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Online Appendix Companion to Optimal Dynamic
Assortment Planning with Demand Learning

Appendix C: Proof of Main Results

Proof of Theorem 1. The lower bound is trivial when A = §*(u), so assume S*(u) C N For i € N define

T;(t) as the number of customers product i has been offered to, before customer ¢’s arrival,

t—1
Ti(t):=>» 1{i€S,} t>1.
u=1
Similarly, for n > 1 define ¢;(n) as the customer to whom product i is offered for the n-th time,
ti(n):=inf{t>1:T;(t+1)=n},n>1.

Forie N \ S*(u), define T'; as the set of mean utility vectors for which product i is in the optimal assortment,

but that differs from p only on its i-th coordinate. That is,

Li={yeRY :yvi#pi,v;=p; YieN\{i},ieS(7)}.

We will use E? and P} to denote expectations and probabilities of random variables, when the assortment
policy 7 € P is used, and the mean utilities are given by the vector 7. Let Z;(11]|y) denote the Kullback-Leibler
divergence between F'(- — ;) and F(- —;),

Zl) o= [ llog (@F(@ = ) /AP (& = 7)) dF (2 = ).

This quantity measures the “distance” between P* and PY. We have that 0 < Z;(u|y) < oo for all v # p,
1€ /\N/'\ S*(n). Fix i € N and consider a configuration v € I';. For n > 1 define the log-likelihood function

Lin) = [1og(dP (U™ = ) [AF (UL — )]

u=1

Note that £,(-) is defined in terms of utility realizations that are unobservable to the retailer. Define d(n) as

the minimum (relative) optimality gap when the mean utility vector is given by n € RY,
§(n):==inf{1—7r(S,n)/r(S*(n),n) >0:SeS}. (13)

Fix a € (0,1). For any consistent policy = one has that for any € > 0,

R(T ) = 3008 (T - T(1))
> 3(y) (T - ﬁ 1ogT) BY {T)(T) < (1— ) logT/Z, ()}

and by assumption on m R™(7T,v) = o(T*). From the above, we have that
PI{T(T) < (1 - €)log T/Ly(p|l7)} = o(T* ). (14)

Define the event

=<7 (1—¢) o (T, —a)lo
b= {10 < § o lou T LT < (1= a)log T}
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From the independence of utilities across products and the definition of (;, we have that
P} = [ ap;
wEP;
T-1
- [ T arw: -

€Bi u=14i€S8,
T—1
F(U" —~,
:/ 111 d (UL %)dPﬁ
weBi 41 ics, dE (U — i)
T;(T) ti(n)
wEPi p=1 dE(U;™ — i)
= [ exp(—L(T,(T)))dP

6;5[(31(1 —a)logT)P*{8;}.

%

From (14) one has that P {8;} = o(T*1!). It follows by (14) that as T — oo
Pu{B:} <P {B} /T —0. (15)

Indexed by n, £;(n) is the sum of finite mean identically distributed independent random variables, therefore,

by the strong law of large numbers (SLLN).

(1< )
sy 2L 1 10 T

Pra.s.,
i.e., the log-likelihood function grows no faster than linearly with slope Z;(p||y) . This implies that

limsup Py {31 < n, Li(l) > nZy(ullv)/(1—€)}=0.
In particular,
. (1—e) (1—e) }
lim P { T (T) < logT, Li(T;(T)) > ~—=1logT ¢y =0.
T—o0 { @) Li(plly) TI) >y

Taking « < € small enough, and combining with (15) one has that

. (1-9 o)
P2 {10 < oy e | <0

Finally, defining the positive finite constant H! :=inf {Z(u||vy) : v €T}, it follows that

Tlim PE{T,(T) > (1—¢)logT/H!)} =1.
For i € N, let T; denote the largest 7" > 0 such that P {T,(T)> (1 —e¢)logT/H!} < 1/2. By Markov’s
inequality, and letting e shrink to zero we get

ELATAT)} > (2H!)  log T, (16)

for T >T;. By the definition of the regret, we have that for any policy 7 € P,

R (To) S 60 B2 [Z Pr1{S, s*w)}]

=REND SE-A )l

PEN\S* (1)
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where (a) follows from the non-optimal assortments contributing at least d(u) to the regret, and (b) follows
by assuming non-optimal products are always tested in batches of size C, considering only products in N.

