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A. Proofs of Main Results:
Proof of Theorem 1: As described in detail in the proof of Lemma 1 part(b) (provided subse-
quently in the Proofs of Supplementary Results), for i = {1,2}, the KKT conditions for the problem

may be represented as:

aJt t t t

8 t = ah‘)\l + a2iA2 — (CL” + CLQi)/,L (9&)
t

2‘] Y (9b)

We start by solving the KKT conditions given in (9a) for pj and p} and find p! = p! | — 2(Al —
p') where we define p; ; as the list-price in period t for product i, i = {1,2}, given by p{ , =
agoby—aqob c _ ajibas—aqagb c . . s s . + ¢

#{zfi) + % and pf | = 2(;1#21?11;) + 2. Further, (9b) imply implicit functions ¢ and ¢5 such

that 2 = @l (A}, AL, p!) and 28 = ¢L (A}, AL, u') as stated in Lemma A.1 below.

LEMMA A.1. There exists implicit functions ¢1 and ¢o such that zi = ¢y (N, N5, pt) and 2 =
Do AL N, ut). Furthermore, ¢y (AN, NS, ut) is increasing in N, and decreasing in N\, u' whereas
ha (AL AL, 1t is increasing in AL, and decreasing in AL, ut.

Proof: Provided in the Proofs of Supplementary Results

By Lemma A.1, we can rewrite the capacity constraints as follows.

2y <o (AL g 1) — anpy (AT, 1) — anaphy (Ao, ') + b1 < @) + Ko+ K, (10a)

Ty <Pp (N1 Ags 1) — anpy (AT, 1) — @apa (Mg, ') + b2 < 15 + Ko + K (10b)
G (AT, A, 1) + S5 (A1, Az, 1) — (@11 + aza) P (AT, 1t')

— (a12 + a2)ps (A5, 1') + b1+ bo <z} + 25+ Ko+ K1 + Ko (10c)

The inventory state space may be partitioned into several regions based on the signs of \f,
AL, and p'. (Formal partition is provided in the subsequent Lemmas A.2 and A.3.) In order to

clarify the portrayal of state space segmentation, we define two broad regions, region A and region

1
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Figure | Segmentation of the state space

B (illustrated in Figure I), corresponding to initial inventory levels for which u‘ =0 and p' > 0,
respectively. In words, region A represents the initial inventory levels for which there remains
some resource, either dedicated or flexible, that is not fully utilized. Region B, on the other hand,
corresponds to inventory levels for which all resources are fully utilized. A specific point is of
certain interest in our partitioning of the state space. When none of the constraints are binding,
we have \! = A\, = u' = 0. Hence, (¢'(0,0,0),pt) is the optimal solution to the unconstrained
problem of maxJ!(z',p'). If we define X' such that Z! = ¢!(0,0,0) — ay1p}; — a12ps; + b1 and
zh = ¢5(0,0,0) — ag1pl; — ageph; + ba, then (X', pt) is the optimal solution for the unconstrained

original problem max G*(y*, p*).

LEMMA A.2. The boundaries of the state space Region A are defined by two monotone functions:

i Yi(2h) : R — R with v (xh) =7t for o € [T — Ko — Ka, T4] and ~i () strictly decreasing with
respect to xb for € R\ [7h — Ky — K, &b

it y5(xh) R — R with v4(x}) =78 for 2t € [7} — Ko — K1, T and v4(x}) strictly decreasing with
respect to x} for x} e R\ [z} — Ko — K1, &}]
that further partitions Region A into the following eight subregions:

o Ao :={(al,2h): &zl — Ko — K, <zl <z Vi=1,2 and 2! +z}>7z} 47— Ky— K — K>}

o Ao =1 (2t xt).’Vi(xé)—Ko—Kléwt1<’ﬁ(ﬂ7§) and Ty > T if j=1
(0.4) D2 At (ph) — Ky <2t <Ab(ah) and zh<zh—Ky— Ky if j=—1
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Ty > T and v5(x7) — Ko — Ko < x5 <75(x}) if j=0
o Ay =1 (21,33): 27 2 7i(x) and ) > Y3(2) if j=1
i =71 (a3) and xy <)) —Ko— Ky if j=—
o A = (2, 2b) 2y <77 — Ko — K, and yy(z7) — Kz <ap <7y(2f) if j=0
) U <ai(ah) — Ko — K and zh > 75 (xf) if j=1

Proof: The subscripts of A reflect the sign of the Lagrange variables and imply which, if any, of
the constraints are binding. As an example, consider the region defined by A, ,). Then, we have
the index k; =1 if Al >0, k; =0 if A\l =0, and k; = —1 if Al <0. For brevity, we only provide the
results associated with regions Ay, and Ay 1) as the analysis for other regions are similar. We
first consider region Ay ) that corresponds to Aj =\ = 0. Following (10a) - (10c), in this region

we have
:L'ﬁ < ¢§ (0, 0, O) - allpiL — algng + b1 <.’L'fi + KO + K1 (11&)

$g < (252(0, 0, 0) — CbglptlL — a22p§L —+ bz <.T; -+ Ko —+ KQ (11b>
#:(0,0,0) + ¢5(0,0,0) — (ay; +a)pl, — (ars + axn)ph, + b1 +by <z' + b+ Ko+ K, + K, (11c)

