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Online Appendix

Proof of Property 2

Let vel, i € A and y; < m;. From C.1 and (3), we have
Agv(s(y +€i),y) > Agv(s(y +ei),y +e) > 0. (1)

Thus Agv(s(y +ei),y) > 0, from which we deduce using (3) that s(y +e€;) > s(y). Furthermore, from C.2

and (3), we have
Agv(s(y) + 1,y +ei) = Agu(s(y),y) > 0. (2)

Hence, Agv(s(y) + 1,y + e;) > 0, from which we deduce using again (3) that s(y +e;) < s(y) + 1.
Let j € W. Then from C.1 and using (5) leads to

Aov(rj(y +e;) —1,y) > Aov(rj(y +e) — 1,y +e;) > —cj. (3)

It follows that Agv(r;(y + ;) — 1,y) > —c; and we deduce from (5) that r;(y + e;) > r;(y). In addition,

we have from C.2 and (5)
Agu(r(y),y +ei) = Aou(rj(y) — Ly) > —¢;. (4)

Consequently, using (5) we have r;j(y + e;) < rj(y) + 1. For j € A, we can prove similarly that r;(y) <

rj(y + ;) < rj(y) + 1, which completes the proof. O

Proof of Property 3

Assume in all the proof that v €U, ¢; > ¢j, y € Y and x > 1.
Case 1: (i,j) € A*
From Condition 1 of ¢ and ¢; > ¢;, we have:
A()U(LU— 1,y—e¢)+ci Z A()U(.’L‘— 1,y)—i—cj (5)

which implies that r;(y) < r;(y +e;). From Property 2, we also have ;(y +e;) < r;(y)+ 1 and we finally

obtain that r;(y) < r;(y) + 1.



Case 2: (i,j) € W?

We have:

Agv(z —1,y) +¢ > Agv(z —1,y) + ¢

which immediately implies that r;(y) < 7;(y).

Case 3: i€ Aand j €W

We have:

Agv(z — 1,y —€;) +¢; > Agv(z — 1,y) +¢;

which implies that ;(y) < r;(y).
Case 4: icWand je A
We have, from Condition 3 of U:
Agv(z,y) +¢ > Agv(z — 1,y —ej) +¢;
which implies that r;(y) < r;(y) + 1.
Proof of Lemma 1

To simplify the proof, we introduce three new operators as follows:

Av(z,y) = prypAfv(z,y),

Adv(z,y) = (1 — pr)yeAdv(z,y) + (my, — yi)v(z,y), and

APo(z,y) = Afv(z,y) + Ajv(z, y).

We assume throughout the proof that v € ¢ and that (z,y) € IN x ).

With equations (2) to (3) and the assumption that v(z,y —e;) = 0 if y; = 0 (this assumption holds for



the rest of the proof), we can rewrite the different operators as follows:

v(ix+1,y) ifz <s(y)

Pu(z,y) =
v(z,y) if z > s(y),

v(z,y) +ap if x <r(y)
ka(x7Y) =

vz —1,y) ifx>ri(y),

v(z,y +ex) if yp < my
Ajv(z,y) =

v(z,y) if gy, = my,
y pryklv(z,y —eg) + ] if x < ri(y)
Ajv(z,y) =

peykv(z — 1y —ex)  if 2 > ri(y), and

Afv(z,y) = (1= pryrv(z,y — ex) + (my, — ye)o(z,y).

Using Equations (9) to (13), we obtain

AOPU(fEa y) =

,

AoWkU(ﬂf, y) =

AOAllcU(xa y) =

A()/L%U($7 y) =

Apv(z+1,y) <0 ifz<s(y)—1

0 ifx=s(y)—1

Agv(z,y) >0 if x > s(y),
Aov(z,y) < —ck if o <rp(y) -1
—cp; ifr=ri(y)—1

Aov(z —1,y) > —c  if o > ri(y),

Agv(z,y +ep) if yp <my

Aov(z,y) if yp, = my,
PrYLDov(z,y — exr) < —PrYkck if v <rp(y)—1
—PkYkCk if z=rp(y)—1

Peyplov(z — 1,y —ex) > —pryrcr  if © > ri(y), and

\

Ao Aiv(z,y) = (1 — pr)yrDov(z,y — ex) + (mg — yr)Aov(z, ).

