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Online Supplement

REsSULT A1l. (Wu et al. 2011) The optimal capacities for the IDM and foundry to maximize the system’s
expected profit, K. = (K, K;), are summarized as follows: If % >kt K= (0,F*1 (%)) If
pocf o~ pfcs’ Kc — (F—l (pfcsf'us) _F—l (65+v576f7vf) ,F_l (Cs"l"l)s*(:ffvf)) -

vy p—cs cs—cy cs—cy
PROPOSITION Al. For an a—contract (w,a), the capacity equilibrium is as follows.
(a) Assume w>c, and 0 < a <1 hold.
(al1) Assume ®="=v; +c; > ¢, + v, holds. Then:

s

(al.1) Q* =argmax [Z,(21), Z,(Q2)], if w € (max [c,,cp +vy], s +v4],
(a1.2) QOF = argmax [Z,(Q2), Z.(23)], if w € (cs +0,,min [%vf +op, p” and

w—cp—vf > W—Cs Vs
w—cy —  w-—cg

al.8) V*=Qy, if w€ (¢, +v,,min | 2220, +c;, p|| and ToL U < W=Cazva
f f w

Vs cr w—cCs

(al.4) Q2 =Q3, if w € (min [pfcsvf—ﬁ—cf, p} ,p} .

)

(a2). Assume P vp 4 ¢ <cs+;s holds. Then:
(a2.1) Q* =argmax [Z,(Q4), Z,(Qs)], if w e (max [cs, ¢ +vys], max [cs, Bty —|—cfH )
(a2.2) *=Q, if we (max [cs,p;—jsvf +cf] , Co —&—vs} ,
(a2.3) Q* =Q3, if w € (cs +vs, pl.
(b) Assume a=1 or w <c, holds (the foundry first case).

(b1) Q* =Qa|a=1, if wE <cf + vy, min {p_CSvarcf, p” ,

Vs

(b2) @ =Qq, ifwe (min [”’cﬁvf—i—cf, p} , p] .

Vs

PROPOSITION A2. Assume w > c, +1 holds.

(a) If > wicf*fvf , there are five possible capacity and capacity reservation equilibria: ©;,1=1,2,...,5.

w—c

(a.1) If w<c,+v,, 2= > b—ce=re s implied, then © = arg max [Z.(©1),Z,(02)].

S p—wtr — p

(a.2) If w>c, +v, and w;if:fvf > W=Cs=Vs there are two cases.

w—cg—1

(a.2.1) 2=2— > b=C=%= . @* =argmax [Z, (O3),Z, (04)].

p—w+r — p—cs
(a.2.2) ot < Bt ©F = argmax [Z, (03), Z, (04) , Z, (O5)] .-
(a.3) If w>c,+v, and w;c_fc_fvf <t there are four cases.
(a.3.1) 2oeate < w;cf;fvf <SP < tete s ©F =argmax [Z,(03), Z, (05)].
(0.8.2) votazte < “’;Cj;”f L umtamte < Pt Q" = argmax [Z, (O3) , Z, (04)].
(a.8.3) =Lk Swgtote < < P10 = Oy
(0:5.4) 25200 < (20, 20 ) < 4o €7 = O

(b) If L= < == ;”f, there are three possible capacity and capacity reservation equilibria: ©;,i=1,3,5.

p—w—+r w—c

(b.1) If w<c, +v,, then ©* =0O;.
(b.2) If w > ¢, + v, then there are three cases.
(b.2.1) 2t P*Cs*”aoo) L0 =0,

P—¢Cs

(b.2.2) P20 € w—Cs—vs,P—Cs—vs) -0 = argmax [Z, (O3), Z, (O5)].

w—Cs p—Cs

(b.2.3) “22 € o, w;fj;”s) 0" = 0.
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PROPOSITION A3. Assume ¢, <w < ¢, + 1 holds. The capacity and capacity reservation equilibrium is as

follows.

(a) If P=rfeve > w;cf:fvf > w=ta=vs then there are three cases.
(a.1) If w> ¢, +v,, then ©* =argmax[Z, (©3),Z, (O5)].
(a.2) If w<c,+v, and w < ¢, + 1, then there are three cases.

(a.2.1) Satvemw < 220 @ = argmax [Z, (01), Z, (Op)] .

cstHr—w — w—cy

(a.2.2) =00 < catvasw poCemvs  ©F = grgmax [Z, (01), Z, (O6)] .

w—cy cstHr—w — p—cCs

(a.2.5) B=emts < Catvaw . O = argmax [Z, (01), 7, (03)].

cst+r—w

(a.8) If w<c,+v, and w=c,+7r, then ©* =argmax|[Z, (01),Z, (02)].

(b) If Bote 2 wisares > S8R then ©F = O

w—cg w

c) If L2210 > poCats » WoCaTVs thop there are two cases.
w—cy p—c w—c
(c.1) If w > ¢, +v,, then ©* = O3.
(c.2) If w < ¢, + v, then there are two cases.

(c.2.1) =% < Z°L then ©* = 0O,

p—w—+r w—cy )
(0.2.2) 22> S fhen © — argmax[Z, (01), Z. (62)].

PROPOSITION A4. Assume w < ¢, holds. The capacity and capacity reservation equilibrium is as follows.

