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7 Recapitulation of the Assumptions and Results

7.1 Assumptions

Assumption 3.1 (Lipschitz conditions). There exists an operator H: R% — R% such that for any
fized y € R%, 2 = H(y) is the unique solution of F(x,y) = 0. The operators H, F and G satisfy
the following Lipschitz conditions: ¥ & € R% y1, 1y, € R,

[1H (y1) — H(y2)|| < Lallyr — v, (7.1)
1F (2, 91) — F(H(y1),y1)| < Lrllz — H(y)|,
1G(z,y1) — G(H(y1), y)|l < Lazllz — H(y1),
1G(H (y1), 1) — GH(Y), y")II < Laylly — v |-

Assumption 3.2 (Uniform local linearity of H up to order 14 05). Assume that H is differentiable
and there exist constants Sgr > 0 and 0z € [0.5,1] such that Yy, y2 € R%,

|H(y1) — H(ya) — VH(y2)(y1 — v2)|| < Srllyr — vl 7.

Assumption 3.3 (Nested local linearity of F' and G up to order (1 4 dp, 1+ dg)). There exist
matrices By, Ba, B3 with compatible dimensions, constants Sg p,Sp,c > 0 and 6, dc € (0,1] such
that

1F(a,9) — Bila=H)| < Sor (lo—H@I + ly=y1457) . (72
|G(@,y) — Ba(a—H(y)) = Baly=y")Il < Sn.a (le=H)['7 + [y—y|¥5) . (73)
Furthermore, ||B1|| < Lr, ||B2|| £ LGz, and |Bs3|| < La.y.

Assumption 3.4 (Conditions on step sizes). The step sizes {an}02, and {Bn}5e, together with
their ratios {K, = Bn/on}22y satisfy the following conditions.

(i) Asn — 00, ap, B, kn — 0 and oy, By are decreasing in n.
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(i) 222t =14 O(B,) and B = limy o0 (B 1, — B71) > 0.
(iii) “2=t =1+ O(B,) and “2=2 =14 O(B,).
(iv) na, and np, are increasing in n.

(v) BT = O(ay) and 096 a9 = o(8,,), with 5x, 6p and 8¢ defined in Assumptions 3.2
and 3.5.

Assumption 3.5 (Hurwitz matrices). The matrices By and Bs defined in Assumption 3.5 and

~ : o . i :
the parameter 3 defined in Assumption 3./ satisfy that both —Bi and — (Bg — 5[) are Hurwitz
matrices, i.e, the real parts of their eigenvalues are negative.

Define the filtration (F,)p>1 as

fn = U($07y07€07¢07§171/}17 s afn—lﬂ/}n—l)-

Assumption 3.6 (Conditions on the noise). The noise sequences {&,}02, and {n}2, are mar-
tingale difference sequences satisfying B[, | Fn] = 0 and B[, | Fn] = 0. Their fourth moments are
uniformly bounded, i.e.,

sup E[[€,|* + sup E||¢n[* < co.

n>0 n>0

(énﬁl &@T) £l < % an) _
Assumption 4.1 (Non-asymptotic decoupled convergence). The convergence rates in Proposition 4.1
hold.

Moreover, as n — 00,

E

_|

7.2 Construction

With the errors defined by

we rescale them as follows

T T, N Tn — H(yn) M Un _Yn— Y
Tn 1= = y Yn - =

Qp—1 vV n—1 /Bn—l Bn—l

Then the continuous-time trajectories are defined as

— jn; t = 07

X,(t) = _ym—l B 7.6
© B+ = ZOZ" (Ema1 — Im), tE (Zﬁnl iy Dot 041} for m > n; =

— Un, t=0;

- t— @71 i~ . —
U + L Gt = ), v € (ST B X, B for m = m.



The auxiliary sequence is defined as

A —1a
n — ’inleZBl Tn

Zn = G — /R BaBy Yy = 2 >, (7.8)
/Bn—l
along with the corresponding continuous-time trajectories
_ Zn,s t=0;

< t—S"molg < -
Zm + %(zmﬂ —Zm), t€ (Zgnl Bisd o, @} for m > n.

7.3 Main Results

Theorem 4.1 (Decoupled functional central limit theorems). Suppose that Assumptions 3.1 — 3.6
and 4.1 hold.

(i) The stochastic process X, (-) defined in (7.6) converges weakly to the stationary solution of the
following SDE

dX(t) = ~BiX(t)dt + 5w (). (7.10)

The rescaled iterate &, defined in (7.5) converges weakly to the invariant distribution of (7.10),
i.e., N(0,3;), where ¥, satisfies the following Lyapunov equation

B1%, + S, By = S (7.11)

(ii) The stochastic process Y, (-) defined in (7.7) converges weakly to the stationary solution of the
following SDE

BI <172
dY(t) = — <Bg -5 | Y(®dt + zw/ dW (t), (7.12)
where the matriz i¢ 1s defined as
Sy =Sy — BB 'S¢y — B By "By + BBy 'S¢ By By (7.13)

The rescaled iterate iy, defined in (7.5) converges weakly to the invariant distribution of (7.12),
i.e., N(0,%,), where ¥, satisfies the following Lyapunov equation

(Bg — l32[> Ey + Ey (Bg — 62[> = i¢. (714)

Corollary 4.1 (Central limit theorems). Under the conditions of Theorem 4.1, we have aﬁl/Q(

H(yn)) = N(0,52), Bn (g — y*) = N(0,%,) and o /*(z, — %) = N(0, Sy).

Ty —



7.4 Examples

In the following two examples, we consider the problem of minimizing a strongly convex function f
with a unique minimizer x} := arg min, f(z), using noisy gradient observations.

Example 4.1 (SGD with Polyak-Ruppert averaging). Stochastic gradient descent (SGD), introduced
by [26], iteratively updates the iterate xy by (7.15a). To improve the convergence of SGD, an additional
averaging step (7.15b) is often used [24, 27]

1
_ gna:— — Bn( —a:)wz'thﬁ—L (7.15b)
yn+1—n+1T:O T =Yn n\Yn n n—n+1' .

Example 4.2 (SGD with momentum). SGD with momentum is ubiquitous in machine learning.
We consider a special case of quasi-hyperbolic momentum [13]

Tn41 = Tn — an(wn - Vf(yn) - gn)a

Yn+1 = Yn — Bnlvaxn + (L —v)(Vf(yn) + &) (7.16)

Here v € [0, 1] is an interpolation parameter: when v = 1, the method becomes a “normalized” version
of stochastic heavy ball (SHB) [12, 14]; when v =0, it reduces to SGD.

Example 4.3 (Gradient-based temporal-difference learning). Consider GTD2 and TDC with linear
function approzimation [29].The goal is to estimate the value function V (s) for a given policy using
a linear parameterization V (s;y) = ¢(s) Ty, where ¢(s) represents the feature vector of state s, and
y denotes the parameter vector. Given i.i.d. samples {(sp,Tn, $h) 5% [28], where s, is the current
state, ry, is the reward and s, is the next state, the optimal parameter y can be estimated iteratively
via the following update rules

Tntl = Tp — O (¢(Sn)Txn - pnén)(ls(sn)v (7'17)
Yn+1 = Yn — Bnpn (’YQS(ng) - ¢(Sn))¢(5n)Txn7 (GTD2) (7'18)
Yn+1 = Yn — Bnpn (7¢($;L)¢(Sn)Txn - 5n¢(5n>)a (TDC) (7'19>

where v 1s the discount factor, p, is the importance weight with its explicit form deferred to Ap-
pendiz B.4, and 6, is the TD error defined as 6, = T + (Y0(5)) — &(52)) "y

7.5 Framework of Proof

7.5.1 Derivation of One-Step Recursions

Lemma 5.1 (One-step recursions for &,, and g,). Suppose that Assumptions 3.1 — 3.4 and 4.1 hold.
Define &, := &, — knH*y,. The rescaled sequences {&n}oy and {3y}, defined in (7.5) satisfy the
following relationships
Eni1 = (I — o B1)dn — /anén + RE, (7.20)
gn-‘rl = (I - BnB3 + 5571]) Z]n -V BnanBZ’En -V ann + R% (7'21)



Forany2 <p< m, the residual terms R® and R}, have the following properties: (i)

E||E[R7| Fall = o(vBnan), BRG] = O(Bnan) and E||R;|P = o(an); (i) E|RA|I* = o(87) and
E[|Rn[[P = o(Bn).

Lemma 5.2 (One-step recursion for Z,). Suppose that Assumptions 5.1 — 5./ and J.1 hold. Define
U 1= U — BaBy &, with &, defined in Lemma 5.1. The auxiliary sequences {2,}22, defined in
(7.8) satisfy the following relationships

Fpgl = (I — B,Bs + ﬁgw) Zn =/ Butbn + RZ. (7.22)
Forany2 <p< W‘}véc)ﬂ’ the residual terms RZ have the following properties: E|E[RZ|F,]|| =

o(Bn), E|R|I”> = O(B7) and E||R|P = o(By).

7.5.2 Establishment of Tightness

Proposition 5.1 (Sufficient conditions for tightness). Suppose that {U,(-)}>2 is a sequence of
random functions in C([0,00);RY). Then {U,(-)}22, is tight if the following two conditions hold:

(i) For each positive n, there exist a positive a and an integer ng such that

P(||Un(0)]| > a) <m, Vn > no.

(ii) For each positive T, there exist positive numbers 1,72, c1,co, K such that

|Sft|1+71 |S—t‘1+72

g ec2

P (|Un(s)=Up(®)|| > ¢) < K ( ) , Vs, t€e0,T),Vn,Ve>0. (7.23)

Lemma 5.3 (Tightness). Suppose that Assumptions 3.1 — 3.4, 3.6 and 4.1 hold. The sequences
{X ()30, {Yn()}2, and {Zny (1)}, constructed in (7.6), (7.7) and (7.9) are tight.

n=1-

Proposition 2.1 (Properties of tightness). Suppose that {U,(-)}>2 is a tight sequence of random
functions in C([0,00); RY) and U(-) is another random function in C([0,00); R%).

(i) If the finite-dimensional distributions of U,(-) converge weakly to the finite-dimensional
distributions of U(+), i.e., for each positive integer k and ty,ta,...,tx, > 0, it holds that
(Un(t1), Up(te), ..., Uy(tr)) = (U(t1), U(ta),...,U(tx)), then Uy(-) = U(:) /33, Theorem 3.

(it) Prokhorov’s theorem [/, Theorem 5.1]: Each subsequence of {U,(-)}>2, contains a further
subsequence that converges weakly to some random function in C([0,00); R%).

(111) If each convergent subsequence of {Uy(-)}>2, converges weakly to U(-), then Uy(-) = U(-) /4,
Corollary on page 59].



7.5.3 Approximately Solving of Martingale Problems

Lemma 5.4 (Approximately solving of martingale problems). Suppose that Assumptions 3.1 — 3./,
3.6 and 4.1 hold. For each n, define the following filtrations

J___)-(t _ Fn, t=0; ,
v Fmi1, tE€ (Zf;; g, > az} for m > n;

(7.24)
]_-Z . Fn, t=0;
mt Fm-{—lv te (Z?i;l /Bi’ Z?in /Bl} fOT’ m>n.
(i) For any f € C*(R%) and t > 0, with A* defined as
1
A f(@) = (=B, Vf(x)) + 5tx(V2f(2) Te), Vf € C2(R%), (7.25)

we have the following decomposition
¢
FRalt) = FR0) = [ 477K, (5)) ds = 2] 6) + RE ),

where for each n, Mfl(t) is a martingale w.r.t. (]:r)},t)tzo and for each t, E]Rﬁ(tﬂ — 0 as
n — 00.

(i) For any g € C2(R%) and t > 0, with AY defined as

AVg(y) = <—<B3 - %)y Vg(y)> + %tr(wg(y) Sy), Vg € C2(RM), (7.26)

we have the following decomposition
— — t —
9Za0) = 9Z0) ~ | A0 (2(3)) ds = M8(0) + RY(D),

where for each n, M3(t) is a martingale w.r.t. (.7-"3t)t20 and for each t, E|R%(t)] — 0 as
n — oo.

7.5.4 Integration of Pieces
Proposition 5.2 (10, Chapter 4, Theorem 8.10). Suppose that the generator A is defined as

Af(z) = — (Bx, Vf(z)) + %m«(v? F@)%), Vf € C2(RY. (7.27)

and the following conditions are met.
(i) Given the initial distribution, the martingale problem for (A, C?(R%)) has a unique solution.
(ii) {Un()}22, is a tight sequence in C([0,00); R?).

(111) U, (0) = U(0).



