Speed Quality Trade-offs in a Dynamic Model:
Online Appendix

Proof of Proposition 1

Maz : R = Zi\il[pt)‘t - ,U«Z:\t)\t] + QAN+1

The profit maximization problem is:

subject to Ay = Ay_1 — N1 (-1 — f2)

)\t = At — QPy.

The problem can be restated as a N-stage dynamic program with A; as the state variable
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Maz : Ri(A) = (Ay — ap)pr — M?E (tAt —ZZ;)%) + Rep1(Aps1) VE=1,...,N

Ay — 6)\t(Mt — [L) and Ry = 9AN+1 where 6 > 0.

where Ay =

Now we show that at each stage ¢, the optimization problem is concave with respect to the
two variables A; and u; taking into account their impact on future decisions. First, we show that
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t =1,..,N is the single-period profit in period ¢ and so after
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Now, we turn our attention to the first and second order derivatives:
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where ZT consists of only positive terms because
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From the single-period analysis, we have a—fz > 0. Given our definition of § (recall that § is

2
divided by /i), we assume that 0 is small enough so that v ((;th)i t))?, > 53?:: — 02X\ (pe — f2) 83 1@:11 and
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Suppressing the subscript ¢, this is equivalent to a(%_);\)s((,u — A3+ ayp) > (v &:3%)2 or 2 ((u—

[0}

A2 + ayu) > v(u+ A)2. Since the service rate should be higher than the arrival rate, let u = k,
(k+1)? _
where k& > 1. Then we need 2((k — 1)3A% + avk) > v(k + 1)2 or A2 > a’y( (k4—1)3k) = 4(2411)

From the single-period analysis (see proof of Theorem 1), we have: (u§ — \§) = (/55 where the
subscript S is used to distinguish the single-period from the multi-period optima. We can show
that © — A > p§ — A§ using Theorem 5(i), the fact that % = 0 and the fact that the Nth

period optimal solution coincides with the single period optimal solution when the starting demand

~
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potential is Ax. Therefore, (1 — X) > /55 and so (kil) < - and Aaf‘w > 4(,‘;‘11). Now, if

A > QTW, it then follows that A2 > 22 V4759 = 4(2‘11). We assume \ is large enough to satisfy the
2

condition A > LZ‘”. Hence, %2/? 862;? > ( aig;;) and the concavity conditions are satisfied at

stage t. ]

Proof of Theorem 1

We start by identifying the optimal price and service speed decisions. Recall that the expected profit
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The optimal pricing and service speed decisions will satisfy the first and second order conditions.
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Solving the first order conditions
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and so (6) follows. Moreover since \* > 0, we always require that \* = % aLLASN) O
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Table 2: Sensitivity Analysis for the parameters in the Single Period Model.
Sensitivity Analysis

In this subsection we provide the derivatives of the optimal price, speed, demand and profit with
respect to several parameters. To determine the sign of each expression, we have assumed that A > fi.
This condition may be reasonable because we have noted earlier that A > 2\ and since “normal”
speed is not expected to be larger than twice the demand (otherwise utilization will be very low).
We summarize the results in Table 2.
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For the last inequalities observe that i < p* means —A + a0 + 21 — 2,/ 55 < 0. Similarly, we can

show that *
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Proof of Theorem 2

The demand potential can also be written as

i—1

7j=1

for 2 <4 < N + 1, and its derivative with respect to A; will be

—0(p—p) forj<i
OA;

oN;

0 otherwise

Eliminating the prices p; by using the fact that p; = % the expected profit can be written as

N
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The optimal demand rate A} will satisfy g—ﬁ = 0, or equivalently,

N
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We first consider the case where p > fi. A similar argument holds for p < . For now, we assume
that p < % and in the proof of Theorem 3, we identify conditions on the model parameters such that

this constraint will be satisfied. (24) for ¢ and (i — 1) is,
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and combining both, we have
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By rearranging the terms, we end up with
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In the above equation, both the right and the left hand side are positive with the same form.
Therefore, there exists an optimal solution wherein A} = A7_,. The same is true for every 7. Therefore,

