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Appendix. Online Appendix

TaBLE 3. Glossary of Key Notation

Symbol

Description

P:(m) :=F(m;(/IW7Gw1G:v1A)w€W)
FKA(m) :=F(m;(ﬂw» Gy, GV_VI)WEW)
aw(p) :=q(p; Aw,Gw.G}')

Gw(p) :=q(p; Aw, Gy, Av‘vl)1

G*A(p) :=q(p: Aw. G, Gyl)
pw(m) :=p, (m;/}w)

M ::M((/lW)WGW)

M ::M((/iw)wew)

m* € argsup,, o F(m)
€ argsup,, . F(m)

m®A € argsup,, o F* (m)

AG

A—l

AT

AG_I

A,

alie{1,2,3}

@, (BY)

¥, (BY;6,¢),ie{1,2,3}
Aw (B)

x(€)
Pow(0)

yw(€)

{(e1,€,€)
vi,i €{1,2,3}

Objective of the ground-truth matching problem (GTMP) in (6).

Objective of the data-driven matching problem (DDMP) in (10)

Objective of the DDMP with known arrival rates (DDMP-KA) in (11).

The invariant queue-length function of type-w agent, where g(p;4,G,G™")
is defined in (7).

The data-driven invariant queue-length function.

The data-driven invariant queue-length function with known arrival rate.

The unmatched-proportion function, where p,, (m; 1) is defined in (8).

The data-driven unmatched-proportion function.

Feasible region of the GTMP (6) and DDMP-KA (11).

Feasible region of the DDMP (10).

An optimal solution of the GTMP (6).

An optimal solution of the DDMP (10).

An optimal solution of the DDMP-KA (11).

Estimation error related to type-w agent’s reneging CDF defined in (12).
Moderated uniform estimation error of type-w agent’s reneging quantile func-
tion, where the moderating function is 1 — G,,, defined in (12).

Moderated uniform estimation error of type-w agent’s reneging quantile func-
tion, where the moderating function is f, defined in (4).

Estimation errors related to agent’s arrival rates, defined in (32).

A function related to the finite-sample bound on Ag, defined in Lemma 1.
Functions related to the finite-sample bound on AS - , defined in (22).

A function related to the finite-sample bound on d/lfl, defined in (33).

A function that quantifies the well-separateness of m*, defined in (31).

A function that controls the tail behavior of the reneging time density function,
defined in Assumption 1.

A function that solves fy lzv(”’e) 1-G,, =¢, defined in (21).

A function that maps from Ri to R,, defined in (34).

Constants defined in Theorems 3 and 4 by v; = [4(J +K) max,,cw{cwdy }] 7',
vi=[3ewAwLlr] b and v3 = [6 3, cw Cwdy (1/6,, +L)] L.

In Appendix A, we provide the proof of Proposition 1, which appears in §3, and discuss the required
divergence condition (Remark 7). In Appendix B, we provide omitted proofs for results in §4. In Appendix

C, we provide omitted proofs for §6 and §7. In Appendix D, we provide omitted proofs and results for §8.

Finally, in Appendix E, we provide omitted proofs and results for §9.

A. Proof of Proposition 1 in §3 and Remark on the Divergence Condition In this section, we fix

w € W, omit the subscript w, and write B as B for simplicity.
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We first prove (15). Following (14) in the proof of Theorem 1, we have

q(p(m)) AKA(p(m)) “p@m)) G '(p@m)) ~
; =[] =G | G ()~ Gl

“H(p(m)) G (p(m)) .
’/ (1—G(u))du|—|/ G(u)—G(u)du| (53)
H(p(m)) 0

G (p(m)) Gl (p(m))
’/ (1—G(u))du|—/ 16 (1) - G (w)|du,
G~1(p(m)) 0

where the first inequality is due to |a + b| > |a| —|b|, and the second inequality is because f f< f | f|. Taking
a supremum over m € M in both sides of (53) and using the inequality that sup(f — g) = sup(f) — sup(g),
we obtain

q(p(m)) AKA(p(m))
w7 |

meM
“(p(m)) G Y (p(m)) . (54)
> sup ‘/ (1 —G(u))du‘— sup/ |G(u)—G(u)|du
m€M Gl (p(m)) meM J0
— AG™ ! _AG

where the identity are due to the facts that taking supremum over m € M is equivalent to taking supremum
over p(m) € [0, 1], that G~!(p(m)) < H for all m € M, and the definitions of AS™" and A in (12).

Next, we prove (16). To this end, it is enough to show that AC/ AS =p p(1) under the stated divergence
condition as the sample size B — oo. For ease of notation, define AG := VBAC and AG :=VBAS™". Then

it suffices to show that Ag /Ag =o0p(l) as B — co. We proceed in two steps: 1) showmg the stochastic
boundedness of Ag, i.e., showing Ag =0p(1) as B — o0, and 2) showing the stochastic unboundedness of
Agfl , i.e., showing that Agfl converges to infinity in probability as B — co. With these two steps, it is clear
that Ag/Ag_l =o0p(1) as B — oo, establishing (16).

Step 1: Stochastic boundedness of Ag. By Lemma 1, for any sufficiently small € > 0, there always exists
a finite constant M. such that

P(Ag >M)=P(A® > B"'2M,) < a; exp(—arM?) < €

for all B > 1. Therefore, we have AG Op(1).

Step 2: Stochastic unboundedness of AG . Define Dg(p) := \/_/G 1((’;) (1-G(u))du, and so Agfl =

Sup ,¢p0,17 1D B (p)|. We aim to show that for any arbitrarily large constant M > 0,
Bli_r)rgoP(Agfl >M)=1.
Since Agfl =Sup,eo,17 [P B(p)|, we have for any given p; € (0,1),
lim P(AF > M) > lim B(IDp(p)|> M).
This implies that for any sequence of p; € (0, 1),

Jim P(AG " > M) > sup lim B(IDg(p1)| > M) (55)
—00 PI
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We will show that right-hand side of (55) is one to complete the proof. To this end, we next perform a

-1
deeper analysis of the term Dz (p) = VB f GG (P) (1-=G(u))du for any fixed p € (0, 1). Consider the function

1(p)
f():= fOt 1 — G(u)du, which satisfies f’(f) = 1 — G(t). A Taylor expansion around r = G~ (p) yields
D G (p) .
2ol [ - Glundu= (G (o) - 167 )
VB G;7'(p)
= (G PG (p) -G (p) +o(G T (p) -G~ (p))
=(1-p)(G'(p) =G (p)+0(G™'(p) -G~ (p)).
Using the Bahadur representation [7] for G~!(p), we have
GG '(p)-p
8(G~'(p))
Combining the above two displays and using G(G™!(p)) = X5, 1(r& < G~!(p))/B from (9), we obtain

G l(p)-Gl(p)= +op(B™'?).

_1-p LB 1
DB(p>——g(G_1(p))@;( 1 <G (p) = p) +or(1) = o l(pw_zwbmp(n

where we have defined i.i.d. random variables y & :=1(ry < G™!(p)) - p for b € [B], with mean E[yJ] =0
and variance 031 = p(1 - p). Then, by the central limit theorem, we have

Ds(p) S N(0,0%(p)) as B—w, (56)

where o2 (p) := p(1 - p)?/g*>(G~'(p)) is the asymptotic variance, and N (0,0>(p)) represents a normal
distribution with mean 0 and variance o%(p). Using (56), it holds for any arbitrarily large constant M that

Jim B(1D(pp)] > M) = BN (0.0 (po)| > M) =2(1 - Do (i))
(p1)

where @y is the CDF of a standard normal distribution. By the divergence condition stated in Proposition
I, there exists a sequence of p; such that the variance o-%(p;) — oo. For this specific sequence, we have

sup fim P10 (p0)l > M) =50p 21 =@t | 20 )} <21 = Broma 0)) =1 57

In view of (55), this establishes that limp_, e, ]P>(Ag_l > M) =1 for any M, completing the proof for (16).