(a) If =S < BEfarte, then
(a.1) ©° = argmax [Z, (02),Z, (O7)], for L=tete < catva—u,

(a.2) ©* = argmax [Z, (Og), Z, (O7)], for oL < catvazt < prCo—vs

w—cy cstr—w pP—Cs
(a.3) ©* = 0Oy, for wtvezw < U0

cst+r—w — w—cy
w—ecp—vy —cs—vs
(b) If e b=te=, then
(b.1) @ = Oy, for o, < v
(b.2) ©* =argmax|[Z,(0,), 7, (0,)], for > w;cfc_fvf.

e

Proof of Proposition 1. (a) Assume w > c,. Consider 0 < a < 1 first. If K; < 12~ K, then the foundry’s

—a

and the IDM’s profits under different demand realizations are represented as follows.

Realized Demand | IDM’s Profit Foundry’s Profit

de (O,% pd—c, (1—a)d—wad— K,v,, (w—cp)ad—v; Ky,
dE(%,KS—i—Kf pd—Cs(d—Kf)—’lUKf—Ks’US, (’U}—Cf)Kf—’Ufo,
de (K, + Ky, o] |p(K,+Kj)—c. K, —wK; — K, | (w—c;) K; —v; K.

Integrating across three intervals leads to Equations (1) and (2).

If Ky > - K, then the expected profits are derived similarly.

If a =0, then it is straightforward to verify that the expected profits are expressed as (3) and (4) with
a =0. Likewise, if o =1, then they are expressed as (1) and (2) with a =1. (b) w <¢, is the foundry first
case. The corresponding expected profits are the same as that in a(1)—contract. B

Proof of Lemma 1. (a) Assume that w > ¢, and 0 < a <1 hold.
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Consider firstly K, € [(1—«) K, o). For K; € [O,ﬁKS} , using (1), we have 2L — (w —¢; —v;) —

dK;

(w—cs)F (%) , and chzz 0. Therefore, the local optimum in this interval is verified as K; = a K, by con-
7

%Ks,oo),le K> K, > (1-a)K,=akK,, K, + K; > F! (m>.For
—a w—cy

cavity. For K; € [
K; > %K, using (3) we have ﬁ:f(wfcf) (K, + K¢)+ (w—c¢; —vs) <0 over interval [ Ks,oo>
Therefore, for K, €[(1-a)K,, ), Kj =ak, by combining the analysis over the two intervals.

Counsider secondly K, € [0, (1-a)K,]. For K; € {0, =K |, K< K, <% (1-a)K, =aK,, and
thus :;Z(—’; =(w—cs—vs)—(w—c4) F (%) >0 over interval |0, %= } If K;e [ Ks,oo} then % =

(w—cy —vs)—(w—cs) F(K,+ K;), and thus the local optimum Kf = K,, — K, by concavity. Therefore, for
K,€[0, (1-a)K,], by combining the analysis over the two intervals, we obtain K; = K,, — K.

Assume w > ¢, and =0 hold. Then using (3) with =0, % =—(w—cs) F(K; +Kf)+ (w—cp—vy).
Therefore, K} = K,, — K, for K, € [0, K,]. K7} =0 otherwise. Assume that w > ¢, and a=1 hold. Then
using (1) with e =1, we have % =(w—csy—vs)— (w—cs) F(Ky). Hence, K; = K,,.

(b) Assume w < ¢, holds. This is the foundry first case. Same as the case of a =1, K; = K,,. B

Proof of Proposition 2. Based on the foundry’s capacity decision in Lemma 1, Z, in Proposition 1 for

the case of w > ¢, can be rewritten as

(p—co—a(w— fol = Ft)dt+ (p—w) [& F(t)dt —v,K,, for a < Fufs,

(p—c,) OKS“‘K“'F()dt— (w—c.) [ F () ()dt—vsKs, foraziKﬁ;wKS..

Z,=

Over each segment, the IDM chooses a and K, to maximize Z,. Mathematically, it does not matter

whether « or K is optimized first.

( ) Over the segment of o < K“’_MK* (referred to as the first segment), for any given K, %= = —(w —
1‘*F Ddt+(w—c)F|Ee ) Ee < (w—c,)EoF(Eo ) 1 (w—c,) F (£ )Xo =0. Thus, a =0 is
0 R 1 1-a R l-a J1-a

. Specifically, %= =0 for K, =0 and %= <0 for K, > 0.
Given a =0, 2= = (w —c, —v,) — (w—c,) F (K,).

7 dK

Weakly optimal over the segment of « § K};KS

If w<e,+v,, %= <0 and K, =0. Since Z, with K, =0 in the first segment is equal to Z, with oo =1

S dK,

and K, =0 in the second segment (from the expression of Z,), then the first segment is weakly dominated
by the second segment when w < ¢, + v;.

If w>e,+v,, K,= rnin[F*1 (%) ,(1—a) K,], and a =0 is strictly optimal over the segment of
a< 7&;(;}(5 .

