Online Supplement: Proofs

This document proves the propositions and states Lemmas 5-10. The proofs of Lemmas 3-10 are
available upon request.
Proof of Proposition 1. By (18)-(19) the first-best revenue function TI/ satisfies

B A1 (Cl —62) B ()\1+>\2) co
p— A1 b= — X’

2
I (A, 1) = Mpf (A, ) + Xapd (A )=>_ Ri ()
=1

f _ oy la—e)p Capl
I, (A p) = R (M) PRSI e (52)
Hi\c2 (A ) = Ry(X\2) — ﬁa (53)

B o)~ ) = R n) — DR ), (54)

(=)

11/ is strictly concave and submodular in A: Hf\cl /\1,1_[{2 /\2<H{1 2, <0 by (52)-(54) and since R{< 0

by A2. Therefore A (u) = arg Amﬁf{ : I (X, 1) is unique: II7 is strictly concave in A and M (y) is
eM(p

convex, bounded, and closed, except along {0 < X < A : A\ + Ao = p} where IIf (X, p) = —oc0.
Noting that p > p implies H{i (0,1) =0; — ¢/ > 0 for i = 1,2, condition (¢) is immediate
from (20), which we prove next. Since R} (0) = v; (0) =7; > R ()\;) for X\; > 0, (52)-(53) yield:
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Condition (i7) follows from (21), which holds by (54), and since H{ > Hi, ), for i = 1,2, implies
112 i N\G
that: if Hi (0, ) > H{j (0, 1) then H{i (A, p) > Hﬁj (A, ) for \j =0 < Aj and @ # j.
Part 1. Tt % = % then L =2 = % Condition (i) implies A (1) > 0 for pu > pg, so puf = pg.

Mo c1
Part 2. If % > z—j, then M—IO = Z—; < % <_2%§22. C_Ondition (1) implies )\{ (1) > 0 for pu > py.
We show A (1) >0 p>pul for uf > pg. Let X () = (A1 (w),0) £ arg MII(IE;}g\ OHf (A, ) where
eM(p),A2=
A1 (1)>0 and H{l(X (1), 1) = 0. Since II7 is strictly concave in A we have )\g (1)>0 if and only if
~ — C2lb By oY C11
0 (R0 ) =To - —2 S 0=, (K(u) ) = B (o () — —2 - (55)
(1= 1 () (1= A1 (w)
Note that Hﬁ; (A (ko) , 19) < 0 since ulo = ;—; Since Hf\cl)\l < 0 and H{w > 0, (55) implies

dHf\c2 (A (1), 1) /dp >0 and lim, 0 H{Q (X (1), i) >0. Hence there exists pu/ € (pg,00) as claimed.
Part 3. A similar argument as in Part 2 shows A/ (u) >0& pu> p/ where Lf € (M zl) .
“w
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Proof of Proposition 3. Part 1. If strategic delay is optimal and A® is the unique second-best
demand vector, then A* = argmaxxepr(y) [I° (A, 1) € Ma (p) by Definition 4. Since I1° (A, u) =
1% (X, 1) for X € My (p) by (27), it follows that A* = arg MaX e My (1) 1% (X, ). Since Mo (1) =
{NE M (u): A2 > 0,wg" (A, p) < M} by (24), every direction that is feasible at A €

c1—C2



My () for M (p) is also feasible for My (1), hence A® is a local maximum of IT5% (X, i) on M (p).
Since II°? (A, 1) is strictly concave in X and M (u) is convex, A* = arg maxe () 5% (X, p).

If A* = argmaxyep(y) 14 (A, 1) € My (p), then II° (A%, ) = 54 (X%, ) > TI°¢ (X, ) for
A # X e M(p), and II° (A%, ) > TI% (X, ) for A #£ X € My (p). If X € My (p) then II* (A, p) =
0 =11°¢ (0, ) < II* (X%, ) since A® # 0. If A € My () then Ao (w§" (X, p) —wi? (A, 1)) >0, so (27)
implies TI5¢ (X%, p) > 115% (X, p) > TIF (X, ) =101% (X, p1). Hence, A* =arg maxe s (u) [1° (A, ).