Finally, we prove (17). Note that the upper bound follows directly from Claim 2 and Claim 3 in the proof
of Theorem 1, and the upper bound in (16). We next establish the lower bound in (17) under the assumption
that c¢,, > 0 for at most one w € W. By comparing the ground-truth objective function F in (6) and the
data-driven objective F¥A in (11), we have

sup [F(m) = F¥*(m)| = sup | > cu(qu (pu (m)) = G52 (pr(m)))|.

meM meM wew

Hence, if ¢,, =0 for all w € W, the lower bound in (17) trivially holds. It remains to consider the case where
¢y > 0 for exactly one w € W. Let w’ denote the agent type with positive holding cost ¢,,» > 0. Then we have

sup |F(m) — F**(m)| = sup |cw (qw (P (m)) = G (pyr (m)))|
meM meM

> ey ,(AG‘I—AG)

=, dwAS (1-0p(1))

= owdAS (1= 0p(1)),
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where the inequality follows from (54), the second-to-last identity is due to AS,JAG," = 0p(1) under the
divergence condition, and the last identity follows from ¢, =0 forall w #w’. O

REMARK 7. The condition that there exists a sequence of p; € (0, 1) such that p;(1—p;)?/g2 (G.' (p1))
diverges to infinity as / — oo holds whenever the reneging density g,, decays sufficiently fast to zero near
the boundary of (0, H,,). In particular, many standard distribution families satisfy this condition through
the lower-tail sequences p; — 0, including the Weibull and gamma distributions with shape parameter
exceeding 2, the beta distribution with first shape parameter exceeding 2, as well as the logistic and lognormal
distributions.

B. Omitted Proofs for Results in Section 4 In this section, we fix w € W, omit the subscript w, and
write BG as B for simplicity.

Proof of Proposition 2. We first prove part (i). Let g > 0 be such that g(x) > g for all x € [0, H].
Assumption 1 is satisfied by p(x) = g for all x. To use (23) of Corollary 1, we need to pick ¢ such that
6 € [0,min{1/2,1-G(y(¢€)),G(€)}]. We next show that setting § = 5(€) := ge/In (1/€) suffices for this
purpose. Because H < oo and g(x) > g, we have B

H H H
1-GOe) = [ etwduz (H-yeNg=g¢ [ 1duzg [ 1-Gudu=ge,
y(e) T T e “Jy(e) -
where the second inequality is because 0 < 1 — G(u) < 1, and the last equality is due to the definition of
y(€). Also, we have G(¢) = foe g(u)du > ge. Therefore, by setting 6 = 6(€) := ge/In (1/€), the condition
on ¢ in Corollary 1 (i.e., § € [0, min {1/2, 1-G(yr(e)), G(e)}]) is satisfied for all sufficiently small e. It
follows that §(€) <min{1/2,1 -G (y(¢)), G (€)} for all sufficiently small e.

For any 1 > 0, suppose we can show that there exists a finite M,, such that setting € = M, In(B)/ VB yields
Y;(B;8(€),¢€) <n/3,i€{1,2,3} for all sufficiently large B. Then (23) of Corollary 1 implies that P(AG_1 >
€) < Yieq1,2,31 Pi(B;d(€), €) < nforall sufficiently large B, and thus lim sup P(AG_l > M, In(B)/VB) <.
In the following, we establish the above claims for ¥;,i € {1,2, 3} to complete the proof.

We start with 3. Set e = M, In(B)/VB. By (22), we have InW3(B;5(¢€),€) =In2 — %Béz(e) for all large
B, because d(€) < eg =€ep(d(e)) for all sufficiently small e. It follows from the definition of §(€) that

1 M21n’ B 1
InW3(B;6(e), €) =In2 — =g ! <In2--g*°M?%x3,
3(B;o(e).€) 2% [TInB—In(InB)]2 28 M
where the inequality holds because [IBIHIW > 3 for all large enough B. By setting M,, large enough,

we can further have In2 — igzM2 % 3 <In(n/3), ensuring that In W3(B; d(€),€) <n/3.
Next, we consider W; and ¥,. By (22) and Lemma 4, it holds for all é € (0,1/2] and B > 2/6 (which
implies B + 1 < 2B¢) that

¥, (B;6,¢) < ‘i’1 (B;6,€) := ZB(S\/B_éexp (235)5_36[G(yf(e))]B(l‘é)
-Bo- 58
W, (B;6,€) < P2(B; 6, €) :=2(B_Bd)@exp(235)6‘35[1_G(E)]B B 1‘ (58)

In the following, we assume B > 2/6(€) and work with the upper bound ¥, and ¥,. Our goal is to show that by
setting M, large enough, ¥;(B;6(¢€),€) <n/3,i € {1,2} for all sufficiently large B, where € = M,, In(B)/VB
and 6(€) = ge/In (1/€). Taking logarithmic for ¥; yields

In¥, (B;5(€), €) = B[26(€) — 5(€) Ins(€) + (1 - 5(€)) In (G (y(€)))] + E1nB+§1na(e)

Vg [25(6) _5(e)Ind(e) +(1-5(e))In (1 —ge)] + % InB 59)

(b) 1“(1‘86) 3 (0 —8€ 3 () g 3 3 6
<B— ) 2 MB<B= +ImB<-2B->+>In—,
2 2 2 2 47 272 ge
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where (a) follows from the facts that G(y(€)) <1 - ge and 6(€) < 1 for small €; (b) is due to the fact that

In(1-
26(€) - 6(e)Ind(e) + (1 -6(e))In(1 - ge) < il 256) for all sufficiently small €; (c) uses the inequality

In(1 —x) < —x; and (d) is obtained by constructing a linear function with a slope of ge /4 that is tangent to
the concave function B > 3 5 In B, leading to the mequahty InB<geB/4-3 343 ln —= for all B> 0. Given

(59), a sufficient condition for ¥, (B;6(¢€), €) < n/3 is —= B -5 343 ln =< ln(n/3), Wthh is equivalent to

_gMy lnBB 3.3, 6VB
4B 2 2 gMyB ~

by the definition of €. For the above condition to hold for large B, it suffices to set M,, = 1.
To analyze ¥, we follow similar arguments used to arrive at (59) to obtain In ¥,(B;6(€), €) < ——B -

3
5 + lng—f —In(1 — ge), where we have also used the facts that 1 - G(e) < 1 — ge,In(1 - 6(¢)) < O and

n
1_
"3

1n 5(e) < 0 for all sufficiently small €. Then, a sufficient condition for ¥,(B;5(¢), €) < n/3 is —%B - % +
%ln g% —In(1 - ge) <1In(n/3), which is equivalent to

gM InB_ 3 3 6VB M, InB
i B——+—1nL—ln(1—g u )Slng.
4vVB 2 2 gM,nB = VB

3
Similarly, it suffices to set M,, = 1 for the above condition to hold for large B.
We next prove part (ii) to show that liminfp P(AC" "> \]‘;) > 0 for any M > 0. Suppose that g(-) is

continuous and positive in a neighborhood of G~!(x) for some x( € (0, 1). By (12), we have

G~ !(x0)
VBAG™ > B’/ 1—G(u)du’2\/E|G_1(x0)—G_l(x0)|(l—é_l(xo)vG_l(xo)).

