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Optimality Equations of EI Strategy

In this part, we derive the optimality equations for the Export-Import (EI) strategy. Specifically,
we discuss the following cases:

Case 1. Dy > Pge. In this case, selling a unit in the overseas market is more profitable than
reimporting and selling it in the domestic market. We thus have three subcases as follows:
Subcase la. pg > 85 > Pge > 84c. This is an extreme subcase in which, for an exported unit,
salvaging it in the overseas market is more attractive than reimporting it back to the domestic
market. (This situation may occur when the cost of reimporting is very expensive, for instance,
either by or tp is high.) Thus, regardless of the demand realization, all exported z units will
be sold or salvaged in the overseas market. Clearly, in this subcase, Pgro becomes two separate
newsvendor problems with the following optimal solutions:
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while the allocation of 212 to the two markets is 2112 = 212 and 2472 = 0. Similarly, the optimal

solution to Pgjp is
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Subcase 1b. Py > Pge > 84 > 34c. In this subcase, the exported z units are first used to satisfy the
demand in the overseas market. Upon demand realization, a quantity of 25 = (z — &) " A (& —y) T
is then reimported to satisfy the unmet demands in the domestic market. Finally, any unsold
exported products are salvaged in the overseas market. We can show that the optimal solutions,

P12 and y¥12, to problem Pgyo satisfy
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The first term of (10), p, — (Pg — §4) Fy(z12), can be viewed as the marginal profit for selling in
the overseas market with respect to an increase in 2. In the second term, (Pge — 84) represents

the added net profit for reimporting and selling a unit in the domestic market instead of salvaging



that unit in the overseas market. Therefore, the second term of (10) represents the marginal profit
generated by reimporting. The interpretation for (11) is similar.

The allocation of 272 to the two markets in problem Pgrs is
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For problem Pgji, the optimal solution /! satisfies
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(The result can be viewed as setting y = 0 in problem Pgro.) The allocation of %! to the two

markets is
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Subcase Ic. Py > Pge > 840 > 84. This subcase is similar to the previous one, except that any
surplus from the exported x units will be reimported and salvaged in the domestic market. Thus,
the optimality equations are the same as those of the previous subcase ((10)-(11) and (12)), except

that 5, is replaced by 54.. The allocation of P12 to the two markets in problem Pgrs is
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EIN i problem Pgr is identical to the above.

The allocation of x
Case 2. py. > py. In this case, reimporting and selling a unit in the domestic market is more
profitable than selling the unit in the overseas market. We have the following three subcases:

Subcase 2a. Dge > S4c > Pg > 54. This represents an extreme situation in which selling and
salvaging the product in the overseas market is not desirable. All of the products (both z and y)

EI2

will therefore be sold in the domestic market. The optimal x and yEI 2 for problem Pgo can be

determined by solving

Pge — (Pge — 34¢) Fe (93E12 + Z/EIQ) =0,

Pe — (Pe — 8¢ — Dge + §g0) FC(yEI2) - (ﬁgc - §96) Fe (xEIZ + yElz) =0.
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The allocation of %72 to the two markets is 21?2 = 0 and =

Problem Pgjp in this subcase becomes a newsvendor problem for the domestic market, and

2EIl ig a newsvendor solution of



The allocation of 2! to the two markets is the same as that in problem Pgro.

Subcase 2b. pge > Pg > 54c > 54. In this subcase, the exported x units are first used to satisfy any

unmet demand in the domestic market and then sold to meet the demand in the overseas market.

Any unsold exported quantity will be salvaged in the domestic market. We can show that the
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optimal x and yEI 2 to problem Pgjy satisfy
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The allocation of zZ12 to the two markets is
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In problem Pgjq, the first-order condition indicates that x is the solution to
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The allocation of %! to the two markets is given by
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Subcase 2c. Pge > Pg > 84 > S4c. This subcase is similar to the previous one, except that any

exported but unsold products will be salvaged in the overseas market instead of being reimported

back to the domestic market. The optimality equations of Pgje and Pgj are therefore identical to

those in the previous subcase ((13)-(14) and (15), respectively), except that $4. is replaced by 3.
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The allocations of x and 2712 to the two markets are
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Justification of Assumption of Proposition 7

We remark that the assumption of Proposition 7, i.e.,
Pe — 8¢ > ﬁgc - maw(ggm §g)a (16)

though cumbersome, is not overly restrictive. To see this, recall that p. and §. are the net profit
and net salvage value, respectively, for selling/salvaging P in the domestic market directly; pg. is
the net profit for selling P in the domestic market through an export and reimport operation; and
34 is the net value for salvaging P in the overseas market. Since an exported unit can either be
salvaged in the overseas market or be reimported and savaged in the domestic market, maz (34, 84)
represents the net salvage value for a unit of exported P. Thus, the left-hand side of (16) represents
the net profit gained by the firm who is able to sell an extra unit of P in the domestic market from
the production amount y initially planned for the domestic market. Similarly, the right-hand side
of (16) represents the net profit from selling an extra unit of P in the domestic market from the
initial amount x to be exported (through export and reimport operation).