Thus

T T T
~ 1 . 1
S USAS W= Y {8 NS (WA} =5 Y Yifiest=5 Y. (@)
u=1 u=1 ie!\~/’\5*(u) u=1 iE./\?\S*(,U.)
Combining the above with (16) we have that
1 _
RUT, 1) 26(1) & > (@HN) T | logT+(u)T,

PEN\S* (1)
for all T', where T := ||T; | x. Taking K := §(p) min, g g,y {(2H!') 7'} and K’ :=§(u)T gives the desired
result.
We now comment on the fact that the reasoning above extends to the case when [S*(u)| > 1. Note that

(16) remains valid for products in N\ N*, where N* := {i ¢ N':i € S for some S € S*(p)} and
S*(pn) :=argmax {r(S,u): S€S}.

In particular, one has that

Sufs.gs )z 1 {sn N 20bz L S Sigesy=4 Y T,

ieN\N* u=1 PEN\N*
The result follows from the bound on the expectation over T;(7T') for products in N \ N |
Proof of Theorem 3. The proof follows the arguments in the proof of Theorem 2. Steps 1 and 2 are
identical.
Step 3. Let NO(t) denote the event that a non-optimal assortment is offered to customer ¢, and G(t) the

event that there is no forced testing for customer ¢. That is,

NOW) = {8, #5"(1)}
G(t) == {T7(t) > ko logt, j < |A| such that [[w||a, >w(fi)} . (17)

Define £ := (2||w]|oo K C)7*6(p)r(S* (1), ). We have that
(a) A
P{NO(t), G(t)} < P{llu— fulles(us-an > & G(t)}
( P {llpe = fuells= oy > € GO} +P{llp = fuell s ) > €, G(t)}
b .
2 Pl il > €TI0 > malogt) +

240" (i) #0

S P{lln—fulla, > € G1)}

jrA;NES* (1) #D

=IN

—~

< Y A Oy S B, > €, GO},

JrA;NS* (fir) 7D JrA;NES* (1) #D

where: (a) follows from (12); (b) follows from the fact that w; > w(v) trivially for all ¢ € S*(v), for any vector
v € RY; and (¢) follows from (10).
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Fix j such that A; N.S*(u) # (. For such an assortment we have that

IP{H/'L_ﬂtHA7 >§7 G(t)} S ]P){H/'L_ﬂtHAJ >§7 T](t) ZKQIOgtv G(t)} +
P{T’(t) < ko logt, G(t)}.

The first term on the right-hand-side above can be bounded using (10). For the second one, note that
{T7(t) < ralogt, G(t)} C {|Jw]la, <w(fie), G(t)}. Let it € RN be such that fi; = p; for all i € S*(u) \ S*(fie),
and fi; = fi;; otherwise. We have that

(= fullse ey <€V € {r(S (), i) < (5™ () 1)} © {lwll, = (i)}

where (a) follows from (11), and (b) follows from noting that i makes S*(u) optimal, hence products in

A;NS*(p) are potentially optimal under fi,. This implies that {||wl|a, <w(f)} C {|lp— fells- ) > €}, e,

P{T’(t) < kalogt, G(t)} < ]P’{HUJHAJ <w(fu), G(t)}
< P{lp—fulls-@o > € GO}
< Y Plaulla, > € GW)

ki ARNS* (fir)#0

Z 2| Ay |t/ w2

ke ApnS* (i) £0

IN

where the last step follows from (10). Using the above we have that

P{NO(t), G(t)} < Z 2| A, |t/ =(E)m2 4

A NS* (i) £0

Z 2| A, | ¢eE/mEDm2 4 Z 2| Ay | e/ ROz
71 A;NES* (1)#0 k:ApNS*(fue) #0
< 20%(2+ O)t—el&/m(E)rz (18)

On the other hand, we have that
P{NO(1),G()}< > P{Si=4,,GW)}+ Y  P{S=4,, G{t)}.
Jellwlla, >w(n) dillwlla, <e()
For the first term above, we have from the policy specification that
T