We next show that A* = arg maxycpr(y) 1% (X, ) € Mo (p) if and only if (29)-(32) hold for
A = X°. Suppose A* = argmaxye () 1% (A, 1) € Ma (). The definition of My (1) implies (32),
0 < A3 <Az and 0 < A < Aj. We prove A5 < Ag and 0 < A] < Ay, which implies (29)-(30), i.e.,
Hj‘f (A% ) = Hj‘i (A%, ) = 0. That A5 < Ag holds since vy (Ag) = 0 (by A1) and (30) imply that
Hj;l (A, 1) < 0if Ay = Ag. That A§ > 0 holds since Ip3? /0N > 0 and p > gy > c1/7; imply by (29)
that Hj‘f (A, ) > 01if Ay = 0. Since v] < 0 and (32) implies v1 (A]) > 0, we have A] < A; by Al

Now suppose that (29)-(32) hold for A = A°. Then (30) implies A5 < Ag and (32) implies
A < A; as shown above, so that A* € My (p) C M (u). Since II°¢ (X, ) is strictly concave in A
and M (p) is convex, (29)-(30) imply A* = argmaxye () 114 (A, 1) € Ma ().

Part 2. If strategic delay is optimal then by Part 1, A* € My (i) and II° (A%, p) = 115¢ (A%, p) >
I15¢ (X, ) for XA & Mo (). That A () € Ms (i) follows from the definitions of M; (1) in (22)-(24)
and (27), which imply II/ (A%, p) > T15% (A%, i) and T1°¢ (X, p) > IS (X, ) for X ¢ Mo ().

Proof of Proposition 4. By Proposition 3, strategic delay is optimal and A® is the unique
second-best vector if and only if A = A® satisfies (29)-(32). Conditions (29)-(32) are equivalent to:
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and A; +A5%(\1) < p, where X;d(/\l) = %ﬁl) is constant in Ag > 0 (Lemma 3.4). The equivalence
holds because: By Lemma 3.1, A satisfies (30), and (31) for ¢ = 2, if and only if (56) holds; condition
(29) holds for A = A*¢()\;) if and only if (57) holds, which implies A; > 0 (since g > 1), so (31)
holds for i = 1; and for A = A*?(\1), (32) is identical to (58) and A\; + A3%(\) < p.

We show that (56)-(58) are equivalent to the conditions in Parts 1-3 of the Proposition.

Part 1. If (37) does not hold, then no A; satisfies (56) and (57): By Lemma 3.1, %Svl—()@ implies

c1
X;d()\cl’) = 0, so that Hj‘f (A*4(X3), ) = Oby (36) and (57). Since IT°¢ (X, p) is strictly concave in A
(by A3), Hj‘f (A%d(\1), p) strictly decreases in Ap, so Hj‘f (A5d(A), p) # 0if Ay # XS,

Part 2. Tf (38) does not hold, i.e., w§(A*(A9)) < p/ (1 — A9)?, then no A; satisfies (57)-(58):
For A1 < A} we have II3¢ (A% (A1), p1) > 0 since IIH(A*Y(AS), 1) > 0 by (57), and II5¢ (A% (A1) , )
strictly decreases in Aj. For A; > AJ we have wih(A*? (A1) < w5 (A% (A1), p), because p/ (1 — A5)? <
w (AL(A), p) and wst(AST( A1) — w§(A*4(\1) , ) strictly decreases in A; by Lemma 3.3.

The equivalence (38) < ea(AHA9)) > €1 (A]) == + 1 follows from (33) and (36).

Part 3. Suppose (37)-(38) hold. Write Hj‘f (A*4(A1), p; A2) to express the dependence on Ag. Let
A1 (A2) be the rate that satisfies (57) for a given Ag: A\; (Ag)éarg{)\lz():ﬂi‘f (A*4(A1), s Ag) = 0.
We show that A = A*¢(\; (A2)) satisfies (56) and (58) if and only if Ay < Ay for some Ay € (0, 00).