Thus, by substituting the expressions for z! and z} into (11a)-(11c), we can define this region as
{(zt,2l): 2 — Ko — K; <zl <z! Vi=1,2 and 2!+ >z! +z, — Ky — K; — Ky}. Next, we con-
sider region A1) that corresponds to \i =0 and A, > 0. Since A} > 0, after substituting in the

expressions for p!, &t and z%, the constraints (10a) - (10c) reduce to the following:

71 <61(0,.%5,0) +1 = 610,00+ 5L <ai + Ko+ K, (12a)
= ¢L(0,X5,0) + 28 — gbg(O, 0,0) + %)\g (equality due to A > 0) (12Db)

We first consider (12b) which defines one boundary for this region resulting in zf = ¢4(0,\5,0) +
Ty — $5(0,0,0) + “32 A5 > 75 (since ¢ T A3 by Lemma A.1 and as; > 0) and limy, o 25 = ¢5(0,0,0) +
zh — ¢5(0,0,0) = z4. Furthermore, as ¢} 1 A4 by Lemma A.1 and ags > 0, zf is strictly increasing
with respect to AL in this region (equivalently, A} is strictly increasing with respect to x}), there
is a one-to-one function defining A} in terms of x%, that is A\ = \5(2%). The remaining boundaries

are given by the inequalities in (12&) Since \! =0, the constraints are not binding. We have

$1(0,23,0) + 71 = 61(0,0,0) + = 2N, — Ko — Ky <} < 61(0,A4,0) + ¢t(000)+ A (13)

Temporarily defining a function d;(\}) := ¢7(0,A5,0) — ¢1(0,0,0) + “2\}, we can rewrite (13) as
M)+ — Ky — Ky <! <0(A\)) + . Lemma A.1 and a2 < 0 yields d7(A5) < 0 and that 6% (\5)
is strictly decreasing with respect to 5. If we now define ~i(zh) := z} + 0% (A5 (2%)), we can write
the boundaries for this region as ~i(zh) — Ko — Ky < o} < ~i(2%). The fact that ~(zf) strictly
decreasing with respect to % follows immediately from §%(\,) strictly decreasing with respect to

AL and A strictly increasing with respect to z%. O
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LEMMA A.3. Together with vi(zh) and vi(x}), a monotone function of(x}): [—o0, T — K] —
[—00,Zh — Ky with o' (2 — K,) =Z% — Ky and o' (z}) strictly increasing with respect to x} divides
Region B into the three subregions:

e B,-1):=B,_)UB[ _;, where

B,y ={(21,75) : 77 — K1 <ap <7i(25) — Ky and x5 <75 — Ko — K}
By ={(z1,25) 127 <77 — Ky and x5 <a'(z7) — Ko}
® Bi0):=B(_,5UB[,, where
B oy ={(z1,25) 127 <77 — Ko — Ky and T, — Ky <5 < yp(2]) — Kb}
B gy ={(21,75) 127 <7 — Ko — Ky and o' (2] + Ko) <25 <75 — Ko}
e B :=R\{AU (B(O,—l) U B(—l,o))}-

Proof: For brevity, we only provide the proof for region By _1) as the analysis of B(_; ¢ is similar
and region By o) is defined by the remaining area in Region B. Region By 1) corresponds to A} =0,
A5 <0, and p' >0 for which constraints (10a) - (10c) reduce to

(@11 +a12)

2 =61 (0,2, 1) = 61(0,0,0) + 7 + 2N, - T - K, (14a)
a az +a
v =050, 45, 1) = $5(0,0,0) + 75 + =2, - (2)u — Ko~ K (14b)

The analysis of this region is simpler if we consider the cases where z! > 7! — K, and 2} <Z! — K,
separately corresponding to subregions B(, ;) and B, _,,, respectively. For subregion B(, ), we
first find the feasible values for 2 and then show that +!(z%) — K, defines the remaining boundary
for the possible values for 7. For subregion B(j, _,,, we show that a function of(z}) that is defined
on the domain z} < ! — K, establishes the boundary for the subregion. We first show that in
the subregion B{, ,,, we have z;, < ¥, — Ko — K». For arbitrary \; <0 and p' >0, by (14b), we
have af = ¢4(0, A5, p1') — $5(0,0,0) + 222 \; — (@2rte2) oy gt j0— K, < @40, M5, p') — ¢5(0,0,0) +
th — Ko — Ky <zt — Ky — Ko where the first inequality follows from A\, < 0,u’ > 0, and agy >
0, as; + ase >0 and the second inequality follows from ¢4 1 A5, | puf and A5 <0, u* > 0. We further
have limy; 0 xh = ¢4(0,0,0) — ¢5(0,0,0) + z& — Ky — Ky = 7, — Ky — K,. Next, examining the
expression for x{ given in (14a), we get x{ = ¢{ (0, A5, u*) — ¢71(0,0,0) + 27 + 22\ — w - K, =

@4 (0, M5, 1) — @4 (0, N5, 0) — (errkenz) 4 bty — Ky < 4t (xh) — K, where the inequality is due to
pt>0,¢7 L p* and aq1 4 a1z > 0. We also have lim,c_ozf = ¢7(0,A},0) — ¢1(0,0,0) + 27 + “22\} —
K =~}(x}) — K, the left-hand-side boundary for Region A _1). We note that the increasing
property of 4 (z%) established in the proof of Lemma A.2 ensures that 7} — K; <~!(z%) — K;. Thus
the expressions T} — K; <z! <~!(z}) — K, and 2} <z} — Ky — K, defines the states corresponding

to By _y.-
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1
(0,-1)

and B(g ). Along this boundary, by (14a), we have x! = ¢%(0,0, u*) — ¢4(0,0,0) +z} — Wut —