K,

(2) Over the segment of a > K“’ (referred to as the second segment), suppose « is determined first,

and K («) is chosen secondly to maximize Z,. Then M = %Z; (o) T deOEa) g}z{: K.(a), Where azb =
(p—cs—v,) = (p—c,) F (K, +akK,). Over the segment of a > fu=Fs F (K, +aK,) > %c;f
(2.1) If === vf > boea=e (L., w>cp + M), g}z{s <0 and K =0. Once K, =0, the second segment

a> K“kiK becomes a > 1, the first segment becomes a < 1. So, the second segment is weakly dominated by
the first segment.
(2.2) If = f”f < Bogazte (e, w<c;+ vf(p Cé)) K, is chosen so that $Z= =0, ie., K, = K, — aK,,.

Thus, M— sk () ——(w—cs—vS)Kw+(w—cs)foK“’F(t)dt:(w—cS)Kw (%—H}),
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which is a constant. If ¢, <w < ¢, +v,, then %= >0 and a =1 over this segment. If w > ¢, +v,, then %= >0

and a =1 for Iy > *=%—=*= and % <0 for I; < “#—%=*«_ The monotonicity of Z, in a over the second

segment, coupled with that Z, decreases in « over the first segment, implies a* =0 or 1.
Given a =1, K; = K,, and K, =max[K, — K,,,0], so Q" = (max[K, — K,,,0], K,,) .
Given o =0, we examine the IDM’s optimal capacity conditional on K, < K, and conditional on K, >

K, respectively. If conditional on K, < K,,, K, = min[F~! (u) , K] as derived in (1) and K; =

w—cCg

max|K,, — F~! (%) 0]. If conditional on K, > K,,, a > % always holds since o > 0. As derived

Cs

in (2), if o2 > peCemve 4B () jf D < pcevs K = K and K; = 0. Thus, given a =0, Q* =

w—cy p—cs ' dKs w—cy —  p—cs

(Ffl (w;cb;vb) Kw —F (wwcjcsvs)) if wafcfvf > pcgc vg. OF = (F71 (w;cj;vb) ;Kw _Ffl (w;cj;vs))
or (K,,0) if ==L < p=temve

;= p—cs

(3) Next, we combine the two segments of a. We consider two cases of ¢, +v, > ¢y + %:CS) and ¢, +v, <
cy+ %S_CS), respectively.

(3.1) co+vs>cp+ %S_CS) :

If w> ¢, +wv,, then & =0 is a local optimum over the first segment and the second segment is weakly
dominated by the first segment, so a* =0. If w <c¢; + %:CS), the first segment is weakly dominated by the
second segment and o = 1 is a local optimum over the second segment, so a* = 1. If ¢, +v, > w > ¢, + %:CS%
(1) and (2) imply K, =0 for any «, so the value of « is irrelevant. Without loss of generality, we set « to
either 0 or 1.

(3.2) co v, <cp+ %:C) :

Ifw>c;p+ %ﬁ_c‘“), then o =0 is a local optimum over the first segment and the second segment is weakly
dominated by the first segment, so a* = 0. If w < ¢, + v,, the first segment is weakly dominated by the second
segment and o =1 is a local optimum over the second segment, so a* =1.

If ¢ + @ >w > c, +v,, we analyze as follows.

Zlam1 = Zulomt.i=r0y—ru i ;=10 = (0 — W) [3 F(O)dt + (p— c.) [ F ()dt — v, (K, — K.,),
Zy| =0 = max |:Z5|a:O,KS:F—1(%S;US),Kf:Kw—KS’ZS|D‘=O = Z5|a:0,KS=Kp7Kf=0} , where
A P G (oY 1(wgeas a)wdpr (p—w) fFj”l(%)Wdt

Kp
oy F1 (w;%) _and Zs|a:07KS:Kp7Kf:0:(p—cs)/ F)dt—v,K,.

0
d (Zs|a:1 —Zs|a:0,K5:F,1<w;csfus) Kym KoK )/dw =K (—(p—c,) = Cf + v, ) K >0 and w < ¢y +
%:CS) imply —(p—c,) — — cf + v, <0, so d(Z la=1 — Zs|a:0,KS:F—1(L)Kf_Kw—K )/dw < 0. Fur-

w—c

ther, it can be shown Z |.—1 < Z|
Z,|

at w = ¢, + &)

a:O,KS:Ffl(“’w”/“S)Kf Koy— K and Zs|a:1 >

a0, Ky =F =1 (B2eave ) KKy - K, at w = ¢, +v,. By the intermediate value theorem, there exists a threshold

W e (cS_i_vs’cf_i_vf_i_vf(pri?fw)) so that Zs|a:1 _ZS‘azo,Kstfl(“’fcj*"’S),Kfsz—Ks >0 for e, +v, <w<

w and Z,|a=1 — ZS'aZO,KS:Ffl(i‘“ Cobs) K p=Ky—K, 0 for w <w < ¢y +vy+ w
Since Z|a=0 > Z5|a:0’KS:F,1(w v ) KooKy K, Zsla=1 — Zgla=o < 0 for < w < ¢; + v +

vf(p—cs—vs)

Us

. For ¢, + v, < w < w, we still need to compare Z,|,—; and Zs|a:0’Ks:Kp,Kf=0. Zola=1 —

