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Proofs of Propositions

Proof of Proposition 2

We consider a Markov chain in which the state of the system is defined to be the vector k 2
(ki,kay oy k) = % Ve, € (NU{0})" where 1 < @Q <n is the number of slot groups for each of
which the remai;:i;lg number of clicks is the same. For example, if k = (1,1,2,2,4) then Q =3
because the slots can be considered as three groups that each has the same number of clicks left.
In addition, ¢, >0, (1 < ¢ < Q) refers to the number of clicks in each group. For example, for
k=(1,1,2,2,4), c; = 1,¢2 = 2, and ¢3 = 4. Furthermore, the vector v., € (NU{0})" is defined as

(
v, 2 Y. el where the set G, (k) is characterized as G., (k) = {j(k,e;) =¢,} in which (k,e;)
jeGeq (k)

is the inner product of the two vectors k and e;, the jth unit vector. We need to identify all

q

the possible states of the system and obtain the balance equations for every state. We note that
each transition equation is a complex multidimensional difference equation for which there is no
standard mathematical approach to solve, while in order to find the steady-state probabilities, we
need to consider and solve all the transition equations in a single system. Therefore, we use the
verification approach, identical to the mathematical induction, to show that the closed-form results
hold. The symmetric CPC system has in general 10 distinct transition equations as follows:

i) For k=(0,...,0)=0,,%; the flow balance is straightforward to obtain. k can either go to
(k—l—xef) with rate A or come from the state (k+e1T) with rate . As a result the flow balance

equation becomes: 7 =T, 7 Where r = A/Ji.
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ii) If k=1iel with 1 <i <z —1 then the state k can go either to sate (k — elT) with rate [ or to
the state (k + xeg) with rate A. It also can either come from the state (k + ef) with rate zi or the

state (k + ezT) with the rate fi/2. Thus, the balance equation becomes:

1
(1+r)7rk:7rk+elT+§7Tk+eér. (0.1)

k
iii) If k =dv,, with v, = > ejT where 1 <k<n—1and 1 <i<z—1 then the state k makes a
=1

transition to state (k—i—xe,z;rl) with rate . It also makes a transition to the state (k— elT) with

rate . In addition, the two states (k—l—elT) and (k+ef+1) make transitions to the state k with

rates fi/k and (1“##;?11)1“:1}) 1, respectively. Therefore, the balance equation becomes:

Loz + (K + 1)1y
Tktel, - (0.2)

1
(1+7’)7Tk:kﬂ'k+e’{+< ]

iv) If k=iv; with v =" el and 1 <i <z —1 then k can either come from the state (k+ el )
j=1

with the rate 1i/n or go to the state (k — elT) with the rate fi. Therefore, the flow balance equation

becomes: T, =+, el (Note that as we do not distinguish between the slots k+e7 ,..., k+e! all

refer to an identical system state, where for notational convenience, here we represent with k + elT)

v) Define ¥(k, z) = Zz:

Q
gcq(k)} for any 1 <2z <@ with 9(k,0) = 0. The the state k=) c,v,,
q=1

Q
with 0<ec; < <...<cg,1<¢,<z—1wherev, = > el and1<3
uegcq(k) q=1

the state k + xe@(ka)H) with the transition rate A, and to one of the sates k — e@(k7z_1)+1), for all

gcq(k)’ <n-—1 goes to

1 <z <Q, with the transition rate %ﬁ k also comes from either the state k + ez‘pﬁ(k’Q)H) with
- (& c k c1= .
rate ¢t where ¢ = <1{ 1>1}+(Lg(k1;)ﬂjl)l{ L ”) or from one of the states k+eg(k7271)+1) with all

1 <2< Q, with rate ¢(z)1 where

_ 1{0z+1>cz+1} + 1{Z=Q} + (‘gcz-u (k” + 1)1{Cz+1=(/'z+1}
7= 7k.Q) '

As a result the flow balance equation becomes:

Q
1 ) . 0.3
( —+ T)7Tk ¢17rk+e%:9(k,cg)+1) + ; ¢2(Z)7rk+e%:9(k,zfl)+l) ( )
Q
vi) If k=) cove, with 0<c1 < <...<cg, 1<¢; <z —land v, = ) el and |Gy(k)|=0
qzl UEgt:q (k)

the system goes to one the possible states k—e@(kyz_l)ﬂ) with all 1 <z < @Q with the transition
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Ing

rate u, and comes from one the possible states k + ew(k o—1)+1) With all 1 <z <@ with the

transition rate ¢3(z)u where

]-cz cz+1 +]—z: +(
Qbs(Z):( {cz41>c2+1} {z=Q}

ngH (k)} + 1)1{Cz+1cz+1}>
n

As a result the flow balance equation becomes: m = 2521 ¢3(z)m - . For example, take
*(ok,z-1)+1)

k=(1,1,2,2,3) then ¢; =1, ¢ =2, ¢3 =3, |G,, (k)| =2, |G, (k)| = 2, |G, (k)| = 1. Moreover, ¢, =
¢1+1 and ¢3 = ¢y + 1. In addition, k+e 9041 = (2,1,2,2,3), k+e(19(k1+1 (1,1,3,2,3), and

k e 1,1,2,2,4 Thuswehave:w-w
T €((,2)+1) =(L1, )- k k+e(19(k 0)+1) +3 5 k+e(19(k 1)+1) +3 5 k+e(19(k 2941)

|G (k)|
vii) For k=xzv,, where v, = Z el and |G, (k)| < n, the flow balance equation becomes:

Loy + (19 (&) +1) 1oy
1 =
(14 7)me "Me—xelg ), + < 1G. (k)| +1 Metefig, or+n”

n
viii) For k=zv,, with v, = }_ el the balance equation can be expressed as: m, =rm_ ..
J

u=1
Q |G (k)| |G (k) [+9 (k,q)
ix) If k=av, + > ¢,v., where v, = 3 el and v, = > el |Go(k)] > 0 in
q=1 u=1 u=|Gz (k)|+9(k,q—1)

which ¥(k,0) =0, and cg1 = 0, the system goes to the state k—l—xeagz(k)lw(k’@“) with rate

T . Ga (k ~ T
A or to k—e] with rate (W)u or to one of the states k —e (g, ) +o0c:-1)41) 2 =

c k ~ s o .
., with rate <|gl(gk§|++119((1z’cg)> 1. In addition, the state k makes a transition either from the

T . o~ 14+|Ge (k) 1 c1=
state kK +e€ (g, a0 1vx,0)+1) With rate ¢sp where ¢4 = <W> or from one of the states

k+ eagz(k)‘w(k’zfl)ﬂ), 1 <z <@ with rate ¢5(z)u where

¢ (Z) _ {Cz+1>6z+1}+1{2 Q@ H( ’952-&-1 k)’+1)1{ﬂz+1 =cz+1}
5 1Gz (k)| +9(k,Q)

Hence, the flow balance equation is expressed as:

Q
1 = 1 . 04
(14 7)m T TP kel o T Zl¢5(z)ﬂﬂkﬂ(Tgx(k)Hﬁ(k’Z_UH) (0.4)
Q |G (k)] |G (k) |49 (k,q)
x) Finally, if k =av, + > ¢gve,, with v, = Y el v, = > el |Go(k)| =0 with
=1 u=1 =[G () [+ 0(k,q—1)

an argument similar to those used before, we find the balance equation as:

T
kel g (1|49, —1)+1)

(0.5)

Lie, >et1y T 10y + (
T =TT Tt

gcz+1 (k)‘ + 1)1{Cz+1252+1} )
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Verifying the closed-form solution with items (i) to (iv), as well as items (vii) and (viii) are
immediate. Therefore, our main task is to show that the closed-form solution is true with items
(v) to (vii), (ix), and (z).We only verify the solution for item (v) as the rest items are verified
similarly. We show item (v) in three stages:

I. First, we consider the case where ¢; > 1 and ¢; 1 > ¢;+1 for all 1 <j < Q. Applying the closed-

. . . _ 3(k,Q)
form solution to the left side of |O.3] we establish that (1 + r)m (’gc1 0] (6 30|52 (k)‘)(l +
r)r?®Q Next, for convenience, we define R, (k) 2 <1[61>1]+<\§&g))ﬁ1>1{c1—1}) ktels e+ - Then
. . . 9(k,Q)+1
for the first term in the right side, we get R;(k) = m(\g 09 160, 09| (k)|)r . Some
simplification yields
I(k,Q v(k,Q)!
mo=( e Jrivt =D, (0.6)
G., ()] 6., (0)]... |G, (k) f1[a., o)
q=1
For the second term in the right side we first define
1 c cz +1 z= + c +1)1 c =c,
Ro(k,z) 2 [ Henizetty H i) ([Geer ()| + D Lpesyi=ecrny | 0.7)
I(k,Q) el (e,2—1)+1)

Next, after applying the assumptions in Ry(k,z) and some algebraic manipulation we find

Ry(k,z) =

(0.8)

Considering (0.6)) and (O.8]) , it is easy to show that the whole right hand side of (0.3)), i.e.,

R.H.S=R,(k)+ Z?zl Ry (k,z), reduces to

kQ k+1+2
z=1

| o) = DL (0.9)
L (K)|!

RHS=——""— Sl
Q
16, 0!

Cz

Q
1

After some simplifications, knowing that Zil G.. (k)| =9(k,Q), we find R.H.S = (1+7)m,

1 K)|+1)1. _ Kk
II. If ¢; =1 then it is easy to see that ( {Cl>1}+(1‘9§z1‘2é)ﬂr ) {Cl_l}> = (i;'f&ii) . Hence, after

some simplification R, (k) can be expressed as R, (k) =9(k,Q)!r G, (k)}!, which is identical
to (0.6]). Hence, from this point on the rest of the steps are the same.

ITI. Finally, if for any arbitrary 1 <z <r—1, ¢,41 =c, + 1, then we find



Najafi-Asadolahi and Fridgeirsdottir: Cost-Per-Click Pricing for Display Advertising 5

o (151900 V@) r”
ke >‘( 90k, Q) )(gq(k)! G, (16,09 =1) (|6._., 09| +1)... %“‘)\) |
(0.10)

After some manipulation (0.10)) reduces to Ry(k,z) = !, which

G...09] 90, Q) 1/ 11 [6., 09

is the same result as in (0.8]). As a result, all the steps for verification will be identical afterwards.

Hence, the proof becomes complete. W

Lemma 1 For anyn €N, and peRT, n— (n+1)p+p" ™ >0.

Proof The proof is with induction. For n =1 the verification is immediate. Next, we assume
that for n=k, k— (k+1)p+ p*™' >0 holds. Then, for n=Fk+1 we have k+1— (k+2)p+ p**? =
(k—(k+1)p+p )+ (p—1)(p*T! —1). Due to the induction assumption, the first term is always
positive. For the second term we consider that if p > 1 then p*+! > 1. Hence (p — 1) (p**! —1) > 0.

Furthermore, if p <1 then p*™' < 1. Hence, (p—1) (p*™ —1) >0 and the result follows. W

Proof of Proposition 3

(t) Showing 0P, /Or > 0 is the same as showing 0P, /Jp > 0 in which p = rz. From Proposi-
tion 2 we have P,, = p™ (1 —p) /(1 — p"*!). Taking the derivative of P, with respect to p, we find
P, /0p=p""t(n—(n+1)p+p"™) /(1 —p"*1)*. By Lemma [l the numerator is positive and the
proof follows.

(i) P,(z + 1) — P,(z) can be simplified as P, (x + 1) — P, (z) =Y " r" (2 (z + 1)" — 2" (x +
DY/ (r(x+1)) 37" (rz)?). The right hand side is always positive if and only if ' (z +1)" —
x"(z 4+ 1)* > 0. However, this identity always holds since it is simplified to: z/(z + 1) <1, which
always holds. Thus, P,(z+1) — P,(z) > 0.

(iti) Some manipulation yields P, (z)—P,(z) = —(rz)"(ra—1)/(((rz)"** =1)((rz)"**-1)) <0,

which is always negative because ((rz)"™! —1)((rz)"™? —1) >0 and the result follows. W

Proof of Proposition 4

(i) To show L is increasing in = we note that L(z + 1) — L(z) = > i (Py(x +1) —P;(x)).