AN = Ay_1 = ... = A] = A" and the result follows. O



Proof of Theorem 3

(a) Writing (24) for ¢ and using Theorem 2, we have that

Ai —2X* T ~ 5(M — ﬂ) A\ Yk
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Now we can use the fact that \* = A; — ap; and so

Therefore, the optimal pricing policy will be
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When speed is constant and equal to fi, the optimal price reduces to:
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As we proved in Theorem 2, demand rate remains constant and thus A; — ap] = A*. Therefore,

we have that \* will satisfy

M2 = s — (= ) = (N = DNO( — ) = 0. (25)
optimal speed: The optimal speed of the system will satisfy the first order condition, %’;’)‘i) =0,
that is
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given that \; = A. Furthermore, for i > 0, %ﬁ = —(i — 1)d\ and hence,
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Combining (25) and (26) suggests that A* and p* should be a solution of
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(b) Using the implicit function theorem and the second equation for the optimal solution of (\, ),
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we have: Fg= —7 = — NG = T 5

So p decreases with . Taking derivatives of (24) with respect to 6 and A, we have:
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Now consider the case where i < fi. The expression % 24 (M )3 + ( A) g positive 1f 1 27“)3

%“ > % or this is equlvalent to 3 + ?3’”;6 i > fi. Substituting for ﬁ from (26), we have:
2, 200 (N=1A : 2
e T ey T ey T 1 > . and this condition is always satisfied since fi < 5

The analysis for the impact of § on price p; is similar to that for A and is therefore omitted. The

analysis for showing the effect of N on p, A and p; is identical to that for § and is omitted.

(c) Suppose that p* = fi, then (25) becomes
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Ay —2n -
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=0.

Let ,ﬁ be defined as the value of i = p* that satisfies the above equation and so, if )\ is the corre-
and
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sponding demand rate when service rate is /i, then A and fi will also solve (26) for p* = ji =
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Therefore, after some algebra, \ and ﬁ will satisfy,
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Now let us discuss the case when i > ,@ and observe the following equations that come from (25),
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where the second one is the optimality condition when g > /i Now suppose that i > ,& but pu* < fi
is not true in the optimality equation, i.e. (28) is not satisfied when p* < fi. Consider the following

solution to the scenario i > ﬁ Let p* > ,@ be the optimal service speed and let A* be such that
ﬂ %
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Since p* > fi, the above implies that A* > \. Subtracting (27) from (28) gives
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But, 0, because \* > A
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= 0, due to the definition of \*.

(29) can be satisfied only if u* < i and so we have a contradiction. A similar argument holds for
the opposite case and the result follows.

Now we show that u* > /i when p* < fi. From (28), we know that u* is such that,
Ap—2x — — T a0t — i) — (N — DA*S( — 1) = 0

which implies

o
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Combining the last two relationships, we have
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and also, if )\ > (<)A*, then fi > (<)u*, as shown earlier.

Recall that we assumed that the model parameters are such that i < %, [ < % Since p* always
lies between [ and ﬁ, these assumptions ensure that u* < %

We can use a similar argument to show that if pu* > fi, then g < p* < ,EL The result on prices
increasing if i1 < p* < ji follows (and similarly for prices decreasing) because demand is constant

over time and when p* < fi, A; increases and so p; has to increase to ensure demand is constant.
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Proof of Theorem 4

(i) The profit function is

N
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and the optimal price and speed will be obtained by solving the following optimization problem

Ay — A
Mar : Ri(A)=——ta — 2 LR (M) VE=1,...,N
o /,Lt—>\
where Ayp11 = Ay — (e — 1) and Ryy1 = 0AN4+1 where 6 > 0.
Let
A — X A
ﬂt(At): t t)\t— YA Vtzl,...,N.
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m¢(Ay) is effectively the single-period profit (revenue less congestion costs) in period ¢.
We have,
8Rt . 87’(15 8Rt+1 - 87’& 8Rt+1 8At+1