Note that if P is reimported and eventually consumed in the domestic market, certain VAT and
tariffs will be levied. Thus pg. and 4. are typically much smaller than p. and 3., respectively (see
(3)). Thus, it is straightforward that condition (16) would easily hold in this situation. On the
other hand, if P is reimported as a bonded component and thus the selling and salvage prices for

the reimported units satisfy (5), it is easy to show that (16) holds in this case as well.

Proofs of Propositions

We present below the proofs of the propositions in the paper.

Proof of Proposition 1: (i) Consider a buyer of product P in the China market who will use P
to assemble another product. Let u be the unit production cost and ¢ be the unit revenue at the
buyer side. Besides, let 22 and hf be the unit inventory holding costs of un-bonded P and bonded
P, respectively. Assume the buyer sells z units in total. With Option 1, the buyer purchases P

from the domestic market at p., and thus his profit is
(q+vog —u—h)z — (pe + vope)z — vogz + vopez = (¢ — u — hl)z — pez,

where the first term on the left-hand side is the gross sales, the second term is the purchasing cost

of P, and the last two terms are the output and input VAT. With Option 2, the buyer imports P



at price pg. and thus has a profit of

(q+voqg —u— hf)z — (1 +tp +vo(l+tp))pgez — vogz + vo(l + tp)pgez

:(q —u-— hf)z - (1 + tp)ngZ,

where the second term on the left-hand side is the total cost for importing P (including tariffs and
taxes) and the last two terms again represent the output and input VAT.

Comparing the profits under two procurement options, we conclude that the buyer will be
indifferent at (14 tp)pge = pe. Then, (3) follows.

(ii) Now consider the case in which the buyer of P uses it to assemble an exported product.
With Option 1, P is domestically purchased at price p.. Note that the buyer pays no output VAT
since the final product is exported. The profit under this option is thus

(q —Uu-— hf)z - (pc + UOPC)Z -1,

where Th = —vgpez + (g2 — 0)(vg — v1) is the tax payable. On the other hand, with Option 2, the
buyer pays neither taxes nor tariffs on the imported P nor output VAT. Thus, the buyer’s profit is

(q—u—hf—ép)z—pgcz—TQ,

where the tax payable T5 of this option is 75 = (¢z —pge2)(vo —v1) and as defined, 6, > 0 represents
the added logistics and trading cost to the buyer in this option as opposed to Option 1.

Comparing the two profits under Options 1 and 2, we see that the buyer would be indifferent
if pe = (1 — vo + v1)pge + 0p. Then, (4) follows. O

Proof of Proposition 2: By comparing (2) with (1), we know that when

(1 — w0 + v1)pge — Pe + (to2 + vo — v1)wz < bge — b}, and

(1 —vo + v1)8ge — 8¢ + (toa + vo — v1)wz < bge — by, (17)

the BI strategy is more attractive than the EI strategy.
With the assumptions of tp > toe and s. > (14 tc2)we and the fact that s, < p., the left-hand

sides of both inequalities in (17) are smaller than or equal to

—vg+v1 —tp —vo +v1 — to2

Sc+ (too +vo — v1)we < 5S¢+ (toa +vo — v1)we

1+tp 1+1teo
too +vo — V1 )
= thz((l +to2)wa — s¢) <0 < bge — by,

Thus, we conclude that the BI strategy is more attractive than the EI strategy. [



Proof of Proposition 3: Suppose ¢* < 0. In this case, we have
(1 — o + v1)pge — pe + (toa +vo — v1)wz — (bge — by.) = =6, + 6% < 0.
Similarly, we can show
(1 —wo + v1)Sge — Sc + (toa +vo — vi)wa — (bge — by,) < 0.

By discussions in the proof of Proposition 2 (i.e., (17) holds), we conclude that the BI strategy is
more attractive than the EI strategy.

Suppose now ¢§* > 0. To show (i), note that when ¢, = ¢* and J; = ¢*, we have py. = py, and
8gc = 8- Thus, problems defined by (2) and (1) are identical. Clearly, B8y, 65) = wPL.

