, . . . ,𝑖
𝑂,W,𝑘

)
(((+∑𝑙

𝑘=1

((((C̄Y
𝑔,𝑘

↗CY
𝑔,𝑘
) (𝑖̂1,𝑘 , . . . , 𝑖̂𝑂,𝑘)

(((
+
∑

𝑙

𝑘=1

(((CY
𝑔,𝑘
(𝑖1,W,𝑘

, . . . ,𝑖
𝑂,W,𝑘

) ↗CY
𝑔,𝑘
(𝑖̂1,𝑘 , . . . , 𝑖̂𝑂,𝑘)

(((
+
∑

𝑙

𝑘=1

∝
𝑔

(((𝑠 (𝑖1,W,𝑘
, . . . ,𝑖

𝑂,W,𝑘
) ↗𝑠 (𝑖̂1,𝑘 , . . . , 𝑖̂𝑂,𝑘)

(((.
Let us denote the respective expression in each line by (a), (b), and (c). Then, it is enough to show

the stochastic boundedness of EW

|ϑ|𝑏 ((a))𝑐+𝛽


to EW


|ϑ|𝑏 ((c))𝑐+𝛽


.

For (a), we use Lemma EC.1 to obtain

EW

[
|ϑ|𝑏 ((a))𝑐+𝛽

]
<→EW

[
sup
x

(a)𝑐+𝛽
]
<→ sup

u

(((C̄Y
𝑔
↗CY

𝑔

(((𝑐+𝛽 ↑

sup
u

|C̄Y
𝑔
↗CY

𝑔
| + sup

u
|CY

𝑔
↗CY

𝑔
|

𝑐+𝛽

.

Lemma EC.3 above and Proposition 3.1 of Segers [8] imply the right hand side is 𝑧𝛥 (1).
For (b), we split the term into the terms involving 𝑥𝑔 and 𝑥𝑔 𝑄 separately. Using the same lemma,

we get for 𝑥𝑔,

EW

[
|ϑ|𝑐+𝛽

𝑏

(∑
𝑙

𝑘=1

((
𝑥𝑔,𝑘 (𝑖1,W,𝑘

, . . . ,𝑖
𝑂,W,𝑘

) ↗𝑥𝑔,𝑘 (𝑖̂1,𝑘 , . . . , 𝑖̂𝑂,𝑘)
(() ]

<→ EW

[
|ϑ|𝑏

(∑
𝑙

𝑘=1

((
𝑥𝑔,𝑘 (𝑖1,W,𝑘

, . . . ,𝑖
𝑂,W,𝑘

) ↗𝑥𝑔,𝑘 (𝑖̂1,𝑘 , . . . , 𝑖̂𝑂,𝑘)
((𝑐+𝛽)]

=
∑

𝑙

𝑘=1
|ϑ|𝑏

(
EW

[((
𝑥𝑔,𝑘 (𝑖1,W,𝑘

, . . . ,𝑖
𝑂,W,𝑘

) (x) ↗𝑥𝑔,𝑘 (𝑖̂1,𝑘 , . . . , 𝑖̂𝑂,𝑘) (x)
((𝑐+𝛽] )

<→ supx↓[a,b] EW

[((
𝑥𝑔 (𝑖1,W, . . . ,𝑖

𝑂,W) (x) ↗𝑥𝑔 (𝑖̂1, . . . , 𝑖̂𝑂) (x)
((𝑐+𝛽]

<→ 𝛹𝑔𝑂 (𝐿𝑔)𝑐+𝛽 + (2
∝
𝑔)𝑐+𝛽

∑
𝑂

𝑄=1
sup

𝑃 𝑄↓[𝐿 𝑄 ,𝑀 𝑄 ] PW

|𝑖

𝑄 ,W (𝑃 𝑄 ) ↗ 𝑖̂𝑄 (𝑃 𝑄 ) | ⇑ 𝐿𝑔


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for a given positive 𝐿𝑔. The second term in the last line is bounded by 2𝑐+𝛽
𝑂𝑀𝑔 = 𝛾𝛥 (1) by the

concentration inequality condition in the theorem statement. For the first term, fix arbitrary small

𝛼 > 0 and large 𝛹 . The condition on 𝐿𝑔 implies that there exists some 𝑁 and 𝛿 such that 𝛹/∝𝑔𝐿𝑔 < 𝑁

for all 𝑔 ⇑ 𝛿 . By Proposition EC.2 and the decreasing property of 𝛯, we then get

P(𝛹𝑔𝑂 (𝐿𝑔) > 𝛹) ↑ 𝑈1
𝐿𝑔

exp

↗𝑈2𝛹

2

𝐿𝑔

𝛯


𝛹∝
𝑔𝐿𝑔


↑ 𝑈1

𝐿𝑔

exp

↗𝑈2𝛹

2

𝐿𝑔

𝛯(𝑁𝛹)


whenever 𝑔 ⇑ 𝛿 . The right-hand side can be smaller than 𝛼 for all su!ciently large 𝑔 values because

𝐿𝑔 = 𝑧(1). Thus we conclude 𝛹𝑔𝑂 (𝐿𝑔) =𝛾𝛥 (1). Similar arguments are applicable to 𝑥𝑔 𝑄 ’s.

For (c), we use the inequality |𝑠 (u) ↗𝑠 (v) | ↑ ↖u↗v↖1 to proceed as follows:

EW

|ϑ|𝑏 ((c))𝑐+𝛽


= EW

[
|ϑ|𝑐+𝛽

𝑏
(
∝
𝑔

∑
𝑙

𝑘=1

((
𝑠 (𝑖1,W,𝑘

, . . . ,𝑖
𝑂,W,𝑘

) ↗𝑠 (𝑖̂1,𝑘 , . . . , 𝑖̂𝑂,𝑘)
(()]

↑ EW

[
|ϑ|𝑐+𝛽

𝑏

(∝
𝑔

∑
𝑙

𝑘=1

∑
𝑂

𝑄=1

((
𝑖
𝑄 ,W,𝑘

↗ 𝑖̂𝑄 ,𝑘

(() ]

<→ |ϑ|𝑏
(
EW

[
𝑔
(𝑐+𝛽)/2

∑
𝑙

𝑘=1

∑
𝑂

𝑄=1

((
𝑖
𝑄 ,W,𝑘

↗ 𝑖̂𝑄 ,𝑘

((𝑐+𝛽] )

<→
∑

𝑂

𝑄=1
𝑔
(𝑐+𝛽)/2 sup

𝑃 𝑄
EW

[((
𝑖
𝑄 ,W (𝑃 𝑄 ) ↗ 𝑖̂𝑄 (𝑃 𝑄 )

((𝑐+𝛽] =𝛾𝛥 (1).

by the crystal ball condition on the marginals, which completes the proof. ↭

EC.3.7. Proof of Theorem 7 In this section, we focus on subsampling with/without replace-

ment. To emphasize this, we change our notation for conditional expectation EW and conditional

probability PW to E▽ and P▽, respectively, which is common practice in the statistical literature

related to bootstrap analysis. When we do not allow replacement, its asymptotic behavior is di!cult

to handle because of the dependence between redrawn data. To resolve this issue, we utilize two

results by Hoe”ding.

1 (Hoe!ding’s Lemma.) Let {𝑍1, · · · , 𝑍𝛿 } be a population generated in a vector space V. We

redraw from the set to construct {𝑡1, · · · ,𝑡𝑔} and {𝑋1, · · · ,𝑋𝑔}, samples without and with replace-

ment for 𝑔 ↑ 𝛿 . If 𝑗 :V⇐R is a convex function, then E
[
𝑗

(∑
𝑔

𝑄=1𝑡𝑄

)]
↑ E

[
𝑗

(∑
𝑔

𝑄=1𝑋𝑄

)]
holds.

2 (Hoe!ding’s Inequality.) Let 𝛩 be a random variable such that 𝐿 ↑ 𝛩 ↗ E[X] ↑ 𝑀. Then, for

𝜀 > 0, we have E[exp(𝜀(𝛩 ↗E[𝛩]))] ↑ exp
(
𝜀

2(𝑀 ↗ 𝐿)2/8
)
.

Before we prove our main theorem, we verify the next key lemma, which is about the convergence

speed of the di”erence between resampling and empirical quantiles.
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L!**, EC./. Suppose 𝒽 is a set of 𝑔 i.i.d. replicates from the uniform distribution. We redraw

𝜁 data points with or without replacement from 𝒽. Assume the sample size satisfies 𝜁/𝑔 =𝛾 (1).
For fixed 𝑐 ↓ [0,1] and deterministic 𝜂1 > 0, there exists a constant 𝜂 =𝛾𝛥 (1), independent of 𝑐

and 𝑘, such that

P▽
(
|𝛺▽

𝜁
(𝑐) ↗ 𝛺𝑔 (𝑐) | ⇑ 𝑘/

∝
𝜁

)
↑ 𝜂 exp(↗2𝑘2) 𝑊 𝑧𝑚 𝐿𝜃𝜃 𝑘 ↓ [0,𝜂1

√
log𝜁] .

Here, 𝛺▽
𝜁
(𝑐) and 𝛺𝑔 (𝑐) stand for the resampling and empirical 𝑐-quantiles, respectively.

Proof. Define 𝑤 and 𝑤𝑔 as the true and empirical distributions of 𝒽, respectively. We also

define an auxiliary function 𝑐𝜁,𝑘 := 𝑤𝑔 (𝛺𝑔 (𝑐) + 𝑘/∝𝜁) and 𝑋𝑄 ,𝑘 as an indicator function which is

equal to 1 if and only if the 𝑄-th resample is less than or equal to 𝛺𝑔 (𝑐) + 𝑘/
∝
𝜁. By applying the

Chebyshev inequality for each 𝜀 > 0, we get

P▽
(
|𝛺▽

𝜁
(𝑐) ↗ 𝛺𝑔 (𝑐) | > 𝑘/

∝
𝜁

)
= P▽

(
𝛺
▽
𝜁
(𝑐) > 𝛺𝑔 (𝑐) + 𝑘/

∝
𝜁

)
+P▽

(
𝛺
▽
𝜁
(𝑐) < 𝛺𝑔 (𝑐) ↗ 𝑘/

∝
𝜁

)
↑ P▽

(∑
𝜁

𝑄=1
𝑋𝑄 ,𝑘 ↑ 𝜁𝑐

)
+P▽

(∑
𝜁

𝑄=1
𝑋𝑄 ,↗𝑘 ⇑ 𝜁𝑐

)

= P▽
(∑

𝜁

𝑄=1
(𝑋𝑄 ,𝑘 ↗ 𝑐𝜁,𝑘) ↑ 𝜁(𝑐 ↗ 𝑐𝜁,𝑘)

)
+P▽

(∑
𝜁

𝑄=1
(𝑋𝑄 ,↗𝑘 ↗ 𝑐𝜁,↗𝑘) ⇑ 𝜁(𝑐 ↗ 𝑐𝜁,↗𝑘)

)

= P▽
(∑

𝜁

𝑄=1
(↗𝑋𝑄 ,𝑘 + 𝑐𝜁,𝑘) ⇑ 𝜁(𝑐𝜁,𝑘 ↗ 𝑐)

)
+P▽

(∑
𝜁

𝑄=1
(𝑋𝑄 ,↗𝑘 ↗ 𝑐𝜁,↗𝑘) ⇑ 𝜁(𝑐 ↗ 𝑐𝜁,↗𝑘)

)

↑ exp
(
↗𝜀𝜁(𝑐𝜁,𝑘 ↗ 𝑐)

)
E▽

[
exp

(
𝜀

∑
𝜁

𝑄=1
(↗𝑋𝑄 ,𝑘 + 𝑐𝜁,𝑘)

)]

+ exp(↗𝜀𝜁(𝑐 ↗ 𝑐𝜁,↗𝑘))E▽
[
exp

(
𝜀

∑
𝜁

𝑄=1
(𝑋𝑄 ,↗𝑘 ↗ 𝑐𝜁,↗𝑘)

)]

=: I+ II.

