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I. Proofs
Proposition 1 Proof. We develop the proof through three lemmas.

Lemma 1 Suppose that q(s,x) is weakly increasing in x. For any m € {0, ..., M}, it is optimal for

retailer i to order mé if and only if 0; > 0,,,(s,a) and 0; < O;m (s, ), where

Qim(s7a) =
max m; max g(mamlvsva) me:]'”M
€ m/€{0,...,m—1}
and
0 ifm=M
eim(s7a) =

min {max{bm/%, g(m,m’,s,a)}} ifm=0,..M—1
m/e{m+1,....M}

The expression for g(+) is given by Eq.(7) and (8) below. Accordingly his optimal order distribution

oi(s,a) is given by
Oim(s,a) = /1[9im(s,a) < 0; < Oin(s,)|dF(0;), m =0,..., M.
Proof. Consider the optimization problem of retailer i:

M
Vis,n0) = max > op(s,a) {ms,a,e@-,xi,w)w S PV, (q<s,xi,z6>,o/)}
x;i(s,a,0;)€{04,...,md} |—g a'ed

where

m = max{m € Z|a + €6; — bmd > 0}.
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Form=1,..,M — 1, 7 = md if and only if m < m and
M
> oji(s, @) {m(s, a,0;,mé,16) + B > P(d|a)Vi(q(s,md, l5),o/)}
=0 a’'ceA

M
Z j 1S 79i7 2716 P Vi ,i,l(s, ! .
> S o(s.0) {mils.a0000) 4 5 E P(l)Vilalsan o)) )

The boundary cases, i.e., m = 0 and m = M can be easily derived following the same logic and is
omitted for brevity. The second inequality is equivalent to for any m’ # m, m’ € {0,...m —1,m+
1,...,M},

0;eB(m,m’,s,a) > —A(m,m’, s, a). (6)

where
M
Almon' 5,0) = 32 oo {mils..0mi.19)+ 5 L P(a'la)Vi (a(smd. 9),)
=0 a’'e A
—mi(s,,0,m'8,16) — B >, P(d|a)V; (q(s,m’é, 1), o/)} ,
a’'eA
M
B(m,m/,;s,a) = 3 ou(s,a)(gi(s;md,16) — qi(s,m’d,10)).
=0
A(-) represents the payoff difference between two arbitrary order quantities, say md and m’d, when
retailer i’s private demand shock is set to zero. B(-) represents the difference in the expected
allocations of ordering m and m’ batches. Next, we characterize the threshold function denoted by

g(+). Consider two cases:

Case 1. If B(m,m/,s,a) # 0, then

A(m,m' s, a)

(7)

!/
,m',s, ) = — .
g(m,m',s, a) eB(m,m/ s, a)

Because ¢;(s,z;,x;) is weakly increasing in x;. Therefore when m > m/, we have ¢;(md,1d,s) >
¢i(m'é,16,s). Thus, Eq.(6) is equivalent to §; > g(m,m/,s, o). When m < m/, we have ¢;(s,md, z;) <
¢i(s,m'0,x;). Thus, Eq.(6) is equivalent to ; < g(m,m’,s, ). Therefore, g(-) represents the thresh-
old of local demand state above (below) which ordering m batches is better than ordering m’

batches when m is larger (smaller) than m/'.
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Case 2. If B(m,m/,s,a) = 0, then

O if m>m'and A(m,m/;s,a) > 0,

O if m <m' and A(m,m/,s,a) > 0,

, O if m >m' and A(m,m/,s,a) <0,
g(m,m';s,a) = (8)

O if m<m and A(m,m/,;s,a) <0,

© if m >m' and A(m,m/,s,a) =0,

O if m <m/ and A(m,m/,s,a) =0

\

When A(m,m/,s,«) > 0, it is easy to see that ordering m batches is always better than ordering m’
batches over the entire support of 6;. Therefore, when m > m/(or m < m’ ), we set g(m, m’,s, a) =
O (or g(m,m’,;s,a) = O) so that above (or below) this threshold, ordering m batches always
dominates ordering m’ batches. Conversely, if A(m,m',s,a) < 0, ordering m’ batches is always
better than ordering m batches over the entire support of 6; and we set g(m,m’,s, «) accordingly.
If however A(m, m/,s,a) = 0, the two order quantities give identical expected payoff. Here we need
to apply the assumption that retailer ¢ chooses the lower order quantity.