G~1(x0)

@ an

Now, as B — oo, term (I) converges in distribution to an absolute normal distribution by the continuous
mapping theorem and standard central limit theorem for point-wise quantile estimation (see e.g. Chapter 21
of [52]), while term (II) converges in probability to 1 — G~ (x() by the slutsky’s theorem. As a result, for
any M >0, P(\,/Eﬁcrl > M) >0 foralllarge B. O

Proof of Lemma 2. We need the following lemma whose proof is provided at the end of this subsection.

LEMMA 13. Let G be a Weibull distribution with shape parameter s and scale parameter k:

(a) AG™ (x) Op(5—F— (ln‘ <) )foranyxe (0,1) as B — oo;

(b) P(AS™'(0) > £Bs )Ze (3)° _ ¢~B;

(c) P(ACT (0) <k) 21— B;

1
(d) P(AC (1) > £ QBT > (1 = 1B forall s < 1.
() AT ()< &)21-(1—e B forall s> 1.

We first prove Lemma 2(i). By Lemma 13(a), for any > 0 and x € (0, 1), there exists some B}Lx > (0 and
M, « such that

~ G- (In ) %) n
P(AC” K—M >1-=
( (X) \/E 1],x) = 3
for all B > B}] . ForaﬁxedB define events Q; := {AG (x) <% (In '\é) ) M}, Q= {AG'] (1) < £} and

Q;:={A9'(0) > £B5 5 }. For all large enough s > sB,n’x, we have

In L 5
Lpts KOy g Kpts £
2e s VB ’ 2e se
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Thus for large enough s, we have
P(AGil 0) > AG™ (x)) 2 P(N_, Q) = Z 3P(Q) -2 2> e~ ()" _ 7B _ g —(1-e"HB,
i=1
where the second inequality is the Bonferroni inequality, and last inequality follows from Lemnlla 13(b)&(e).
To ensure that the rightmost term is no less than 1 — 7, we pick s > s% large enough such e~ (2)° > 1-7/3,
and B > B% large enough such that e 2 + (1 —e~1)8 < 5/3. Setting By .x = max{B}]’x,B%} and sp . x =
max{s}g’n’x, s%} completes the proof Lemma 2(i).
. 1
To prove Lemma 2(ii), define events Q; := {AC 1(x) < %%
1

Qy:={A%7'(1) > f%}. Let B3 > 2 be large enough such that 2In B > In(1/(1 —x)) for all B > B3.

3 . In@lB)-In 4
B.x " 3InB-In(2InB) B’

M}, Qo = {AG7'(0) < «} and

Given any B > B3, it can be shown that for all sufficiently small s < s and for all s < s

1_ 1 1 1_
2InB)s~! In s 2InB)s~!
k2B k(i) )M,,x ang KCIMBY
s B2 s /B ’ B?

1
7,x>

respectively. Thus, for all B> max{B], ,,B3} and all s <min{s3}, ,s%}, we have

3
AG! AG™! N s B 1
P(AS (1) > A% (x)) > ;P(Ql) 22 (1-25)" —e "~ 3,
where the last inequality follows from Lemma 13(c)(d). To ensure that this probability is no less than
1 —n, we pick B‘,‘7 large enough such (1 — #)B >1-n/3 and e B < /3 for all B > Bf’,. Setting B, x =

max{B}l’x, Bi, B‘,;} and sp x = min{s%’x, s‘}g} completes the proof for Lemma 2(ii). 0O

Proof of Proposition 3. We first prove part (i). The fact that P(AGJ (0) > €) < ¥r2(B;0,¢) =
2Bexp(—(B - 1)(e/k)*) follows from the second display of (24) with § =0 and that G(x) =1 —exp(x/x)".
To show that AG™" (0) =0 p(B~1/%), for each n > 0, observe that

(a)

a 1 My
< 2X27 7%

n. (D)
= +1 <

. 11
P(AS'(0) > M, (B/InB)~'/%) < 2Bexp ( —(B=1)—M? —lnB)
xS "B

B

where (a) holds for all B > 2 such that (B—1)/B > 1/2 and for all sufficiently large M,, such that —% My +1<

KS

0; and (b) holds for all sufficiently large M,,. We next show that liminfp P(AGJ (0) > B~YsM) > 0 for

any M > 0. Note that P(r; <«k)=1-[1-G(x)]®=1-e"8 and P(r| > MeB_%) =[1- G(MeB_%)]B =
s . 1

e~ (Me/x)* Givenr; <k and r; > MeB™ 5, we have

- n T Tl \s
AS7(0) :/ 1-G(u)du > / 1-G(r)du=e" T r >e iy > MB5.
0 0
Therefore, by using P(Q; N Q;) >P(Q) +P(;) — 1, we have for large enough B,
P(AS(0) > MB™%) > P({ry <x} N {r1 > MeB +}) > e~ (Me/)" _o=B 5 ),

Next, we prove part (ii). We have P(AG_I(I) > €)= P(fr::l — G(u)du > €). Then, the fact that
P(AG_I (1) > €) =¥1(B;0,¢€) = [G(y(€))]B follows from (26) with § =0 and f =1 — G. To show that
ln[m] =Op(B~"), we use the strict monotonicity of the functions x — In(x), x — G(x) and

y
x — y(x). For each n > 0, observe that
1
G(y(A97(1)))

| > %) =P(AG71(1) > y_l(G_l(e_NII?n )))
o(t )]

<n
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where (a) follows from P(AG_1 (1) >€) < [G(yr(e))] B and (b) holds for sufficiently large M,,.

Lastly, we prove part (iii). Assuming that p € [§,1 — J], we have P(AG_1 (x) > € <
P(SUppe(s.1- 5] AS7'(x) > €). Then, the fact that P(A® ™' (x) > €) < W 3(B;6,€) =2exp (— 5B[(ep(6)) A
6]?) follows from (30) with f =1-G and C# = 1. To show that AG™ (x) =0 p(B~1/?), observe that for any
n>0, IP’(AG_1 (x) > MUB‘%) < 2exp ( - %B[(MnB‘%p(d)) A (5]2) <2exp ( - %M%pz((S)) <7, where the
second inequality holds for all sufficiently large B such that M,,B‘% <6/p(0), and the last inequality holds

for all sufficiently large M,,. Finally, the fact that liminfp IP’(ACF1 (x) > B:M ) > 0 for any M > 0 follows
from Proposition 2, because the Weibull distribution has a density that is continuous and positive. O

Proof of Lemma 4. We start by deriving a key inequality (60). Let I'(x) := fooo u*"le~"dy denote the
usual Gamma function, which satisfies I'(n + 1) = n! for n € N. By the Stirling’s bound [1], we have for all
x20,V2rx (£)* <T(x+1) < V2rx (2) e . It follows that

r(B+1) 3 V2B (8)” ern
'(B(1-6)+1)I'(B6+1) ~ 27(B - BS) (3—635)3—35Xm(%)35
enB 1 1 1
= 1 Bln(1 ~_1)Bs (60)
1
(@) em B | _ps® 1 s
< ex < ——exp(2B6)o"°.
s P 1) Va3 =P (250)