Zs‘a:O,KS:Kp,Kf:O = K, (w—c,) (If_%)~ Thus, Z|oa=1 > Zs|a:0,KS:Kp,Kf:0 if I, > #=fe—te

w—cCg
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and  Z|o=1 < Zi|a=0.k.=K,.x,=0 if I < *#=%=2= This, together with the result that Z|,=1 —
ZS‘a=07Ks=F*1(w),Kf=Kw7KS >0 for ¢, + v, <w < W, implies Z,|q=1 > Zy|azo if I; > wl—uc:c—vg and

Zolam1 < Zgla=o if I} < e for ¢, + v, <w < W.
Combining (3.1) and (3.2) completes the proof. B
Proof of Proposition 3. According to Proposition 2, a* =0 or 1. If a* = 0, then a—contract degenerates
to wholesale price contract (with a single parameter w) in the horizontal setting, which cannot coordinate
the centralized capacity profile, as shown in Wu et al. (2011). If a* =1, then a—contract can coordinate
the production decision only when ¢, > ¢;. If MOCy > MOC, the centralized system has only the foundry
build capacity F~1 (m) . However, for w < p, the foundry’s optimal capacity K, is strictly less than

p—cy

F1 <m> . Thus, for MOC; > MOC,, «(1)—contract with w < p cannot coordinate the centralized

p—cy

capacity profile. For MOC, > MOC}, a(1)—contract with w = 2L can coordinate the centralized

V=g

capacity investment and production decisions, because it leads to K; = F~! (w) =F-! (M)

w—cy cs—cy

and K, =F~! (m) —F! (w) , which are centralized capacity decisions. However, the IDM’s

pP—=cCg CS*Cf

expected profit under this coordinating contract is less than that when he relies on his own capacity, as

shown below.

Denote the IDM’s expected profit when he relies on his own capacity as Z*. Z! = (p — ¢, fo ))dx —
v, K,, where K! = F~1 (”_pc%c_s”) . Denote the IDM’s expected profit under the a( )—contract with w =
vac;# as Z3t. Z3 = (p—w) foK?l(l — F(z))dx + (p—c.) ?511+K?1(1 - F(x ))dCC —v Kf‘l, where K¢' =
ol (Cs-‘rﬂ::::*”f) Kol — F71 (P;ci;v) —F-! (765’”:’2’;7”) L2V —Zi=—(w—c, fo — F(z))dr —
v K + v, Kl = — ¢, fo ))dm+vsKa1 (7/%5;:2% - ) fo (x))dx +USK“1

vf = (vp+cp— )K"‘1 va%us ((cS —cy fo i F( )d:z:) The conditions of ¢; > ¢; and MOC, >
MOC}; imply vy > v, fo ()de < F (K§') K¢t = (MZ:_#KOA Thus, Z%! — Z? < 0. That is, the only

coordinating a—contract does not maximize the IDM’s expected profit. Alternatively speaking, the IDM’s
profit-maximizing a—contract cannot coordinate the centralized capacity profile. B

Proof of Proposition 4. We prove the case of w > ¢, +r. The rest cases can be shown similarly. For
w > ¢, + r, the capacity of IDM is used first. The following table lists the IDM’s and the foundry’s profits

under different demand realizations.

Realized Demand IDM’s Profit Foundry’s Profit
de(0,K,] (p—c)d—rR—uv.K, rR—uv,;K;

pd—c, K, —w(d—K,) (w—rcs)(d—K,)+
de (K. K.+ (R K, —d) —0,K, MR+ K, —d) —v, K,
de (K, +R, K.+ K;] | pd—c, K, —w(d— K,) — v, K, (w—rcp)(d—K,)—v; K,
de (K, +K;, o) p(K.+K;)—c. K, —wK; —v,K, | (w—c;) K; —v; Ky

After integration across the four demand intervals we obtain Z; and Z; as shown in the proposition.

i — _(w—c;)F (K4 K;)+(w—c;—vg), and 22 = — (w—¢;) f (K, + K;) <0. From the concavity of

dK s K?

Zy, it is straightforward to verify the expression of K;. B
Proof of Proposition 5. Based on Lemma 1, K; = K,, — K, for v < £u=X= (referred to as Segment 1)

and K; =ak, for a > K‘;(’KS (referred to as Segment 2). To make sure K; > b, we have over Segment 1

K, <K, b, (16)
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and over Segment 2
b

o> —.
~ K.

(1) First, we examine over Segment 1, i.e., a < Fu=fs 1If a + b > K,,, then K, —b < a < K, which

(17)

contradicts (16), so there is no feasible solution over segment 1. In order for a feasible solution over Segment

1 to exist, we require a + b < K,,. Let the superscript “I*” denote “local optimal”.

dZ
da

so o =0 over Segment 1. Given o* = 0, ;}Z(s = (w—c,—v,) — (w—c,) F(K,). Thus, K!* =
min [(1 —a)K,, max[a, F~! (u)]} )

w—Cg

As is shown in the proof of Proposition 2, over Segment 1, < 0 for any given K,

(2) Second, we examine over Segment 2. As is shown in the proof of Proposition 2, over Segment 2,

W - % Ks(a) + “ OEa) SIZ: Ks(a)s where BZS = (p_ Cs — US) - (p_ cs) F(Ks +aKw) . Over this seg-
ment, a > M, ie., F(K,+aK,)>~—2_L—"L

w—cy

(2.1) If ==L Uf > e (or K, > K,), g}z(g <0 and K =a. Given K, =a, M =%,

(pch)F(awLaKw)Kw — (w—c,) [ F(t)dt. By the definition of a°, %=

s=a T

a—ao = 0. Therefore, a'* =

min[1, max[z-, a’]].

