Online Appendix to Inventory Management in Humanitarian Opera-

tions: Impact of Amount, Schedule, and Uncertainty in Funding

LEMMA 1. Gz, w? w},...;w; ™t R, OF,) is jointly convex in z,,w?,w},...,w} ™" for fized R, and OF,.

Proof
The proof proceeds through induction on the number of periods to go. We know that Gj(.) =
0V (g, wl,...,w" 1, Ry,0). For t <\, no new orders will be placed in period ¢ since the order will not be

received before the end of the horizon. Therefore, for ¢ < A, it follows that for every (R;, OF}),

G (xpw),...,w) Ry, OF,)
= ft(mt +w?) + Egtft,l(xt +w? +wy — )+ ..+ E(t,,_.,ngl(wt w4+ w T =G =G — . — () (10)

where f;(x) = hE [z — G|t +bE, [¢; — 2] . From equation (10), it follows directly that G is jointly convex
in zy,w?,...,wp " for every t < \. Now,
Gy (g1, Wy gy WATT, Ragr, OF 1)

0
_ min { conpr + 0 [Gorr — @ar —wi ] T+ hE, [ﬂ?AH +wliy = Glt }
- A 0
OSZ,\+1SR>\+1 —IP,\-¢C1 +EOF)\\OF>\+1ECX+1G)\(‘Z)\+1 +w>\+1 C)‘+1, w>\+1,ZA+1,R)\+1 7CCA+1+OF)\+1 OF)\,OF)\)

(11)

From the convexity of G3 in xy,w?,...,w3™", it follows that for fixed (Ry;1,0F\;1), the function to be

minimized in expression (11) is jointly convex in @yi1,wS, ,...,w3;1 and 2y ;1. Now notice that for fixed

Rai1, C={(zrp1, 08,1, wii1, 2a41) 1 0 < 2y < R*E“ —IP,;1} is a convex set. Then using proposition
B-4 from [Heyman and Sobel| (1984), we see that G}, is jointly convex in le,ng,...,wi;} for fixed
(Bat1,0F541).

If we let the induction hypothesis be that G} is jointly convex in z;,w?,...,w; " for any given ¢ and fixed
(R:,OF,), then using an argument identical to the one following expression (11), we can show that G}, is
jointly convex in ;41,0 q,...,w}r} for fixed (R,41,OF;11). This completes the induction.

Proof of Theorem 1

The proof proceeds through induction on the number of periods to go. We know that NV () =GJ(.) =
For t < A, orders placed in period ¢ will not be received before the end of the horizon and hence, no orders
will be placed during those periods. Therefore, on—hand or future funding inflows become irrelevant and
hence, for every (R,,OF,), G} (zy,w?,w}, ...;wp ™' Ry, OF,) = NV (zy,w?, w}, ...;w} ™) ¥V t < \. Then, from

expression (10), it follows that NV, is jointly convex in zy, w?,w},...,w; ™' ¥ ¢t < X. Now,

. . czy41 + bE (1 —Tag1 — W +hE a1+l — Gl ™
NV,\A+1($/\+17UJ2+17 7w§+i) = m { CHl[ /\H} CAH[ At ]

+EC>\+1NV)\)\(I/\+1 +w2+1 <A+1,w,\+17 w;+17z>\+1)
(12)

From the convexity of NV}, we have that the expression to be minimized in equation (12) is jointly
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convex in @y, wl,q,....,wy;; and 2yy1. Two important results follow: (i) NVJ,, is jointly convex in

Trp1, W, .., wisy- (i) The specific form of equation (10) implies that there exists a base stock level y3} 1,
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independent of xy;1,w, q,...,w3 1, such that 25 ;=max (y3%; — IPy4+1,0) minimizes (12). In general, we

can show through induction that NV is jointly convex in z;,w?,...,w; ' and that there exists a base stock
level y;, independent of x,,w?,...,w; ™", such that z;=max (y}* — IP,,0) is the optimal order quantity in

period t.
A 0 A-1
];\IOW7 G>\+1(l‘>\+1,w>\_‘_1, s Wy R>\+17 OF>\+1)
0 + 0 +
= min 21 0B, (O = oaga — w7+ B¢, Pi”il + w1 — O]

- by 0 ~

0<erp1 <24 _1py +Eoryj0Fa1 E<A+1G)\(x/\+1 F W = Cag1y o W15 241, Bagr — ¢Qgr + OF 1 — OF), OF))
= min { czp1 +bEe, [ — g1 —wd T+ hEcprAl [fwrl Fwl =Gl } (13)
- A 0 1 _

0<z)41< Bats —IPy 4, +E(>\+1NV)\ (mM—l +wiyq, — <A+1»w)\+17 '~~,w>\+172)\+1)

c

where the second equality follows from the fact that NV} () = GX(., R, OF)) ¥ (R, OF)). The expressions

to be minimized in (12) and (13) are the same, implying that 25, =max(min(y3%, — I Py;1, R*C“ —IPy41),0)
minimizes equation (13).
Now consider the following cases.