After some manipulations it can be shown that L(z + 1) — L(z) = (3 ,Gi(z,t)r" +
2 Gl ) (g (& + 170 gr09), where Ga(.8) 2 XL+ 1)i((25)" ~ (7))

and Go(z,t) = Y@+ 1)4((557)7" = (357)7). We separately show that Gi(z,t) and Gy(z,1)

are always positive for t = 2k and for t =2k + 1.
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(i-1) For t =2k, Gi(x,t) reduces to Gy(x,2k) = (z + 1)*r23" i(2k — 20)((z5)" — (G5)*7),

r+1

where (%H)l — (Til)Qk © >0 since 2k — i > i. Hence, the result follows. With a similar argument

for n=2k, we find Gy(z,2k) = (z +1)%r2*SF  (2k — 2i)((;57)" — (557)™), where it is easy to

see that (;7)" — (;57)" > 0. Hence the proof follows.

z+1
(i-2) For t =2k +1, Gy(z,t) reduces to Gy(z,2k+1) = (z + 1)2+1p2k+1 50" 1(2k+ 1—24)((=2

z+1 )Z -

(2P +R((Z5)* = (354 Tt is casy to show that () ()1 2 0, since 2k-+1i >

0. In addition, It is clear to see that (;37)" — (;37)**" > 0 always holds. Hence, Gy(z,2k+1) > 0.
In a similar way, Gy(z,2k + 1) can be expressed as Gy(x,2k + 1) =25+ (z + 1)1 (2% +
1-2i)((55)" — (G5)™) +E((55)" — (357)"), which is always positive.

(i) In order to prove L’s convexity in x, we note that convexity only holds for rz > 1. Convexity
of L on a real continuum of x implies its convexity over discrete values as well. Thus, assuming
x a real variable and after taking twice differentiation of L and making some simplifications, we
find that 0*L/0x* = Y77 (370 (ST _or a2 — i) (i 4+ — 1= 2k) /(30 (ra)?)?, where it
is easy to show that for rz > 1 the numerator is always negative. Hence the proof follows.

(iii) To show L is increasing in 7, we note that L =377 ji(rxz)’ /3" (rx)?. Taking the derivative of
L we obtain 8L /dr = (Zile " (ra) (2 - z'j)) /(S0 (ra))2. We note that OL/0r > 0 if and
only if 77, >0 (ra)™*/ =1 (i* —ij) > 0. After applying the new indexing ¢ =i+ j and simplifying,
we find Y77 30 (ra) (i —dg) = 3o, 5t(t + D)(E 4 2)(ra)' Tt + ZonJrl%(Qn —t)2n+1—
t)(2n+2—t)(rz)"~!, which is always positive, and the proof is complete. An argument similar to
the one used in part (i) shows L’s convexity in r, which is omitted.

(iv) In order to show L is increasing in n, we need to show that L,.(z) — L,(z) = H(p)/G(p),
p=rx where H(p) =1+n—2p—np+ p"? and G(p) =1 — p"* + p?"*3 — p"+2. To show the
positivity, we show that for all p >0, H(p) >0 and G(p) > 0. After some easy differentiations, we
find H) = —(n+2)+p"*'(n+2) and H;/ =(n+1)(n+2)p" >0. From H, and H,;,, it is easy to see
that H(p) is convex with a global minimum at p = 1. Hence, for all p >0, H(p) > H(1) =0. Using

a similar approach it is easy to verify that G(p) has a unique global minimum at p = 1. Hence,

G(p) > G(1) =0, and the proof follows. W

Proof of Proposition 5
(i) The first derivative of R(A) with respect to A is OR(A)/OX = (OI'(A)/ON)p(A) +
(Op(N)/ON)I'(N\). Thus, the second derivative is expressed as 9*R(\)/ON* = (021'(N\)/ON?)p(N) +
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2(0'(N)/ON)(Op(N)/ON) + (02p(N)JONH)T(N). To show O?R(AN)/ON? < 0, as Ip(N\)/OX < 0 and
9?p(N\)/ON? <0, we need only to show I'()) is increasing concave in A. That is, I'(\) /O > 0 and
0?I'(\)/0X? <0. By definition, we have I' = Az(1 — P, ()\)) = piraz(1 — P, (A\)). In order to show the
result, since I' is a function of A only through » and [ is constant, we take the derivative of I
with respect to r. As i is constant, for convenience, we scale i to = 1. Then, based on Lemma
showing I'/Or > 0 and 0*I'/dr? <0 is immediate. Hence, the result follows.