(iv) For anyk>1,0<t; <ty <---<t, <t<t-+s, and f,h1,ha,..., h € C>(R?),

t+s

i B (U4 5)) = F(Ua(0) -

k
AU ar) [Trsvnen| =0. (29
i=1

Then we have Uy, (-) = U(+).

Corollary 5.1 (FlCLT for the auxiliary sequence). Under the conditions of Theorem .1, the
stochastic process Zn(-) defined in (7.9) converges weakly to the stationary solution of the SDE in
(7.12).

A Intermediate Results about the Assumptions

This section presents some intermediate results about the Assumptions, with their proofs deferred to
Appendix C.1.
Assumption 3.2 is equivalent to the Holder continuity of VH.

Assumption 3.21 (§y-Holder continuity of VH). Assume that H(-) is differentiable and there exist
constants Sgr > 0 and dp € [0, 1] such that Yy, ys € R%,

IVH(y1) — VH(y2)|| < Snllyr — /. (A1)

Proposition A.1 ([15, Proposition}]). Suppose that o € [0,1]. Under Assumption 3.2,

Assumption 3.2 holds with Sy = - under Assumption 3.2, Assumption 3.2t holds with

Su
1+’
5y 5

Sy Sy
Sy =290 /T+ 6y (%) * Sy (we make the contention that (%) =1 if g =0).

Under Assumption 3.1, Assumption 3.3 can be replaced by the following weaker condition, which
requires local linearity only in a neighborhood of (z*, y*).

Assumption 3.31 (Nested local linearity of F' and G up to order (1 4+ dp,1 + d¢)). There exist
matrices By, By, B3 with compatible dimensions, constants Sp p,Sp,a >0, € >0, and dp, ¢ € (0,1]
such that for any (w,y) satisfying max{||e — H()|, lly - y*[1} < e,

|F(z,y) — Bi(x—H(y))|| < Sp,F (Ilw—H(y)H”‘;F + Hy—y*H”&F) , (A2)
1G(z,y) — B2(x—H(y)) — Bs(y—y*)|| < S (IISE—H(y)IIMG + IIy—y*!\1+5G) . (A3

Proposition A.2. Suppose that Assumptions 3.1 and 3.3 hold. Then Assumption 3.3 hold with
Lp+| Bl Lot Ball+Lc,y+I Bsll }

e9F ¢

Sp,r replaced by max {SByp, } and S, replaced by max {5'37@,

Moreover, the nested local linearity can be derived from the following standard local linearity.

Assumption 3.3} (Local linearity up to order (140, 14+0¢)). There exists matrices A11, A12, A1, Ao
with compatible dimensions, constants Sa p,Sa,q >0, € >0 and o, 0¢ € (0,1] such that for any

() satisfying max{]la — |y ~ y*[}} < <,
IF(e,y) = An(e = 2%) = Awaly — 5| < Sar (o — 27798 4 ly =y 140F) - (A4)

Gz, ) — Aa(x — %) = Azaly — )| < Saq (le = ™15 + y — 7| H9) . (A5)

7



Proposition A.3. Suppose that Assumptions 3.1, 3.2, and 3.31 hold and A1y is invertible. If we
further assume dg > 0 V 0c, then Assumption 3.3 holds with parameters

By = Ay1, By = Ag, Bs= Ay — Ay Al A,
L+ |Anl| + LrLy + ||A12]|
le]|oF

Lgo + [|A21|| + Lao L + La,y + [|A2z||
el '

SB,F :SA,F+ —i—LF(SH\/QLH),

Sp.a=5Saac+ LG’z(SH V 2Lp).
The following propositions suggest that with the Lipschitz conditions, we can always select a
lower order without compromising the validity of Assumptions 3.2 and 3.3.

Proposition A.4. Suppose that (7.1) holds. If Assumption 3.2 holds up to order 1+ 0g, then it
also holds up to order 1+ 0% for any 0 € [0,dm].

Proposition A.5. Suppose that Assumption 3.1 holds. If Assumption 5.3 holds up to order
(140,14 0¢), then it also holds up to order (14 6%, 1+ 0g,) for any 6 € (0,6F) and o € (0,6¢).

With Assumptions 3.2 and 3.3, we can decompose these operators as linear parts and higher-order
residual terms.

Proposition A.6 (Operator decomposition). Suppose that Assumptions 3.1 — 3.3 hold. With &,
and Uy, defined in (7.4), for any 8% € (0,0F], o¢; € (0,0g| and 0% € (0,0, we have the following
results.

(i) Fwnyn) = Buitn + RE with |RE|| = O(aal % + |13 +%F).
(ii) G(Tn,yn) = Bady + Bajn + RS with | RS | = O(||2,]|"+06 + || +06).

(iit) H(yni1) — H(yn) = H*(Yns1 — yn) + BT + R with H* = VH(y"), | BR[| = O([lyn41 —
Yall'*01) and RYM = (VH (yn) = VH(y*)(Yn+1 = Yn)-

Remark A.1 (Implications of Assumption 3.4). We can derive the following results from Assump-
tion 3.4.

o0 o0

o Assumption 3.4 implies B, = Q(1/n) and o, /By = w(1). Then we have > an = Y. By = 00,
n=0 n=0

which is a ubiquitous condition in the SA analysis to ensure convergence to the target solution

[9, 11, 18].

o Note that ;11— = B,k =By o = Bty (Rn— k) +rn (B3 =50 1) = Brfrkngr (-
Kn/Kn+1) + /in(ﬁ;%l — B ). If we define & := limn%oo(a;il —a; 1) then we have & = 0. This

is why the choice of step sizes does not affect the SDE in (7.10). The parameters B and & also
appear frequently in previous analysis [11, 18].

Remark A.2 (Linear case). If F and G are linear operators, implying H is also linear. the
residual terms in Proposition A.6 vanish. Under this scenario, for Lemmas 5.1 and 5.2, as well
as Theorem /.1, to hold, Condition (v) in Assumption 3.4 is no longer necessary. Moreover, the
requirement for the boundedness of fourth moments can be relaxed to p-th moments for any p > 2.
For polynomially diminishing step sizes o, = ag(n 4+ 1)~% and B, = Bo(n + 1)~ with a,b € (0,1], it
suffices to ensure b/a > 1.



B Omitted Details for Section 4

In this section, we present more details for the construction in Section 4.1 and the examples in
Section 4.3.

B.1 Non-asymptotic Convergence Rates

We first give the formal statement of Proposition 4.1.

Proposition B.1 (Non-asymptotic convergence rates, [15, Theorem 3|). Suppose that Assump-
tions 3.1 — 3.6 and the following strong monotonicity conditions hold:

(i) There exists a constant up > 0 such that for any y € R% and x € R%,
(v — H(y), F(x,y) — F(H(y)y)) > prlle — H(y)|*
(ii) There exists a constant ug > 0 such that for any y € R%,
(y—y" G(H(y),y) = GH (), y") = nelly - y*I*.

Then we have E||Z,||* + E||ga||* = O(a2). If we further assume b/a < 1+ 0p/2 in the step

n
size selection of Example 3.1 and ag and By are properly chosen, we have E|#,|? = O(an) and

Regarding the comparison between strong monotonicity and Assumption 3.5, strong monotonicity
is a non-asymptotic condition that guarantees convergence from arbitrary initializations, whereas
Assumption 3.5 is a local condition that guarantees only the asymptotic behavior. As for the
additional requirement for the step sizes, we guess that this is due to proof techniques in [15] and is
not inherent to the problem itself. Although [15, Assumption 7| imposes an additional condition
on the step sizes, for a, = ag(n +1)"% and B, = Bo(n + 1)~ with suitably chosen o and fy, this
condition holds for all sufficiently large n and therefore does not affect our asymptotic analysis.

Moreover, in the linear setting, [16]| derives a sharper control of the slow-iterate error by working
with the norm induced by the solution to an appropriate Lyapunov equation, rather than the
Euclidean norm. We expect that extending this technique to the nonlinear case could lead to tighter
non-asymptotic convergence rates.

B.2 Details for the Construction

In this subsection, we present an equivalent expression of the construction in (7.6), (7.7) and (7.9)
for ease of subsequent proof. We first introduce some necessary notation inspired by [12, 22].

Definition B.1 (Time interpolation). For the step size sequences {an,}5° and {fn}oe, n,n’ € N
with n’ > n and t > 0, we define

n'—1

Lo = Z ag, N¥(n,t) := max {m >n: Ty, < t} , and t) = FiNa(n,t),
k=n
n'—1

0 = B, N9(n,t) = max {m >n: Ty, < t} cand £ =T o0
k=n

Forn' <n, we stipulate T, = Fg =0



Fact B.1. Under Definition B.1, we have the following properties.

(i) Forn; <ng <mns, I' +Ie =TI

a
ni,n2 n2,n3 ni,n3’

(i) Form >n, N*(n,T5 ) =m.

(iii) ty <t <ty + anamy. Whent =Ty . for somem >n, t =tg.
(iv) Asn — oo, if ay, — 0, then t& 1 t.

Similar properties hold if the superscript is replaced by [.

In other words, I'Y |, denotes the accumulation of the step sizes from n-th iteration to (n' — 1)-th
iteration. N%(n,t) is the maximal integer such that Fi Ne(n,t) < t. We define this value by ¢/, which
can be viewed as an approximation of ¢ from the left.

The following lemma characterizes the magnitude of N%(n,t) and N3(n,t).

Lemma B.1. Suppose that Assumption 3.4 holds. There exist two positive constants c, and cg such
that for anyt > 0 and n € N,

n < N%(n,t) < 2®/cHly and  n < NP(n,t) < of2t/ca]+1,,

As a corollary, #?t) < 2l2t/cal+1 gnd # < of2t/es]+1.
*(n, NB(n,t)

Lemma B.1 shows that under our assumptions, both N%(n,t) and N”(n,t) are of the order
©(n). This property is useful for establishing the tightness in Section 7.5.2. For the polynomially
diminishing step sizes, we can further sharpen this description, as stated in the following proposition.

Proposition B.2. If a;, =
and NP(n,t) —n = 0(nP).

and B, = (niionﬁ with 0 < a,b < 1, then N*(n,t) —n = ©(n%)

[&70]
(n+1)

The proof of Lemma B.1 and Proposition B.2 is deferred to Appendix C.2.
Fact B.2. Under Definition B.1, X,,(-) defined in (7.6) satisfies the following properties.

(i) Form >n, X,(TY, ) = &

n,m

(i1) Xn(t) = Kn(t2) + 25 (X (88 + anapny) — Xn(t2)).

AN (n,t)
(i) Form >n andt € [y, T} 1), X (t) = .
Similar results also hold for Y, (-) and Z,(-) defined in (7.7) and (7.9).

Remark B.1 (Discussion on the interpolation). For the way of interpolation in our works, [11] also
adopts the linear interpolation while [5, 12, 22] uses two different interpolations for different parts.
Since both aya(,y) and 5N5(n7t) converge to 0 as n — 0o, different interpolation methods make no
difference in the asymptotic sense in our setup. We choose simple linear interpolation for analytical
simplicity such that each trajectory is continuous in time.

10



B.3 An Upper Bound for the Exponential of a Hurwitz Matrix

Proposition B.3. Suppose that —A is a Hurwitz matriz, i.e., the real parts of the eigenvalues of —A
are negative. Then there exist M,b > 0 such that |[e=4|| < Me=% Yt > 0. In particular, define P :=
I e A e~ Aqt Then M and b can be set as M := vV Amax(P)/Amin(P) and b := 1/(2Amax(P)),
where Amax(P) and Amin(P) denote the largest and smallest eigenvalues of P, respectively.

Proposition B.3 shows that the decay of |le=4*|| is governed by the condition number and
the largest eigenvalue of the Lyapunov matrix P. By definition, P is positive definite. In the

special case where A is symmetric positive definite, we have Apax(P) = ﬁ and Apin(P) =

m. Consequently, M = \/Amax(A)/Amin(A) and b = Apin(A). Therefore, for any e > 0, if

_ max min —
t > Amin(A4)7!log| Y A (AE)/)‘ (4) , then |le AtH < e. Thus, larger A\pin(A) (and a smaller

condition number Apax(A)/Amin(A)) corresponds to faster convergence to stationarity. The proof of
Proposition B.3 is deferred to Appendix C.2.

B.4 Details for Examples

For Assumption 3.6, the dominant source of stochasticity in the optimization/RL examples is
mini-batch (or sample) noise, which generally depends on the current iterate (x,,y,). The moment
conditions in Assumption 3.6 are ensured when the iterates remain in a bounded region; this is
standard in stochastic approximation and can be enforced, when needed, by a projected (or truncated)
variant of the algorithm. Such a modification does not change the local asymptotic behavior as long as
(z*,y*) lies in the interior of the projection set, so the projection is inactive in a neighborhood of the
limit. Moreover, mean-square convergence implies (z,,y,) — (z*,y*) in probability; combined with
standard continuity /uniform integrability conditions on the noise moments, this yields convergence
in probability of the corresponding conditional covariance quantities.