Case 1.1: IPA_‘_l > yif‘_l

)\—1)

A 0 _ A 0 A—1
NVA+1($/\+171U>\+17~-~71U>\+1 *GA+1(93A+1/LUA+1’-~-awx+1aRA+1aOF>\+1)

0 0 A 0 1 A—1
=hE¢, [T Fwl g — Gl T H0E L (G — Tagn —wl o T B NV (@ +wl gy — Gty Wy gy - WG, 0)

where we have again used the fact that NV} (.) = GX(., Ry, OF)).

* R *
Case 1.2: IPy11 <y3iy, = >3

c

A—1

A 0 _ 0 A—1 _ 0 +
NVA+1(33/\+177UA+17 ~-~7w>\+1) = GA+1(xA+1aw,\+1a e WY R, OFy 1) = hECA+1 [Tr41 T Wi — Gl

+ bEng [CA+1 — Tx41 — wgm* + C(yiil - IPA+1) + E(>\+1NV)\>\(-T>\+1 + w§+1 - <A+1»w)1\+17 ~~~»wi\ﬁ»y;il - IPA+1)

ANV G ANV 8G?}
A+1 — A+1 and A)\+1 _ ‘)\+1

Oz x4 T \11 ng\Jrl _Dw;\+l

In cases 1.1 and 1.2, NV, (.) = G341 (-, Ra41,0F)\41). Therefore,
0,1, A—1.

Case 1.3: D241 < g

c

)

NV (a1, wl g gs o wiis) = BEe, (g + 0l g — G T + 0B [ — 2agn — w4 |7 +e(yaty — IPaya)

A 0 1 A1 A
+Eq  NVY (Trp1 F W31 — Qg1 Wapgs s Wai 15 Yags — I Pag1)

A 0 A—1 _ 0 + 0 +
Gt (Tag1, Wy g1y o WG, Bag1, OF 1) = hEe, | [2ag1 w0y — Goa] T + 0B, (G — 2o —wy ] T + Ragr — el Paya

R
A 0 1 A—1 A+1
B NV (@agn + Wiy — Gop1s Wy gy o Wig1s — IPy;1)

Using expression (10), we see that

ONVL ONVQ _
AL = ML = e hFyir(wagn + w00 1) = bFag1(mag +wd ) + =
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+...+ EgH_l,m,gg

and
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- C/\+1 e T C2)

8$A+1

A A
For fixed Ry, 1, the last term is 0 in both the above equations. Therefore 8]\;‘;“1(') 3NVA+1( ) _9G3 11 (WBr1,0Fx 1)

A+1 owl 0w 41
A
_ 9G4 (- R,\+170F>\+1)

5 . Similarly,
wA+1
ONVY,, o4 E Ofs(Trr +wd g +wiyy —Cagr) oA Ofi(yais — g1 — o — CG2)
Al - Ca+1 wt [SERTING) dwl
A1 A1 A1
and
_ : R
0G4 Ofa(wrsr +wl g +wiy g — i) of1 (= o= G2)
__C+ECA+1 1 +"'+ECA+1,~~,C2 1
ows 44 Owy 41 Owy 1y
A
Again, for fixed Ry, 1, the last term is 0 in both the above equations. Therefore, 2 av*l“( ) _ 9% ai“l’OF”l) )
N A1
For any given (Ryy1,0F\ 1), following similar steps, it is easy to show that 61\;3“() 6G”1('£§+1 Ofsn)
A+1 A+1
Vi=1,.,A—1.
A A A A
Let the induction hypothesis be that BNBV;t(') =9 ('é’;Z’OFt) and 2NVE() _2GICRLOR) for any given
t t

(R;,OF,) and i=0,1, ..., A— 1. We will show that they hold true for t+ 1 as well. We know that
Gt/\+1($t+17w?+17 wt+1;Rt+170Ft+l)

_ min { Zep1 + 0B, [Cern Wia wg+1] +hEe, ., [$t+1 Fwlyy = Gl t }
0<z441 < th+1 —IPi4q +E0Ft\OFt+1 ECt+1Gt (xt+1 + Wiy — <t+17 wt+1 7zt+17Rt+1 - C<t+1 + OFi+1 OFtv OFi)
(14)

. N . . . ANV _ aG} ANV
From the convexity of G} and the induction assumptions = and ==t it follows that
t Oz Oz dwy Bwt ’

zf y=max(min( y7, — TPy, Rtjl —IP,;1),0) minimizes equation (14).