(10)

(11)

(14)

(17)

(18)



The inequalities (< 0) and (> 0) in (21) follow from (3). The inequalities (< —¢i) and (> —c¢g) in (22)
follow from (5). The inequalities (< pryrcr) and (> pryrcr) in (24) follow from (4).
Based on these preliminary results, we will prove now that T'w satisfies conditions C.1, C.2, C.3 and

C.4 and we will conclude that T'v also belongs to U.

Condition C.1

Here we assume that i € A and y; < m;. Equation (21) and Property 2 imply

)
AApv(zr+1,y) <0  ifr<s(y)—1

Apv(z+1,y+e)<0 ifr=s(y)—1=s(y+e)—2

AiAoPu(z,y) = {0 ifz=sy)—1=s(y+e)—1 (19)
—Apv(z,y) <0 ifr=s(y)=s(y+e)—1
A Agv(z,y) <0 if x> s(y+e).

To establish the four inequalities (< 0) in (19), we use C.1 and (3). Thus A;A¢Pv(z,y) < 0 and Pv
satisfies C.1.

Let kK € W. Equation (15) and Property 2 imply
AiAgv(z,y) <0 ifr <rp(y)—1
Agv(z,y +e€)+cx <0 fex=r(ly)—1=rr(y +e;)—2
AidoWiv(z,y) =40 ifz=rp(y) —1=rp(y +¢)—1 (20)

—[Agv(r —1,y) +¢c] <0 ifx=rp(y) =ri(y +e) -1

AjAgv(z—1,y) <0 if v > rp(y + ;).

\

To establish the four inequalities (< 0) in (20), we use C.1, and (5). Thus A;A¢Wyv(z,y) < 0 and Wyv

satisfies C.1.



Assume now that £ € A and k£ # i. Then

AjAgv(r,y +e) <0 if yp < my
AiDoAgu(a,y) = (21)
AiAgu(z,y) <0 if y = my,

Az‘AofiiU(iﬂa Y)
4

PrYRA Aou(z,y —er) <0 if o <rp(y)—1
Pryk[Aov(z,y + e —ep) + ] <0 ifrx=rp(y) —1=1(y +e;) -2
=340 fr=r(y)—1=r(y+e)—1 (22)

—pryp[Qov(z — 1,y —e) + ] <0 ifx=rp(y) =rr(y +e)—1

PrYRA Agu(z — 1,y —e) <0 if > rp(y +e;), and
\

AiAoAdv(z,y) = (M, — i) AiDov(z,y) + (1 — pr)ysdiAgv(z,y —ep) <0 (23)

Inequalities (< 0) in (21) follows from C.1. To establish the 5 inequalities (< 0) in (22), we use C.1 and
(??). The inequality (< 0) in (23) follows from C.1. The expressions in (21)-(23) imply that AgAL, AgA?
and Agfiz are non-increasing in ;.

Assume now that k& = 3.

AiAgv(z,y +e€) <0 ify; <m;—1

ADNoAtv(z,y) = (24)
0 ify, =m; — 1,

A,-Aofl?v(a:, y) (25)
piyidilov(z,y — ;) + pilov(z,y) if o <ri(y)—1
piyi[Aov(z,y) +ci] + pilov(z,y) fz=ri(y)—1=ri(y+e)—2

=94 —pic;i ife=r(y)—1=ri(y+e)-—1 (26)
—piyilAov(z — 1,y — €;) + ¢i] — pic; ifrx=mri(y)=ri(y +e)—1
piyidiAgu(z — 1y — ;) + piAgv(z — 1,y) if x> ri(y +e;), and

\

A A Av(z,y) = (m; — yi — DA Ag(z,y) + (1 — pi)yidiAov(z,y — €;) — pidov(z, y). (27)

Inequality (< 0) in (24) follows from C.1. Separately AiA()A? and AZ-AOA? are not always non-positive.