For subregion B we first note that lim,\é _o 2} defines the boundary between regions B, 1
K. Using Lemma A.1, we find that z! is strictly decreasing with respect to u' and hence z} <
z} — K. Further ! strictly decreasing with respect to ' implies that there is a one-to-one function
along the boundary defining z! and p’, i.e., pf(xt) where u' is strictly decreasing with respect to
xt. By (14b) along the boundary, we have z} = ¢%(0,0, u*) — ¢5(0,0,0) + z5 — %jmut — Ky — K.
Now, consider a point in subregion B ), with i =0, A, =0, and p' > 0 for which the constraints
(10a) - (10c) result in ¢ (0,0, uf) — ¢$(0,0,0) + &} — 42yt — K = 2 +1, and ¢4(0,0, ") —
$5(0,0,0) + 74 — (e21te22) | = 3t 4 K — 1 for some 0 < | < K. By Lemma A.1, both ! +1 and
xh + Ko — [ are strictly decreasing with u'. There is a one-to-one function that defines z% 4+ and
xb + Ko — 1. Consequently, let o (2} +1) = 2 + Ky — l. Approaching from a point in B, lim;_,o 2
defines the boundary between regions B o) and B&),q) which is equivalent to the previously defined
boundary x} = ¢4(0,0, u") — ¢4(0,0,0) + T, — Wut — Ky — K». Hence, the boundary can also
be expressed as x5, = of(2]) — Ko, for which z3 < a'(z7) — K, falls in region B(; ). Let us also
temporarily define oo(u’) = ¢5(0,0, ") — ¢5(0,0,0) + zh — %2“22);% Then, by Lemma A.1, o5(")
is strictly decreasing with respect to u’. Consequently, as p'(z}) is strictly decreasing with respect
to !, we have oy (u'(z!)) strictly increasing with respect to x%. Since o, (pf(xt)) 1 2, we have
a(zt) 1 xt. Lastly, by (14a), 2} =z! — K, implies ¢ (0,0, u*) — ¢! (0,0,0) — Wut =0 for which
the only solution is ' =0. (Note ¢} | p* and p* >0). Hence by (14b), we have z} =z} — Ky — K.
which yields a(z} — K;) =z — K,. O

To complete the Proof of Theorem 1, we note that part 1(a) follows directly from the definitions
of the monotone functions ~!(z%) and ~4(z%) in Lemma A.2 and the complementary slackness
conditions. For example, in region A(_; 1, the binding constraints yield y} =z} + K, + K; and
Y5 = x5. In region A1), we have yj = j(z5) since yj = 21 + di = $1(0,75,0) + by — anip} — araph =
¢1(0,A3,0) — ¢1(0,0,0) + ¢1(0,0,0) + b1 — a1piy — ar2psy, + 42 A5 =¢1(0,A3,0) — ¢1(0,0,0) + 2] +
“22)\} = ~i(ah). For part 1(b), in Regions A j), the optimal order-up-to level for product 1 is
independent of its own starting inventory 2! and by Lemma A.2 and part (a), it is non-increasing
with z%. In Region A0, it is independent of zf and in regions A1) and A 1), it is strictly
decreasing with the inventory position of x%. In Regions A ;), by part (a), we have y} = z!. For
regions A(_1,0) and A(_1 1), again by part (a), we have yj =z} + K, + K, thus the order-up-to level
of product 1 is increasing with z! and independent of x%. Symmetric arguments hold for product

2.
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The proofs of part 2 (a) and (b) are due to Lemma A.3. Suppose I*(z!,z}) denotes the opti-
mal amount of flexible capacity allocated to product 1. Since in Region B, the complementary
slackness conditions imply full utilization of each resource, Ky — I*(z!, %) will be the amount of
flexible capacity allocated to product 2. After the allocation of the flexible resource and employing
the dedicated resources, the optimal production policy brings inventories of products 1 and 2 to
zt + Ky +1(xf, 2b) and b + Ky + Ko — I'(2}, 24), respectively. Specifically, in region B(_1 ), com-
plementary slackness yields y} — 2! = Ko + K; and y} — 2 = K, thus I*(z},z}) = K,. Similarly,
in region By _1), complementary slackness conditions give y} — ! = K; and y — 2} = Ky + K>,
hence I*(x%, ) = 0. For region Bo,q), the definition of I*(z}, %) yields v} — z, = Ko+ Ko — " (x, x})
which leads to ¢4(0,0, u") — ¢4(0,0,0) + & — Wut — b =Ko+ Ky — I"(2%,z}) and therefore
the optimal production policy satisfies = + Ko — I* (2}, 2}) = o' (2} + I*(2%,2%)). Furthermore, the
complementary slackness condition (10c¢) yields p to be a function of ¢ and z% only through their
sum % + xf. Thus, the optimal modified base stock levels for products 1 and 2 are identical for
starting inventory positions for which the total inventory level, z} 4+ %, is identical.