To prove the induction for t+1, the following recursive equation for NV*, t > A+ 1, would be useful.

NVM@eqq + w?+1 - Ct+1awt1+17 ~-~7w?-;117 zi1) = c(max(y,” — IP,,0)) + ﬂ($t+1 + w?+1 + wt1+1 —Gig1)
+E¢ o1 (o1 + Wiy +wly +wiyy =G =) 4o+ By s froatt (TPign + 21 — G — G — oo — Gioag2)
+ ECt ~~~~~ Ct,forlN‘/ti)\(xt*)\’w?—/\’ . wi\ >\1 ) (15)

Now consider three cases similar to the ones we considered earlier for t =X+ 1.

Case 2.1: IP, 1 > 4.4.

A 0 0 0
Gy (@, w) g, W) Rigr, OF ) = bE, [ — @pr —wy T+ hEe, (@i +w)yy — ] T

+Eor ok B G (@1 + Wiy = Geas oo w2, 0, Riy = €Goa + OF g — OF,, OF,)

and
N‘ﬁil(ﬂ%ﬂ»w&u - wt+1 ) bE<t+1 [Ci1—Teyr — wt—&-l} + hECtJrl [T111 +wto+1 - Ct+1]+
+ E§t+1N‘/; (Te 41 +wt+l - Ct+17wt1+17 wt+1 70)
A A A A
Since 2MVel) _0G(1eOF) o q ONVE() _9CG CRLOFY) gy 4 1,2,...,A — 1, it follows that, for fixed

Oxy Oz Bwt 8w

ANV (- ) _9Giy1 (G Ret1,0F41) aNV () _ 9G4 1 (R4 1,0F 41)
t+1 t+1 t+1 f+1 —
(Rt+17 OFt+1) Ere Ere and Bw 8wt+1 Vi= O 1 )\ 1.
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* R *
Case 2.2: TP, 1 <yfy, =S >y

A 0 A—1 Ak 0 0
G (@1, Wiy gy Wy Resr, OF ) = (ypfy — IPir) +0E¢,  [Gor — @en — w0l )T+ hEq, [wepn + w0y — G ]

+Eor 0541 Eerpy G (@eg1 + Wiy — Ggrs o w5 9051 = TPy, Rigy — Gopr + OF 1 — OF,, OF,)

and

Al)

NVA L (@1, w0 g, wii)) = ety = TPiyr) + 0B, [Gon — Togn —wiy ]+ RE oy +wly g — CGa] T

A 0 1 A—1 A
+ ECt+1NVt (mt—&-l + Wiy1 — Ct+17wt+1a sy Wiy 7yt-:1 - IPt+l)

Again, the induction hypothesis concerning the derivatives of NV;* and G} directly yields

8NV+1() G} 1 (. Rey1,0F 1) and 8NV+1() G} 1 (. Reg1,0F 1) Vi=0,1,.,\A—1
Oz Oz dwy 11 8wt+1 :

Case 2.3: t“ <yYrts

A 0 A—1\ _ (oA
Nvt+1(37t+17wt+1a sy Wiy q )= C(yt+1 - IPt—H)

+0E¢, . [Ci1 — e —wi T+ hEg [T w0y — Gl T+ B NV (@ +w)y ) — Goprs oo w1 U0y — T Pign)

From equation (15), we get

NVMarg1 + W)y = Cgt, Wiy o Wi Uit — IPrigr) = e(maz(y)” — (Uty — Gi41),0)) + fr(@eg + wiy +wi g — Gyn)
+E¢ fio1(Tega +wt+1 + wt+1 +wt+1 — 1 —G) o+ ECt,~-~7C1,_)\+2fi—>\+1(yg\il — 1 — G — oo = Giag2)
+ ECt ,,,,, Ct7A+1N‘/;);>\(xt*>\7w?7)\7 w;\ Al) (16)
In equation (16), z¢_x=y; — o1 — G — - — Geoag1, 1€, it s a function only of 4271, Cip1, Gesoons Grongr

wy_,, which is the order placed in ¢ equals maz (y;* — (yr1 — Gi41),0), i.e., it is a function only of 7, ¥, and

t+1. Following similar 1logic, 1t 1S eas 0O see a e state variables (T;_,W;_,... w are in ependaen
11. Following similar logic, it i vt that the stat iabl o e d dent
of (mt+17wto+1’ sz+11)
Gl (@1, 0 g, 0l Ry, OF 1) = Rypy — el Py +bE<t§ G — o — w7 RE e +wl ) — Cega] T
_ 1
+ EOFt\OFt+1 EQHGt (xt+1 +w?+1 - <t+1a -~~7w?+11, tc+ IPt+17 Rt+1 - C<t+1 =+ OFt+1 OFta OFt)