(i) The proof of part (ii) is immediate from OR(A)/0A in item (i). W

Lemma 2 For any n€N, r€R, F(z) 2 Do 2 io(re) (n—i+1)(n+i—2j) >0,

Proof Some rearrangement gives F(x) = Y7 ((rx)'[D07_(n — i+ 1)(n +i — 2j)]. Next, It is
easy to show Y7 ((n—i+1)(n+i—2j)=i(n+1)(n+1—14)>0. Hence, the proof follows. W

Lemma 3 For any x €N, neN, pu,feR,, I'=prz(1 —P,(r)) is increasing concave in r.

Proof Taking the first derivative of I' = p) 7", (rz)"/3°"_(rz)’ and simplifying yields
orjor =py . i(ra)'/(r(377_o(rz)?)?) > 0. In order to show the convexity, taking the second
derivative of I' with respect to r and simplifying yields 0*I'/0r* =y ", >0 (re)™i(i — 1 —

25)/(r2(>2"_ (rz)?)?). After the reindexing t =14+ j, 9*I'/Or? can be expressed as

Jj=0

S () i3 -2t = 1)+ 30 ()t S, (30— 2t — 1)
r (Xho(ra))

9*I'(r)
or?

=1 <0, (0.11)
which proves the proposition. To see the reason that holds, it is easy to show Z:Zl 1(3i —
20—-1)=0,1<t<n,and >, i(3i—2t—1)=(n+1)2n+1—-t)(n—1t)<0; n+1<t<2n.
Hence the result follows. W

Proof of Proposition 6

Taking the first derivative using the chain rule, we find dR(A\*)/dn = OR(\*)/On + OR(\*) /O X
OX*/On. However, as A\* satisfies OR(\*) /0N =0, we find dR(A*)/dn = 0R(\*)/On (Envelope The-
orem). Next, we get OR(N*)/On =1/ x [0I' /on x p(A*,n,z) + ' xOp(\*,n,z)/0n]. We show that
OR(X*)/On =0 has a single root. To see the reason, we note that 9I'/On > 0 and 9*I"/On* < 0 (see
Lemma {)), Op(A*,n,x)/0n <0, 0*p(A\*,n,z)/On < 0. Hence, ?R(\*)/On* <0, i.e., OR(N\*)/On is
strictly decreasing in n. Therefore, it crosses the zero line at a single point, namely, n*. If n* >0
then for all n <n*, R(A\*) is increasing in n and for all n > n* it is decreasing in n. If n* <0 then

for all n >0, R(\*) is decreasing in n. W
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Lemma 4 Givenx €N, neN, Ae R, , I'=rz(1—P,(r)) is increasing concave in x, and n.

Proof 1In order to show I, <I',.4, it is sufficient to show 01, /0x >0, since if I, is increasing

in real-valued z, it is clearly increasing in discrete-valued z, which implies the monotonicity result

r[l—(rz)"+n(rz)"™ (rz—1)]
(o112

we look for. However, 0I,/0x = > 0. Hence, the result follows. Similarly, to

show I''s concavity in z, it is enough to show that I, is concave in real-valued z, i.e., 0°I, /0x* <

0. However, this result is clear because the second derivative can be expressed as 0°I,/0x* =
_(1+n)r(rm)"( 2rz(—1+(rx)™)+n(— 1+rm)(1+(rm)1+"))
( 1+(Tx)1+")

In order to show I”s monotonicity and concavity in n, as in the previous part, it is easier to

, which is negative based on Lemma

show that OI,/0n >0, 8°I,/0n* <0, since if the two properties hold in the continuos setting,

(rw)n+1 (ra—1)In(rz)
(CEEVE

they will hold in the discrete setting as well. It can be seen that 91" /On = >0 and

re n+l re—1)(1+(rzx n+1 In[(rx 2
O Jom? = — e e e ()

< 0, which proves the result. W

Lemma 5 Let h(p) =—2p(—1+p")+n(=1+p) (14 p**"). Then sign(h(p)) = sign(p).