Let us first consider the case where we permit replacement. By independence and Hoe”ding’s

inequality,
I = exp

(
↗ 𝜀𝜁(𝑐𝜁,𝑘 ↗ 𝑐)

)𝜁

𝑄=1
E▽


exp

(
𝜀(↗𝑋𝑄 ,𝑘 + 𝑐𝜁,𝑘)

) 

↑ exp

↗ 𝜀𝜁(𝑐𝜁,𝑘 ↗ 𝑐)


exp

(
𝜁𝜀

2/8
)
.

The right-hand side is minimized when 𝜀 = 4(𝑐𝜁,𝑘 ↗ 𝑐), so that I ↑ exp

↗ 2𝜁(𝑐𝜁,𝑘 ↗ 𝑐)2


. Even

if replacement is not allowed, we can apply Hoe”ding’s Lemma with a convex function 𝜄
↗𝜀𝑃 . For

this, we define 𝑍𝑅 as the indicator function that is equal to 1 if and only if the 𝑅-th sample point

is less than or equal to 𝛺𝑔 (𝑐) + 𝑘/
∝
𝜁. Then, we can still conclude I ↑ exp


↗ 2𝜁(𝑐𝜁,𝑘 ↗ 𝑐)2


. By

applying the same arguments to II, we obtain the bound
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P▽
(
|𝛺▽

𝜁
(𝑐) ↗ 𝛺𝑔 (𝑐) | > 𝑘/

∝
𝜁

)
↑ exp

(
↗ 2𝜁(𝑐𝜁,𝑘 ↗ 𝑐)2) + exp

(
↗ 2𝜁(𝑐𝜁,↗𝑘 ↗ 𝑐)2)

.

Now, let us analyze 𝑐𝜁,𝑢 ↗ 𝑐 for |𝑢 | ↑ 𝜂1
√

log𝜁. We divide the di”erence into three parts:

𝑐𝜁,𝑢 ↗ 𝑐 =𝑤𝑔 (𝛺𝑔 (𝑐) + 𝑢/
∝
𝜁) ↗𝑤 (𝑐)

=

𝑤𝑔 (𝛺𝑔 (𝑐) + 𝑢/

∝
𝜁) ↗𝑤 (𝛺𝑔 (𝑐) + 𝑢/

∝
𝜁) ↗𝑤𝑔 (𝛺𝑔 (𝑐)) +𝑤 (𝛺𝑔 (𝑐))



+

𝑤 (𝛺𝑔 (𝑐) + 𝑢/

∝
𝜁) ↗𝑤 (𝛺𝑔 (𝑐))


+

𝑤𝑔 (𝛺𝑔 (𝑐)) ↗𝑤 (𝑐)



=: (a)+ (b)+ (c).

The second term (b) is equal to 𝑢/∝𝜁 and the third term is bounded by 1/𝑔 uniformly in 𝑐. And
(a) is bounded by the oscillation modulus of empirical process 𝛹𝑔1(𝜂1

√
log𝜁/∝𝜁)/∝𝑔, where

𝛹𝑔1 is the 1-dimensional maximum oscillation modulus related to the empirical process of 𝒽. Let
𝛴 =

∝
𝜁((a)+ (c)). Then,

𝜁(𝑐𝜁,𝑢 ↗ 𝑐)2 = 𝑢
2 + 𝛴2 + 2𝑢𝛴 ⇑ 𝑢

2 + 𝛴2 ↗ 2𝜂1
√

log𝜁 |𝛴 |

From this observation, it is enough to show that 𝛴2 ↗ 2
√

log𝜁 |𝛴 | is bounded in probability by a
constant that is independent of 𝑐 and 𝑢. For this, we see(((𝛴2 ↗ 2

√
log𝜁 |𝛴 |

((( = (((𝜁 (
(a)2 + 2(a) · (c)+ (c)2

)
↗ 2

√
log𝜁

∝
𝜁 · |(a)+ (c)|

(((
↑

𝜁

𝑔

𝛹𝑔1(𝜂1
√

log𝜁/
∝
𝜁)2 + 2

𝜁

𝑔

∝
𝑔

𝛹𝑔1(𝜂1
√

log𝜁/
∝
𝜁) + 𝜁

𝑔
2



+ 2


𝜁 log𝜁
𝑔

𝛹𝑔1(𝜂1
√

log𝜁/
∝
𝜁) + 2

√
𝜁 log𝜁
𝑔

.

The proof would be complete once we show
√

log𝜁𝛹𝑔1(𝜂1
√

log𝜁/∝𝜁) =𝛾𝛥 (1). By plugging in
𝐿 = 𝜂1

√
log𝜁/𝜁 and 𝛻 =𝛹/

√
log𝜁 in Proposition EC.2, we get

P

√
log𝜁𝛹𝑔1


𝜂1


log𝜁
𝜁

)
⇑ 𝛹

)

↑ 𝑈1
𝜂1


𝜁

log𝜁
exp


↗𝑈2𝛹

2

𝜂1

∝
𝜁

(log𝜁)3/2𝛯


𝛹/𝜂1
log𝜁


𝜁

𝑔


.

Since 𝜁/𝑔 = 𝛾 (1) by assumption and 𝛯 is decreasing and continuous with 𝛯(0) = 1,
𝛯(𝛹/𝜂1

∝
𝜁/log𝜁

∝
𝑔) > 1/2 for all su!ciently large 𝑔 so that the right hand side is bounded

above by
𝑈1
𝜂1

exp

↗𝑈3

∝
𝜁

(log𝜁)3/2 +
1
2

log𝜁 ↗ 1
2

log log𝜁


with 𝑈3 = 𝑈2
𝛹

2

2𝜂1
. It is then easy to check that the exponent diverges to ↗⇔ as 𝑔,𝜁⇐⇔. ↭
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Before the main proof, it is necessary to check whether bootstrap and subsampling satisfy

Assumption 4. The next lemma shows that actually a stronger result holds for the two resampling

plans.

L!**, EC.2. Suppose W𝑔 = (𝑝𝑔1, · · · ,𝑝𝑔𝑔) be a resampling plan that redraws 𝜁 = [𝑞𝑔]
sample points out of 𝑔 with or without replacement. For each 𝛽 ⇑ 0, EW

[((max𝑝𝑔𝑄/
∝
𝑔

((2+𝛽] = 𝑧(1).

Proof. For resampling without replacement, Example 2 implies that the maximum of 𝑝𝑔𝑅 is

𝑔/𝜁. Therefore, the assertion of the theorem is trivial.

For resampling with replacement, we note that 𝑝𝑔1
𝑂= 𝑔/𝜁 ⇓∑

𝜁

𝑅=1 𝜅𝑅, where the 𝜅𝑅’s are i.i.d.

Bernoulli random variables with success probability 1/𝑔. By the Chebyshev inequality,

P(𝑝𝑔1 > 𝑘) ↑ 𝜄
↗𝜁𝑘/𝑔E

[
𝜄

∑𝑌
𝑀↗1 𝜅𝑀

]
= 𝜄

↗𝜁𝑘/𝑔


𝜁

𝑅=1
E

𝜄
𝜅𝑀

= 𝜄

↗𝜁𝑘/𝑔

1+ (𝜄 ↗ 1) 1

𝑔


𝜁

↑ 𝜄
↗𝜁𝑘/𝑔 exp

(
𝜁

𝑔

(𝜄 ↗ 1)
)

↑ 𝜄
↗𝜁𝑘/𝑔 exp (𝑞(𝜄 ↗ 1)) .

Thus, lim𝑘⇐⇔ 𝑘
3+𝛽P(𝑝𝑔1 > 𝑘) = 0 for any 𝛽 ⇑ 0. In particular, for each fixed 𝛽 > 0, there exists 𝑘0 and

𝛿 such that

𝑘
3+𝛽P(𝑝𝑔1 > 𝑘) ↑ exp

(
(3+ 𝛽) log 𝑘 ↗ 𝑞𝑘 + 𝑘/𝑔 + 𝑞(𝜄 ↗ 1)

)
<

1
2+ 𝛽 , ∋𝑘 ⇑ 𝑘0,∋𝑔 ⇑ 𝛿 .

Now, for 𝑔 > max{𝑘2+𝛽0 ,𝛿}, we observe that

E

(max1↑𝑅↑𝑔𝑝𝑔𝑅)2+𝛽

= (2+ 𝛽)
∫ ⇔

0
𝑘
1+𝛽P(max𝑝𝑔𝑅 > 𝑘)𝑂𝑘

= (2+ 𝛽)


∫

𝑔

1
2+𝑋

0
𝑘
1+𝛽P(max𝑝𝑔𝑅 > 𝑘)𝑂𝑘 +

∫ ⇔

𝑔

1
2+𝑋

𝑘
1+𝛽P(max𝑝𝑔𝑅 > 𝑘)𝑂𝑘




↑ (2+ 𝛽)


∫

𝑔

1
2+𝑋

0
𝑘
1+𝛽

𝑂𝑘 + 𝑔
∫ ⇔

𝑔

1
2+𝑋

𝑘
1+𝛽P(𝑝𝑔1 > 𝑘)𝑂𝑘




↑ 𝑔 + 𝑔 1+𝑋
2+𝑋 .

This implies that 𝑔↗ 2+𝑋
2 E


(max1↑𝑅↑𝑔𝑝𝑔𝑅)2+𝛽 ↑ 𝑔

↗ 𝑋
2 + 𝑔↗ 𝑋

2 ↗ 1
2+𝑋 ⇐ 0, completing the proof. ↭

Proof of Theorem 7. Thanks to Lemma EC.6, one can see that Assumption 4 holds for all 𝑐 ↓
{2,4}. It su!ces to show Assumption 6. We split the proof into three parts to check Assumption 6.
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1. Crystal ball condition for copula

As in the proof of Theorem 6, we can consider 𝑔 samples 𝒽 := {U1, . . . ,U𝑔} from 𝑂-variate

copula 𝑠. We redraw 𝜁 = [𝑞𝑔] replicates

U▽

1, · · · ,U▽
𝜁


from 𝒽 with or without replacement.

Denote empirical distributions induced by the given data and the redrawn data by 𝑤𝑔 and 𝑤
▽
𝜁

,

respectively. Also, let 𝛺𝑔 (u) = (𝑤↗1
𝑔1 (𝑢1), · · · ,𝑤↗1

𝑔𝑂
(𝑢𝑂)) be the empirical quantile vector, and let 𝛺▽

𝜁

be the 𝛺𝑔’s resampling counterpart. Furthermore, denote 𝑠
▽
𝑔,𝑞

as the resampling empirical copula.

Then, we get

𝑠𝑔 (u) =𝑤𝑔 (𝛺𝑔 (u)), 𝑠
▽
𝑔,𝑞

=𝑤
▽
𝜁
(𝛺▽

𝜁
(u)).

By Lemma EC.3, it is enough to verify E▽
[((∝

𝑞𝑔

(
𝑠
▽
𝑔,𝑞

↗𝑠𝑔

) ((𝑐+2
]
= 𝛾𝛥 (1) for 𝑐 ↓ {2,4}. To see

this, we divide it into three parts:

E▽
[((∝

𝑞𝑔

(
𝑠
▽
𝑔,𝑞

↗𝑠𝑔

) ((𝑐+2
]
<→ (𝑞𝑔) (𝑐+2)/2E▽

[((
𝑤

▽
𝜁
(𝛺▽

𝜁
) ↗𝑤𝑔 (𝛺▽𝜁)

((𝑐+2
]

(EC.1)

+ (𝑞𝑔) (𝑐+2)/2E▽
[(((𝑤𝑔 ↗𝑠) (𝛺▽

𝜁
) ↗ (𝑤𝑔 ↗𝑠) (𝛺𝑔)

((𝑐+2
]

(EC.2)

+ (𝑞𝑔) (𝑐+2)/2E▽
[((
𝑠 (𝛺▽

𝜁
) ↗𝑠 (𝛺𝑔)

((𝑐+2
]
. (EC.3)

Recall that our notation 𝐿 <→ 𝑀 for 𝐿, 𝑀 > 0 if there exists a constant 𝑁 > 0 such that 𝐿 ↑ 𝑁𝑀.