(2.2) If = fvf <k=t=ts (or K, <K,), K, is chosen so that K, + aK, =max[K,,a+ aK,).

= p—cs

Kpa

(2.2.1) If focusing on « so that a+ K, < K, (i.e.,, a <

), then there is no feasible solution if a+b > K,
considering the constraint o > iw over Segment 2. If a + b < K, then there is feasible solution and K, +
oK, = K,, which implies $2= =0 and W el g (o) =—(w—cs—vg) Ky + (w—cy) fKF dt =
(w—c,) K, (M +If) IfI;> %, then focus on « so that a + oK, = K,,. In this case, K; =a.

w—c
max[ e O

Kp—a
Ky

Given K, = a, it can be shown similarly in (2.1) that o'* = min[l,

dZs (o, Ks(a))

- <0 over Segment 2.

(2.2.2) If focusing on a so that a+akK, > K, (ie., a > £2=%) 2Z+|, _ <0. Thus, K** = a. Given K, = q,

7 0K,

pra’ = a H

Now we combine the analysis over the two segments and find the global optimal a*.

a'* = min[1, max|

(a) a+b> K, : There is no feasible solution over Segment 1.

(al) K, > K, : By (2.1) o/* = min[l,max[%w,ao]] over segment 2. Thus, the global optimal a* equals
min[1, max| -, a]].

(a2) K, < K,:

(a2.1) a+b> K, : By (2.2.1) and (2.2.2), @* = min[l, max]

(a2.2) K, <a+b< K, : Combining (2.2.1) and (2.2.2), if I; > *=%=*= o = min[l, max|

Cs

K”wa, 7 0] :min[l,max[K—Z,a"]].

b ol].
2]l
K,— .

2z ya, #-»°]], which is equivalent to a* = = or

w

if [; < #peete o = min[K—lzv, K;;a] or min[l, max|

min[1, max[-2-, a°]].
(b) a+b< K, : &' =0 over Segment 1.
(b1) K,, > K, : a* =0 or min[l, max[ -, a’]].
(b2) K, < K, : If I; > %=t o* =0 or min[l,max[;—,a°]]; if I; < === o* =0 or

min[1, max[;2, a°]].

w
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Next, we derive the capacity equilibrium for a given «o. If a* = 0, we have shown K =

max|a, F~! (u)] and K; = K,,— max[a, F~" (u)] (over Segment 1). If a* = min[1, max[2—, a°]]

w—cg w—cg w

or 7=, K: =max[a, K, —a*K,| and K; = oK, (over Segment 2). B

Ko’

Proof of Proposition 6. As has been shown in the proof of optimal centralized capac-

ities without dual sourcing constraint, the centralized capacity investments are (K“ K;‘f) =

cs)

(Ffl (m)—F*1 (CS-~_7J57#),F*1 (M)> for MOC, > MOC; and ¢, > ¢;, and

p—cCs cs—cy cs—cy
(K2, K2y) = (0.F (222 ) ) for MOC, > MOC.,

cs)tref p—cy

For MOC, > MOC,; and c, > c; : It has been shown that the total profit Z,, is jointly concave in K, and
K;. Thus, it is clear that (K., K.f) = (a,b) if a> K2 and b> K;. If a > K, and b < K}, then K., =a.
Given Ko, =a, 0Z.s /0Ky =p—c; —v; —(cs —¢f) F (Ky) = (p— ;) F(a+ Ky) . 0Zes /0K | ;=xg = 0. Given
the concavity of Z., in K for any given K, K.; = max[b, K7].

The rest cases can be shown similarly. B
Lemma Al facilitates the proof of Proposition 7.

LEMMA Al. In the presence of dual sourcing constraint, if ¢, > ¢y, K.s =a, and K., + K.; > K, hold,

v

then a—contract with a =1 and w = c; + .- s coordinating.

Proof of Lemma Al. ¢, > c; implies it is optimal for the system to allocate the demand to the foundry

’lU—Cf—Uf

first. oo = 1 guarantees this allocation rule. For o = 1, foundry builds K, = F~* ( ) units of capacity.