Proof Tt is easy to see that h'(p) = (24 n) (1 —(1+n)p" +np'*t™) and h"(p) = n(n+1)(n
2)(p — 1)p"~*. Hence, it can be seen that h(1) = h'(1) = hn(l) =0 and h"(p) >0 for p>1 and
h'(p) <0 for p<1and h'(p) >0 for all p. Hence, h(p) is an increasing function with the inflection

point at p=1. Thus, h(p) >0if p>1and h(p)<0if p<1. W

Proof of Proposition 7

(i) We need to show that % < 0. By Implicit Function Theorem, we have

* 32R()\*) 82[‘()\*) * AL (\*) op(A™,,n) 02 p(\*,z,n) BF(A ) Op(\*,x,n)
ON' e _ oo p(A\",@,m) + =57 o LV = + o2
- 2 *) 92 * * * 2 * 9
oz 8RO PLOD p(A*, 2, m) + 22LA) Wrzn) | p(ye)2 p%f )
(0.12)

. . . ips OR(\* ar(\* Ap(\*,z,n
in which by First Order Necessary Condition we have # = #p(/\ x,n)+I (A )pT) =0.

Note that since z is discrete we are slightly abusing the Implicit Function Theorem. Consider x

to be continuous rather than discrete. It is clear that if A\* is increasing in real-valued z, it is

ar(*)
Y

increasing in discrete values of x. Similarly, if I"(A\*) and are increasing (/ decreasing) in

any increasing sequence of real values x then the monotonicity holds for any increasing sequence

. . .. . 52 R A* .
of integer values x. As A* is a maximizer of a concave function we have ( ) <0 (Proposi-

tion 5), i.e., the denominator is negative. In addition, since 8”@6# <0 and 6”;’\# <0, we

are left with showing 6281;59’:)]7()\*,90,71) + ara(,\ )ap(,\ T ") < (). Using the FONC, 2% 8/\ p()\*,x,n) +
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* * * 2
I\ 2521 — 0, we need to show g(A\*) = 252 8000 aaz;g\ L I(A\*) > 0. Without loss of gen-

erality, we set =1 and thus A* =r. Now, we have I'(r) =Y "  (rz)’/ Z?:O(rm)j. After some
simplification, we find OI'(r)/0z =37, i(ra)'/(x(3]7_y(rz)?)?). Hence, (OI'(r)/0z) (0T (r)/0r) =

4

S Y () i (5 (ra)T ) Moreover, S505 = Y3 ST (r) (2 = 24) /(3o ()

Hence, aaigZ)F()\*) can be re-expressed as aaig’;)F()\*) = D Do Doy () TR

2i5)/ (32— (rz)?)*. In order to show g(A*) >0 it is enough to show

P(z,r,n) ZZ ra) I ZZZ ra) TR (2 - 245) > 0.

i=1 j=0 i=1 j=0 k=1

Note that we can represent P(x,r,n) with the following form P(z,r,n)=3"" ¢,(rz)""', in which
¢; is the appropriate coefficient of the term (rx)'~'. We show that P(z,r,n) >0 by showing ¢, >
0, 2 <t <3n. We consider the three intervals 2 <t<n,n+4+1<t<2n, and 2n+1 <t <3n. We
need to show ¢; > 0 holds in each of these intervals separately. Since the procedures of proofs for the
three intervals are similar we only show for 2 <t <n. For every t € {2,...,n} the coefficient of the
term (raz) =" in Y77, Y70 ((rz)™*77lij becomes S i(t —i), and the coefficient of (rx)*~! in the
second sum, Y7 370 (S0 (ra) RN — 245), becomes S S (12 = 2i(t — i — k). Thus,
we find ¢, = >0 i(t—i) = S0 S (1% — 2i(t —i — k)) = 0. This is true because S_ i(t — i) =
S Z’;:l(ﬁ —2i(t—i—Fk)) = in(n+1)(n+2). Using the same procedure, it can be checked that

¢; > 0 holds for other intervals as well.