To prove (ii), first note that the expected profit 7%7(8,,ds) is a non-increasing function of the

costs 0, and d, respectively. Thus, suppose

71 (05, 0%) = w1 (52, 62) = 7P

and 5; < 53. We have
w1 (65,07) = wF(6,,05) = w71 (8,63),
which implies §2 < 61. Therefore, (ii) follows.
Now, for any fixed (6p,6?), say, in the LR sub-region. Suppose 71(5},61) = 7PL. We have

P Vs
dp < 0} and therefore ¥7(6,,6%) > 7F1 (6}, 0%) = wP1. So (iii) follows. [
Proof of Proposition 4: For ease of exposition, we rewrite the optimization problem Pg; as

Jmax {I(2,y) = 1(z)Jy = 1(y)Je — hagt — hacy]

where

I (337 y) = F max [(ﬁc + h2c) y N+ (§c + h2c) (y - gc)—'_ + (ﬁg + th) HSA gg

r1+To=I

+ (59 + h2g) (1 — fg)+ + (ﬁgc + h2g) (552 A (e — y)+) + (ggc + h2g) (552 — (& — y)+)+] .

That is, IT represents the total expected profit that excludes fixed and variable costs of storing the
imported component C2. As discussed, the optimal solution to Pg; can be obtained by comparing

the solutions to the following two optimization problems (which correspond to the EI1 and EI2

strategies):
Prn: max [II (z,0) — hogz] — Jg,
Pprz: max I (z,y) = hogr — hacy] — Jg — Je.



Note that it is possible that the constraint of ¥ > 0 becomes binding in the optimal solution to

Pgr2. In that case, the optimal solution to Prre degenerates to an EI1 structure (i.e., P12 — Bl
and y!2 = 0). Below we present two claims.
Claim 1: Let
2= T a0
Yy z=xEI1 y=0
Then, if hoe > hae, the optimal solution to Pgro is P12 = B gpng yEI2 =0 (i.e., the same as

that to Pgri). Otherwise, we have yEI2 > 0 in the optimal solution to Pgrrs.

To prove the claim, we note for Pgro the optimality condition with respect to y is given by

Oll(z, y)

y — hae + py =0,

where 1, > 0 is the Lagrange multiplier associated with y. If p, > 0, yP12 = 0 and thus the

EI2 _

optimal solution to Pgrs is x = P11 and P12

= (0. Substituting the solution into the optimality

condition stated above, we can obtain the result of Claim 1.
Claim 2: When hae < hoe, 11 (:UEIQ,yEm) — hgg:vEIQ — haeyP12 is decreasing in hoe.

In the case of ho. < hae, as shown in the previous claim, we have y®2 > 0. Thus, the result of

Claim 2 holds because

d [H (xEIQ,yEIZ) _ hggSCEIQ _ hZCyEIQ] o [H (xEIQ’yEI2) _ hgngIZ _ h2cyEl2}

dh?c 8h20

- P2 o,

where the first equality comes from the Envelope Theorem.

In short, Claims 1 and 2 indicate that, when excluding the fixed costs, the optimal profit
obtained from the EI2 strategy (i.e., II (J:EIQ, yEm) — hggm‘Em — hoeyF12) is decreasing in ho, when
hae < hoe but becomes that of EI1 (i.e., II (a:EH, 0) — hgngH) and thus constant when hoe > hoe.

Now we take into account the fixed costs, that is, J; in the EIl strategy and J;+J. in EI2. It is
straightforward that 772 = II (xEIQ, yEIQ) — hgg:cE]2 — hoeyP1% — Jg—J. and Bl =11 (xEH, O) —
hgga:EI I Jg intersect exactly once at ha. = 7120 (which is less than 7120) and that at the intersection,

yP12 > 0. Therefore, the proposition follows. (]

Prior to proving Propositions 5 to 7, we present a useful lemma below.

Lemma 1 xEIZ +yE12 > mEll > I.EIQ.



Proof: We prove the lemma by discussing all the cases presented previously. For subcases 1a and

2a, the proof is rather straightforward. Now, consider subcase 1b. We first show zF/t > P12,

Note that equation (10) implies that

Dy — (Bg — 3¢) Fy(z EIQ + (Pge — / /EIQ g (&g) fe (&) dcdEy > 0.

On the other hand, (12) can be rewritten as

Pg — (ﬁg - '§g) Fg(l"EH / /En gg fe (&) dcd&y = 0.

Due to the concavity of the expected profit of EI1, we obtain 2%11 > 2F12,

We then show P12 4 yF12 > £FI1 We have

B2y BI2 o
ﬁg - (ﬁg - §g) Fg(xEI2 + yEIQ) + (pgc - ) / / fg (gg) fc (gc) dfcdgg
0 aBI2 B2 ¢,
B2y BI2 o
=ﬂm—%ﬁ%ﬂ%—%@mﬂwmﬂ+@m—%/‘ / fo (&g) fe (&) décdéy
LEI2 aBI2pyBI2_¢,

