©CoO~NOUTA,WNPE

Manufacturing and Services Operations Management

Appendix for Managing Inventory over a Short Season: Models with Two Procurement Opportunities

Appendix

Variation Diminishing Property (VDP) of PF,
Let M (u) be a real function on (—0,»0), f be PF, on [0,:0) and zero on (—o,0]. Suppose

M (u) changes sign at most once on (—oo,oo) . Then the transformation

g(y)zj'wM(u)f(y—u)du

also changes sign at most once over (—OO,OO). Moreover, if both g and M change sign once,

their sign changes occur in the same order (see Karlin 1968).

Proof of Lemma 1. 1) Note that G, ; (y ) is the expected newsvendor type cost with a beginning

7+L

inventory level Yy composed of the expected cost for overage in each remaining period and for

7+L

underage and disposal at the end of period T . It follows that G_ LT (yT +I_) isconvexin y_ .

2) Note that B* (Xt) is the expected sales in period t multiplied by a constant b,, minus the expected
leftovers in period t multiplied by a constant h,, in the newsvendor model with a beginning inventory
level X, . Thus B/ (XT) is concave in X, . Similarly, Bty(yt) is concave in Y, .

3) Expanding the recursive equation (2), we get for t =7,---,7+1 -1,

7+L-1

9, (Xt’ Y1) = z E I:Bt' (Xt _é:t,t" Yi _é:t,t'):'+IOwGr+L,T (Yt _él,HL—l) ft,r+L—1 (gt,z'JrL—l)dgl,rJrL—l (12)

t=t
where E |: B, (Xt =& Vi — G )] is the expectation of B, (Xt &Y — §t’t.) with respect to &, ..
Then it follows, from the fact that B, (Xt., yt.) is separable in X, and Y,., that g, (Xt, yt) is separable in
X, and Y, . Similarly, it follows, from the fact that B, (Xt., yt.) is convex in X, , that g, (Xt, yt) is

convex in X, . g
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4 Proof of Theorem 1.

5

6 1) It is sufficient for us to consider only the case L >0,b_=---=b_ , =0, for which H_ (XT, |PT) can
7

8 .

9 be written as

10

11 7+L-1

12 H (IR ) =c (IR —x )+ 3 h (% = &) fo(€0)dE,

1; + Io GT+L,T (IPT _fr,HL—]) fr,r+L—l (5{,r+L—l)d§r,T+L—]

The convexity of H_ (XT, IPT) with respect to IP. follows directly by Lemma 1 part 1). Thus, a base-
20 stock policy Q, = max{IPT* & XT,O} is the optimal ordering rule at the beginning of period 7, where
23 IPT* >0 is the value of IP that attains the minimum of HT(XT, |Pr) over [0,00) , leading to an

26 expression for p, (Xr) below:

29 H,(x.IP") if x <IP’
30 p- (%)= . :
31 H,(x.,x ) if x >IP,

7271

34 The convexity of p, (XT) is implied by the convexity of H, (XT, IPT*) and H ( - T) with respect to

X d by the i li oH. (X
, an e inequality ———=

36 ( p )
>0 for IP. > IP”
41 To show that TC, (Q, ) is convex in Q,, it is sufficient to show that p, (Xl) is convex in X, . In view of

44 the recursive equation (2), it is then sufficient to show that pz(Xz) is convex in X, since

46
47 bj f (£ )d&, and h _[ ) f,(&)dé, are convex in X, where X, =X —¢& . The

50 rationale for this is that a convolution transformation of a convex function is a convex function and a

52 summation of two convex functions is a convex function. Following the same logic, it is sufficient to

show that p, (Xr) is convex in X_, which we have proved above. This concludes our proof for part 1).
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2) Notice the condition L=T —7+1L,b =---=b, , =0,b; >0 implies that the backorder cost in periods

7 through 7+ L —1is effectively charged independent of when the backorders occur and that by <,

since otherwise the decision maker will not accept backorders. Thus, HT(XT, |PT) can be written as

below
Hr (X‘r9 IPr) =C, ( IPr - Xr)+bT_[:TPr (ér,T - Xz’) fT,T (§T,T )dér,T + bT IIO:T ( IP‘[ - Xr) fr,T (é:‘r,T)dé:‘r,T
YRS (% =8 (G A+, [ (Er = IR ) fr (60 )dEs +e, [ (IR =E7) r (67)dE

*H_(x.,IP.)

With a little algebra, it can be shown that 21

=(cg+c, by ) f.o (IP.). Since ¢, b, it

O’H_(x,IP
# >0 . Therefore H_ (XT, IPT) is convex in IP.. The proof for the convexity

T

follows that

of TC, (Q,) in Q, is similar to the proof of part 1) of Theorem 1 above.