Z Z P{S,=4;,Gu)} <[N/C] (kalogT+1). (19)

u=1j:[|wll A, >w(n)
To analyze the second term, fix j such that [[w||4, <w(), and define L(t) as the last customer (previous to
customer t) to whom the empirical optimal assortment (according to estimated mean utilities) was offered.
That is

L(t):=sup{u<t—1:G(u)},

with G(u) given in (17). Note that L(t) € {t — [|A| ko logt],... .t — 1} for t > 7, where 7 is given by

T:=inf{u>1:log(u— [|A| k2logu]) + k3! >logu}.
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Consider t > 7 and u € {t — ||A| k2 logt],...,t —1}. Then

P{S,=4;,G(t)", L(t) =u} < P{wl, Zw(in), G(t)*, G(u)}
< P{G(w), NO(u)} + P{[lwll4, > w(fu), G(t), G(u
< P{G(u), NO(u)} +P{G(u), NO(u)*, N(ji.) # N
P{llwlla, = w(in), G(u), NO(u)*, N(fu) =N (1)} (20)

The first term in (20) can be bounded using (18). For the second, let 7 € RY be such that v; = fi,; for
i € S*(p). Then, for any S € S, one has that

r(S*(w),v) = r(S,v) = (5" (v),v) = r(S,v)

v
-
—~
9]

*
=
<
>
<
>
|
<
=

S, 0) = [wlloe KClpt = fin ||+ ()
V) = 20wl KCllp = fiulls= ),

Vv
-
—~
[95)
*
—
<
N
<
>
|
-
—~
n

where v € R is such that v; =y, for i € $*() and v; = I; otherwise. The last two inequalities make use of

(11). Define
0:=(2|lw||KC)  inf {r(5*(v),v) —r(S,v) ;v eRY vy = p; for i € S*(n), SNN(n) #0} > 0.

We conclude that {N(i,) CN(p), N (u } € {llw— frulls= () > 8, NO(u)°}. Repeating the argument
above, one has that {N(1) C N (f,), NO(u)°} € {||pt— fuulls+(uy >0, NO(u)°}, where

0= (2|w||KC) ' sup {inf {r(5*(v),v) = r(S,v): S #S*(v)} ;v € RN, v; =y, for i € S*(p)} > 0.
Define 4 :=min {§,5}. (Note that ¢ > 0, provided that {i € N':w; =w(p)} =0.) One has that

(a)
P{G(u), NOu)*, N (1) #N ()} < P{llpp—fulls-) =0, T*(t) + 1> ralogt, VEk s.t. Ay NS™(n) #0}
< > P{llu—fulla, =6, THt)+ 1> kylogt}

ki A NS* (1) 70

@ D elo/nonna,

where (a) follows from noting that T%(t) > T"(u) > kalogu > kologt — 1 for k such that A, N.S*(u) # 0,
(b) follows from (10), and D is a positive and finite constant. For the third term in (20), define the event
== {Jlulla, > (i), G), NO@, N(j) =N (1)}

P{E} = P{E, 5" () = 5" (w)} + P{E, 57 (fu) # 5" (n)} -
From the arguments leading to the bound for the second term in (20), one has that
P{E, S"(ju) = 5" ()} < D =&/,
On the other hand, one has that

P{E, S (fu) # 5" (w)} < P{E, 57(fe) # 5™ (1), N(p) N 5™ () = 0} +
PAE, 57 (f) # 57 (1), N(p) N 5™ () # 0} - (21)
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For bounding the first term above, note that A'(x) N S*(f1;) = 0 implies that T*(t) > ko logt — 1 for all k such
that A, NS*(ji,) # 0. Thus, the arguments leading to (18) imply that

P, 8" () £S5 (), NN S () =0y < S P{lu—fulla, > €. T(0) > malogt 1} +

k:ARNS* (fir)#0

Yo P{lln—fulla, > & THE) > rologt — 1}
kiApNS*(pn)#0
< Dit-E/n©)e

for a finite and positive constant D’. For the second term in (21), note that
{S*()NN(p) #0, v eRY such that v; = fi,; Vi€ S (1)} C {Ilfu — pills=uy >3},
hence, one has that