For Assumption 4.1, the verification for Example 4.1 is provided in the main text. For the
Examples 4.2 and 4.3, the strong monotonicity conditions required in Proposition B.1 are satisfied as
well. Moreover, as discussed after Proposition B.1, the conclusion continues to hold with appropriately
chosen step sizes.

B.4.1 Details for Example 4.3

Consider an infinite-horizon MDP M = (S, A, P, R,v) with discounted rewards, where S and A
denote the (finite) state space and action space, respectively, and 7 € [0, 1) is the discount factor.
The transition kernel P: S x A — A(S) specifies the probability distribution over the next states for
each state-action pair (s,a) € S x A, where P(-|s,a) € A(S) denotes the distribution of transitions
from state s when action a is executed. The (possibly random) reward function R: S x A — [0, 1]
represents the immediate reward received from state s when action a is taken.

A policy m: § — A(A) maps each state to a probability distribution over actions. Its quality is
assessed via the value function

V7i(s) = E[Z’VtR(St,at) |so = s, ar ~7(|a), sev1 ~ P([st,at)|,
t=0

which gives the expected discounted cumulative reward for following policy 7 from initial state s.
The process of estimating V™ for a fixed policy 7 is known as policy evaluation. When the data is
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generated under a different policy 7 to establish the value function V™ of m, the task is referred to
as off-policy evaluation |30]. When |S] is large, directly estimating V™ becomes computationally
infeasible. Instead, V™ can be approximated using a parameterized function. A straightforward
approach is linear function approximation, where V7™(s) ~ V(s;y) = ¢(s) "y, with ¢(s) representing
the feature vector of state s [§|.

To find the optimal parameter y, both GTD2 are TDC are derived by minimizing the mean squared
projected Bellman error through SGD [29]. In Example 4.3, given i.i.d. samples {(sy, an, R(Sn, an), sh)}o2,
with a, ~ m(+|sn) and s, ~ P(-|sp, an), we define r, = R(syn,ay), and p, = % Note in this
setting s, does not necessarily equal s, 1. The importance weight p, adjusts for the mismatch
between m and 7. This weight does not appear in the original formulations of GTD2 and TDC
in [29] due to the use of a sub-sampling procedure [23]. We incorporate this weight in update rules
(7.17)—(7.19) to align with subsequent works, e.g., [19, 34].

As discussed in Section 4, deriving iw in (7.12) requires analyzing the asymptotic covariance of
Vp — Bnglgn. Suppose (z,, yn) converges to (x*,y*) in probability, as guaranteed by the results
in [23]. For GTD2, we have By = C and By = — AT, leading to

n D2 = BaBr ey = —(Ay —AT )z + ATCTH(Ca—C)an + (An—A)yn — (bn—b)]
= ATCTH (A, A7 D — by) 4 0p(1)

For TDC, By =C and By =D" =C — A". Then

wgDC - B2B1_1§n = (DI_DT)xn + (An—A)yn - (bn_b)
—(C = ANC(C—C) iy + (A —A)y,, — (by—b)]
= ATCHALATD — by) + 0,(1).

Thus, both GTD2 and TDC share the same ip-

B.5 Q-learning with Polyak-Ruppert averaging

We continue with the notation in Appendix B.4 and restrict our attention on finite state space and
action space. For a fixed policy 7, its Q-function is defined as

o0

Q" (s, a) := E[Z’th(st,at) [s0 =5, ao = a, spr1 ~ P([st,ar), aryr ~m(ary1) |,
t=0

which is the expected discounted cumulative reward for following policy 7 from initial state s and
initial action a. For fixed s and a, define the expectation of reward as r(s,a) = E[R(s,a)]. The
optimal Q-function is defined as Q* = max, Q™ (s,a) and is the unique fixed-point of the Bellman
optimality equation

Q(S> a) = T(Sv (I) + VES’NP(-\s,a) 01}12)5‘ Q(S/7 a,) = (TQ)(Sv (I).

Viewing Q as a vector in RISIMI we define the Bellman optimality operator 7 : RISIMI — RISIMI a5
the right-hand side, then Q* is the unique fixed point of T, i.e., Q* = T Q*.

Q-learning is a model-free algorithm to seek the optimal @Q* [32]. Similar to Example 4.1,
Polyak-Ruppert averaging could improve the convergence rate [21]. We focus on the synchronous
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setting where a generative model produces independent samples for all state-action pairs in every
iteration [17]. Then tabular Q-learning with PR averaging can be written as

Tn1 = Tn — an(Tn — Tn + &), an =ap(n+1)7% a€(1/2,1),

R 1 (B.1)
yn+1=n+1;)wr = yn_ﬁn(yn_wn)a Bn:n+1-

The recursion (B.1) is therefore an instance of two-time-scale SA with F(z,y) = « — Tz and
G(z,y) = y — x. Consequently, z* = y* = Q*, and the unique solution of F(z,y) = 0 is given by
H(y) = Q*, where Q* is the unique fixed point of 7. Since G is linear, it suffices to verify the local
linearity condition for F'.

To this end, we introduce the greedy policy induced by Q: for any @, define mg(- | s) by
mo(a|s) =1{a € argmaxyeca Q(s,a’)}. When the argmax is not unique, we break ties arbitrarily
(e.g., at random) to obtain a deterministic policy. Let 7* := mg+ denote the (deterministic) optimal
policy. Viewing r as a vector in RISIMI| we can write

TQ=r+~vyP"Q, P(Z?a),(s’,a’) =P(s' | s,a)mo(d | §).
If the optimal policy 7* is unique, then there exists L > 0 such that, for any @,
[(P™ = PT)(Q - Q)||.. < LIQ—Q*[3% [21, Lemma B.1].

Intuitively, the uniqueness of 7* implies that, whenever @ is sufficiently close to Q*, the greedy
policy mg coincides with 7*; since the set of deterministic policies is finite, the Bellman optimality
operator becomes locally affine around @Q*.

For F(z,y) = x — Tx, we have H(y) = Q* and hence

Fla,y)=a—Tr=(z- Q")+ (TQ - Ta) = (x — Q") + vP* Q* — yP™x,

where 7, denotes the greedy policy induced by z (with a fixed tie-breaking rule), and we use
TQ =r+~P™Q. Let By := I —~yP™ . We claim that

IF(z,y) = Bi(z — Q") < 7vLllz — Q*[|3%. (B.2)

Since all norms are equivalent in finite dimensions, the same bound also holds for the Euclidean
norm up to a dimension-dependent constant. We defer the verification of (B.2) later.

With (B.2), Assumptions 3.1 — 3.5 holds with 6p = dg =6y =1, By =1 —yP™ , By = —I and
B3 =1I. Since v € [0,1) and P™ is a transition matrix, the eigenvalues of B; have positive real parts
and —Bj is Hurwitz. By [20, Theorem 2|, we can obtain E|z, — Q*||* = O(a2) and conquently
E|z, — Q*||*> = O(ay,). A remaining issue is whether one can further show El|y, — Q*|*> = O(1/n).
Since [21] establishes the asymptotic distribution of v/n, (y, — @*) and the rate E|y, — Q*|oc =
O(n~1/2), we believe this gap can be filled.

This example is similar to Example 4.1, except that F(x,y) is not the gradient of an objective
function and Bj is not symmetric. Moreover, unlike [21], which establishes the FCLT for the
partial-sum process via a uniform rescaling, our results yield an alternative characterization based
on an iteration-dependent scaling. Following the analysis in Example 4.1, one can also obtain that,
within the family of weighted averages with 3, = nﬁ—fl, the vanilla average (5o = 1) is asymptotically
optimal in the sense of minimizing the estimator’s asymptotic covariance.
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Now we verify (B.2). Note that
F(z,y) — Bi(z — Q") = [(x — Tz) — (I —vP™ )(x — Q%)] =~v(P™ — P™)a.

For each (s, a), we have

[(P”* - P’r*)x] (s,a) = Z Z P(s' | s,a) x(s/,a/)(w*(a/ | 8') — me(d | s/))

s'eSa’eA
= Z P(s | s,a)(Z 7 (a" | (s, a") — maxx(s',a')) <0,
s'eS a’'eA a'eA

by the definition of the greedy policy. Therefore, F'(z,y) — Bi(z — Q*) < 0 elementwise. Moreover,
we can decompose

(P™ — P™)z = (P™ — P™)(z — Q%) + (P™ — P™)Q".

By the same argument as above, (P™ — P™)Q* > 0 elementwise. Combining the two elementwise
inequalities yields

’(Pﬂ'* . Pﬂ';c)x‘ < (Pﬂ"c _ PW*)(I — Q*) elementwise,
and hence

IF(2,y) = Bi(z = Qoo < v[[(P™ = P7)(z = Q") , < 7Lllz — Q"II%,

where the last inequality follows from |21, Lemma B.1].

Finally, we note that a closely related example is SSP Q-learning, which is designed for average-
reward MDPs [1]. SSP Q-learning can also be interpreted as a two-time-scale SA scheme, where the
fast iterate corresponds to the Q-function and the slow iterate tracks a reference (baseline) variable.
This example has been analyzed within the two-time-scale SA framework in [7]|. Verifying whether
SSP Q-learning satisfies our local linearity condition is left for future work.

C Omitted Proofs for Auxiliary Results in Appendices

C.1 Proofs for Appendix A

Proof of Proposition A.2. We first prove the inequality for F'.
Suppose that (A.2) hold for max{|lz — H(y)|, ||y — v*||} <e. fmax{||lx — H)|, |y — y*||} > &, we
can divide into the following two cases.

(i) ||z — H(y)|| > e: From the definition of H, we have F(H(y),y) = 0. Then we have
1F(z,y) = Bi(z = H(y))l| < |1 F(z,y) = F(H(y), y)ll + | Bulll|lz — H(y)|l

Lp + || B
gdF

(a)
< (Lr+ Bz = H(y)| < lz = H(y) | r,

where (a) applies the Lipschitz condition of F' in Assumption 3.1.
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(i) ||z — H(y)|| < € and ||y — y*|| > : Similar to the former case, we have

IF(z,y) — Bi(x — H(y))|| < (Lr + |B1l)llz — H)|| < (Lr + [|B1|D)lly — v*||
Lp + || B1]|
N A ly — y*||*+or.

In sum, if (A.2) hold for max{||z — H(y)||, ||y — v*||} < &, we can remove this requirement by replace

LF+||31||
£ Sp

Next, we focus the inequality for G. Suppose that (A.3) hold for max{||lx — H(y)|, ||y — v*||} < e.
Since z* = H(y*), we have G(H (y*),y* = 0). Then we have

1G(2,y) — B2(x—H(y)) — Bs(y—y"))|
<||G(z,y) = GH(y), Yl + |GH (y),y) — GH(Y"), y")|l
+ |1 Ballllz — H)Ill + | Bsllly — v ||

Sp,r with max{S’R P,

b
< (Laa + |BalDllx = H(y)l| + (Lay + [ BslDlly — 7l

—
=

where (b) applies the Lipschitz condition of F' in Assumption 3.1. If max{||z — H(y)||, ||y — v*||} > ¢,
we can divide into the following three cases.

(i) [l — H(y)|| > € and [ly — y*|| < e: We have

|G(2,y) — Ba(x—H(y)) — Bs(y—y"))ll <

(Lga+ 1Bzl + Lay + 1Bl |x — H(y)||
LGx + || Ba|| + Lay + || Bs||

h e — H()| ™.
(ii) [[x — H(y)|| < e and ||y — y*|| > e: Similar to the former case, we can obtain
Lga + ||Bo|l + Lay + || Bs|| .
G (2, y) — Ba(a—H(y)) — Bs(y—y"))|| < —= o ly —y*||" 0.

(iii) ||lx — H(y)|| > € and ||y — y*|| > e: we have

1G(z,y) — Ba(z—H(y)) — Bs(y—y"))l

< Laa+ 1B Loy + || Bs .