For part 2(c), first let o/ (2} +1*) denote the derivative of a(z} +1*) with respect to its argument.
By Lemma A.3, o is increasing, thus o/*(z} +1*) > 0. Next, differentiating both sides of I*(x}, x%) +

o't (@ +1%) ts ;
5 < 0. Thus, [* is decreasing

tlot LTt b)) — ot : t at _
ot (xh + 1M (at, b)) = o + Ko with respect to =%, we get baT = T Tralt (st 4T

with respect to z!. Similarly, differentiating both sides of I*(z!,z%) + of(xt + I*(z},2h)) = af +

. t . . .
K, with respect to zf, we get % = > 0. Hence, [ is increasing with respect to x%.
2

1
T+t (@l +1F)
Finally, for part 2(d), the order-up-to level for product 1 is z} + I*(z}, %) + K. Differentiating

art
3
8:1:2 ’

it with respect to x! and with respect to x} and using the expressions for % and we get

0§+ (2] 2h) + Ky

1 xt 1t (at ab)+ Ky
am’i T 14alt (mt1+lt)

1
> 0 and 815 - 1+a’t(m§+lt)

> 0. The order-up-to level for

product 2 is zb + Ko — (2!, 2%) + K,. Again, differentiating it both with respect to x!} and z%,

dwh+Ko—1'(xf,ah)+Ky _ o't (af+1")
(')xtl 1+a’t(x§+lt)

dxh+Ko—l'(a},28)+Ky _ o' (af+1)
815 1+a’t(ztl+lt)

we get >0 and > 0. Hence, the

order-up-to level for both products is increasing with respect to either starting inventory position.[]

Proof of Theorem 2: The proof follows from the expressions for p! and p) given in the Proof

of Theorem 1, i.e. pl =p!, — $(\ — ') where p!, is defined as the list-price in period ¢ for
N : t __ agobi—aqiob c t __ ajiba—aqiob c

product i, i = {1,2}, given by p{ ; = #2_12%22) + 5 and p | = erzé) + 2. For part (a),

corresponding to Region A, p' =0, therefore using (5) we have m!(af, ) = —tAi(2},2%) and

mb(xf, xh) = =i\ (2!, x4). Thus, we have mf (2!, z%) > 0 for A} <0, mi(z!,24) =0 for \{ =0, and

mt(xt, x2t) <0 for XY > 0. Following the state space segmentation set forth in Lemma A.2, \} <0,

Al =0, and A} > 0 correspond to item 1 being critically understocked, moderately understocked, and

overstocked, respectively. Hence, a price surcharge is applied if the item is critically understocked,
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list price is charged if the item is moderately understocked and a discount is given if the item is
overstocked. Similar arguments yield the results corresponding to product 2.

For part (b), corresponding to Region B, we have mi(x},x4) = —% (A (2}, 2b) — pf (24, 2%)) and
mb(xf, xh) = —3 (Ay(2h, b)) — p'(f,24)). Since region B is defined as the states corresponding to
u' >0 and non-positive X} and Aj, we have m!(zf %) > 0 and mb(z},x%) > 0 indicating markups
for both items. In the states that correspond to Byop), we have mi(xzt, ) = Fp(2l,z%) and
mb(at,xb) = Tpt(xt, ab). Therefore, mi(at, ) = mi(xt, at). Further, (5) then yields ph(z!, ) =
pi(zt, 2b) + C" where C' = ph, —pt,. The fact that m!(z},z}) is a function of x! and z! through
their sum follows from (10c¢) which for this region implies that p' is a function of xf + z&.

For part (c), we only show the proof for product 1, as similar arguments yield the desired
monotonicity results for product 2. In regions A, A1), and A1y, we have p! =p}, and
hence p! is independent of both z! and z}. In region A ), we have p} = pl, — IXI. Based on
Lemma A.2, in this region \! increases with z} and is independent of x4, hence p! decreases with
x! and is independent of xf. With a similar analysis, we also find that p! decreases with z! and
is independent of zf in region A(_; ) as well. In region A 1), we have x} = ¢} (A, \5,0) + | —
#1(0,0,0) + “LA] + 220 and x5 = ¢4 (A], A5, 0) + T4 — ¢5(0,0,0) + “2L AL 4- 222 )\}. By differentiating
these two expressions with respect to z!, we find that both \! and A} are increasing with respect
to x}. Similarly, A} and M\, are increasing with respect to xf. Since, in this region p! is given
by pi =pi, — sAl, p} decreases with respect to both x} and xf. Similar analysis yield A} to be
independent of x} and z in Regions By _1) and B and be increasing with respect to x| and
in Region B(_ ). Likewise, we find A} to be independent of ! and = in Regions B(_1 ) and Bo,)
and be increasing with respect to z} and % in Region By _1). Lastly, we find p* to be increasing

with respect to #{ and zf in regions B(_1,0), B(o,—1) and Bg,). Therefore, the desired monotonicity

results follow immediately form the definitions of p} in these regions. [J

Proof of Theorem 3: The result follows from a similar methodology given in the proofs of
Theorems 1 and 2 and hence omitted for brevity.