Here, (a) uses the facts that B > 1, that /T + 1/(1/6 — 1) < V2 for all 6 < 1/2, and that In(1 +x) < x for all
x > 0; and (b) uses the facts that B/(1/6 — 1) <2B¢ for all § < 1/2 and that e!/1>/\/m < 1.
By rewriting the factorials in the lemma using the I'(x), we have ([3(1_6)])!%_f3(1_6)1)! =

I'(B+1) . . . I'(B+1)
FB=8) T D B-TB=0)11)" The right-hand side is upper bounded by B(SF(B(l—(S)+1)F(B(S+1)’ where we

use the facts that B(1 —6) < [B(1-6)] < B(1—-9)+1, that [B(1-6)]=1and B—[B(1-6)] =1 for all
B >2/§, that I'(x) is increasing all for x > 2, and the identity that I'(x+ 1) = xI"(x) with x = Bé. Furthermore,

Bér B(l_g()tj;r)lll( 5o < VBoexp (2B5)6~B9 due to (60). This completes the first part of the proof.

Similarly, we have (Bé+2)m =(B&+2) F([B(S]+l)(1“(;31[361+1) . The right-hand side is upper

bounded by (BS +2)(B — B9Y) F(Bé+11;l(“1(gl;t;—6)+l)’ where we use the facts that B6 < [Bd| < Bd + 1, the
monotonicit(y of I'(x), and the identity that I"(x + 1) = xI"(x) with x = B(1 — §). Furthermore, (Bé +2)(B —
B6) F(Bd+11;1“1(9;1()1—6)+1) < 2(B — B6) VB exp(2B5)d~ B¢ as a result of (60) and the fact that BS +2 < 2B§
forall B>2/6. A A m|

Proof of Lemma 3. Takex = G~!(p) forany p € [0, 1]. We have by assumption that |p — G (G~ (p))| <
€/2, thatis, p —€/2 < G(G~'(p)) < p +€/2. By the monotonicity of G, it follows that G~!(p — €/2) <
G (p) <G Y (p+e/2)forall pe[e/2+6/2,1—¢€/2—65/2], where 6 € (0,2 — €). The monotonicity also
implies that G~ (p —€/2) < G~'(p) < G~ (p +€/2). Therefore,

G (p) -G '(PI<G (p+e/2) -G (p-€/2)

for all p € [€¢/2+6/2,1 - €/2 - 6/2]. By the inverse function rule, we have [G~!(p)]’ = 1/g(G~'(p)).
Hence, Assumption | implies that the function G~!(p) is 1/p(8)-Lipschitz continuous over the interval
[6/2,1—6/2]. As a result, the right hand side of the above display is further upper bounded by €/p(8) for
all p e [e/2+6/2,1—€/2—6/2], which completes the proof. O

Proof of Lemma 13. We first prove (a). By standard central limit theorem on quantile estimation

[52], VB(G~'(p) - G~ (p)) — Normal(O, %) as B — oo for any x € (0, 1). Since g(G~!(p)) =

+(In ﬁ)l_%(l — x) for Weibull distribution, as B — co, we have \/E%(ln ﬁ)_%(é‘l(p) -G ' (p)—

—x
Normal(O, (lnﬁ)z(l—x))

. Therefore, |G~ (p) - G~ (p)| = OP(\/KES (In 1lx)%) by the continuous mapping
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1
)1~ G(u)du| <

theorem applied to the function x + |x|. This implies (a) because AG™ (x) = ! fécil(p)

|G-Y(p) -G~ (p)| 1 1
Now we prove (d). Because G (x) = 1 —e~*/%)* we have P(rg < (2InB)5«) = [G((2InB)5«)]5 = (1-

%)B. Given that rg < (21nB)%K, we have AG™' (= fr: 1-G(u)du > (;nB)%K 1 — G(u)du. Moreover,

1
a * s * 2InB)s~!
/ : 1—G(u)du=/ . e_(?) du:ff e_tt%_ldt> f%
(2InB)5 « (2InB)S « S JomB s B

where the second equality follows from a change of variable ¢ = (u/«)*, and the last inequality is due to
[Ze 't /57 dt > e=*x~ forall x> O and s < 1 [21].

We now prove (e). Note that P(rg > k) =1 —P(rg < «) =1 - [G(x)]® =[1 —e~']B. Given rp > «, we
have AG™' (1) = fr: 1-G(u)du < /:O 1 — G(u)du. Moreover,

/ 1-G(u)du= —/ ety ldr < —/ e l=—,
K S J1 S Ji se

where the first equality follows from G(x) =1 — e~ */%)* and a change of variable 7 = (u/k)*; and the
1
inequality is due to r5 ! < 1 forall 7 > 1 and s > 1.

Now we prove (b) and (c). Note that P(r; < k) =1-P(r; > k) =1-[1-G(«)]B=1-e"8 and P(r| >
1 1 l1ys . 1
5B7s)=[1- G(%B‘F)]B =¢ (2" Givenr; <kandr| > 5B, we have

— r r -
AG 1(0) :/ I—G(u)du 2/ 1—G(I"1)du:e_(71) r1 > e_]rl > ziB_él
0 0 e

Therefore, by using P(Q N Q) > P(Q) +P(Q;) — 1, we have P(AG_1 (0) > ﬁB‘f) >P({ri<«}n{r >

%B‘é}) >P({r1 <«})+P({r1 = %B‘f}) —1=¢"(2)" —¢~B_ This completes the proof for (b). To prove (c),

note that given | < &, we have AS™ (0) = /0” 1-G(u)du < /Orl ldu =ry < k. Therefore, P(AS™' (0) < k) >

P(ri<k)=1-e¢5B. O
C. Proofs for Results in Sections 6 and 7

Proof of Corollary 2. By the first display of Theorem 3 with §,, = ¢ for all w € W and the fact that the
functions ®,, (B;€) and W,,;(B; 4, €) are (ultimately) decreasing in B, we have

InP (|F(m*) - F(®*)| > ¢) . In (ZWEW ®,, (BY;vi€) + New Dic(1,2,3) Pwi (B3 6,v1€) )

BC B BC
Letting C :=4(J + K), the right-hand side of the above display is no greater than

max { In[CD,, (BC;v1€)],In[C¥,y1 (BC: vi€)],In[C¥,02(BC: vi€)], In[CW,3(BC; vle)]}

61
e 5C 61)
due to the inequality that In(a; +az + - - - + a,) < max{In(nai),In(nay),...,In(na,)}. By the definitions of

®,, in (13), ¥,,3 in (22), and the asymptotics of ¥,,; and ¥,,» in (20) with f =1-G,,, we have

In¥,,; (B;0, 1
z%i_rgo . WI(B 7€) S—EYl(vle),VwEW;

In¥ B;6 1
tim — w2 (B; ’Vle)S—EYQ(V]E),VWEW;

B— B (62)

. In¥,3(B;9,vi€) 1. .9 22 2
<__ .
Bh_r)r;o B < zmln{vrg%pw(é)vle,é },VWEW,
In®,, (B; 1
lim M < ——a2V1262,VW eWw.
B—oo B 2
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for all sufficiently small § > 0. Then, by taking the limit B¢ — oo in (61) and using (62), we establish the
first display of Corollary 2.
To establish the second display of Corollary 2, one can use the last display of Theorem 3 to obtain