< Loe 1By, pgyprese o Lot 1By, s,

In sum, if (A.3) hold for max{|lz — H(y)||, |y — y*||} < €, we can remove this requirement by replace
Sp.c with max {537 La, z+||BQH+LG y+||BSH} -

gG

Proof of Proposition A.3. For F, Since ||z — H(y)|| < ||z — =*|| + |[H(y*) — H(y)|| < ||l — 2*|| +
Lylly — y*| and F(H(y),y) = 0, we have

1F(x,y) — An(z — 2%) — Awa(y — y)|
< ||[F(z,y) — F(H(y), »)ll + [Aullllz — 2™ + A2/l ly — 7]
< (Lr+ [[AnlDlle = 2% + (LrLa + [[A2lDlly — v7[I-
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For G, since G(H (y*),y*) = 0, we can also obtain

1G(,y) — Aai(z — 27) — Aza(y — y7)|
<G, y) — G(H(y), v)ll + |IG(H (), y) = GH(y"), y") |
+ [ Awnlllle — 2™ + | Ax2lllly — y”|
< (Laa + [[Anlllz — 2% + (Loolu + Loy + [[A22l)lly — vl
Then similar to the proof of Proposition A.2, we can remove the requirement max{||z—x*||, ||ly—y*||} <

Lp+||A11|l+Lr L+ A12]
[ERE

¢ by replacing Sa r with 5',47}7 = max{SA,F, } and replacing S4 ¢ with

Lg,o+|A21|l+Lg o Lu+Lay+| A2z
[EIRE

Proposition 2| and the proof therein. O]

5‘,470 ;= max {SA,G, } For the remaining proof, please refer to 15,

Proof of Proposition A.J. Combining (7.1) and Assumption 3.2, we have
|H (y1) = H(yz) = VH(y2) (1 = v2)l| < Sullys = v - min {lys = ya1*, B |

with Ry = 2SL—HH For any ¢%; € [0,0g], if |ly1 — y2||°# < Ry, then we have

S—0" /
IH (1) — H(y2) — VH(y2) (1 — v2)| < SuRy " llyr — 2|08

otherwise, we have
& ’
IH (1) — H(y2) — VH(y2)(y1 — v2)|| < SuRullyr — voll < SuRu /Ry |lyr — ol .

Thus, by replacing Sy with maX{S HR(;;F(S}{ ,SuRm/ Rgf}, Assumption 3.2 holds up to order
1+ 8. O

Proof of Proposition A.5. For ease of exposition, we let & = x — H(y) and § = y — y*. First, these
assumptions imply

1F(z,y) — Bit|| = |[F(z,y) = F(H(y),y) — Bil| < 2Lr|| 2| + - [|9],
1G(z,y) = Ba = Bsg)|| = Gz, y)=G(H(y), y) + G(H(y), y)—G(H(y"), y") — B2i—Bs{|
< 2LG a2l + 2La yll91],

where ¢ is an arbitrary positive constant. In the following, we only prove that (7.3) holds after
replacing dg with 0 € (0,0¢). The proof for (7.2) is similar.

If (i) Spcl)'**e < 2Lgq |2l and Spelgll' ¢ < 2Layllgl or (i) Spall2l'™°¢ > 2La.ql|2]|
and Sp | 9)1T%¢ > 2L |9, we have

|G(,y) — Bai — Byp)l < min { Sp.alla] 7% + Sp.allgl| ¢, 2La. 7] + 2Lay 9]}
= min { 5.6/l *¢, 2Le,0|13ll } + min { 5.9, 2Lay 191 |

. . . 2L¢, . _ . 2L¢,
= saclal - min {210, 252+ 500l -in { 1P, 2292 |
B,G B,G

) )
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Then the remaining proof is similar to that of Proposition A .4.

If neither of (i) and (ii) holds, without loss of generality we assume Sp ¢||#['T%¢ < 2L¢.|#||
and Spg||9'*%¢ > 2Lg,||g|l. This implies |#| < ¢; := (2Lg/SB.c)Y% and ||j| > ¢, =
(2Lay/SB.c)Y% . Then we have

|G(,y) = Bad — Bap)l| < min { Sp.cllal% + Sp.allgl| ¢, 2La 7] + 2Lay 311}

< 2Lgo||#]] 4+ 2Layll9ll < 2Law o + 2Lay 9]l

2Lg ,c 2L¢g N /
< ( 1+§6’ -+ 5 ’y> 9]+
G G
c y

y
Thus (7.3) holds with d¢ and Sp ¢ replaced with o and 2L1Cj;§gz + 2LGy respectively. O
Cy y

Proof of Proposition A.6 . We first prove Part (i). By Assumption 3.3 and the definition of Z,, and 9,
in (7.4), we have || F (2, yn) — B1@n|| < Sp.a(||@nl*T0F +||9a]1T0F). Setting RE = F(2pn, yn) — B1dn
yields that ||RE || = O(||@,[|**9F + |9 ' T9F). By Proposition A.5, for any 8% € (0, 5], we also have
IRE|| = O(|| ]| + [|§n]*+%F). The proof of Part (i) is Slmllar to that of Part (i) by setting
RT? = G(xna yn) — Boiy, — B3yp.

For Part (iii), we first set R = H(yn+1) — H(yn) — VH (Yn)(Yn+1—yn). Then by Assumption 3.2
and Proposition A 4, for any &%, € (0,0g], we have |RZ|| = O(||yni1 — ynl* o). With RYH =
(VH(yn) = VHY)(Yn+1 = yn), we have H(yni1) — H(yn) = H* (yns1 —ya) + RYT + R O

C.2 Proofs for Appendix B.2

Proof of Lemma B.1. We first prove the result for the sequence {f3, }. From the definition of N (n,t)
in Definition B.1, we must have Nﬁ(n,t) > n. Then the monotonicity of nS, in Assumption 3.4

implies 3 5” < Nﬁr(l”’t). It remains to derive the upper bound of %'
NP (n,t)
From Assumption 3.4, we have —’Bg:ll =1+ 0B = 1+ O(Br-1). It follows that ,8%1 =
,Bnl_l +0(1) =--- = O(n), implying 8, = Q(%) Consequently, there exists cg such that 8, > % for

any n € N. Meanwhile, for a fixed n, there exists a unique integer k(n) such that ok(n)—1 < pp < ok(n),
Then we have that for any &' > k(n),

1 1 1 cg
52;4+1+-~+/32k/+1205 2k’+1+2k’+2+"'W 2?-

It follows that with m(n) := 2k(")+[2t/°51,

m(n) 2k(n)+[2t/c5—| o
s
N E RS
1=2k(n) 1

From Deﬁnition B.1, we have N®(n,t) < m(n) = ok(m+[2t/¢s]  Recall that n > 25091, Tt follows
that (n t) < 2[2t/85—‘+1
For the sequence {a,}, Assumption 3.4 guarantees that na, is non-decreasing and “2=1 =

ol =

1+o0(Bn) = 14 O(ay). Then following similar procedure, we have that there exists ¢, > 0 such that

an < N*(n,t) < Q[Qt/ca]+l. 0
RS

aNa(n,) —
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Proof of Proposition B.2. The proof for N®(n,t) and N%(n,t) is identical and without loss of

Bo
(n+1)8°

generality, we focus on the latter. Recall the definition of Fﬁm in Definition B.1, for 8, =
we have Fgm = Zzl:m_l f—g

If B =1, then TS, = S5, ., & (ﬁo log L, 8y log %). From the definition of N%(n, ) in

. s
Definition B.1, we have Fn,Nﬁ(n,t) < t and Fn,NB(n,t)+1 > t. Then we have log % <t/By <
NB(nt)+1
n

log and consequently
n(et/P —1) =1 < NP(n,t) —n < n(e/Po —1) 4 et/ 1

Thus, N°(n, )—n—(t/ﬁo—l)n"‘()

If 8 < 1, then an = e L kﬂ c < 506((m+ D8 — (n+ 1)1—5)’ %(ml—ﬁ . nl—ﬁ))_ From
Fi,Nﬁ(m) < tand F N#(n) 11 = b We can obtain
H/0=#) 1/(-5)
(1= B)/Bo+n' | 1SN nt) < (1= B)t/Bo+ (o D)) -,

For the left-hand side, we have [(1 — 8)t/B8 + n' 7] VA8 1 —p 1+ (1- B)tn_(l_ﬁ)/ﬁo] Y=6)_

1 = n+tn?/By+o(n?). For the right-hand side, similarly, we have [(1 — 8)t/By + (n + 1) 77] V=8 _
1 =n+1tn?/By+ o(n?). In sum, we have N°(n,t) —n = O(n"). O

Proof of Proposition B.3. Since —A is a Hurwitz matrix, the Lyapunov equation A" P+PA = I has
a unique symmetric positive definite solution P € R%*? [3, p. 475]. Define pmax := Amax(P), Pmin :=
Amin(P), 6(P) := Pmax/Pmin. For any z € RY set y(t) := e~ A%z, Differentiate

d
(W@ " Py(t) = —y(t) (AT P+ PAYy(t) = —|ly(®)]|*.
Using ||y||? > prjax y' Py gives %( (t)TPy(t)) < —Iﬁaxy(t)TPy(t). Then Gronwall’s inequality

yields y(t) T Py(t) < e="/Pmaxy(0) T Py(0) < e /Pmoxpyay|y(0)|*. Hence, with y(0) =

1
le™IP = sup [leHa]? < sup ——(e~Aa) T P(emAlr) < DIt/ = o(p)et/pmas,

|lz||=1 [|lz||=1 Pmin Pmin

where the first inequality is because P — pninl is positive semidefinite. Then one can check the
solution to AT P+PA = I;is P = [° e=Ate=Atdt which is well-defined [3, Theorem 7.5]. Therefore

we have
1

le= || < Me™™, ¥t >0, with M := \/k(P),b:= o
pmax

O

Derivation of P(supy<;<7 ||[Yoo(t)|| > M) < §

For ease of notation, we omit the subscipt of Yo, and assume Y(-) = (Y'(:),Y2(),..., Y% )T
is a stationary d,-dimensional OU process. Then each component Y?(-) is a mean-zero Gaussian
process. For a fixed T, by Borell-TIS inequality [2, Theorem 2.1.1], we have that for all u > 0,

P ( sup Y'(t) > E sup Y'(t)+ u) < exp (— u? , ) :

0<t<T 0<t<T 2supg<i<r E(Y'(1))?
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Similarly, P (— infOStST X(z (t) > —-E infOStST Yl (t) + U) < exp <— 25up0<t<1;2E(Yi(t))2) . Note that

supg< ;<7 | Y'(t)| = max{supy<,;<7 Y'(t), — info<i<r Y*(t)}. By Dudley integral inequality [31, Theo-

rem 8.1.3], we can obtain an upper bound for Esupy<;<r Yi(t) and —Einfo<;<7 Y*(t) and denote
this bound as Ap. Then we have

. u2
Pl sup |Y'(t)| > Ar+u | <2exp| — : .
(ogth Y@l 2supg<;<7 E(Y'(1))?

Let M = /dy(Ar + ). Then we obtain

dy
P\ sup [[Y($)[| > M sup Z (YO@)? > M* | <P Y sup (YO (1) > M?
0<t<T O<t<T i—1 0<t<T

0<t<T

2
< 2d, exp <—21;2> ,
T

where o2 = SUpP1<ij<d, SUPo<t<T E(Y'(t))%. It suffices to set § = 2d, exp (—%) and we obtain

M = \/dy(Ar + or\/2log(2d,/9)).

D Omitted Proofs for the Main Theorem

dy
< ZIF’ ( sup (YO (£))? > M?/df,) o ( sup [YO(1)] > M/@)
. 0<t<

D.1 Proofs in Section 7.5.1

In this subsection, we give the proof of the one-step recursions in Section 7.5.1. Since the proofs of
both Lemmas 5.1 and 5.2 are closely related, we combine their proof together.

Proof of Lemmas 5.1 and 5.2. The proof is structured into three parts: we derive the one-step
recursion first for g, followed by In, and finally Z,. To begin, we take the update rules for z,, and
Un, as outlined below.

Tpt1 = Tn — anF(Tn, Yn) — anén + H(yn) — H(Yn+1), (D.1)
Unt+1 = n — BnG(H(Yn), Yn) + Bn(G(H (Yn), Yn) — G(Tn, Yn)) — Bntbn. (D.2)
Part 1: One-step recursion for g,. By Proposition A.6, we can rewrite the update rule of g,
n (D.2) as
Gni1 = (I = BuBs)in — PuBain — futhn — BuRRy). (D.3)
Then from the definition of ¢, and (D.3), we have

gn-‘,—l = ﬁgl (I /BnB?) -V Bnan 132$n \/ﬁTﬂPn - @Rg
= (I /BnBS + % ) gn -V BnanBQfEn - \/Ewn + R%v (D4)
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where

R% = < B -1- IBﬁn) gn + (/Bn —V /Bnﬁn—l)Bngn

ﬁn 2

=R, =R, 5
’ ’ (D.5)

+ (\/Bnan - \/5nan—1)B2-fn - \/ERS .