First, note that A; (A2) is unique since Hf\‘f (A*4(A1), p; Ag) strictly decreases in Ay, and A; (0) =
A] since Hi‘f (AF(A9), 1;0) = 0 by (36) and (57). Moreover, A\ (Az) is continuous and strictly
increasing in As > 0: HSd()\Sd()\l) w; Ag) is continuous in (A1, Ag), strictly decreasing in Aj, and

v1(A])
a1

strictly increasing in Ag for A\ > A since v} < 0 and )\2 (A1) > 0 for Ay > A7 (where 22 o
by (37) implies Ay ()\o) > 0 by Lemma 3.1, so that )\2 (A1) > 0 for A\; > AJ by Lemma 3.2).
Condition (56) holds for all Ag since ”2 > Ul( D py (37), A1 (A2) > A7, and v] < 0.
By (38) it follows that condition (58) holds for all A2 such that

wy (AT (A1 (A2)) , p) = (Milu)\o)g and w3(A*? (A1 (Az))) & wi? (A (AD)). (59)
— Al

The relationships in (59) hold for small enough Ay > 0: w5 (X, 1) and w3¢(A) are continuous in A,
and by continuity of A\ (A2) and A3¢(A1) we have A\ (Az) ~ A1 (0) = A and X;d(x\l (A2)) =~ X;d(/\f)
for small As where X;d()\i) is constant in Ay > 0 (Lemma 3.4). Therefore, we have for small Aj:
wi (A4 (Ag))) = wi(A*4(X])) where w} ()\Sd()\o)) is independent of A > 0 (Lemma 3.4) and
Az - N0 (M) ~ 0 s0 w (A% (Mg (Ag)) , 1) ~ s by (58).

The existence of Ay € (0, 00) holds by continuity and since wi¢(A*¢(A1 (Az)))—ws* (A*4( A1 (Ag)), 1)
strictly decreases in Ag, which follows since A (Ag) > A{ is strictly increasing in Ag, and wi? (A5 (\;))—
wil (NI (A1), p) is strictly decreasing in A\; (Lemma 3.3) and nonincreasing in Ay (Lemma 3.4).1H

Lemma 5 By Lemma 3, \3%(\1) = arg max  \op3? (A) and A*¥(\;) = (A1, )\Sd(/\l)). Define

A2€[0,Az2]
1 —vh (A
M) £ = [Ra () + 28 () =2 (60)
A 2 min{y > 01 I (M) < 0}, where A% > 0, (61)
pr() & arg{p > A IET(Y (), 1) =0} for A1 € [0, A7, (62)
A° 2 min{A >0 ws?(A% () < 0}, (63)
— =€ 1[0,00), if p> A1+ A2
o (A A (h=21)(=A1=A2) s ’ 64
( »M) { 0, if < A+ Ao ( )

1. Strategic delay is optimal at capacity p = p* (A1) if and only if:
(i) M\ € (Mg, Aj9°], where Ay = min{\; > 0: Ul()‘l) < —2} and
(i1) Wit A (M) > TFA(N) , 1 (), where

L /14 D - T2 (A(A)

2Hid°°()\5d()\1)) and ﬂ*/ ()\1) >0 fOT VIS [07 )\idoo] (65)
1

(A1) = A+

2. If strategic delay optimality condition 1.(ii) holds then wit(A*¥(\1)) >H§ff°°()\3d()\1)).
8. If 0 < A\; < min(\j9°, X]°) then strategic delay optimality condition 1.(ii) satisfies:
w (NI (A)) > TN (M), (M) & g% (M) = g% (A1) > 0, (66)
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where g+ (A1)



Lemma 6 Let ;! 2 2=2 gnd define the functions

k1 (A p) = o1 (A1) —va (M) — (a1 — e2) wi (A1, ), (68)
ke (A ) = (M) =2 (A2) = (a1 — c2) wy (A, ).« (69)

B1 (0, 1) = b (0, 1) and i (A, ) > ks (A 1) if A £ 0.

Ok1/0M1 < 0 < 0k1/0Na, Oka/ON1 <0, and Oka/ON1 < Oka/ONs.

ki(N (1), ) is continuous in p for i =1,2.

If \i =0 = Xy then H§1 (0, ) — 1'_[{2 (0,) = ki (0, 1) = (c1 — c2) (pet — pt) fori=1,2.
If AL =0 < Ay then TI{ (A, 1) — I, (A, 1) > ki (A, ) fori=1,2.