Now, it su!ces to show that (EC.1)-(EC.3) are 𝛾P(1) uniformly in u, i.e., supu↓[0,1]𝐿 (EC.1),

supu↓[0,1]𝐿 (EC.2), and supu↓[0,1]𝐿 (EC.3) are all 𝛾P(1), whether we allow replacement or not.

First, let us give an upper bound of (EC.1). If we allow replacement, we apply the Dvoretzky-

Kiefer-Wolfowitz inequality to deduce

supu↓[0,1]𝐿 (EC.1) ↑ (𝑞𝑔) (𝑐+2)/2E▽
[
supu↓[0,1]𝐿

((
𝑤

▽
𝜁
(u) ↗𝑤𝑔 (u)

((𝑐+2
]

= (𝑞𝑔) (𝑐+2)/2(𝑐 + 2)
∫ ⇔

0
𝑘
𝑐+1P▽

(
supu↓[0,1]𝐿

((
𝑤

▽
𝜁
(u) ↗𝑤𝑔 (u)

((
> 𝑘

)
𝑂𝑘

↑ (𝑞𝑔) (𝑐+2)/2(𝑐 + 2)
∫ ⇔

0
2𝑘 𝑐+1 exp (↗2𝜁𝑘

2)𝑂𝑘

<→ (𝑞𝑔↗ 1) (𝑐+2)/2(𝑐 + 2)
∫ ⇔

0
2𝑘 𝑐+1 exp (↗2(𝑞𝑔↗ 1)𝑘2)𝑂𝑘 <⇔.

We conclude that supu↓[0,1]𝐿 (EC.1) is bounded from above by some constant, which is also 𝛾P(1).
If we do not allow replacement, then we can apply Hoe”ding’s Lemma to E▽

[
supu

((
𝑤

▽
𝜁
↗𝑤𝑔

((𝑐+2
]

so that the expectation is less than or equal to the same expectation with replacement. This leads

to the boundedness of supu (EC.1) without replacement as well. Specifically, it is enough to define
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𝑍𝑅 ↓ 𝑕
⇔(Find) as 𝑍𝑅 (1{· ↑ u}) = 1{𝑡𝑅 ↑ u} ↗𝑤𝑔 (u) and the convex functional 𝑗 : 𝑕⇔(Find) ⇐ R

such that 𝑗(·) = ↖ · ↖𝑐+2
Find

.

For fixed u, Lemma EC.5 with 𝜂1 =
√
𝑐 + 2/2 tells us that there exists 𝜂 =𝛾𝛥 (1) with

P▽
(
|𝛺▽

𝜁 𝑄
(𝑢 𝑄 ) ↗ 𝛺𝑔 𝑄 (𝑢 𝑄 ) | >

√
(𝑐 + 2) log𝜁/(4𝜁)

)
↑ 𝜂𝜁

↗(𝑐+2)/2

for all 𝑄 = 1, . . . , 𝑂. Now, we turn to (EC.2). By truncation, we proceed as

(EC.2)

= (𝑞𝑔) (𝑐+2)/2E▽

[(((𝑤𝑔 ↗𝑠) (𝛺▽
𝜁
) ↗ (𝑤𝑔 ↗𝑠) (𝛺𝑔)

((𝑐+2
1

{
△ 𝑄 |𝛺▽

𝜁 𝑄
↗ 𝛺𝑔 𝑄 | >


(𝑐 + 2) log𝜁

4𝜁

}]

+ (𝑞𝑔) (𝑐+2)/2E▽

[(((𝑤𝑔 ↗𝑠) (𝛺▽
𝜁
) ↗ (𝑤𝑔 ↗𝑠) (𝛺𝑔)

((𝑐+2
1

{
∋ 𝑄 |𝛺▽

𝜁 𝑄
↗ 𝛺𝑔 𝑄 | ↑


(𝑐 + 2) log𝜁

4𝜁

}]

↑ 4(𝑐+2) (𝑞𝑔) (𝑐+2)/2
∑

𝑂

𝑄=1
P▽

(
|𝛺▽

𝜁 𝑄
↗ 𝛺𝑔 𝑄 | >

√
(𝑐 + 2) log𝜁/(4𝜁)

)

+ 𝑞 (𝑐+2)/2
𝛹𝑔𝑂

(√
(𝑐 + 2) log𝜁/(4𝜁)

)
𝑐+2

↑ 4(𝑐+2)
𝑞
(𝑐+2)/2

𝑂

𝜂𝑔
(𝑐+2)/2

𝜁
(𝑐+2)/2 + 𝑞 (𝑐+2)/2

𝛹𝑔𝑂

√
(𝑐 + 2) log𝑞𝑔

4(𝑞𝑔↗ 1)

) 𝑐+2

↑ 4𝑐+2
𝑂𝜂


𝜁 + 1
𝜁

 (𝑐+2)/2
+ 𝑞 (𝑐+2)/2

𝛹𝑔𝑂

√
(𝑐 + 2) log𝑞𝑔

4(𝑞𝑔↗ 1)

) 𝑐+2

.

It is easy to compute that the last term is 𝛾𝛥 (1) and a uniform upper bound in u, thanks to

Proposition EC.2 and the definition of 𝛹𝑔1.

As for (EC.3), we eliminate copula 𝑠 by using the inequality |𝑠 (u) ↗𝑠 (v) | ↑ ↖u↗v↖1.

supu↓[0,1]𝐿 (EC.3) <→
∑

𝑂

𝑅=1
𝑔
(𝑐+2)/2 sup

𝑢 𝑄↓[0,1] E▽

(((𝛺▽
𝜁 𝑄

(𝑢 𝑄 ) ↗ 𝛺𝑔 𝑄 (𝑢 𝑄 )
(((𝑐+2


.

On the other hand, we see that

𝜁
(𝑐+2)/2E▽

(((𝛺▽
𝜁 𝑄

(𝑢 𝑄 ) ↗ 𝛺𝑔 𝑄 (𝑢 𝑄 )
(((𝑐+2


= (𝑐 + 2)

∫ ⇔

0
𝑘
𝑐+1P▽

(∝
𝜁

(((𝛺▽
𝜁 𝑄

(𝑢 𝑄 ) ↗ 𝛺𝑔 𝑄 (𝑢 𝑄 )
((( > 𝑘

)
𝑂𝑘

= (𝑐 + 2)
∫ 2

∝
𝜁

0
𝑘
𝑐+1P▽

(∝
𝜁

(((𝛺▽
𝜁 𝑄

(𝑢 𝑄 ) ↗ 𝛺𝑔 𝑄 (𝑢 𝑄 )
((( > 𝑘

)
𝑂𝑘
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because
(((𝛺▽

𝜁 𝑄
↗ 𝛺𝑔 𝑄

((( ↑ 2. In the last integral, we apply Lemma EC.5 with 𝜂1 =
√
𝑐 + 2/2, so that

∫ 2
∝
𝜁

0
𝑘
𝑐+1P▽

(∝
𝜁

(((𝛺▽
𝜁 𝑄

(𝑢 𝑄 ) ↗ 𝛺𝑔 𝑄 (𝑢 𝑄 )
((( > 𝑘

)
𝑂𝑘

=
∫ √

(𝑊+2) log𝑌
4

0
𝑘
𝑐+1P▽

(∝
𝜁

(((𝛺▽
𝜁 𝑄

(𝑢 𝑄 ) ↗ 𝛺𝑔 𝑄 (𝑢 𝑄 )
((( > 𝑘

)
𝑂𝑘

+
∫ 2

∝
𝜁

∝
(𝑐+2) log𝜁/4

𝑘
𝑐+1P▽

(∝
𝜁

(((𝛺▽
𝜁 𝑄

(𝑢 𝑄 ) ↗ 𝛺𝑔 𝑄 (𝑢 𝑄 )
((( > 𝑘

)
𝑂𝑘

↑ 𝜂

∫ √
(𝑊+2) log𝑌

4

0
𝑘
𝑐+1

𝜄
↗2𝑘2

𝑂𝑘 +
∫ 2

∝
𝜁

0
𝑘
𝑐+1P▽


∝
𝜁

(((𝛺▽
𝜁 𝑄

(𝑢 𝑄 ) ↗ 𝛺𝑔 𝑄 (𝑢 𝑄 )
((( >


(𝑐 + 2) log𝜁

4

)
𝑂𝑘

↑ 𝜂

∫ ⇔

0
𝑘
𝑐+1

𝜄
↗2𝑘2

𝑂𝑘 +𝜂

∫ 2
∝
𝜁

0

𝑘
𝑐+1

𝜁
(𝑐+2)/2 𝑂𝑘

= 𝜂

∫ ⇔

0
𝑘
𝑐+1

𝜄
↗2𝑘2

𝑂𝑘 + 2𝑐+2

𝑐 + 2


<⇔,

where the last inequality comes from the fact that
∫ ⇔
0 𝑘

𝑐
𝜄
↗2𝑘2

𝑂𝑘 <⇔ for all 𝑐 > 0.

2. Crystal ball condition for marginal
We show the crystal ball condition for marginal: for some ↗⇔ < 𝐿 𝑄 ↑ 𝑀 𝑄 <⇔,

sup
𝑃 𝑄↓[𝐿 𝑄 ,𝑀 𝑄 ] 𝑔

(𝑐+2)/2E▽

(
𝑖
▽
𝑄
(𝑃 𝑄 ) ↗ 𝑖̂𝑄 (𝑃 𝑄 )

)
𝑐+2


=𝛾𝛥 (1).

Note that the empirical and resampled CDF, 𝑖▽
𝑄

and 𝑖̂𝑄 , are divided into two terms contributed by

Y and X 𝑄 . That is, we have

𝑖
▽
𝑄
=

𝑔

𝑔 + 𝑔 𝑄

𝑖
Y,▽
𝑔 𝑄

+
𝑔 𝑄

𝑔 + 𝑔 𝑄

𝑖
▽
𝑔 𝑄 𝑄

and 𝑖̂𝑄 =
𝑔

𝑔 + 𝑔 𝑄

𝑖
Y
𝑔 𝑄

+
𝑔 𝑄

𝑔 + 𝑔 𝑄

𝑖𝑔 𝑄 𝑄 ,

where 𝑖
Y,▽
𝑔 𝑄

and 𝑖
▽
𝑔 𝑄 𝑄

resampled distributions drawn by Y and X𝑄 each. Combining this with the

Minkowski inequality, (EC.3.7) can be bounded from above as

sup
𝑃 𝑄↓[𝐿 𝑄 ,𝑀 𝑄 ] 𝑔

(𝑐+2)/2E▽

(
𝑖
▽
𝑄
(𝑃 𝑄 ) ↗ 𝑖̂𝑄 (𝑃 𝑄 )

)
𝑐+2



<→ sup
𝑃 𝑄↓[𝐿 𝑄 ,𝑀 𝑄 ] 𝑔

(𝑐+2)/2E▽

(
𝑖
▽
𝑔 𝑄 𝑄

(𝑃 𝑄 ) ↗ 𝑖𝑔 𝑄 𝑄 (𝑃 𝑄 )
)
𝑐+2



+ sup
𝑃 𝑄↓[𝐿 𝑄 ,𝑀 𝑄 ] 𝑔

(𝑐+2)/2E▽

(
𝑖
Y,▽
𝑔 𝑄

(𝑃 𝑄 ) ↗ 𝑖
Y
𝑔 𝑄
(𝑃 𝑄 )

)
𝑐+2


.