~- 7 N~

:132,3 :ZRZA
By Assumption 3.4, we have
Vo = VU BB = 8,0 = 1+ B+ ol8m)

15 Bt o8 =1+ 222 4 o3,

W=l 11 0(8), =l _ 14+ 0(8,). (D.6)
Oy, Rn

1/2 3 2 1/2 .
It follows that |RY || + |R,| = o(Ba)llgnll = o(Bx/*)gull and ||RY,| = OB an?) || =

O(Bn )||mn|| Meanwhile, by Proposmon A.6, we have ||R 4|| = (55/2)(|| n||1+5G + ||ynH1+5G).
Note that in Assumption 3.4, we require ast9¢ = o(f,,). Then we have

(1+dc)/2 & 1143, TR
N N Qn ”an ¢+ ||yn|| @
IR = 0B lall + 05D Nnll + On) =g+ =iy — (D7)

By Assumption 4.1, it follows that E||E[R}|F,]|| < E| R4l = o(8,) and E|| R} ||? = o(82). Moreover,
by Proposition A.5, we have that (D.7) holds with dg replaced by dg/2. For 2 < p < it
follows that

1+5 TFoq/2

E|[RYIP = 0(Bn) + 0(Bn - 85" /0k?S/%) = o(5),
where the last step is due to p — 1 > p/2 > pdg/2.

Part 2: One-step recursion for %,. By Proposition A.6, the update rule of Z,, in (D.1) can
be rewritten as

Eny1 = (I — anB1)Zn + H* (Yn — Ynt1) — ann — RXH - Rg - O‘nR5

D.3 N N
(1 — 0By + BuH By + BuH* By — 0 + B H
—RY? R _ o, RF + 3, H*RC.

Then from the definition of Z,, we have

Oy —
jn—i-l = ol (I - O‘nBl + 5nH*BQ)-i'n + an 15nH*B3yn vV Oéngn an H*wn
a, NG
1 1 5
Van T ag Vet e
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= (I - anBl)in - \/@gn + pr (D9)

where én =& — knH* Y, =&, — %Hﬁﬁn and

RI = ( ¥n-1 1) T+ (n — \/QnQn—1)B1Z, + an_lﬁnH*Bgi‘n

(7% Qp
—RE. —R? —iRT
5 i X ’ X ’ 5 (D.10)
n—1 * - VH F n * G
H* B3y, — RY" — —vVanR, + —H*R/
o, Ot B = e " Van
—_——
=Ry, =Ry 5 =Ry s =R7 7 =R g
By (D.6), we have ||R} ||| + [| R} |l = O(Bn)||Zn]l = (ﬁnaﬁl 2)||:cn|| By Assumption 3.4, we have

|RE a1+ 115 4]l = OBa) 2l + OB *)lgall = O(Bucn™*) (]l +[1ginll). For B 5 and R,
from the definition of Fn, Assumption 3.1 and Proposition A.6, we have
IELRY | Fall = (VH (yn) = VH(y")E[Yyn-+1 — yalFal|
= Bull(VH (yn) = VH ()G, yn) | < BuSt |9l |G (@, yn)
IRV < Sellgall™ lyns1 — yall
IR = Ollyns1 — yal "),
G (@, yn)ll = G (@, yn) = GH (yn), yn) + G(H (yn), yn) — G(H(y"), y") ||

n |,
”yn+1 - yn” < ﬁn||G($nuyn)H + ﬁn”djn”

Then by Young’s inequality and Jensen’s inequality, we have

B[RS, 51 Fall = O(Bna, ) (2l 4 |[gall'+0),

é 0 é
1B 51 = OBnar ) I2all™ 4 [gall™*° + 115 14all)
1B 6l = OB o 2) (|2all ™05 + 1150 + b F0H).
Moreover, Proposition A.6 also implies [|R ;|| = (9((171/2)(||xn\|1+5F + 19a]|*+%F) and ||R® sl =

O(Bra _1/2)(\@“\\”% + || ||*9¢). Summarizing the above results, we obtain

B[RS Falll = OBnar ) ([2all + 19a]l) + OBucr, ) (2l + [[gall ")
+ OB, 01 o 2) a0 + O (/) (|2l "HF + 1 gal0F)
+ O(Bnag2) (a0 + (109,
B3| = OUEIR|Falll) + O(Buc )19l 1]

(D.11)

Note that Assumption 3.4 requires alt%F = o(3,), ,(11+6H)/2 = O(ay). By Assumption 4.1, we

have E|[E[RZ|F]|l = O(Bn + B an " + ap %) = o(\/Bnan). Meanwhile, since §, € Fi,
Assumption 3.6 implies E||g, |24 [[1n]|? = O(E||§,|?%#). By Assumption 4.1, we have E||RZ||? =
O(B2 + 3201 a1 4+ a219F) = O(Byan,). Moreover, by Propositions A.4 and A.5, we have that (D.11)
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holds after replacing 05, dF, d¢ with 07 /2,0r/2,0G/2 respectively. For 2 < p <
can check E||R}[|P = o(ay,).

4
Tr (0 Vorvag) /2 e

Part 3: One-step recursion for Z,. From the definition of Z, and the update rules of g, and
Zp in (D.4) and (D.9) , we have

Znt1 = Ynt1 — VEn B2 By g
(I BnBs + /85”1) (20 + /Fn_1B2 By Yin) — \/Bucin Bodin — \/ Buton + RY,
— VAR BaBr (I = anB1)an — Vo + R
= (1 — BuBs + 55”1) — /Bt + RZ,

where t,, := ¢, — BoBy '€, = (I + knBaBy ' H*)¢p, — BoBy '€, and

RZ = (\/Fn_1—/Fn) B2 By Y&, — \/Fn_1Bn(B3—B1/2) BBy Yiip, +RY. — \/fin B2 By ' RE.

—. Rz —. Rz
7‘Rn,1 7'Rn,2

By (D.6), we have || R7, ||+ R}, o (Bn)||Zn]|- Moreover, from the definitions of Ry, and R% in (D.5)
and (D.10) and the analysis in Parts 1 and 2, we can obtain E||E[R?|F,]|| = o(8,), E|RZ||?> = O(52)
and E||R%||? = o(5,) for 2 <p < O

4
1+(6H\/6FV(Sg)/2 .

D.2 Proofs in Section 7.5.2

In this subsection, we give the proof of Proposition 5.1 and Lemma 5.3 in Section 7.5.2. The main
challenge lies in establishing the tightness of {Y,,(-)}%2,, which is detailed in Part 3 of this proof.
First, we emphaze that
With Definition B.1, the construction in (7.6), (7.7) and (7.9) can be equivalently expressed as
follows

n=1»

— 7.6) _ t—ty .
X (1) o TNo(nt) + Nt (ENa(mt)+1 — ENa(ng))
k) X)
. R i« (
7.20 x(n t t Ind
720 T e + (E—th) (‘Bli’Na(n,t) + aj:;;:;) - mfNa (n,t)-
B
_ (7.7) . t—1tn ,. -
Yo(t) =" 9nsn /8N5 (yNB(n,t)H — INB(nt))
(7.21)

RY B
. NB(n,t t—tn
= Gns g T (1) ( )] -

UNB(ny) (Y

< — B3 + B;):QNB(M) +
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(ZN8 (41 = ENB(np))
) . 7
BI RNﬁ(n,t)] = - @)

( — B3+ f)ZNﬁ(n,t + mwl\fﬁ(nﬂ'

2 ) BN5 (1)

Proof of Proposition 5.1. For each U,(-), if we restrict the domain as [0,7] for a fixed T > 0,
then Uy (-)|jo,r) is also a random function in C([0,T];RY). Equip C([0,T]);R?) with the norm
pr(f,9) = maxo<i<r ||f(t) — g(t)||, we can similarly define the tightness of {Un(‘)|[0,T]}ZO:0 as
Definition ??. [33, Corollary 5] guarantees that {U,(-)}32, is tight in C([0, c0); R?) if and only if for
each integer j > 1, {Un(')‘[o,j]}zo:o is tight in C(]0, 5]; R%). Then it suffices to establish the tightness
of {Un(-)|[07ﬂ}:j:0 for each j > 1.

To this end, we resort to [4, Theorem 7.3|. Although this theorem only focus on C([0,1];R), we
can generalize it effortlessly to C([0, j]; R?). Then it suffices to verify that for any e,17 > 0, there
exists 0 € (0, 1) such that

B (n,t)

IP’< sup |Un(s) — Un(t)| > 5) <n, VYn>ng.
s,t€[0,5]: |s—t|<d

e\ 1/ (14+m) ep\ 1/ (1472)
By (7.23), we can set § = min { (7’261(1) ! ; <772€K2) b 70-5} to ensure K (61521 + 5:;2> <
UL -

Proof of Lemma 5.5. We begin by proving the tightness of {X,,(-)}5%;. The tightness of {Z,(-)}>,
oo

can be established using a similar approach. Finally, we address the tightness of {Yn(-)}nzl, which
is the primary challenge in this proof.

Part 1: Tightness of {X,,(-)}22;. Note that Assumption 4.1 implies E||X,,(0)||? = E|,||*> =
O(1). Then by Markov’s inequality, the first condition in Proposition 5.1 holds. Now we verify the
second condition. Without loss of generality, assume 0 < ¢ < s < T. From the definition of X,,(t) in
(X), we have

R% _ g
S S X) . a . Ne(n,s S—5, =
Xn(s) - X'fl(t) = TNe(n,s) + (8 - §n) <_leN“(n,s) + OlNa(( ;) - e )gNa(n,s)
Ria(n t—t -
B ﬁN&(n’t) B (t B tg) <_BliNa(n’t) + aNa((nf))) T a]\/a}i t) fN&(mt)
N%(n,s)—1 x
. R¥ RYa(n
(720 { Z o <—B1i“k + k) —(t—t) <_B1.fz'Noz(n7t) =+ “ N ’t)>
k=No (n,t) Ok QANa(n,p)
R?\[a - N%(n,s)—1 R
+ (S - §$L[) <_Bljf'N°‘(n,s) + Oé]\/'a((7))> } - { Z V gk
"8 k=No(n,t)

t—1to - §—8Y =
— ———&No@ms) T §N°‘(n7s)}
QN (n,t) QA Ne(n,s)

e ¥} —t,s

_. gllam) _ g
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The first term can also be expressed as

1 N R Ria(np)
B = S o (Blcbk + ’“) + [ana(ny — (t —t9)] (Blnga(n,t) 1 >
k=N (n,t)+1 Xk QN (n,t)

« ~, Rjzva(nvs)
+ (3 - §n) _Bll'Nﬂ(n,s) + :
QNa(n,s)
Note that ¢’ — (') < aye(mey for ' =t,5. Then we have 0 < aya(yy) — (t —15) < aya(yy) and

0 <s—sp < apa(yg)- It follows that

N®(n,s)—1

z.n . Rw a . Rf\f"‘ n,t
HBSS " < Z ay || Brdy — —E|| + [ana(my — (t —t3)] (‘Blﬂczva(n,t) + lnt) )>
k=N (n,t)+1 Ok AN (n,t)
Ry
a -, *(n,s)
+ (s —5p) [|Bi@nams) — ——
( ) N (n.s) ANa(n,s)
N%(n,s) R?
< Z ag || B12g — —£]. (D.12)
g
k=N<(n,t)

By Assumption 4.1 and Lemma 5.1, we have that

212 2 2 E| Ry ti
sup E HB1:En — —|| <2||B1||* sup E||Z,||* + 2sup 5 — <Oy (D.13)
n Qp n n (674
for some C% > 0. Applying the Cauchy-Schwarz inequality, we obtain
2
N%(n,s)
(D.12) R
B P < E( D ap||Bui - E
k=Na (n,t) k
N%(n,s) N%(n,s) R 2
< vk
< Z o, Z aiE ' By, o
k=N(n,t) k=N(n,t)
N 2
(D.13) N (ns) " 5 (@ 9
< Cl Y ar| <CH(s—t+20m)° < Ki(s —t)?, (D.14)
k=Na(n,t)

where there exists K7 such that (a) holds for any n because a,, — 0.
To deal with the second term, we need the following Burkholder’s inequality.