Since the derivatives of G} and NV, are equal (for a given R, and OF;) by the induction hypothesis,

to analyze the derivative of G} (@41 + w1 — (g, - wtﬂl, Rtjl IP.y1,Riy1 —cCy1 + OF 1 — OF,,OF,)

with respect to state variables z;y1,wg, 4, ... w?;ﬂ we focus on the following expression.

NV en 004~ Gyl P 1P) = elmar(” — (P (), 00) 4 ol + s+t — Gon)
+E, Jztfl(xt—kl +w?+1 + w3+1 +wt2+1 —Gep1—G) ot Ect,...,(t,x+2ft7)\+1(Rt+1 —Gr1 — G — oo — Goag2)
+ ECta-»-th—A+1N‘/t>;)\(xi—>\’wtl—)\’ ---aw?:xl) (17)
In equation (17), x,_y= —Cy1—C — .. — Cra1, L., it is a function only of Rfjl,gm,g, ey Coont-

Riqq

w?  =max(y} — (% - CH_l), 0) is a function only of ,y2* and ;. 1. Using similar logic, we see that

for a given R, 1, the state variables (z,_,w?_,,...,w;")) are independent of (z41,w?, ,...,w;;) in this

case as well. Therefore it follows that the derivatives of NV (2,41 + w0, — Covr,wiy g, o wii Yty — IPiy1)

R . : .
and NV (@1 +wly — Cop1,why g, o 0y, ~22 — TP, 1) with respect to 2,41 and wi,,,i=0,1,...,A—1 are

. o ANV, aG Ryy1,0F ANV, 8G>, ,(.,Ryi1,0F
equal. This in turn implies that () 06 (Rie1,OFis1) and () 06 (i1, OFi41)
x4y Oxy 1 ow dwy

for any given

(Ri41,0F;y1) and i =0,1,...,A — 1. Hence the induction is complete.



Natarajan and Swaminathan: Inventory Management in Humanitarian Operations 5

Proof of Theorem 2

We use a sample path approach to prove this result. For expositional clarity, let us define a new vari-
able Zp = (20,25, ...,2" ), n=1,2, where 2" is the amount received in period i under funding scenario n,
given that OF"=j. Of course, Z} and Z? are different for different sample paths. Let ¢ = ((1,(s, ..., () be
the vector of realized demands in periods 1,2,...,¢ along a particular sample path. Given ¢ and Z", let
G?C"Z? (xt,w?7 ...,w?’l,Rt,j) be the cost incurred in periods 1,2,...,t along a particular sample path under
funding scenario n, following the optimal replenishment policy specified in (1). If random variables ¢, Z},
Z2 {OF} t' =1,2,....,t —1} and {OF2,t' =1,2,....,t — 1} are defined on the same probability space, then
given that OF! = OF? = j, Probability(OF7 > OF})=1 V t' =1,2,...,t — 1. This follows from condition
(2). Also, from condition (3), we have that Probability(OF{LlJ OF} =4 21 OF}_, | OF} =1i)=1 for ¢ >

t— t

i, ' =2,3,...,t—1 and n=1,2. Combined, they imply that > 2} >y ZJZ w.p. 1Vi=0,1,....t—2.

j=t—1—i ° j=t—1—i
Therefore, every replenishment decision feasible under scenario 2 is also feasible under scenario 1 along

every sample path. Hence, G?fzg (ze,w?, .. ;w} ™" Ry, j) > GtA,Zl,Z} (zp,w?,...;w} ™" Ry, 5). w.p.1. Since, this
result holds for every sample path, the result also holds in expectation, i.e, G (xt,w?, ...,w?’l,Rt,j) >
GMt (2,0, .., w} ™" Ry, ).
Proof of Theorem 3

The proof proceeds through induction. We use an equivalent value function G‘? instead of G} in the proof.
Define a new state variable TF,=R, + OF, and let
CMaxy,wl w?, .. w) Y R, TF,)

— min {CZ+bECt (G — @ —wP]" + hE¢, [z, + wf *Ct]j }
o<z<t | +Eor, 1j0m Ee, Giy(ze +w? — (o w}, ..yw) ™ 2, Ry — ¢ + (OF, — OF, 1), TF; — ¢(;)