3) The backorder cost is effectively charged independent of when the backorders occur and that

b, <c,. Witha little algebra, H_ (XT, |PT) can be expressed as

H T (Xr > IP‘Z‘) = Cr ( IPr - Xr ) + br+L—1 J.):TPT (§1,1+L—1 - Xr ) fr,r+L—1 (§1,1+L—1 ) d §1,1+L—1
T+l-1

+br+L—1 ( IPT - XT )II: fr,r+L—l (§T,T+L—1 ) dé:r,ﬁL—l + Z htJ.OXT (Xz' ) é:z,t ) fr,t (fr,t ) dgr,t
Gy J.;:, (éaT B IPT) ff,T (ff,T )d ar Tt (Cd + hT )IOIPT ( IP, - é:r,T ) fr,T (gr,T )dé:r,T

O°H._(x,IP.
% = _bT+L—1 fT,T+L*1(IPT)+(CU +Cy + hT) fT’T (IPT) '
(IPT)

With some more analysis, we have

f
Recall that the monotone likelihood ratio property (MLRP) holds for al over [0,00). We see

fr,r+L—1 ( IPT)
that m is increasing in IP_ . If for (0) < e and for (OO) > b ’
fT’H'L_l ( IPI) fT,“'L—l (0) CU + Cd + hT fr,r+L—1 (OO) CU + Cd + hT
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f.o(IP. N
&l ( j\)/ = ..oy . In case fer (0) > ..., , 1P
fz',r+L—1 ( IPT) CLI + Cd + hT fr,r+L—1 (0) Cu + Cd + hT

f (0
is defined as 0 ; in case r () < b
10 fr,r+L—1 (OO) CU + Cd + hT

12 o*H_(x ,IP —
#SO for 0<IP. <IP and
14 oIP.

then there exists an IP. such that

T

©CoO~NOUTA,WNPE

, I/IST is defined as oo . Therefore we have

2
MZO for IP.> 1P, ; that is, H,(x,,IP.) is

T
T

16 concave-convex in IP.: concave on [O, IP

T

] and convex on [IPT,OO) . This leads to our conclusion.

o9, (%, ;)

19 4) To prove that H_(x_, IP.) is unimodal in IP_, it is sufficient to show that C_+ Y
20 t

changes

23 sign at most once over (—oo,oo) for 7<t<7+L-1. We do it recursively starting from t =7+ L—1.

25 With a little algebra, we can see that

28 CT + ag‘rJrL—l (XT+L—1’ yr+L—l)
29 aerrL—l

31 o ®©
=C + b‘r+L—1 Iy g fr+L—1 (§T+L71 ) déﬁLq + .[0

dG +L,T (y +L-1 _égﬂ__l)
T N T . f d
dyHL—l b (é:”L*l) §r+L71

4Ll dGH Yoil- —éﬁ_ B
35 =C, +(b‘r+L71 —C, )IyHH f . (§T+L—1)d§”|_,l +J'Oy LT ( L1 L 1)

36 dyr+ L-1

0

f‘r+ L-1 (§r+ L-1 ) d §r+ L-1

38 By introducing a variable U=Y_,, , —& . |, we have

41 C + agr+L—l (Xr+L—l’ yr+L—1)

4 : = J-w M (U,T+ L—l) fra (yr+L—] _u)du
8yr+L—l -

45 c,+b., ,—c, ifu<0

u

46 where M (u,r+ L—l)z oG, - (u) . It is easy to see that M (U,T+ L—l) changes

c +————~2~ ifu=0
48 ’ ou

aC;r+ LT (U )

sign at most once over (—oo,oo) in view that G, ; 1is convex, au =—C,
53 u u=0

55 . 0G u i 0 X .\ 1»
56 th() = Y h+cjandc +b,  —C,<0.Asaresult, C, + Oeotr (X Yeoror)

57 e o =l N,

changes
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sign at most once over (—oo, oo) with respect to Yool s and

c o+ agHLA (XHLfl’ Yeira )|

’ ayr+ L-1

=C +b c, <0.