If AL > 0= Xy then TI{ (A, 1) — I, (A, 1) < ki (A, ) fori=1,2.
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Lemma 7 Fiz 1 > pyg.

T _ T BTy _ T _ Ty 1 _ 1 _ 1 1

1. IfZ—i-Z—Qthen%—c—i—z—g—#—o—ﬁ—ﬁzusd,and)\s(u)>0f07’,u>,us
U1 U2 U2 v 1 1 1 T1—U2 S -r 1 V1—02

2[fa<ath€na>c—l—ﬂ—0>ﬁ>FZEand)\(M)>0Zfﬁ<m

(a) If u < pf, the first-best is second-best and serves only type-2: X° () = A (1) € Mo(p)
with A} (1) = 0 < A3 (). If pe(pl, p*), then A (1) € Mi(p) and A5 (1) = 0 < A3 (1) -
(b) If p°? < oo, then p* < p*d, and there is i’ € (pu*, p*?) such that 0 < M (1) € Mo().
S If 8 > 22 fhep D=2 5 T 5 B2 o
c1 c2 C1

1 1 1
c1—co = o > i > e
(a) If u < pf, the first-best is second-best and serves only type-1: X° () = N (1) € Mo(p)
with Xj (1) > A3 (1) = 0. If pe(uh, p*), then M (1) € Ma(p). If > ! then XS (1) > 0.
(b) If R (Ay) > 0, where )y = arg{\; € [0,A1]: 20U = B2} € (0, A1), then A® (1) > 0 &
p>p*(Ar) and

14+ /144X - R (A) /e
Py =p=p*(\) =M\ + N 70
2 12 2 2 (—1) 21 2R/1 (Al)/cl ( )
(c) If Ry (\y) <0, then A (1) = 0 for all i, so that p® = p*d = .
Remark: Let ©2 c1/co > 1,0 2 01 /0a, and A 2 Ay /As.
Lemma 8 Let v; () =7;(1 — %;), i=1,2, and A > v/(4¢ (¢ — 1)) (Assumption A4).
_ A —
A =max(ha(1 - 9),0) and ) = 21— 20 - Tz AL ()
1

1. The function Hi‘foo()\Sd()\l)) is continuous, strictly decreasing in A1 > 0:

sdoo [y sd _@ _ ﬁ sd Al_1 _ %(1_2%)7 >‘1<A17
M) =4 Kl ’ >“2 W37 Za-a). nza P
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whereaél%—(l—%)%@ (mdﬁél(l—%)>0,



E_IO[ >@: = s Z<1($0A1:O),
s 00y S o o R’Cl)\ ) v %i\ ) -
A= La =D -dad_nd) Z=1(s00=0), (73)
D (a—BAr) = B -23) = A < 280 D51 (s0 ) > 0),
and 1 A @E-T/2) A
T<2e ) <A =2 =) 20 v =L 4
veHEasAT =3 1( INEE—1)—Aw) 2 (74)
2. The function wi*(A*¢(\1)) is continuous, strictly decreasing in A\; > 0:
D1 (1=A1/A1)—T2 A - 1 _ =/ -
sd(ysd —— L < pn20-1-¢v ., 1 2-1
w ()‘ ()‘1)): Ty LT , Y=E—mm——— 0= ———— >0, (75)
? D (y—0M), M >N 2(c—1) A12(—1)
T vi(d) _ T va(AN) g T -
C—i’y < 1011 _c_i —jc ) c—;, 2 <1 (s0 ) =0),
WMD) =0 By —u)om 2R w7 () =0), (76)
v sd _ _ _
U1 ('}/ 5}\1) Ul((fﬂ _ 2()\02()\1)) _ Z_; < %’ % >1 (50 Al > 0),
and
— =/ (o= < Y c/v
T > c/(20—1)<:)A1<ATO:§:A1(1—2E_1>, (77)
T < ¢/ (2e—1)=> X =0. (78)