A, 0N, 0N, 0N, OA1 OA

Then, 8At“ =1—0(u — @) > 1 when py < fi. From the single-period analysis, we know that

317{* > 0. Note that = 8RN “ =60 > 0 and it follows recursively that ant > 3713”1
t+1
Now,
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t_ YA S+ t+1 YA 2—(5)\1; t+l (30)
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So the optimal py will satistfy, ~ s Rt
- 7= : (31)
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Since 2 BA > 8Rt“ , it follows that ;| — \—1 < pf — Ae. Now if py | < fi, then we have Ay > Ay

and since p is constant, Ay > A\;—1 and so puy > py_ .

Now, suppose p; < fi. Then using the same argument as above, we can show that py, ; > puy.
We note that since the analysis above only involves the scenario puf < i and i < %, the condition
uf < = is always satisfied.

(ii) Next, we have also that %’;’“) = 0. The derivative of the demand potential with respect to the

%:—aHl—(sﬂk— )] O(:Oé<1—§\\t>,
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when ¢t > 2. The first order condltlon Wlll then be
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From (31), we have that
8Rt+1 _ ’}//(5
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that leads to

Z*Tl*[l_a}i +a72/ *NT*2 + *’7/*2:0 (32)
p—t a(A] — t+1) Al AT (pr =A%) (i — )
and implies that the summation is negative. Assume now that p; is increasing over time. Then the

summation will be increasing (we know that A; decreases over time). Using the above equation for

t and t — 1, we have

AN [1 _opt o ] L v/0 _o
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The term % [1 - QTT + %} is positive for ¢ > 1 but the summation in (32) is negative
which implies that WAQQ must be increasing so that the term within the brackets becomes
positive (from negative). But this cannot happen if u; is increasing and so we have a contradiction.
Since p; is decreasing, to ensure that uy < %, it is sufficient if we show that uj < %. Suppose we
assume the parameters are such that p* = % < % where p* is the optimal solution in the
single-period problem. Then, using an analysis similar to that in the constant speed case, we can
show that p* decreases as N increases. Since pj is the first-period solution to a N —period model
(N > 1), pj < p* < 2 and so the condition pj < 2 will be satisfied.
(iii) Now, we explore the convergence of pf to fi. The optimal speed in period ¢, u;, and the optimal
demand rate in period t, A\J(N), are functions of the time horizon N and we will use u;(N) and
Af(N) here to express this dependence. Suppose pf(N) < f for all ¢ < t. Then we know that
pi(N) < p3(N) < ... < pi(N) < pi(N) < i from part (i) and so the gap between u;(N) and fi

decreases. That is,
i (N) = i > | (N) — 1] -

Suppose that p(IN) converges to a value 1 < i. We have from (i) that
HEN) = By (N) > N (N) = Ny (N) = A = Mgy = 6 (= iy (N) ) Ny (V).

Taking limits in both sides we have that

lim (y1f(00) — pi-1(00)) > lim 6(f — pii-1(00) ) Af_1 (o)

t—o00

which cannot hold unless /1 = & and so lim;_,o0 pf (00) = fi.
Similarly, if uy(N) > fi, we can use the same argument (with the opposite inequality signs) to

show that lim;_,o pf (00) = fi.



Next, we show that there exists 6 > 0 such that 3, = o if Ay > 2/. The first order conditions

for period N are: A
OR _ AN psay =0
Oun  (Hy — Ay)
OR Ay —2)y vy .
= — —05un — ANy — 200\ + 060 = 0.
DAn o N HN — AN N tbop

Combining them together and replacing py with fi, we need to satisfy:

N v N
Ay — 2424/ = — =0.
N — 20 05 afdp =0

This is equivalent to a cubic equation in 6 which will have at least one real solution. Further, it is
easy to show that if Ay > 2/, this root will be positive since otherwise (if the root is negative), the
equation will not be satisfied.

