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Proof of Lemma 1: Note that the objective function for the dual is given by minm =), Mo Hy +
>k pi B, while the constraints are given by Aj + pr = pjkr and Aj, ug > 0. When X} increases,
Hj, (weakly) increases and FEj (weakly) decreases, hence in an optimal solution \; is (weakly)

decreasing, and p; is (weakly) increasing. O

Proof of Lemma 2: Suppose Y;; > 0. Then, by complementary slackness, we have \; + u; = p;;.
Because 1 > 0, Aij < pij. ]

Proof of Lemma 3: When p;; = p for all ¢ # j, we have only one discontinuity point. If
the retailer has residual supply, the function has a downward jump at the discontinuity. The
profit is increasing while the retailer has no leftover inventory, and starts decreasing afterwards,
so the function is unimodal. Similarly, if the retailer has unsatisfied demand, the function has an
upward jump at the discontinuity. The graph is strictly increasing before this point, and concave
decreasing after it, hence the function is unimodal. When p;; < min{c; — v, r; — ¢;} for all @ # j,
there can be multiple discontinuities. Consider, for instance, the case ) ot Ej > Zj £ Hj. It
follows from equation (4) that the profit function is decreasing on every discontinuity segment,
because \; < p;; < ¢; —v;. In addition, Lemma 1 implies that the function has a downward jump

at every discontinuation point. A similar analysis holds for the case > ki Ej <> ot H;. O

Proof of Proposition 1: As can be seen from Lemma 3, the profit functions in our model are
discontinuous (with at most n—1 discontinuities) and piecewise linear, and the set of discontinuities

is of measure zero. Now, each retailer’s profit function is given by (2), and it can also be written as
PHX,D) = rymin{X;, D;} + viH; — ¢;X; + NiHi + i B = (ri — ¢) X + @w(X; — D;, X_;,D_),

where

—wi(Xi — Dy), if X; < Dj,

o X_D,X—uD— g
DX D) {<Ai—n+vi><xi—Di>, it X, > D

Let J¢(z) = E[P(z|D;, X_;, D_;)]. Suppose that p;; = p for all i # j, or p;; < min{e; —v;,r; —¢;}
for all 4 # j, and denote the set of discontinuities of P?(X;|D;, X_;, D_;) by A;. Then, for every



dP¢(z|D;, X_;,D_; ... dPe(z|D;,X_; D
e o ) = ri — ¢ + @' (X; — Dy, X_;,D_;). In addition, — (@]Ds X s

x & A, dw

X, < D; and dPZd(mlDZi(”’D’i) < 0 for X; > D;. This implies that we can use an approach similar
to that used in the proof of Theorem 1.10 in Dharmadhikari and Joag—dev (1988) to show that for
2> 2, (JAY () = [ fri—ei+ ' (5, Xt D) (z—y)dy < £ [ fri—ci'(y, X1, D_)] ila—

y)dy = Ex; (J&)(z). Thus, Ji(x) <0 = J(z) <0 for 2 > z, and Jid is unimodal. O

=) > ( for

Proof of Proposition 2: Consider, for instance, the symmetric model with n = 2, r = 9,¢ =
6,v =1, and t = 4. Suppose that there is a discontinuity at point X. Without loss of generality,
suppose that retailer 1 has residual supply and retailer 2 has residual demand. Figure A1l depicts
profit functions as functions of order quantities for given demands and order quantity of the other
retailer. In this case, D = (10,10) and X = (15,5). Let € > 0, — 0. Note that at X = (15 — ¢, 5)
we have A\; =4, us =0, at X = (15 +¢,5) we have A\ = 0, ua = 4,while at X = (15,5 + ¢) we have
A1 =0,u2 =4 and at X = (15,5 — €) we have \; =4, us = 0.
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Figure Al: Profit functions for retailers 1 and 2 when D; = Dy = 10

At point 5{, we have multiple dual solutions, and we would need to decide what values to pick in
order to completely define Pid. As shown in Figure A1, upper semicontinuity of the profit function
for retailer 1 would require that at X we have A\ = 4, while at the same time upper semicontinuity
of the profit function for retailer 2 would require that at X we have o = 4. As one case rules out
the other, we cannot achieve upper semicontinuity of the profit functions, regardless of the rule
used to deal with degenerate cases.