— min {cz+bE<t[ctxtwﬂwh&,{xﬁwgw }
0<z<t +E(0Ft—OFt,1)|OFLEcth)‘_l(xt+w?_Cuwtla-~-aw£\_1az7Rt—CCt+(OFt—OFt—1)7TFt—CCt)

The terminal condition is éé(mo, wy,wa, ..., wéil,Ro, TFy) = 0. Clearly, GB‘ is jointly convex in
T, WY, s wy ™, Ry and TFy. For t < ), it is not optimal to order in period ¢ and hence, from expression (10),
we see that G? is jointly convex in z;,w?, ., wp R, and TF,. Now,

GAi1 (@ag1, Wy, oo ALY, Rt TFas1)
cz+bEe, , [Gr —oagr —wy ] HAEG  [oag Hwagy S Ga] T

— mi A 0 A-1
= O<ml<nm +E0ry1—0F)10F 1 B GA (a1 H w1 — Cagrs e W11, 2, Ragr — ¢Qagr + (OF\ 1 — OF)), TFx1 — (i)
_z_i/

c

. _ _0 _A—1 D T = =0 =2—1 D 7 _ = N
Pick any (Zai1,W341,- Wx11s Bart, TEx1), (T, WX s Wi1, Ba1, THyy1), 2, 2 and 0 <A <1

Define #y41 = AZy11+ (1 — A)Zx41 and define @9, |, @} ;... etc. similarly. Now, for fixed (341,

CA(Eapr + 031 = Gt ooy 0311, 2, RBas — cGagr + OF s 1 — (OFy | OF 5 41), TF i1 — ¢(osn)
<GA(Erpr + W31 — Gty o WX 41 2, Ryi1 —cCogr + OF i1 — MOF, | OF 1) — (1= A)(OFy | OFy41), TF 41 — g1
SAGY(Erg1 + 004y = Oogty oy WA 15 2 Ragt — €Gagr + OF si1 = (OF\ [ OF 341), TF 51 — cGag1)

+ (1= NG (Ergr + 041 = Cogrr - W10 2 Bagr — cagr + OF 1 — (OFy | OF41), TFy g1 — ¢Gagr)
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with probability 1. The first inequality is obtained by combining conditions (3) and (5) and the second
inequality follows from the convexity of Gi in zy,wy, ,wy ', Ry and TF,. Therefore, it follows that the
function to be minimized in the expression for G§+1 is jointly convex in xxy1,wl,, ...,wi;},RkH,TFA_H
and z. Then, using proposition B-4 from [Heyman and Sobel| (1984), we see that G;\ 41 is jointly convex in
Tag1, WS4, ...,wij&,RAH and T'F\11. A similar induction argument can be used to demonstrate that CA?? is
jointly convex in zy,w?,...,w; ', R, and TF, for a general t.

Now, we make use of the convex ordering of the funding received in any given period under the two funding
scenarios. To begin with, since no orders are placed in periods ¢t < A, @?’l(xt,w?,wtl,...,w;\’l,Rt,TFt) =

GM2 (zy, w0, wl, ..., w) ™ Ry, TF,) for t < \. Now,

é§i1(fcx+1aw2+1a e WATT Rag1, TFyg1)
_ min { cz+bE¢, ,, [Gop1 — a1 — WHJ +hEe, [Tagr +wlyy — Gt }
<2t | +E(ory -0 0r i B G (@ag1 + 080 = Gty oo 03T, 2, Bagn — €Oagn + (OFy 1 — OFY), TFy 1 — ¢(ip1)
_ min { cz+bE¢,  [Gop1 — a1 — wHJ +hEqp [Tagn Fwlyy — Gt }
+E(OFH1 —OF})|OFx 11 Eg“ 2($A+1 +w§+1 — Ot ...,wi;},z, Rat1—cCuy1 +(OFsi1 — OFY), TFxy1 —c(yp1)
cz+bE¢,  [Gop1 — a1 — wx+1}+ +hEq, [T Fwd iy — Gl }
{ Trp1 W — Gtts ey W10 2 Rop1 — €ogr + (OF a1 — OF2), TFyy1 — c(ay1)

- - +E(OFA+1 OFZ)\OFA+1 EC)\+1 (
= G:\\f1($>\+1vwg+17 w>\+17 R)\+17TF/\+1>
In the above, the first equality is by definition, the second equality follows from the fact that G’;l = G'i’Q,
and the inequality follows from the convex ordering (OF, — OF? ;) | OF, >.,. (OF, — OF} |) | OF, and the
convexity of G} 1 in Ry. Thus, Gy I +1 > G’;il Using an induction argument identical to the one used above, it

is casy to show that G*? > G for any general ¢.
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