Lemma 9 Let v; (A\;) =7;(1 — %), i=1,2, with A >v/(42 (¢ — 1)) (Assumption A4) and v < 2€.
1. Let KQ £ 2A4 (E— %_— %) Then Ay < KQ = )\idoo < X?, Ay = K2 = )\iedoo = X?) and
Ay > Aoy = A39° > 3.
2. Ife/(2¢ — 1) < < 2¢, then g*¢ ()\;) > 0. Furthermore:
IO00)) o BN A
v V00 70 6 e
(a) If A% < )\1 then ng ()\Sdoo) =0, ¢*" <0 and g° < 0 on [A;, A\]%].
(b) If ASdOO =X then g* = 2 = 5§ >0 on [A, A\*™]. ~
(¢) If X394 > X7 then ¢°¢ > 0, ¢°¥ > 0, and g°¥ > 0 on [A;, A |-

() =

for A\ > . (79)

8. If T > € then g° ;) is constant in Ao, and g*¥\1) increases in Ay for fized A1 € (A, Ay ).

Lemma 10 Let v; (A;) =v;(1 — ) i=1,2, with A >v/(4¢ (¢ — 1)) (Assumption A4) and v < 2€.

)\Sd()\l)—ASd()\) )\Sd()\)
Ha) 21— 22 2 =L and g (M) & ——2="— A € 0,0, 80
en 2 g () 2 -2 e DAL (50)
1. g <1 on [0,X39°]; g% < 1 on (Al,)\‘fdoo); and g ()\‘fdoo) =1, where
cl _ A;d ()\1) _ cp cu sdoo
g (A1)=max (0,1 — —2——— | =max (0,4)" (A1) +g5" (A1), A1 €[0,\]"]. (81)
it (A1) = A1
2 (@) 6 <1 on [, X™], and g (o) = g5 (A°) = 1, where
T — T Al — A h a— BA
o =1 s Cad) T WA s ) e (g
2eA p* (A1) = Ay CA1+\/1+4/\1 (o — BAy)

(b) As Aa—0, gi""—1 on [)\1,/\Sd°°] Moreover g >0 on [\, AJ%°).
(¢) For fized A\ € (A, \j¥°] the function g (/\1) strictly decreases in As.
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then g5l < 0 on |0, )\Sdoo) g5 ()\fdoo) =0, and g5 >0 on [0, )\idoo]'

3. (a) IfT<C
T > T then gy =0 on [0, A{%°].

(b) If

Proof of Proposition 5. Part 1. These claims are proved in Lemma 7.1.
Part 2. Let v; (A\;) =7;(1— Az) i=1,2, with A > 7/(4¢ (¢ — 1)) (Assumption A4) and 7 = ¢. By
(71) we have A\; = 0 = A% ();) for © = ¢ From (73) and (76)

I A(0) = o = w3 (A(0)) and g (0) = 1. (83)

If Ay > A12 (¢ — 1.5), then Ay > Agand A% > X\[° by Lemma 9.1. Therefore Hj‘fW(ASd(XTO)) >
0 = wit(A*I(A])), since A3 =min{)\; >0: Hiffoo()\Sd (A1) < 0} by (61) and X" =min{\; >0:
w3t AT (A1) <0} by (63). Combined with (83), and since Hﬁflloo ()\Sd (A1) and ws? ()\Sd (A1) are
linearly decreasing, it follows that Hiclloo (ASd (A1) > ws? (/\Sd (A1) on [0, A$%°]. By Lemma 5.2
strategic delay cannot be optimal at any capacity level.

If Ay < A12(¢— 1.5) then Ay < Ayand A% < X]° by Lemma 9.1. Hence, ws ()\Sd ()\Sdoo)) >
Hf\clloo()\s‘i (A39°)) = 0 = w5 (A4 (A7), p*(A;9°°)), where the last equality follows since p*(A{%>°) =
oo by (65). This implies by Lemma 5.1 that strategic delay is optimal for yu = co. Next, we prove
there is an unique z € [0, \j9°) with ¢ (z) — g% (z) < 0 for z € [0, z] and g (z) — ¢°? (x) > 0 for
z € (z, \j%°], which implies by Lemma 5.1 and 5.3, and since * > 0 by (65), that strategic delay
is optimal if and only if & > p*? = p* ().