However we have from (27)

AiAgAdv(z,y) + pildov(a,y) = (m; — yi — 1) Agu(z,y) + (1 — pi)yidiAov(z,y — ;)

<0. (28)
Inequality (28) follows from C.1. On the other hand, we have

AiAOA?U($7 Y) - piAOU(QU» y)

PiyiAiAgv(z,y —e;) <0 if v <ri(y)—1
piyiAov(z,y) +¢i] <0 fr=r(y)—1=r(y+e)—2
=\ —pilei + Agv(z,y)] <0 ifz=ri(y)—1=ri(y+e)—1 (29)

—piyilAov(z — 1,y — ;) + ;] — pilci + Apv(z,y)] <0 ifx=ri(y)=ri(y +e)—1

PiyidiAov(r — 1,y — ;) — pidoAov(z —1,y) <0 if £ > ri(y +e).

\

To establish the 5 inequalities (< 0) in (29), we use C.1, C.3 and (4). Consequently
AiAofl?v(aj,y) — piAov(z,y) <0. (30)
If we add inequalities (28) and (30), we obtain
AiAgA2u(z,y) + AiAgAdv(z,y) = AiAgAZPu(z,y) < 0. (31)

Finally A;AgAjv(x,y) <0 and AiAoflz?’v(:L‘,y) <0 for all k € A. Thus Ajv and flz‘gv satisfy C.1.

Furthermore, the definition of operator 7" given in (2) yields

AoTv = Agh + pAoPu + Z MDA Wiv + Z {AkAoAllgU + V]AA(}A%’U + A()sz)}, (32)
kew keA

which implies that AgT'v is non-increasing in y; as a positive linear combination of non-increasing functions

in y;. Therefore Tv satisfies C.1.



Condition C.2

Here again we assume that i € A and y; < m;. Equation (14) and Property 2 imply

AoyiDNoPu(z,y) =

ApriAov(z +1,y) >0
—Agv(z+1,y) >0

0

Apv(x+ 1,y +¢€) >0

AotiAov(z,y) >0

if v <s(y+e)—2
ifr=s(y+e)—2=s(y)—2
ifr=s(y+e)—2=s(y)—1 (33)
ifr=s(y+e)—1=s(y)—1

if x > s(y).

The four inequalities (> 0) in (33) follows from C.2 and (3). Thus Ag+;AgPv(z,y) > 0 and Pv satisfies

C.2.

Let kK € W. Equation (15) and Property 2 imply

AoriDoWio(z,y) =

Ao+iAov(z,y) = 0
—[Aov(z,y) +ci] >0
0

Agv(z,y +e€;)+cp >0

A()_H‘A()’U(:C - 1,y) Z 0

ifr<rp(y+e)—2
ifex=r(ly+e)—2=ri(y) —2
if 2 =rp(y +e)—2=ri(y)—1 (34)
ifo=ry +e)—1=ry(y) -1

if x > ri(y).

To establish the four inequalities (> 0) in (34), we use C.2 and (5). Thus AgyiAogWiv(z,y) > 0 and Wyv

satisfies C.2.



Assume now that k € A and k # 7.

. Agyildov(z,y +er) >0 if yp <my
A0+Z‘A0Akv($, y) = (35)
AoriAov(z,y) >0 if yr, = my,

AoyidoAju(z,y)

PrykDotilov(z,y —ex) > 0 if o <rp(y+e)—2

—pryk[Dov(z,y —ep) + ] 20 ifx=rp(y +e) —2=7p(y) -2

=140 ife=r(y+e)—2=r(y) —1 (36)
Prye[Dov(z,y —ep+e) +cx] 20 ifx=rp(y +e) —1=rp(y) —1

PrYDo+iDdov(r — 1,y —e) >0 if 2 > rp(y), and

No+iDoAjv(z,y) = (my, — yr) Do+ilov(z,y) + (1 — pr)yrloriDov(z,y — ex) > 0. (37)

The two inequalities (> 0) in (35) follow from C.2. To establish the 5 inequalities (< 0) in (36), we use C.2
and (4). The inequality (> 0) in (37) follows from C.2. Equations (35)-(37) imply that Ags;AgALv(,y),
AoriDogAZv(z,y) and Agy;AgAdv(z,y) are non-negative.