Proposition D.1 (Burkholder’s inequality, [6]). Fiz any p > 2. Let {X}.}1<x<n be a finite R4 -valued
martingale difference sequence with sup; <<, E[|Xz||P < co. Then we have

E

p 1 ) n ) £
< |o-nvo 1] E(;HX;CII) ,

n
DX
k=1
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which together with Jensen’s inequality imply

n p 1 P n
b __
E[S x| < [<p—1>vp_J ARSI X (D.15)
k=1 k=1

: 4
With P S (2, W} , We have

(D.15) ,  Nns) o,
E|EM P < CYIN(n,s)— N*(n,t) + 1571 Y oEJI&]P,
k=N(n,t)

, P
where we have used t’ 1/} < aya () for t’ = t, s and the constant number is C}' = [(p —1)V zﬁ

To further derive the upper bound, we control different terms separately as follows.

e For N%(n,s) — N*(n,t) + 1, From the definition of N%(n,t') in Definition B.1, we have

N*(n,it')—1 N%(n,t")

o ap <t'< > o fort’ = s,t. Note that ay is decreasing in k. It follows that
k=n k=n

N%(n,s)—1 N (n,t) N%(n,s)—1
s—t> Z ag — Z ay = Z ar > (N%(n,s) = N%(n,t) — 2)ayap,s)-

k=n k=n k=Ne(n,t)+1
Thus,
—1 —t+3
No(n,s) = N%(n,t) +1< ——' 4 3< 5110
QANo(n,s) QANa(n,s)
Na(nas) P Na(n»s) P
e For > «f, since N*(n,t) > n and oy is decreasing in k, we have 3 af <
k=N<(n,t) k=N<(n,t)
B_l NQ(TL,S)
an > ag. From the analysis in the first bullet, we have
k=N%(n,t)
N%(n,s) N%(n,s)—1 N%(n,t)
Z ap = Z Qg + na(n,s) — Z ag + anapg <8 —t+ 2a.
k=N(n,t) k=n k=n
Thus,
N%(n,s) » -
af <oy (s—t42a)
k=N(n,t)

e For E||£k||p, from the definition of &, = &, — ki H*y, and Assumption 3.6, there exists Cgi >0

such that ~ ‘
sup E[¢ 1" < C¢'.
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Combining the above bounds yields

B[P < CHCL [N*(n,s) — N*(n, ) + 15~

N \'U
(]
Ql\?\

p_1
<cfic <t+3a”)2 B

AN (n,s)

ti vt 2 Qn i
< ClCE(s —t+ 3an)t [ —2n—
QN (n,s)

(a) ti ~ti it ) £
< CyCECy (s —t+3an)? < Ka(s —t)2, (D.16)

where (a) uses Lemma B.1 with C# = 2([2T/cal+1)(p/2-1) ith ¢, specified therein, and there exists
K5 such that (b) holds for any n.
Combining (D.14) and (D.16) with Markov’s inequality, we have

P (|Xn(s) = Xa(®)ll 2 €) <P (IBE™I = 5) + P (I > 5)

1z, —_
< SEIBER + 2Rl

< S(Ky V K>) [(8 ;Qt)Q N (s ;pt)zz)] '

This upper bound verifies the second condition in Proposition 5.1. Consequently, {X, (- ) 100, is tight.

Part 2: Tightness of {Z,(-)}>2 ;. Note that in the proof of Part 1, the only place we employed
Lemma 5.1 is (D.13) and in fact, we only require E||RZ||? = O(a2). Moreover, the dimension d,
would not affect the proof. The tightness of {Z,(-) oo, follows from a similar procedure by applying
the residual bounds in Lemma 5.2.

Part 3: Tightness of {Y,(-)}2%;. Note that Assumption 4.1 implies E||Y,,(0)||? = E||#.]/* =
O(1). Then by Markov’s inequality, the first condition in Proposition 5.1 holds. Now we verify the
second condition. Without loss of generality, we assume 0 <t < s < T. For ease of notation, we

define By := Bs — % From the definition of Y,,(¢) in (Y), we have

RY s
_ B (Y) . ~ NB(n,s S — Sn
Y(s) = Ynl(t) = Gins(ns + (5 — 55) (—Bsyw(n,s) + o )> -

%wNﬁ(n,s)
5]\[[3 TL,S) /BNB(’VZ,S)

RY 3
NB(n,t t—1in
( )> + YNNG (n,t)
\/ BNB (i)

; NA(nt) 1 -
Ba N (n,s) + (t— 1) MBQ{L‘NB(n,t)

— Ny — (E— th) ( B3yNﬁ(nt B

8 QANB(n,s)
—(s—s )
( ) Bns (n,s)

(7.21) - ~ RY ~ Ry, (n,t)
= Z Bk <—Bz?)k + 5:) —(t—th) | —Bsinogny + 57—

k=NB(n,t)
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_ R 5 NP8 (n,s)
+ (5 —sp) <—B327Nﬂ(ns N(ns)> } - { Z \/57«%

BNa (ns) k=N (n,t)
8 B Nﬂ (n,s)
t—1in — Sp
————=UNB(n) T ¢Nﬁns)}—{ Z Bk\/lg Bozy,
\/m BN8(n,s) k=N8(n.t)
(= 1B [ DD Bog et (5 —50), | NS g
(t=tn) BNB (1) 22N ) + 2 BNB (n,s) AN (me2)

= BM" — W B,

For the first and second terms, similar to the derivation of (D.14) and (D.16), with p €

(2, m , there exist K3, K4 such that for any n,

P
2

E|BY™ |2 < Ka(s —1)> and  E|[®"|P < Ky(s —1)5. (D.17)

Main difficulty. The main difficulty lies to how to deal with the last term B(Qx " If we adopt
a similar procedure of deriving (D.14) by the Cauchy-Schwarz inequality, we could only obtain

NB(n,s)
EIBEIP<(s—0 | Y 82| S6-1? max 5
K=NP (n,t) B k>NB(n,s) 5k

Since Assumption 3.4 (i) implies max; > ys(, 5) k/Br — 00 as n — 0o, this upper bound becomes
ineffective.

Solution approach. To address this issue, we need to provide a more precise characterization
of Bg?f’n). A natural approach is to further expand each ;. While this idea is feasible, it leads
to more complex calculations, as each #; depends on both #;_1 and 9;_1. Below, we outline the
detailed process.

To begin, we define another term B,(l0 = Z V/BrBaZy. Here, we use the unrescaled iterate

k=ng
to simplify the subsequent calculations. Given that & = Zy/\/ak_1, it follows that B,%w%l =

v/ Brag_1Baky, which demonstrates that this term is closely related to B(Qw n) , as shown in the

k no
following equation

R AR (2 BNj(nt))BszB(n )
NB(n,s)—1
(o B QNB (n,s) Bai s (n.s) + Z \/>< / 1) Boiy.
Bnan,s) k=N (n,t)
By the Cauchy-Schwarz inequality, we have
2

Nﬁ (n,s)
E Z \F<‘/ 1) Boiiy,
k=NB(n,t)
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NB(n,s)—1

NP8 (n,s)—1
S| X o)) ¥ (/o = 1) Bl Baia?
=NB(n,t) k=N58(n,t)

In (D.6), we have shown that ,/ - —1 = o(fx). Assumption 4.1 implies E|| B2z |? = o(1).

Moreover, ¢/ — ()2 < 8 N8y for t' =1, 5. Summarizing the above results and following a similar
procedure as (D.14), we can obtain that there exists K5 such that

EBLS™ - By

N8 (n,t),NF(n,s) 1H2 < Ks(s — t)? (D.18)

(23: n) and B(Qx)

for any n. This inequality controls the difference between B, N8 (nt), N () —

From now on, we always assume ng = N%(n,t) and n; = N®(n,s) — 1 and It remains to deal

with the term B%m?)h Recall that the update rule of ;, is shown in (D.8). For ease of notation, we
define A, := I — By + B H* By, &, := &n — BuH*Yy /oy, and RE := RYY + RT o, RF — 5, H*RS .
Then the update rule of Z,, can be rewritten as

jjn—l—l = Ani'n + BnH*B?):gn - O‘ngn - RrxL
Applying this equation multiple times yields

m n+m—1 ,n+m—I—1
i‘ner = <H An+mz>£n + Z < H An+mz> (BZH*B?)Ql - O‘lél - Rf)

i=1 I=n =1

It follows that

k—ng k—1 ,k—I-1
no n1 Z \/7B2 < H Aki)i’no + Z ( H Ak1> (/BlH*B&@l — algl — Rf)

k=np l=ng =1

k—no ni—1 ng k—1—1
Z \/732< H Ap— )fi‘no + Z Z \/@BQ( H Akz) (6lH*BSZ)l—Oél§l—Rf)
i=1

k=ng l=ng k=Il+1
ni—1 ni—1
~ . ~ e - ~ -
= Bol'ngn &ng + B2 g Lip1n, (BH* Bsgy — Rf) — B § Cip1m i,
l=ng l=ng
7B(2(E 1) —B<2I 2)

nQo,ny ngo,ny

where we define ij = Z \ﬁ<H AL Z> in the last step. The magnitude of fmj can be
controlled by the follovvlng aux1hary lemma, whose proof is deferred to the end of this subsection.

Lemma D.1. Suppose that Assumption 3.4 holds and the real parts of the eigenvalues of By are
no less than 1. Define A :=1 — apB1+ B H*Bs. If t and s are fized positive numbers satisfying
s>t and n is sufficiently large, then for any N°(n,t) <1< NP8(n,s), we have

N*B (n,s)—1 k—1—1 p
9[2s/cal+3
Z V B H Ap—i|| < -\/E.
k=+1 -1 m N
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For the first term B%%ﬁll), the Cauchy-Schwarz inequality implies

2x,1) (|12
E|BG) |
2
< 2IE||B2FWOJL1i‘noH2 +2E B2 Z I‘l-&-l,m (@H*BBgl - Rf)
l=ng
- n1—1 ni—1 _ Rz 2
< 2(|Bo |l ma 1) Elldin [I* + 21 Bl | D7 8| | D2 BillTi41m [IPE H*B3Q1—Fl
l=ng l=ng !
By Lemma D.1, when n is sufficiently large, we ||l~jl+1,n1 | < %\{Té for any ng <1 < ny and
I gm, || < W@ + v/ Bng, with p1 and ¢, specified in Lemma D.1; Assumption 4.1 implies
nQ

E||n, |2 = O(an,) and E||4]|?> = O(By); the upper bounds in (D.11) and the subsequent analysis
therein imply that under Assumption 3.4, E|| R¥||? = O(B?allJr&H + ﬁfﬂsH + a?JréF + B?alHJG) =

O(a%ﬂl). Therefore, we have ”fno,mHZEHi’noHQ =0 <%> =o(1) and

ano

2 ~
. El|RZ 2
-o(%) (Euylu? + S ) — o),

Then similar to the derive of (D.14), there exist Kg and mj such that

Rx
H*Bsj — —L
B

IT 11,0, P

E[BE5)|? < Kols — ) (D.19)

no,n1

holds for any n > m;. Modifying Kg, we could make (D.19) hold for any n.

For the second term B,(f(fﬁl), applying Hle,m | < CT‘{T? with Cp := w, we obtain that
with D € (2, m] and sufﬁciently large n,
(22,2) 19 i 21 = PR &
EIBESIIP < G (1 —n0)2 7 [ BelP Y T o [P EIIE
l=ng
Y ny1—1 »
. Py P
< Gy Ch (m—no)2 ™" || Bel” Y BPENGIP,
l=ng

. o . . ; p
where we have used Burkholder’s inequality in Proposition D.1 with C’zt,’ = [(p -1V ]ﬁ} . Then
following a similar procedure to (D.16), we have that there exist K7 and mg such that

EIBGIP < Ko(s —t)2

no,n1

(D.20)

for any n > mg. Modifying K7, we could make (D.20) hold for any n.
(2z,n)

The upper bounds in (D.18), (D.19) and (D.20) collectively control the term B, ;"". Combining
them with (D.17) and Markov’s inequality yields the following upper bound

¥, e, (3y,n) = (n) € (22,1) €
B (| Ya(s) = Y@l = 2) <P (B = 2) + P (1ef2l = £) + P (1B > )

no,n1
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9 2z,
+P (BN > 2 ) +P(IBE™ -B2), [ = ©)
2 (BIBE | + BIBEY | + EIBE™ - BE, 17)

no,n1 nO ni
5

+ 2 (Bl + EIBE )

n07n1

— )2 — )%
§54(max K) !(S 2) 4 )2].
3<i<7 5 ep

This upper bound verifies the second condition in Proposition 5.1, and hence {Y,,(-)}°% is tight. [

Proof of Lemma D.1. For ease of notation, we define ng := N°(n,t) and ny := N”(n,s) — 1. Since
the real parts of the eigenvalues of By are no less than pq, 5; = o(c;j) and n is sufficiently large, we
have || A;|| < ||[I — a;Bi1]| + B;||H*Bz|| < 1 — pia/2 for any j > [ > n. It follows that

<3S VAR T (115) < 35 Ve (-4 5 ).

k=Il+1 1=l+1 k=l+1 i=[+1

k—1-1

Z\/@Hz‘h@z

k=l+1

Moreover, by Lemma B.1 and the monotonicity of the step sizes, we have ay > ¢y and 8 < ) for
any | <k <nj. Here c; := 2-[2s/cal=1 with Cq, specified in Lemma B.1. This implies

i \/@exp <—L;1 kz:l ai)

k=I+1 i=l+1

| N

ﬁl Z exp [_ 1 Z)Clﬂlal}

k=141

< VB
T 1—exp(—cipau/2)

For z € (0,1), we have exp(—z) < 1 — x/2. Therefore, for sufficiently large n, we have

k—1—1
VB
Z V Br H Ap—i|| < -—
it C1M1 &%)
for any ng <[ <nj;. With ¢; = 2425/0&1_1, the coefficient is Cﬁ“ = Wszﬁ O

D.3 Proofs in Section 7.5.3

In this subsection, we present the proof of Lemma 5.4 in Section 7.5.3. We begin by presenting a
discrete version of Lemma 5.4, which serves as an intermediate result leading to the full proof.