Now, if we consider an arbitrary case with n retailers, transshipments occur only if there is at
least one retailer with residual supply and one retailer with residual demand. Let X be a point in
which the payoff for a retailer with residual supply, say s, has a discontinuity; that is, A\s changes
to AL, with A\ < As. Then, there is a retailer with residual demand, say d, with a discontinuity at
X, such that g4 changes to p;, with p/, > pig. Similarly to the analysis shown above, in order to
achieve upper semicontinuity of the profit functions we would need that at X dual price for retailer
s attains value A;, and at the same time we would need that dual price for retailer d attains value

w;, which does not give an optimal solution for the dual problem. O

Proof of Theorem 1: We first need to introduce some definitions from Reny (1999). A game,



G, is called compact if all pure strategy sets, S;, are nonempty compact subsets of a topological
vector space, and if all payoff functions, u;, are bounded. Player ¢ can secure a payoff of v € IR

at s € S if there exists 5; € S; such that u;(5;,s" ;) > ~ for all ",

;, in some open neighborhood

of s_;. A game, G, is better-reply secure if whenever (s*,u*) is in the closure of the graph of its
payoff function and s* is not a NE, some player ¢ can secure a payoff strictly above u; at s*. So,
a game is better-reply secure if for every nonequilibrium strategy s* and payoff vector u* resulting
from strategies approaching s*, a player, 7, has a strategy yielding a payoff strictly above u; even if
the others deviate slightly from s*. The main result from Reny (1999) states that if G is compact,
quasiconcave, and better-reply secure, then it possesses a pure strategy NE. We want to apply this
result to our game.

Proposition 1 implies that each retailer’s expected profit function in our inventory-sharing game
is unimodal when p = p;;, Vi, j or p;; < min{c; — v;,r; — ¢;} for all ¢ # j. To show that a game is
better-reply secure, it is enough to show (Proposition 3.2 in Reny) that the game is (i) reciprocally
upper semicontinuous and (ii) payoff secure.

(i) Reciprocal upper semicontinuity requires that some players payoff jump up whenever some
other players payoff jumps down. This is a generalization of the condition from Dasgupta and
Maskin (1986), which requires that the sum of all expected profit functions is upper semicontinuous,
and which is satisfied for our game.

(ii) Payoff security requires that for every strategy s and every € > 0, each player i can secure
a payoff of u;(s) — e at s. In other words, payoff security requires that for every strategy s, each
player has a strategy that virtually guarantees the payoff he receives at s, even if the others deviate
slightly from s. Consider a non-equilibrium point, X, for our inventory-sharing game, and select a
retailer, ¢. If i’s expected profit is continuous in X, it is easy to see that the condition for payoff
security is satisfied. Now, suppose that i’s expected payoff has a discontinuity at X. Then, if i’s
expected payoff has a jump up (resp., down) at X, he can secure a payoff that is at worst just
below the status quo by increasing (resp., decreasing) her order quantity slightly. Consequently,
inventory-sharing game is payoff secure. As (i) also shows its reciprocal upper semicontinuity, the

inventory-sharing game is better-reply secure, and it possesses a pure strategy NE. ]

Proof of Theorem 2: Theorem 5 in Dasgupta and Maskin (1986) states that our game will have
a NE in mixed strategies if the sum of all expected profit functions is upper semicontinuous, and
if the expected profit for a retailer, 4, is bounded and weakly lower semicontinuous. It is easy to
verify that these conditions are satisfied in our case: the sum of all expected profits is continuous,
and the conditions for weak lower semicontinuity (Definition 6 in Dasgupta and Maskin) is satisfied

by letting A=0or A = 1. O

Proof or Proposition 3: If the retailers are symmetric, then there is an equilibrium in which
all retailers order the same quantity, X¢ = X9, Vi, and J¢(X?) = J4(X%),Vi. Thus, >, J4(X?) =



nJ4(X%), and (6) implies that nJ4(X%) = J*(X9).

If we consider the centralized system, there is an equilibrium in which all retailers order the
same quantity, X* = X" Vi. Because centralized model maximizes the expected profit, J™"(X") >
J"(X4) = nJ4X?), and (6) implies that it is optimal for symmetric retailers to order at the
first-best level, X% = X", O

Proof of Proposition 4: Without loss of generality, assume A > 0 such that ¢; =c+ A > ¢ =
¢— A for (i) and t1o = t + A > to; =t — A for (ii). Let F(-) be the c.d.f. of the total demand,
D = D1 + D, with the corresponding density f (), and let X be the total order quantity, X7 + Xo.
For our proof, we need the following result, which for brevity we state without the proof (it can be

obtained from the authors).
Lemma Al. X7 decreases with A, and X3 increases with A.