Assume now that k& = 4. Then,

A0+ion(l‘,y + ei) >0 if Y <m; — 1

AopildoAjv(z,y) = (38)
AoAgv(z,y +€;) >0 if y; =m; — 1,

A0+Z‘A0A?U(Cb,y)

piYilorildov(z,y —€;) + pildov(z+1,y) ifz <ri(y+e;) —2

—piyi[Dov(x,y — €;) + ¢ — pici ifz=ri(y+e)—2=ri(y)—2
=\ —pici ifx=ri(y+e)—2=ri(y)—1 (39)
pivilAov(x,y) + ] + pidov(z,y) ife=ri(y+e)—1=r(y)—1

PiyilotiDov(x — 1,y — ;) + pidov(z,y) if x > r(y), and

AoriloAv(x,y) = (mi —yi — 1) Agrilov(x,y) + (1 — pi)yilorilov(z,y — €;)

+ AoAgv(z,y) — pidov(z + 1,y). (40)

Inequalities (> 0) in (38) follow from C.2 and C.3 and we conclude that Agy;AgAlv(z,y) > 0. Separately



Ao1iDoAZu(x,y) and Ag;AgAu(x,y) are not always non-negative. However we have from (40)

AoriDoAu(x,y) — AoAou(x,y) + pilov(z + 1,y)
= (mi —yi — 1)Aorilov(z,y) + (1 — pi)yiDoriDov(z,y — €;)

> 0. (41)

Inequality (41) follow from C.2. Also we have

AQ_H'A()A?U(SC, y) + AoAov(z,y) — pidov(z + 1,y)

piyilo+ilov(z,y — €;) + AgAgv(z,y) > 0 if o <ri(y +e)—2
—piyilDov(z, y — €;) + ci] + DoAgv(z,y)

_ —plei + Agv(z +1,y)] >0 ifr=ri(y+e)—2=riy)—2 42)
AoAgv(z,y) — plei + Agv(z +1,y)] > 0 fe=riy+e)—2=ry) —1
piyilAov(z,y) + ci] + (1 — pi) AoAgu(z,y) = 0 ifz=ri(y+e)—-1=ry)—-1

\piyiAO—i-iAOU(x —Ly—e)+(1—p)AoAov(z,y) >0 ifz>ri(y).
To establish the 5 inequalities (> 0) in (42), we use C.1, C.2 and (4). We can then write
AOJrz'AOA?U(-T, y) + AoAov(z,y) — piAgv(z + 1,y) > 0. (43)
If we add inequalities (41) and (43) , we obtain
AotiDoA2v(x,y) + AopiNoAdv(z,y) = AgriNgAPBu(z,y) > 0. (44)

Finally Ag;AoALv(z,y) > 0 and AOJFZ‘A()A%?’U(ZE,}’) >0 for all k € A. Thus Ajv and fligv satisfy C.2.

So does Tw by linear combination.
Condition C.3
Tv satisfies conditions C.3 as a direct consequence of satisfying conditions C.1 and C.2. If y; < m;

Aov(z,y) < Agu(z+ 1,y + ;) (45)

< Agv(z+1y) (46)

where (46) follows from C.2. If y; = m;



Agv(z,y) < Agv(z,y — €;) (47)

< Agv(z +1y) (48)

where (48) follows from C.3.

Condition C.4

By assumption h is increasing in x thus Agh(z,y) > 0. Applying C.4 to (14)-(18) leads to AgPv(x,y) >

—c1, AogWio(z,y) > —cy, AOAllﬂv(x,y) > —cy and Aoflz?’v(:n,y) > —mycy. From (32), we obtain

AogTo(z,y) > — (u + Z Ak + Z mkuk> 1 (49)

ke AUW ke A

Z —C1. (50)

Inequality (50) follows from the rescaling condition a + 4 > ;A Mk + 2 _pea Mk = 1. We conclude

that T'v satisfies C.4. This completes the proof of lemma 1.

Proof of Theorem 1

Our problem verifies Assumption P in Bertsekas (2001, Section 3.1). From Proposition 3.1.5 and 3.1.6
of Bertsekas (2001), v* = limy, 00 T’ (My for any v in U, where T refers to n compositions of operator
T. Since U is complete, v* belongs to U from Lemma 1. Define s*(y) = min[z > 0|Agv*(z,y) > 0],
ri(y) = minjx > 1|Agv*(x — 1,y —e;) + ¢ > 0] if i € A, and r;(y) = min[x > 1|Agv*(z — 1,y) + ¢; > 0]
if i € W. Let 7" be the policy described by the base-stock level s*(y) and rationing levels r}(y) such
that the facility produces if z < s*(y) and idles otherwise, and an order from class j that becomes due is
satisfied if z > 77(y) and is rejected otherwise. Then 7* is optimal since for each state (z,y) it specifies an
action that attains the minimum in Tv*(z) (see Propositions 3.1.1 and 3.1.3 of Bertsekas (2001)). Results
P.1-P.6 follow from the fact that v* satisfies conditions C.1-C.4 and the base-stock and rationing levels

satisfy Properties 2 and 3.