Hence, it is enough to verify that each term in (EC.3.7) is 𝛾𝛥 (1). Since both terms exploit the

empirical CDF, it su!ces to show that the marginal term is 𝛾𝛥 (1), and the joint data counterpart

can proceed similarly.
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Since the case of resampling without replacement can be handled by Hoe”ding’s Lemma, we

focus on the resampling with replacement. Recall 𝑖▽
𝑔 𝑄 𝑄

is the empirical CDF based on 𝜁𝑄 redrawn

data points from the 𝑄-th marginal dataset {𝛩1 𝑄 , . . . , 𝛩𝑔 𝑄 𝑄 }. We distinguish the resampled data point

by 𝛩
▽
𝑅 𝑄

for 𝑅 = 1,2, . . . ,𝜁𝑄 .

When 𝑐 = 2, combining the definition of 𝑖▽
𝑄

with straightforward expansion yields

𝑔
2E▽

(
𝑖
▽
𝑔 𝑄 𝑄

(𝑃 𝑄 ) ↗ 𝑖𝑔 𝑄 𝑄 (𝑃 𝑄 )
)4


=
𝑔

2

𝜁
4
𝑄

E▽

∑
𝜁 𝑄

𝑅=1

(
1

𝛩
▽
𝑅 𝑄
↑ 𝑃 𝑄


↗ 𝑖𝑔 𝑄 𝑄 (𝑃 𝑄 )

)4


+ 6E▽

∑
𝑁ε𝜃

(
1

𝛩
▽
𝑁 𝑄

↑ 𝑃 𝑄


↗ 𝑖𝑔 𝑄 𝑄 (𝑃 𝑄 )

)2 (
1

𝛩
▽
𝜃 𝑄
↑ 𝑃 𝑄


↗ 𝑖𝑔 𝑄 𝑄 (𝑃 𝑄 )

)2


↑ 𝑔
2

𝜁
4
𝑄


16𝜁𝑄 + 96𝜁𝑄 (𝜁𝑄 ↗ 1)


=𝛾𝛥 (1).

When 𝑐 = 4, since 𝜁𝑄𝑖
▽
𝑔 𝑄 , 𝑄

(𝑃 𝑄 ) follows a binomial distribution with number of trials 𝜁𝑄 and success

probability 𝑖𝑔 𝑄 , 𝑄 (𝑃 𝑄 ) = 𝑐 𝑄 , one can obtain

𝑔
3E▽

(
𝑖
▽
𝑔 𝑄 𝑄

(𝑃 𝑄 ) ↗ 𝑖𝑔 𝑄 𝑄 (𝑃 𝑄 )
)6

=

𝑔
3

𝜁
6
𝑄

𝜁 𝑄 𝑐 𝑄 (1↗ 𝑐 𝑄 )⇓

1↗ 30𝑐 𝑄 (1↗ 𝑐 𝑄 ) (1↗ 4𝑐 𝑄 (1↗ 𝑐 𝑄 )) + 5𝜁𝑄 𝑐 𝑄 (1↗ 𝑐 𝑄 ) [5↗ 26𝑐 𝑄 (1↗ 𝑐 𝑄 )]

+ 15𝜁2
𝑄
𝑐

2
𝑄
(1↗ 𝑐 𝑄 )2


.

From the above result, one can easily confirm sup
𝑃 𝑄↓[𝐿 𝑄 ,𝑀 𝑄 ] 𝑔

3E▽

(
𝑖
▽
𝑔 𝑄 𝑄

(𝑃 𝑄 ) ↗ 𝑖𝑔 𝑄 𝑄 (𝑃 𝑄 )
)6

=

𝛾𝛥 (1), as it converges to a constant as 𝑔 ⇐ ⇔. To sum up, we obtain

sup
𝑃 𝑄↓[𝐿 𝑄 ,𝑀 𝑄 ] 𝑔

(𝑐+2)/2E▽

(
𝑖
▽
𝑔 𝑄 𝑄

(𝑃 𝑄 ) ↗ 𝑖𝑔 𝑄 𝑄 (𝑃 𝑄 )
)
𝑐+2


<⇔ for 𝑐 ↓ {2,4}, as desired.

3. Concentration inequality
Combining (EC.3.7) with triangle inequality, we can see that

P▽
((((𝑖▽

𝑄
(𝑃 𝑄 ) ↗ 𝑖̂𝑄 (𝑃 𝑄 )

((( ⇑ 𝐿𝑔

)

↑ P▽
((((𝑖Y,▽

𝑔 𝑄
(𝑃 𝑄 ) ↗ 𝑖

Y
𝑔 𝑄
(𝑃 𝑄 )

((( ⇑ 𝐿𝑔

)
+P▽

((((𝑖▽
𝑔 𝑄 𝑄

(𝑃 𝑄 ) ↗ 𝑖𝑔 𝑄 𝑄 (𝑃 𝑄 )
((( ⇑ 𝐿𝑔

)
.

Hence, it is enough to prove the marginal case again.

By Assumption 2, it is straightforward to check (∝𝑔𝐿𝑔)↗1 = 𝑧(1) and 𝐿𝑔 = 𝑧(1). We aim to show

that there exists a constant 𝑀𝑔 =𝛾𝛥 (1) such that

P▽
((((𝑖▽

𝑔 𝑄 𝑄
(𝑃 𝑄 ) ↗ 𝑖𝑔 𝑄 𝑄 (𝑃 𝑄 )

((( ⇑ 𝐿𝑔

)
↑ 𝑀𝑔𝑔

↗(𝑐+2)/2
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for all 𝑃 𝑄 ↓ [𝐿 𝑄 , 𝑀 𝑄 ]. By Chebyshev’s inequality, we get

P▽
(
𝑖
▽
𝑔 𝑄 𝑄

(𝑃 𝑄 ) ↗ 𝑖𝑔 𝑄 𝑄 (𝑃 𝑄 ) ⇑ 𝐿𝑔

)
↑ P▽

(
𝑖
▽
𝑔 𝑄 𝑄

(𝑃 𝑄 ) ↗ 𝑖𝑔 𝑄 𝑄 (𝑃 𝑄 ) ⇑ 𝐿 𝑄

)

↑ exp

↗𝜀𝐿 𝑄


E▽

[
exp


𝜀(𝑖▽

𝑄
(𝑃 𝑄 ) ↗ 𝑖̂𝑄 (𝑃 𝑄 ))

]

where 𝐿 𝑄 =
√
(𝑐 + 2) log𝜁𝑄/(4𝜁𝑄 ). We shall prove that the right-hand side is bounded above by the

desired quantity 𝑀𝑔𝑔
↗(𝑐+2)/2 for the resampling with replacement. The other case of no replacement

can be taken care of by applying Hoe”ding’s Lemma again to the expectation part.

When we allow replacement, the independence between redrawn sample points and Hoe”ding’s

inequality imply that

E▽
[
exp


𝜀(𝑖▽

𝑔 𝑄 𝑄
(𝑃 𝑄 ) ↗ 𝑖𝑔 𝑄 𝑄 (𝑃 𝑄 ))

]
= E▽

[
exp

{
𝜀

𝜁 𝑄

𝜁 𝑄∑
𝑅=1

(
1

𝛩
▽
𝑅 𝑄
↑ 𝑃 𝑄


↗ 𝑖𝑔 𝑄 𝑄 (𝑃 𝑄 )

)}]

=


𝜁 𝑄

𝑅=1
E▽


exp


𝜀

𝜁 𝑄

(
1

𝛩
▽
𝑅 𝑄
↑ 𝑃 𝑄


↗ 𝑖𝑔 𝑄 𝑄 (𝑃 𝑄 )

)

↑


𝜁 𝑄

𝑅=1
exp

{
𝜀

2

8𝜁2
𝑄

}
= exp


𝜀

2

8𝜁𝑄


.

Consequently, we obtain an upper bound for the target probability with 𝜀 = 4𝐿 𝑄𝜁 𝑄 as follows:

P▽
(
𝑖
▽
𝑔 𝑄 𝑄

(𝑃 𝑄 ) ↗ 𝑖𝑔 𝑄 𝑄 (𝑃 𝑄 ) ⇑ 𝐿𝑔

)
↑ exp


↗𝜀𝐿 𝑄 + 𝜀

2/8𝜁𝑄


↑ exp


↗2𝐿2

𝑄
𝜁 𝑄


=𝜁

↗(𝑐+2)/2
𝑄

.

Based on the assumption on data sizes, we can find some 𝑀𝑔 such that 𝜁↗(𝑐+2)/2
𝑄

↑ 𝑀𝑔𝑔
↗(𝑐+2)/2.

Since the case P▽
(
𝑖
▽
𝑄
(𝑃 𝑄 ) ↗ 𝑖̂𝑄 (𝑃 𝑄 ) ↑ ↗𝐿𝑔

)
can be similarly handled, we omit the details. ↭

EC.3.8. Proof of Corollaries 1 and 2

Proof of Corollary 1. We have already shown that 𝑞𝑔𝜆
2
𝑔,W/𝜆2 ⇐ 1 as 𝑔 ⇐ ⇔ holds in

probability, i.e., 𝑞𝑔𝜆2
𝑔,W = 𝜆

2(1 + 𝑧𝛥 (1)). Hence, it su!ces to find technical conditions on 𝜅 and

𝜇 that can guarantee 𝜆̂
2
𝑔,W/𝜆2

𝑔,W ⇐ 1 as 𝑔⇐⇔ in probability, as functions of 𝑔. Recall that 𝜆̂2
𝑔,W

is an unbiased estimator of 𝜆2
𝑔,W. We first claim the following assertion.

Claim. If we have Var▽▽ [𝜆̂2
𝑔,W] = 𝑧𝛥 (𝑔↗2), then 𝜆̂

2
𝑔,W/𝜆2

𝑔,W ⇐ 1 holds in probability. Here, E▽▽

and Var▽▽ stand for expectation and variance for the simulation and bootstrapping error given input

datasets, respectively.
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Proof of Claim. Combining 𝑔𝜆
2
𝑔,W = 𝛾𝛥 (1) with Assumption 3, we have Var▽▽ [𝜆̂2

𝑔,W]/𝜆4
𝑔,W =

𝑧𝛥 (1). For any 𝑁 > 0, we have

P
(
|𝜆̂2

𝑔,W/𝜆2
𝑔,W ↗ 1| > 𝛴

)

= P
(
|𝜆̂2

𝑔,W/𝜆2
𝑔,W ↗ 1| > 𝛴 ,Var▽▽ [𝜆̂2

𝑔,W]/𝜆4
𝑔,W > 𝑁

)

+P
(
|𝜆̂2

𝑔,W/𝜆2
𝑔,W ↗ 1| > 𝛴 ,Var▽▽ [𝜆̂2

𝑔,W]/𝜆4
𝑔,W ↑ 𝑁

)

↑ P
(
Var▽▽ [𝜆̂2

𝑔,W]/𝜆4
𝑔,W > 𝑁

)
+E

[
P▽▽( |𝜆̂2

𝑔,W/𝜆2
𝑔,W ↗ 1| > 𝛴)1{Var▽▽ [𝜆̂2

𝑔,W]/𝜆4
𝑔,W ↑ 𝑁}

]

↑ P
(
Var▽▽ [𝜆̂2

𝑔,W]/𝜆4
𝑔,W > 𝑁

)
+E


E▽▽

[
(𝜆̂2

𝑔,W ↗𝜆
2
𝑔,W)2

]
𝛴

2
𝜆

4
𝑔,W

1{Var▽▽ [𝜆̂2
𝑔,W]/𝜆4

𝑔,W ↑ 𝑁}


↑ P
(
Var▽▽ [𝜆̂2

𝑔,W]/𝜆4
𝑔,W > 𝑁

)
+ 𝑁

𝛴
2 .