Combining the thresholds with the constraint m < m, we reach the conditions in Lemma 1. H

The threshold policy says that there exists a range of #; over which it is optimal for retailer ¢

to order m batches. Notice that the thresholds are state dependent. Let

Qi(s’ a) = {Qi[](s’ a)? ""QiM(Sv a)}v

0i(s,a) = {0i(s,a),...,0i(s, )}

These two M + 1 dimensional vectors completely determine retailer ¢’s optimal order distribution.

We now characterize the properties of the thresholds.

Lemma 2 For any m < m/, m,m’ € {0, ..., M},

Oim(s,a) < 0,,.(s, ).

Proof. By the definition in Lemma 1, 0;,,,(s, o) < max {W#, g(m,m';s, a)} and 0;,./ (s, a) >
max {bm/%, g(m/,m,s, a)} . Notice that g(m,m’, s, ) = g(m’,m,s, @) by the definition in Eq. (7)
and (8). Therefore, 0, (s, @) < 0,,,(s, ). B

This monotonicity property of the thresholds implies that when the local demand state is higher,
the optimal order quantity increases. The property also ensures that there is no overlapping 6;

regions whenever ordering m and m’ batches have positive probability of being optimal (i.e., when
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Lemma 3 For anym < m/, m,m’ € {0,..., M}, if0,,,(s, @) < 0y (s, a) and 8,,,/(s, @) < Oipr (s, @),

then Qi (s, @) = 0,/ (s, @) when either of the following conditions is satisfied:
i) m'=m+1,
it) m'>m+1 and 0; (s, @) > 0; (s, @) for allm <m” <m' and m” € {0,..., M}.

Proof. By Lemma 2, we have 0;,(s, ) < 6,,./(s,a). Thus we only need to show 0;,,(s, @) <
0, (s, &) does not hold. We will prove this by contradiction. Suppose the strict inequality holds,
then there exists a 0 € (Bim (s, a),8;,, (s, a)). For any such 6, the following two statements hold: 1)
ordering m batches is better than ordering z batches for any z = 0, ..., m—1 (because 0> O, (s,a) >
0:m(8,a)); 2) ordering m’ batches is better than ordering z batches for any z = m+1, ..., M (because
0 < 0,,(s a) < 0iy(s,a)). Moreover, because i) m’ = m + 1 or ii) ;,#(s,a) > Osr(s, ) for
all m < m” < m/, the optimal order quantity for any 8 € (B4 (s, ), 8, (s,®)) should be from set
{mé,m'8}. This contradicts the fact that 6 ¢ [Oim (s, @), i (s, )] and 0 ¢ [0 (5, @), O (5, 1) ]
which are the necessary conditions for md and m’d to be optimal, respectively, according to Lemma
1. |

This lemma ensures that the optimal regions of #; for the order quantities are connected and
ordered increasingly. With the properties stated in Lemma 2 and 3, we can eliminate duplicated
thresholds and simplify the threshold policy as: for any m € {0, ..., M}, it is optimal for retailer 4
to order md if and only if 1;,,(s, @) < 0; <1, ,,11(8, @), where ;.. (s, @) can be found iteratively as

follows:

(€] ifm=20
Nim(8; @) = ¢ min {O, max {n; ,, 1(s,@),0im-1(s,0)}} ifm=1,.. M
S ifm=M+1

Note that the thresholds derived from Lemma 1 might be outside [0, 0], it is thus necessary
to set 1, (s, @) € [0, ©]. In addition, 0;,,(s, @) > 0;n (s, a) may arise and it is nonetheless without
loss of information to set 7;,,,(s, &) = 1; ,,,+1(8, @) because o, (s, a) = 0. By definition, n,,,(s, a) €

[©,0] and n;,,(s, @) < 10;,,41(s,@), m = 0,..., M. This completes the proof for Proposition 1. B