We have g°* = max (0, g;") by Lemma 10.1, since g5 = 0 by Lemma 10.3.(b) for T = €. Note

g7 (0) — g (0) = 0, and g (M) — g (NF®) = 1. (34)

The first equality holds since ¢g°? (0) = 1by (83), and g (0) = 1 because gi* (A;) = 1 by Lemma
10.2.(a) and A; = 0. The second equality holds since g*¢ (A\j**°) = 0 by Lemma 9.2.(a) and

(M%) =1 by Lemma 10.2.(a). Since ¢g* > Oon [0, \;%] by Lemma 9.2.(a), we have ¢g° (z) —
g°¢ (z) > 0 < g (2)—g*? (z) > 0. Given (84), and since g{*"' —g*¥" > 0 (Lemma 9.2.(a) and Lemma
10.2.(b)), we have two cases. (i) if g{" (0) > g°¥ (0) then z = 0, and u* (0) = & = pg by (65) and
(83). That g7 (O) @7 (0)>0s ﬁ2 < % follows since g°¥ (0):%% by (79)
and g (0)=— 2A o by (82) (for g°¥ (0) note that T=¢ implies a=1 by (72), \j9° = 1/8 by (74),
y=1 by (75), and A} = 1/8 by (77); for g{*' (0) use a=1 and A\, =0). (ii) if g{*' (0) < g°¥ (0)
then z € (0, \j9°) and p* (z) > p* (0) = pg since g > 0.1

Proof of Proposition 6. Part 1. These claims are proved in Lemma 7.2.
Part 2. Let v; (A\;) =7;(1— ) i=1,2, with A > 7/(4¢ (¢ — 1)) (Assumption A4) and 7 < . By
(71) we have \; = 0 and A3 (A ) A 2(1—2) > 0 for v < €. From (73) and (76)

= (A(0)) > 2 > wif(A(0)) (55)

Ife/(c—1/2) > v or Ay > 2A, (E — % — %), then As > Asand )\fd(’o > X(l)o by Lemma 9.1. By
same line of argument as in the proof of Prop. 5, strategic delay cannot be optimal at any capacity.

Ife>7>7¢/(c—1/2) and Ay < 2A; (¢— 5 — &) then A9 < X¥ by Lemma 9.1, so that
strategic delay is optimal for g = oo by same line of argument as in the proof of Prop. 5. Next, we
prove that there exists an unique z € (0, )\id(’o) with g% (2) = ¢°?(2) and g (2) — ¢*? (2) > 0 for
z € (2, \39°], which implies by Lemma 5.1 and 5.3, and since p* > 0 by (65), that strategic delay
is optimal if and only if & > p*® = p* (2).



That there exists z € (0, )\fdoo) with g% (z) = g°? (z) follows since g°* — ¢g*? is continuous,
g (0) = g** (0) < 0, and g (A*®) — g*4(A}*) = 1. (86)

The inequality in (86) holds since g = max (0, g7"" + g5"), g7 (0) = 1, and g¢5"" (0) < 0 (Parts 1,
2.(a), and 3.(a) of Lemma 10, respectively, since A; = 0 < A{%°), and because g°¢ (0) > 1 (by
(85), and since wi?(A*¢(0)) > 0 for T > ¢/ (¢ — 1/2) by (75)). The equality in (86) holds since
g% (Aj?%°) = 1 by Lemma 10.1, and ¢°¢ (A{%) = 0for A\j%>® < ;" by Lemma 9.2.(a).

Next, we prove the claim: g® (z) — g*% (2) > 0 for z € (2, \{%°]. Since ¢g°¢ > Oon [0, A%
by Lemma 9.2.(a), and ¢** = max (0, gi* + g5"), it follows that g% (z) — g*¢(2) > 0 & gi" (2) +
g (2) — g% (2) > 0, and g (2) + g5 (2) —g°¢ (2) = 0. Since g5" > 0 by Lemma 10.3.(a), the claim
holds if ¢ (2) — g°¢ (2) > g (2) — ¢°% (2) for z € (2, A{%°]. This holds since g{" — g°¢ is strictly
convex (g°¥ < 0 by Lemma 9.2.(a), gi"” > 0 by Lemma 10.2.(b)), and moreover

9" (0) = g (0) < 0 < g (2) — 9°" (2) = —g5" (2),

because g (0) = 1 < g*? (0) (shown above) and g5* (z) < 0 (by Lemma 10.3.(a) since z; < A{%°).