Proof of Theorem 4: We first note that J(z*, p*) is strictly concave. This follows from similar
arguments as in the proof of Lemma 1(a) and due to the fact that the matrix A is positive definite,
since A is a symmetric, strictly diagonally dominant matrix with positive diagonal elements. We
construct the following KKT conditions:

oJ*

tJeN
t
OF __ ) VieN (15b)

t
0z
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where A! > 0 implies that product ¢ is overstocked and z! + b; — ZFL ~ @ijp; = xt; AL =0 implies
that product 7 is moderately understocked and x; + K; > 2; +b; — >, yai;p; > x7; and A\ <0
implies that product i critically understocked with zf +b; —>_,_, v aiyp; =z} + K.

Using (8) and (15a), we can solve for p to get p! =p!, — \/2 where p!; = (A~'b+¢);/2. By
(15b), we have (a—)‘t) =

ozt

_<a = ) Since J(z*, p*) is strictly concave, (ﬁ) is invertible. By the

Bzfz§
(55)
t,t .
azizj

The below definition and lemmas describe a certain property on the objective function that

implicit function theorem, we can write zt as a function of A" as (3—:;) =—
enables us to characterize the structure of the optimal policy and its monotonicity with respect to
starting inventory levels.

DEFINITION 1. A Stieltjes matrix (symmetric M-matrix) is a real symmetric and positive definite

matrix M = [m; ;] in R™" for which m; ; <0 for all ¢ # j.

LEMMA A.4. (Nabben and Varga 1994) The inverse of a Stieltjes matrixz is a real nonsingular

and symmetric matriz with all of its entries nonnegative.

-1
LEMMA A.5. _(afﬁng:) is a strictly diagonally dominant Stieltjes matrix.
0%

Proof: Provided in the Proofs of Supplementary Results.
t
By Lemmas A.4 and A.5, we also have % >0Vi,7 € N. To see why, first consider the cases

—1 -1
where A} # OVj Then, we have (w‘t) = <<6—zt> + %) ;. By Lemma A.4, ((azt) + %) is

axl Nt P>
a t o ,i =0 and
g;\ = (0 Vi where the second relationship follows from < aat o > being symmetric. Differentiating the
acfclve constraints with respect to 2! and solving for a/\g , we get 8"1 to be of the form ‘Z\)‘Z =Sle

where S is a principle submatrix of (( aAt) + %) and is also a strictly diagonal dominant Stieltjes

XL
’ daxt 2 0.
k2

We can now show the structure of the optimal policy. For the optimal production policy described
in part (a), consider a product i € P, i.e. \! <0 and it is optimal to order product i. If A} =0, then
product i is moderately understocked and we have x; < z; +b;—>_,_; v ai;p; < x;+ K;. The optimal
base stock level is given by the expression y! = 2! + b, — >, .\ aup}, which can be equivalently
written as yf = 2f +b; — >, 1. n @ikl + D or1n aik%f“. Differentiating with respect to %, j # i, we

ayz _ oz} axk Zk BAk oyt a9zt | ay axk
get et =3 LN 3 st T3 Ba ! . Since Al =0, we have et = D 1N ket ot T3 ) 5 ; . Since

the term in the parenthesis is a Stieltjes matrix and k # 4, it is nonpositive. Further the term

t
BAf
dacj

t
is nonnegative. Therefore, gzi < 0. Now, consider A\l < 0. Then y! = z! + K, and hence y! is
j

independent of all z} for j # i.
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For the pricing policy given in part (b), the optimal price to charge for product i in period
t was given by p! =pl, — ?’ Consider i € P, i.e. AL <0. If Al =0, the product i is moderately
understocked and p! = p!, where p!; = (A"'b+c¢);/2 as given earlier. If \! <0, then the product
is critically understocked and it is optimal to mark up the price the of product ¢. If the product is

overstocked, i.e., for product j, j € M\P, then A’ >0 and hence, it is optimal to give a discount

apl _ 10x <0

on product j. Regarding the monotonocity of the optimal price policy, we have 54 = —3 dal =
k

Therefore, the price of an item is decreasing with respect to the inventory positions of all other
items. J
Proof of Theorem 5: As in the proof of Theorem 5, it can be verified that J*(z*, p*) is strictly

concave. A similar construction of KKT conditions yields:

t
g*]t = Y and, Vi<kieN (16a)
Pi n=1,...,N
oJ!
= Y awm(M\o—p) Visk jEN (16b)
th n=1,...,N
?)i =\ Vi<k,ieN (16¢)
o.Jt . . .
57 =-N+p Vi>k jeN (16d)
J

where for product i, i <k, A! > 0 implies the product is overstocked and 2z} +b; =Y _ | \ GinDn =

x}, X =0 implies the product is moderately understocked and ! + K; > 2f +b; — > _| \ Ginpy >
xi; and Al < 0 implies that the product is critically understocked with 2} +b; — > _ | \ GinpDn =
r} + K;. Similarly, for product j, j >k, A} > 0 implies that the product is overstocked and
254+ b; — >, _1.n @npn = 2 while A’ =0 implies that the product is understocked and z + b; —
> 1N GjnDn > x§ Further, 4 =0 implies that the available flexible capacity is not fully utilized,
ie., Zj (th +b; = _in ajnpn) < Ej :E§ + Ky whereas p > 0 implies the capacity is entirely used
with the corresponding active constraint <th +b;,—=> . _n ajnpn> =2, + K.