InP (|m* - mKA| > €) . 1H(Zwew @, (B vix(€)) + Xoew 2ie(1,2,3) Ywi (BC:6,vix(e)) )
BG - BG

and then repeating the above arguments with y(€) in place of €. O
Proof of Corollary 3. By the first display of Theorem 4 with ¢,, = ¢ for all w € W and the fact that the
functions ®,, (B;¢€), V,,;(B; 6, €) and A, (B, €) are (ultimately) decreasing in B, we have

’

ln( ®@,, (BC-1; 1E) + ¥, (BSA:5, 1E) + A, (B, )
InP (|F(m*) - F ()| > €) WE‘W( ol ) ie{g‘m} i 6 )+ ( €))

BG4 - BG4

Letting D :=5(J + K), the right-hand side of the above display is no greater than

max {In[ Dy, (B %) ], In[ D,y (BO; %) ], In[ DW,y5 (BS; BE) | In[ DW3 (B4 2E) |, In[ DA, (B9 €) ]}

2 63
wew BG.A (63)

because of the same inequality that led to (61). By the definition of A,, in (33), we have

InA,, (B; 1
fim AW B L tse 26w e W (64)
B—o B 2
By taking the limit B®*! — oo in (63) and using (62) with € < €/6, and (64), the proof is complete. o

Proof of Corollary 4. By the first display of Theorem 5, we have

G2 vx(5) G s viX(5) G
B (m* — | ) (3 (@ (B0 )+i€{1223}‘1’m (89155, 280 ) 4 A, (B9, )
BG4 - BG.1

Then, one can complete the Froof by following the same line of arguments in the proof of Corollary 3 upon
5)

replacing L€ therein by 42 O

Proof of Lemma 5. By the definition of &lfl in (32), the event

A A
A_W_1|SEI,|_W—1|§¢52,|—W—1|SE3 forall weW
Ay Aw

Qliz{/l

Ay

is a subset of the event { d/f - 1| <€, |&§l — 1| <e, &gl - 1| < 63} . Therefore, it suffices to find a lower bound
for the probability of ; happening. For any €, we have the following event relations:

’A_w_llse = [1—6]+S/l—w§1+6 ={ == s%—w—lsL
A A l+e ™ 3, [1-€]*

Therefore, we manage to find a subset of Q; as follows:

€ € €3 €3
1+62, [1—62]+’ 1+E3’ [1—63]+

A
ng{lA—w—IISmin(el, ) for all WEW}
Aw

Letting € = ¢ (€1, €, €3) with the function ¢ as defined in (34), it follows that

P

A
&f—1|361,|&§—1|Se2,lc%§—1|s63) zP(Ql)zP(“i—w—llsg for all wew})
w

1
zl—ZP()#—l)zg).
Aw

weW
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Then, the proof can be completed by upper bounding P ( ;W

1
P(|A—W—l|2€)=P(
Ay

where (a) is by the definition of A, in (9); and (b) follows from the Berstein’s inequality for sub-exponential
distribution (see, e.g., Chapter 2.8 of [3]). O
Proof of Proposition 4. We first }?rove claim 1. Without loss of generality, we focus on a fixed w = j € J.

Consider the function g ;(p) = 4; [) ) (1-Gj(u))du for p € [0, 1]. By the Leibniz integral rule, we have

dq; (P) A

dx = (G, (p))
is LA; L1psch1tz continuous over p € [0, 1], establishing claim 1.

Next we prove claim 2. Note that for m € R/X, we have F(m) = 2k VikMjk = Zapew Cwqw (Pw(m)),
where p,,(m) = p,,(m;4,,) for p,,(m;2) deﬁned in (8). Consider any m,m’ € R/X. One can show that
|pw(m)—py(m’)| <|m—-m’|/A,, for all w € W. It follows that

[F(m) = F(m)| < max_vilm—m'|+ > c|g (pw(m)) = g (o (m)
(ke weW

< max v,k|m m'|+ Z cwLldyylm—m'|/A,, =Lrlm—m’|.
(J.k)e& oW

> €) for each w € W as follows:

B/l
11 Zopa o 1) €)Y
o=t wh s € VAL (B ),

Loe ) (e L
T, Al A, B Al A,

< LA; for all p € [0, 1], where the inequality is due to Assumption 3. Therefore, g;(p)

where the second inequality is due to claim 1, and the last equality is by our definition of L. O
Proof of Lemma 6. By telescoping sup,, . F'(m) and sup,, ., F'(m), we have

|F (m*) — F ()|
<| sup F(m) - sup F(m)|+| sup F(m) — sup F(m)|+’

meN meN meNl meNl

<| sup F(m) - sup F(m)|+ sup |F(m) F(m)| |F(m) F(m)}
meM mel

< | sup F(m) - sup F(m)|+2 sup !F(m) F(m)|
meN mel

where the second inequality follows from the facts that | sup,, ., F(m) —sup,, .o F(m)| < sup,, .i; |[F (m) —
F(m)| and that SUp,,, cii F(m)=F(m). 0O

Proof of Lemma 7. Recall that m* is an solution of sup,,cy F(m). Let m be an solution to
sup,, . F(m). Then it suffices to bound |F(m*) — F(ii)|. By our definitions of &l{l in (32) and the feasible
regions M and M in (10) and (6), one can check that &fﬁz €M and &é’m* € M. Thus, by the optimality of
m* and m, we have F(m*) > F(&{m) and F () > F(&;m*). By the Lipschitz continuity of F, we have
F(&frh) > F(m) - LF|641 —1||m| and F(&gm*) > F(m*) - LF|&£1 — 1||m*|. Combining these yields

|F (i) — F(m*)| < Lr max (|@f AR 1||m*|) .

A

Now, since m* € M, we have |m*| < Y, cw A, Similarly, since /i € M, it holds that || < 3,y Ay
&g > wew Aw, Where the second inequality follows from our definition of &gl. By replacing |m*| and || in
the above display with theses upper bounds, the proof is complete. O

Proof of Lemma 8. First, claim 1 follows from comparing the expressions of the ground-truth F' in (6)
and the data-driven F in (10).

We next prove claim 2. For each m € N, it holds that

|G (P (m)) = qw (pw (M) [ =Gus (Prw(m)) = g (P (M) + G (P (M) = Gy (P (m)) |

@,
< g (Pw(m)) — gu

o, . 1
< [Gw (o (m)) = quo (B (m) |+ LA | 7= = 1]
w

(65)
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where (a) follows from the triangle inequality and the Lipschitz continuity of ¢g,, established in Proposition
4; and (b) is due to the fact that |p;(m) — p;(m)| < | Xrcgmjx/Aj — Zkeijk//ijl < |/ij//1j — 1|, where
the second inequality is because m € M so that Y, cx m ik < A j for all j €J, and that similarly, we have
|pr(m) — pr(m)| < |Ax/Ax — 1] for all k € K.