P{E, S (i) # 5" (1), N(1) N S*(ue) # 0} < P{llfae = pllows™ (1) > &, T*(t) > k2 logt =1, Vk s.t. ApNS™ () # 0}
< > Pl — pllwAr > 8, TH(t) > kplogt — 1}

k:ApNS* (p)#0
Dty el/nio)s

IN

for some finite and positive constant D", where the last inequality follows from (10). Putting the bounds

above together, (20) becomes
P{S, = A;, G(t)°} < D"t %2,

for some finite and positive constant D", where £ := min {¢(€)/k(€), ¢(6)/x(0),¢(8)/k(8)}. The bound above,
and those in (19) and (18), imply that for k5 > £, one has
T T
R™(T,p) < Y P{NO(1),G(t)} + ) B{NO(t), G(t)°}
t=1 t=1

< ) P{NO®t),G(t)} +

> S P{Si=4,,G0)r}+

t=1j:lwlla;zr(S*(n).n)

T
S P{S=4,.G60
t=1j:wlla; <r(S*(n).n)

C?(2+ C)u=&/~O)m2 4 [N /C (k2 log(T) +1) +

IN
L*Mg

1

oo

Z Dmt—éng

t=1j:lwla; <r(S*(w).n)
(a) —
< f|/\/| /ClkalogT + Ko,
for a finite constant Ko < 0o, where (b) uses the summability of the series implied by (20). Taking &y > £t

provides the desired result. [ |
Proof of Corollary 1. Fix : € N, and fix j ={k <|A| : : € A, }. We have that

E.[T(T)] < 7+ ) PINO(), G(t)] +P[S, = 4;, G(t)°]

t=7+1
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S K27

for a finite constant K5, where we have used the summability of the series implied by (20). This completes
the proof. |
Proof of Theorem 4. The proof is an adaptation of the one for Theorem 3, customized for the MNL choice
model. However, we provide a explanation version of each step with the objective of highlighting how the
structure of the MNL model is exploited.

Step 1. We will need the following side lemma, whose proof is deferred to Appendix D.

LEMMA 2. Fizi€N. For any n>1 and € >0 one has

8

for j €{i,0} and a positive constant c(e) < co.

t—1

S (7 -B{z))1ies,)

u=1

>€Ti(t), Ty(t) > n} < 2exp(—c(e)n),

Consider € >0 and fix t > 1 and i € N. Define o = 1/2(1 + C||lw||-c)~': one has that po(S,u) > 20, for all
S €S. For n>1 define the event =:= {|v; — ;| > €, T;(t) > n}. We have that

P{Z} = P %ﬁffiﬁigi‘” >e,ﬂ-(t)>n}
< pl|ZmZittiesy |
Y1 Zi1{ie .}
Yz -E{Zg)1{ies.) <gTi<t>,Ti<t>>n}+
Bl ISz Bz 11ies.) >gn(t>,n<t)>n}
Ll Sz - ziv)1fie s > T, T(0) > n} +2exp(—c(o)n)
(g P{ tz_:(Z?—E[Zﬂ)l{iGSu} >e0/2T5(t), :n(t)zn} +
P{ S (2 - Bz {ie s.) >eg/(2ui>Ti<t>,ﬂ(t>zn}+2cxp(—c<g>n)

IN

2exp(—c(eo/2)n) + 2exp(—c(eo/(2vi))n) + 2 exp(—c(o)n).

where: (a) follows from Lemma 2 and from the fact that

tizguiesu} > §E[2511{z‘esu} - S(ZS—E[Z;;])I{Z'ESM} > 0T (t),

when ‘Zl;ll (Zy —E{Z§})1{ie S.}| < oT;(t); and (b) follows from the fact that EZ}* = y,EZ, for all u > 1

such that i € S,, i € V. For € > 0 define

¢(e) :=min{c(eo/2), c(eo/(2l[V|x)), c(0)}-
From above we have that for e >0

P{lv; — 0is| > €, Ti(t) > n} <6exp(c(e)n), (22)
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for all i e \V.