Using (8), (16a) and (16b), we can solve for prices to get p! = p!;, —A!/2 where p!;, = (A"'b+c);/2
and p} =pt, — X /2 + p'/2 where p!; = (A~ 'b+c);/2. For part (a), consider product i <k, i € P,
If Xl =0, then p! =pl, = (A 'b+¢);/2. If A\l <0, then p! =p!;, — A\l/2 implies it is optimal to
markup the price of item 7. If, on the other hand, i <k, i € N\P, then A\! >0 and it is optimal
to give a price discount on product i. For part (b), if the flexible capacity is not fully utilized,
we have 1, = 0. Considering a product j >k, if j € P, then A} =0 and p! =p’, = (A~ 'b +c);/2.
If, however, j € N\P , then A} >0 and p} = p}; — A}. Hence it is optimal to give a discount to
product j. If the flexible capacity is fully utilized, i.e. u’ > 0. For each product j >k, j € P, we
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then have p! = pj, + u'/2. Therefore it is optimal to give the same price surcharge for each item

that is produced.

B. Proofs of Supplementary Results:

Proof of Lemma 1: Part (a): The proof is by induction. It can be verified that J*(z},23,p},p3)
is strictly concave due to the assumptions on the demand parameters (i.e., a; >0 and a; > |a;;|)
and that the terms associated with holding and backorder costs are strictly concave in (z{,23).
Since J'(z1,24,p1,ps) is formed by the addition of strictly concave and linear functions, itself is
strictly concave. Next, note that the capacity constraints result in a convex domain over which
the maximization is performed. Since concavity is preserved under maximization in a convex
domain, we have V' (z1,23) concave. Now, assume that J'(z%, 25, p!,ph) is strictly concave which

t+1 41 t+1 , t+1
21 R

yields V*(z},z%) to be concave. Then, we have J'*( ,P1 ", ps ) strictly concave since it is

formed by the addition of a strictly concave term in (2i*! 247 pi™! pit1) and a concave function

in (2071 25T,

Parts (b) and (c): We first construct the KKT conditions and introduce Lagrange multipliers
Ai; >0for i, j={1,2} and p' > 0 where A}, >0 and A}, > 0 are associated with constraints 2 +b; —
anpi — apph > xt and 2} +b; — ainpl — aiph <zt 4+ Ko+ K;, respectively and u' corresponds to the
constraint z{ + z5 4+ by + by — (a1 + a21)p} — (a12 + as)ph < xf + 2 + Ko+ K, + K. Together with
the complementary slackness conditions, we then have for i={1,2}, % = a1; (A} — Aiy) +ag; (NS, —
Aby) — (ari+ag;)u' and g'—: = p'— (A, = AL,). Several pairs of constraints form “box constraints” and
may not be simultaneously active for positive capacity parameters. As the following observation

suggests, we can exploit this special structure of constraints to represent the first-order optimality

conditions in simpler notation.
OBSERVATION 1: For i =1,2, let A! be defined such that A\’ := Af; — A!,. Then, \! uniquely determines
A, for j=1,2 where (a) A} <0 implies \}; =0 and A}, >0, (b) A} >0 implies \}; >0 and A}, =0; and (c)

Al =0 implies Al; = A, =0. In addition, for i ={1,2}, the KKT conditions may be represented as:

aJt t t t

o an A} F ag Xy — (a1, +az)p (17a)

oJ*

5 —H A (17b)
Zi

Proof: We first observe that having A%, > 0 and A}, > 0 simultaneously, implies that both 2z} +b; —a11p} —
a1aph —x) =0 and 2% +b; —aq11pt — a12ph — a2t — Ko — K7 = 0. Since this is not possible for any Ko+ K; > 0 (as
there must be some capacity to produce product 1), we conclude that A\}; and A%, cannot be simultaneously

positive. Thus, if we define A! := A}; — \!,, any value of A} uniquely determines the values of A}; and \{,. We
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note that with this definition, A} is no longer sign restricted. Specifically, we have A} <0 for the case where
Ay =0, Ay >0, and we have \{ > 0 for the case where \%; >0 and A\, = 0. For the case where \|; = X!, =
we have A\! =0. An analogous argument holds for A5, and A%, hence a corresponding AL := A5, — AL, can be
similarly defined. OJ

Following the observation, A! is no longer sign restricted and is associated with two constraints where
its sign - negative, positive or zero - identifies which of the corresponding constraints, if any, is binding.
We can now continue with the proof of parts (b) and (¢) which are by induction. To simplify the notation,

a%vt
Tt
Bziazj

recalling that J* is separable in (2{,24) and (pi,p}), we let Jf, := 2 ta BeToT Similarly, we also let V!, =
For J'(z{,23,p1,p3), both cross partials are zero, thus Jj, = J3, =0 and part (b) follows. Part (c) results
from J'(z{,23,pl,pl) being strictly concave. We now assume that the Lemma holds for period ¢ and show
that it continues to hold for ¢t + 1. Due to the strictly concave and separable additional terms on holding
and backorder costs, it is sufficient to show that EV*(z! — €, 25 — €}) preserves these properties with weak

inequalities. It can be verified recursively that the first and second derivatives of V*(z!,z%) are bounded.

Through the interchangeability of differentiation and expectation, it is then sufficient to show that V*(x}, %)

t t
has the required properties. From Envelope Theorem, we have W % AN+ pt=cy — AN+ p' and
W 8:c — b+ put =co — AL+ pf. At this point, it is helpful to partition the state space in two broad

regions: Region A where u* =0 and Region B where pf > 0.