We now continue the proof of the proposition.

(i) For DA, the sufficient and necessary condition for a first-best outcome is G; = G2 at X". As
pi2 = pa1 = r—v—t, the condition is equivalent to (g1 = g2) |x». However, Lemma A1 indicates that
X1 < X3, hence (g1 # g2) |x» and DA cannot coordinate the system when |A| > 0. For TP, with
the given 7 and v, we can find a ¢ such that (r, ¢ v) is in the a-set. Let X" be the system-optimal
order quantity for parameters (r, ¢, v). Recall that a;(X) = Pr{D; > X;,D < X} = Pr{D < X} —
Pr{D; < X;,D < X}, and b;(X) = Pr{D; < X;,D > X}, hence a;(X) — b;(X) = F(X) — F(X;).
Then, if ¢; = ¢3 = ¢, we have a;(X™) — b;(X") = F(X™) — F(X?) = 0. It can also be verified that
if ¢; = ca > ¢, then the first-best order quantity, X", satisfies X < X7, and a;(X") — b;(X") =
F(X™) — F(X") < 0; otherwise, for ¢; = g < &, a;(X") — by(X™) = F(X™) — F(X") > 0.

Now, denote by X" and XZ the system-optimal order quantity for parameters (r,¢,v) and
(r;¢+ A, e — A;v), respectively. Suppose that ¢ > ¢ such that X < X and a;(X") — ;(X") <0
when A = 0. Because ¢; = ¢+ A > ¢3 = ¢ — A and ¢;(X") — b(X") = F(X™) — F(X?), Lemma
Al implies that a3 (XR) — b1(XR) > a2(XR) — b2(XR). Let Ay = sup{A : a1 (X}) — b:1(XR) < 0}.
Then, the TP coordinate the system whenever A < A’ (which implies (4; — By)(A42 — Bg) > 0).
A similar analysis holds for ¢ < ¢.

(ii) t1g =t + A > t91 = t — A implies p12 < p21, and Lemma Al implies X3 > X7'. For DA,

this means
xp xp
g (X") = /0 (XD — ) (X" — u)f(u)du > go(X") = /0 (X" — u) (X" — ) f(w)du.

Consequently, G1 = p2191(X") > G2 = p12g2(X"), and DA cannot coordinate the system. The
proof for TP follows similar steps as described in (i).
(iii) When (7, ¢, v) is not in the a-set and A = 0, we have |A; — B;| > 0 for ¢t € (0,7 — v). Thus,

there exists some € > 0 such that the signs of A; — B; remains unchanged when A < e. Now, suppose



that (r,c,v) is in the a-set. Then, at A = 0 ,we have a1(X") — b1(X") = ao(X") — by(X"™) = 0 and
f1(XT) = f2(X%). Suppose that ¢; = ¢+ A > ¢g = ¢ — A; similarly as before, this implies that

an(XR) — b1(XR) > a1(X") = b1 (X") = 0 = as(X") — bo(X") > ag(XR) — bo(XR).

Consequently, (A1 — B1)(As — Ba) = p*(a1(X%) — b1(XX)) (az(XK) — b2(X})) < 0, hence A = 0.
A similar analysis holds for t1o =t 4+ A > to; =t — A, ]

Proof of Proposition 5: To show there are instances in which DA coordinates while TP cannot,
let us first consider an example with two retailers who have the parameters described in Table

A1l. Both retailers are facing Beta-distributed demand, with E[D;] = 0.5, E[Ds] = 0.5. It can be

r & v tij pij Di
Retailer 1 10 5.7848 1 0.5040 8.4960 Beta(2, 2)
Retailer 2 10 5.2152 1 2.4240 6.5760 Beta(2, 2)

Table Al: Parameter values for the two retailers

verified that at X; = 0.48 and X = 0.52, A;(X1, X2) = Ba(X1,X2) = 0.9235,, As(X1, Xo) =
Bi1(X1,X3) = 0.9384, and G1(X1, X2) = Ga2(X1, X2) = 0.6984, and the FOC’s are zero, r; — ¢; —
(ri —vi)F(X;) + Bi(X1, X2) — Ai(X1, X2) = 0, hence (X1, X2) is the first-best order quantity, and
G1 = G indicates that DA coordinate the system. However, note that (B; — A;)(B2 — Az) < 0,
thus the coordinating TP do not exist. Proposition 4 provides examples of instances in which TP

coordinate the system, while DA do not. O

Proof of Theorem 4: Let m € {1, n, d, t}. Denote 7 = J™ (X7, Xi"), X = X"|¢;=¢, (J™)ii =

2 tm 2 Tm
86 )‘?_2 ,and (J")i; = %1. We first prove the following lemma that is used in our proof.