Step 2. Consider two vectors v,n € RY, and define ¢ :=1Inv and 7:=1Inn. From (7), for any S € S one has

> vi(w; = r(8,0)) = r(S,0)

i€s
> ni(w; —r(S,0)) = r(8,0) = Cllw]w v —7lls
€S
> ni(w; = (r(S,0) = Cllwllwllv —nlls) > r(S,0) = Cllwllollv = nlls
i€s
This implies that
r(8,77) = 7(8,0) — Cllw|[elln —vl[s- (23)
From the above we conclude that
{8 () # 5™ (1)} S {lv = Dulls uyus= o) = llwllC) 8 (w)r(S* (1), 1) } (24)

where with a slight abuse of notation d(v) refers to the minimum optimality gap, in terms of the adjusted
terms exp(p).
Step 3. Let NO(t) denote the event that a non-optimal assortment is offered to customer ¢, and G(t) the

event that there is no “forced testing” on customer ¢. That is

NO(t) :=={S: # 5" ()},
G(t) :== {T;(t) > Kz logt, Vie N such thatw, > r(S* (), fic)} -

Define € := (2||w]|oo C) =26 (v)r(S* (1), 1t). We have that
(a)
P{NO(t), G(t)} < P{[lv—oill(s-(mus(a) > &, G(t)}

< P{llv=iills-ay > & GO} +P{llv = in]ls= ) > €, G(1)}
(b)
< > P{li— i > €, Ti(t) 2 malogt} + Y P{ly,— 0| > €, G(t)}

i€S* (1) i€8* (1)

(c) .
< 60t 38 4 Z P{lv; — 0] > &, G(t)}

i€S5* (u)
where: (a) follows from (24); (b) follows from the fact that w; > r(S*(n),n) for all i € S*(n) and for any
vector n € RY (see Step 2 above); and (c) follows from (22). Fix i € S*(u). We have that
P{lvi — 04| > &,G()} < P{lvi— 04| > &, Ti(t) > k3logt} + P{G(¢), Ti(t) < k3logt}.

The first term above can be bounded using (22). Regarding the second one, note that {G(t), T;(t) < k3 logt} C
{wi <r(S*(fue), f1e)}, and that

w; —7(S* (1), 1)d(v)/2 > r(S™ (1), p)(1—0(r)/2)

—~
2
=

G\
-
~
[95)
*
—~
=
S
NN
=
=

Y
=
n
*
=
:§>
|
g
8
Q
<
|
S)
B
=
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where (a) follows from the definition of é(v), and (b) follows from (23). The above implies that
{w <r(S* (1), 1)} S {llv = ells=ary > €} e,

P{Ti(t) < kglogt, G(t)} < P{w; <r(S*(fue), i), G(t)}
< P{llv—ells(a) > &, G(t)}
S P{ly -l > €, G)}

JES*(jit)

6015—%35(5)7

IN

IN

where the last step follows from (22). Using the above we have that
P{NO(t), G(t)} <6C(1+ C)t "¢, (25)
From here, we have that

P{NO(t), G(t)} < > Plies, G+ ), P{ieS, G}
irw; <r*(S*(u),u) irw; >r* (S*(u),u)
(a) _
< > P{ieS,,Gt) + |N|(kslogT+1).+

iiw; <r*(S*(p),m)

> Plies,, G(t)}

1€S* (1)
where (a) follows from the specification of the policy. Fix i such that w; <r(S*(u), ), and define L(t) as the
last customer (previous to customer t) to whom the empirical optimal assortment, according to estimated

mean utilities, was offered. That is
L(t) :=sup{u<t—1:G(u)}.
Note that L(t) € {t — [Nrslogt],...,t — 1} for t > 7, where 7 is given by
7i=inf{u>1:log(u— [Nkslogu]) +r3" >logu}.
Consider t > 7 and u € {t — [Nrzlogt|,...,t —1}. Then
PliesS,, G(t)°, L(t) = u} s P{w; > 7r(S" (1), fue), G(8)°, L(t) = u}
< Pw; >7(5"(fu), i), G(8)°, G(u)}
< P{G(u), NO(u)} +P{w; > r(5"(fu), i) , G(A)", G(u), NO(u)}