Region A: We first treat the cases associated with u' = 0. For these cases, we have V', (2!, z4) = gil From
the KKT conditions, we further have —g—ifl, =2 (g—j) Therefore,
2 2 1
o [oJ 0zt 0zh
Vi, (2, ah | =Jh T2 18
12(2],73) = 8x2 (52{) 1 gzt 125t (18)

We implicitly assume Vi, (xt,zh) = Vi (24, xh) which requires continuity of the second partial derivatives.
This is fulfilled since J* is strictly concave and twice continuously differentiable in (2%, z%) and (2%, 2%) are
differentiable in (x¢,2%). There are four cases to consider: (1) A{ =0 or A5 =0, (2) AY >0 and A\, >0, (3)
Al >0 and A, <0, and (4) Ay <0 and A, > 0. (Note that the case A\Y <0 and A, <0 is not feasible as the
flexible capacity may not be utilized in full for each product individually.)

Case 1: When A} =0, we have % =0. Thus Vi, (z},z}) = 221 =0. A similar argument for A} =0 also

a,\2

yields Vi, (2}, x}) = gl = 0. This establishes the result for part (b), i.e., that V*(z},x}) is submodular. For
part (c), since V*(a},2b) is concave, we have V; (z},2%) <0, hence V{, (2}, 2) < Vi, (at, 2h). The result for

Gt e e e
Vi, (ah, L) is similar.

Case 2: When A} >0 and A > 0, from KKT conditions we have p} = p}, + ;g; and ph =ph, + %gig

t __ _azobi—ajgby t _ _ai1bas—ajoby ca ; — .t _
where p}, = PICrv———y + 5 and py, = (o113 —a20) + %. Complementary slackness yields z{ = 2] + b;

a11p} — a12ph and xh =z + bg — ao1p} — agoph. Combining these we get =} = 2z + b1 — a11pl, — a12ph; —

t t t
a8l a2 81 and ol = 24 + by — an1pl;, — azoph;, — 255 — %ﬂ Taking partial derivatives with respect
1 2
8z§
Bacg ’

t
9z7

. )
to x4 and solving for 77} and Zl =
2

we get 5o+ = & (a11Jiy + a12J22) and 8zi =+ (2—anJi; —a12J5,) where
A=2—(a11J}; +2a12J}5 +agnJs,) + 5 [(a11a22 —a?y)(Ji Iy — J13)]. We note that A >0 by first observing

that the terms in the brackets are strictly positive since ajjaq — a2, > 0 by the assumptions on demand
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parameters and Ji, J5, — JiZ > 0. We only need to show that a;1J}, +2a12J}s + agaJiy < 0. We have a1 J{, +
2a12Jt o + 9o Jhy < (a11 + 2a12 + as2) Ji, <0 where the first inequality is due to diagonal dominance and the
second is due to a1 + a1z > 0,a12 + aze > 0 and Jf, <0. Substituting the expressions for % and % into (18)
establishes submodularity as follows: Vi,(2t,24) = % (Ji; (a11Jy + a12J8,) + iy (2 — a1 iy — ar2Jsy)) =
< (ar2 (J§, J4y — Ji3) 4+ 2J1,) < 0 where the inequality is due to J{, <0, Ji;Ji, — Ji5 >0, and a;2 < 0. Part
. The

azf Bzé
’ 8x§ and 89:%

(¢) may be shown similarly by evaluating the expressions for V{, (2}, z%) and Vi, (at, xh)
analysis for Cases 3 and 4 are very similar to the analysis of Case 2 and are omitted for brevity.

Region B: We now consider the region corresponding to ' > 0. By the definition of the multipliers and their
relationships among each other, this region is subdivided into three subregions such that (1) p* >0, A} <0,
AL=0;(2) pf >0, A, =0, A5=0; (3) >0, A\t =0, A, <0.

Case 1 corresponds to the regions where the flexible capacity is used solely and fully to produce item

1. Once again, the Envelope Theorem yields Vi, (z}, %) = % (gj{) =Jj gzg + Ji, g;é Complementary

slackness conditions yield ! = 2! + by — a11p} — a12ph — Ko — K3 and b = 25 + by — az1p} — azph — K.

ajy 8Jt a1z 8J¢

2 Bzf 2 Bzé

Combining these, we get ! = 2t + by — a11p};, — a12ph;, — Ko — Kq — and zb = 25 + by —

ag1pt, — axph, — Ko — %g—g - %g—g. The same arguments as presented in the analysis of the previous
case yields the desired result. Further, the analysis for Case 3 is also symmetric to the analysis of Case 1
and hence omitted.