(iv) The optimal price should satisfy the first order condition %7; =0, i.e.

z{<>}<>

=1

If we further use the condition Z a = 0, that gives

N * *
V1 ) A1
=59 > P L | N OV [ = (i — il

=t (p (,u;‘ _ A;’f)?) G HOAN (uy — )] ¢ + (i — A2 0,

then it becomes

al 1—6(2ut —
Z)\f—a{p*—7[6(MT(_M;T)2M)]}+HO¢:0. (33)

Therefore, the optimal price will satisfy

N i—1 N i—1 *
A1{1+ZH1— —m}}m*zﬂu—a(uz—m]—5(5‘_‘;(?16@il—

=2 k=1 =2 k=1

When speed is constant and equal to fi, market potential and demand are also constant over

time, it follows from the first order condition %—7; = 0 above that:

i{v-@j( - ) e (1 M)

=1

which leads to p* = m + %
(v) p* increases with 0 follows directly from the equation (33). One can implicitly differentiate this
equation to get the result.

Since g—g > 0, given that A\ = A1 — ap, A1 decreases with 6.

Since ?97;]\’ L =@ and 8Rt for all ¢ < N can be expressed as a function of RN *1 , it follows that

IRy 5 09 OAtt1
oA~ increases in ¢ (so long as on, > 0).

It then follows from (31) in the proof of Theorem 4(i) that (u; — A;) decreases with 6.
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So, in period 1, since we know that A; decreases with 6, u; has to decrease with 6. O

Proof of Theorem 5

(i) For the demand potential, we have that
i—1
A=A =8 (j— i
j=1

and its derivative with respect to u; and p; are,

6)\Hk z+1[ (:uk_,u)] ,j>2i1+1
oA _
oy
0 , else
ad(pi — @) THZiy (1= (e — )] i< j
N _
Opi B
0 , else

We start by showing that service speed increases faster that the demand rate. The optimal service

speed will satisfy the first order condition g—z_ = 0 that is

N *
TH; 8A OAN+1 YA
Pj— +0 +— =0,
j;l ( ! (15— Aj)? > Opi O (1 — Xi)?

or equivalently

N * j—1 N
=092 (1,_@’7_“”) TT 1= 00a =l +0 T[T 1= 00 =) o + 555 =0

Jj=i+1 k=i+1 k=i+1 (M'L
(34)
If we write (34) for i — 1,
N * j—1
Y 0
-0 p»—*ij 1-6 N+O | [L—d(uy — + 5 =0,
; < G )‘j)Q) zg[ H & (i_y = Aim1)?
and combine the last two equations, we get
T 2 o
5<pz'(l> -9 Z < (M) [—0(p; — f1)] H [1—0(py — )]
Hi j=i+1 J k=i+1
al v v
+ 8%0(ur — 1 1—6(uf — )] + — - — =0. 35
i =) T1 D=3 =+ 2 — (35)
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Let us now derive the optimal price for period i. We have already calculated the derivative of
the demand potential with respect to price. The optimal price p; will satisfy the first order condition

g—g = 0 that is

A= 20p] + T w -+ Z ( - WJ )2) 5y O agfl —0
j=itl i i

and using the derivative of the demand potential this gives

N * 'Y,U'J
; . i | P — > O(pw — fi
Hi ! + 6 Hk:i+1 [1- 5(!% — f1)]
Furthermore, (35) can be written as
i — i Y gl
o= N) O = ) 6 — )2
al wi ]
+o(a—p) < Y [Pj—(*_]x)g] IT = o(ur +9H [1—d(ug— )] p =0.
j=i+1 H; 771 k=it k=i+1
We use the above in (36),
« Y . Yy ay ay
AN —2ap; + ——— G55 tap; — 5 — " + o5 =0
(7 = A7)? (n7 = X)) (i — A1) () — A))?
and so
. oy 1 1 }
6 Uiy — A1) () — A))?