We continue to upper bound the first term of the last display of (65) as follows:

[éw(ﬁw(m)) _ qw(Pw(m)) _ gw(Pw(m)) /l_w _1 ]
1 Aw Aw A

QW(pw(m)) QW(ﬁw(m)) +L|/l _/lA | (66)

Guv (o)) = o (P () | = A1

(i)/1 A/l

w
(b) o N
< Awad (AG+AG )+, |1 - —W|
W
where (a) follows from the fact that A,, < /lwa/g and g, (p,,(m)) < A,,0,,; and (b) is obtained by replicating
the arguments used to prove claim 3 of Theorem 1, specifically, (14) therein.
Putting together (65) and (66), we have

|CIAW (Pw(m)) = qy (pw(m)) |
Ay

N n e 1 1
(AS +A¢ I)+(—+L) ——1|
A A G- 1
Sd/gl (A$+AS ‘)+(9—+L)max(|&§l—1|,|&§l—1|),

where the second inequality follows from the fact that |d,,/A,, — 1| < max(|max, ew{dw/dw} —
1], [minyew{dw/Aw} = 1)) forallw e W. O

Proof of Lemma 9. By our definition of & in (32) and the fact that /i € N, we have &l € M.
Therefore, we have | —mt| < |m — &fﬁzl = || |d/f — 1] because the projection 2+ minimizes the distance.
We also have |#it| < Y, e Aw < d/gl > wew Aw, wWhere the first inequality follows from the feasibility of #z in
M, and the second inequality is due to (32). The proof is thus complete. O

D. Omitted Proofs and Results for §8

Proof of Proposition 5. We prove by contradiction. Suppose all inequality constraints are non- binding
under m*. Then one can construct an alternative solution 2 that is feasible to M, while satisfying 7 jx > m’ i
for all j €J,k €K, and 7 jrpr > m],k, for some j’,k’. It follows that F (1) > F(m*) because both the
queue-length functions ¢/ (-) and ¢ k,( ) are strictly decreasing in m j ¢/, and because v j g7t jrgr > v jr k/m e
This contradicts the optimality of m*. O

Proof of Lemma 10. The proof is immediate by observing that the arguments used to prove Theorem
3 in [4] continue to be valid when the queue-length processes are induced by the matching process in either
Definition 3 or Definition 4. O

Evolution Equation for the Queue-Length Processes O,,(-). Recall that A,,(-) and R,, (-) denote the
cumulative arrival and reneging processes for type-w agents, respectively, and that M (-) represents the
cumulative matching process for type-j and type-k agents. Then, by the balance of flow, we have for any

t > 0 that
Qj(1)=0;(0)+A;(1) = R;(1) = ) Myx(t), Vj €7
keK
Qi (1) = Qx(0) + Ak (1) = Ric(1) = ) Myx(1), Vk €.
jel

When the matching process M (-) follows a discrete-review structure that does not perform any matching
during the time interval ((i -1)1,il ), where [ > 0 is the review period, we further have for any i =1,2,3...:

Ow ([@l-)=0w ((-1D)D+A, (i) -Aw(G-1DI) =Ry (i) + Ry, (i —1)]), VweW. ©67)
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Sequence of Matching Processes Induced by the Proposed Estimate-then-Match Policy. By the
estimate-then-match policy defined in (41)—(43), the number of matches made in the nth system between
type j € J demand and type k € K supply for (j, k) =Op,h=1,...,|E| at review pointi € {1,...,[¢/I"]} is
given by

M= min [ nm "), QUGI-)— Y ML QLG - Y oMmEL(68)
K:(j,k)eut O J: (k) eVl O

where an empty sum is defined to be zero (when 4 = 1). Note that the instantaneous matching rates m
is scaled by n in (68) because they remain feasible to the DDMP (10) when the estimated arrival rates are
scaled by a factor of n. For all (j, k) € &, it follows that the cumulative number of matches until time 7 > 0
in the nth system is given by
L2/1]
M (1) = Z M. (69)
i=1

Moreover, it is clear that M;.'Z’"(t) =0forallz>0and (j,k) € &E.

Proofs of Proposition 6. Our proof closely follow the proof framework used in [4] to establish the C-
tightness of their matching-rate-based and priority-ordering policies (Theorems 4 and 5 therein). Although
we do not find it necessary to write out the proofs of most results, we find value in stating the relevant
lemmas and commenting on their functions in the proof. On a high level, the proof involves four basic steps:
1) establish lower and upper bounds on the number of arrivals during a review period, 2) use the arrival
upper bound to establish an upper bound on the amount of reneging during a review period, 3) use the
arrival lower bound and the reneging upper bound to derive a lower bound on the queue length right before
each review point, and 4) uses the queue length lower bound to establish an lower bound on the number of
matches made at each review point, and show that this lower bound approaches the target matching rates
m € M.

The following lemma, which is Lemma A.2 in [4], achieves step 1) above. This lemma holds when the
inter-arrival distributions have finite 5th moment, which is implied by Assumption 2.

LEMMA 14 (Lemma A.2 of [4]). Suppose the inter-arrival distributions have finite 5th moment. For
any finite constant a; > 0, there exists finite constants b > 0 such that for any T > 0,

P sup sup <anl™|>1-bn"16,

ie{l| & |} weW

A" (il™) = A" ((i = DI = n Ay 1"

Let Q} denote the event that for all i € {1, ey \_lZnJ} and w e W, |ACV @y —-A% (@-1i") - n/lwl"| <
anl". Lemma 14 implies that lim,,_, P(Q’f) =1 because nl" — oo.

The following lemma summarizes the first step of the proof of Theorem 4 in [4] to establish an upper
bound on the number of reneging during a review period, achieving step 2) above.

LEMMA 15.  Suppose the inter-arrival distributions have finite 5Sthmoment. For any a > 0, let Q0 denote
the event that R, (il") = Ry, ((i = 1)I") < apnl” foralli € {1,...,|T/I"|},w € W. Then, lim,,,o P(€2]) = 1.

Let € > 0. In the following, we take a; = a; = ﬁ and consider only w € Qf U Q7, where lim,,_,o P(Q] N
Q) = 1. Then, by the flow balance equation (67), fori € {1,...,[T/I"]} and w € W,

Q,, (i1"=) =@, (= DI") + AT GI") = AL (= DI) = Ry, GI") + R (= 1)17)
€ (70)

>nl"A,, —anl™ —axnl™ =nl"(4,, — ﬁ)’

which gives a lower bound on the queue length, i.e., achieving step 3) above.
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Fix m € M. Since Proposition 6 trivially holds for all (j, k) € &°, we focus on (J, k) € & below. Suppose
we can use (70) to show that for large enough n € N,

nl" (m k- %) < M <l (71)

foreach (j,k)eEandie{l,...,[T/I"]}. Then, we have that for large enough n € N,

M}'};”(t) g b o . .
e Y M Ly (m,k— ﬁ) > (t/1" = 1) 1" (m_,k— ﬁ) > m it — €,
i=1

where the last inequality is because I — 0 as n — oo. On the other hand, we have for n e N

M™(r) L)
Jk ,
L= Z‘ M < L/ 1 mjic < mjt.
Since € can be arbitrarily small, the above two displays achieve step 4) above and complete the proof.
We next prove (71) to complete the proof. The second inequality of (71) follows directly from the capping
mechanism of the proposed policy. Specifically, from (68), we have M:"k" < |mmjxl™ | < nl"m . For the
first inequality of (71), we have for edge (j, k) =On,h=1,...,|E|andie{l,...,|T/I"]},

M =min (an k"), Q1 l-) - Z M Qil-) - Z M;’};,ﬁ)
K:(j.k")eurlo, J G k)euhzlog
(@ . . 1 € €
> nl mln(mjk—ﬁ, /lj_ﬁ_ Z mjk/,/lk—ﬁ— Z mj/k)
K:(j.k)eu Oy J(k)yeuhzto,
by . . 1 e|© €
> nl" min mjk_n?’mjk_ﬁ) > nl (mjk—ﬁ),

for all large enough n € N. Here, (a) follows from the queue length lower bound (70), the matching upper
bound that M:’j'k" < nl"m i, and the fact that | x] > x —1; (b) follows from the feasibility of m within M and the
fact that O, U O = 0 for h # ", so that m jx < min(Aj =Yg, kryeuh-1 0, Mjk's Ak = Xjre( 7 kyeuh=1 0, k)
and (c) is due to nl"* — oo. O

E. Omitted Proofs and Results for §9

E.1. Extending the statistical guarantees for DDMP-KA to s—optimal solutions Recall that the
statistical guarantees established in Theorem 3 for the DDMP-KA relies on Theorem 1, which provides
a sample-path-level upper bound on |F (m*)-F (ﬁlKA)}. The following result generalizes Theorem 1 to
g—optimal solutions.