Case 2 defines the only remaining region and it corresponds to p* >0, A} =0, Ay =0, where the flexible
capacity is used fully to produce both products simultaneously. In this region we have ! + zf = 2% + 2 +

by +ba — (a11 + az1)pi — (ar12 + a22)ph — Ko — K1 — K. Differentiating with respect to x&, we get:

(@11 + a91) (@12 + a22) 0z} (a1 +az) (a12 +azz) 02,
1= (1 gty (gl ) s (1 gy, gl ) 28 o

Through the KKT conditions, in this region we also have Jf = J hence differentiating with respect to z%

we get
0zt 078 0zt 0z%
haixé—h]ﬁ@ixfz:t];l@ix;—i_ 525.7;2 (20)
Combining (19) and (20), we get 22k = L(Jt, — Ji,) and 22 = L(Jt, — Ji,). where A = —Jt, +
2 2

2Jty — Jiy + (a11 + a12)(J Jay — Ji3)/2 + (a22 + a12)(JE, T4y — Ji3)/2. As in the previous discussion

t
9z
t
ox§

5 (Tt (Jiy = Js) + T4y (Jiy — J1y)) = + (J13 — Ji1J4,) < 0. Similar steps verify part (c). O

and 22 into (18), we get Vi, (x4, z5) =

for A, it can easily be shown that A’ > 0. Substituting 5ot
2

Proof of Lemma A.1: We first introduce two functions F; (L, z") and F5(L*,2") where L' = (A, A, u*)
and z' = (21, z1). We define these functions to represent KKT conditions (17b).
(L2 = Ji(21,25) + A — ! (21a)
(L 27) = J5 (21, 25) + A5 — ! (21b)
Differentiating (21a) and (21b), and letting Dy, F and D, F to denote partial Jacobians, we have
OF; OF, OF; OF; 0F;
on gh SR 10 -1 LoshY g g
por=[g 0 k| =[3 0 1] par=[i d]= [ ]
I

AOX1 OAa Oza Oz
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Since J(z%,2%) is strictly concave by Lemma 1, D,F is invertible. Thus, there exists implicit functions ¢;
and ¢, such that 2zt = ¢ (AL, AL, ut) and 25 = ¢a (AL, AL, ut). Moreover, by the Implicit Function Theorem, we
have D¢ = —D,F~'DyF, that is,
1 1 -1
[gfl o ‘%1] _ {Jh J{z] {1 0 —1} _ 1 —Jhy Jiy Jha— i,

9
O¢2 O¢a 552 t t t Tt t \2 to _Jt t _Jt
o3 Ora O o1 I3 115 — (J12) Jia Ji1 Jii = J1a

01-1

The strict concavity established in Lemma 1 yields J{, <0, Ji, <0, and J}, J& — (Ji5)? > 0. The submodu-
larity and diagonal dominance properties in Lemma 1, gives Ji, <0, J}, — J{, <0, J4, — J{5 < 0. Therefore,
the monotonicity results follow immediately. [

t

—1
Proof of Lemma A.5: The proof is by induction. For t=1, —( 5J ) is a diagonal matrix with positive

dztHzt
]
diagonal elements (due to the strict concavity of expected holding and shortage costs) and hence is a strictly

diagonally dominant Stieltjes matrix. Now assume that the result holds for period ¢. By Envelope Theorem,

t ol L
we have (733‘?91*) = —(812). Several cases arise since each \! may be greater than, less than, or equal to
9% J

Zero.

We first consider the case where A! # 0 Vi € . Similar to the steps in the proof of Lemma 1, differentiating

: : : ¢ oz' aat) LA (axt) _ at _
all active constraints with respect to each z}, we get (axt) (612 ) +3 (azi = e;. Hence, we have oeT ) =

-1
((g—f\i) + %) e;, where it can be verified by inspection that both A and the sum (gii) + % are also

strictly diagonally dominant Stieltjes matrices, thus invertible by Lemma 4. We therefore have (%) =
]

. —1
- (( Oz ) + é) If we let D :=diag(hy,hy, ..., h’%,) denote a diagonal matrix with positive diagonal elements

Y 2
which refers to the partial derivatives of the expected holding and shortage costs, then, (#@jﬂ) =
T J

-1
-D-— ((g;i) + %) . We note that if a matrix M is a strictly diagonally dominant Stieltjes matrix, and D
is a positive diagonal matrix, then (D +M~!)~! is a strictly diagonally dominant Stieltjes matrix. (The proof
of this claim can be found in Lemma A.3 in Ye (2008) where their definition of competitive matrix refers to a

diagonally dominant Stieltjes matrix and their analysis to show that diagonal dominance holds is extendable

—1 -1\ -1
to show that strict diagonal dominance holds as well.) Therefore, — (%) = (D + ((g;i ) + %) )
i j

is a strictly diagonally dominant Stieltjes matrix.
Consider now a case for which there exists some A, =0, k € /. For representation purposes and without
loss of generality, assume A% = 0. Then, differentiating the active constraints for xf, i # N and noting that

t t t -1 t
8@2? = ;}2?3 =0, we find (#‘gz;) = [SO 8] where S is a principle submatrix of ((gf\t) + %) of dimension
, -1
N —1x N —1 and is also a strictly diagonal dominant Stieltjes matrix (Varga 2009). Then, — (%) =
—1 ~1 -1 ~1 -1 7
(D+ [S OD _ (Df+ [S 0]) _ (D’ n [S O] ) where D' = diag(h!/, hY, .., B’ — 8x) for

0 0 0 dn Oi

So
dn > 0 sufficiently small such that b}, —dy > 0. It can be verified that {0 1] is also a Stieltjes matrix,
5
aJt+1 o
9ztTloxttt
i J

-1
hence by the same argument as in the previous case, we have —( ) a strictly diagonally dominant

Stieltjes matrix. The analysis for other cases where more than one A\ =0 are similar. [J
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