Proposition 2 Proof. Because no intertemporal dependence exists that affects the retailers’

order quantities under fixed allocation, it is optimal for the retailers to maximize their per-period
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profits. With no capacity constraint, retailer i’s per-period profit function is concave and is maxi-
mized at ¢ (a, ). With capacity constraint, it is optimal for retailer i to sell as much as possible
up to ¢™(a, #). Hence, his optimal order quantity is the minimum of ¢ («,#) and his maximum
allocation. Retailer i’s maximum allocation equals the sum of his guaranteed allocation K /N and
the maximum possible capacity unclaimed by all other retailers, which occurs when they experience
the lowest local demand at ©. B

N retailers. For the case of N retailers, we modify the proof of Proposition 1. All three
lemmas needed to prove the proposition still hold. The proofs of Lemma 2 and 3 are the same as
in the case of two retailers. For Lemma 1, the proof is modified as follows. We start by writing the
Bellman equation of retailer i:

‘/; S, 06,01‘ = max Pr X_;
( ) zi(s,0,0;)€{06,...,m8} xiie{%?M&}N_l (x—i)

. {m(s, a,0;,xi,%x_) + 8 > Pda)V; (q(s,xi,x_i), o/)} )

a’e A

where m = max{m € Z|a + €; — bmd > 0} and

M
Pr(x_;) = H H ajis, o)t =tol,

j#i 1=0
Form=1,..,M — 1, 7 = md if and only if m < m and

Pr(x_;) {m(s, a,0;,mé,x_;)+ B >, P(d|a)Vi(q(s,md,x_;), 0/)}

x_;€{08,....M§}N—-1 a'e A

> max > Pr(x_;) {m(s, a,0;,2,%x_) + 6 Y, P(|a)Vi(q(s,zi,x—;), o/)} )
z;€{00,...,Mé} x_;€{06,...,.M5}N-1 a'eA

The boundary cases, i.e., m = 0 and m = M can be easily derived following the same logic and is
omitted for brevity. The second inequality is equivalent to for any m’ # m, m’ € {0,....,m —1,m+
1,..., M},

0;eB(m,m',s,a) > —A(m,m’,s, a).

where
A(m,m/ s,a) = > Pr(x_;) {m(s, a,0,md,x_;)+ B > Pda)V; (q(s,mé,x_i), o/)
x_;€{06,....M§}N -1 a’'eA
—7i(s,0,0,m'6,x_;) — B Y. P(d|a)V; (q(s,m'd,x_i), a')} ,
a’'eA
B(m,m/,s,a) = > Pr(x_;)(q;(s,md,x_;) — qi(s,m'§,x_;)).

x_;€{08,....M§}N—-1

The rest of the proof is the same as in the case of two retailers. B
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II. Approximation Logic for Fractional Allocations

We use a two-retailer example to illustrate the logic for approximating fractional number of batches
using nearby integer number of batches. The logic can be extended to the N-retailer setting and is
omitted for brevity. Let m; = ¢;/d and let [-] (|-]) denote the operator to take the nearest integer
larger (smaller) than the argument. It is straightforward to show that fractional number of batches
only occur when capacity is lower than the sum of orders. Therefore, when m; # [m;]|, we must
have % [m;] = M + 1 and m; — [m1]| + ma — [ma| = 1. The allocations can be approximated

i=1
using the following random variable:

o— ([mi] 0, |mza]d) w.p. mi — |[m],
(lm1] 0, [m2]d) w.p. mg — [ma].

ITI. Distribution Function for Beta (3,3)

0 if 0 < —1,
FO)={ 3+80-203+ 305 if —1<6<1,
1 if 0>1.

IV. Additional Figures

Figure 8: A Three-State Common Demand Process with Transition Probability p.
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Figure 9: Expected Total Sales as a Function of ag Parameterized by p Under Fixed (F) and Turn-and-Earn
(T) Allocation. K = 80, A = {5,13,a3}, e = 4.
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Figure 10: Expected Total Sales as a Function of K Parameterized by p Under Turn-and-Earn (T) and

Proportional Turn-and-Earn (P) Allocation. A = {5,13,21}, ¢ = 4.

39