Lemma A2. Given any m >0, X (7)) = { (x1, x2) | J*(x1, x2) >= 7} is a convez set.

Proof. To show this statement, it is enough to prove that the Hessian matrix of J"(X;, Xo) is

negative semi-definite. It can be verified that

(T = —pij fo £i(X1 + Xo — w)dFy(u) — pji J57 fi( X1 + Xo — u)dFj(u) < 0;
(i = (I)ij = (ri = vi) [i(Xa) + pig F(X;) fi(Xa) + pji B (X;) fi(X3)

= (J")i — (ri —vi = pi Fj(X;) — pjiF5(X;)) fi(X3)

< —min{t;; +ri —rj, tii + v — v b fi(Xa) + (J7)45.

To avoid trivial cases, we assume t;; +1; > r; and t;; + v; > v; as mentioned in §2. Thus
(J™)is < (J™)ij < 0, which also implies that (J")11(J™)22 — (J™)12(J™)21 > 0. Hence, the matrix is

negative semi-definite and X'(7) is a convex set. O

"When m = n, we let J = Jy = J".



We now continue the proof of the theorem.

(i) Without loss of generality, assume ¢; = ¢+ € > co = ¢. It can be verified that this implies
X < X{ < X3 = X < X7, so coordinating TP do not exists because neither X" < X! nor
X" > X! holds. Moreover, XI' + X < 2X. We proceed by identifying the best pair of TP,
(71, 72), which provides the highest efficiency among all non-negative (71, 72). It can be shown
(the proof is omitted due to space constraints) that when ¢; = ¢+ € > co = ¢, the best pair
of non-negative TP is either (1, 0) or (0, 1). Assume the best pair of TP is achieved by letting
(71,72) = (1,0); the FOCs for each retailer under the best pair of TP are

J! - -
ox, = ("~ 6i) = (r = 0)F(Xe) +5ipbi — (1= 5j)pai = (r = ¢;) = (r = 0)F(Xs) + pbi — pas.
Let us further denote that (J/); = %. We next prove that 7@ > n:

(1) We first show that X7 — X2 > X¢ — X¢ > X! — Xt For any J™, we have 22 = 0 at

oxX;
X™ = [X{", Xg'], with m € {1, n, d, t}. The total derivative of %% = 0 gives

[ (M (T ] oxm _ [ (), ] |

dci

Solving the system leads to

B = Ui e (A1)
Table A2 summarizes the values of these expressions at ¢; = ¢, with L = tf(X) and K =
pfOX f2X —u)dF(u).
m__ (Mn (J5")22 I O I C P € D)
n —L -2K —L—-2K —2K —2K -1
d —L -3K —L -3K -K -K -1 0
t —L-2K —(r —v) f(X) —2K 0 -1

’ 2 rm
Table A2: When ¢; = ¢ + € and (J™), is defined as 768)(;]&1
(A1) implies that
oxy _(Lt2K) - 9x{ __—(43K) - 9X] _ 1
dcy c1=c - L(L+4K)’ 9c c1=c — ({ITF2K)(LH4K)’ 9 1—c = Tk
oxy _ 2K _ 0X3 N > ¢ — 0
der | = LILHK) der |y, TR2E)EHE)  da |, _. —
As seen from above,
oxi  oxt _ (9x§ ox¢ _ 1 Xy  9Xy 1
Ocy Ocy c1=c -\ da Jcy c1=c — L+2K Ocy dc1 - =71

Hence expression X" — X5 > X¢ — X¢ > Xt — X4 holds.



(2) We now show that Xt is not an interior point of X'(7%). On the contour of J*(X) = 7%, we

have
aJ™ ‘
0Xo __ 9Xix=xd _ _G1—G2 _ 1
0X1 X=Xd - E)J”‘ - Go—G1 —
B 9X2 [x—xd

By Lemma A2 and the first inequality in (1) (X} — X7 > X¢ — X¢), any X which is an interior
point of X' (79) should satisfy Xo — X; > X¢ — X{. However, (1) implies that this does not hold
for Xt. Thus, 7¢ > =t.