The last equation implies that ] — AF > ur ; — A7, or that the service speed increases faster than
the demand rate.

(ii) We will now show that p}, A\¥ and p! are increasing over time if pf < 1. We start by showing
that u is increasing. Suppose that puy_; < /i and hence, Ay > Any_1. In period N, the first order

condition with respect to uy, given Ay is

' ORN VAN
Y(AN) = = — 05 N =
Y
= A —— — 05| =0 38
N (uw — An)2 (38)

and p (An) is the solution to (38) given starting state Ay. From single-period analysis, py (An) >
P (An—-1).

In period (N — 1), the first order condition with respect to uy_1, given starting state Ay_1, is

12



/ VAN -1 TUN OAN OAN11
Ri_{(An—1) = + ( - > +0 =0
N-1(An-1) (un—1— An_1)? PN (uN = AN)? ) OuNn-1 OpuN-1
YAN—1 THN )
= —0AN_ — ) —05ANy_1(1 -0 =0
v 1= )? N-1 (pN (in — N2 ~N-1( BN)
Y YTUN
= An— -0 - —05(1 -9 =0 (39
N-1 {(NN—l T AN_1)? <]9N (i — )\N)2> ( MN)} (39)
where
/ ORN-1
RE (AN_1):=
N—l( N 1) BMN—I
and ph_;(An—1) is the solution to (39) given starting state An_;.
Now since uy — Ay = tWy_1 — AN_1>
* 4 * 2 Z * : * \2°
(N1 — Av_1) (N — AN)
Therefore, from (38) and (39),
5 (p*N - WN2> F08(1 — Suly) > 06. (40)
(Hy — AN)

Let fiy—1(An—1) be the solution to the following N-th period first order condition with starting

state Ay_1, AN 1
(BN-1— AN-1)
We know that fin—1(An—1) = py(An—1) < iy (An). From (39) and (40), given starting state An_1,

RIE(AN_1) = 5 — 00 An_1 = 0.

ORN_1
opnN-1
- . : . . N N . .
Hence, fiy—1 > pj_; since R; is concave in p; and so puy > py_;. Using the same reasoning

Ry _1(An-1) = <0at uy—1=pan-1(AN_1).
inductively, one can show that p7,, > p; if ui < 1. We note that since the analysis above only
involves the scenario p < fi and i < %, the condition p; < % is satisfied.

Next, we show that p} is increasing over time. In period IV, the first order condition with respect

to pn, given Ay, is,

ORN
Opn

« N
m]\fj_iuj\vw + dab(un — 1) = 0. (41)

Rﬁ(AN) = = (AN — QQpN) +
Let py(An) be the solution to (41) given state Ay. From single period analysis, we know that
Py (AN) > pN(ANn_1) since Ay > An_; because piy < fi.

In period N — 1, the first order condition with respect to py_1, given state Ay_1 is

/ ORN_
Ry_1(An-1) := 8p11VV,11 = (AN—1 —2apNn—1) +

QLN — OR
(s — w0 = g =0 62

But we have that
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ORN  Ory  ORNt1 oy ORN410ANy  Onn A
fd — _ 1 _ B
0Ny~ OAN + I Dhn + Ohn. OAy — OAy +0(1—6(un — it)

where 7y is the profit in period N, i.e. 7xy = (Ay — 2apn) + %

Since puy < fi and %—J]\\’] > 0, we can infer that

ORN
— > 0. 43
oAy (43)
Let py_; be the solution to (42) given state Ay_1. Now let py_1(An—1) be the solution to the

following N-th period first order condition (41) given state Ay_1,

’ (6 ~
Ry (An—1) = (AN — 2apy) + (mz—iui\vjv)? +dab(un — 1) = 0.

We know that py—1(An—1) = pN(ANn—1) < pi(AN). From (42) and (43), given starting state An_1,

, ORN_1
P(A _
RN*l( N_]-) ((9pr1

because from (43), 0 < % and un — i1 < 0.