It remains to prove the lower bound p* (z) in (50). By Proposition 4, for any given p, strategic
delay is optimal only if it is so for Ag ~ 0. As As — 0, we have that ¢°* — 1 on [0, A1/2], because
As%(A1) — 0 by (71), and Aj%° — A;/2 by (74), so that (72) and (64)-(65) imply:

A1 p* (A1) _ d
TI540 (A (A 1-20 ) = —— "= — =@ (X (A1), p* (\1)) for A A1/2].
ot o) = 2 (123 ) A (A1) () for b € (0,002
It follows from Lemma 5.1 and 5.3 that strategic delay is optimal for A ~ 0 and p = p* (x) if and
only if g°? () < 1. Since ¢g°? (0) > 1, g*¢ ()\ﬁdoo) =0, and ¢*¥ < 0 by Lemma 9.2.(a), the equation
g°? (z) = 1 has an unique solution. Setting Hj‘foo(/\s‘l (z)) = wst( N (z)) = % (v — dz) yields

Mg
L= 915

s 0 and = 1 () +1—|—\/1+4ac (1—2x/A1)
1 = g
s T 2L (1— 20/Ay)

That p* (z) > £-=2 follows by noting that - >0 (1 - 2/%) = (u*;z;(z) pag |

c1—cz z)—x)? p*(z)
Proof of Proposition 7. Part 1. These claims are proved in Lemma 7.3.

Part 2. Let v; (A\;) =7;(1— ;‘\’) i=1,2, with A > 7/(4¢ (¢ — 1)) (Assumption A4) and 7 > ¢. By
(71) we have A; = Ay (1 — £), so that R} (A;) =71 (22 — 1) > 0 < T < 2¢. By Part 1.(b) strategic
delay is not optimal if v > 2¢. In the rest of the proof ¢ < v < 2€.

By (71) we have A% ();) = 0 for 7 > . Furthermore

w (V) ) = A8 et ay)) < 2B —uglnen ), 90)
(1% (A1) = A1)° 1

where the first equation holds by (64) since A5%(};) = 0, the second holds by (65), the inequality
holds by (73), and the last equality holds by (76). By (87) and the definitions in (67) we have
gH (A) =1>g*¢())). Let Ay £2A(c— 3 - £).

Part 2.(a) In this case Ay > Ay, since v < ¢/(C — %) = Ay < 0. By Lemma 9.1, Ay > Ay =
A% > X, so that T (A*(XT7)) > wi?(A*(XT7)) = 0. By (87), and because TI3% (A* (Ay))
and w3? ()\Sd (A1)) are linear, they cross once, at some z € (A A), and g% (z) = 1. Since
Hi‘f‘x’ ()\Sd (z)) > wi? ()\Sd (z)) for x>z, by Lemma 5.2 strategic delay is not optimal for p>p* ().
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By (87) we have g% (A;) = 1 > ¢°¢(};). Since z € (A1, N, ) we have g° (z) < 1 by Lemma
10.1. Tt follows that g (A\;) — g% (A\;) > 0 > g (z) — ¢°? (z). By continuity g — ¢*¢ has an odd
number of roots in (A;,z). Let x5 be the smallest and x; the largest root, i.e., A} < zs < 77 < z,
where g% (z) > ¢*¢(z) for x € [M\,z;) and g% (z) < ¢*?(x) for € [z;,z]. Since u* > 0 on
[0, )\‘{d"o] by (65), we have by Lemma 5.3 that strategic delay is optimal for p € (u* (A;), p* (zs))
and not optimal for p > u* (1;), so that p*? = p* (\) < p* (zs) =0 <71 = p* (z1) < p* (z).

Part 2.(b) If ¢/ (€—0.5) < © then Ay > 0. For Ay < Ay we characterize the subset(s)
of [A1, 3] where g% —g*¢ > 0. (By Lemma 5 this yields the capacity sets for which strate-
gic delay is optimal.) We focus on g¢{*—g°¢, because g > g*¢ < g >g°? on [}, A$9%°] . which
holds since g°* =max (0,g{") and ¢g°?>0. (That g°* = max (0,g{") holds by Lemma 10: g =
max (0, g + g5"') by (81), and g5" = 0 on [0, A\{%°] by Part 3.(b). That ¢g°¢ > 0 holds by Lemma
9: Ay <Ay = A% < XTO by Part 1, and A% < X° = ¢°? > 0 on [\, A{%°] by Parts 2.(a)-(b).)