(ii) The proof is immediate from part (i) and that dp(’\;f’”) = ap(A;A’w’") o 4 W. [ |

Lemma 6 Givenx €N, reR,, I'=rx(1—-P,(r)), if re > exp(l) then adI;g:L) <0.

Proof Using the formulation of I" and some simplification gives:

T (N, z,n) _ (ra)™(B+ Aln(rz))
OXOn ((rx)ntt —1)3 7

where A= (1—rx)(1+ Y., [(rz)"™ — (rz)']+n) and B=(1—rz)(1— (rz)"**) > 0. Since rz > 1,
it is clear to see that A <0. Thus, B+ 1In(rz)A < B+ A. On the other hand, it can be shown that

B4+ A=(1—rz)(1+ (rz)> 02 (re)™" — (re))] + (rz)((re) —1)2 +n+1) < 0. Hence, 762F8(§;;f’") <

(T?)(:iﬁ:ﬂnl(;f)) < ((( ))n(ﬁJrf)g < 0. Hence, the result follows. H

Proofs of Proposition 8

(i) We need to show that % < 0. By Implicit Function Theorem, we have
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" 2R(\* 22r(n\* N ar(\*) o A*,a;,n Zp(\*,z,n Ar(\*) ap(\*,z,n
O\ B mgn) B 8/\5%) ()\ T n) ( ) 9p( ) F()\ ) pg i~ ) ( ) p(an )
2 * 2 * *mn % 2 *7wn 9
on 9 5)55\ ) a g)\z PO,z n) 281“(/\ )BP(A r'(\ )0 p(g\/\2 )

. . . o OR(\* or(\* Op(\*,z,n
in which by First Order Necessary Condition we have # = #p()\ x,n)+ I\ )pT =0.

2 *
Based on Proposition 5, it is clear that 2 (f;(; ) < 0. Based on the proposition assumptions and
Lemma (4} it is sufficient to show that 2 61;\(; ) < 0. However, for rz = (\*/fi)x > exp(1), this holds

based on Lemma @ Thus, for rz = (A\*/f)x > exp(1l), 5 9 (. In addition, it can be shown that

61“/\)

1 Oap()\)

S e > 0.

rv)

OAOn -

when rx =1, i.e., \* = [i/z, then 2 — (ni1)2 >0 and

2(n+1)
Hence, 2 > 0 in the neighborhood of \* = u/ x. Therefore, by Rolle’s theorem there exists a point

w e [ﬁ/:c,exp( )it/ x] such that for \* = w, —O for \* <w, An > 0; and for \* > w, % <0.

(i) By Implicit Function Theorem:

dp(\*,z,n)  Op(\*,z,n) N Op(A*,x,n) ON*
dn N on O\ on’

~
<0 <0

It is clear that when 2~ > 0 then M < 0. That is, if the publisher decides to attract more

PN ) i
w may become either positive
n

advertisers it optimally lowers its price. But, 1f " <0 then
or negative. That is, if the publisher sees that it needs fewer advertisers it may decide to increase
or decrease the price. The increase or decrease of the price depends on whether the impact of the
reduction of A on the price increase is greater or the impact of the price penalty for adding an

extra slot. W

Proof of Proposition 9

The proof is immediate by the definition of the CTR and the explanation in the text. W

Proof of Proposition 10

(i) The optimal revenue using the CPM pricing scheme is Repm(A5,,) = A,.(1

cpm

PP (N pmi iy N, 1) ) N Depm (A The optimal revenue of using of an alternative equivalent CPC

cpm )

pricing scheme is Repe(A5,.) = AL (1= PrPo(NS, 05 1, N, 1)) 2pepe (A As we assume that the pricing

cpc)

schemes are equivalent (generate the same optimal revenues), we have Ry, (A:,.) = Repe(AL.)-

cpm cpe
cpm _ pCPC(A:pc)I(lfIP?LpC( ch))
Hence, by dividing the two revenue functions, we find that Mo = perm OB NA—PT™08)) Thus

Apm/ Aepe > 1 if the right side is greater than one.