Lemma D.2. Suppose that Assumptions 3.1 — 3.4, 3.6 and 4.1 hold. Then
(i) For any f € C°(R%), with A* defined in (7.25), we have
E[f(&n41) = f(#n)|Fn] = anA” f(#0) + RY, (D.21)

where E]Rf| — 0 as n — oo.
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(i4) For any g € C2(R%), with AY defined in (7.26), we have
Elg(Zn41) — 9(2n)[Fn] = BnAYg(2n) + R], (D.22)
where B%IE|R%| — 0 as n — 0.

Proof of Lemma D.2. We first prove the part (i). Throughout the proof, C' will represent a universal
constant whose value may change from line to line, for the sake of convenience. Because f € C°(R%),
V()| and [|[V2£(-)|| are both bounded functions.

By Taylor’s theorem, we have

1

f(jjn-i-l) - f(i‘n) = <Vf(fn)v O jn> + i(jn-i-l - jn)TVZf(in)(fcn-i-l - in)
+ %(j:nﬂ — ) (V2 f () — V2 f(En)) (En41 — dn), (D.23)
Rl o

where 4, is a point between &, and &,11. For the first term, we have

E[(V £ (@), Fns1 — Fn) [Fn] "2 —in (VF(in), Briin) + (Vf(ion), E[RE| F]) (D.24)

Rl

By Lemma 5.1, we have

E|R},,| S EIE[R;|F]| = o(an). (D.25)
For the second term, we have
E [(#ns1 = &) V(@) (Enr1 = 20)1
(7.20) FTo2 £ (5 \& _ . T2 (5 \&
=" anE |&, Vf(2n)n|Fn| + 2/ nE |(—anBiin + Ry) ' V2 f(&n)En]Fn
+ E[(—anBidn + RE) 'V f(in)(—anBi&, + RE)|Fn)

N\ |
= aptr(V2f(2n)S¢) + aptr (v2 F (@) (EBIERE | Fn] — 25)) +203/%E (Rn) V2 f(En)n ]-"n]
21!%;;2 h ZRVfL,s
T T T

2R ,
(D.26)

Recall that &, = &, — ki, H*y, with &, = B,/a, = o(1). Then we have E[§,&} | F,,] 5 Z¢. Moreover,

Assumption 3.6 ensures each entry of I@[gné; |Fn] is uniformly integrable, which together with
convergence in probability imply E||E[(,&,) |F,] — S¢|| — 0. From our assumptions and the results
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in Assumption 4.1 and Lemma 5.1, we have

E|R! ,| S anB||E[Gn&] | Fn] — Sell = ofaw),

E| Rz 2
E|R],| S 3”( S e, HQ)— Ofar”) = ofaw), (D.27)

’fL

oy EIRE?
Il < o (Bl + S0 ) = 0(a2) = ofan)

n

Since V2f is Lipschitz continuous and compactly supported, V2f is also e-Holder continuous for
any € € (0,1]. It follows that

. 2+¢
BIR]o| S Ellfnsr — 502 < E [auBits + yanke - B
. 1+5
< Q2B + o BN 2 + BB = ofan), (D.28)

where we employ Assumption 4.1 and Lemma 5.1 with ¢ < 7 — 2 for the last inequality.

Plugging (D.24) to (D.28) into (D.23) yields
Elf (Fn41) — f(@0)[Fn] = an A" f(in) + Rf

((SH\/(SFV(Sg)/Q

4
where R}, := > Rﬁ,i satisfies $E|R£\ — 0 as n — oo. Thus we obtain Part (i).
i=0

Note that aside from the assumptions, the proof of Part (i) primarily relies on the fast-time-scale
part of Lemma 5.1. Similarly, the proof of part (ii) follows an analogous procedure, leveraging the
results in Lemma 5.2. A key aspect worth emphasizing is about the asymptotic covariance. In the
proof of Part (i), it is established that E[6,&] | F,] 2 ¢, indicating that the asymptotic covariance
of én matches that of &,. In contrast, for Part (ii), based on the definition in Lemma 5.2, 1/~)n can be
expressed as

Un = Pn — BoB &, = v — BoBy 6y + ki Ba By "H 4h,.

It follows that K[, |Fn] 2 §J¢, where f]w is defined in (7.13). Using a similar procedure as in
the proof of Part (i), we can show that for any g € C°(R%),

E[g(én-i-l) - g<én)’]: ] BnAy ( ) + Rg
where Ry, satisfies B%E|R%| — 0 as n — oo. O
With Lemma D.2; we are prepared to prove Lemma 5.4.

Proof of Lemma 5.4. We first prove Part (i). For convenience, with I'y; |, introduced in Definition B.1,
we define the following notation

N%(n,t) :==min{m >n: Ty, >t}.

Then the filtration defined in (7.24) can be written succinctly as f,%t = Fya(ny)- We construct
M (t) as

ML) = > {f@er1) — f(@) = BIf (Err1) — (@) Fel ) (D.29)
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Clearly, /\/lfl(t) is adapted to the filtration (fgft)tzo. Next we verify that Mf;(t) is a martingale
w.r.t. (./T'th)tz(). )
For any t > s > 0, if k < N%(n,s) — 1, then &y, Zp41 € .7-"358 and Fy C ]—"n s, implying

E{ f (k1) —f (@) ~Ef (Frpr)—f ()| Fi) | Fo Y= F ()= F (@) —ELf (1) — f (@8) | Fil-
Otherwise, k > N%(n, s) and —7'—5,3 C F},, implying

E{f(#r41) — f(@r) — E[f (@r41) — F(@)|Fe] | Fs} = 0.

Consequently,
_ N (n,t)—1 i
EMLOIFS] = Y E{fne) = F@0) — Bl (Grs1) — F@01F] | 7}
k=n
N%(n,s)
= Z {f (Er41) — [ (k) = E[f (Era1) — (@) Fr]} = ML(s),

which implies that ./\/lfl(t) is a martingale w.r.t. -7:7)},#
Now we focus on the residual term Rfl(t) For notational simplicity, we define 7, I‘g Nty
Then we have #,, — &y (nt)—1 <t < t,. With this notation and t¢ introduced in Definition B.1,*

R{(t) can be expressed as

RI(t) = F(Rn(t)) - / AT f(Rn(s)) ds — ML (1)
.99 Ne(n,t)—1
O20 (%,(1)) — f / ATF(Ra()ds+ S B[f(Ens1) — F()|F
k=n
(D.21) B N (n,t)—1
= F(Xa) — / ATF(Xn(s)ds+ Y (akAxf(azkHRg)
k=n

@ FRa(t)) — F(Knl2) + /0 (A7 F(Kn(52)) — A7 F(Kn(5)) ds

I N%(n,t)—1
+ / A"f(Xn(s))ds+ > R, (D.30)
¢ k=n

where for the second equality, the telescoping component f(Zxy1) — f(&x) in (D.29) helps us simplify
the expression of Mi,(t) as

N (n,t)—

M) = f(E §ag) — f@n) - Z {E (@kr1) — F(@0)|Fl}

Tn the notation t*, we view ¢ as a variable.
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N (n,t)—1

= f(Xa(t))) — f(Xn(0) — Z {E[f(Zr41) — f(Er)|Frl };

for step (a), we used Fact B.2 (iii) such that agA” f( fr\an AT f (X, (82)) ds.

Notice that f € C°(Rd%). For a ﬁxed t, to control Rf (t) in the Ly sense, we need to control
the following L; distances E||X,,(s) — X,,(s2)|| and E||X,,(s) — X,,(3%)|| for any s € [0,%,]. From the
definition of X,,(-) in (X), we have X;,(s%) = &ya(n,5)- Consequently,

X (S) X (Sa)_(s sa)< Bi )+R§C\/a(ns)> S—S é .
n — an\Sp) = — S —P1LNe(n,s - Ne(n,s
QN (n,s) VENe(n,s)
It follows that for each s € [0,%,], the following results hold
BIXu(s) — KDl < (5 — £)E |~ Buiyoquy + o0 |4 =5 pyee o)
n — np\Sy > — Uy —P1LANa(n,s) Na(n,s)
A Na(n,s) VEN(n,s)

5 (Siﬁg)jL \/5*§%5 v/ ENe(n,s)s
Bl _

X (s) = Xn(sp) | + EIXn(55) — Xn(sh)l

R®
— <> -1 % Na
< EI%0() = () + (57 — $00E | ~Brdeio + =02
*(n,s
5o _
+ MEHEN"‘(NS ”
AN (n,s)
5 OéN‘l(n,S)‘

Since f € C®(R%), let K := supp(f) be its compact support. Then there exist finite constants

V2f(z) —V?
R :=sup ||z||, L1 :=sup||Vf(z)|, Lo :=sup ||V2f(x)|], L3 :=sup V21 () f(y)H
zeK x x x#y lz =yl

In particular, f is Li-Lipschitz, Vf is Lo-Lipschitz and V2f is Ls-Lipschitz. Recall A% f(z) =
(=By1z,Vf(2)) + 5t(V?f(z) X¢). It is bounded in the sense that

. 1 1
ATF (@) < [ BUIRLy + 5[V £ @)l rl|Zellm < 1Bl RLy + 5o Lo ]l

For the trace term, Lipschitz continuity follows from that of V?f:
|t((V2f(2) = V2 () Ze) | < [Zellw V2 (@) = V2F()ll e < dLs||Sel [l — yll-

For the drift term, we have

[(Biz, Y f(2)) = (Buy, V)] < Bl (21l 1V £ (2) = VS W)l + llz = Il IV F))
< IBUIRLa|lz =yl + | Bul L]l — y.
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Combining the two parts shows that A® f is Lipschitz. The above results can be summarized as

f@) = fWI S llz—yll, [Af@)[S1, A f(2) - A fy)] S [lz -yl
Then we have
E[f(Xn(t)) = fFXn(E))] S ElIXn(t) = Xn(G)Il S /aNa(my = o(1),

E

Moreover, for a fixed t, Lemma D.2 implies

N (n,t)—1 N (n,t)—1 f f N (n,t)—1
E R/ < apE |[=E| < sup E|—E|. ar S o(l).

Plugging (D.31) and (D.32) into (D.30) yields that for a fixe ¢, E|RY ()| — 0 as n — oco.
For Part (ii), we similarly define

NP(n,t) := min {m >n: T8 > t}

and
NB(nt)—1

M) = D {f(Er1) = FGr) = BIf (Gerr) — FGa) Fil}-
k=n
The remaining proof is similar to that of Part (i).

D.4 Proofs in Section 7.5.4

(D.31)

(D.32)

In this subsection, we present the detailed proof for the procedure in Section 7.5.4. We first give
the formal proof of Theorem 4.1 (i) based on Proposition 5.2 and the following proposition, which

guarantees the geometric ergodicity of the solutions of the SDEs in (7.10) and (7.12).

Proposition D.2 (Geoometric ergodicity for SDEs ). Under Assumption 3.5, the SDE in (7.10) has
a unique invariant distribution T = N(0,%,), where X, is the unique solution to (7.11). Moreover,
suppose X(t) is a solution, for any compact set K C R% and function f € C’SO(RdZ). Then there

exist positive numbers A and b such that

sup [E[f(X(£))]X(0) = z] — Exoms f(X)| < Ae™%, Wt > 0.
zeK

Similar results also hold for the SDE in (7.12).
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Proof of Proposition D.2 . Without loss of generality, we focus on the following SDE
dX(t) = —AX(t)dt + BAW(t), (D.33)

where A, B € R4 —A is a Hurwitz matrix, and W(t) is an d-dimensional standard Brownian
motion. For the SDE in (7.10), A= B; and B = Eém, while for the SDE in (7.12), A = B3 — %
and B = flilf. By Proposition B.3, we have

Amax (P) 1

oo (P) b= Do (P)’ (D.34)

le= 48| < Me™ vt > 0, with M =

where P := Ooo e=ATte=Algy.
Step 1: Uniqueness of invariant distribution.
Let

t 00
PN ::/ e AspBTeA's ds, by ::/ e ASBBTe A5 4.
0 0

By (D.34), 3 is well-defined. The solution X (t) of (D.33) has the explicit representation
t
X(t) = e MX(0) + / e A B AW (s),
0

so conditionally on X (0) = z, X (t) ~ N (e Az, %).