10



Proof of Theorem 2

The proof is in two parts.We first show that the optimal cost of the unbounded problem satisfies certain
optimality equations and that the problem admits an optimal stationary policy. We then show that the
value functions of certain bounded problems converge to a limit as the bound on the state-space goes to
infinity. It turns out that this limit satisfies the optimality equations of the unbounded problem and is
therefore optimal.

For the purpose of this proof, we describe the state of the system with an n + 1-dimensional vector
¥y = (%o, - - -, Yn) such that yo represents the on-hand inventory and y; the number of announced orders of
class i; e now denotes the k+ 1-th unit vector of dimension n+1 (e.g., e = (1,0,...,0), e; = (0,1,...,0)
etc.).

Consider first the problem for which m; = --- = m,, = +00. In the following, we refer to this problem
as the oco-problem. Denote by ¢(z|y,a) the transition rate from state y to state z given the decision
ac€ A:={0,1}""L. For example, for all a, ¢(y — ex|y,a) = vxyr and we will sometimes use q(y — ex|y, a)
in place of vy, when it simplifies the presentation. Without loss of generality, we also introduce dummy
transactions with rate u when the policy states not to produce. In this case, }, .. ¢(zly,a) = B(y) with

Bly)= D M+p+ > v
keWUA ke A
which does not depend on decision a and hence also simplifies the presentation. It follows that the transition
probability from state y to state z given a is equal to ¢(z|y,a)/5(y).

The corresponding optimality operator is then given by

7 oo zly,a
To(y) = min/0 h(y0)+ztj(ﬁ|(3;’))v(z)+ K 0(y)lageo | B(y)e @O

acd y Bly)
+oo
(et B ay —exly,a)
+< . ) y dt> ie%;A 30 i La,=0 (51)
~ min c(y,a) B(y) q(z y,a)vZ o
T what ) Tat ) ; 3(y) (z) + T 50) (¥)Lao=o0, (52)

with

c(y,a) = hyo + Z VilJiCila;=0,
iEWUA

where 1,.—9 = 1 if a; = 0 and is null otherwise. The costs ¢; in (51) are discounted over a time period

between two transition epochs (which is exponentially distributed with rate 3(y)) since the costs ¢; are

11



incurred when the system leaves the current state y. The last term of (52) is due to the dummy transition
with rate u when the policy states not to produce.

The oco-problem is a continuous time Markov decision process with unbounded transition and reward
rates. Next, we use a result due to Guo and Hernandez-Lerma (2003) to show the following proposition;

see also Benjaafar et al. (2007).

Proposition 1 The optimal cost of the co-problem v* is the unique solution of the optimality equations
Tv* =" (53)
In addition, an optimal stationary policy exists.

Proof: The proposition results from the direct application of Theorem 3.2, parts (b) and (e) respectively,
of Guo and Hernandez-Lerma (2003). We show in the following that our problem satisfies the conditions
of their theorem (see Assumptions A (1)(2)(3), B (1)(2) and C (1)(2) in Guo and Hernandez-Lerma (2003)
for more details).

Assumption A (1) is immediate by taking S,, equal to the state space of the m-problem (i.e. such that
yi <m). Consider now the function R(y) = max; y;. Assumption A (2) holds since inf,¢g, R(z) = m. For
Assumption A (3), note that

Y alzly,a)R(z) = D> MR(y)+ Y MRy +ex) + Y vuR(y —ex) +

z kew ke A ke A
pR(y)1ag=0 + pR(y + eo)lay=1 — B(y)R(y)

< pR(y+eo)+ Y MR(y)+ Y MR(y +ex) + > vueR(y) — B(y)R(y)
kew ke A ke A

< pRyY)+D)+ D> MRE)+ Y MEBY)+1) + > neR(y) — B(y)R(y)
kew ke A ke A

<

(wzx,c).