Taking 𝑔 ⇐ ⇔ yields limsup
𝑔⇐⇔ P

(
|𝜆̂2

𝑔,W/𝜆2
𝑔,W ↗ 1| > 𝛴

)
↑ 𝑁

𝛴
2 because Var▽▽ [𝜆̂2

𝑔,W]/𝜆4
𝑔,W =

𝑧𝛥 (1). As 𝑁 is arbitrary, we finally have lim𝑔⇐⇔ P
(
|𝜆̂2

𝑔,W/𝜆2
𝑔,W ↗ 1| > 𝛴

)
= 0, which completes the

proof. ↭

Analogous to Lam and Qian [5], let us decompose the simulation output as follows:

𝛽sim = 𝑏(Y𝑚 (1), . . . ,Y𝑚 (𝑙)) ↗EY(𝑘)→𝑖W [𝑏(Y(1), . . . ,Y(𝑙))],

𝛽input = EY(𝑘)→𝑖W [𝑏(Y(1), . . . ,Y(𝑙))] ↗EY(𝑘)→𝑖̂ [𝑏(Y(1), . . . ,Y(𝑙))]

= 𝛷(𝑖W) ↗ 𝛷(𝑖̂),

where {𝑟𝑚 (𝑘)}1↑𝑘↑𝑙 → 𝑖W are a sample of i.i.d. simulation outputs drawn from 𝑖W. Here 𝛽sim and

𝛽input represent the error from the simulation experiment and bootstrapping of the input model,

respectively. Then, from Equation (10) of Sun et al. [10], we have

Var▽▽ [𝜆̂2
𝑔,W]

=
1
𝜅

(EW [𝛽4
input

] ↗EW [𝛽2
input

]2) + 2
𝜅(𝜅↗ 1)EW [𝛽2

input
]2

+ 2
𝜅

2
𝜇

2(𝜅↗ 1)E▽▽ [𝛽2
sim

]2 + 2
𝜅

2
𝜇

3 E▽▽ [𝛽4
sim

]

+ 2(𝜅 + 1)
𝜅

2
𝜇(𝜅↗ 1)EW [𝛽2

input
]E▽▽ [𝛽2

sim
] + 2(𝜅𝜇2 + 𝜇

2 ↗ 4𝜇 + 3)
𝜅

2
𝜇

3(𝜇 ↗ 1) EW [Esim [𝛽2
sim

|𝑖W]2]

+ 4𝜅 + 2
𝜅

2
𝜇

E▽▽ [𝛽2
input

𝛽
2
sim

] + 4
𝜅

2
𝜇

2 E▽▽ [𝛽input𝛽
3
sim

] .

Here Esim represents an expectation conditional on input datasets and W. From the proof of

Theorem 6, we have 𝑞𝑔EW [𝛽2
input

] = 𝜆
2(1+𝑧𝛥 (1)). Under Assumptions 4 and 6 with 𝑐 = 4, one can
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confirm 𝑛
4 convergence, i.e., (𝑞𝑔)2EW [𝛽4

input
] =𝛾𝛥 (1). Additionally, since Assumption 3 implies

that 𝑏 is a bounded function, E▽▽ [𝛽2
sim

] =𝛾 (1), E▽▽ [𝛽4
sim

] =𝛾 (1), and EW [Esim [𝛽2
sim

|𝑖W]2] =𝛾 (1)
hold. Consequently, ignoring the constant and considering the leading factors, we finally get

Var▽▽ [𝜆̂2
𝑔,W] =𝛾𝛥


1

𝜅𝑔
2 +

1
𝜅𝜇

2 +
1

𝜅𝜇𝑔


,

which is identical to Lam and Qian [5]. From this result, it can be easily seen that 𝜅 = 𝜈(1)
and 𝜇 = 𝜈(𝑔) imply 𝑔

2Var▽▽ [𝜆̂2
𝑔,W] = 𝑧𝛥 (1). Combining this with the previous claim proves the

statement. ↭

Proof of Corollary 2. To show this statement, it su!ces to show the following central limit

theorem of 𝛷(𝑖̂), i.e.,
𝛷(𝑖̂) ↗ 𝛷(𝑖)√
𝑞𝜆̂

2
𝑔,W + 𝜆̂2

sim/𝛹
=↙ 𝛿 (0,1).

From Corollary 1, we have 𝑞𝑔𝜆2
𝑔,W = 𝜆

2(1+𝑧𝛥 (1)). Combining this with Theorem 3 and Slutsky’s

Theorem yields 𝛷(𝑖̂)↗𝛷(𝑖)√
𝑞𝜆

2
𝑃,W

↙ 𝛿 (0,1) as 𝑔 ⇐ ⇔. Further, observe that Var[∝𝑔(𝛷(𝑖̂) ↗ 𝛷(𝑖̂))] =
𝑔

𝛹
E[Var[𝛷𝑚 (𝑖̂) |𝑖̂]] = 𝛾 (𝑔/𝛹) as the performance measure 𝑏 is assumed to be defined on the

compact support in Assumption 3. Thus, if 𝛹 =𝜈(𝑔), we obtain
∝
𝑔(𝛷(𝑖̂) ↗ 𝛷(𝑖̂)) = 𝑧𝛥 (1).

Putting all the results together, we can get

𝛷(𝑖̂) ↗ 𝛷(𝑖)√
𝑞𝜆̂

2
𝑔,W + 𝜆̂2

sim/𝛹
=

∝
𝑔(𝛷(𝑖̂) ↗ 𝛷(𝑖̂))√

𝑞𝑔𝜆̂
2
𝑔,W + 𝑔𝜆̂2

sim/𝛹
+

√
𝑞𝑔𝜆

2
𝑔,W√

𝑞𝑔𝜆̂
2
𝑔,W + 𝑔𝜆̂2

sim/𝛹
(𝛷(𝑖̂) ↗ 𝛷(𝑖))√

𝑞𝜆
2
𝑔,W

=
𝑧𝛥 (1)√

𝜆
2(1+ 𝑧𝛥 (1)) + 𝑧(1)

+
√
𝜆

2(1+ 𝑧𝛥 (1))√
𝜆

2(1+ 𝑧𝛥 (1)) + 𝑧(1)
(𝛷(𝑖̂) ↗ 𝛷(𝑖))√

𝑞𝜆
2
𝑔,W

=↙ 𝛿 (0,1),

where the asymptotic notation is derived from 𝑞𝑔𝜆
2
𝑔,W = 𝜆

2(1+𝑧𝛥 (1)) and 𝑔𝜆̂
2
sim

/𝛹 =𝛾 (𝑔/𝛹) =
𝑧(1). This completes the proof. ↭

EC.3.9. Proofs of Theorems 8 and Corollary 3 In this subsection, we study the weak

and moment convergence results that are required to justify the variance decomposition results

introduced in Section 6.2. Recall that we define two functions, 𝑖Y
𝑄

and 𝑖𝛩 𝑄

𝑄
, as

𝑖Y
𝑄
=

𝑔

𝑔 + 𝑔 𝑄

𝑖
Y
𝑔 𝑄

+
𝑔 𝑄

𝑔 + 𝑔 𝑄

𝑖𝑄 and 𝑖𝛩 𝑄

𝑄
=

𝑔

𝑔 + 𝑔 𝑄

𝑖𝑄 +
𝑔 𝑄

𝑔 + 𝑔 𝑄

𝑖𝑔 𝑄 𝑄 .
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for any 1 ↑ 𝑄 ↑ 𝑂. In the following, we will investigate the weak convergence of two empirical
processes induced by the following two distribution functions defined as

𝑖Y := 𝑠̄
Y
𝑔
(𝑖Y

1 , . . . , 𝑖Y
𝑂
) and 𝑖𝛩 𝑄 :=𝑠 (𝑖1, . . . , 𝑖𝛩 𝑄

𝑄
, . . . ,𝑖𝑂).

Furthermore, as counterparts of Theorems 5 and 6, we will provide the convergence of 𝛷(𝑖Y) and
𝛷(𝑖𝛩 𝑄 ), as well as the convergence of their respective Monte Carlo estimators.

Proof of Theorem 8. For each 𝑄 ↓ {1,2, . . . , 𝑂}, (6) and Donsker’s Theorem yield
∝
𝑔

[
(𝑖Y

𝑔
, 𝑖Y

1 , 𝑖Y
2 , . . . , 𝑖Y

𝑂
) ↗ (𝑖,𝑖1,𝑖2, . . . ,𝑖𝑂)

]
=↙ (GP,𝛬

2
1GP1, . . . ,𝛬

2
𝑂
GP

𝑂
)

∝
𝑔 𝑄

[
(𝑖,𝑖1,𝑖2, . . . , 𝑖𝛩 𝑄

𝑄
, . . . ,𝑖𝑂) ↗ (𝑖,𝑖1,𝑖2, . . . ,𝑖𝑂)

]
=↙ (0,0, . . . , (1↗𝛬

2
𝑄
)F𝛩 𝑄

𝑄
, . . . ,0)

holds, where GP and F𝛩 𝑄

𝑄
are Gaussian processes defined in Assumptions 5 and (6), respec-

tively, and recall that GP
𝑄

is defined as the 𝑄-th marginal Gaussian process satisfying GP
𝑄
(𝑃 𝑄 ) =

GP(⇔, . . . , 𝑃 𝑄 , . . . ,⇔) or simply FY
𝑄

introduced in Section 3. Furthermore, a straightforward com-
putation yields 𝑖Y = 𝑗(𝑖Y

𝑔
, 𝑖Y

1 , 𝑖Y
𝑔2 , . . . ,

𝑖Y
𝑔𝑂
) + 𝑧(1) and 𝑖𝛩 𝑄 = 𝑗(𝑖,𝑖1, . . . , 𝑖𝛩 𝑄

𝑄
, . . . ,𝑖𝑂), where

𝑗 is the mapping defined in Lemma EC.2 and the asymptotic relation holds from Lemma EC.3.
Applying the delta method in Lemma EC.2, we have

∝
𝑔

[𝑖Y ↗ 𝑖

]
=↙𝑗

′
(𝑖,𝑖1,...,𝑖𝐿) (GP,𝛬

2
1GP1, . . . ,𝛬

2
𝑂
GP

𝑂
),

= GP ↗
𝑂∑
𝑄=1

𝑌𝑅𝑠 (𝑖1, . . . ,𝑖𝑂)GP
𝑄
+

𝑂∑
𝑄=1

𝑌𝑄𝑠 ⇓𝛬
2
𝑄
GP

𝑄

=C+
𝑂∑
𝑄=1

𝛬
2
𝑄
𝑌𝑄𝑠 (𝑖1, . . . ,𝑖𝑂)GP

𝑄

∝
𝑔 𝑄

[𝑖𝛩 𝑄 ↗ 𝑖

]
=↙(1↗𝛬

2
𝑄
)𝑌𝑄𝑠 (𝑖1, . . . ,𝑖𝑂)F𝛩 𝑄

𝑄
.

Here GP ↗∑
𝑂

𝑄=1 𝑌𝑄𝑠GP
𝑄
= C(𝑖1, . . . ,𝑖𝑂) as in the proof of Theorem 3. Proceeding similarly to

the proof of Theorem EC.5, one can easily confirm

∝
𝑔 sup
x↓supp 𝑏

(((((
𝑙
𝑘=1

𝑖Y
𝑘
(x𝑘) ↗

𝑙
𝑘=1

𝑖Y
𝑘
(x𝑘↗)

(((((⇐ 0,

∝
𝑔 𝑄 sup

x↓supp 𝑏

(((((
𝑙
𝑘=1

𝑖𝛩 𝑄

𝑘
(x𝑘) ↗

𝑙
𝑘=1

𝑖𝛩 𝑄

𝑘
(x𝑘↗)

(((((⇐ 0.