For fixed Ay < Ay, gi*—g*® is strictly convex on [A;, \j%°]: we have g*% < 0 by Parts 1 and
2.(a)-(b) of Lemma 9, and g > 0 by Lemma 10.2.(b). Furthermore we have

0 < g7 (A1) = ¢** (A1) < 61" (A1) — g™ (A™) < 1, (83)

since g7" () = g7 ()\‘{doo) = 1 by Lemma 10.2.(a), 1 > ¢¢ ()\;) by (87), and ¢°? ();) > ¢*¢ ()\fd‘x’) >
0 since ¢°” < 0 by Lemma 9.2.(a)-(b).

Hence, for fixed Ay < Ag, gi* — ¢g°¢ has an unique minimum on [\, A\{%°]. Making the de-
pendence on Ay explicit, let Ty, (Ag) = argminxe[A17/\idoo(A2)]{g$“ (z,A2) — g°¢ (x,As)}, where
Tmin (A2) < A39%° (Ag) by (88) and since g* — ¢g°¢ is strictly convex on [\, A{%°] for fixed Ag. By
(79) and (82), g7"* QSd is continuous on {()\1,./\2) A € (0,A2), A1 € [Ag, A% (Ag)) ) }s 80 Tmin (A2)
and the value d (Ag) £ g (Tmin (A2) , A2) — ¢°¢ (Zmin (A2) , A2) are continuous on (0, A].

Let Ay £ sup {Ag € (0,As] : d(Ag) > 0} Since d (As2) is continuous, we have Ay, > 0 because
d(Ag) > 0 as Ay — 0; this holds since g (A;) — ¢*¢();) > 0 by (88), and ¢{* — ¢°¥ > 0 on
A1, Aj9° (Ag)] as Ag—0 (¢°¥ < 0 by Lemma 9.2.(a), and gi* — 1 as Ag—0 by Lemma 10.2.(b)).

Next, we have d (Ag) > 0 if Ay € (0,A,), and d(Ag) < 0 if Ay € (Ay, Az): this follows because
d(As) < 0 = d(Ay) < 0 for Ay > Ay, due to four properties. (i) the interval [A;, A{9%° (Ag)]
increases in Ag by (74); (ii) gi* (M) — ¢°* (A1) > 0 by (88); (i44) g (A\;) — g% ();) is constant in
A2 by Lemma 9.3 and Lemma 10.2.(a); and (iv) g7 (A1) — g°¢ (A1) strictly decreases in Ag for fixed
A1 > A;, by Lemma 9.3 and Lemma 10.2.(c).

For Ay € (0,A) we have \j9° (Ay) < A} by Lemma 9.1, so strategic delay is optimal for
@ = 0o by Lemma 5.1. We consider in turn the cases, Az € (0,A;) and Az € (Ay, A).

Fix A € (0,A). Then d (A2) > 0, so g7 (A1, A2) — g°¢ (A1, A2) > 0 for A\ € [Ay, Ajdoo (A2)]; by
Lemma 5.1 and 5.3 strategic delay is optimal for p € (u* (A;),00).

Fix Ap € (Ay, Ay). Then d(A2) < 0. Since (g7" — g°?) (A1, A2) is strictly convex, continuous
in A;, and positive at A\; and A\j9° (A3) by (88), it has two roots x4 (Ag) < x;(Ag) where )\; <
zs (A2) < 2y (A2) < AJ%° (Ag)). For A1 € [A, Af% (A2)], g7 (A1, A2) — g°¢ (A1, A2) > 0 if and only
if \p € [Ay, @5 (A2)) U (7 (Aa), Aj9° (A)]. Since u* > 0 by (65), by Lemma 5.1 and 5.3 strategic
delay is optimal iff 1 € (1 (A1), p* () U (0" (1) , 00], and p* (z5) =7 < p = p* (). 1