T T+L-1 " “u

Yerr =0

agt+1 (XI+1 H yt+1 )
ay’(+1

Suppose C_+ changes sign at most once and has a non-positive value of

7+L-1
C,+ > b,—c, aty,, =0.For cT+M

j=t+1 t

, we have

agt(xl yt & ylagm(xt §t>yt é:t)
o, BN ¢ [$ o |71 )0 [ B BR8N g e

- f M (u,t) f; (yt —U)dU where

7+L-1

c.+ > b —c, ifu<0
M (u,t)=
c,+6gt+l(Xt;rVu_yt’v)| ifu>0

It can be seen that M (u,t) changes sign at most once over (—oo,oo) since M (u,t) <0 for U<0 and

o 0 (% +u=yov)|

. changes sign at most once over [0,00) from “-” to “+”. Therefore
av v=u
a , a s 7+L-1
+M changes sign at most once and CT+M =C, + Z bj—Cu <0 . By
ayt 8yt ¥, =0 j=t

induction, the conclusion is established. The proof for the convexity of TC, (QO) in Q, is similar to that

for part 1) of Theorem 1 above.

5) To prove that H_ (XT, |PT) has at most one local minimum and one local maximum with respect to

09, (X Y,)

t

IP_, it is sufficient to show that C_+ changes sign at most twice over (—O0,00) for
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7+L-1

r<t<r+L-1.Ifc + Z b; —c, <0, then the result is evident by part 4) since PF, includes PF,.

j=r

©CoO~NOUTA,WNPE

7+L-1 7+L-1
Next we assume C_+ z b; —c, >0. Define t :max{t|cr+ Z b,—c,>0,7<t<r+ L—l}. By

10 j=t j=t

13 part 4), C, LY (%)

Y changes sign at most once over (—oo,oo) for t >t". We next show that, for any
14 ]

o9, (% ;)

t

17 t<t’, c, + changes sign at most twice over (—O0,00). We do so recursively starting from

21 . ag.. [ X.,Y. o .
22 t =t . With a little algebra, we can obtain C, + % = j M (u,t ) ft* (yt* - u)du , where
23 t -

25 r+L-1
26 c,+ Y. b —c, ifu<0
i=t

28 M (U,t*)= i agm(xt* +u—yt*,v)‘
+
32 i ov

ifu=0

v=u

34 It can be seen that M (u,t*) changes sign at most twice over (—oo,oo) since M (u,t*) >0 for u<0,

37 ag.. x*+u—y*,v|
38 and C_ + Hl(t ! )

5 changes sign at most once over [0,00) starting from non-positive.
Vv
39

42 09, (XY, ) ‘ . N cill
43 Therefore C. + —————= changes sign at most twice and has a positive value of C_+ z bj —C, at

44 t j=t'

Y. =0.For t" —1, we have:
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" agt*—l (Xt*—l’ yt*—l)

C. :'[w M (u,t*—l) ft*fl(yt*fl—u)du where
ayt‘—l -
cr+1§1bj—cu ifu<o0
j=t"-1
M (u,t” —1)=
( ) C,+ B (Xm ;: - yt*il’v)‘ ifu>0

It can be seen that M (u,t* —1) changes sign at most twice over (—O0,00) since M (u,t* —1) >0 for

09, (X, +u— ym,v)‘

u<0, and Cc_+
ov

changes sign at most twice over [0,00) starting from “+”.

69(’—1 (Xt‘—l > yt‘—l )

t'-1

Therefore C,_ + changes sign at most twice and has a positive value of

r+L-1
C, + Z b, —c, at Y-, =0. Similar logic can be applied to t = t"—2,---,2,1. Thus, part 5) follows.gg

j=t'-1
Proof of Theorem 2.
1) The outline for the proof is: we first show that for big-enough beginning inventory level X,
) (X[ ) > K, (Xl) ; then we show that J, (Xl) and K, (XI ) cross only once so that an (S, S) policy is the
optimal rule for whether to place the second order and how much when ordering at the beginning of

period t. By the definition of H, (X, IP,) and L =0, it can be seen that

Ht(xt’ IPt):Ct(IPt —XI)+Z|’1[,J‘OIR(IR _egt,t') ft,t'(é:t,t')dé:t,t'

+G, L: (SZI,T - IR) ftaT (SZLT )dét,T +Cq Jo (IPt _é:t,T) ft,T (gt,T )dgt,T

It can be verified that for any t, H, (X[, |R) is convex in IP, with the limits ”ljim H, (XI, IP )Zoo and

IPlim Ht(Xt, IPt)Zoo. IPt* is the unique minimizer of Ht(Xt, |H) as a function of IP,. When X, > IPt*,
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if an order is forced to be placed then the optimal order size is zero by the convexity of H, (Xt , |R) with

respect to IP,. Therefore j, (Xt ) >k, (Xt) holds true when X, > IP" since the K, (Xt) solution still keeps

©CoO~NOUTA,WNPE

10 an order opportunity, while starting with the same inventory level as the ], (XI ) solution.