keA
Hence Assumption A (3) holds with ¢ = 0, which also shows that Assumption B (1) is satisfied. Assumption
B(2) is satisfied since c¢(y,a) < n max(h,max; v;c;) R(y). Furthermore, checking the two first parts of
Assumption C is immediate from the finiteness of the action set. For Assumption C' (3), take w'(y) =
(max; ;)?. Note that

B(y)R(y) < (u + M+ Y VkR(Y))> R(y) < (u + M+ Y Vk) w'(y)

ke A ke A ke A ke A

12



and

> qzly,a)w'(z) < p(maxy;+1)°+ > Ae(maxy:)’ + Y Ag(maxy; +1)% +
z ’ kew ‘ ke A ’

> vryr(maxy;)® — B(y)(maxy;)?

ke A

< <u+ ZM) (2maxy; + 1)

keA
< dmaxy; +V < dw'(y) + b,
7

with b =+ 3 7,c 4 Ak and ¢ = 20’ showing that C (3) holds for our problem. O

By reorganizing its different terms, Equation (52) can be rewritten as

= h(w) B(y) kyk y 3,
To =iy e B 7™ 2 e+ 2 gy et + 1]

where fikv(m,y) = v(x,y + ex). From Proposition (1) the optimal value function of the co-problem v*
satisfies

v =Tv" (54)

Similarly, consider a problem such that m; = --- = m, = m < oo which we refer to as an m-Problem.

The corresponding optimality operator is similar to the optimal operator T except for arrivals of demands
with ADI,

_h(y) By) p _ v
va_a+ﬁ(y)+a+ﬂ( ( Pv—i—kezv:v 2;4 pAZ + (1 p;&Ai])

where A}C,m is another notation for A,1C which explicitly refers to m (A,lC is actually the only operator which

depends on m). The optimal cost v}, satisfies then the Bellman’s equations
vy, = Ty, (55)

Recall that from Lippman (1975), v}, also satisfies the uniformized optimality equation T'v}, = v, where
T is the operator defined in equation (2).

We show next that v}, converges to a limit.
Proposition 2 v}, converges point-wise as m — +00.

Proof: We know that for all y, v} (y) is lower-bounded by 0. Let us prove that, for all y, v} (y) is

non-increasing in m by a sample path argument. Consider the optimal policy of the m-problem and v},

13



the associated total expected cost. Construct now 1, a policy for the (m + 1)-problem (not necessarily

optimal) that is identical to =’

*., except when yr = m + 1. In this case consider the order of class k

announced at time ¢ that brought yi to m 4 1 and define m,,4+1 such that the order is rejected when it is
requested after the demand leadtime Ly, i.e. at time instant ¢t + Li. We denote by v™+! the associated
total expected discounted cost.

The only difference between the two resulting total discount costs occurs for an order of class k that

brings yx to yr = my + 1. This order generates then an additional (discounted) cost equal to
e exp[—at|c for 7}, and
e exp[—a(t + Li)|cy for m™m+1,

It follows that

Tm-41 *
vt <,

and from the definition of v}, 4,

* Tm+1
Uy S0

We conclude that v, is decreasing in m, lower-bounded and thus point-wise converging.O
Denote by ©*, the limit of v}, as m — +o00. The following result state that v* is also the optimal value

function of the oo-problem.

Proposition 3 v* is an optimal value function of the oo-problem (m = +4o00) and the corresponding

optimal policy is characterized by base-stock and rationing levels that satisfy P.1-P.6 of Theorem 1.

Proof: Fix a state y. From the definitions of Al,l€ m and A%, we deduce that Vm > maxy yi,

AL i (y) = vl (y + er) = Abvl, (2, y) (56)

so that Vm > maxy, y,
Ty (y) = T} (y) (57)

Since T is the finite sum of minimums of functions, we have
lim Tv,(y)=T lim v} (y) =T (y) (58)

m—-+00 m—-+00

It follows that T,v%,(y) converges to T4*(y). Taking the limits of both sides in (55) at y, we have
7(y) = To"(y). (59)
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and v* is the optimal value function of the co-problem from (1). The action set is finite which guarantees
the existence of an optimal policy. Furthermore v* € U from Lemma 1 and since limits preserve weak

inequalities. The last part of the proposition follows then directly from conditions C.1-C.4 and Properties

1,2 and 3. O
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