We first prove that m := A(0,%) is an invariant distribution. Let uf = N(e 4z, 3;) denote
the distribution of X (¢) when Xy = z. To check the invariance of 7, it suffices to check for its
characteristic function 7(6) = exp ( — 367 £6). From the definition of ¥; and ¥, we have

Y Et _ /OO e—AsBBTe—ATs ds = e—At(/oo e—AsBBTe—ATs dS) e—ATt _ e—Atze—ATt.
t 0

Then the characteristic function of X (¢) under initial distribution 7 equals

Ex(0)rle? X)) = Ex(gpur [¢? ¢ XO] . 20T ED _ (o= ATtg) 2 Sl
1

— exp ( — 10T (e Ame AT 2,99) = exp ( - %eTze) —7(0)

Thus the characteristic function of the distribution of X; under initial law 7 equals 7(0) for every t,
showing that 7 is the invariant distribution.

Next, we verify the uniqueness. Let p be an arbitrary invariant distribution of (D.33). Then for
every bounded continuous test function f and t > 0,

[ B | Xo = ol utdn) = [ fan
Then the characteristic function fi of p satisfies that for all § € R% and all t > 0,

07 X (1)) wTe—AtX(o)] 50T _ fie=A"tg) 30750

w(0) = Ex(o)~ple =Ex(o)uple
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Fix 6 € R%. Let t — co. The exponential bound in (D.34) implies e=ATt9 — 0 and Yt — X. Moreover,

1
the characteristic function fi is continuous at 0 with 1(0) = 1, leading to u(6) = 1 - e 200,

Because this holds for every 6, i coincides with the characteristic function of N(0,Y), hence
i = N(0,%) = w. This proves uniqueness. Moreover, X is the unique solution to the Lyapunov
equation AX + XA" = BBT [3, Theorem 7.5].

Step 2: Exponential ergodicity.

For convenience, we denote

R:=sup |z], Li:=sup|Vf(y)l, La:=sup|Vf(y)l,
y Y

zeK

Then we have

15— = | / e ABBTe A as|| < |BBT) / e~ 45|12 ds
t t
< ||[BBT||M? / e 2% ds = Cye™ 2, (D.35)
t

_ BB |2M?
- 2b

where Cy; : and b is defined in (D.34). Then we have the following decomposition

E[f(X(1)) | X(0) = 2] = Ex~nf(X) = E[f(e” "o + V)] — E[f(Yo0)]
= (E[f(e "z +Y2)] - E[f(Y2)]) + (E[f(Y)] — E[f(Yo0)]), (D.36)

where Y; ~ N(0,%;) and Yoo ~ N (0, ).
To control the first term, we apply a second-order Taylor expansion around y. For any fixed y
and vector m := e~ 4%z, there exists a point § on the line segment between y and y 4+ m such that

Fly+m) = fly) = VI(y)-m+zm V2 f(G)m.
Take expectation w.r.t. Y; and use uniform bounds Li, Le. For z € K with ||z < R,
[E[f (e "z +Y0)] —E[f (Y]] < Lulle™ [l + 5 Lalle™ ||l
< LiRMe " + 1LyR*M?e™ 2, (D.37)
For the second term, we use Gaussian interpolation: for s € [0,1] set X/, := ¥ + s(3; — X) and
let Y ~ N(0,%)). The map s — E[f(Y])] is differentiable and [31, Lemma 7.2.7]
d

TE[(V])] = $E[ir((S: - V().

Integrating s from 0 to 1 gives

35

(D.35)
B[ (V)] - Bl (Voo)]| < 3150 = SIEIV2F (V) |r < SdLal|Se - Sla < 2dLsCre. (D.38)
Substituting (D.37) and (D.38) into (D.36) yields, for all z € K,

sup |[E[f(X¢) | Xo = 2] — Exf| < LiRMe ™" + (%L2R2M2 + %dLQCZ)e*%t < Ae7b
zeK

where
A= LiRM + LLoR*M?* + dLyCx, (D.39)

This proves the theorem with explicit constants b, A given in (D.34) and (D.39). O
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Proof of Theorem /.1 (i). The proof is divided into three steps. In the first step, we apply Propo-
sition 5.2 to establish the convergence of convergent subsequences. In the second step, we verify
Condition (iii) in Proposition 5.2. Finally, we apply Proposition 5.2 to establish the convergence of
the whole sequence.

Step 1: Establishing subsequence convergence. For the conditions in Proposition 5.2,
Condition (i) has been discussed in Section 2.2. Lemma 5.3 ensures that Condition (ii) holds. To
verify Condition (iv), we apply Lemma 5.4, which shows that for any f € Cso(Rd ) and t > 0, one
has that

F(&a(t)) — / A (o (5))ds = ME(E) + RE(2),

n,t)tZO defined in (7.24) and for each t, E|R{,(t)| — 0
asn — o0o. Then forany £ > 0, 0 < t; < ts < --- < tp <t < t—+s, f € Cgo(Rdﬁ) and
hl,hg,.. . ,hk S Cc(Rd””)

where for each n, ./\/lfl(t) is a martingale w.r.t. (FX

t+s k
E|(f(Ralt+9) = F(Ka®) = [ A F(Xa(r))dr) Hhiotn(m)} |

t i=1

|
= |E [(M{(t +5) — ML)+ RE(t+5) — RE()) f[ hi(}_(n(ti))} '
{

=1
k
= |Eq [Tha@) EIML(E+ 5) = ME() + Rt + 5 | ]}|
;:1
gE{thi( () E[IRE(E + ) + [REW)] | F ]}
=1

as n — oo. Now we assume {X,, (-)}?; is a weakly convergent subsequence of {X,(-)}52;.

Clearly, this subsequence satisfies Condition (iii) in Proposition 5.2. Suppose X, (0) = 7. Then
Proposition 5.2 ensures that X,,, (1) = X™(+) as k — oo, where X" (+) is the solution of the SDE in
(7.12) with the initial distribution 7.

Step 2: Verifying initial conditions. To establish the convergence of X,,(0), it suffices to
prove that all the convergent subsequences have the same limit. In fact, this limit is 7*, the unique
invariant distribution of (7.10) . The uniqueness is guaranteed by Proposition D.2. In the next,
we prove that if the subsequence X,,, (0) = 7, one must have # = 7*. The proof is divided to the
following two parts: (i) for any fixed T > 0, we show that there exists a solution X(¢) to (7.10) such
that 7 has the same distribution as X(7'); (ii) when 7" is sufficiently large, the geometric ergodicity
implies that the distribution of X(7') can be arbitrarily close to 7*.

n'—1
Part (i). We first introduce some additional notation. Recall that I'Y , = >~ . Forn € N

k=n

and t > 0, we define
M%(n,t) := min{m >0: I’f‘n’n < t} and th = F]awa(n’t)’n

Since a;, — 0, we have & 1 ¢.
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For a fixed T > 0, we consider the subsequence {X o (n, 1)(-)}22, Which satisfies

XM"‘(nk,T) (0) = TMe(ng,T) and XM“(nk,T) (fﬁk) = Tny,

where T := I%a(nr),n By Lemma 5.3, {X,(t)}22, is tight. Then Prokhorov’s theorem (i.e.,
Proposition 2.1 (ii)) implies that the subsequence {Xpsa(n, 7)(*) }72 further has a weakly convergent
subsequence. Without loss of generality, we assume the subsequence {Xjsa(n, 1)(-) }32 itself weakly
converges. Then its initial distribution sequence also converges weakly, i.e., Zpja(pn, 1) = pir for some
distribution pp. Then by Proposition 5.2, Xjpsa(n, 1)(-) = X#7(-), where X#7(-) is a solution to
(7.10) with initial distribution u7. Consequently, we also have Xysa(n, 1) (1) = X*7(T'). Moreover,
recall that we have verified the second condition of Proposition 5.1 in the proof of Lemma 5.3. Then
T — T2 | = 0 implies that HX wte ) (T2) = Xy (T)

X pre (g, T) (fﬁ‘k) = Xt (T), i.e., &n, = X'T(T). Since &, = 7, this implies that for any 7' > 0,
XU (T ~ 7.

Part (ii). Next, we apply #e(n, ) = pr and XH7(T) ~ 7 to prove 7 = m*. Since {Z,};24

20 as k — co. By Slutsky’s theorem,

is tight, for any € > 0, there exists a compact set K. C R% only depending on e such that
sup, > P(Z, € K:) > 1—e¢. It follows that ur(K.) > 1 —¢ for any 7' > 0. Moreover, Proposition D.2
implies that for a fixed g € C°(R%), we can find 7. such that

sup |Pr. g(z) — Ex~r g(X)[ <e, (D.40)
rzeK,

where P; represents a semigroup induced by the SDE in (7.10), that is,
Puf(z) = E[f(X(2)) | X(0) = «], (D.41)

where X(-) is the solution to the SDE in (7.10). Setting T' = T, we have X#7= (T,) ~ 7. Since X! 7= (-)
is a solution to (7.10) with initial distribution w7, we have

Exr 9(X) = Elg(X¥7= (1)) [X(0) ~ uz) = [ P g(o)dur ()

It follows that

Exer 6(X) ~ Exors 9001 < | [Prg(e) = Exeorsg(0)] dii (@)

_ / Pr.g(x) — Exong(X)| dur. ()

T / Prg(x) — Exeon- (X)) diz, ()

< / Prg(z) — Exorg(X)| dur. (z) + 2]1g]locsiz. (KC)

(a)
< &+ 2[gllooe,

where (a) is due to pur, (K:) > 1—¢ and (D.40). Letting ¢ — oo, we obtain Exz ¢(X) = Ex.wr g(X).
For any g € C2°(R%), we can repeat the above procedure, implying 7 = 7*.
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Step 3: Concluding whole sequence convergence. This step is straightforward. In Steps 1
and 2, we have verified the all the conditions in Proposition 5.2. Moreover, X,,(0) = 7*, the invariant
distribution of (7.10). Consequently, X, (-) converges weakly to the solution of (7.10) with the initial
distribution 7*, implying that this solution is a stationary process. Since Bj is a Hurwitz matrix, the
invariant distribution 7* = N (0, X,) with 3, satisfying the equation in (7.11) [25, Section 6.5]. [

The proof of Corollary 5.1 is similar to that of Theorem 4.1 (i). Next, we give the proof of
Theorem 4.1 (ii) based on Corollary 5.1.

Proof of Theorem /.1 (ii). Under the tightness in Lemma 5.3, Proposition 2.1 shows that it suffices
to examine the finite-dimensional distributions of Y, (-).

Recall that Z, is defined as %, = 3, — MBgBl_ljcn with kp—1 = Bn—1/an—1 = o(1); As-
sumption 4.1 implies E||&,[|> = O(1). It follows that g, — Z, = 0. Meanwhile, from the definition
in (Y) and (Z), for each fixed t, Y, (t) — Z,(t) is the linear combination of UNBnt) — ENB(nt)
and Yns(n)+1 — ZNB(n,)+1- both converging to the zero vector in probability. Consequently,
Yo(t) — Zn(t) % 0. Similarly, we could prove that for any positive integer k and t1,..., %,
(Yolt1) = Zn(t1), ..., Yn(tr) — Zn(tx)) & 0. Applying Slutsky’s theorem and Theorem 4.1, we
obtain that the finite-dimensional distributions of Y,,(-) converge weakly to the finite-dimensional
distributions of the stationary distribution of (7.12). Consequently, Y, () converges weakly to the
stationary distribution of (7.12).

Note that Assumption 3.5 implies that — (Bg — gl ) is a Hurwitz matrix. The property of the

SDE in (7.12) implies that the invariant distribution is (0, ¥,) with X, satisfying the equation in
(7.14) in |25, Section 6.5]. O

Proof of Corollary 4.1. From the definition of &,, we have o, /1 Zn = N(0,%;). Assumption 3.4
ensures that an 1 /o, — 1. Then Slutsky’s theorem implies s, 172 Zn = N(0,%,). Similarly, we
could prove By /g, = N(0,%,).

Moreover, since * = H(y*), we have aﬁlm(:cn —x*) =an Y24+ am 1/Q(H(yn) — H(y*)). Using
the delta method, we have 5;1/2(H(yn)—H(y*)) = N(0, H*Y,(H*) ") with H* = VH (y*) € Ry,
Since f,/ay, — 0, applying Slutsky’s theorem yields ozﬁl/z(H(yn) — H(y*)) = 0. Consequently,
2 (@, — 2%) = N(0,5,). O

(077
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