(i) 1t is easy to show that CTR(]) is decreasing in A, i.e., 0CTR/OX < 0. Thus, with A}, <\’

cpe)

we have CTR(X:,,.) <CTR(\:,). W

cpm cpe
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Proof of Proposition 11

In order to derive u?™, we note that there are two streams of viewers that consider subsystem
(j,m). The first stream consists of viewers who consider subsystem (j,m) as their first choice
referred to as W}, := uw;,, where u is the advertisers’ arrival rate at the website. From those
viewers, S} = W} (1 —P}™) can see real ads while the rest B}, := W} P}™ only see filler

ads on display in subsystem (j,m). Therefore, W (g h) =af h31 of them consider subsystem

, M

(g, h) while the rest Bj, — W( i %h) immediately leave the system. From those viewers who consider

(9:h) of

the subsystem (g,h), BL9" = Wh9MPpeh gace only filler ads. Therefore, W2, = a;”,?B(] )

(4,m) (d:m)

! (g h) —W?,, leave the the publisher’s

them consider subsystem (j,m) once again, while the rest B
website. In short, W?  is the fraction of the W}, viewers who consider ads in subsystem (j,m) as
their first choice, but after experiencing a complete loop would consider subsystem (j,m agalrﬂ
Note that theoretically this loop of events can be repeated infinitely. However, in practice ai’m or

af]’",f can be near zero meaning that viewers may leave the website quickly just after once or twice

visiting of subsystems with filler ads. Given this, in loop &, we find

Sim = Wi (1=F5™), (0.13)
WE, = W m (@ mad PPy h) L k=1,2,...

where S¥, is the fraction of the pw;,, viewers who initially consider subsystem (j,m) in the
first loop and after a few unsuccessful attempts eventually visit and consider real ads posted in
subsystem (j,m) in loop k. Hence, the overall number of viewers in the first stream (only in

interaction with subsystem (g, h)) is expressed as

o0
g,h) _ Jm g,h oM g,h\® 1
(Jm Z —,uwmn — P Z @jm ghIED PG )

oo m (1 — ™) )
= 1<g<J, 1<h<M? (g,h)#(j,m) (0.14)
h mpj,mmg,h’ ’ ’ ’ ’
1— a7 ad VP PE

The second stream of viewers includes those who initially consider subsystem (g, k) but finally

visit subsystem (j,m). Based on a similar argument it can be shown that

Sphm = W (1 —phm), (0.15)
r,(j,m Jh s ,mpJ,m s
W™ = ey P al (admal TPETREM) T k=12, .

! Since the subsystems can belong to different pages, the publisher might post new ads in a subsystem before a viewer
re-checks it. In addition, some ads may leave the subsystems and give their place to other ads or filler ads.
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”7(]
where S(g,h

(g,h), but shifted to consider ads in subsystem (7,

’)m) is the fraction of the pw, ;, viewers who had first selected to consider ads in subsystem

m) instead, in loop k. Thus, the total number

of viewers in the second stream is

,m) m j — mipJ,m s -1
Stom = ZS@% = ng P g (L= Y (ol i PG RE")
k=1 k=1
oy P8 (1~ ) .
1 JmPJ mpm
]m gh

Therefore, the overall number of viewers who successfully visit subsystem (7,

m), considering the

interactions with all other subsystems, would be

= (1B

while the overall number of viewers who visit subsystem (7,

unsuccessful attempts) is

wam+zg 12}1 1w9hpgh

Jsm

9, h
Wj,m + Zg 1 Zh 1wy,h}P> g h

— <g£>¢um> gt 1<j<J 1<m< M,
g=1 22h=1%,mY n
(g,h)#(j,m)

m) (including both successful and

oy
(9, h)#(ﬂ m)

=

Hence, the proof is complete.

h
SO ED DTS < s

1<j<J 1<m< M.
(g,h)#(j,m)