PROPOSITION 9. Fix any & > 0. Given historical reneging samples {er :weW,b e [BS]}, consider
any m8A € {m e M : F*A(m) > sup,, oy F¥*(m’) - &}. It holds that

~ ~ ~ -1
[F(m*) - F(gM] <2 cwdw (BT +AT ) +e,

where AG and Aﬁf" are as defined in (12).
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Proof. We closely follow the proof of Theorem 1. Claims 2 and 3 therein still hold. However, Claim 1
needs to be revised as |F(m*) — F (%% < 2sup,, ¢, |F(m) — FX¥A(m)). To see this, observe that
|F(m*) — F(%*)| = | sup F(m)— sup F**(m)+ sup FX(m) — F¥A(h82) + F¥A (82 — F(mX4)|
meM meM meM
<| sup F(m)— sup F*(m)|+&+|F* (™) - F (')

meM meM
<2 sup |F(m) - F**(m)| +e,
meM

where the equality follows from noting that F(m*) = sup,, <, F(m) and telescoping, the first inequality
is by the triangle inequality and the e—optimality of mXA; and the last inequality is due to the fact that
both | sup,, .3 F (m) —sup,, cp; FX4(m)| < and |FKA(mKA) F(m%")| are no greater than sup,, s | F (m) —
FXA(m)|. Combining the revised Claim 1 with Claims 2 and 3 leads to the desired result. O
Using Proposition 9, we can generalize Theorem 3 to e—optimal solutions as follows.

PROPOSITION 10. Fix any & = 0. Suppose Assumption | holds. Then, for any € <
1/(vy max{1, ma&(lew}), it holds for any m%* € {m e M : F¥*(m) > sup,, 0 FX**(m’) — &} that
we

P(|F(m*)—F(rhI§A)|Ze+8)S Z@ ( vle) Z Z ( w,vle)
wew weWie{l,2,3}
forall 5, € |0, min {%, 1-G(yw(v1€)),Gw(vi€)} | and all BS > 1, where the functions @, ., and P,
and are given in (13), (21), and (22), respectively, and vi = [4(J + K) max,,ew{cwAy }] ', Furthermore, if
x(€) :=F(m*) - sup F(m)>0 forall €>0.

meM:|lm-m*|>e€
Then, for all € such that y(€) € (g,&+1/(vy max{l, ma& 6, }), it holds for any m%A € {m e M : FX¥A(m) >
we

sup,, ey F¥4(m’) — &} that

P(|m*—rh§A| > e) < Z D, (Bg;vl()((e) —s)) + Z Z ¥, (Bg;éw,vl()((e) —s)),

weWw weWie{l,2,3}

for all 6,y € [0.min {1, 1= Gy (v (1 (x (&) = £))). Gy (1 (x () ~€))} | and all BG > 1.

Proof. Proposition 9 implies that |[F(m*) — F (X*)| < 2max,, e {cww } Swew (A% +AS ™) +&. Hence,
the event {|F(m*) — F(m®")| > € + &} implies that at least one of the events {AS > v,€} and {Ag_l >
vie}, w € W must happen. Then it follows from the subadditivity of probability measure that

P(|F(m*)—F(ﬁzKA)| > e+s) < Z P(AS > vle) + Z P(Agil > vle).
wew wew

By applying Lemma 1 and Corollary 1 (i.e., corollary to Theorem 2) to upper bound the right hand side of the
above display, we can complete the proof of the optimal value gap. To establish finite-sample bounds on the
solution gap |m* — m%A|, note that P (jm* — m%A| > €) <P (|F(m*) - F(m%*)| > x(€)) by the definition
of y and the feasibility of mX* within M. The result then follows from applying the finite-sample bound on
the optimal value gap to control the right-hand side. O

E.2. Proof of Lemma 12. By telescoping, we have
|F (i 2) = F(m*)|
|F(m8) F(g)+F(mg)— sup F(m)+ sup F(m)— sup F(m)+ sup F(m) - F(m*)|
meM meM meM meM
<2 sup \F(m) F(m)|+|F(m ) — sup F(m)|+| sup F(m) — sup F(m)|
melM melNl mell
<2 sup ’F(m) F(m)|+s+| sup F(m) — sup F(m)|

mell meM
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where the first inequality follows from the triangle inequality, the fact that both |F (i g) — F (i 8)| and
| SUP,, i F(m) - SUP,, i1 F(m)! are no greater than sup,, . |F(m) - F(m)| since X € M, and the fact that
F(m™*) =sup,, <y F(m); and the second inequality follows from the definition of e—optimal solution. O

E.3. Proof of Proposition 7. Since any feasible solution m € M to the DDMP (10) must satisfy m k=0
forall (J, k) ¢ &, these variables can be treated as fixed constants. Hence, the optimization can be restricted to
{m i : (j, k) € &}. Under this observation, the constraint m € M can be equivalently rewritten as (49b). For
any fixed j € J and m € M, we have pj(m)=[(1- ZkeKm]k//i AL T=1- Zkeijk//’i We introduce
binary variables z;,,b € {0} U [BG] to indicate which of the intervals (BG , BG] that 1 — Y yexmjx/A;

belongs to. Spemﬁcally, Z ]0 =1 indicates that 1 — 3y cx m ik //l =0, while for b >0, zjp =1 indicates that
1= Ykex Mk //l € ( BG , BG] This logical relation is enforced by constraints (49c¢), (49d) and (49¢). Given

that z;, = 1, we have (G D71 - Z keK m J /A j)= rG by definition of the quantile function in (9), where we
have created an artificial sample r Thus glven Zjp = 1, by the definition of 4,,(p) below (10), we

G
have §;(pj(m)) = j ﬁ) r1-G j(u))du = jb, where the second equality follows from directly calculating
the integration and the fact that G defined in (9) is a step function that jumps upward by 1/ BG at each
sample point ¥ T Therefore, we can express §;(p;(m)) as the summation ;6 Libzjp- Rephcatlng

the above arguments for all k € K leads to constraints (49¢) and (49f), and we can express §x(pr(m)) as
the summation ) be[BT] Ixpzip. Finally, substituting these expressions of g, (P, (m)) into the objective

function F' of the DDMP (10) yields the objective function (49a). O

E.4. Proof of Proposition 8. Throughout the proof, we treat {m i : j € J, k € K} as the decision
variables in (49) and the DDMP-Lin, with the additional constraints m j; = 0 whenever (j, k) ¢ &. First,
we prove that 0 < sup,, . F(m) — F(*). We do this by showing that the feasible region of the decision
variables {m jx : j €], k € K} in the DDMP-Lin is a subset of those in formulation (49). To see this, note that
in (49), 1 =Y rexmjx/ A j is allowed to take value in the whole interval [0, 1], but in the DDLP-Lin, due to
the positivity of «, it can only take value in [0, 1] \{(b/Bf, b/BjG +k):b=0,..., BjG — 1}, which is a subset
of [0,1]. A similar argument applies to 1 — 3 ;cym /A, k € K. Therefore, F () is no greater than the
optimal value of (49), which equals sup,,, . F(m) by Proposition 7.