(ii) When ry = r+€ > r| = r, assume without loss of generality ¢ € [0, 7], with 7 € (c—v, r—v)
defined in Theorem 1 of HDK (2007). We first look at the case when (31, 42) = (1, 0); following

an analysis similar to the one that we used in the proof of (i), it is then enough to show that
Xy XD oxg¢  axd S (9x5  oxt
ro=r - 87"2 (97’2

- ro=r > ( Ora  Ora (A2)
The rest of the proof follows the steps from part (2) of (i). Table A3 summarizes the values of the

ro=r

67"2 87’2

expressions for different derivatives.

m (Ji)u (J5")22 UM (Ma (M) (J5"),
n —L-2K —L-2K —2K —2K by F(X) — ag
d —-L —-3K —L —-3K -K -K bl—gg F(X)—ag—l-gg
t —L—-2K —(r—v)f(X) —2K 0 b1 F(X)
’ 2!]?1

Table A3: When ro =7+ € >r; =r and (J/™), is defined as 66)(73677‘2

It follows from (A1) that:

oxg _ LE(X)+(LHK)F(X)? oxy _ LE(X)-(LHK)F(X)?
Ora ro=r - 2L(L+4K) ) Ora — - 2L(L+4K) )
X4 (b1—g2)(—K)—(F(X)—as+g2)(~L—3K)  8X{ _ (F(X)—as+g2)(=K)—(b1—g2)(~L—3K)
Ora ro=r (L+2K)(L+4K) > Org — - (L+2K)(L+4K)
ox! b (=2K)+F(X)(r—v) f(X) ¢ o (L+2K)by
2 |y CT+H2E)(r—0)f(X) o |pyey . TRREE—0)FX)
Therefore,
8X§L 8X{L _ F(X)—ag—bl_ 8X§l 8Xf _ F(X)—az—bl—l-zgz‘
oro - oro ro=r - L ’ Oro - Oro ro=r - L+2K ?
0Xy  oxt _ FX (L+4K)b;
dry ~ Ora oy LH2K T I2K) (r—u) f(X)"

Ast — 0, we have L — 0 and K — (r — v)f(X), where f is the density function of the average
demand D = w. Under the assumption that the density function of D; is log-concave, D <ex D;

(in convex order), and the CDF of D; and D cross only once, at X. It is then straightforward that
f(X) > f(X). Therefore, as t — 0,

(% FE o
oxy  oxt L, POy < PX)—aby axg¢  oxy _ F(X)—az—b1+2g2
Ors org _ L+2K L+2K orgy org _ - L+2K

ToQ=T To=T
Xy OXJ
< ( s O ) vy OO

7



and there exists 0 < t < 7 such that (A2) holds when t € [0,t]. If (51, %2) = (0, 1) for
r9o =7 4+€ > 1y = r, we instead consider r9 = r — e < r = r{ in which the best TP will be

(31, 72) = (1, 0). In this case, DA are more efficient when r; decreases by a small amount. d

Proof of Proposition 6: As has been proved in Proposition 4, for A € (0,A!] DA cannot
coordinate the system, while TP can. Therefore, at A = Af, we have J4(A) < JH(A). Let A* =
sup{A : JY(A) < J{(A)}. Then, either A* = /2 (border of the feasible area), or JI(A*) = J(A*).
In the latter case, the profit under DA must increase faster then the profit under TP at A*, hence
J4UA) > JH(A) when A — A* +e. O

Proof of Proposition 7:

1. Suppose first that the retailers are symmetric; then, A; = A; = A and B; = B; = B.
A—B)B A—B)B .

Moreover, py; = p(AQ_B)2 = pAfB =A", p(l—v)=p (1 — (AQ_]_%Q ) = pﬂ% = M7, thus in

the symmetric case we have one-to-one correspondence between the expected value of the dual

: fy pijvi _ (Aj—Bj)B; B,  _ Aj+Bi—(Ai+B;) 4 .
prices and the TP. In addition, because AT = AlAQ—BlBZ/Aj“:Bi =1+ ~1455" Aj, the

same is true when A; + By = A 4 Bj; we can use (18) to show that this condition corresponds to
P12 F1(XT)Fo(X3) = par Fi (XT) Fa(X3).
2. First, note that (16) implies that 1 — ; = %, hence 1;—77 = %: = ﬁM?(A, +

Bj)/Z%jA?(Aj + B;), and now (19) holds from (18). O