< 0at py—1 =pn-1(AN—-1)

Since R; is concave in p;,
PN-1(AN-1) > py_1 and pyy > py_;.

Using the same reasoning inductively, one can show that p; > p;, if ui < /fi. The approach for

showing that A}, ; > A7, if u < fi is similar to the proof above for price. O

Proof of Theorem 6

(i) (a) The demand potential can also be written as

i—1

A= Aicy =0 — A1 = A1 —6(u— ) Y A
j=1

for 2 <4 < N 41, and its derivative with respect to \; will be
—6(p—p) forj<i

AN
o\

0 otherwise

The expected profit is defined as

R(p, Ai) = Z [ o Ai — 5m +O0AN 1.
i=1

The optimal demand rate \; will satisfy g—ﬁ = 0, or equivalently,

14



N

Aj =2\ B oy _ 0= )
- —-00(p—fpr) — —— Aj=0. 44

We first consider the case where i > fi. A similar argument holds for p < . (44) for ¢ and

(i —1) is,

N
A; — 2\ B o 0p—p)
— —00(p— ) — — Ao =0
o a(ﬂ — )\1)2 (:U‘ /’L) a Z J
Jj=i+1
N
A1 — 2N B R e L R T .
— —00(p— ) — — A =0
. a(u - )\i—l)2 (:u :u) a a ; J
and combining both, we have
Ny —0Nica(p—p) 2\ B N =22 B IV Ok
a a  alp—N)? a alp — Ni—1)? « ‘
By rearranging the terms, we end up with
X Bu . Bu
ONi— — +2N+ —= =0 — )N + 201 + —————.
1(M M) (:U' — )\Z)Q (:U' :U') 1 (N — Ai—l)g

In the above equation, both the right and the left hand side are positive with the same
form. Therefore, there exists an optimal solution wherein A; = \;_;. The same is true for

every i. Therefore, Ay = Ay_1 = ... = Ajx1 = A and the result follows.

Writing (44) for ¢ and using part (a), we have that

A, — 20\ Bu . S(p — i) N
- ali— N)? 00(pn— f1) - (N -9\ =0.

Now we can use the fact that A* = A; — ap; — Bﬁ and so

A* BA o O(u—q) ,
i—— — ————— —00(p— i) — ———=(N —i)A* =0.
L PR T (1 —p) o (V-9
Therefore, the optimal pricing policy will be
. X XN = DA — )

06" — ) + =+

P Sl e o

When speed is constant and equal to i, the optimal price reduces to:
. Bi A

PG T

As we proved in part (a), demand rate remains constant and thus \* will satisfy

15



« B . o eol %
Ay—%-—@?#ﬁﬁ—aww/—M—%N—lMé@-—MzO. (45)

The optimal speed of the system will satisfy the first order condition, %’L’/\i) =0, that is

N
X OA; BA OAN1
Z{a Op +a(/~L—A)2}+9 o

i=1

given that \; = A\. Furthermore, for i > 0, %[;i = —(i — 1)0X and hence,
(N — 1)\ B
- — 605 =0.
5 T ol — N2 0 (46)

Combining (45) and (46) suggests that A* and p* should be a solution of

o A= 2N+ 0 (af + (N —1)X)
B § (200 + 3(N — 1)\*)

and
ONIVEY B ps—o
2 e T
Suppose that p* = fi, then (45) becomes
Bu
A =2 — ——— =0.
1 (= )2

Let ,ﬁ be defined as the value of i that satisfies the above and so, if )\ is the corresponding

demand rate when service rate is ﬁ, then A and ﬁ will also solve (46) for u* = i = /:L and

~
~

A=\,
S(N —1)A
—(2 ) + ABQ — 606 =0.
@ afi- A
Therefore, after some algebra, 3\ and ﬁ will satisfy,
2 9 . 2(A; — 2\
TS W/ S R S (G R B
(fi— \)2 6(MN—1%HM®