Putting all these results together gives us the following two central limit theorems:

∝
𝑔

[
𝛷(𝑖Y) ↗ 𝛷(𝑖)

]
=↙ ϑ𝑏

VW
∑︁
𝛯
′
𝑖

VW
∑︁
C+

𝑂∑
𝑄=1

𝛬
2
𝑄
𝑌𝑄𝑠 (𝑖1, . . . ,𝑖𝑂)GP

𝑄

YZ
[
YZ
[
,

∝
𝑔 𝑄

[
𝛷(𝑖𝛩 𝑄 ) ↗ 𝛷(𝑖)

]
=↙ ϑ𝑏

(
𝛯
′
𝑖

(
(1↗𝛬

2
𝑄
)𝑌𝑄𝑠 (𝑖1, . . . ,𝑖𝑂)F𝛩 𝑄

𝑄

))
,
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where 𝛯
′
𝑖

is the Hadamard derivative of 𝛯 at 𝑖 introduced in Lemma EC.4. Since ϑ𝑏 and 𝛯
′
𝑖

are continuous, the continuous mapping theorem yields that both limits in (EC.3.9) are centered

Gaussians, i.e.,
∝
𝑔

[
𝛷(𝑖Y) ↗ 𝛷(𝑖)

]
↙ 𝛿 (0,𝜆2

Y) and ∝
𝑔 𝑄

[
𝛷(𝑖𝛩 𝑄 ) ↗ 𝛷(𝑖)

]
↙ 𝛿 (0,𝜆2

𝑄
) for some

𝜆Y and 𝜆𝑄 .

Recall that the weak limit of
∝
𝑔(𝛷(𝑖̂) ↗ 𝛷(𝑖)) is given as

𝛯
′
𝑖
(𝑗′(𝑖,𝑖1,...,𝑖𝐿) (GP,𝛬1F1, . . . ,𝛬𝑂F𝑂)) = 𝛯

′
𝑖
(C(𝑖1, . . . ,𝑖𝑂) +

∑
𝑂

𝑄=1 𝛬 𝑄𝑌𝑄𝑠F 𝑄 ). Combining this

with (6), one can decompose the limit as

𝛯
′
𝑖
(C(𝑖1, . . . ,𝑖𝑂) +

∑
𝑂

𝑄=1
𝛬 𝑄𝑌𝑄𝑠F 𝑄 ),

= 𝛯
′
𝑖
(C(𝑖1, . . . ,𝑖𝑂) +

∑
𝑂

𝑄=1
𝛬

2
𝑄
𝑌𝑄𝑠 (𝑖1, . . . ,𝑖𝑂)GP

𝑄

+
∑

𝑂

𝑄=1
𝛬 𝑄

√
1↗𝛬

2
𝑄
𝑌𝑄𝑠 (𝑖1, . . . ,𝑖𝑂)F𝛩 𝑄

𝑄
).

Taking a linear functional ϑ𝑏 on both sides, combining (EC.3.9) with (EC.3.9) results in

𝛿 (0,𝜆2) 𝑂= ϑ𝑏

(
𝛯
′
𝑖
(C(𝑖1, . . . ,𝑖𝑂) +

∑
𝑂

𝑄=1
𝛬 𝑄𝑌𝑄𝑠F 𝑄

)
,

𝑂= 𝛿 (0,𝜆2
Y) +

∑
𝑂

𝑄=1

𝛬 𝑄√
1↗𝛬

2
𝑄

𝛿 (0,𝜆2
𝑄
),

where all Gaussian distributions are mutually independent. The independence of Gaussian distri-

butions implies 𝜆2 = 𝜆
2
Y +∑𝑂

𝑄=1
𝛬

2
𝑄

1↗𝛬2
𝑄
𝜆

2
𝑄
. Since lim𝑔⇐⇔ 𝑔

𝑔 𝑄
=

𝛬
2
𝑄

1↗𝛬2
𝑄

and 𝜆
2
𝑇
= 𝜆

2

𝑔
(1 + 𝑧𝛥 (1)), we get

𝜆
2
𝑇
=

𝜆

2
Y
𝑔
+∑𝑂

𝑄=1
𝜆

2
𝑄

𝑔 𝑄


(1+ 𝑧𝛥 (1)), as desired. ↭

Proof of Corollary 3. Let us define the resampling counterparts of 𝑖Y and 𝑖𝛩 𝑄 as follows:

𝑖Y
W = 𝑠̄

Y
𝑔,W𝑅

(𝑖Y
1,W𝑅

, . . . , 𝑖Y
𝑂,W𝑅

) and 𝑖𝛩 𝑄

W 𝑄
= 𝑠̄

Y
𝑔
(𝑖̂1, . . . , 𝑖𝛩 𝑄

𝑄 ,W 𝑄
, . . . , 𝑖̂𝑂),

where for each 𝑄 ↓ {1,2, . . . , 𝑂}, 𝑖Y
𝑄

and 𝑖𝛩 𝑄

W 𝑄
are defined as

𝑖Y
𝑄 ,W𝑅

=
𝑔

𝑔 + 𝑔 𝑄

𝑖
Y
𝑄 ,W𝑅

+
𝑔 𝑄

𝑔 + 𝑔 𝑄

𝑖𝑔 𝑄 𝑄 and 𝑖𝛩 𝑄

W 𝑄
=

𝑔

𝑔 + 𝑔 𝑄

𝑖
Y
𝑔 𝑄

+
𝑔 𝑄

𝑔 + 𝑔 𝑄

𝑖

𝛩 𝑄

𝑄 ,W 𝑄
.

Applying the same approach with Corollary 1, it su!ces to show the uniform integrability of

{∝𝑚𝑔(𝑖Y
W ↗ 𝑖̂)}4 and {∝𝑚𝑔(𝑖𝛩 𝑄

W 𝑄
↗ 𝑖̂)}4. Proceeding similarly with the proof of Theorem 6, 𝑖Y
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and 𝑖𝛩 𝑄 counterparts of Assumption 6 with 𝑐 = 4 are su!cient conditions to guarantee the said

uniform integrability. More specifically, it is su!cient to show

supu↓[0,1]𝐿 𝑔(4+𝛽)/2EW𝑅

 (
𝑠̄
Y
𝑔,W𝑅

(u) ↗ 𝑠̄
Y
𝑔
(u)

)4+𝛽 
=𝛾𝛥 (1),

supx↓supp 𝑏
max 𝑄 𝑔

(4+𝛽)/2EW

(𝑖Y
𝑄 ,W𝑅

(𝑃 𝑄 ) ↗ 𝑖̂𝑄 (𝑃 𝑄 )
)4+𝛽

=𝛾𝛥 (1),

supx↓supp 𝑏
max 𝑄 𝑔

(4+𝛽)/2EW

(𝑖𝛩 𝑄

W 𝑄
(𝑃 𝑄 ) ↗ 𝑖̂𝑄 (𝑃 𝑄 )

)4+𝛽
=𝛾𝛥 (1),

sup
x↓supp 𝑏

max
𝑄

PW

[(((𝑖Y
𝑄 ,W𝑅

(𝑃 𝑄 ) ↗ 𝑖̂𝑄 (𝑃 𝑄 )
((( ⇑ 𝐿𝑔

]
↑ 𝑀𝑔𝑔

↗ 4+𝑋
2

when 𝐿𝑔 = 𝑧(1), 1∝
𝑔𝐿𝑔

=𝛾 (1), 𝑀𝑔 =𝛾𝛥 (1),

sup
x↓supp 𝑏

max
𝑄

PW

[(((𝑖𝛩 𝑄

𝑄 ,W 𝑄
(𝑃 𝑄 ) ↗ 𝑖̂𝑄 (𝑃 𝑄 )

((( ⇑ 𝐿𝑔

]
↑ 𝑀𝑔𝑔

↗ 4+𝑋
2

when 𝐿𝑔 = 𝑧(1), 1∝
𝑔𝐿𝑔

=𝛾 (1), 𝑀𝑔 =𝛾𝛥 (1).

As we made the same assumptions with Theorem 7, the first line is straightforward thanks to

Theorem 7. To see the second and third lines, we observe

𝑖Y
𝑄 ,W𝑅

↗ 𝑖̂𝑄 =
𝑔

𝑔 + 𝑔 𝑄

(𝑖Y
𝑄 ,W𝑅

↗ 𝑖
Y
𝑔 𝑄
) and 𝑖𝛩 𝑄

𝑄 ,W 𝑄
↗ 𝑖̂𝑄 =

𝑔 𝑄

𝑔 + 𝑔 𝑄

(𝑖𝛩 𝑄

𝑄 ,W 𝑄
↗ 𝑖𝑔 𝑄 𝑄 ).

Recall that the constant multiples of these terms appeared in (EC.3.7), and we have shown that each

of them is 𝛾𝛥 (1) with 𝑐 = 4. From this, the second and third lines follow.

Similarly, the fourth and fifth lines have been investigated in (EC.3.7), and each of them satisfies

the concentration inequality conditions with the same 𝐿𝑔 and 𝑀𝑔. Therefore, by taking the same 𝐿𝑔

and 𝑀𝑔 with Theorem 7, we can show that the fourth and fifth lines of (EC.3.9) hold, as desired.

↭

EC.3.10. Proof of Theorem 9 (i) In the proof of Theorem 6, we have shown that

supx↓[a,b] EW

[ (∝
𝑔

((
𝑖W (x) ↗ 𝑖̂ (x)

(()2+𝛽] =𝛾𝛥 (1)

for some 𝛽 > 0. Combining this with Jensen’s inequality, we obtain, for each x ↓ [a,b],
((∝
𝑔EW [𝑖W (x) ↗ 𝑖̂ (x)]

((2+𝛽 ↑ EW

[((∝
𝑔

(
𝑖W (x) ↗ 𝑖̂ (x)

) ((2+𝛽] =𝛾𝛥 (1),

which implies that
∝
𝑔{𝑖W (x) ↗ 𝑖̂ (x)} is also uniformly integrable. Hence

∝
𝑔[𝑖W (x) ↗

𝑖̂ (x)] converges to a centered Gaussian distribution in 𝑛
1 sense for each x ↓ [a,b], and thus

lim𝑔⇐⇔
∝
𝑔EW [𝑖W (x) ↗ 𝑖̂ (x)] = 0 in probability.



ec32 e-companion to Kim, Kim, and Fu: Ensemble Copula Coupling for Modeling and Simulation

(ii) The second assertion can also be checked from the similar arguments with Theorem 6.

Observe that ((∝
𝑔


𝛷(EW [𝑖W]) ↗ 𝛷(𝑖̂)

 ((
<→

(((ϑ𝑏

(∝
𝑔

∑
𝑙

𝑘=1
EW [𝑖W,𝑘

] ↗ 𝑖̂𝑘

)(((+ 𝑧𝛥 (1)
= |ϑ|

𝑏

((((∝𝑔 [∑𝑙

𝑘=1
EW [𝑖W,𝑘

] ↗ 𝑖̂𝑘

] ((() + 𝑧𝛥 (1)
<→ supx↓[a,b] EW

[ (∝
𝑔

((
𝑖W (x) ↗ 𝑖̂ (x)

(()2+𝛽] 1
2+𝑋 + 𝑧𝛥 (1) =𝛾𝛥 (1).