< (ﬁg _ ‘§g) [Fg(.TEIz) _F ( EI2 _|_yE12)] + (ﬁgc _ ‘§g) [F ( EI2 _|_yEI2) _ Fg(.TEI2)]
= (ﬁg - ﬁQC) [Fg(xED) - Fg(37EI2 + yEH)] <0,

where the first equality comes from applying (10). Comparing the above with (12) and noting the

concavity of the expected profit, we conclude that 212 4 P12 > gFI1,

We can prove the remaining subcases by following the same logic as used above. For conciseness,

we omit the details. [

Proof of Proposition 5: We note that to analyze the sign of gfg;, it is sufficient to analyze that

of 85,212 - ag due to (7). From the Envelope Theorem, we obtain

67rEI 2
Ohag

= B|(-D)ef A g+ (-1) (@~ )" + (1) (o8 A (&~ y™))
(1) (257~ (&~ y")1) ]
= —E [z + 251%] = —2F12,

Similarly, we can show
87TEI 1

Ohay

Therefore, we conclude
87TEI 2 87TEI 1

dhay  Ohgy




where the inequality comes from Lemma 1. Therefore, we conclude dh?c >0.0

Proof of Proposition 6: We can show

87TEH 87TE12
- = E [(pg —w2) (21" A g — 27 A &)

8'01 8'01
+ (s — wg) (a8 — &) " = (2P~ g) ")
+ (pge — wa) (25" N e — ah P A (& —yP)T)
+
o (sge —wa) (@51 = &) — (27 = (& — ™)) .
Therefore, in determining the sign of 8“EH agflu, we can analyze the four terms inside the

expectation in the above equation. The analysis can be based on the different subcases presented

previously.
o, . . . . EI1 EI2
For subcase la, we see that it is a trivial case in which ‘9” agvl =0 due to Pt = P12 =
oPH = P12 and 2P = 2F12 = 0. Next, we focus on subcase 1b. In this subcase, the optimal

allocation of /! in the EI1 structure yields

.TEIl/\f :J:E'Il/\é-g’
(21 t 59) = (xEH - 59)+ - (fUEH - gg)Jr A&e,
‘rQEH A gc = (xEH - €9)+ A fc;

(%En . §C)+

0,
while the optimal allocation in EI2 gives
2 EI2 NE, = 2E12 A &,
+ + - +
(QUJIEIQ &) =( —&) — (xEm — &) A (&~ yEIQ) ’
+ +
2BI2 5 (g, — yPT12)T = (mEI2 _ §g) A (fc _ yEIQ) ,

=0

(1:2EI2 . (56 o yEI2)+)

$E12

Thus, we have

(pg —UJQ)( EIl /\gg E12A£g) > 0

(390 = w2) (25" = &) = (@57 = (&= y"™) ") =0,

due to P11 > 2FI2 a5 shown in the above lemma. On the other hand, note that Dge > 84, S



stated in the condition for this subcase, implies that py. — w2 > s, — wy. Thus, we get

(g = w2) (™ =€) " = (@F" &) ") + (pye = w2) (" Mo = af™ A (5~ yP"))
= (s = w2) ((#7" = &) " = (@1 = &) n&e = (PP 6) T (0 ) A (- )T
+ e z) (71 =€) 2= (572 =) A (60— 0™

> (s —w2) (™ = &) = (#" = &) " A& = (@ =)+ (P )" A (&~ 4"))
+ (89 — w2) ((a:E“ &) AN — (P2 — )T A (e - yEI2)+>

= (s —wn) (P11 - &) = (72 - g,) ")

where the inequalities come from pg. — w2 > 54 — w2, 54 — w2 > 0 and B > pBI2 Therefore, we

conclude that ‘%En 8755;2 > ( holds for this subcase.

The proof of the remaining subcases follows the same approach as shown above. In summary,

we conclude cfi%c <0. 0O

Proof of Proposition 7: We can show that the desired result holds for all the subcases presented

previously. For conciseness, we focus on subcase 1b, in which the optimal objective of EI2 is

EI2

Y [e'e)
T T T potte + B / (W12 — € f. (€) dée — e / (60— y"12) £ (60) de.
0 yEI2

+ Dgitg + '§9/ (z I —&g)fg (§g) dEg — Dy /Em (ég - xEH) fq (&§g) d&g

E12+yE12 &-g

+ (Bye — 3y) /0 / (6~ 9"7) o (€0) o (&) dey
Yy

S . ) S8 fy () ety
x Yy —Qg

Then, we can prove

o FI2 ) ) . ) ) 2EI2 EI2 | EI2 ¢
= WPe — Sc Fc c c(&e d Cd .
B = O S W o) [ [ o0 fy (€) deude,

Similarly, we can show

8 EIl Ell
T (fpe—$ / / 1o (60) 1, (&) déude,.

Opte
. 9. EI2 EIl . .
Thus, we obtain %T — agu > 0 with 2212 + yEI2 > ﬂUEIl, as shown in the above lemma,

and the assumption of p. — 8. > Pge — max (84, 54c) = Pge — 84. Such approach for subcase 1b can

be carried over to the proof of other subcases. We omit the details for conciseness. [
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