®) .
< 6C(1+C)umae® 4
P{w; = r(S*(f1e), fie) , Tj(t) = rglogt Vj € 5™ (1)},

where (a) follows from {L(t) =u} C {G(u)}, and (b) from (25) and the fact that offering S*(u) to customer
w implies (from G(u)) that Tj(u) > k3logu and therefore (from ¢ > 7) that T}(t) > k3 logt, for all j € S*(u).
From (23) we have that

(8™ (1), fie) — wi = (S (), 1) = Wl Cllv = Pl 5= () — wi-

Define ¢ :=inf {(|[w| C)~* (1 —w; /7(S* (), 1)) >0 : i € N'}. From the above, we have that

{wi > (S (), 1)} S {wi 2 7(S™ (), ) } € { v = D1l sy > 07 (S (1) ) } -
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Define & := 0r(S* (), 1), and the event = = w; > r(S*(f1,), i), Tj(t) > k3logt Vj € S*(u). It follows that

P{Z} < P{|lv— |+ (u) >0, Tj(t) > k3logt Vj € S*(n)}
< Z P{|v; — i1, >3, Ty(t) > rzlogt}
i€S*(n)
< 60t "),

Using the above one gets that, when sz > ¢(£)™*

P{ieS,, Gt)°, L(t) =u} < 6C(1+C)u "% 460t @)
< 6C(1+C)(t — | Nrglogt]) "¢ 4 60t %),

Since the right hand side above is independent of u, one has that
P{ieS,, G(t)°} <6C(1+C)(t—|Nrslogt]) "% 4 6Ct s (26)

for all i € A such that w; <r(S*(u), ), and ¢ > 7.
Now fix i € S*(u), and consider t > 7, u € {t — | Nrzlogt],...,t — 1} and x3 > ¢(£)~*. Then
P{ieS,, G#), L(t)=u} < P{T;(t) <rszlogt, G(t)°, L(t) =u}
< PIT() < mslogt, Gw)
< P{G(u), NO(u)} + P{Ti(t) < k3logt, G(u), NO(u)}
< 6C(1+ Cyu"se®
< 6C(1+C)(t— [Nrglogt]) %)

where (a) follows from {L(t) =u} C{G(w)}, and (b) from (25) and the fact that offering S*(v) to customer
u implies (from G(u)) that T;(u) > kzlogu and therefore (from t > 7) that T;(t) > k3 logt. Since the right

hand side above is independent of u, one has that
P{i€S,,G(t)°} <6C(1+CO)(t— [ Nrzlogt]) "), (27)

for all i € S*(u) and ¢ > 7.

1

Considering x5 > max {¢(£)~!, é(0)~'} results in the following bound for the regret

R™(T,v) < Y P{NO®),G()}+ > P{NO(t), G(t)°}

(a) _ _
< 6C(1+C) Y #7550 4 [N\ S ()| ks (log T+ 1) + 7+

t=1

6C I US* ()] D1+ C)(E™7) + (1 = [Nialog])~70) + ¢4

t=1

[C)— —
< N\ S*(u)| rslog T + K3,

for a finite constant K3 < oo, where (a) follows from (25), (26) and (27), and (b) uses the summability of the
series, implied by the terms in (25), (26) and (27). Taking %3 > max {¢(£)~!, é(6)~'} provides the desired
result. |
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Proof of Corollary 2. Fix i € N. We have that

E.[T:(T)]

IN

T+ Y PINO®t), G(t)] +Pli€ S, G(t)°]
Ky < o0,

IN

for a finite constant K3, where we have used the summability of the terms in (25) and (26). This concludes
the proof. u
Appendix D: Proof of Auxiliary Results

Proof of Lemma 1. Fix : € N. For § > 0 consider the process {M,(6) : ¢t > 1}, defined as

M,(0) :=exp <Zl{5 =A;}0(Z A]aﬂ))_ﬁb(e)})v
where
$(0) :=1og E {exp(0 (Z; — pi(A;, 1))} = —0pi (A, 12) +log(pi(A;, 1) exp(0) + 1 —p,(A;, 1)),

and A; € A such that ¢ € A;. One can check that M, () is an F;-martingale, for any 6 > 0 (see Section 3 for
the definition of F;). Note that

exp (92 1{S, = 4,) (28— pi(Ay. ) - e>> — /M, (26) exp <Z 1{S,= A} (6(20)/2— ea) C(28)