Now let us discuss the case when g > ,ﬁ and observe the following equations that come

from (45),

16



AL —2) B
o alw -

s =00 — i) — (N - A= R = (48)

where the second one is the optimality condition when i > fa Now suppose that i > ,&
but p* < i is not true in the optimality equation, i.e. (48) is not satisfied when p* < fi.
Consider the following solution to the scenario & > ,& Let p* > ,EL be the optimal service

speed and let A\* be such that

or equivalently, A=

Since p* > fi, the above implies that A* > A. Subtracting (47) from (48) gives

2\ 2x* i * St — f
AL B B e — iy - (Vo w2 o )
a G — N2 a(p* — A%) o'
2: 2% 2
But, 2 0, because A\* > \
« a
bi — — Bu = 0, due to the definition of \*.

a(p— A o =)’

(49) can be satisfied only if p* < i and so we have a contradiction. A similar argument
holds for the opposite case and the result follows.

Now we show that p* > /i when p* < ji. From (48), we know that u* is such that,

* 5 * * ~ * * ~
Ay —2A —ﬁ—@(m(u — )= (N =DN6(p" =) =0
which implies
A * BIL’L* _ * A~ * * A~

But ﬁ satisfies

(VR S

Combining the last two relationships, we have

17



(i) (a)

Al—zx*—L«):Al—zX—ﬁi‘L

which is equivalent to

L>2X+Aﬁi’l{

2A*+ * *)2 2
(1t =A%) (L — \)2

and implies that p* > ﬁ taking into consideration that
*

Ao
RSV

and also, if A > (<)A*, then i > (<)u*, as shown earlier.
We can use a similar argument to show that if u* > i, then i < p* < fi. The result on
prices increasing if ,& < p* < [ follows (and similarly for prices decreasing) because A is

constant and when p* < fi, A; will increase and so p; has to increase to keep the demand

rate constant.

Max : Rt(At) :p)\t+Rt+1(At+1) Vit = 1,...,N

where Ayr1 = Ay — (e — 1) and Ry4+1 = OAn41 where 6 > 0.

Let mi(Ay) = phe, t=1,...,N. m(Ay) is effectively the single-period profit in period t.

We have,
ORy  Om | ORyp1 _ Omp | ORyy1 O
or, — oh, T oA, T oA, T OM., o
and
Oty o (= M)?
1 — S — [T AT
oA P e

due to the fact that \y = Ay — ap — ﬁ#tiAt which implies that % = % Then,

% > 1 when pu; < fi. From the single-period analysis, we know that g—j{tt > (. Note that
gﬁ% =6 > 0 and it follows recursively that g—ﬁt > gﬁfﬁ
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We can derive the following

A B

— = ———— >0
O (e = Ae)? + 8
aAt-i—l ~ a)\t ~ 6
= —0N—0(m—p)=—=—N—0(1s — 1) ————————.
Ope ' (e =) Op ' (e =) (e — M)+ B
Also observe that u; = At+p—)\t + A\t and A; increases when u; < 1. Then, if A\; decreases,

e and py — Ay has to decrease.

Now,
B =Tt o s e = O
So,
p= 0 {0t = X =)} R =0 1)
OR 41

and since g—ﬁf > Fay s weneed A+ %(,ut — Xe)2 4 (g — f1) to increase. If we assume that
A decreases, we are led to a contradiction and so A; has to increase and in turn p; will
Ot

increase. Moreover, since s < 1, uy — Ay will increase as well.

The optimal price should satisfy the first order condition %—7; = 0. The derivative of the

demand potential with respect to price is

N i 5
a:rl = -« H (1 + Ekt(ﬂt - >\t)2> —1

J=1

when ¢ > 1. The first order condition will then be

N
A
Z/\tJreaaNH _ 0
t=1 p
that leads to

N N
Z)\t—aﬁ H<1+At(ut—)\t)>—l =0
t=1 j=1
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