Therefore, we can apply the dominated convergence. That is, we have

lim
𝑔⇐⇔

((∝
𝑔


𝛷(EW [𝑖W]) ↗ 𝛷(𝑖̂)

 (( = lim
𝑔⇐⇔

(((ϑ𝑏

(∝
𝑔

[
𝑙

𝑘=1
EW [𝑖W,𝑘

] ↗


𝑙

𝑘=1
𝑖̂𝑘

] )(((
=
(((ϑ𝑏

(
lim
𝑔⇐⇔

∝
𝑔

[
𝑙

𝑘=1
EW [𝑖W,𝑘

] ↗


𝑙

𝑘=1
𝑖̂𝑘

] )((( = 0,

where the last equality comes from assertion (i). This completes the proof. ↭

EC.3.11. Comparison between ECDF and ECC in Terms of Statistical Distances This

subsection presents a theoretical result for comparing the ECDF and ECC approaches discussed

in Section 7.1. Proposition EC.3 below provides limiting distributions of two statistical distances–

Cramér von-Mises (CvM) and Anderson-Darling (AD)–for ECDF and ECC, and then compares

their respective expectations.

Observe that both CvM and AD can be written as

d(𝑤,𝑖) =
∫

(𝑤 (x) ↗ 𝑖 (x))2
𝜉(x)𝑂𝑖 (x),

where 𝜉(x) = 1 for CvM and 𝜉(x) = (𝑖 (x) (1↗ 𝑖 (x))↗1 for AD. Proposition EC.3 below provides

the limiting distribution of 𝑔d(𝑤,𝑖) when 𝑤 ↓ {𝑖𝑔, 𝑖̂}, along with their respective expectations.

P)&0&1#%#&$ EC.-. If distance d(𝑤,𝑖) is either CvM or AD, then

𝑔d(𝑖𝑔,𝑖) =↙Xecdf :=
∫
R𝐿

GP(x)2
𝜉(x)𝑂𝑖 (x),

𝑔d(𝑖̂,𝑖)

=↙Xecc :=
∫
R𝐿
(C(𝑖1, . . . ,𝑖𝑂) (x) +

𝑂∑
𝑄=1

𝛬 𝑄𝑌𝑄𝑠 (𝑖1, . . . ,𝑖𝑂) (x)F 𝑄 (𝑃 𝑄 ))2
𝜉(x)𝑂𝑖 (x).

The gap between the expectations of the two limiting distributions can be quantified as

E[Xecc] ↗E[Xecdf] = ↗
𝑂∑
𝑄=1

(1↗𝛬
2
𝑄
)𝐿 𝑄 ↗ 2

∑
𝑅< 𝑄

(1↗𝛬
2
𝑅
) (1↗𝛬

2
𝑄
)𝐿𝑅 𝑄 ,
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where {𝐿 𝑄 }1↑ 𝑄↑𝑂 and {𝐿𝑅 𝑄 }1↑𝑅, 𝑄↑𝑂 are defined as

𝐿 𝑄 =
∫
[0,1]𝐿

𝑌𝑄𝑠 (u) (1↗ 𝑢 𝑄 ) (2𝑠 (u) ↗ 𝑢 𝑄 𝑌𝑄𝑠 (u)) 𝜉̃(u)𝑂𝑠 (u),

𝐿𝑅 𝑄 =
∫
[0,1]𝐿

𝑌𝑄𝑠 (u)𝑌𝑅𝑠 (u) (𝑢𝑅𝑢 𝑄 ↗𝑠𝑅, 𝑄 (𝑢𝑅,𝑢 𝑄 )) 𝜉̃(u)𝑂𝑠 (u),

where 𝜉̃(u) and 𝑠𝑅, 𝑄 (𝑢𝑅,𝑢 𝑄 ) are defined by 𝜉̃(u) = 𝜉(𝑖↗1
1 (𝑢1), . . . ,𝑖↗1

𝑂
(𝑢𝑂)) and 𝑠𝑅, 𝑄 (𝑢𝑅,𝑢 𝑄 ) =

𝑠 (1, . . . ,𝑢𝑅, . . . ,𝑢 𝑄 , . . . ,1), respectively.

Proof of Proposition EC.3. From Donsker’s Theorem and Theorem 2, we have
∝
𝑔(𝑖𝑔↗𝑖) =↙

GP defined in Assumption 5 and
∝
𝑔(𝑖̂ ↗ 𝑖) =↙ C(𝑖1, . . . ,𝑖𝑂) +

∑
𝑂

𝑄=1 𝛬 𝑄𝑌𝑄𝑠 (𝑖1, . . . ,𝑖𝑂) (x)F 𝑄 .

Applying the continuous mapping theorem proves (EC.3).

Now, we turn our attention to show (EC.3). For notational simplicity, we let 𝑌𝑅𝑠𝑖 :=

𝑌𝑅𝑠 (𝑖1, . . . ,𝑖𝑂). By Fubini’s Theorem, we can interchange the expectation and integration in

E[Xecc] and E[Xecdf], i.e.,

E[Xecdf] =
∫
R𝐿

E

GP(x)2

𝜉(x)𝑂𝑖 (x),

E[Xecc] =
∫
R𝐿

E

(C(𝑖1, . . . ,𝑖𝑂) (x) +

𝑂∑
𝑄=1

𝛬 𝑄𝑌𝑄𝑠𝑖 (x)F 𝑄 (𝑃 𝑄 ))2

𝜉(x)𝑂𝑖 (x).

The inner expectation of (EC.3.11) can be calculated as E[GP(x)2] = 𝑖 (x) (1 ↗

𝑖 (x)). Recall C(𝑖1, . . . ,𝑖𝑂) (x) + ∑
𝑂

𝑄=1 𝛬 𝑄𝑌𝑄𝑠𝑖 (x)F 𝑄 (𝑃 𝑄 ) = GP(x) + ∑
𝑂

𝑄=1(𝛬2
𝑄

↗

1)𝑌𝑄𝑠𝑖 (x)GP(𝑃 𝑄 ) + ∑
𝑂

𝑄=1 𝛬 𝑄

√
1↗𝛬

2
𝑄
𝑌𝑄𝑠𝑖 (x)F𝛩 𝑄

𝑄
(𝑃 𝑄 ). Since GP(x) + ∑

𝑂

𝑄=1(𝛬2
𝑄

↗

1)𝑌𝑄𝑠𝑖 (x)GP(𝑃 𝑄 ),F𝛩1
1 (𝑃1), . . . ,F𝛩𝐿

𝑂
(𝑃𝑂) are mutually independent, the inner expectation of

E[Xecc] in (EC.3.11) can be written as

E

VW
∑︁
C(𝑖1, . . . ,𝑖𝑂) (x) +

𝑂∑
𝑄=1

𝛬 𝑄𝑌𝑄𝑠𝑖 (x)F 𝑄 (𝑃 𝑄 )YZ
[

2
= E


VW
∑︁
GP(x) +

𝑂∑
𝑄=1

(𝛬2
𝑄
↗ 1)𝑌𝑄𝑠𝑖 (x)GP(𝑃 𝑄 )YZ

[
2

+
𝑂∑
𝑄=1

(𝛬2
𝑄
↗ 1)2

𝑌𝑄𝑠𝑖 (x)2E
(
F
𝛩 𝑄

𝑄
(𝑃 𝑄 )

)2

.
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After some algebra, (EC.3.11) can be reduced to

(EC.3.11) = E

GP(x)2

+
𝑂∑
𝑄=1

(𝛬2
𝑄
↗ 1)2

𝑌𝑄𝑠𝑖 (x)2E

GP(𝑃 𝑄 )2 + 𝑂∑

𝑄=1
𝛬

2
𝑄
(1↗𝛬

2
𝑄
)𝑌𝑄𝑠𝑖 (x)2E

[
F
𝛩 𝑄

𝑄
(𝑃 𝑄 )2

]

+ 2
𝑂∑
𝑄=1

(𝛬2
𝑄
↗ 1)𝑌𝑄𝑠𝑖 (x)E[GP(x)GP

𝑄
(𝑃 𝑄 )]

+ 2
∑

1↑𝑅< 𝑄↑𝑂
(𝛬2

𝑅
↗ 1) (𝛬2

𝑄
↗ 1)𝑌𝑅𝑠𝑖 (x)𝑌𝑄𝑠𝑖 (x)E[GP

𝑅
(𝑃𝑅)GP

𝑄
(𝑃 𝑄 )] .

A straightforward computation based on the covariance structures of two Gaussian processes GP

and F𝛩 𝑄

𝑄
simplifies (EC.3.11) as

E

VW
∑︁
C(𝑖1, . . . ,𝑖𝑂) (x) +

𝑂∑
𝑄=1

𝛬 𝑄𝑌𝑄𝑠𝑖 (x)F 𝑄 (𝑃 𝑄 )YZ
[

2
= E


GP(x)2 + 𝑂∑

𝑄=1
(𝛬2

𝑄
↗ 1)2

𝑌𝑄𝑠𝑖 (x)2
𝑖𝑄 (𝑃 𝑄 ) (1↗ 𝑖𝑄 (𝑃 𝑄 ))

+
𝑂∑
𝑄=1

𝛬
2
𝑄
(1↗𝛬

2
𝑄
)𝑌𝑄𝑠𝑖 (x)2(1↗ 𝑖𝑄 (𝑃 𝑄 ))𝑖𝑄 (𝑃 𝑄 ) + 2

𝑂∑
𝑄=1

(𝛬2
𝑄
↗ 1)𝑌𝑄𝑠𝑖 (x)𝑖 (x) (1↗ 𝑖𝑄 (𝑃 𝑄 ))

+ 2
∑

1↑𝑅< 𝑄↑𝑂
(𝛬2

𝑅
↗ 1) (𝛬2

𝑄
↗ 1)𝑌𝑅𝑠𝑖 (x)𝑌𝑄𝑠𝑖 (x)

(
𝑖𝑅, 𝑄 (𝑃𝑅, 𝑃 𝑄 ) ↗ 𝑖𝑅 (𝑃𝑅)𝑖𝑄 (𝑃 𝑄 )

)

= E[GP(x)2] +
𝑂∑
𝑄=1

(1↗𝛬
2
𝑄
)𝑌𝑄𝑠𝑖 (x)2

𝑖𝑄 (𝑃 𝑄 ) (1↗ 𝑖𝑄 (𝑃 𝑄 ))

+ 2
𝑂∑
𝑄=1

(𝛬2
𝑄
↗ 1)𝑌𝑄𝑠𝑖 (x)𝑖 (x) (1↗ 𝑖𝑄 (𝑃 𝑄 ))

+ 2
∑

1↑𝑅< 𝑄↑𝑂
𝑌𝑅𝑠𝑖 (x)𝑌𝑄𝑠𝑖 (x) (𝛬2

𝑅
↗ 1) (𝛬2

𝑄
↗ 1) (𝑖𝑅, 𝑄 (𝑃𝑅, 𝑃 𝑄 ) ↗ 𝑖𝑅 (𝑃𝑅)𝑖𝑄 (𝑃 𝑄 )),
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where 𝑖𝑅, 𝑄 = 𝑖 (⇔, . . . , 𝑃𝑅, . . . , 𝑃 𝑄 , . . . ,⇔). Combining (EC.3.11) with (EC.3.11) yields

E[Xecc] ↗E[Xecdf]

= ↗
𝑂∑
𝑄=1

(1↗𝛬
2
𝑄
)
∫

𝑌𝑄𝑠𝑖 (x) (2𝑖 (x) ↗ 𝑖𝑄 (𝑃 𝑄 )𝑌𝑄𝑠𝑖 (x)) (1↗ 𝑖𝑄 (𝑃 𝑄 ))𝜉(x)𝑂𝑖 (x)

↗ 2
∑

1↑𝑅< 𝑄↑𝑂
(𝛬2

𝑅
↗ 1) (𝛬2

𝑄
↗ 1)

∫
𝑌𝑅𝑠𝑖 (x)𝑌𝑄𝑠𝑖 (x) (𝑖𝑅 (𝑃𝑅)𝑖𝑄 (𝑃 𝑄 ) ↗ 𝑖𝑅, 𝑄 (𝑃𝑅, 𝑃 𝑄 ))𝜉(x)𝑂𝑖 (x)

= ↗
𝑂∑
𝑄=1

(1↗𝛬
2
𝑄
)𝐿 𝑄 ↗ 2

∑
1↑𝑅< 𝑄↑𝑂

(1↗𝛬
2
𝑅
) (1↗𝛬

2
𝑄
)𝐿𝑅 𝑄 .