We next focus on the case when X, < IR, From (8) and the expression for H, (X, IP) above,

16 jt(xt):_ctxt+Ct|Pt*+CuJ‘w*(§t,T_It) (é:tT)déjtT-i_CdJ. (IP é:tT)ft,T(gt,T)dgt,T
15 DS HEERINERIES

22 Thus, to compare j, (X, ) and K, (X, ), it is sufficient to compare ®, and K, (X )=k, (X )+C,X,, where

25 0, =cIR +c, I (G IR i (6 )86 0 [ (IR =&0) s (&) 04
28 +zht I IP é:tt t,t'(é:t,t')d‘ft,t' |

31 (Note for X, = IPt* , K, (XI ) < ©,.) The question that needs to be answered next is: Given that we are at

34 the beginning of period t and the inventory level X, < IR*, for what values of X, is it optimal to place an

37 order? We answer this question in a recursive manner by starting from t=T .

39 Case t=T

It is easy to see that kT (XT): H; (XT,XT) , thus K; (XT) is convex and minimized at IPT* , and
44 ©; <K; (%) for X <P’ Therefore the optimal policy at the beginning of period T is: If X, < IR’
47 then it is optimal to raise the inventory level to IP,". As a result, p; (XT ) is convex in X; .

Before further discussion we state a lemma which will be used later.

52 Lemma3. K/ (X)<O0 for X, <0 and t<T —1.
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Proof “X <0 implies that there must be an order placement in one of the remaining T —t periods by

the backordering assumption and the assumption C, > max {C1 ,Chstey CT} . Suppose it is placed in period
t, (t, > 1) with a unit price of C, - Then we have
B[ A (&)de [T (&) ds ] (6 —6) fi(&)dé
|
=C, —bt —-=b,,-c <0
Knowing that K, ( IR*) <0@,, Lemma 3 suggests that ®, and K, (XI) cross at least once over

(—oo, IF’t*] (note here O, is a constant function with respect to X, ). In what follows we show that they

cross only once.

Case t=T -1

To show that ®; , and K;_ 1( T 1) Cross once over (—oo,IPT_l*:' , it is sufficient to show that

KT—I(XT—I) is convex in X;_,. Notice that

Koo (%) = et 40 [ (G =) B (G ) dé i [ (s =60 o (S0 dé
+.[0 Pr (XT—I _é:T—l) fr (§T—l)d‘§T—1

The convexity of K;_, ( ) follows because each term in the R.H.S. is convex in X, .

In what follows to show that ®, and K, (Xt) cross once for all t <T —2, we show that K, (Xt)

is unimodal for all t <T —2. Notice that

B (&)ds+h [T (E)dE [ (6 —4) fi(&)dé

:J-_th(u) ft(xt —u)du
.. (13)

where

M, (u)= ¢, —b+p, (u) ifu<o
t c.+h+p, (u) ifu>0
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To prove that K, (Xt) is unimodal, it is sufficient to show that Kt' (Xt) changes sign once over (—oo, oo) .

It is then sufficient to show that M, (u) changes sign once over (—oo,oo) since f, isa PF, density. We

first discuss the special case t =T —2; Then we discuss the general case by induction.
Case t=T -2

We follow two steps to prove that M _, ( y) changes sign once over (—oo, oo) .

Step 1: Claim M; (y) is negative when y <0. In fact, if Y <0, we have

Crp = by + by (Y) if s, >0
ML (Y)=9 Go—b,+Ji (y) ifs, <0&y<s,
Cry —br, +ky () ifs <0&y2s

Cro—br, = ifs; ;>0
= G, — sz Cry ifST_ISO&y<ST_1
Cro b, —C + Ko (Y) ifs <0&y2s
<0

where S; | is the order-triggering point in period T —1.
Step 2: M, (y) changes sign at most once over (0,00) from “-” to “+”.

Without loss of generality, we can only discuss the case S, , >0 since the opposite case can be discussed

similarly. Notice that

Co+h,—¢ if y<s;,
+ + 0 y .
oot (Y)= {%z+m —cry + K (y) i y2s
CT72+hT72+pT71'(y) is negative if y<s. ,; For y>5S.  , CT72+hT72+pT71'(y) increases to a

positive value of C; , +h._, +C, as Yy approaches to oo by the convexity of K , (y), which follows

from the convexity of o (XT). Therefore CT72+hT72+pT71'(y) changes sign at most once as Yy

traverses from 0 to o
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Similarly, we can show that C; , +h, ,—C; ,+ M, (y) changes sign once over (—oo,oo) from “-” to

‘6+,"
Case General t

Analogous to the case t =T —2, we follow two steps to show that M, (y) changes signs once.
Step 1: Claim M, (y) is negative when y <0. A logic similar to that for case 7 =T —2 can be applied.
Step 2: M, (y) changes sign at most once over (O,oo) from “-” to “+”.