Setting K,, = K.; to replicate the system-optimal capacity profile leads to w =c; + 1fFU(fKCf) For =1 and
foundry’s capacity decision K, the IDM builds max|a, K, — K ;] units of capacity according to Proposition
5. a+ K.; > K, implies max[a, K, — K.;] = a which is the IDM’s capacity decision under the centralized
system based on the condition of K., =a. B

Proof of Proposition 7. K + K!; = max[K,, F~" (%)] a+b>K! + K¢ implies a +b> K,
and a+b> F~! (’“}fjﬁ”) . In the presence of dual sourcing constraint, K., + K.; > a 4+ b. This together
with a +b > K, leads to K., + K.; > K. By the definition of K? in Equation (15), we have K? + b= K,.
Thus, a+b> K, imply a+b> K2+, ie., a > K?. Assume b > K}' holds. If ¢, > ¢y, then a > K2 and
b> K¢ imply K., =a and K.; =b by Proposition 6. So far, we have shown conditions in Lemma A1 hold,

and thus a—contract with o =1 and w=c; + is coordinating. Next, we show this contract is also

vy
1-F(b)

profit-maximizing for the IDM subject to the dual sourcing constraint. According to Proposition 5, a* =

min[l,max[%w,a"]] and Q* = (a,a*K,) for a+b > K,, where o satisfies F' (a’K,, +a) = %. We
search the IDM’s profit-maximizing a—contract conditional on two cases of w: [1] F (a +b) > %,

pfw(lfIf)chIf
p—cs :

and [2] F(a+0b) <
1-Ip)—csly

[1] For w so that F' (a+0b) > p_w(l;# holds: Then, F (a+0b) > il p— =F(a°K, +a), lead-

ing to b > a°K,, and a* = min[l,max[KLw, a°]] = min][1, Kiw] K,, > b must hold due to the foundry’s capacity

constraint, so a* = min|1 L=t and Q* = (a,b). Now, we search among a—contracts (a* = LE w ) the
) 'K K ’ ’ K.,
w w w

IDM’s profit-maximizing one.
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a+b
Conditional on «a > K;ifo = aib, Zy|k.=ax ;=0 = (P —Cs ) F( )dt + a(cs—w / F (t)dt — v,a.

elimeiyms _ vf)((g(;)—1)/0“F(t)dt+F(§)§) —cf) - >

dZs|Ks=a,Kp=b
da

> 0 for

K

b>0b;.
fer atb_

Conditional on a < aLH)’ Zy|k.=a ;=0 = (p—cs+alc, fw))/o F(t)dt + (pfw)/ F (t)dt — v,a.

Tt = (<g ()1 [TFBa g (2) /wdtw()) tee ([T

o

dt—

~—

dZs| K =a,Kp=b
da

F (1:1) 2—). The second term is positive. There exists a threshold by so that >0 for b> b,.

Combining the two intervals of a leads to a =1 if b > Inax[Bl, 132] holds. Since L =a*=1l,w=c;+
p—w(l—If)—cSIf
pP—Cs

- F(b)

conditional on F'(a+b) > . That is, the coordinating a—contract (o =1, w=c¢; +

p— w(l If) csly
p—cs :

[2] For w so that F (a+b) < ’W(lp_# holds: Then, F (a4 b) < =010 =10 _ p(q 4 0oK,) , which

Cs pb—¢Cs

- F(b))
indeed maximizes the IDM’s expected profit conditional on F'(a + b) >

leads to b < a°K,,. o = min[l, max[3-,a’]] = min[l,a°] and Q" = (a¢,a"K,,). If a® > 1, then a* = 1. Now,
we search among a—contracts, with « and w satisfying % = F(a+akK,), the IDM’s profit-

maximizing one.

Conditional on a > ;—f— +K s Zolko=a.k j=ak,, = (P — s +a(cs —w)) /K F(t)dt+(p—c,) /a+aKwF(t)dt—

v,a. W = —aede (1 _J)g(K,)(w—cs)—(w— )(()F(K )—1y)). e >w0. Under the

, 9 <0 for w and « satisfying % = F(a+akK,), then

Leliomadiymatin o qdRudw (4 ¢ ) ((1—I}) g (K.,) — (F (K,) — I)). Since K,, > b, there exists a threshold
bs so that dZS‘KSZZ;XKf:”Kw >0 for b> bs.

Conditional on a < m, ie, a< aif}gw, we have F'(a+ o°K,,) < F(K,,). In [2], we have F (a+b) <
% = F(a+a°K,), so F(a+b) < F(a+a°K,) < F(K,). Because K,, = F~! (%T) <
F1 (%) for w < p, the condition a +b> F~* (%) contradicts F'(a+b) < F(K,). Thus, a <
Kﬁ_fo is infeasible.

To sum up, a* =1 for b > max[K¢,by,by,bs]. Next, we show given o = 1, the w that satis-
fies K, = b is optimal. %Zsle=t — f(ch,«) ((pfcs)mf(wfc) ) J, U F(t)dt <

F(Kuw) ve T lo LI NTE Y _ (FxED) vs  FlatKw) _ _
f(Kw)(Mf)(F(a+b)F(a+Kw) (w—c,) F (K.y)) KwF(Kw)—f(Kw)(w,Cf)(F(m) e = (w—c)

— . Vs F(a+Kuw) _ w—cs % . .
g(Ky,) (w—cy)). g(K,)> D) PRy (weey)  wocs leads to ===t < 0. Because K,, > b, if g () is greater

than a threshold g <B4>, which is the upper bound of F(“:_b) F(f{(:)?iif) — = zf then %2 '“ L < 0 must hold.

Due to the capacity constraint K, > b, the IDM’s optimal w value satisfies K, = b.