The last line follows from the change of variables, letting 𝑢 𝑄 = 𝑖𝑄 (𝑃 𝑄 ) for all 1 ↑ 𝑄 ↑ 𝑂. ↭

Proposition EC.3 implies that the di”erences in statistical distance from the true input model 𝑖

to the ECC 𝑖̂ and ECDF 𝑖𝑔 can be expressed as a function of the copula 𝑠 and the asymptotic data

size ratio 𝛬 𝑄 . In particular, 𝐿 𝑄 and 𝐿𝑅 𝑄 in (EC.3) represent the first-order and second-order e”ects of

additional input data, respectively. Corollary EC.1 below presents some properties of the limiting

distribution for general 𝑂.

C&)&33,)4 EC.’. Under the same assumptions in Proposition EC.3, the following two state-

ments hold:

(i) If 𝐿 𝑄 > 0, incorporating additional 𝑄-th marginal dataset via the ECC is beneficial locally

around 𝛬 𝑄 = 1.

(ii) If 𝑠 (u) =∏
𝑂

𝑅=1 𝑢𝑅 (independent input), then we have 𝑠 (u) = 𝑢 𝑄 𝑌𝑄𝑠 (u) and 𝑠𝑅, 𝑄 (𝑢𝑅,𝑢 𝑄 ) = 𝑢𝑅𝑢 𝑄 ,

i.e., 𝐿 𝑄 > 0 and 𝐿𝑅 𝑄 = 0 hold for all 1 ↑ 𝑅, 𝑄 ↑ 𝑂 for both CvM and AD.

Proof of Corollary EC.1. (i) Define 𝑊 (𝛬1, . . . ,𝛬𝑂) = E[Xecc] ↗ E[Xecdf]. Then,

∀w 𝑊 (𝛬1, . . . ,𝛬𝑂) | (𝛬1,...,𝛬𝐿)=(1,...,1) > 0 holds if 𝐿 𝑄 > 0 for all 1 ↑ 𝑄 ↑ 𝑂, which implies that incor-

porating marginal datasets via ECC is beneficial from input modeling perspective. To show (ii), if

𝑠 (u) =∏
𝑂

𝑅=1 𝑢𝑅 (independent input), then we have 𝑠 (u) = 𝑢 𝑄 𝑌𝑄𝑠 (u) and 𝑠𝑅, 𝑄 (𝑢𝑅,𝑢 𝑄 ) = 𝑢𝑅𝑢 𝑄 , i.e.,

𝐿 𝑄 > 0 and 𝐿𝑅 𝑄 = 0 holds for all 1 ↑ 𝑅, 𝑄 ↑ 𝑂 for both CvM and AD, which proves statement (ii). ↭

Statement (i) of Proposition EC.3 provides a criterion for determining whether to incorporate the

additional 𝑄-th marginal dataset: specifically, 𝐿 𝑄 > 0 suggests that ECC should be used to exploit the

𝑄-th marginal dataset, whereas 𝐿 𝑄 ↑ 0 indicates that the additional marginal dataset is not beneficial.

As a special case, Statement (ii) indicates that when the underlying distribution is independent,

integrating additional marginal datasets via ECC by fusing the marginal datasets with the joint data

is always advantageous, regardless of 𝑂.
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As an illustrative example, we focus on the case when 𝑂 = 2 discussed in Section 7.1. Specifically,

for both Clayton and Gaussian copulas, we plot 𝐿1 and 𝐿12 according to the dependence parameter,

say 𝜉. Given 𝜉, each 𝐿1 and 𝐿12 are estimated via Monte Carlo simulation by obtaining 106

samples from copula𝑠 with parameter 𝜉. Figures EC.2 and EC.3 summarize the experiments when

the underlying copulas are Clayton and Gaussian copulas, respectively. Since both Clayton and

Gaussian copulas are symmetric, we have 𝐿1 = 𝐿2 so that only 𝐿1 is presented.
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When 𝑂 = 2, (EC.3) can be reduced to E[Xecc] ↗ E[Xecdf] = ↗(1↗𝛬
2
1)𝐿1 ↗ (1↗𝛬

2
2)𝐿2 ↗ 2(1↗

𝛬
2
1) (1↗ 𝛬

2
2)𝐿12. From Figure EC.2, we can confirm |𝐿1 | > |𝐿12 | for both CvM and AD, which in

turn implies E[Xecc] ↗ E[Xecdf] < 0 for any 𝛬1,𝛬2 ↓ [0,1]. That is, if the underlying copula is

Clayton, the ECC always outperforms ECDF in terms of CvM and AD distances. On the other
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hand, from Figure EC.3, a similar conclusion can be made for the nonnegatively correlated case,

i.e., 𝜉 ⇑ 0. However, under the extremely negatively correlated scenario, 𝐿1 < 0 holds, and there

exists a combination of 𝛬1 and 𝛬2 where ECC underperforms ECDF in terms of both distances.

However, the ECC-based approach is superior from an input modeling perspective for a wider range

of 𝜉.

Appendix EC.4: Additional Numerical Results This section presents additional numerical

results for the experiments conducted in Sections 4 and 7.

EC.4.1. Coverage Tests in the Presence of Model Misspecification (Section 4) Fig-

ure EC.4 reports the results of the same experiment in Section 4, except that the true dependence

structure is not Gaussian but a mixture copula 𝑠 = 0.2𝑠1 + 0.8𝑠2, where 𝑠1 is a 𝑘-copula with

(𝜋,ϖ) = (10,ϖ) and 𝑠2 is a Clayton copula with 𝜉 = 3, with ϖ the same as in Section 4. The results

in Figure EC.4 are similar to Figure 4.
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EC.4.2. Clayton Copula Case in Section 7.1 The extra empirical results omitted in Sec-

tion 7.1 for di”erent (𝜅, 𝜇,𝛹) are given in this subsection.
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EC.4.3. Gaussian Copula Case in Section 7.1 The empirical results for the case where the

underlying copula is Gaussian, which are omitted in Section 7.1, are presented in this section. We

have tested di”erent combinations of (𝜅, 𝜇,𝛹) and 𝜌 parallel to the Clayton copula case.
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F!”#$% EC.10. (Gaussian) Comparison of ECDF and ECC when (𝜅, 𝜇,𝛹) = (100,10,500)
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F!”#$% EC.11. (Gaussian) Comparison of ECDF and ECC when (𝜅, 𝜇,𝛹) = (200,5,500)
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F!”#$% EC.12. (Gaussian) Comparison of ECDF and ECC when (𝜅, 𝜇,𝛹) = (50,20,500)
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F!”#$% EC.13. (Gaussian) Comparison of ECDF and ECC when (𝜅, 𝜇,𝛹) = (20,50,500)
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F!”#$% EC.14. Boxplots of estimated contributions when (𝑔, 𝑔𝑍 , 𝑔𝑈 ) = (200,400,400) and𝑠 is Clayton (Plan 1: Classical bootstrap,

2: Bayesian bootstrap, 3: Subsampling with replacement (𝑞′ = 0.2), 4: Subsampling without replacement (𝑞′ = 0.2), and 5: Dirichlet

subsampling ((𝑞′, 𝐿) = (0.2,1)))
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EC.4.4. Comparison of Resampling Plans Under Di!erent Scenarios. Figures EC.15–

EC.21 display the numerical results for di”erent combinations of (𝜅, 𝜇) and copulas when 𝜌 = 2.
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F!”#$% EC.15. (Clayton, (𝜅, 𝜇) = (200,5)) MSE of 𝑞𝜆̂2
𝑃,W for di”erent W and scenarios.
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F!”#$% EC.16. (Clayton, (𝜅, 𝜇) = (50,20)) MSE of 𝑞𝜆̂2
𝑃,W for di”erent W and scenarios.
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F!”#$% EC.17. (Clayton, (𝜅, 𝜇) = (20,50)) MSE of 𝑞𝜆̂2
𝑃,W for di”erent W and scenarios.
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F!”#$% EC.18. (Gaussian, (𝜅, 𝜇) = (200,5)) MSE of 𝑞𝜆̂2
𝑃,W for di”erent W and scenarios.
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F!”#$% EC.19. (Gaussian, (𝜅, 𝜇) = (100,10)) MSE of 𝑞𝜆̂2
𝑃,W for di”erent W and scenarios.
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F!”#$% EC.20. (Gaussian, (𝜅, 𝜇) = (50,20)) MSE of 𝑞𝜆̂2
𝑃,W for di”erent W and scenarios.
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𝑃,W for di”erent W and scenarios.
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EC.4.5. Additional Experiments for Section 7.2 This section presents the numerical results

for in-the-money and out-of-the money cases. For the in-the-money case summarized in Fig-

ure EC.22 and Table EC.1, we reach the same conclusion as for the at-the-money case, whereas

di”erent behaviors are observed for the out-of-the-money case.

As shown in Figure EC.23, the MoM method outperforms other methods in terms of input

variance and MSE for the entire range of 𝑔 up to 1,000. This is because the out-of-the-money case

depends on the tail region. In such scenarios, even if the model is misspecified, the parametric

model tends to outperform the nonparametric approach for relatively small 𝑔 due to the scarcity

of data in the tail region. However, since the squared bias of the MoM method does not appear to

decrease as 𝑔 increases, its MSE will also not diminish for large 𝑔, so that the ECC-bagged model

should eventually outperform the MoM method for su!ciently large 𝑔.
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F!”#$% EC.22. Comparison of 𝑖̂,EW [𝑖W],𝑖vine
𝑃 when 𝑈 = 150

T&’(% EC.1. Relative bias of 𝛷(EW [𝑖W]) when 𝑈 = 150

Data size
𝑞 = 1 𝑞 = 0.2

Sub w/ rep Sub w/o rep Bayesian Sub w/ rep Sub w/o rep Dirichlet

𝑔 = 100 0.54% 0.74% 0.37% 12.77% 13.02% 10.58%

𝑔 = 200 0.29% 0.39% 0.21% 7.21% 7.31% 6.22%

𝑔 = 500 0.0076% 0.11% 0.036% 3.28% 3.37% 2.89%

𝑔 = 1000 0.0015% 0.036% 0.002% 1.79% 1.86% 1.59%
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F!”#$% EC.23. Comparison of 𝑖̂ (Plain ECC),EW [𝑖W] (ECC-bagged), and 𝑖
vine
𝑃 (𝑈 = 300, 𝑂 = 10)

T&’(% EC.2. Relative Bias of 𝛷(EW [𝑖W]) for di”erent resampling plans (𝑈 = 300)

Data size
𝑞 = 1 𝑞 = 0.2

Sub w/ rep Sub w/o rep Bayesian Sub w/ rep Sub w/o rep Dirichlet

𝑔 = 100 9.39% 8.16% 10.31% 34.46% 36.7% 22.5%

𝑔 = 200 5.63% 4.97% 6.18% 22.08% 23.0% 15.5%

𝑔 = 500 2.42% 2.11% 2.68% 12.14% 12.8% 9.11%

𝑔 = 1000 2.07% 1.88% 2.21% 6.75% 7.24% 5.07%
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