Without loss of generality, we can only discuss the case S, > 0, since the opposite case can be discussed

t+1

similarly. We will discuss the sign of Mt(y) for different categories of y . For 0<y<s

t+1 2
Mt(y):Ct+ht+pt+1'(y)zct+ht+ jt+1'(y):Ct+ht_Ct+1 <0.For s, <Yy

Mt(y):Ct +ht +pt+1'(y)=ct +ht +kt+ll(y)
=G +ht —Cu t Kmy(y)

= j;(ct + h1 —C + My, (U)) ft+l (y_u)du

Since ¢, +h, —c,, +M,,, (u) changes sign once over (—oo,oo) , M, (y) changes sign at most once over
[Sm,oo). In particular, if it does change sign once then the sign changes from negative to positive;
Otherwise the sign remains positive. For either case, M, (y) changes sign at most once over (0, oo) .

To summarize, for general t, we show that M, (y) changes sign once from negative to positive as Y
traverses from —oo to 0. Similarly, we can show that ¢, +h_, —C, + M, (U) changes sign once over
(—O0,00) from “-” to “+”.

By induction, we have shown that K, (XI) is unimodal for t <T —2. Therefore there exists a unique

X, =S, < IR such that K (X, ) intersects with ®,, i.e.,an ($,S) policy with s=5,,S = IR is optimal.
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2) Since L>0,b, =---=b, , =0,b, 20, period T — L +1 is the last period when an order can be

placed. Moreover, we can see that H, (X, IP) has an expression below

Ct(IPt_Xt)"'bTJ.lP:(gt’T_ )ftT(ﬁtT)d§t+brI IPf. (&5 )dE

+CI é” IP)ftT(gtT)d +Cd.[ (IP §IT)ft,T(§t,T)d§t t=T-L+1
(
)ds

7+L-1

H (x.IR)= * Z NS NCEES
Ct('Pt_Xt)"H:u.[ (é:I,T_I ) (ftT dé, +Cd_[ (IP étT)ft,T(é,T)dft
7+L-1 t<T_L+1
+ z h[.[ X - rt frt grt)dgrt

k (X ) can be recursively expressed as K (X )= hj:(xt -&) f.(&)dg Jrjooopt+1 (x—&) . (&)de

for t<T —L+1, and expressed as K, (Xt): H, (Xt,Xt) for t=T —L+1. Then the approach in the
proof for part 1) of Theorem 2 can be applied to establish the conclusion. g

Proof of Theorem 3. It is sufficient to show that TC,, (Q, ) is unimodal. Since TC,, (Q, ) has a negative
slope ¢, —¢, for Q) <s,, it remains to show that TC, (Q,) is unimodal over (S,,0). This is true

since TC,, (Q, ), with an expression below

TC, (Qo) 0Q0+bj (51 dé + hj 51 dé"’J‘ pz §1)f1(§1)d§1

has a structure similar to K, (X1 ) , which we have shown is unimodal. g
Proof of Corollary 1. It can be seen that in the 3-period problem, j,(X) and k, (x) have the
following expressions, respectively,

c2(|P - X)+ j *(IP;—@)fz(gz)dfz
h +Cd)_|.0 IP 523 f23(§23 d§23+CJ- 6823 )23(523)d§23
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kz(x)=sz.:o(§2 _X)fz (éz)dgz +h2.[ox(x_§2)f2 (éz)dgz
oo (R -xg) e (6 - |P3*)f3(§3)d53+(h3+Cd)IOIP;(“D;—fs)fs(fs)dfs)fz(fz)dfz

+j0xIP3*(Cquw§2(§3 —X+§2)f3 (953)d§3 +(h3 +Cd)jolp;(|P3* _fs)fz (fs)dé)fz (fz)dégz

A

From the expressions above we can see that, A, (X)Z j,(X)—k,(x), is convex in X. Notice that
A,(x) is positive at IP; and is negative at —o. Putting the convexity of A,(X) and its
boundary conditions together allows us to claim that A, (X) 1s monotonically increasing in X.

With a little algebra, taking derivative with respect to ¢, and ¢, yields, respectively,

B e x5
ac, ?
az—q:_jx"’f(“% —x+&)1,(&)d& <0

That is, A,(X) is increasing in ¢, and is decreasing in c,. Since A,(X) is monotonically

increasing in X, the root of A, (X)=0, s,, is decreasing in C, and is increasing in C,. g
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