Second, we prove the upper bound using a constructive argument. Specifically, for any e—optimal solution
m. of (49), we will construct a solution 7z, such that 1) m . is feasible for the DDMP-Lin, and 2)
F(ﬁla) - F(’ha) < 2('] + K)/imax(ZjeJ,keK ij)K + ZWGW Cw/’iw Supbe[Bg](rVCV;,b Ty b 1) Moreover, by
ttle deﬁnitif)n of a—qptimal solution and the optimality of #“ in the DDLP-Lin, we have SUp,,, ciix F(m) -
F(m*) < F(m.)— F(f.)+e¢ for any € > 0. Then, proof can be completed by taking the limit as £ | 0.

In the following, we describe the construction of 7 . for any given i .. For notational simplicity, we omit
the subscript £. The construction algorithm operates in three steps: (1) Initialize 11 i = rit ji for all j € J and
k € K; (2) Foreach jel,if f; :=1- Zkeijk//ij € (b/BJG, b/BJG + k) for some b =0, .. .,B}G — 1, update
Mk — [k —/ijk]+ for all £ € K; and for ea(A:h keK, if f:=1- Zjejﬁzjk//ik € (b/BkG,b/BkG + k) for
some b =0,..., Bg — 1, update 1 ji < [ j — Axk]* for all j € J; (3) Repeat step (2) if any update on 7z has
occurred, and the algorithm terminates if otherwise.

Next, we show that this algorithm terminates within at most (J + K) iterations of step (2) and returns a
feasible solu}ion m for DDMP-Lin. Note that in each iteration of step (2), the values of 7 decreaseAs by no
more than 24,k for each j and k. As a result, the quantities f; and fi increases by no more than 24,k X
max{J,K}/ Aumin in each iteration of step (2). In the statement of the theorem, we have set « sufficiently small
such that k + (J + K) X 2Amaxk max{J, K}/ Amin < 1/BS .. This ensures that if f] € (b/BjG, b/BJG + k) for
some b=0,..., B? — 1 at some iteration of step (2), fJ will increase and exit this interval after that iteration
(by the way we decrease 1, k € K), and importantly, f] will remain below (b + 1)/B¢ in all subsequent
(J +K) iterations (by our choice of a sufficiently small ). This means that for this particular j € J, no further
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update on 771 jk, k € K will occur in all subsequent (J + K) iterations, and the constraint imposed on f] in the
DDMP-Lin is satisfied because f; & (b/ BJC.;, b/ BJC.; +k) forallb=0,..., BJC.; — 1. Since the same arguments

apply to each fy, k € K, the algorithm must terminate within (J + K) executions of step (2). At termination,

we have (J +K) X 2 naxk < 1t jk—mji < 0forall j and k. This gives the first component of the upper bound.
Moreover, we have l/BG >(1- ZkeKka//i )—(1- ZkeKﬁz]k//i ;) > 0since f; remains below (b+l)/B§.;.

Thlsnnphesthatqj(l ZkeKka//l) gj(1- ZkeKm]k//l)<supbe{1 BG- 1}(fjb IAJb 1)bytherole

.....

of I, , in the proof of Proposition 7. From (50), we have I; , — [; -1 =1 (B b+1)(rjp—rjp- 1)/B
A; j(rjb—=rjp-1). This yields the second component of the upper bound as the same reasoning apphes for
Gr(1= 2 jermje/Ax) = Gr(1 = X jey Mjr/Ak)- O

E.S. MILP Solution Time We conduct numerical experiments to evaluate the solution time of DDMP-
Lin (Definition 7) under varying network sizes (J x K), reneging sample sizes BS, and network param-

eters (cy,V jk,/iw), assuming a fully connected network & =T x K. Specifically, we consider (J,K) €
{(2,1),(2,2),(3,3),(4,4),(5,5)} and BG € {100,250, 500, 1000, 1500}. For each combination of network

size and sample size, we run five independent replications. In each replication, we (i) generate reneging

samples rfv;b : b € [BS] by sampling from a Weibull-4 distribution with mean 1 for each w € W; (ii) sample
¢y and A,y independently from uniform distributions on [1,5] and [1, 10], respectively, for each w € W; and

(iii) sample v j; independently from a uniform distribution on [1, 5] for each (j, k) € J X K. Each generated
instance is solved using Gurobi 12.0.2 on a personal MacBook equipped with an Apple M2 Pro chip and
16 GB of memory, and the corresponding runtime is recorded. Instances not solved within 3600 seconds
are terminated and assigned a runtime of 3600 seconds. Table 4 reports the median runtime, with the 25%
and 75% quantiles shown in parentheses. The results show that instances with up to 12,000 binary variables
can typically be solved within seven minutes. However, some larger instances (e.g., J X K =5 X 5) cannot
be solved within one hour. Developing more efficient algorithms to accelerate the MILP solution process is

therefore an important direction for future research.
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TaBLE 4. Runtime of solving the DDMP-Lin (Definition 7) under different network sizes (J x K), reneging sample sizes (Bg ), and
randomly generated network parameters (cy,V jk,Aw). The third column reports the median solution time (in seconds) over five
replications, with the 25% and 75% quantiles shown in parentheses; runs exceeding 3600 seconds are truncated at 3600 seconds.

Network Size: Jx K Sample Size: BG Runt'ime in Seconds: Nymber of . Numper of ' Number' of
W Median (25%, 75%) Binary Variables Continuous Variables Constraints
100 0.0438 (0.0402, 0.0492) 303
250 0.117 (0.116, 0.131) 753
2x1 500 0.612 (0.564, 1.049) 1,503 2 12
1000 0.330 (0.293,0.472) 3,003
1500 0.488 (0.467, 0.503) 4,503
100 0.0944 (0.0664, 0.0948) 404
250 0.683 (0.322, 0.786) 1,004
2%x2 500 2.190 (1.998, 2.398) 2,004 4 16
1000 3.460 (1.555, 7.262) 4,004
1500 5.787 (3.717, 10.284) 6,004
100 0.374 (0.313, 0.496) 606
250 0.828 (0.792, 0.847) 1,506
3x3 500 10.042 (3.397, 11.161) 3,006 9 24
1000 23.936 (9.220, 66.666) 6,006
1500 20.766 (18.725, 33.720) 9,006
100 0.422 (0.261, 0.461) 808
250 4.134 (2.385, 4.773) 2,008
4x4 500 13.819 (11.509, 85.959) 4,008 16 32
1000 288.237 (14.983, 462.870) | 8,008
1500 250.693 (54.387, 347.499) | 12,008
100 1.249 (0.352, 2.660) 1,010
250 27.308 (19.290, 42.157) 2,510
5%5 500 205.237 (149.912, 271.616) | 5,010 25 40
1000 3600 (3600, 3600) 10,010
1500 3600 (609.986, 3600) 15,010
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