Let x; denote the event we are interested in. That is

Xi = {i(Zf —pi(A;, 1) 1{S, = A} >T7(t)e, T?(t) zn} )

u=1

Let ¥(t) denote the choice made by the ¢-th user. Using the above one has that

P{x} @ E{exp <9§_31{Su=Aj}<Zf—pi<Aj,m—e>) ;Tmm}

u=1

1 1/2
® (E{Mtl(Qe)}E {exp (Z 1) = ) (6(26) - 29e>) 1) n})

u=1

1/2
C>( {exp<21{¢ ) =i} ((26) — zae)>;n(t)zn}) :

where: (a) follows from Chernoff’s inequality; (b) follows from the Cauchy-Schwartz inequality and (28); and
(c) follows from the properties of M,(#). Note that when e < (1 — p;(A;, 1)) minimizing ¢(0) — fe over 6 >0

results on
€

0 :=log ( 1+ >>0,
g( Pi( Ay, 1) (1 —pi(Aj, ) —€)

with
cle) :==p(20")/2 — 6% < 0.

Using this we have

{Z Z—p) 1{S.=A;} = T7(t )E’Tj(t)>n} < VE{exp(—2¢(e)T.(1)); Ti(t) = n}
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< exp(—c(e)n).

Using the same arguments one has that

P {Z (ZF —p)1{S, = A;} < =T (t)e, T’ (t) > n} <exp(—c(e)n).

u=1

The result follows from the union bound. |
Proof of Lemma 2. The proof follows almost verbatim the steps in the proof of Lemma 1. Fix i € N. For
6 >0 consider the process { M/ (6) : t > 1}, defined as

M7 (0) == exp (Z 1{i€ 8.} [0(Z] —p;(Su, 1)) — 910 )]) jed{i0},

u=1

where

¢1,(0) := logE {exp(0(Z;' — p;(Su, 1))}
= IOgE{CXp(_epj(Suvﬂ)) (exp(0)p (Sua p)+1 —Pj (Sus 1)) }-

One can verify that M7 (0) is an F,-martingale, for any # >0 and j € {i,0} (see §3 for the definition of F,).
Fix j € {i,0} and note that

exp (92 1{ie 8.} (Z} —p;(Su ) — 6)) =/ M (20) exp (Z 1{ie S.}(¢,(20)/2 - 96)) - (29

u=1 u=1

Put

{Z (Z! —p;(Su, ) 1{i € S,} = Ti(t)e, Ti(t) Zn} .

u=1

Let 9(t) denote the choice made by the ¢-th customer. Using the above one has that

P{x;} ¢ E{exp (921{265 1z —pJ(Su,u)—e)> ;Ti(t)>n}

u=1

-1 1/2
(? <IE {Mtj_l(29)} E {exp (Z 1{yp(u)=7j,i€ 5.} (¢i(29) - 26’6)) s Ti(t) > n})

o 1/2
© <E{exp (zl{ww):j,z‘esu}wz;@e)—we))m(t)m}) :

where; (a) follows from Chernoff’s inequality; (b) follows from the Cauchy-Schwartz inequality and (28); and
(¢) follows from the properties of M7 (). Note that ¢7(-) is continuous, ¢?(0) =0, (¢?)'(0) =0, and ¢ () — oo
when 6§ — oo, for all s >1 . This implies that there exists a positive constant ¢(e) < co (independent of n),

and a 0 > 0, such that ¢7(20%) — 26*e < —2¢(e) for all s > 1. Using this we have that

IN

VE {exp(—2¢(e)T;(1)); Ti(t) > n}

< exp(—c(e)n).

IF’{Z (2 —p;j(Su, ) 1{i € S} > T;(t)e, T;(t) > n}

u=1

A

Using the same arguments one has that

P {i (2} —p;(Su, ) 1{i € 8.} < —Ti(t)e, Ti(t) > n} <exp(—c(e)n).

u=1

The result follows from the union bound. |