The above analysis shows that given the conditions in the Proposition, where b= max[K;,31,52,133,l;4],

the coordinating a—contract ( =lw=c;+ 171,@)) is the IDM’s profit-maximizing a—contract. l

Lemma A2 facilitates the proof of Proposition 8. It can be shown by using similar optimization approach

to that of Proposition Al, and thus its proof is omitted.
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LEMMA A2. Assume ¢, < w < ¢, + 1 holds. The IDM’s optimal capacity decision K, given R in the

reservation contract is as follows.

(a) pr Co— 1’*>w SITY > wecs=vs  then

w— Cf w—=Cg

S:O,forRE( (”0_57”‘),00},

p—cCs

Ko=Ft(em) = R, for Re (Pt (M) Pt (e )]
K., =0orK,=F! (u) —R, for Re (F‘1 (m) JF-1 (w)} and w > ¢g + Vs,

p—cCs w—cg w—c
K, =Pt (25mem) — Roor K, = P (252 ) = R, for Re [0, ! (2552 ) | and w> e, +v,,
K,=0or K,=F! (T%) —R, for Re [O,F’1 (%’:f’]f) and w < ¢, + v,.
(b) pr Cs—Vs > wwcbc Vs > w— cf vf then

K, =0, forRe( (%)oo}
K=t (12 ) R, for e 0,71 (22,

P P
(c) If wwcfcfvf > pcac:vs > wwc c—vs then

K,=0, for Re (F~1 %),oo},
K,=0, for Re (F~! %> JF1 (g)} and w > ¢, + v,
K,=F! (w;%) _R, for Re [O,F—1 (%)} and w > ¢, + v,

K,=0, for R¢ {O,F‘1 (%)} and w < ¢; + v,.

Proof of Proposition 8. Since ¢, > c;, the demand should be allocated to the foundry first in the
centralized system. Thus, the reservation contract (w,r) must satisfy w <c, or w < ¢, +r. In the practical
setting, it is rarely the case w < c¢,, so we exclude this case from consideration. Thus, w < ¢, + r must be
satisfied. First, we study the IDM’s capacity decision. By Lemma A2 which gives the IDM’s capacity decision
given any R for the case of no dual sourcing constraint, there are three possible values of K, depending on
the magnitude of R. R > b must be satisfied considering the constraint K; > b. If taking into account the
constraint K, > a, then the three possible values of K, are: a, max|a, K, — R], and max|a, F~* (%) —
Rl. a+b> K + K > K, leads to a > K, —b> K, — R. Thus, all the three possible values of K, are
equal to a. That is, for any R, K = a, which is indeed the centralized decision for the IDM’s capacity.
Now given K, = a, the IDM decides his capacity reservation decision. We substitute K; =a and K; = R
into the IDM’s profit function Z, for ¢, < w < ¢, + r, and take the derivative with respect to R to derive
=(p-w)—(p—c)F(a+R)+(w—c,—7r)F(R). Let R° satisfy 9%

ng _ az,

r=re = 0. T3

decreases in R, and
thus R* = max[b, R°] in order to satisfy the constraint K; > b. The centralized capacity decision for the
foundry is K.; = max[b, K¢] = K¢ by b < K¢. In order for R* = K¢, R° = K} should be satisfied; that is,
(p—w)—(p—cs) F(a+K$)+(w—c,—r) F (K?) =0. By the definition of K¢, we have r =w — cff%.
Substituting r into the condition w < ¢, +r, we derive w < ¢y +v; + (¢, —cp) F' (K}’) .l

Proof of Proposition 9. By Proposition 4 for the reservation contract with w > ¢, + r, the sys-
tem profit is Z = (p—c¢y) fK TR dt+ (p—c.) [y F ()dt — v, K, — v;K;. Now we derive the system
optimal capacity proﬁle. Since w > ¢, + r, the IDM uses his own capacity first to satisfy the demand.
For given K, aKf =(p—cp) F (K, +K;)—v; and 2 ]% < 0. Thus, K; = max[F~! (%) — K,,b] con-
sidering the dual sourcing constraint. Note that K, > a and a +b > F~! (13127”) ,s0 F1 (m) -

cf p—cy
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K,-b<F! (%) —a—0b<0. Thus, K; =b. For K; =b, W—p—cs—vs—(p—cf)F(Ks—i—b)—i—
(co—e) FK,) <p—c, — v, — (p—cs) F (K, +b) + (co—cf) F (K +b) = p— . — v, — (p—c,) F (K, +b).
K, > a implies (p—c,) F(K,+b) > (p—cs)%. Thus, 2& <p—c, — v, — (p—cs)% <0 by
MOC; > MOC, and K, = a. That is, the system profit is maximized at K, =a and K; = b under any
reservation contract with w > ¢, 4+ r. If the capacity decisions are decentralized, the system profit will be
lower. Further, under w > ¢, + r, the production decision is suboptimal for the case of ¢, > ¢;, which implies
the system profit under reservation contract with w > ¢, + r cannot exceed another contract that leads to
K;=aand K;=0. 1

Proof of Proposition 10. Asshown in the proof of Proposition 8, w < ¢, +r must hold to coordinate the
production decision, K; =a for any R, % = (p—w) — (p—¢,) F(a+ R) + (w — ¢ — ) F (R), %= decreases
in R, and R* = max[b, R°], where R° satisfy s

equivalent to wF (b) + (e, +7)F (b) <p — (p— c.) F'(a+0b). Since b < K¢, pushing the IDM’s reservation

dzg

r=pre = 0. R° > bis equivalent to r=p > 0, which is further

quantity R° above b and closer to K improves the system profit. Therefore, reservation contracts that satisfy
(i) and (ii) are candidates to improve the system profit. Bl

Proof of Proposition Al. (a) Assume that w > ¢, and 0 < « <1 hold. We consider separately two
intervals of K given K; specified in Lemma 1.
Case l. K, € [0,(1—04)F‘1 (%)} : Note that K; = F~! (%;vf) — K, by Lemma 1. Then

l-a)K;=(1—-a)F! (%) —(1-a)K,>K,—(1—a)K,=aK,. Hence using (4) in Lemma 1, we
obtain 4Zs ——(w—cs)F(

dK2

. a)—&—w—c — v, and Pz, -,

dz,

g <0 Therefore Z, takes the maximal value at K, =0, and is

Case 1.1. w < ¢, + v, : In this case
non-increasing in the interval. Using Lemma 1, the corresponding local optimal capacity pair is Q; =

(0.7 (5))-

Case 1.2. w > ¢, 4 v, and w;cf;vf > w—ca=s . In this case, it is easy to verify that K, = (1 — ) F1 (u)

w w—cg

maximizes Z, by the concavity of Z,. Using Lemma 1, the corresponding local optimal capacity pair is

Q= ((1-a)F! (7“);;5;%) () S K).

Case 1.3. w > ¢, +v, and cfcfvf L i , dK

in this interval and takes the maximal value at K, = (1 —a) F~! (%Cfvf) :

Case 2. K, € [(1—04)F*1 (%) ,oo) : In this case, K; = aF ! (%;f”) by Lemma 1, and thus
K, +K;>F! (%f:fvf) . Then, aK, > a(l—a)F~! (%:fvf) =(1-a)K;. If 0 <a <1, then using
Equation (2), we obtain #2= = — (p—¢,) F (K, 4+ K;) +p—c, —v,. If a =0, then K; =aF ™! (%;vf) =0.
Using Equation (4), we obtain jIZ( =—(p—c) F(K)+p—cs—vs=—(p—cs) F(K;+K;)+p—cs — v,
Therefore, jfjs has the same expression under both 0 < a <1 and a=0. C; KZ; <0.

w— Cf Uf

. Then it is easy

- w— C

: Note that this condition is equivalent to & pcs Vs >
to verify that ZS is maximized at K, = F~1! (%) — K in this interval by the concavity of Z,. Using
Lemma, 1, the corresponding local optimal capacity pair is Qs = (F‘1 (’“’;%) —K;,aF~! (%)) )
Case 2.2. w ;‘IZ;

(1-—a)F! (m) , and is decreasing in this interval.

w—cy

< 0, and thus Z, takes the maximal value at K, =

: In this case,
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Now we prove (al) assuming that —=2v; +c; > ¢, +v, holds.

(all) c, <w < ey + v, < 2vp 4y ThlS case corresponds to Cases 1.1 and 2.1. That is, Z, is decreasing
for K, € [ J(1—a)F! (Lf”f)], and takes the local maximum at K, = F'~! (u) —K; for K, €

w—c p—cCs

[(1 —a)F! (m) ,oo) . Hence, Q* = argmax [Z, (1), Z, ()]

U)—Cf

(al.2) ¢, +v,<w< min{p_“ p} and ——L—L > w=t—v: . This case corresponds to Cases 1.2 and

Cf w—=Cg
2.1. Therefore, Q* = argmax [Z, (22), Z, (23)].

(al.3) ¢, +v, <w < min{” “=pp 4 cp,p } and “= Cjc;f < #=fa=ts : This case corresponds to Cases 1.3 and
2.1. Therefore Q* = Q5.

(al.4) min{&vf—l—cf, } <w <p:w<pimplies Boferte > wreaie qp > Eofpp 4 ¢ Is equivalent to

c

YWEOLTYS > pCazvs  Hepce, Sd L > we — holds. Therefore, this case corresponds to Cases 1.2 and 2.2,

w—cy - p—c w—cy w

and thus Q* = Qg.

Similarly, we prove (a2) assuming that 2== vy +cp < ¢+ s holds.
(a2.1) corresponds to Cases 1.1 and 2.1. Therefore O =argmax [Z, (1), Zs (Q22)].
(a2.2) corresponds to Cases 1.1 and 2.2. Therefore Q* = ;.
(a2.3) corresponds to Cases 1.2 and 2.2. Therefore Q* = Q5.
(b) Assume w < ¢, or o= 1, which is the foundry first case. Then K% = F~! (m) by Lemma 1. After

w—cy

substituting K; = F~! (%) into Equation (2), we obtain 2= = (p—c, —v,) — (p —¢,) F (K, + K;). If

w dK

pocs—vs > waf % then K* = F~! (pfcsfvs) ~Kp=F (pfcsfus> _pt (M*Cf*vf> IR e

p—cs p—cs p—cs w—cy p— —cy

then 92« <0 and thus K; =0. B

Propositions A2, A3, and A4 can be shown by using similar optimization approach to that of Proposition

A1, and thus their proofs are omitted.



